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Abstract

Quantum computers have great potential to uncover new and unexpected physical phenomena. They
can simulate classically intractable many-particle quantum systems and probe them in a programmable,
computational manner. They can also process experimental quantum data directly, enabling us to
probe unseen aspects of physical systems that cannot be reached by any classical means. In both
roles, refining quantum algorithms toward their fundamental limits expands and sharpens the reach
of quantum computers.

Among quantum algorithms, quantum estimation is of central importance because it elicits the
physical properties of interest from quantum systems. Even in an ideal, noiseless setting, however,
obtaining precise estimates of such properties is significantly resource-intensive, unless one leverages
coherent quantum operations. While many quantum-enhanced (i.e., higher performance than any
classical means enabled by quantum effects) estimation algorithms have been proposed under reason-
able access assumptions, it is still an ongoing quest to design quantum algorithms achieving ultimate
estimation efficiency allowed by quantum mechanics. In addition, rapid experimental progress makes
us envision an early fault-tolerant regime with large-scale yet not fully error-corrected quantum com-
puters. Toward this regime, it is also crucial to develop quantum estimation algorithms that elicit as
much information of interest as possible from a quantum system subject to noise. In these contexts,
this thesis advances quantum-enhanced algorithms for estimating physical properties in two respects:
Heisenberg-limited multi-observable estimation and single-observable estimation for the early fault-
tolerant quantum computing (FTQC) regime.

First, we provide an adaptive quantum algorithm for estimating expectation values of multiple
observables simultaneously in an ideal (noiseless) setting. Given common access to block-encoded
observables, a state-preparation unitary, and its inverse, this algorithm achieves a double quantum
enhancement in query complexity to the state preparation and its inverse: the mean-squared-error
(MSE) scaling at the Heisenberg limit and sublinear scaling in the number of observables. It also
essentially matches the query lower bound in the small-additive-error regime (not in MSE), previously
derived in quantum complexity theory. In addition, the proposed algorithm significantly reduces the
number of ancilla qubits and the classical computation for circuit synthesis, compared to prior art
for this task. The double enhancement and the circuit simplification come from a novel algorithm
design that integrates key ideas from adaptive phase estimation, quantum amplification, and quantum
gradient estimation.

Next, we focus on expectation value estimation for a single observable in the early FTQC regime.
In this regime, available coherent resources are mostly consumed for a state preparation unitary, and
the dominant noise stems from that costly unitary and its inverse. Under a specific model reflecting
these aspects, we derive the quantum-enhanced precision limit, that is, the minimal quantum Cramér-
Rao bound over all possible estimation strategies in the model. Then, by designing an adaptive
optimization based on Fisher information, we propose a quantum-enhanced estimation algorithm, with
rigorous estimation guarantees, that asymptotically achieves the quantum Cramér-Rao bound, when
the target system size is sufficiently large. Finally, we numerically demonstrate that the asymptotic
behavior holds with only a few hundred measurements per step and a few tens of qubits.
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Chapter 1

Introduction

The development of methods for probing unseen regimes of nature has repeatedly led to drastic changes
in our understanding of physics. Here, we use “probe” in a broad sense to include experimental and
computational methods. Violations of Bell inequalities [53, 7, 171], demonstrated via advances in
precise control and detection of photons, clarified non-classical regimes by ruling out local hidden
variable theories and laid the foundations of quantum information science. Likewise, the detection
of gravitational waves at the Laser Interferometer Gravitational-wave Observatory (LIGO) [2] has
deepened the understanding of strong-gravity dynamics in general relativity by developing a refined
probe to extremely small variations of the waves. What comes next in extending our probing capability
in nature? In this thesis, we focus on quantum computers as a prominent programmable probe.

Quantum computers provide a computational probe capable of directly handling quantum systems.
Every quantum system that evolves by local interactions can be simulated by quantum computers ef-
ficiently in terms of the system dimension [112]. The dimension tractable in quantum computers
reaches far beyond what can be treated efficiently by classical computers. Thus, quantum computers
can perform ab initio calculations for strongly correlated many-particle quantum systems in condensed
matter physics and quantum chemistry, allowing us to explore new and unexpected phenomena in such
systems that remain inaccessible even with sophisticated classical methods. More abstractly, pro-
grammable quantum simulation can, in principle, generate macroscopic phenomena from microscopic
operations or rules, and further, enable us to probe physical properties in such emergence processes.
This sharpens our understanding of how hierarchies across different scales of nature emerge, partic-
ularly for the higher organizing principle at macroscopic scales showing insensitivity to microscopic
details, making concrete aspects of Anderson’s “more is different” [5, 107].

From an (ideal) experimental perspective, quantum computers can play a crucial role as part of the
experimental apparatus to probe target physical systems. At a higher level, experimental procedures
can be considered as generalizations of quantum algorithms (which usually have classical input)—
state preparation, quantum operations between target physical systems and quantum computers, and
final measurement, leading to the concept of quantum experiments with quantum input and classical
final output, e.g., unknown states/processes and estimates of their physical properties [3]. Under this
description, for instance, ideal quantum computers coherently process the information gathered by
quantum sensors, and quantum algorithms with this direct quantum data processing are significantly
more efficient than any classical method in terms of the number of required experimental queries
in several tasks [31, 81]. The expectation value estimation of multiple non-commuting Pauli strings
can be performed with an exponentially small number of state copies with respect to the number
of observables, when carefully designed joint measurements on multiple states are available [83, 98].
Also, the principal component of an unknown quantum state (i.e., the most dominant eigenvector of
a density matrix) can be measured with constant error by coherently consuming a constant number
of copies of an unknown target n-qubit state under certain spectral assumptions; by contrast, con-
ventional approaches measuring each of copies separably requires an exponentially large number 2n of
copies [113, 81]. Hereafter, we use the term “quantum algorithm” to denote a sequence of quantum
and classical information processing steps, which in particular includes quantum experiments.

Quantum estimation algorithms have exceptional importance as they extract classical information
of interest from quantum systems. Quantum computers can simulate a target quantum [112, 115, 36]
and classical process [9, 4], but such a simulation itself is not enough because it only generates resulting
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8 CHAPTER 1. INTRODUCTION

states in a quantum form; their properties of interest are not accessible unless we measure them.
We actually need to know several (possibly many) properties of the target state, such as energy,
population, magnetization, correlation, and so on. However, obtaining precise estimates of such
properties for quantitative analysis is resource-intensive. To see this, we here consider the expectation
value estimation of M non-commuting observables in standard sampling approaches. Specifically, our
primary resource metric is the total number of calls (i.e., queries) to the state-preparation unitary
for a target (pure) state, for estimating the expectation values of M observables within a root mean-
squared-error (MSE) ε simultaneously. In the standard sampling, one simply measures the state
prepared by the unitary with each observable and repeats this procedure to obtain estimates of the
expectation values as averaged values of the measurement outcomes. From the central limit theorem
in classical statistics, the standard sampling approach needs a large number O(M/ε2) of queries to the
state preparation (or copies of a target state), which reaches quickly unfeasible runtime as precision
increases. This scaling O(1/ε2) for the root MSE is known as the standard quantum limit (SQL).
In contrast, several additional capabilities can change the attainable resource scaling drastically such
as randomized measurements, joint measurements across multiple states, and inverse unitaries of the
state preparation, motivating quantum-enhanced (i.e., higher performance than any classical means
enabled by quantum effects) estimation algorithms discussed next [82, 83, 100, 86].

By exploiting intriguing quantum effects, we obtain several quantum-enhanced estimation algo-
rithms. The quantum phase estimation (QPE) algorithm [99, 128] yields a precise estimate of the
energy of a ground or excited eigenstate, given its reasonable state preparation routine. In cases
where a target state is not an eigenstate of a Hamiltonian or another observable, we can use the
quantum amplitude estimation (QAE) algorithm [21, 100] to precisely estimate the expectation value
of a single but highly general observable. Both algorithms (under some modification from the orig-
inal proposals) utilize quantum coherence or entanglement for achieving the scaling of the so-called
Heisenberg limit (HL) O(1/ε) for the root MSE in terms of query complexity to proper oracles: the
Hamiltonian evolution for QPE and the state preparation unitary and its inverse for QAE. On the
other hand, shadow tomography [83, 98] uses another mechanism of quantum enhancement (i.e., joint
measurements) yielding the exponential reduction in query complexity to state preparation (or the
number of state copies) with respect to the Pauli observable count M , at the cost of a poor precision
scaling almost quadratically worse than SQL. These results lead to our first question in this thesis: in
expectation value estimation of multiple observables, can one attain the HL scaling in query complex-
ity while also accelerating with respect to the number M of arbitrary observables with a reasonable
access model? Chapter 4 provides an affirmative answer to this question by explicitly constructing a
new adaptive quantum algorithm that integrates ideas from adaptive QPE [77, 97, 48, 47], quantum
amplification [114, 57], and quantum gradient estimation (QGE) algorithm [91, 56, 159] to realize
a double quantum enhancement in the root MSE ε and M . Both our algorithm and QAE require
access to the inverse of the state-preparation unitary, such as the time-backward evolution e+iHt. This
assumption is natural when quantum computers are used as computational probes, and its relevance
to quantum experimental scenarios will be discussed in the conclusion.

Besides the ideal setting, there has been remarkable progress in real quantum devices. Indeed,
so-called noisy intermediate-scale quantum (NISQ) computers are now available on various platforms:
superconducting circuits, trapped ions, neutral Rydberg atoms, and others. This development has
spurred research on NISQ-oriented quantum algorithms, particularly for variational quantum algo-
rithms (VQAs) [27, 18]. However, potential obstacles have been identified that such NISQ algorithms,
like VQAs, have severe scalability and/or trainability problems, e.g., so-called barren plateaus [121, 28,
168], suggesting that their quantum advantage is doubtful. Meanwhile, there has been rapid progress
in experimental demonstrations of small-scale quantum error correction [49, 140, 20, 64, 63, 104],
making us envision an early era of fault-tolerant quantum computing (FTQC) with large-scale yet
not fully error-corrected quantum computers [148, 93]. These developments motivate a key paradigm
in quantum algorithm design: retain an essential quantum mechanism for quantum advantage or
speedup, while leveraging classical pre- and post-processing to minimize required quantum resources
(e.g., qubit and gate counts).

Along these lines, developing quantum-enhanced algorithms for estimating expectation values that
work well in the early FTQC era is highly important, as they have various applications in quantum
computing tasks including the amplitude estimation. We naturally expect that available quantum
resources are mostly consumed for a state preparation unitary, and the dominant source of noise is
that costly unitary and its inverse in early FTQC. Thus, we model this situation such that the state
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preparation unitary and its inverse are subjected to white noise (more precisely, a global depolarization
noise) and no further demanding quantum operations (e.g., controlled Grover operation) are available.
Within this model, we study a quantum-enhanced estimation algorithm for a single expectation value
tailored for the early FTQC era in Chapter 5. Then, we encounter the following questions: what
is the quantum-enhanced precision limit, that is, the minimal quantum Cramér-Rao bound over all
estimation strategies in this model? Also, can we construct a quantum algorithm that is implementable
and optimal in the precision limit? Crucially, we see that the standard strategy in noiseless cases is no
longer optimal in the presence of noise. Despite the oracle assumption on the state preparation severely
restricting available quantum operations, we can give a positive answer to these questions, namely,
we develop a new quantum estimation algorithm with a carefully designed adaptive optimization that
asymptotically achieves the quantum Cramér-Rao bound we derived, if target systems have a few tens
of qubits.

The remainder of this thesis is organized as follows. Chapter 2 provides preliminaries to the results
in this thesis. Chapter 3 introduces several fundamental quantum algorithms with a particular focus
on quantum estimation, quantum state preparation, and the handling of block-encoded matrices.
Chapter 4 is devoted to a Heisenberg-limited adaptive estimation algorithm for multiple observables
that simultaneously achieves the HL query scaling and sublinear dependence on the observable count.
Chapter 5 focuses on a quantum-enhanced single-observable estimation tailored to the early FTQC
era, with an adaptive algorithm that asymptotically achieves the quantum Cramér-Rao bound under
realistic noise models. Chapter 6 concludes this thesis.





Chapter 2

Preliminary

In this chapter, we provide the basics of quantum information, quantum computation, and quantum
statistical estimation.

2.1 Quantum state, operation, and measurement

Let us consider a d-dimensional Hilbert space H. We write L(H) as the set of all linear operators
on H, which is also a finite-dimensional Hilbert space with the Hilbert-Schmidt inner product, i.e.,
⟨A,B⟩ = tr[A†B] for any A,B ∈ L(H). In this thesis, we often take d = 2n for a positive number n.

In the postulate of quantum mechanics [128], for any physical system, there is a Hilbert space
known as the state space of the system. The system is completely described by a density matrix
ε ∈ L(H) such that tr[ε] = 1 and ε ≥ 0 holds. If the rank of a density matrix ε is one (2 or more), the
quantum state described by ε is called pure (mixed). Any pure state ε = |ψ⟩ ⟨ψ| can also be described
as a unit vector |ψ⟩ on the state space up to global phase. For a composite system consisting of
subsystems A and B whose state spaces are HA and HB, respectively, the state space is given by the
tensor product of HA and HB, i.e., HA ⊗HB. For instance, a single-qubit pure state is given by

α |0⟩+ β |1⟩ (2.1)

with the amplitude α,β satisfying |α|2 + |β|2 = 1. In the n-qubit case, any pure state |ψ⟩ can always
be written as

|ψ⟩ =
1∑

j0,...,jn−1=0

cj0j1...jn−1 |j0j1...jn→1⟩ ≡
d→1∑

j=0

cj |j⟩ , (2.2)

where |j0...jn→1⟩ is the tensor product of |jk⟩ (k = 0, 1, ..., n − 1) and the complex values cj0j1...jn−1

satisfy the normalization
1∑

j0,j1,...jn−1=0

|cj0j1...jn−1 |2 =
d→1∑

j=0

|cj |2 = 1 (2.3)

for the condition tr[ε] = 1. We often shorten |ψ⟩ as in the most right-hand side of Eq. (2.2). Each
basis |j⟩ (or |j0j1...jn→1⟩) is called the computational basis.

Transformation of quantum states is generally described by a linear map E between the sets of
linear operators. In particular, the evolution of a closed system is described by a unitary operator
U ∈ L(H), or a unitary transform E(•) = U • U†:

|ψ⟩ (→ U |ψ⟩ , or ε (→ E(ε) = UεU †. (2.4)

Another important transformation is discarding the subsystem of a composite system AB. This
transformation is described by the partial trace operation:

εAB (→ εA = trB[εAB]. (2.5)

Including these transformations, we can define a more general class of transformations based on the
principle that any physically relevant transformation should map a quantum state to another valid

11



12 CHAPTER 2. PRELIMINARY

quantum state. The most general physical transformation is described by a completely positive and
trace-preserving (CPTP) map, which we also call a quantum channel. Here, a linear map E is said to
be completely positive if (E ⊗ I)(X) ≥ 0 for any positive semidefinite operator X ≥ 0 on an extended
system H⊗Ck for any integer k, where I denotes the identity map. Any CPTP map E can be written
as in the Kraus form

E(•) =
∑

i

Ki •K†
i , (2.6)

where Ki is a linear operator between input-output systems and satisfies
∑

i K
†
iKi = 1 for the

identity operator 1. Also, any CPTP map can be realized by a unitary operation on an enlarged
system followed by a partial trace. This is known as the Stinespring dilation theorem. Any quantum
noise acting on the target system can also be described by CPTP maps. For instance, if 1-qubit Pauli
operators X,Y, Z act on the target system with a uniform probability p/3 (p ∈ [0, 1]), the resulting
transformation is the local depolarizing channel

ε (→ (1− p)ε+
p

3
(XεX + Y εY + ZεZ) . (2.7)

Similarly, if n-qubit Pauli strings P ∈ {I,X, Y, Z}⊗n occur uniform-randomly with the probability
p/4n, then the resulting global depolarizing channel is

ε (→ (1− p)ε+
p

4n

∑

P

PεP † = (1− p)ε+ p
I⊗n

d
, (2.8)

where the quantum state I⊗n/d is called the maximally mixed state. The equality directly follows
from the discussion about random unitary as mentioned later.

Quantum measurements on quantum states are described by a set of specific operators {Mm} with
the measurement outcome m. The operators act on the state space of the system being measured.
When we measure the quantum state ε, we obtain the measurement outcome m with the probability
p(m) = tr[M†

mMmε]. After the measurement, the quantum state ε turns into

ε (→ MmεM†
m

tr[M†
mMmε]

(2.9)

with the probability p(m). Thus, the measurement operators {Mm} should satisfy the completeness
condition ∑

m

M†
mMm = 1, (2.10)

in order to ensure
∑

m p(m) = 1. When we do not need the post-measurement state, it is sufficient
to determine the probability p(m). In this case, we can use a positive operator-valued measure
(POVM) {Πm} satisfying

∑
m Πm = 1 and Πm ≥ 0, instead of {Mm}. Each POVM element Πm is

connected with the measurement operator Mm as Πm = M†
mMm, but such a decomposition of Πm

is not unique. The most important subclass of POVMs is projective measurements associated with
observables, Hermitian operators on the state space being measured. Any observable O has a spectral
decomposition

O =
∑

m

mΠO
m (2.11)

for the projector ΠO
m onto the eigenspace of O with the eigenvalue m. These projectors form a

projection-valued measure (a special subclass of POVMs), i.e., ΠO
mΠO

n = ςmnΠO
m and

∑
m ΠO

m = 1.
If we measure ε with the observable O, we obtain m with probability tr[ΠO

mε] as a measurement
outcome. Thus, by repeating the measurement several times and taking the average of the outcomes,
we can estimate the expectation value tr[Oε] of the observable O with respect to ε. We further discuss
the statistical aspects of quantum estimation (on parametric models) in Sec. 2.3.3.

Finally, we mention the notion of a random unitary. We first introduce the Haar random unitary.
This random unitary is distributed according to the probability measure, called the Haar measure,
defined on a unitary group. The Haar measure is invariant under left and right multiplication by any
unitary in the group, which also makes the (normalized) Haar measure unique. Although the Haar
random unitary is widely used in quantum information science, its exact implementation is extremely
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difficult as the implementation cost (e.g., the number of elementary gates) scales polynomially with
the dimension of the unitary operator, or exponentially with the number of qubits. This motivates us
to define another ensemble of random unitaries approximating the Haar random unitary.

Definition 1 (Unitary t-design). For a probability measure µ on a unitary group and a positive
integer t, we call µ a unitary t-design if the random unitary V distributed according to µ (we denote
this as V ∼ µ) satisfies

E
V∼µ

[
V ⊗tA(V †)⊗t

]
= E

U∼Haar

[
U⊗tA(U†)⊗t

]
. (2.12)

for any operator A.

From the definition, the random unitary V ∼ µ recovers the t-th order moments of the Haar
random unitary. If we know a random unitary V forms a unitary t-design, the action of the channel
E
[
V ⊗t • (V †)⊗t

]
can be computed by the integration over the Haar measure. For instance, when

t = 1, the d-dimensional Haar random unitary satisfies

E
U∼Haar

[
UAU †] = tr[A]

d
1 (2.13)

for any operator A. Because it is known that the uniform probability distribution over the n-qubit
Pauli strings forms a unitary 1-design, Eq. (2.13) holds when we replace U with the uniformly-random
Pauli strings.

2.2 Quantum circuit

A quantum circuit typically consists of (i) an initial state preparation, (ii) a sequence of unitary
operations (also called quantum gates in this context), and (iii) the computational basis measurement.
Here, the n-qubit computational basis measurement is given by the POVM {|j⟩ ⟨j|}d→1

j=0 for d = 2n. In
addition, one may use the mid-circuit measurement to perform feed-forward operations depending on
the mid-circuit measurement outcomes and to simulate completely positive and trace-non-increasing
(CPTN) maps [50]. After the mid-circuit measurement, by using a qubit reset operation, we may
reuse the qubit for the subsequent computation.

To construct quantum circuits, one can use a set of elementary gates and their specific combina-
tions. A standard choice is a universal gate set consisting of the Hadamard gate, T gate, and the
controlled-NOT (CNOT) gate; any unitary can be approximated within arbitrary error by a sequence
of gates in the universal set. Here, the Hadamard gate Had, the T gate, and the CNOT gate are
defined as

Had :=
1√
2

(
1 1
1 −1

)
, T :=

(
1 0
0 eiω/4

)
, CNOT :=

(
I 0
0 X

)
(2.14)

in the computational basis. We here provide a few examples. The reflection gate Rε about a pure
state |ψ⟩ is defined as

Rε := 2 |ψ⟩ ⟨ψ|− 1, (2.15)

which is a crucial component of the Grover operator; see Sec. 3.1.2. The quantum Fourier transform
QFTn on n qubits is defined as

QFTn |j⟩ =
1√
2n

2n→1∑

k=0

e2ωijk/2
n

|k⟩ , (2.16)

which can be decomposed into O(n2) elementary gates and takes a crucial role in quantum estimation
algorithms as we will see later.

2.3 Statistical estimation theory

2.3.1 Classical Cramér-Rao inequality

First, we focus on the problem of estimating an unknown parameter in a family of classical probability
distributions. Let X be a multi-dimensional (discrete) random variable following a joint probability
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density L(x; φ), where φ is an unknown parameter in a subset Θ ⊂ R. Our goal is to estimate the true
parameter φ or generally a function of φ, say g(φ) with g(·) a bijective function, by some processing
for samples from X. To describe the processing, we define an estimator for estimating the target
parameter φ as a function φ̂(X) from samples to Θ. In addition, the value φ̂(x) with a realized value
x of the random variable X is called an estimate.

A natural measure to assess the performance of an estimator is the bias defined as

E
[
φ̂(X)

]
− φ.

If an estimator ê(X) for g(φ) has no bias, that is, E [ê(X)] = g(φ), the estimator is said to be an
unbiased estimator for g(φ). However, an unbiased estimator may yield an estimate far from the true
value, although the difference is canceled out in its expectation. Therefore, it is important to quantify
the uncertainty of an estimator around its true value. To this end, the mean-squared-error (MSE) of
an estimator is useful, which is defined as

MSE [ê(X)] := E
[
(ê(X)− g(φ))2

]
. (2.17)

Note that if an estimator is unbiased, then its MSE is equivalent to its variance. Naturally, an unbiased
estimator with a smaller MSE is better. The following inequality provides a lower bound of MSE for
any unbiased estimator (in some conditions [184, 39, 144]):

MSE [ê(X)] ≥
(
∂g(φ)

∂φ

)2 1

Ic,tot(φ)
. (2.18)

This is called the classical Cramér-Rao inequality. Also, the quantity Ic,tot(φ) is the (total) classical
Fisher information defined as

Ic,tot(φ) := EX

[{
∂

∂φ
lnL(φ;X)

}2
]
. (2.19)

We here rewrite the L(X; φ) as L(φ;X) to emphasize that L is now a function of φ for a given sample
X. For simplicity, we write ∂/∂φ as ∂θ in what follows. By the Cramér-Rao inequality, the (classical)
Fisher information can be considered as a quantity that determines the limit of estimation precision.
Because the Fisher information is additive with respect to additional independent samples, we can
also consider this quantity per a single sample as information on the target parameter obtained from
the sample.

2.3.2 Maximum likelihood estimation

We introduce estimators based on the maximization of a likelihood function, which is the most popular
method in statistical estimation. This method is called the maximum likelihood method. Let us
consider a sample x of X is observed. Then, we imagine that the observation of x is attributed to
the high probability at x in the underlying distribution. That is, the parameter φ̂ maximizing the
probability at x is assumed to be a plausible estimate of the target value in the maximum likelihood
method.

Definition 2 (The maximum likelihood estimator). For a sample x of X, the probability density
L(φ;x) considered as a function of φ is called the likelihood function. Then, a maximum likelihood
estimator φ̂ of φ is defined as

φ̂ := sup
θ∈Θ

L(φ;X).

By definition, the possible candidates for a maximum likelihood estimate are the value of φ ∈ Θ
satisfying the (log-)likelihood equation:

∂

∂φ
L(φ;X) = 0 or

∂

∂φ
lnL(φ;X) = 0.

As for the estimation of g(φ), the corresponding maximum likelihood estimator is given by g(φ̂) if φ̂ is
the maximum likelihood estimator of φ. This is called the invariance property of maximum likelihood
estimators.

The theoretical justification of maximum likelihood estimators stems from their asymptotic prop-
erties under some regularity conditions.



2.3. STATISTICAL ESTIMATION THEORY 15

Lemma 1 (Ref. [144] etc.). Let X = (X1, · · · , Xn) be a set of independent and identically distributed
samples from a probability density f(x; φ) with a support independent from φ, where φ is in an open set
Θ ⊂ R. If some regularity conditions in [144] hold, then there exists a sequence {φ̂n}n of estimators
of φ (based on X) such that

Pr

[
∂

∂φ
lnL

(
φ̂n;X

)
= 0

]
→ 1, and φ̂n

p−→ φ, (2.20)

where L (x; φ) is the joint probability density of X. In addition, the sequence φ̂n is asymptotically
efficient, that is,

√
In(φ)

(
φ̂n − φ

)
d−→ N (0, 1), (2.21)

where N (0, 1) is the standard normal distribution, and In(φ) is the classical Fisher information asso-

ciated with L (φ;X). The
p−→ and

d−→ mean the convergence in probability and distribution, respectively.

Here, a sequence of estimators that converges to the true value like φ̂n
p−→ φ (∀φ) in the sense of

probability is called consistent. The lemma 1 says that under some regularity conditions, there is a
consistent sequence {φ̂n}n each of which is a root of the likelihood equation. Strictly speaking, this
lemma does not guarantee that the consistent root is the maximum likelihood estimator. However,
if there is a unique root of the likelihood equation for every n that maximizes the likelihood, then
this root is equivalent to the maximum likelihood estimator. Therefore, we can establish that the
maximum likelihood estimator is consistent in such cases. On the other hand, if a sequence {φ̂n} of
estimators for φ satisfies

1√
Vn(φ)

(
φ̂n − φ

)
d−→ N (0, 1), (2.22)

then Vn(φ) is called the asymptotic variance of φ̂n. From Eq. (2.21), the asymptotic variance of
maximum likelihood estimators matches the inverse of the Fisher information In(φ). That is, the
asymptotic variance achieves the lower bound of the Cramér-Rao inequality. For this reason, such a
sequence of estimators is said to be asymptotically efficient. Also, the sequence {φ̂n}n of estimators
in Eq. (2.21) follows the Gaussian (or normal) distribution in the asymptotic regime. Such a property
of estimators is called asymptotic normality.

2.3.3 Quantum Cramér-Rao inequality

Now, we introduce a quantum extension of the classical estimation theory. Specifically, we focus on the
estimation problem for a single parameter embedded in a quantum state ε(φ). Note that in quantum
estimation theory, various studies such as quantum channel estimation [88, 180] and quantum multi-
parameter estimation [151, 43, 110] have been conducted beyond the quantum state estimation with
a single parameter. Fixing a POVM {Mk} for measuring the quantum state ε(φ), we can obtain the
following probability function p(k; φ) parameterized by φ:

p(k; φ) := tr [Mkε(φ)] . (2.23)

Thus, we have a study in Eq. (2.18). However, unlike the classical case, there is freedom for designing
a POVM in the quantum case. Utilizing this freedom, the lower bound of the classical Cramér-Rao
inequality Eq. (2.18) can in fact be improved; that is, the following quantum Cramér-Rao inequality
holds (for simplicity, g(φ) = φ) [76, 75, 73, 23, 133]:

MSE [ê(X)] ≥ 1

Ic(φ)
≥ 1

Iq(φ)
, (2.24)

where Ic is the classical Fisher information associated with the probability function p(k; φ) for a
POVM {Mk} and the target state ε(φ). Here, Iq denotes the quantum Fisher information defined by
only the quantum state ε(φ) as follows:

Iq(φ) := tr
[
L2
SLDε(φ)

]
, (2.25)
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where LSLD is the symmetric logarithmic derivative (SLD), which is defined as the Hermitian operator
satisfying

∂

∂φ
ε(φ) =

1

2
(LSLDε(φ) + ε(φ)LSLD) . (2.26)

Note that other definitions of quantum Fisher information can be used such as the right symmetric
derivative (RLD) quantum Fisher information [79, 73]. However, it is known that the SLD gives the
tightest bound (among the logarithmic derivatives) for the quantum state estimation problem with a
single parameter [79, 72]. The second inequality Eq. (2.24) holds for any POVM {Mk} independent
of φ. Therefore, the quantum Fisher information characterizes the fundamental limit of estimation
precision that cannot be improved by any measurement.

The calculation of the quantum Fisher information of a given parameterized quantum state is
complicated, but some strategies are established [89, 176, 141]. For instance, the SLD for a quantum
state in the form of

pσ(φ) +
1− p

d
Id×d, σ(φ) = |ψ(φ)⟩ ⟨ψ(φ)| ,

(where p ∈ (0, 1) and Id×d is the d-dimensional identity matrix) is given by

LSLD

(
pσ(φ) +

1− p

d
Id×d

)
= 2 tanh

(α
2

) ∂
∂φ
σ(φ).

Here, α satisfies eα = (1+(d−1)p)/(1−p). Therefore, the corresponding quantum Fisher information
is calculated as

Iq(φ) =
(

2p
2
d +

(
1− 2

d

)
p

)2

tr

[(
pσ(φ) +

1− p

d
Id×d

){
∂

∂φ
σ(φ)

}2
]
.

2.3.4 Heisenberg limit (HL) and standard quantum limit (SQL)

We here describe a quantum-enhanced estimation via a generalized phase estimation problem [59, 60].
Let us consider the estimation of φ encoded in a unitary operator eiθH with any known generator
H. This essentially captures a broad class of metrological tasks. The total number of applications of
eiθH is the resource metric we employed here. We focus on two eigenstates |λ0⟩ and |λ1⟩ of H with
the eigenvalue λ0 and λ1 (λ0 < λ1), respectively. If we apply the unitary eiθH α times to the equal
superposition of the two eigenstates, the resulting state becomes

|ψα(φ)⟩ =
eiαθλ0 |λ0⟩+ eiαθλ1 |λ1⟩√

2
= eiαθλ0

|λ0⟩+ eiαθ(λ1→λ0) |λ1⟩√
2

. (2.27)

The quantum Fisher information Iq[|ψα(φ)⟩] of the state |ψα(φ)⟩ is calculated as

Iq[|ψα(φ)⟩] = 4
(
⟨∂θψ(φ) |∂θψ(φ)⟩ − |⟨ψ(φ) |∂θψ(φ)⟩ |2

)
= α2(λ1 − λ0)

2. (2.28)

By taking the maximal (minimal) eigenvalue as λ1 (λ0), the quantum Fisher information is maximized.
Thus, the quantum Cramér-Rao inequality says for any unbiased estimator φ̂

√
MSE[φ̂] ≥ 1√

kα(λ1 − λ0)
(2.29)

for the total number k of separable preparation of |ψα(φ)⟩ in the experiment. Here, we used the
additivity of quantum Fisher information for separable states. The total number of eiθH in the whole
estimation procedure is given by N = kα, as a single experiment has α queries in a coherent and
sequential way.

The lower bound implies several estimation limits. First, we consider a fully classical case with
α = 1. Here, the classical means that target quantum systems (probes) are separable and have a single
query (α = 1) to eiθH . In this case, Eq. (2.29) indicates that the root MSE decreases as O(1/

√
N):

√
MSE[φ̂] ≥ 1√

N(λ1 − λ0)
, (2.30)
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which represents the standard quantum limit (SQL). On the other hand, for fixed k, Eq. (2.29) shows
the quantum-enhanced scaling O(1/N) due to the quantum coherence (more precisely, the sequential
applications of the sensing operation eiθH). This represents the ultimate limit on the estimation
precision within standard setting in quantummetrology, under an appropriate definition of the resource
metric [59, 183]; this universal limit is called the Heisenberg limit (HL). More precisely, in the current
setup, it has been proved that the lower bound of Eq. (2.29) is not tight and we actually need the
correction by a constant factor π [66]. We here show an example of HL based on quantum coherence,
but there are several examples of HL by using other quantum effects, e.g., entanglement-enhanced
sensing with GHZ states and N00N states [41, 22]. Moreover, even when quantum Markovian noise
exists, a quantum error correction strategy enables us to attain the HL scaling iff the generator and
noises satisfy a specific condition [181].





Chapter 3

Fundamental quantum algorithms

In this chapter, we describe several fundamental quantum algorithms including quantum estima-
tion and quantum state preparation. Also, we provide basic results on an efficient calculation of
block-encoded matrices on a quantum computer. These algorithms form the basis for the subsequent
chapters.

3.1 Quantum estimation algorithms

3.1.1 Quantum phase estimation (QPE)

Quantum phase estimation (QPE) algorithm [99, 128] is the most famous quantum estimation algo-
rithm, and it can estimate an eigenphase of a unitary operator when we have access to a (controlled)
unitary and its eigenstate. Let U be a target unitary operator, and let |φ⟩ is the eigenstate of U
such that U |φ⟩ = eiφ |φ⟩ holds for an unknown parameter φ ∈ [0, 2π). The textbook style QPE algo-
rithm [128] uses the quantum circuit with χ = Had⊗m (i.e., the tensor product of Hadamard gates)
in Fig. 3.1. Here, m is the number of ancilla qubits. The quantum state before the measurement is
given by

2m→1∑

k=0

ake
ikφQFT†

m |k⟩ ⊗ |φ⟩ = 1√
2m

2m→1∑

k=0

ake
ikφ

2m→1∑

l=0

e→i2ω kl
2m |l⟩ ⊗ |φ⟩ , (3.1)

where
∑2m→1

k=0 ak |k⟩ is the initial ancilla state prepared by the unitary χ. Then, we measure the ancilla
qubits by the computational basis and obtain the measurement outcome l ∈ {0, 1, ..., 2m−1} with the
following probability

Prm,φ(l) =

∣∣∣∣∣
1√
2m

2m→1∑

k=0

ake
2ωik(φ/2ω→l/2m)

∣∣∣∣∣

2

. (3.2)

|0⟩

χ

•

QFT†
m

|0⟩ • · · ·

...

|0⟩ •

|φ⟩ U20 U21 · · · U2m−1

Figure 3.1: Quantum circuit for the QPE algorithm. The unitary χ prepares the initial state of m-
qubit ancilla registers.

19
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Figure 3.2: Numerical experiment for the QPE algorithm. We assume the preparation of an exact
eigenstate.

By defining a phase estimator φ̂ := 2πl̂/2m (l̂ is the random variable realizing l with the probability
Prm,φ(l)), we can estimate the target parameter φ from the measurement outcome in Fig. 3.1. The

standard analysis of the estimator φ̂ is based on a confidence interval, but hereafter we focus on the
MSE of the estimator φ̂. More specifically, taking the periodicity into account, we here consider the
following uncertainty metric for phase estimators φ̂, called the Collett phase variance [14],

2
(
1− E

[
cos
(
φ̂− φ

)])
≈ E

[(
φ̂− φ

)2]
= MSEφ

[
φ̂
]
. (3.3)

Here, the approximation holds if the distribution of φ̂ − φ is sufficiently narrow around 0. The total
number of applications of controlled U is the resource metric here.

We expect the textbook-style QPE to achieve the HL in query complexity for U as the circuit
structure queries U sequentially. However, surprisingly, it is known that this QPE fails to attain the
HL, and moreover, it end up realizing the SQL scaling [78, 160, 92]. The reason for this poor scaling
is that the probability distribution Prm,φ(l) has a heavy tail; if we use an appropriate entangled state,
this heavy tail is suppressed and the HL can be achieved. Such an entangled state is given by [88]

√
1

2m→1

2m→1∑

k=0

sin

(
kπ

2m

)
|k⟩ . (3.4)

These results are summarized as follows. We also numerically confirm the HL and SQL in Fig. 3.2.

Theorem 1 (Heisenberg-limited QPE [88]). Let U be a unitary operator with an eigenstate |φ⟩ sat-
isfying

U |φ⟩ = eiφ |φ⟩ (3.5)

for an unknown phase φ ∈ [0, 2π). Suppose we have access to the controlled U and a single copy of
|φ⟩. For any positive integer m, the random output l̂ ∈ {0, 1, ..., 2m − 1}, from the circuit Fig. (3.1)
with the unitary χ for Eq. (3.4), satisfies

2

(
1− E

[
cos

(
2π

2m
l̂ − φ

)])
= 4 sin2

(
π

2Nq + 2

)
≈
(

π

Nq + 1

)2

(3.6)
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where Nq := 2m − 1 is the total number of U in the circuit. For the case of the textbook QPE with

χ = Had⊗m, the random output l̂ satisfies

2

(
1− E

[
cos

(
2π

2m
l̂ − φ

)])
=

2

Nq + 1
(1− cos [(Nq + 1)φ]) = O(1/Nq). (3.7)

Although the Ref. [88] proves this theorem in a special phase estimation problem on a (control-
free) unitary diag(1, eiφ), this is essentially the same as the problem addressed here as we assume the
noiseless eigenstate preparation. Also, a further historical review of the QPE algorithm is provided
in Sec. 4.1.1.

3.1.2 Quantum amplitude estimation (QAE)

Quantum amplitude estimation (QAE) algorithm [21] is essential for many applications such as chem-
istry, finance, and machine learning. The QAE algorithm estimates the amplitude a ∈ [0, 1] of the
following quantum state prepared by a black-box unitary operator A:

A |0⟩ =
√
a |Φ1⟩+

√
1− a |Φ0⟩ , (3.8)

where |Φi⟩ (i = 0, 1) are generally unknown orthonormal quantum states and |0⟩ is an initial state.
By defining a = sin2 φ (φ ∈ [0,π/2]), we can rewrite the target state into

A |0⟩ = sin φ |Φ1⟩+ cos φ |Φ0⟩ . (3.9)

Now, we focus on the 1-qubit space spanned by |Φi⟩ (i = 0, 1) and define Pauli operators Ī , X̄, Ȳ ,
and Z̄ in this basis. For simplicity, let ΠG be the projection operator for the 1-qubit space, i.e.,
ΠG = |Φ0⟩ ⟨Φ0|+ |Φ1⟩ ⟨Φ1|. We observe that

AR0A†ΠG = cos (2φ)Z̄ + sin (2φ)X̄, (3.10)

where we recall R0 := 2 |0⟩ ⟨0| − 1 in Eq. (2.15). Thus, this allows us to define the rotation gate G,
called the Grover operator,

G = AR0A†VZ̄ , GΠG = AR0A†VZ̄ΠG = cos(2φ)Ī − i sin(2φ)Ȳ = e→i2θȲ , (3.11)

where VZ̄ is any known unitary operator such that

VZ̄ΠG = Z̄ (3.12)

holds. Here, the eigenstates and the associated eigenvalues of the Grover operator G are given by

|Φ±⟩ =
|Φ0⟩± i |Φ1⟩√

2
, G |Φ±⟩ = e∓i2θ |Φ±⟩ . (3.13)

Before proceeding to the details of QAE, we here describe the amplitude amplification, a building
block for efficient quantum algorithm design. The quantum state A |0⟩ is the equal-weight superpo-
sition of the eigenstates:

A |0⟩ = e→iθ |Φ+⟩+ eiθ |Φ→⟩√
2

. (3.14)

Thus, the t applications of the Grover operator yield

GtA |0⟩ = e→i(2t+1)θ |Φ+⟩+ ei(2t+1)θ |Φ→⟩√
2

= sin [(2t+ 1)φ] |Φ1⟩+ cos [(2t+ 1)φ] |Φ0⟩ . (3.15)

Thus, by choosing the number t such that sin2[(2t+1)φ] ≈ 1, we can obtain the state |Φ1⟩ with a high
probability. When φ is small, it is sufficient to take t ≈ 1/φ ≈ 1/

√
a, leading to sin2[(2t+1)φ] ≈ 1. By

contrast, if we repeatedly measure A |0⟩ until we obtain |Φ1⟩, the total number of querying A (i.e.,
the total number copies of A |0⟩ in this case) is approximately given by 1/a. This means that the
total number of querying A is quadratically improved when we can sequentially use A and its inverse.

The target amplitude a is encoded in the eigenphases of the Grover operator, and thus we can
estimate it by the QPE algorithm if we can prepare the corresponding eigenstate. Since A |0⟩ is the
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equal superposition of the eigenstates, we can use it for the input state to QPE, while the superposition
makes the performance analysis slightly more complicated. The resulting circuit for the standard QAE
algorithm is given by the same one for QPE in Fig. 3.1 with the substitution U → G and |φ⟩ → A |0⟩.
However, if we slightly modify the circuit, we can halve the total number of queries to A and its
inverse. The key observation is

(
|0⟩ ⟨0|⊗G+ |1⟩ ⟨1|⊗G†) (1⊗ |Φ±⟩ ⟨Φ±|) =

(
e∓i2θ 0
0 e±i2θ

)
⊗ |Φ±⟩ ⟨Φ±|

= e∓i2θ

(
1 0
0 e±i4θ

)
⊗ |Φ±⟩ ⟨Φ±| . (3.16)

This controlled unitary |0⟩ ⟨0|⊗G+ |1⟩ ⟨1|⊗G† is constructed by two uses of A and its inverse. By
repeating this j times, which leads to 2j uses of A and its inverse, the resulting action is essentially
the same as

(
|0⟩ ⟨0|⊗ 1+ |1⟩ ⟨1|⊗G2j

)
(1⊗ |Φ±⟩ ⟨Φ±|) =

(
1 0
0 e∓i4jθ

)
⊗ |Φ±⟩ ⟨Φ±| , (3.17)

which requires 4j uses of A and its inverse. Thus, we can replace the controlled-G2j in the QPE
circuit (now, we set U = G) with the j uses of |0⟩ ⟨0| ⊗ G + |1⟩ ⟨1| ⊗ G†. This leads to the following
theorem.

Theorem 2 (Heisenberg-limited QAE [103]). Let A be a unitary operator preparing the state

A |0⟩ =
√
a |Φ1⟩+

√
1− a |Φ0⟩

for an unknown amplitude a ∈ [0, 1], unknown orthonormal quantum states |Φi⟩ (i = 0, 1), and an
initial state |0⟩. Suppose we have access to the controlled VZ̄ operator defined in Eq. (3.12). Then,
the random output l̂ ∈ [0, 1, ..., 2m − 1], from the circuit Fig. (3.1) with the unitary χ in Eq. (3.4) and
the modification for Eq. (3.17), satisfies

max
a∈[0,1]

E

⎡

⎣
(
sin2

(
l̂π

2m

)
− a

)2
⎤

⎦ =
( π

2m+1

)2
+O

(
1

23m

)
. (3.18)

Also, if we use χ = Had⊗m, the random output l̂ satisfies

max
a∈[0,1]

E

⎡

⎣
(
sin2

(
l̂π

2m

)
− a

)2
⎤

⎦ =
1

2m+1
. (3.19)

3.1.3 Quantum gradient estimation (QGE)

For a given blackbox of a real scalar function f(x) on x ∈ RM , the quantum algorithm introduced
by Stephen P. Jordan [91] can efficiently estimate the M -dimensional gradient of ∇f(0), with use of
less queries to the blackbox compared to classical case. We here review this algorithm based on its
analysis by Ref. [56]. Here, the target point x = 0 can be taken as x ̸= 0 by trivially redefining
f(x). The quantum algorithm consists of three steps: (i) prepare a superposition state of grid points
x around the target point x = 0, (ii) apply the blackbox of the target function f to the state and
evaluate a phase eif(x) at each grid point, and (iii) measure the resulting state by the computational
basis labeled by the grid points after the inverse quantum Fourier transformations.

To begin with, we define a set of grid points GM
p around x = 0 to evaluate f , as follows:

GM
p :=

{
µ

2p
− 1

2
+

1

2p+1
: µ ∈ {0, 1, · · · , 2p − 1}

}M

, (3.20)

where p denotes a positive integer which specifies the estimation precision later. Note that because
there is a bijection map

ϕ : µ (→ ϕ(µ) :=
µ

2p
− 1

2
+

1

2p+1
∈ Gp, (3.21)
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we always label the p-qubit computational basis |µ⟩ by the corresponding element x ≡ φ(µ) ∈ Gp.
Then, applying the Hadamard gates to initialized pM -qubit registers, we have the superposition state
of the grid points x := (x1, ..., xM ) ∈ GM

p :

1√
2pM

∑

x∈GM
p

|x⟩ = 1√
2pM

∑

(x1,...,xM )∈GM
p

|x1⟩ |x2⟩ · · · |xM ⟩ . (3.22)

Here, each |xj⟩ contains p-qubit registers. Next, we assume access to the phase oracle Of for f(x)
defined as [56]

Of : |x⟩ → eif(x) |x⟩ for all x ∈ GM
p . (3.23)

Note that Ref. [56] provides a generic analysis of Jordan’s algorithm based on the phase (and prob-
ability) oracle, while the original paper [91] assumes another powerful oracle (i.e., η-accurate Binary
oracle for f that outputs f(x) binarily with accuracy η from an input x).

Now, to clarify the basic idea of Jordan’s algorithm, we consider a special case where the target
function f is an affine linear function, i.e., for a target gradient vector g ∈ [−1/3, 1/3]M and some
constant f0 ∈ R, f(x) = g · x+ f0. For such linear functions, the application of the (modified) phase
oracle O2ω2p

f to the input state Eq. (3.22) yields

1√
2pM

∑

x∈GM
p

e2ωi2
pf(x) |x⟩ = e2ωi2

pf0 ·
M⊗

j=1

⎡

⎣ 1√
2p

∑

xj∈Gp

e2ωi2
pxjgj |xj⟩

⎤

⎦ . (3.24)

Then, we apply a slightly modified version of the inverse quantum Fourier transformation QFT†
Gp

over the p-qubit system: for all x ∈ Gp,

QFTGp
: |x⟩ (→ 1√

2p

∑

k∈Gp

e2ωi2
pxk |k⟩ . (3.25)

Note that QFTGp
is the same as the usual p-qubit QFT up to conjugation with a tensor product

of p single-qubit gates [56]. The statistics of the computational basis measurement to Eq. (3.24)
with QFT†

Gp
are similar to that of the output of the standard QPE algorithm [128]. More precisely,

let (k1, k2, ..., kM ) ∈ GM
p be a result of the computational basis measurement, then the following

holds [56]:

Pr

[
|kj − gj | >

3

2p

]
≤ 1

4
for every i = 1, 2, · · · ,M. (3.26)

In the above description, we assumed that the target function is affine linear. Moreover, if a
target function is very close to some affine linear function and thereby the equality of Eq. (3.24)
approximately holds, we can prove similar results to Eq. (3.26), as follows.

Lemma 2 ([56, 159]). Let g ∈ RM such that ∥g∥∞ ≤ 1/3. Suppose we can prepare the quantum state
|Ψ⟩ that is 1/12-close in the Euclidean distance to the following state

(
QFT†

Gp

)⊗M 1√
2pM

∑

x∈GM
p

e2ωi2
pg·x |x⟩ . (3.27)

Then, measuring the quantum state |Ψ⟩ in the computational basis, we obtain a coordinate-wise esti-
mate (k1, ..., kM ) ∈ GM

p satisfying

Pr

[
|kj − gj | >

3

2p

]
≤ 1

3
for every j = 1, 2, · · · ,M.

Proof. By the closeness assumption, the trace distance between |Ψ⟩ and Eq. (3.27) is upper bounded
by 1/12. Since the trace distance provides the upper bound of the total variation distance of two
probability measures defined by the two quantum states and an arbitrary common POVM (Theorem
9.1 [128]), the probability (3.26) is modified at most 1/12 by measuring |Ψ⟩ instead of Eq. (3.27).
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Figure 3.3: A general adaptive protocol for estimating g in Of . Reproduced from K. Wada et al.,
Heisenberg-Limited Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6, 020308
(2025), DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.

The above analysis shows that we can obtain an O(1/2p)-precise estimate of the gradient gj for
all j = 1, 2, ...,M , with a remarkable property that the implementation is independent from M in
terms of query to an oracle for f(x) ≈

∑
j gjxj . However, it must be noted that such an advantage

is achieved under the condition that the approximation f(x) ≈
∑

j gjxj holds very well. In most
cases, the higher order cannot be negligible and additional oracle queries are required to enhance
the linearity. For certain smooth functions, the smallest overhead is proven to be O(

√
M), and this

can be achieved, up to poly-logarithmic factors, by the method using higher-degree central-difference
formula [56]. For practical applications of this algorithm, it is crucial in terms of total quantum
resources to efficiently prepare an oracle for each task. Namely, we want to design a sufficiently linear
function f(x) ≈

∑
j gjxj whose gradient {gj} encodes the target quantities for each task and further

prepare the corresponding oracle for |x⟩ (→ eif(x) |x⟩ or a final state close to Eq. (3.27).

Heisenberg limit

The phase oracle Of for a smooth real function f(x) on x ∈ RM with gradient g := ∇f(0) corresponds
to the time evolution operator (with unit time) generated by the following Hamiltonian

H(g) + V, H(g) :=
∑

x∈GM
p

(g · x) |x⟩ ⟨x| , (3.28)

where V is a g-independent Hermitian operator that commutes with H(g).1 Thus, the estimation of g
from Of with an appropriate choice of an input state and a final measurement can be considered as one
of the (multi-parameter) unitary estimation problems. Such unitary estimation problems are widely
studied in the field of quantum metrology. Here, we derive the HL in quantum gradient estimation.

To derive the fundamental bound, we here consider a general adaptive estimation protocol [59],
which is illustrated in Fig. 3.3. In the general protocol, we first prepare an arbitrary input state εin
between the system on which Of acts and an ancilla system with an arbitrary number of qubits.
Then, we apply the following sequence of quantum operations to the input state:

Ut(Of ⊗ 1) · · ·U2(Of ⊗ 1)U1(Of ⊗ 1), (3.29)

where 1 denotes the identity and Ui (i = 1, 2, ..., t) are g-independent arbitrary unitary operators
acting on the whole system. This sequence contains t uses of the phase oracle in total. Finally, the
output state is measured by an arbitrary POVM {Mg}, and we write the corresponding single-shot
estimator for gj as ĝj . Because the interaction Ui to the ancilla systems can extract the information
during the estimation process, this protocol also includes adaptive techniques. Obviously, the original
method for gradient estimation is captured in this general protocol, by setting εin to the uniform
superposition state without ancilla qubits, Ui = 1 for all i, and Mg to the computational basis
measurement with the inverse quantum Fourier transformation. Note that the g-independent part of
Of can be included in each Uj , and therefore in the following, we consider Of = eiH(g) without loss
of generality.

We here remark that eiH(g) can be written as a tensor product of time evolutions

M⊗

j=1

⎛

⎝
∑

xj∈Gp

eigjxj |xj⟩ ⟨xj |

⎞

⎠ (3.30)

1The results in this part are from the author’s work [166].
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by the generators Hj :=
∑

xj
xj |xj⟩ ⟨xj | with the bounded spectral norm ∥Hj∥ ≤ 1/2. Therefore, the

estimation of g = (g1, ..., gM ) is essentially equal to the estimation of evolving time gj in each eigjHj .
Now, we are ready to prove the HL in quantum gradient estimation.

Theorem 3 (Heisenberg limit in quantum gradient estimation [166]). Suppose we have access to the
phase oracle Of for a smooth real function f on RM with gradient g := ∇f(0) and gj belongs to some
finite interval Θ ⊂ R for all j. Then, the single-shot estimators ĝj, obtained from the general adaptive
estimation protocol in Fig. 3.3 with t uses of the phase oracle Of , satisfy the following inequality:

min
j=1,2,··· ,M

M̂SE [ĝj ] ≥
π2

t2
as t → ∞, (3.31)

where M̂SE[ĝj ] denotes the supremum of the MSE for ĝj over the known interval Θ, i.e., the maximum
value of MSE over all possible target values gj ∈ Θ.

Proof. We prove this theorem by contradiction. Suppose there is a protocol such that for an index

j ∈ {1, ...,M}, M̂SE [ĝj ] < π2/(t2∆G2
p) holds as t goes to ∞, where ∆Gp denotes the difference

between extreme eigenvalues of Hj =
∑

xj∈Gp
xj |xj⟩ ⟨xj | i.e., maxGp −minGp ≤ 1. Now, we recall

that the phase oracle Of can be considered as the product of eigjHj without loss of generality. Then,
focusing on the estimation of gj in the single-parameter unitary eigjHj , it can be shown that there

is no protocol using the total t uses of eigjHj such that M̂SE[ĝj ] can be less than π2/t2∆G2
p as t

increases [66, 65], which contradicts the above assumption. Therefore, we conclude that

M̂SE[ĝj ] ≥
π2

t2∆G2
p

≥ π2

t2
as t → ∞

holds for all j, which completes the proof of Theorem 3.

As for the achievability of the lower bound, the same methodology as the phase estimation with the
minimum phase uncertainty [118, 160, 92, 10] can be applied to design an optimal protocol in a special
case. Hereafter, we describe an optimal protocol of gradient estimation that is applicable to an affine
linear function f(x) = x ·g without any adaptive operations. Let us consider M tensor products of an
ansatz state

∑
x∈Gp

ax |x⟩, where ax is a real amplitude, as an initial input state instead of the equal

superposition state Eq. (3.22). Then, applying the phase oracle Of 2p+1 times to the input state and

performing the computational basis measurement after QFT†
Gp

s, we obtain the measurement result
kj with the probability

Pr [kj ] =

∣∣∣∣∣∣

2p→1∑

xj=0

axj√
2p

e2ωi2
pxj(g

′
j→kj)

∣∣∣∣∣∣

2

, (3.32)

where g′j := gj/π. For simplicity, we drop the subscript j in the following. Taking the measurement
outcome k as an estimator of g′, we can approximately evaluate the MSE of k as follows:

E
[
(k − g′)2

]
≃ 1

2π2
(1− E [cos (2π(k − g′))]) , (3.33)

where we can check the right hand side is close to the MSE when (k − g′) is small by the Taylor
expansion. As shown in Ref. [88], the expectation of cosine can be analytically calculated:

E [cos (2π(k − g′))] =
2p→1∑

k=1

ak→1ak + a0a2p→1 cos

[
2π2p

(
g′ +

1

2
− 1

2p+1

)]
. (3.34)

Here, ak is equivalent to aφ(k) for the bijection map defined in Eq. (3.21). Therefore, if we take a0 = 0,

then the right hand side of Eq. (3.33) can be written as a quadratic form (1/2π2)
∑2p→1

k,l=1 Aklakal for
the symmetric matrix A:

A =

⎛

⎜⎜⎜⎜⎝

1 −1/2
−1/2 1 −1/2

−1/2 1
. . .

. . .
. . .

⎞

⎟⎟⎟⎟⎠
. (3.35)
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The minimum eigenvalue and the corresponding eigenvector of A is known as

2 sin2
π

2p+1
(3.36)

and

ak =

√
2

2p
sin

kπ

2p
, (3.37)

respectively. Consequently, combining Eqs. (3.33) and (3.36), we can confirm that this protocol
achieves the lower bound of Theorem 3 when t = 2p+1 is sufficiently large, as

E
[
(πk − g)2

]
≃
( π

2p+1

)2
. (3.38)

Finally, we remark that the original implementation of the gradient estimation cannot achieve the
quadratic speedup regarding total queries t, i.e., ε2 = O(1/t2) for a MSE ε2, even if the target function
is an affine linear. This can be checked from Eq. (3.33); the uniform superposition state ax = 1/

√
2p

for all x gives

min
g′

E [cos (2π(k − g′))] = 1− 2

2p
, (3.39)

and thus, maxg E
[
(πk − g)2

]
= O(1/t), which is the same scaling as the SQL. Note that this result

is consistent with that the QPE algorithm fails to achieve the HL when the input ancilla qubits are
initialized as the uniform superposition state, unlike the optimal entangled state as in Eq. (3.37) [78,
77, 14]. We remark that the proposed adaptive method in Chapter 4 performs gradient estimation at
the same scaling as the HL O(1/ε) even when the target function is approximately affine linear.

3.2 Quantum state preparation algorithms

Another important class of quantum algorithms is quantum state preparation, which prepares a target
quantum state, e.g., the ground state of Hamiltonian and a time-evolved state on quantum devices.
State preparation also serves as the starting point of various industrial applications of quantum com-
puting such as functional material designs.

3.2.1 Virtual methods

In usual, the goal of quantum state preparation is to directly prepare a target quantum state on a
quantum device. However, in most cases, we aim for calculating properties (e.g., expectation values
of observables) of a target state, and the direct state preparation is not always necessary. For this
goal, we can effectively use a wide class of transformations of quantum states that expands the class
of CPTP maps, while we cannot directly realize such a transformation on quantum devices; this is
the reason why we call virtual methods [85, 135, 179]. In this subsection, we focus on the property
estimation of a target state and mention several efficient methods with significant quantum resource
reduction. We remark that such a virtual method appears only in this subsection of this thesis.

Sample-based Hamiltonian simulation

Simulating time-independent Hamiltonian evolution e→iHt is one of the most important tasks in quan-
tum computing. Among various access models of Hamiltonian, we here focus on the case where the
target Hamiltonian H is encoded into an unknown quantum state ε as

ε =
H + c1

tr[H + c1]
, (3.40)

where c is a real value chosen so that ε is non-negative. This access model is studied in Refs. [96, 62].
Now, our goal is to estimate the expectation value of a given observable O

tr[O(U [e→iρT ]⊗ IR)(σ)] (3.41)
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for a given initial state σ, by consuming the copies of ε. Here, the ε acts on the subsystem of the
observable O and initial state σ, and IR is the identity channel on the other system. We recall that
due to the no-cloning theorem, we cannot duplicate the unknown ε.

While a naive solution to this problem is to measure the multiple copies of ε and then synthesize
the unitary gate e→iρT from the measurement outcomes, this requires the poly(d, 1/ε) number of
state copies of ε for the system dimension d and the accuracy ε [113, 96]. Then, Ref. [113] provides
an elegant method, called the density matrix exponentiation (DME), to remove the d-dependence.
Surprisingly, we show that this copy complexity is further exponentially improved in terms of 1/ε for
the goal to estimate Eq. (3.41) (and more general properties). This result is summarized as follows.2

Theorem 4 (Virtual DME (for general states) [163]). Let ε be an unknown but accessible d-dimensional
quantum state, and let U [e→iρT ] be the unitary channel of e→iρT for T ∈ R\{0}. For any integer
r ≥ max{1, |T |}, we can construct a random modified-quantum map Φ̂r using at most N copies of ε
and a single-ancilla measurement such that

∥C2rE[Φ̂r]− U [e→iρT ]∥) ≤ ε (3.42)

holds for a given ε ∈ (0, 1/2), if N satisfies

N ≥ 2r + 4r

⌈
1

2

ln(3r/ε)

W0((1/e) ln(3r/ε))
− 1

2

⌉
. (3.43)

Here, W0 is the principal branch of the Lambert-W function (that is, W0(c) is defined as the unique
solution of xex = c for x ≥ −1 and c ≥ −1/e), and C is a positive value that satisfies

1 < C2r ≤ e2T
2/r. (3.44)

Here, the random modified-quantum map Φ̂r always have the following structure

Φ̂r(•) = tranc
[
(Xanc ⊗ 1)Φ̃lr (|+⟩ ⟨+|anc ⊗ •)

]
, (3.45)

where Φ̃lr is a map from the length-r index lr to a CPTP map with multiple copies of ε. The index
lr is randomly chosen according to the probability distribution:

pl(T/r) ∝
(T/r)2l

(2l)!

√

1 +

(
T/r

2l + 1

)2

. (3.46)

The Theorem 4 indicates that the target expectation value can be written as

tr[O(U [e→iρT ]⊗ IR)(σ)] ≈ε C2rtr[Oσeff ], (3.47)

where
σeff = E

[(
tranc[(Xanc ⊗ 1)Φ̃lr (|+⟩ ⟨+|anc ⊗ •)]⊗ IR

)
(σ)
]
. (3.48)

Here, the value tr[Oσeff ] from the effective state σeff (not a valid quantum state) can be measured by
preparing the quantum state (

Φ̃lr ⊗ IR
)
(|+⟩ ⟨+|anc ⊗ σ) (3.49)

with randomly chosen Φ̃lr and then measuring the observable Xanc ⊗O.
Finally, we remark that the prefactor C2r amplifies the variance of estimating tr[Oσeff ] by the

above procedure. The variance of estimating tr[Oσeff ] itself is at most ∥O∥2/N for N shots. Since
we can take the parameter r ∼ 2T 2 so that C2r ≤ e holds from the Theorem 4, the amplification
of variance is a small constant e or below. As a result, the number of measurements is O(1/ε2) and
the number of state copies per circuit is O(T 2 log(T/ε)/ log log(T/ε)) in order to estimate the target
expectation value Eq. (3.41) within the estimation error ε. We here focus on the case where a target
circuit contains a single use of U [e→iρT ], but this can be generalized to multiple cases [163]. When we
use U [e→iρT ] (with a fixed T without loss of generality) M times in a circuit, the amplification of the
variance becomes C2rM . We can make this factor C2rM a small constant (≈ e or below) by adjusting
the parameter r.

2The result is from the author’s work [163].
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Lindblad simulation

Next, we move to the simulation of open quantum systems. Specifically, we focus on the Lindblad
equation or Gorini–Kossakowski–Sudarshan–Lindblad equation [109, 68]:

dε

dt
= L(ε) := −i[H, ε] +

K∑

k=1

(
LkεL

†
k − 1

2

{
L†
kLk, ε

})
, (3.50)

where H and {Lk}Kk=1 are the Hamiltonian and jump operators of a target system, respectively. Here,
we employ a common access model to H and {Lk}, that is, we know that they are specified by n-qubit
Pauli strings {Pkj} as

H =
m∑

j=1

α0jP0j , Lk =
M∑

j=1

αkjPkj , (3.51)

for α0j ∈ R,αkj ∈ C. Similar to the previous Hamiltonian simulation, our goal is to estimate the
expectation value of a given observable O

tr[OetL(σ)] (3.52)

for an initial state σ and a simulation time t. A canonical FTQC algorithm [36] to prepare the evolved
state etL(σ) requires the gate complexity Õ

(
τ log2 (τ/ε)K2poly(m,M)

)
and the number of ancilla

qubits O (log (τ/ε) log (τK(m+M)/ε)), where τ is a rescaled simulation time and ε is a simulation
accuracy.

For the dynamical map etL, we can derive a decomposition similar to Eq. (3.45) of virtual DME
as follows.3

Theorem 5 (Virtual Lindblad simulation [94]). Let L be an n-qubit Lindbladian with a Hamiltonian

H and jump operators {Lk}Kk=1 that are specified by Eq. (3.51), and let ∥L∥pauli := 2(α0 +
∑K

k=1 α
2
k)

for αk :=
∑

j |αkj |. Then, for any t > 0, ∆ ∈ (0, 1/e), and any positive integer r ≥ ∥L∥paulit, there
exists an approximate decomposition of etL such that

∥∥∥∥∥e
tL(•)−

∑

v∈S∆

cvtranc[(Xanc ⊗ 1)W̃v(|+⟩ ⟨+|anc ⊗ •)]

∥∥∥∥∥
1→1

≤ ∆ (3.53)

holds for some finite index set S#, (n+ 1)-qubit CPTN maps {W̃v}, and real values cv > 0 satisfying

∑

v∈S∆

cv ≤ e2‖L‖2
paulit

2/r. (3.54)

Furthermore, for any v ∈ S#, the (n + 1)-qubit CPTN map W̃v can be effectively simulated by using
an n+ 4 + ⌈log2 M⌉ qubits quantum circuit, including mid-circuit measurement and qubit reset, with
at most

O
(
r

(
log(r/∆)

log log(r/∆)
+M logM

))
(3.55)

one- or two-qubit gates. The corresponding quantum circuits for the CPTN maps W̃v can be efficiently
sampled according to the probability distribution proportional to cv > 0.

The Theorem 5 indicates that

tr[OetL(σ)] ≈#

(
∑

v∈S∆

cv

)
tr[Oσeff,lindblad(t)], (3.56)

where

σeff,lindblad(t) = tranc

[
(Xanc ⊗ 1)

∑

v∈S∆

(
cv∑

v∈S∆
cv

W̃v

)
(|+⟩ ⟨+|anc ⊗ σ)

]
. (3.57)

3This result is from Ref. [94]. The first author of Ref. [94] and I contributed equally to this paper.
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Thus, the value tr[Oσeff,lindblad(t)] from the effective state (not valid quantum state) can be measured

by applying a unitary circuit for the CPTN map W̃v to |+⟩ ⟨+|anc ⊗ σ and then measuring it by the
observable Xanc ⊗O with a two-outcome POVM to extract the CPTN part.

As far as we know, the proposed Lindblad simulation algorithm is the first one satisfying the
following three features simultaneously. First, the gate complexity Eq. (3.55) is independent from the
following two important parameters: the number m of terms in Hamiltonian and the number K of
jump operators. Next, this algorithm achieves the logarithmic scaling of the gate complexity in terms
of accuracy ∆. Finally, we need 4+ ⌈log2 M⌉ ancilla qubits, which only depends on the parameter M ,
the number of Pauli strings in a single jump operator. A thorough comparison with previous works
is provided in Ref. [94].

Optimal parallel wire-cutting for large system simulation

The power of virtual methods is not limited to the dynamics simulation. Indeed, several circuit cutting
methods [135, 122, 138, 24] allow for simulating quantum states with a large number of qubits that
are beyond the reach of an actual quantum device. We here introduce one example of such circuit
cutting methods based on the cutting of quantum wires (i.e., multi-qubit identity channels).

In the wire-cutting framework, we decompose the multi-qubit identity channel I⊗n into a linear
combination of measure-and-prepare (m-p) channels [71]. Here, a single-qubit example of m-p channels
is ∑

j=0,1

tr[|j⟩ ⟨j| •]X |j⟩ ⟨j|X. (3.58)

This m-p channel measures the entering single-qubit state by the computational basis and then prepare
single-qubit state X |j⟩ according to the measurement outcome. This measure-and-prepare operation
clearly separates the input and output via classical communication; thus, the cutting of a single-qubit
wire is partially achieved. However, a single measurement basis is not sufficient to recover the full
information of the unknown entering state. Thus, the following question naturally arises: how many
types of m-p channels are required to cut the n-qubit wires? On the other hand, if one decomposes the
ideal identity channel into a linear combination of m-p channels, the absolute sum of the coefficients
of the linear combination becomes the sampling overhead, as in the previous cases (this overhead
corresponds to C2r for virtual DME and

∑
v cv for virtual Lindblad simulation). Indeed, the previous

work [24] proves that the sampling overhead is lower bounded by 2n+1 − 1. Thus, in addition to the
above question about the number of types of m-p channels, we wonder whether we can obtain an
optimal decomposition with the minimal sampling overhead.

Here, we introduce a parallel wire-cutting method that achieves the minimal values in both the
sampling overhead and the number of m-p channels without any use of ancilla qubits.4

Theorem 6 (Ancilla-free doubly optimal parallel wire-cutting [71]). The n-qubit identity channel
I⊗n(•) can be decomposed as

I⊗n(•) =
2n∑

i=1

∑

j∈{0,1}n

tr
[
Ui |j⟩ ⟨j|U †

i •
]
Ui |j⟩ ⟨j|U†

i − (2n − 1)
∑

j∈{0,1}n

tr [|j⟩ ⟨j| • ] εj , (3.59)

where |j⟩ denotes the n-qubit computational basis. The new input state εj , which depends on the
measurement result j, is defined as

εj =
∑

k∈{0,1}n

1

2n − 1
(1− ςj,k) |k⟩ ⟨k| , (3.60)

where ςj,k is the Kronecker delta. Also, {Ui}2
n

i=1 ∪ {I⊗n} denotes a set of unitary operators that
transform the computational base into the 2n +1 mutually unbiased bases. In particular, each unitary
Ui can be implemented by a Clifford circuit with the maximal depth of n + 2 on a device with fully-
connected qubits. Moreover, the number 2n + 1 of m-p channels in the decomposition is provably
minimal under an ancilla-free assumption.

4This method is provided in Ref. [71]. The first author of Ref. [71] and I contributed equally to this paper.
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Two orthonormal bases {|φi⟩} and {|ψj⟩} in the n-qubit system are said to be mutually unbiased
basis sets if and only if | ⟨φi|ψj⟩ |2 = 1

2n holds for all i, j = 0, 1, . . . , 2n − 1. In the n-qubit system,
there exist 2n + 1 distinct orthonormal bases that are mutually unbiased [174]. Since the sampling
overhead is the absolute sum of the coefficients, we can calculate it of Eq. (3.59) as 2n+1−1, matching
the lower bound of Ref. [24].

3.2.2 Variational methods with sequential optimization

Here, we introduce a quantum-classical hybrid quantum state preparation method that fully utilizes
the degree of freedom of a single-qubit rotation gate during the circuit optimization process [165, 164].5

Free Quaternion Selection for Variational Quantum Algorithm

We first show that cost functions for variational quantum algorithms (VQAs) [27, 154, 170] are for-
mulated as a quadratic form on a single-qubit gate. To this end, we use a quaternion representation
of general single-qubit gates:

Rn(ψ) := e→iψ2 n·*σ = q · 1ς. (3.61)

The rotational axis n and angle ψ in the single-qubit gate are encoded together in a four-dimensional
parameter q with the unit norm, that is, a unit quaternion. The four-component operator 1ς :=
(I,−iX,−iY,−iZ) is an extension of the Pauli matrices 1σ = (X,Y, Z) with the 1-qubit identity I.
Hereafter, we write Rn(ψ) as R(q) for simplicity.

To prepare a target state, we solve an optimization task with the following objective function

K∑

k=1

tr
[
εkU

(
{qd}Dd=1

)†
HkU

(
{qd}Dd=1

)]
, (3.62)

where εk is an n-qubit initial state from a training set, and Hk is some observable. Here, U is
an n-qubit parameterized quantum circuit (PQC) comprised of D parameterized single-qubit gates
{R(qd)}Dd=1 and parameter-free gates such as CNOT gate. In the following, without loss of generality,
we focus on a single expectation value in the objective function (i.e., K = 1, which can simply be
considered as the minimization of energy for the Hamiltonian H := H1 and the input state εin := ε1).
The extension of our algorithm to the whole objective function is trivial due to the linearity. We
remark that a similar idea below can be applied to other objective functions for simulating real- and
imaginary-time evolutions [164].

For the energy minimization, we focus on a sequential optimization regarding R(qd) where all
parameters are fixed except for the dth single-qubit gate as shown in Fig. 3.4. The energy expectation
is written as

⟨H⟩(qd) := tr
[
εinU

†
1R(qd)

†U †
2HU2R(qd)U1

]
= tr

[
ε′inR(qd)

†H ′R(qd)
]
, (3.63)

where U1 and U2 are the quantum circuits before and after R(qd), respectively. H ′ and ε′in are defined
as

H ′ := U†
2HU2, ε′in := U1εinU

†
1 . (3.64)

Here we omit the subscript d for simplicity. Substituting Eq. (3.61) into Eq. (3.63), we can obtain the
following quadratic form

⟨H⟩(q) = q,Sq, (3.65)

where superscript ⊤ denotes a transpose operation. Denoting each element of the four-component
operator 1ς as ςµ (µ = 0, 1, 2, 3), S = (Sµν) is a 4×4 real-symmetric matrix whose elements are defined
as

Sµν :=
1

2
tr
[
ε′in
(
ς†µH

′ςν + ς†νH
′ςµ
)]

, (3.66)

5This subsection is based on the author’s works [165, 164].
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and more explicitly

S =
⎛

⎜⎜⎜⎜⎝

tr(H ′ε′in)
i
2 tr(H

′[ε′in, X]) i
2 tr(H

′[ε′in, Y ]) i
2 tr(H

′[ε′in, Z])

· tr(H ′Xε′inX) 1
2 [tr(H

′Xε′inY +H ′Y ε′inX)] 1
2 [tr(H

′Xε′inZ +H ′Zε′inX)]

· · tr(H ′Y ε′inY ) 1
2 [tr(H

′Y ε′inZ +H ′Zε′inY )]

· · · tr(H ′Zε′inZ)

⎞

⎟⎟⎟⎟⎠
,

(3.67)

where [·, ·] denotes the commutation relation. The derivation of the quadratic form is as follows.
Substituting the quaternion representation of single-qubit gates R(q) = q · 1ς into the energy (3.63),
we obtain

⟨H⟩(q) = tr
[
ε′inR(q)†H ′R(q)

]
=

3∑

µ,ν=0

qµqνtr
[
ε′inς

†
µH

′ςν
]

=
3∑

µ,ν=0

Aµνqµqν , Aµν := tr
[
ε′inς

†
µH

′ςν
]

=
1

2

(
3∑

µ,ν=0

Aµνqµqν +
3∑

ν,µ=0

Aνµqνqµ

)
=

1

2

(
3∑

µ,ν=0

Aµνqµqν +
3∑

µ,ν=0

Aνµqµqν

)

=
3∑

µ,ν=0

Aµν +Aνµ
2

qµqν = q,Sq. (3.68)

Here, the S is obviously a real symmetric matrix since ς†µH
′ςν + ς†νH

′ςµ is a Hermitian operator.
The matrix S can be obtained by running and measuring ten quantum circuits, each corresponding

to the element in the upper diagonal of S, as detailed below. Note that the minimization of the
quadratic form is exactly achieved by calculating the eigenvector corresponding to the lowest eigenvalue
of S. All the elements of S in Eq. (3.67) are calculated from ten expectation values classified into
three types as below.

Type-A
tr [ε′inH

′]

Type-B for k = 1, 2, 3,

tr

[
ε′in

(
I ± iσk√

2

)†
H ′
(
I ± iσk√

2

)]

Type-C for (k,m) = (1, 2), (1, 3), (2, 3)

tr

[
ε′in

(
σk + σm√

2

)†
H ′
(
σk + σm√

2

)]
.

Here, Type-A is the (0, 0)-the element of S and corresponds to the expectation value of H on the PQC
when the single-qubit gate of interest, as in Fig. 3.4, is replaced with identity. The other diagonal
elements are produced by the type-A and type-B values with the following identity:

tr(H ′σkε
′
inσk) + tr(H ′ε′in)

= tr

[
ε′in

(
I − iσk√

2

)†
H ′
(
I − iσk√

2

)]
+ tr

[
ε′in

(
I + iσk√

2

)†
H ′
(
I + iσk√

2

)]
. (3.69)

Note that the Type-B corresponds to the expectation value of H on the PQC when the single-qubit
gate of interest, as in Fig. 3.4, is replaced with, respectively, Rx(−π/2), Rx(π/2), Ry(−π/2), Ry(π/2),
Rz(−π/2), and Rz(π/2). In contrast, subtracting the type-B values with different signs yields the
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other elements in the first row directly. The remaining off-diagonal elements are produced by the
type-C expectation values and the already obtained diagonal elements with the following identity:

1

2
[tr(H ′σiε

′
inσj) + tr(H ′σjε

′
inσi)]

= tr

[
ε′in

(
σi + σj√

2

)†
H ′
(
σi + σj√

2

)]
− 1

2
[tr(H ′σiε

′
inσi) + tr(H ′σjε

′
inσj)] . (3.70)

Note that the Type-C values correspond to the expectation values of H on the PQC when the
single-qubit gate to be optimized, as in Fig. 3.4, is replaced with, respectively, Rn(π) for n ∝
(1, 1, 0), (1, 0, 1), (0, 1, 1). All expectation values of Type-A, B, and C can be evaluated with direct
measurements without any control operation such as the Hadamard test. Since the degree of free-
dom for a 4× 4 real-symmetric matrix is ten, the number of required direct measurements should be
optimal.

The optimization over the whole SU(2) is a generalization of other sequential optimizers [127, 132,
169], which optimize only a part of SU(2). Also, we call the sequential algorithm repeating the local
update of single-qubit gates based on the quadratic form Free Quaternion Selection (FQS). Since FQS
can select the optimal gate from the whole SU(2) for minimizing the energy expectation in Eq. (3.63),
it can incorporate the multi-parameter correlation in SU(2) and thus achieves better performance for
optimizing PQCs than other sequential optimizers. Rotoselect, Rotosolve, and their variants [127,
132, 161, 134, 101, 173] can be used to optimize a general single-qubit gate by first decomposing
the multi-parameter gate using ZYZ-decomposition [128] to obtain three single-parameter gates. In
Rotosolve/select and their variants, each parameter of the decomposed gate is optimized locally in
contrast to FQS and Fraxis, where a general single-qubit gate is decomposed into two Fraxis gates
defined as Rn(π). Fraxis [169] updates these gates individually but simultaneously optimizes two
parameters within the gate.

Figure 3.4: Quantum circuit to optimize the single-qubit gate R(qd). The variational parameters in U1

and U2 are fixed during the optimization of the gate of interest. Our algorithm sequentially replaces
R(qd) in the circuit by the optimal one, which is computed by the diagonalization of the corresponding
matrix S whose elements can be evaluated from the circuit by replacing R(qd) with ten different gates.
Reproduced from K. Wada et al., Sequential optimal selections of single-qubit gates in parameterized
quantum circuits, Quantum Sci. Technol. 9 035030 (2024), DOI: 10.1088/2058-9565/ad4583. Licensed
under CC BY 4.0.

Unification of sequential quantum optimizers

FQS generalizes all known sequential optimizers for single-qubit gates of PQCs, such as Rotosolve [132]
(NFT [127]), Rotoselect [132], Fraxis [169]; those methods can be regarded as special cases of FQS.
For NFT, a single-qubit gate is restricted to a fixed axis m such as UNFT := Rm(ψ). Then the
corresponding objective function in quadratic form is

tr
[
ε′inU

†
NFTH

′UNFT

]
= c,

(
S00

1S0 ·m
1S0 ·m m,S̃m

)
c, (3.71)
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where c := (cosψ/2, sinψ/2), and 1S0 := (S01, S02, S03). S̃ denotes the lower right 3× 3 part of the S
matrix. The real symmetric matrix in Eq. (3.71) can be regarded as a contraction of the FQS matrix
S with respect to the rotational axis m, reducing its degree of freedom to three. In Rotoselect, three
contracted matrices in Eq. (3.71) are constructed for m ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, and the lowest
eigenvalue is selected after three separate diagonalization procedures. Since the three matrices share
S00, the total number of circuit evaluations can be reduced to seven.

As for Fraxis, the target gate UFraxis := Rn(π) is simply expressed by the quaternion q = (0,n).
Thus, substituting q = (0,n) into the objective function, we can reproduce the previous results derived
in [169] as follows

tr
[
ε′inU

†
FraxisH

′UFraxis

]
= n,S̃n. (3.72)

Note that the φ-Fraxis of [169], in which the rotation angle is fixed to arbitrary values φ instead of π,
can be regarded as minimizing Eq. (3.65) for q′ := (q1, q2, q3) ∈ R3 under the constraint |q′|2 = 1−q20 ,
which results in solving simultaneous equations rather than diagonalization.

It is worth noting that the required number of circuit evaluations for each sequential quantum
optimizer coincides with the degrees of freedom for the real-symmetric matrix of respective methods,
i.e., 3 = 1+ 2 circuit evaluations for NFT/Rotosolve, 6 = 1+ 2+ 3 circuit evaluations for Fraxis, and
10 = 1 + 2 + 3 + 4 circuit evaluations for FQS.

Barren plateaus in sequential quantum optimizers

We have shown that the energy landscape of all sequential optimizers can be derived from the eigen-
values of the S matrices whose elements are computed from circuit evaluations of slightly modified
PQCs. Sequential quantum optimizers can effectively obtain a better single-qubit gate minimizing the
cost function as long as the eigenvalues of S are significantly far from degenerate. Hence, it is useful
to quantify degeneracy of S for evaluation of performance of sequential quantum optimizers. To this

end, we introduce a centered matrix S(p)
c defined as,

S(p)
c := S(p) −

tr
[
S(p)

]

p
Ip×p, (3.73)

where Ip×p denotes a p × p identity matrix. Here, S(p) is a p × p real-symmetric matrix for each
sequential quantum optimizer, and the degrees of freedom of target single-qubit gate are p − 1 e.g.,
p = 2 (Rotosolve/NFT), p = 3 (Fraxis), and p = 4 (FQS). Henceforth, we omit the superscript p for
simplicity because it is clear from the context. Since the mean of the eigenvalues of Sc is zero, the
spectral radius of Sc indicates the spread of the spectrum of S from the mean of the eigenvalues of S.
More precisely, defining λ̂(S) as the eigenvalue of S with the largest distance from tr[S]/p, which is
the mean of eigenvalues of S, the spectral radius r of Sc is equivalent to

r (Sc) ≡
∣∣∣∣λ̂ (S)−

tr [S]

p

∣∣∣∣ . (3.74)

In the following, we provide two theorems on the behavior of the spectrum of each real-symmetric
matrix in Eqs. (3.65), (3.71), and (3.72) on the condition that the parameters in U1 and U2, as in
Fig. 3.4, are randomly initialized, which is standard for studying barren plateaus in gradient-based
methods [121, 28]. The proof of the theorems is proved in Appendix 7.1.

An upper bound of Eq. (3.74) that decays exponentially with the number of qubits hints at the
existence of a flat energy landscape (barren plateaus). Indeed, we reveal that the flat landscape can
happen under similar conditions assumed in [121] i.e., if the circuits become sufficiently deep to achieve
a unitary 2-design, the second moment of the spectral radius of the centered matrix shows exponential
shrink regardless of the global or local cost.

Theorem 7. Suppose that the quantum circuits U1 and U2 are randomly and independently generated.
If either U1 or U2 forms a unitary t-design with t ≥ 2, the second moment of the spectral radius r of
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the centered matrix Eq. (3.73) is upper bounded as,

EU1,U2

[
r (Sc)

2
]

≤

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

p2tr
[
H2
]

∆εin,2
2(22n − 1)

+
∆εin,2

4p(22n − 1)

p→1∑

µ,ν=0

(
p(−1)1→δµν − 2

)
tr
[
EU2

[
H ′ςµς

†
νH

′ςνς
†
µ + h.c.

]]

p2tr
[
ε2in
]

∆H2

2(22n − 1)
+

∆H2

4p(22n − 1)

p→1∑

µ,ν=0

(
p(−1)1→δµν − 2

)
tr
[
EU1

[
ε′inς

†
µςνε

′
inς

†
νςµ + h.c.

]]
, (3.75)

where the first case corresponds to U1 being a t-design, and the second case corresponds to U2 being
a t-design. Here, EU1,U2 [·] is defined as the expectation over the random quantum circuits U1 and
U2, ςµν denotes the Kronecker delta, h.c. means the Hermite conjugate of the preceding term, and
∆εin,2, ∆H2 are defined as

∆εin,2 := tr
[
ε2in
]
− 1

2n
, ∆H2 := tr

[
H2
]
− tr2 [H]

2n
. (3.76)

In particular, in the case of p = 2 (Rotosolve/NFT), the right hand side of Eq. (3.75) is equivalent
to the variance of gradient of the objective function with respect to the rotation angle in a target gate,
which is calculated in Ref. [121]. Therefore, we can rewritten Eq. (3.75) with p = 2 as follows:

EU1,U2

[
r
(
S(2)
c

)2]
≤ Var

[
∂

∂φ
⟨H⟩

]
,

where ⟨H⟩ denotes the energy expectation for the quantum state in Fig. (3.4) with R = e→iθn·*σ. This
theorem means that if either U1 or U2 has sufficient expressibility i.e., unitary 2-design over n-qubit,
the spectrum of S matrix concentrates on a single value and its deviation is exponentially small with
respect to the number of qubits. As a result, this spectrum concentration implies that the energy of
the output quantum state becomes insensitive exponentially on the selection of single-qubit gates.

Although Theorem 7 assumes the relatively deep circuit forming unitary t-design with t ≥ 2, we
are interested in shallower circuits due to the existence of noise-induced barren plateau [168]. Here,
we show that, in contrast to Theorem 7, there are shallow circuits avoiding the exponential shrink of
the spectral radius when the target Hamiltonian is local.

To this end, let us consider an n-qubit alternating layered ansatz U [28, 126] with m-qubit
parametrized unitary blocks, as depicted in Fig. 3.5(a). Each block consists of parametrized single-
qubit gates and parameter-free gates. Suppose the ansatz consists of L layers, and each layer contains
ξ blocks (i.e., n = ξm). We define Sk (k = 1, 2, · · · , ξ) as the m-qubit subsystem on which the kth
block from the top in the final layer acts. In the following, we focus on a block W in the lth layer and
a parameterized single-qubit gate R in the block as in Fig. 3.5(b). Moreover, we define the forward
light-cone L of the block W as a series of gates that has at least one input qubit causally connected to
the output qubits of W . As well, the backward light-cone LB of W is defined in the reverse direction
of L.

Theorem 8. Suppose that the whole quantum circuit U is an n-qubit alternating layered ansatz with
m-qubit blocks as described in Fig. 3.5. Here, we focus on a block W in lth layer and a parameterized
single-qubit gate R in the block. We assume that the quantum circuits WA,WB ⊂ W , which are located
after and before the target gate respectively, and the other blocks form a local 2-design independently.
In addition, the Hamiltonian H is assumed to be m-local such as

H = c0I
⊗n +

∑

i

cihi, c0, ci ∈ R, (∃i, ci ̸= 0), (3.77)

where hi is a tensor product of Pauli matrices that acts non-trivially on at most m-qubit. (The same
assumption was used in [28].) Then, the second moment of the spectral radius r of the centered matrix
Eq. (3.73) satisfies

EU1,U2

[
r (Sc)

2
]
≥ (p+ 2)(p− 1)2m(l+1)→1

p(22m − 1)2(2m + 1)L+l

∑

i∈iL

∑

(k,k′)∈kLB

k′≥k

c2i ε(εk,k′)ε(hi), (3.78)



3.2. QUANTUM STATE PREPARATION ALGORITHMS 35

W

LLB

l + 1l − 1 l

(a)

W WB WA
R

m − 1

=

(b)

Figure 3.5: Schematic diagram of the alternating layered ansatz with m-qubit unitary blocks. In
Theorem 8, we focus on a single-qubit gate R in a block W of the lth layer as depicted in (b), where
WA and WB are a set of unitary gates located after and before the target single-qubit gate. L (LB)
denotes the forward (backward) light-cone with respect to W . Here, U1 in Fig. 3.4 includes the gates
in L and WA, and U2 includes the other gates. Reproduced from K. Wada et al., Sequential optimal
selections of single-qubit gates in parameterized quantum circuits, Quantum Sci. Technol. 9 035030
(2024), DOI: 10.1088/2058-9565/ad4583. Licensed under CC BY 4.0.

where L denotes the total number of layers. Here, iL is the set of i indices whose associated operators
hi act on qubits in the forward light-cone L of W , and kLB is the set of k indices whose associated
subsystems Sk are in the backward light-cone LB of W . The quantum state εk,k′ is the reduced density
matrix of the input state εin on SkSk+1 · · ·Sk′ , and the function ε(M) for a matrix M is defined as
ε(M) = DHS(M, tr(M)1/dM ) where DHS is the Hilbert-Schmidt distance and dM is the dimension of
the matrix M .

We prove this theorem by firstly deriving the relation between the lower bound of the spectral
radius and the variance of the gradient regarding φ in the case R = e→iθn·*σ, under the condition of
Theorem 8. More precisely, we prove the following relation:

EU1,U2

[
r (Sc)

2
]
≥ (p+ 2)(p− 1)

4p
×Var

[
∂

∂φ
⟨H⟩

]
.

Then, combining the previous result in Ref. [28], we complete the proof of Theorem 8; see Appendix 7.1.
This theorem means the lower bound of the second moment of the spectral radius does not vanish
exponentially fast when we employ shallow L, which leads to similar properties as the gradient-
based counterparts [28]. More precisely, if at least one term c2i ε(εk,k′)ε(hi) vanishes no faster than
Ω(1/poly(n)), and if the number of layers L is O(log(n)), then

EU1,U2

[
r (Sc)

2
]
= Ω

(
1

poly(n)

)
(3.79)

holds. This guarantees trainability of sequential quantum optimizers in the beginning of optimization.
On the other hand, if at least one term c2i ε(εk,k′)ε(hi) vanishes no faster than Ω(1/2poly(log(n))), and
if the number of layer L is O(poly(log(n)) then,

EU1,U2

[
r (Sc)

2
]
= Ω

(
1

2poly(log(n))

)
(3.80)

holds. This suggests a transition region of trainability where the spread of the spectrum decays faster
than polynomial but slower than exponential. Note that Cerezo et al. [28] showed a detailed analysis
of variance of gradient with respect to angles of fixed-axis rotation gates. In contrast, for a global cost
function, the spectral radius is expected to shrink exponentially even on a constant-depth alternating
layered ansatz in line with the gradient-based methods as [28].

There is a new finding in Eq. (3.78) which is not available from the previous study on the gradient;
the lower bound depends on the parameter p. We can see this from the simplest case when p = 2 for
Rotosolve (NFT). In this case, the lower bound of the spectral radius appears to be twofold of that of
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the gradient-based method in [28]. This is probably because the spectral radius measures all possible
energy variations that can occur by replacing the target gate, while the gradient-based analysis focuses
on only a local response along a slight move in the parameter space.

Also, the lower bound implies the larger the value of p the better the chance to escape from barren
plateaus. Although the values of p are limited to 2 (NFT), 3 (Fraxis), and 4 (FQS) for single-qubit
gates in this study, our spectral radius analysis can be extended to a multi-qubit gate with p > 4 that
seems to grow at least polynomially in the number of qubits. Such an extension of our method is
actually an important open problem, but it would be achieved by imposing an appropriate structure
of parameterized gate to the method in the previous paper [145] or a more detailed analysis of the
unified expressions of sequential optimizers.

3.3 Other basic quantum algorithms

We review some important results in efficiently calculating block-encoded matrices on a quantum
computer. These results provide the basis of quantum algorithms in the subsequent chapters, as well
as for a broad class of modern quantum algorithm designs [119].

3.3.1 Block encoding

The basic tool to represent matrices by unitary operators of dilated quantum systems is block encoding
which is formally defined as follows.

Definition 3 (Block encoding [57]). For positive values α, ε and a non-negative integer a, we say that
an (n+ a)-qubit unitary U is an (α, a, ε)-block-encoding of an n-qubit operator A, if

∥A− α(⟨0|⊗a ⊗ 1)U(|0⟩⊗a ⊗ 1)∥ ≤ ε,

where ∥ • ∥ denotes the spectral norm. For simplicity, we shorten the perfect (i.e., α = 1 and ε = 0)
block encoding of A as a-block-encoding of A.

For instance, any unitary operator (e.g., a Pauli operator X ⊗ Z ⊗ · · · ) is trivially a 0-block-
encoding of itself. In general, there are various ways to construct block encodings [116, 57], and the
quest for developing more efficient encoding is still ongoing. In the following, we review two basic
constructions: (i) block-encodings obtained via the method called the linear combination of unitaries
(LCU) [33, 13], and (ii) block-encodings of sparse matrices.

We first review the LCU-based construction. Let A :=
∑m

i=1 ciUi be a linear combination of unitary
operators {Ui}mi=1 with real coefficients ci ∈ R. Without loss of generality, we assume ci > 0 because
−1 can be absorbed into Ui. In order to encode A, we use the following two unitary operations. The
first unitary, called PREPARE, encodes the positive coefficients {ci}mi=1 as

V : |0⟩ (→
m∑

i=1

√
ci

∥c∥1
|i⟩,

where ∥ • ∥1 denotes L1-norm, and |0⟩ and |i⟩ denote an initial state and the computational basis in a
⌈log2 m⌉-qubit ancilla system, respectively. The second unitary, called SELECT, encodes the unitary
operators Ui conditioned by the ⌈log2 m⌉-qubit ancilla system:

W =
m∑

i=1

|i⟩⟨i|⊗ Ui.

Using the two operations V and W , it can be shown that the unitary operator (V † ⊗ 1)W (V ⊗ 1)
is a (∥c∥1, ⌈log2 m⌉, 0)-block-encoding of A, as in Fig. 3.6. Note that if the coefficients in LCU are
controlled by other qubit registers, it may be useful to modify the PREPARE operator instead of
including the phase of ci to the SELECT operator, in order to save the number of controlled operations.

We next recall a standard block-encoding for sparse matrices [116], which is particularly useful for
the case where we have matrix representations of target observables.
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|0⟩⊗.log2 m/ / V
W

V †

/

Figure 3.6: Quantum circuit for the linear combination of unitaries (LCU) method. The circuit is a

⌈log2 m⌉-block-encoding of ∥c∥→1
1

∑m
i=1 ciUi (ci > 0). PREPARE V : |0⟩⊗.log2 m/ (→

∑m
i=1

√
ci

‖c‖1
|i⟩

and SELECT W =
∑m

i=1 |i⟩⟨i| ⊗ Ui. Reproduced from K. Wada et al., Heisenberg-Limited
Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6, 020308 (2025), DOI:
10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.

|0⟩ Had e→iZφn e→iZφn−1 · · · e→iZφ1 Had

|0⟩⊗a

U U†
· · ·

U
· · ·

Figure 3.7: Quantum circuit for quantum singular value (eigenvalue) transformation for real poly-
nomials P of odd degree n. U denotes an a-block-encoding of a Hermitian operator A. The NOT
gate is controlled by |0⟩⊗a of the a qubits, which is represented by the white circle ◦. For a given
real polynomial P of degree n, the n circuit parameters {φi}ni=1 are calculated in O(poly(n)) classical
computation time. With such parameters, this circuit results in an (a + 1)-block-encoding of P (A).
Adapted from K. Wada et al., Heisenberg-Limited Adaptive Gradient Estimation for Multiple Observ-
ables, PRX Quantum 6, 020308 (2025), DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC
BY 4.0.

Lemma 3 (Lemma 6 in Ref. [116], rephrased). Let OH , OF be the standard oracles specifying a
d-sparse Hamiltonian H with max-norm ∥H∥max:

OH |j⟩ |k⟩ |z⟩ = |j⟩ |k⟩ |z ⊕ Ĥjk⟩ , OF |j⟩ |l⟩ = |j⟩ |f(j, l)⟩ , (3.81)

where j, k denote the index of row and column, respectively, f(j, l) is the column index of the lth
non-zero element of H in row j, and Ĥjk represents the (j, k) element of H in some binary format.
Then, we can implement a block encoding of H/d∥H∥max using O(1) queries to OF and OH .

In many applications, observables naturally appear either as linear combinations of Pauli strings
or as sparse matrices. For example, the Hamiltonian of molecular systems can be written as a linear
combination of Pauli strings via qubit-mapping techniques such as Jordan-Wigner or Bravyi–Kitaev
transformations. Likewise, Ising or Heisenberg Hamiltonians are naturally expressed as sums of
Pauli strings. Typical examples of physical relevant properties include the (average) magnetization
N→1

∑
i Zi and the two-point correlation N→1

∑
i ZiZi+r on N sites.

3.3.2 Quantum singular value transformation (QSVT)

Once we have a block encoding of a target operator, we can systematically transform the block
encoding to perform various tasks. We first show several concrete examples of such transformations
in the form of lemmas, and then explain the underlying structure that unifies them. These lemmas
will be used in the following chapter.

Lemma 4 (Uniform singular value amplification [114, 57]). Let γ > 1 and let ς, ε ∈ (0, 1/2). Suppose
we have an a-block-encoding U of A, (∥A∥ ≤ (1− ς)/γ). Then, we can implement a (1, a+1, ε)-block-
encoding of γA with m = O(γς→1 log(γ/ε)) queries to U and U †, 2m uses of NOT gates controlled
by a-qubit, O(m) single-qubit gates, and O(poly(m)) classical computation to find quantum circuit
parameters.
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Lemma 5 (Quantum eigenvalue transformation by Chebyshev polynomials [57]). Let m be a positive
integer, and let U be an a-block-encoding of a Hamiltonian H. Then, for the m-th Chebyshev polyno-
mial of the first kind Tm(x), we can implement a (1, a, 0)-block-encoding of Tm(H), with m uses of U
and U † and m uses of reflection on |0⟩⊗a.

Lemma 6 (Optimal block-Hamiltonian simulation [116]). Let t ∈ R\{0}, ε′′ ∈ (0, 1), and let U be a
(1, a, 0)-block-encoding of a Hamiltonian H. Then, we can implement a (1, a+2, ε′′)-block-encoding of
eitH , with 4Q queries to controlled U and its inverse, 2Q uses of NOT gates controlled by (a+1)-qubit,
O(Q) uses of single-qubit or two-qubit gates, and O(poly(Q)) classical computation to find quantum
circuit parameters, where Q = O(|t|+ log(1/ε′′)).

Lemma 4 and Lemma 5 can be implemented with a quantum circuit in Fig. 3.7. Also, we can
implement the optimal Hamiltonian simulation Lemma 6 with a circuit similar to Fig. 3.7; the explicit
circuit constructions are provided in Refs. [115, 116, 57].

Importantly, the quantum circuit in Fig. 3.7 reflects the underlying structure that are common in
the above lemmas; this quantum circuit implements a general method, called the quantum singular
value transformation (QSVT), to transform singular values (eigenvalues) of a block-encoded matrix
based on a large class of polynomials [57]. The QSVT uses the idea of quantum signal processing
(QSP) [117, 116] that characterizes achievable 1-qubit unitary transformations comprised of an alter-
nating 1-qubit gate sequence of the signal rotation with an unknown angle and the processing rotation
with a controllable angle. To bridge the gap between QSP and QSVT, Qubitization [116] is a crucial
technique that splits (a part of) ancilla-target systems into some qubits labeled by the eigenvalue (sin-
gular values [57]) and constructs parallel signal rotations over the qubits (e.g., U and U† in Fig. 3.7).
Here, the rotation angle depends on the corresponding singular value. Then, using additional pro-
cessing rotations with controllable parameters {φi} (likewise the controlled rotation between U and
U† in Fig. 3.7), we can transform the singular values in parallel by a polynomial that depends on the
controllable parameters {φi}; the achievable polynomials in QSVT are characterized by QSP. See the
review [119] for details of the theoretical perspective of QSVT.

In practice, a typical flow of QSVT consists of two steps: (i) finding the circuit parameter {φi}ni=1

(called the phase sequence) for a given degree-n real polynomial P on classical computers, (ii) running
the O(n)-depth quantum circuit in Fig. 3.7 on a quantum computer, using the classically tuned
parameters. Note that in the process (ii), we may need a post-selection on ancilla qubits. For a
given degree-n polynomial P that has definite parity and P (x) ∈ [−1, 1] for x ∈ [−1, 1], the n circuit
parameters {φi}ni=1 in Fig. 3.7 can be found by O(poly(n, log(1/ς))) classical computation for some
error ς [57]. Then, using the parameters this circuit results in an (a + 1)-block-encoding of P (A).
In Lemma 4, we can take an odd real polynomial P (x) with degree m = O(γς→1 log(γ/ε)) such that
P (x) ≈ γx holds [114, 57]. In particular, the phase sequence {φi} for the Chebyshev polynomial of
the first kind Tn is analytically calculated and has a unique structure (Lemma 9 in Ref. [57]); as a
result, we can eliminate the additional ancilla qubit and replace the 2n controlled NOT gates with n
reflections on |0⟩⊗a in the circuit of Fig. 3.7.



Chapter 4

Heisenberg-limited
multi-observable estimation

4.1 Introduction

4.1.1 Background

Attaining quantum enhancement in unknown parameter estimation lies as one of the most funda-
mental tasks in quantum technology.1 It has been noticed in the quantum metrological community
from the late 20th century that there exists a gap between the SQL, the statistical scaling of the
measurement count O(1/ε2) based on the central limit theorem, and the HL, the scaling O(1/ε) due
to quantum uncertainty relations that are quantified by the root MSE ε. Theoretically, the HL can
be achieved using entanglement or coherence (i.e., sequential applications of a sensing channel) in
quantum probes under the absence of noise [58, 60], while its experimental verification has not been
realized for a long time until the phase estimation procedure by Higgins et al. that uses a novel
adaptive measurement [78]. Aside from Ref. [78], intensive quest for experimental realization of the
scaling beyond the SQL has provoked numerous interesting ideas such as the use of quantum error
correction [95, 6, 46, 181], exploiting the non-Markovianity of the environment [120, 34].

The preceding pursuit for the fundamental limitation by quantum mechanics naturally pertains to
the quantum-enhanced measurement of multiple observables. This long-standing question has been
posed mainly in the community of quantum computing, since an overwhelming number of quantum
algorithms estimate the expectation values of local and/or global observables; this task is typically
summarized as M = O(Nk) (possibly non-commuting) observables estimation on an N -qubit target
system, for some k. Not to mention the scientific application of quantum computers for quantum
simulation of many-body systems in natural science [112, 8, 32, 57, 17, 178], such a task is also
ubiquitous in industrial uses such as quantum machine learning [19, 111, 84] and quantum finance [146,
29]. Note that, while one may employ the modified QAE algorithm [149, 167, 162] individually for M
observables to simply obtain the HL scaling of O(M/ε) in queries to a target state preparation with
respect to the root MSE ε, here we seek for simultaneous improvement on the target precision ε and
observable count M . Simply put, our goal is to construct an algorithm that achieves both the HL
scaling O(1/ε) and the sublinear scaling with respect to M in estimating all of M observables.

Indeed, some previous works based on the QGE algorithm [91, 56] have reported nearly HL scaling,
although with multiplicative logarithmic correction log(1/ε) [159, 86]; there is no work that achieves
the ultimate precision scaling following the HL in light of its definition. Furthermore, existing works
argue the estimation precision in terms of confidence intervals, which crucially fails to bound the worst-
case behavior of a single run, unlike the MSE. As is well known in the field of quantum metrology [16,
77, 60, 12], the MSE successfully bounds other measures of uncertainty, while the converse does not
hold in general. Considering that many quantum algorithms that estimate observables make queries
to the state preparation oracle of a target quantum state whose complexity usually scales with the
system size, it is crucial to design an estimation algorithm that achieves the HL scaling in terms of
the MSE.

1This chapter is based on the author’s work [166].
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j

1⟩

Nonlinear components 
negligible as  increasesq

q = 3

q = 1

q = 2

Target 

⟨Oj⟩

Estimation process 
(Classical)

Phase landscape 
(Quantum)

Grover-like repetition 
x2q

x1

x2
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Figure 4.1: Graphical summary of the proposed method. Our algorithm estimates the expectation
values of general observables {⟨Oj⟩}Mj=1 regarding a quantum state |ψ⟩ prepared by a unitary Uε,
with an adaptive procedure. In the qth iteration step, we first encode the values of estimation errors

{⟨Oj − ũ(q)
j 1⟩} for a unitary gate, where ũ(q)

j ∈ [−1, 1] denotes a temporal estimated value from the
previous step, for the target value ⟨Oj⟩. In the upper left illustration, each circle denotes a closed

ball with 1/2q radius centered at the qth estimate {ũ(q)
j }. Then, we coherently amplify the estimation

errors by the factor of 2q via O(2q
√
M) repetitions of Grover-like operation (or Hamiltonian simu-

lation) on the encoding unitary and prepare the (approximate) probing state |Υ(q)⟩ (defined as in
Eq. (4.1)) whose phase at each point |x⟩ = |x1⟩ · · · |xM ⟩ is depicted in the lower right illustration. The
nonlinear components come from the Grover-like repetition, as detailed in Sec. 4.4. From the probing

state |Υ(q)⟩, we read out zoomed-in values {2q ⟨Oj − ũ(q)
j 1⟩} simultaneously by quantum gradient

estimation protocol with a fixed measurement precision. Using the measurement results, we update

the temporal estimates ũ(q)
j to ũ(q+1)

j . By repeating this procedure for q = 0, 1, ..., ⌈log2(1/ε)⌉, this
algorithm estimates the M observables simultaneously within at most root MSE ε. The algorithm
uses totally O(ε→1

√
M logM) queries to the state preparation unitary Uε that indicates the scaling of

Heisenberg limit, that is, the inverse of root MSE ε, together with the nearly squared root dependence
on the number of observables M , which comes from the uniform singular value amplification process in

the encoding of {⟨Oj − ũ(q)
j 1⟩}. Reproduced from K. Wada et al., Heisenberg-Limited Adaptive Gradi-

ent Estimation for Multiple Observables, PRX Quantum 6, 020308 (2025), DOI: 10.1103/PRXQuan-
tum.6.020308. Licensed under CC BY 4.0.

A key insight for enhancement can be borrowed from the history of phase estimation algorithm [99].
It has been well-recognized that the textbook style of the QPE algorithm [128] encounters two major
bottlenecks that prevents the algorithm from practical benefits; the large ancilla consumption of
O(log(1/ε)) and the poor query complexity scaling with the target root MSE ε, i.e., only obeying the
SQL O(1/ε2) [78, 160, 92]. While the former can be addressed by the iterative phase estimation [99],
it was not until the work by Higgins et al. [78] that both issues were overcome by utilizing an adaptive
measurement scheme to achieve the HL with a constant number of ancilla. Although a follow-up
work has shown that HL scaling can be achieved even without relying on the adaptive scheme (but
using an iterative procedure), there is in practice, an increase of the estimation variance by a constant
factor [77]. On the other hand, if the large ancilla consumption is acceptable, it is known that the
QPE algorithm with an entangled ancillary state, instead of a uniform superposition state, can achieve
the HL [118, 160, 92, 10]. From the above observations, we argue that adaptive strategy is crucial for
resource-efficient implementation of quantum estimation that saturates the ultimate scaling limited
by purely fundamental principles of quantum physics.
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4.1.2 Summary of results

Driven by such a situation, we make a significant contribution to multiple observables estimation of
number M with root MSE of ε. Concretely, we explicitly construct an adaptive estimation algorithm
as summarized as Algorithm 1, or graphically as Fig. 4.1 which satisfies the following features (each
corresponds to Theorem 10, Theorem 11, Lemmas 8, and 9, respectively):

• Heisenberg-limited scaling O(1/ε) and sublinear scaling regarding M . The proposed observable
estimation achieves the pure HL scaling with the root MSE ε as

O(ε→1
√
M logM)

in query to the state preparation and its inverse. Also, this scaling indicates a nearly quadratic
improvement regarding M , compared to using the (modified) QAE algorithm [21, 100, 139, 149,
167, 162] M times. For a particular set of observables e.g., projectors onto each basis state, we
can also achieve the query complexity

O(ε→1 logM)

i.e., the logarithmic dependence of M combined with the HL scaling.

• Constant space overhead. The quantum circuits in the proposed scheme require at most ad-
ditional O(M) qubits, which is independent from the target root MSE ε unlike non-iterative
methods [86, 159] that use additional O(M log(1/ε)) qubits.

• Robustness in high-precision regime. When highly precise estimates (i.e., ε≪ 1) are required, the
quantum circuits in our method have at most O(log(1/ε)) parameterized gates for QSVT [57],
which can be tuned by O(polylog(1/ε)) classical computation, while the previous methods [86,
159] require to tune O(1/ε) gates with O(poly(1/ε)) classical computation. This significant
reduction in classical computation allows us to avoid the numerical instability problem [70, 30,
45, 177, 124, 175] that spoils the quantum enhancement.

The first feature is a mathematical guarantee of estimation performance, and the other features
highlight ease of practical implementation of our method. We also mention as another important
feature that the proposed algorithm is the first adaptive extension of the QGE algorithm [91, 56], to
the best of our knowledge. Therefore, our method would be applicable to various tasks in which the
QGE algorithm offers quantum speedup, such as quantum machine learning [56, 38, 37], financial risk
calculation [147], and molecular force calculation [129].

Let us briefly describe the abstract structure of the algorithm and where the features stem from. In
our algorithm, we sample from an O(M+log2 d)-qubit circuit with an alternating sequence of a global
interaction to encode the expectation values of target observables and a controlled rotation over the
target log2 d-qubit system (and some ancillary system). The global interaction for observables and the
total circuit length are adjusted in an adaptive manner, so that the expectation values can be read out
in high resolution with the space overhead kept to be independent from the target precision ε. Then,
we classically process the samples and use the processing results to construct the quantum circuit at
the next step, in a similar way as the HL QPE algorithms [77, 97, 12, 48]. The sublinear scaling in
the number M of observables comes from the uniform singular value amplification process [114, 57]
embedded in the global interaction. This reason for the speedup on M is the same as the previous
method [159].

We remark that the classical computation mentioned in the third point is required for the circuit
construction, especially for QSP [117, 116]. In the framework of QSP (also QSVT), we need to tune
the parameterized gates classically for a desired polynomial. Although finding this parameter for a
degree-n polynomial can be achieved in O(poly(n)) classical computation time, it exhibits numerical
instability for large n; this instability leads to undesired algorithmic errors in the resulting quantum
circuit, posing a central challenge in the practical application of QSVT [70]. To resolve this, vari-
ous optimization techniques have been investigated [70, 30, 45, 177, 124, 175], and currently, they
require 102–104 seconds to tune n ∼ 104 parameters. In the previous method for multiple observables
estimation [159], the number of circuit parameters is given by n = Õ(

√
M/ε), leading to a large

runtime in classical computation. For instance, we can naively extrapolate that classical runtime for
M = 104 and ε = 10→4 already requires long 104–106 seconds. In contrast, our method requires to
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tune only O(
√
M log(M/ε)) parameters under a certain condition, by partially using a special poly-

nomial whose parameters can be analytically determined. This exponential improvement in classical
computation time, regarding estimation precision 1/ε, significantly lowers the barrier of the practical
implementation of our method.

Finally, we provide numerical simulations to compare the number of total queries and ancilla
qubits in our adaptive method and the previous non-iterative method [86]. The results clearly show
the quantitative advantages of our method in terms of query and space complexity. In particular, the
previous method indicates the HL scaling O(1/ε) with logarithmic factors on 1/ε regarding the root
MSE ε, while our method has no ε dependence except for O(1/ε) in the total queries.

4.2 Problem setup

We consider estimating quantum expectation values of given d-dimensional M Hermitian operators
{Oj}Mj=1 with the spectral norm ∥Oj∥ ≤ 1, regarding a quantum state |ψ⟩. Here, d is a power of 2
and N denotes the number of target system qubits i.e., N ≡ log2 d. The target state |ψ⟩ is assumed

to be prepared by a state preparation oracle Uε : |0⟩ (→ |ψ⟩ and an initial state |0⟩ := |0⟩⊗ log2 d,

and we assume oracular access to Uε and U †
ε. The observables are assumed to be accessed by some

block-encoded unitaries over the d-dimensional system and some ancilla system. That is, for each
observable Oj , we assume access to a unitary gate Bj whose top-left block matrix is Oj ; see Sec. 3.3.1
for the definition of this block-encoding. We remark that we only assume access to Bj and additional
information on properties of the encoded Oj e.g., spectrum and eigenstates is not available. In this
setup, our goal is to efficiently obtain samples from estimators for the target values ⟨Oj⟩ := ⟨ψ|Oj |ψ⟩
within the root MSE ε. In particular, we aim to simultaneously achieve the HL scaling regarding ε
and the sublinear scaling regarding M , for estimating all ⟨Oj⟩.

The performance of quantum algorithms for this task is usually quantified by the total number of
queries to the state preparation Uε and U†

ε. This is because Uε has complexity that usually scales
with the system size, and as a result, the state preparation Uε is the most dominant factor in the

total execution time for various settings. Under the natural assumption that U†
ε has the same cost as

Uε, it is crucial to design an estimation algorithm that minimizes the statistical uncertainty using a

limited number of queries to Uε and U†
ε.

4.3 Adaptive gradient estimation for multiple observables

To address the problem stated in Sec. 4.2, we propose an adaptive extension of the gradient esti-
mation algorithm (see Sec. 3.1.3). In the following, we first describe the adaptive gradient estimation
algorithm for multiple observables estimation in Sec. 4.3.1. Then, the performance guarantee of the
algorithm is provided in Sec. 4.3.2.

4.3.1 Proposed adaptive algorithm

Now we introduce our algorithm for estimating the expectation values of multiple observables that
uses the gradient estimation as a subroutine. The outline of the algorithm is provided in Algorithm 1,
and also its high-level graphical overview is shown in Fig. 4.1. In the following, we first introduce
the foundation of Algorithm 1, with a particular focus on the quantum part (i.e., the quantum state
|Υ(q)⟩ in Step 3). Then, we prove our main theorem (Theorem 10) to guarantee that Algorithm 1
achieves both the HL scaling O(1/ε) and the sublinear scaling on M for the total query complexity
regarding the use of Uε and U †

ε. Sec. 4.5 gives the complete proof of theorems together with showing
concrete implementation method for the algorithm.

The key idea of the proposed adaptive algorithm is to prepare the following probing state |Υ(q)⟩
at each iteration step q, from which the approximated expectation values can be extracted via the
gradient estimation algorithm described in Sec. 3.1.3:

|Υ(q)⟩ := 1√
2pM

∑

x∈GM
p

e2ωi2
p ∑M

j=1 xj2
qω−1′Oj→ũ(q)

j 1∞ |x⟩ , (4.1)
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Algorithm 1 Adaptive gradient estimation for multiple observables

Input: log2 d-qubit state preparation unitary Uε and U†
ε; observables {Oj}Mj=1 with the spectral norm

∥Oj∥ ≤ 1 such that M > O(log d) holds; confidence parameter c ∈ (0, 3/8(1 + π)2]; target root

mean squared error (MSE) ε ∈ (0, 1).

Output: A sample (ũ1, ..., ũM ) from an estimator û = (û1, ..., ûM ) whose j-th element estimates

⟨ψ|Oj |ψ⟩ within the MSE ε2 as

max
j=1,2,...,M

E
[
(ûj − ⟨ψ|Oj |ψ⟩)2

]
≤ ε2

1: Set a fixed precision parameter p := 3 and temporal estimates ũ(0)
j := 0 for all j.

2: for q = 0, 1, ..., qmax :=⌈log2(1/ε)⌉ do

3: Measure O(logM/ς(q)) approximate copies of the probing state

|Υ(q)⟩ := 1√
2pM

∑

x∈GM
p

e2ωi2
p ∑M

j=1 xj2
qω−1′Oj→ũ(q)

j 1∞ |x⟩

after p-qubit inverse quantum Fourier transformations. Here, ς(q) := c/8qmax→q is a failure

probability.

4: Set the coordinate-wise median of the measurement outputs as g(q)j .

5: Update ũ(q+1)
j := ũ(q)

j + π2→qg(q)j

6: Truncate ũ(q+1)
j in [−1, 1]

7: end for

8: return final estimates ũj := ũ(qmax+1)
j

where 1 denotes the identity operator. Also, p denotes a fixed precision parameter and GM
p is defined

as in Eq. (3.20). The quantities ũ(q)
j ∈ [−1, 1] in the probing state Eq. (4.1) are temporal estimated

values for ⟨Oj⟩ at the iteration step q. Later we will show that p = 3 is sufficient for our algorithm
to successfully work. We remark that the probing state |Υ(q)⟩ is equivalent to the quantum state

Eq. (3.24) with gradient gj = 2qπ→1 ⟨Oj − ũ(q)
j 1⟩.

The probing state |Υ(q)⟩ can be prepared by first initializing the pM -qubit probe system, the
log2 d-qubit target system, and some ancilla systems to encode the observables. Then, applying a
q-dependent interaction unitary on the whole system, we approximately obtain the probing state.
The query complexity regarding Uε and U†

ε of this state preparation process is given as follows.

Proposition 9 (Probing-state preparation). Suppose that we have access to block-encoded observables
{Oj}Mj=1 in d dimension via some unitaries, a log2 d-qubit state preparation Uε, and its inverse U †

ε,
such that M > O(log d) holds. Then, we can prepare the probing state |Υ(q)⟩, up to 1/12 Euclidean

distance error, for (any) integer q ≥ 0 and ũ(q)
j ∈ [−1, 1], using O(2q

√
M log d) queries to Uε and U †

ε
in total.

In the next section, we describe this probing-state preparation in detail. In particular, this proposition
directly follows from Lemmas 8 and 9 shown in the next section, both of which give methods to prepare
the probing state |Υ(q)⟩: one is based on the Hamiltonian simulation protocol (Lemma 8), and the
other is based on the Grover-like repetition (Lemma 9).

Suppose we have the probing state |Υ(q)⟩ for Step 3 at the qth iteration, with a temporal estimate

ũ(q)
j for ⟨Oj⟩. Then, on the phase of |x⟩ in |Υ(q)⟩, the estimation error ⟨Oj − ũ(q)

j 1⟩ is amplified by

the factor of 2q; this means that when ũ(q)
j matches ⟨Oj⟩ in the first q binary (fraction) digits as

∣∣∣⟨Oj⟩ − ũ(q)
j

∣∣∣ ≤
1

2q
, (4.2)
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the 2q-fold amplification zooms in on the significant digits of ⟨Oj⟩ − ũ(q)
j to shift the values toward

upper digits. As proved in Ref. [56], the gradient estimation for |Υ(q)⟩ can simultaneously extract

these zoomed-in values 2qπ→1 ⟨Oj − ũ(q)
j 1⟩ or equivalently the gradient of the linear function on the

phase (with 1/π):

f(x) :=
∑

j

xj2
q ⟨Oj − ũ(q)

j 1⟩ , (4.3)

with an additive error specified by the precision parameter p and a certain success probability (see
Lemma 2). Note that, in our case, the gradient estimation algorithm is simply to perform the compu-
tational basis measurement (with rewriting |µ⟩ as |x⟩) on the probing state after applying a slightly
modified version of p-qubit inverse quantum Fourier transformation, which is defined in Eq. (3.25).

In Step 4 of Algorithm 1, we use the measurement outputs k(1),k(2), ...,k(O(logM/δ(q))) obtained

in Step 3 to construct the coordinate-wise median g(q)j ; that is, g(q)j is defined as the middle value

separating the greater and lesser halves of {k(1)j , k(2)j , ...}. Then, under the condition of Eq. (4.2), we

can prove that the median g(q)j satisfies

∣∣∣∣∣g
(q)
j −

2q ⟨Oj − ũ(q)
j 1⟩

π

∣∣∣∣∣ ≤
1

2π
, (4.4)

for all j = 1, 2, ...,M with success probability bigger than 1 − ς(q); later we will carefully choose the
probability ς(q) in order that a final estimator has the minimal statistical uncertainty. Using the

successfully obtained g(q)j satisfying Eq. (4.4), we update the temporal estimate in Step 5 as

ũ(q+1)
j := ũ(q)

j + π2→qg(q)j .

Then, it is straightforward to prove

∣∣∣⟨Oj⟩ − ũ(q+1)
j

∣∣∣ ≤
1

2q+1
,

for all j. Thus, using the outcomes from the gradient estimation algorithm at each step, we can

iteratively determine one binary fraction digit of the target value ⟨Oj⟩ by updating ũ(q)
j to ũ(q+1)

j .
Repeating this iteration step for qmax := ⌈log2(1/ε)⌉ times, we obtain estimates for {⟨Oj⟩}j within
the root MSE ε.

4.3.2 Estimation performance and query complexity

Now, we provide a performance guarantee, namely the HL scaling of the multiple observables estima-
tion precision in terms of MSE, for the proposed Algorithm 1. While a more detailed proof is given
in Sec. 4.5.2, here we present the Theorem with a sketch of its proof in the following:

Theorem 10 (Heisenberg-limited multiple observables estimation). Let ε ∈ (0, 1) be a target preci-
sion. For given M observables {Oj}Mj=1 (∥Oj∥ ≤ 1 ∀j) and a state preparation oracle Uε, there exists

a quantum algorithm that outputs a sample from estimators {ûj}Mj=1 for {⟨Oj⟩} satisfying

max
j=1,2,...,M

MSE [ûj ] ≤ ε2, (4.5)

using O(ε→1
√
M logM) queries to the state preparation oracles Uε and U†

ε in total. Here, the mean
squared error of an estimator ûj is defined as

MSE [ûj ] := E
[
(ûj − ⟨Oj⟩)2

]
.

Sketch of the proof. While the outline of the proof is inspired from the Heisenberg-limited phase esti-
mation or its application [77, 97, 48, 47], it is nontrivial for the case of adaptive gradient estimation to
show that the condition given in Eq. (4.2) is satisfied for all j. Note that, if this condition holds and the



4.3. ADAPTIVE GRADIENT ESTIMATION FOR MULTIPLE OBSERVABLES 45

Step q
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Failure
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: Gradient estimation at step q
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δ(1)

δ(q)

Step 0

Step 1
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|Υ(0)⟩
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|Υ(q)⟩
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∼

Figure 4.2: Probability tree diagram in Algorithm 1. Reproduced from K. Wada et al., Heisenberg-
Limited Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6, 020308 (2025),
DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.

precision parameter p is taken as p = 3, then a single shot measurement result k := (k1, ..., kM ) ∈ GM
p

in Step 3 of Algorithm 1 follows

Pr

[∣∣∣∣∣kj −
2q(⟨Oj⟩ − ũ(q)

j )

π

∣∣∣∣∣ >
1

2π

]
<

1

3
, (4.6)

for every j = 1, 2, · · · ,M . The derivation of this inequality is based on our numerical finding; see
Sec. 4.5.2. We remark that the failure probability represented by the left hand side of Eq. (4.6) can

be exponentially suppressed to ς(q)/M by using the coordinate-wise median g(q)j of the measurement

results over O(logM/ς(q)) copies of the (approximate) probing state, instead of the single shot result
kj . This repetition is the origin of the logM term in the total query complexity.

Let us first discuss how to assure that the condition (4.2) is satisfied. In the first iteration step
q = 0, the condition Eq. (4.2) is trivially satisfied, and the gradient estimation can yield 1/2π-close
estimates of the target quantities for all j. This probability is at least 1−ς(0) due to the union bound.
As for the iteration step q ≥ 1, if all of the previous steps succeed in the gradient estimation, we can
show that Eq. (4.2) holds for all j at the iteration step q, as discussed in the previous subsection.
On the other hand, if the gradient estimation fails at the iteration step q (while all processes have
been successfully executed up to the (q − 1)th step), the condition Eq. (4.2) is not satisfied; as a
result, outputs of the gradient estimation may not improve the temporal estimate in the subsequent
processes. However, in this case, it can be shown that the additive error |ũj − ⟨Oj⟩ | of the final

estimate ũj := ũ(qmax+1)
j is at most (1 + π)/2q because the outputs of gradient estimation are always

in [−1/2, 1/2] from the definition of GM
p . From the above analysis, we can bound the additive error

of the final estimate for all branches in Fig. 4.2.
The failure probability ς(q) should be very small at the beginning of iteration steps q because the

error of the top fraction bits has a significant impact on the MSE of the final estimator. From the
analysis in Ref. [47], the choice of ς(q) := c/8qmax→q (c ∈ (0, 3/8(1 + π)2)) is sufficient, and then the
MSE of the final estimator ûj (its realization is ũj) is calculated as at most ε2 for all j = 1, 2, ...,M ,
from the tree diagram Fig. 4.2 and the above error evaluation in each branch.

To derive the query complexity for the state preparation Uε, we use the result in Proposi-
tion 9. In the iteration step q, preparing O(logM/ς(q)) copies of the probing state Eq. (4.1) uses
O(2q

√
M log d log(M/ς(q))) queries to the state preparation unitary Uε and its inverse. Thus, the

summation of the queries over q = 0, 1, ..., qmax (qmax := ⌈log2(1/ε)⌉) is directly calculated as
O(ε→1

√
M log d logM), which completes the proof of Theorem 10.

In Theorem 10, the scaling 1/ε of queries to Uε with respect to the root MSE ε achieves the same
scaling to the Heisenberg limit (HL) in the gradient estimation, which is derived in Sec. 3.1.3. We
remark that, to the best of our knowledge, this is the first derivation of the HL in gradient estimation
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in terms of MSE, while the previous work [56] shows a similar lower bound (additionally, including√
M dependency) on queries to an oracle for a target function f(x) on x ∈ GM

p , in another metric
of statistical uncertainty (i.e., a confidence interval). Also, in the stringent measure of statistical
uncertainty, the root MSE ε [16], all the existing works [86, 159] in multiple observables estimation
only prove the nearly HL scaling that includes logarithmic terms on ε such as log(M/ε).

In addition to the Heisenberg-limited scaling regarding ε, our protocol has the nearly squared root
dependence regarding the total number of observables M . This is a nearly quadratic improvement
regarding M compared to the standard method (i.e., quantum amplitude estimation) of estimating
the expectation values of observables.

Furthermore, when we focus on another metric of statistical uncertainty — a confidence interval
comprised of estimators with an additive error ±εadd for some confidence level, which is considered
in Refs. [86, 159], the query complexity of our method is essentially optimal in terms of M and εadd
as well as these previous methods. Here, the query lower bound in multiple observables estimation in
terms of a confidence interval is proved in Ref. [86] as follows.

Lemma 7 (Corollary 3 in Ref. [86]). Let M be a positive integer power of 2 and let εadd ∈ (0, 1/3
√
M).

Let A be any algorithm that takes as an input an arbitrary set of M observables {Oj}Mj=1. Suppose
that, for every quantum state |ψ⟩, accessed via a state preparation oracle Uε, A outputs estimates of
each ⟨ψ|Oj |ψ⟩ to within additive error εadd with high probability at least 2/3. Then, there exists a set
of observables {Oj}Mj=1 such that A applied to {Oj}Mj=1 must use Ω(ε→1

add

√
M) queries to Uε.

For a given ε, Algorithm 1 also satisfies

Pr [maxj |ûj − ⟨Oj⟩| ≤ ε/2] ≥ 1− 8c/7, (4.7)

by using O(ε→1
√
M log(M/c)) queries to Uε and U †

ε. This can be confirmed by calculating the
probability of the all-success branch in Fig. 4.2. Consequently, we establish from the Lemma 7 that
our protocol achieves the worst-case query optimality (up to the logM correction) in the high-precision
regime εadd ∈ (0, 1/3

√
M).

For a particular set of observables, Ref. [159] shows an improvement on the dependence of M in
the query complexity. A similar improvement can be attained while retaining the HL scaling O(1/ε)
in MSE.

Theorem 11 (Improved M -dependence). In Theorem 10, we can improve the total number of queries
to Uε and U†

ε in terms of M , while keeping the HL scaling O(ε→1) for root MSE ε, to

O
(
ε→1
√
BM logM

)
(4.8)

for any known BM satisfying ∥∥∥∥∥∥

M∑

j=1

O2
j

∥∥∥∥∥∥
≤ BM ≤ M. (4.9)

The proof of this theorem is essentially the same as that of Theorem 10 except for the state preparation
(more precisely, we use Algorithm 1 with a modified Step 3); see Sec. 4.5.2. This theorem recovers the
query complexity in Theorem 10 when we only know ∥Oj∥ ≤ 1 on observables, leading to BM = M . For
a particular set of observables, BM can be taken as e.g., BM = O(1) for Oj = |j⟩ ⟨j| in multidimensional
amplitude estimation [158, 159], so the logarithmic dependence of M together with the HL scaling
O(1/ε) is attained in such cases.

Finally, we remark that the preparation and measurement for multiple copies of the probing state
in Step 3 of Algorithm 1 can be performed in parallel if we are allowed to use multiple quantum
computers, which may be practically important to reduce the total execution time.

4.4 State preparation for adaptive gradient estimation

In the performance guarantee (Theorem 10) provided in Sec. 4.3.1, we have exploited Proposition 9
that states the query complexity to prepare the probing state defined in Eq. (4.1). In this section, we
aim to show Proposition 9 by providing two quantum algorithms to prepare the probing state Eq. (4.1),
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using the state preparation Uε, U
†
ε, and the unitary gates {Bj}Mj=1 that encode the target observables

{Oj}Mj=1 with the help of some ancilla system. The two methods are summarized in Lemmas 8 and
9; Lemma 8 provides a method based on Hamiltonian simulation protocol, and Lemma 9 provides a
method based on Grover-like repetition. Both Lemmas 8 and 9 prove that the total space complexity
to prepare the probing state |Υ(q)⟩ is O(M + log2 d). In addition, Lemma 9 shows an exponential
improvement in the classical computation time for constructing explicit quantum circuits under a
certain condition, compared to Lemma 8.

(a) Block encoding of the expectation values {⟨Oj − ũ(q)
j

1⟩}

Block encoding

{Oj − ũ(q)

j
1}, Uψ, U†

ψ ↦ H or HG

=

Probe

Target

Ancilla

≈ |Υ(q)⟩Probe

Target

Ancilla

⋯
⋯

⋯

-queries( (2q M)

(b) Quantum circuit for probing-state preparation (c) Circuit parameters for QSP

Number of parameters in　  and  
(in the final step )qmax = ⌈log2(1/ε)⌉

1/ε

Lemma 8

Hamiltonian simulation

Lemma 9

Grover-like repetition

：Controlled rotation gate or Reflection gate

Figure 4.3: Preparation of the probing state |Υ(q)⟩ at the q-th iteration. The blue unitary gate in (a)
and (b) denotes a block-encoding of the Hamiltonian H or HG in Eq. (4.10) or (4.21), respectively,
and the green unitary gate in (b) is a controlled rotation or reflection gate. The blue and green unitary
gates contain parameterized gates for QSP, and the total number of circuit parameters scales as in
(c) with respect to the target root MSE ε. As the graph in (c) indicates, the method in Lemma 9 has
a much smaller number of circuit parameters for QSP compared to that of Lemma 8. Reproduced
from K. Wada et al., Heisenberg-Limited Adaptive Gradient Estimation for Multiple Observables, PRX
Quantum 6, 020308 (2025), DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.

Before proceeding to the proof of Lemmas 8 and 9, we first provide an overview of our method to
prepare |Υ(q)⟩ in Fig. 4.3. As seen in the figure, the proposed two methods to prepare |Υ(q)⟩ have a
similar structure: Fig. 4.3(a) shows the block encoding of a Hamiltonian that encodes the expectation

values of observables ⟨Oj − ũ(q)
j 1⟩ and Fig. 4.3(b) shows alternating applications of the block encoding

and a processing operation with tuned parameters, which is based on Lemma 5 or Lemma 6. In the
proof of Lemmas 8 and 9, we depict the circuit for (a) and (b), respectively; then we evaluate the
approximation error between the final state of the circuit and the probing state |Υ(q)⟩. More detailed
proofs and explicit quantum circuit diagrams for these lemmas are provided in Sec. 4.5.

Hamiltonian simulation

Let us first present an informal lemma (its formal version is Lemma 11 in Sec. 4.5.1) regarding the
complexity of probing-state preparation when we utilize the Hamiltonian simulation based on QSP:

Lemma 8 (Informal). Suppose that we have access to block-encoded observables {Oj}Mj=1 in d dimen-

sion, a log2 d-qubit state preparation Uε, and its inverse U†
ε, such that M > O(log d). Then, we can

prepare the probing state |Υ(q)⟩ for any integer q ≥ 0 and ũ(q)
j ∈ [−1, 1] up to 1/12 Euclidean distance

error, using an
O(M + log2 d)-qubit

circuit regardless of q. Furthermore, each quantum circuit with q requires

O(poly(2q
√
M log d) + poly(

√
M(q + logM)))

classical computation for finding circuit parameters, and it consists of

O(2q
√
M log d) uses of Uε and U †

ε,
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O(2qM(q+logM)) uses of unitary gates for block-encoded observables, and O(2qM(q+logM) log dM)
uses of single-qubit and two-qubit gates.

Sketch of the proof. To encode the ideal phase f(x) in Eq. (4.3), we construct the Hamiltonian H
with the observables {Oj} as

H :=
∑

x∈GM
p

f̃(x) |x⟩ ⟨x| , (4.10)

where the target observables are approximately encoded in the eigenvalues f̃(x) as

f̃(x) ≈ 1

σ

M∑

j=1

xj ⟨Õ(q)
j ⟩ , σ = O(

√
M log d), (4.11)

Here, σ denotes the rescaling factor of the Hamiltonian H such that H can be encoded in a unitary

operator. Also, we defined Õ(q)
j := (Oj − ũ(q)

j 1)/2 for the identity 1. It is crucial for the total query

complexity of Uε to construct the block encoding of H with the O(
√
M) rescaling factor, while naive

block encoding for H has O(M) rescaling factor, as mentioned below.
Setting aside the details for now, we suppose that we have a (perfect) block encoding of the

Hamiltonian H that acts on the pM -qubit probe system, log2 d-qubit target system, and ancilla
systems (specified below), as illustrated in Fig. 4.3. Then, the optimal Hamiltonian simulation protocol
Lemma 6 yields a quantum circuit W for an ε′-precise block encoding of time evolution operator

eiHt =
∑

x∈GM
p

eif̃(x)t |x⟩ ⟨x| (4.12)

with time t > 0, using O(t + log(1/ε′)) queries to the block encoding of H. Note that in the case
t = 2σt′ for some positive integer t′, the resulting time evolution operator approximates t′ times
applications of the phase oracle for an affine linear function f(x) =

∑
j xj ⟨Oj⟩ in the theory of

gradient estimation. Then, applying W for

t := 2p+q+2σ

to the uniform superposition state |+⟩⊗pM in the probe system and the initial state |0⟩ in the ancilla-
target systems, we can approximately prepare the probing state:

W |+⟩⊗pM |0⟩ ≈ |Υ(q)⟩ |0⟩ . (4.13)

From the triangle inequality, this approximation error is given by the sum of ε′ (more precisely, ε′+
√
2ε′

in Euclidean distance) from the transformation H (→ eiHt and the error from the observable encoding
in Eq. (4.11), that is,

ε′ +
√
2ε′ +

∥∥∥∥∥∥
1√
2pM

∑

x∈GM
p

eif̃(x)t |x⟩ − |Υ(q)⟩

∥∥∥∥∥∥
. (4.14)

To quantify the error of the third term in Eq. (4.14) (or the error of Eq. (4.11)), we here construct
the block encoding of the Hamiltonian H from the state preparation Uε (U †

ε) and unitary gates {Bj}
that are a-block-encodings of observables {Oj} for some a ∈ N. The block encoding of H consists of
(i) the LCU method, (ii) adding the pM -qubit control to the LCU operations, (iii) the singular value
amplification, and (iv) multiplying the conjugation of Uε. Let us describe these procedures step by
step in the following.

First, we utilize the LCU method with the controlled version of each Bj to construct a quantum
circuit U (x) for a block encoding of

1

M

M∑

j=1

xjÕ
(q)
j

(with the rescaling factor M , instead of σ) for a given x ∈ GM
p . The LCU requires additional O(logM)

qubits to encode the coefficients {xj/M}. In step (ii), using controlled versions of U (x), we can obtain
a quantum circuit for

U ′
SEL :=

∑

x∈GM
p

|x⟩ ⟨x|⊗ U (x), (4.15)
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which can be implemented with at most O(pM log(1/ς)) depth regarding the implementation error ς
of the coefficients {xj/M}; see Remark 1 in Sec. 4.5.

To understand why we must have step (iii), it is informative to observe the action realized in step
(iv). Namely, using U ′

SEL, Uε, and its conjugation U †
ε, we obtain

(
1⊗ U†

ε

)
· U ′

SEL · (1⊗ Uε) , (4.16)

which is a block encoding of the following Hamiltonian:

H′ :=
∑

x

⎛

⎝
∑

j

xj ·
⟨Õ(q)

j ⟩
M

⎞

⎠ |x⟩ ⟨x| .

This Hamiltonian H′ has the normalization factor M that is quadratically larger than σ = O(
√
M) in

H. In estimating the expectation value ⟨Õ(q)
j ⟩ via gradient estimation, we need to amplify H′ by the

factor M to prepare Eq. (4.1). This can be achieved by using a time evolution eiH
′t of t = 2p+q+2M ,

but the linear dependence on M in the evolution time t results in no speedup for the total queries to
Uε regarding the number M of observables.

To obtain the quadratic speedup regarding M , the method in Ref. [159] uses the singular value
amplification Lemma 4. Importantly, this amplification can be performed with no use of Uε. From
the random matrix series inequality, we can show that for a large part of GM

p (more precisely, for a
subset F ⊂ GM

p such that |F | ≥ (1 − ς′)|GM
p | for any ς′ > 0), the condition of the amplification is

satisfied for γ = M/σ = O(
√
M), as well as the analysis in Ref. [159]. Therefore, we can amplify the

block encoding U (x) by γ for such x ∈ F ; as a result, we have a quantum circuit for

Uobs :=
∑

x∈GM
p

|x⟩ ⟨x|⊗ U (x)
obs , (4.17)

where U (x)
obs is an ε′′-precise block encoding of the Hamiltonian σ→1

∑
j xjÕ

(q)
j if x ∈ F . By multiplying

Uε and U†
ε into Uobs as well as Eq. (4.16), we finally arrive at the block encoding of the Hamiltonian

H. We note that the amplification is valid when σ = O(
√
M log2 d) is smaller than M , and this is

satisfied by the condition M > O(log d).
The main contribution to the space complexity comes from the steps (i) the LCU method and (ii)

adding the pM -qubit control to U (x). The other processes (iii), (iv), and the Hamiltonian simulation
protocol H (→ eiHt introduce constant or no ancilla qubits. The LCU method (i) introduces O(logM)-
qubit registers, and thus the number of qubits of U ′

SEL scales as pM + logM + log d. Recalling that
the precision parameter p is fixed to a constant (i.e, p = 3) in the probing state |Υ(q)⟩, we conclude
that the total space complexity is O(M + log2 d), which is independent from the root MSE ε.

As for the gate complexity, we here focus on the number of queries to Uε (or U†
ε) and U ′

SEL. A
comprehensive analysis on the total gate complexity is provided in Lemma 11 in Sec. 4.5.1. Here,
we need to carefully choose the parameters ε′, ε′′, and ς′ so that the entire approximation error
Eq. (4.14) is smaller than 1/12; in particular, this is achieved by taking ε′ and ς′ as some constants,
and ε′′ = O(1/(2qσ)). Since the block encoding of H consists of two uses of Uε and U †

ε and m :=

O(Mσ→1 log(M/(σε′′))) uses of control-U ′
SEL, the total queries can be evaluated by multiplying O(t)

for the Hamiltonian simulation protocol, which yields the gate complexity as stated in Lemma 8.
In addition, the number of circuit parameters for the singular value amplification in the step (iii)
and the Hamiltonian simulation protocol are given by m and t, respectively. Thus, we need to tune
the parameters via classical computation with time complexity of O(poly(m)) and O(poly(t)) time,
respectively.

Before proceeding to the Grover-like repetition, we remark that our scheme has a significant
improvement in space complexity compared to the previous non-iterative counterparts [86, 159]. While
the non-iterative methods determine all of the O(log 1/ε) binary fraction bits of ⟨Oj⟩ by a quantum
circuit with additional O(M log(1/ε)) (or O(M log(M/ε))) qubits to read out the observables, our
scheme determines only 1 binary fraction bit of ⟨Oj⟩ at each iteration step. Specifically, the previous
non-iterative method [159] uses the Hamiltonian simulation with t = 2p in Eq. (4.12), where the
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number of read-out qubits is p = O(log(
√
M log d/ε)) (i.e., q = 0). In contrast, by the adaptive nature

of our scheme, space overhead of quantum circuits for the probing state |Υ(q)⟩ is O(M) (O(M+log2 d)
in total), and this is independent of the estimation precision ε. Here, a similar improvement of space
overhead can be found in the previous works on the adaptive (iterative) versions of quantum phase
estimation [99, 78, 77, 97, 48]. Also, we remark that the significant reduction of space overhead
directly leads to the reduction of the number of controlled operations, which is also crucial in practical
implementation.

Grover-like repetition

The quantum circuit employed in Lemma 8 requires classical tuning of Õ(
√
M/ε) circuit parameters

(more precisely, Õ(2q
√
M) parameters in step q) for QSP. The classical computation for finding

Õ(
√
M/ε) parameters is also required in the existing work by van Apeldoorn et al. [159]. As discussed

in Sec. 4.1.2, this is in practice a significant overhead in classical computation time, for instance, 104–
106 seconds for the case of M = 104 and ε = 10→4. Although the classical computation of n parameters
can be done with time complexity of O(poly(n)) [57], it is extremely challenging if we desire to compute
for n > 106 which may be required in, e.g., quantum chemistry applications. Even if we choose to
compensate for the computation time with low accuracy in parameter finding, this may eventually
negate the quantum enhancement in the gradient estimation algorithm.

To avoid the numerical instability, we here provide an alternative way to prepare the probing
state (4.1) using the Grover-like repetition, which is a special case of QSP such that the corresponding
quantum circuit parameters are analytically derived.

Lemma 9 (Informal). Suppose we have access to block-encoded observables {Oj}Mj=1 in d dimension,

a log2 d-qubit state preparation Uε, and its inverse U †
ε, such that M > O(log d). If the iteration step

q ≥ 0 satisfies the following condition (ς′ := 2→14)

q ≥ log4

⎡

⎣ 23 · 333

625 ln(2d/ς′)

⌈√
2(M + 1) ln(2d/ς′)

⌉

√
ln(2d/ς′)

⎤

⎦ , (4.18)

and for given ũ(q)
j ∈ [−1, 1],

∣∣∣⟨ψ|
(
Oj − ũ(q)

j 1
)
|ψ⟩
∣∣∣ ≤ 2→q for all j = 1, 2, ...,M, (4.19)

holds, then we can successfully prepare the probing state |Υ(q)⟩ up to 1/12 Euclidean distance error,
with probability at least 0.462 with ancilla qubits measurement result indicating success, using an

O(M + log2 d)-qubit

circuit regardless of q. Furthermore, each quantum circuit with q requires

O(poly(
√
M(q + logM)))

classical computation, and it has the same gate complexity as that of Lemma 8.

The formal version of this lemma is Lemma 12 in Sec. 4.5.1. Here, we remark that the condition
Eq. (4.19) is trivially satisfied at the iteration step q in Algorithm 1 when all the previous gradient
estimations are successfully performed, as discussed in Sec. 4.3.

Sketch of the proof. This method uses eigenvalue transformation of (a slightly modified version of)
the Hamiltonian H in Eq. (4.10) based on the Chebyshev polynomial of the first kind Tt(x), that is,
Lemma 5. Here, the degree t is given by t = 2p+q+2σ. We note that since the resulting operator
Tt[H] is non-unitary, post-selection of ancilla qubits in the block encoding is required to implement
Tt[H], meaning that the state preparation by this method is stochastic. As mentioned in Sec. 3.3.2,
the eigenvalue transformation based on the Chebyshev polynomials Tt(x) can be considered as a
special case in QSVT; that is, it has an analytical solution of circuit parameters (or phase sequence).
Therefore, in this alternative method, the circuit parameter finding is required only for the construction
of the HamiltonianH; the total runtime for the classical computation is at most O(polylog(1/ε)) (more
precisely, O(poly(

√
M(q + logM))) at step q ≤ ⌈log2(1/ε)⌉).
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Now, we consider the action of the resulting operator Tt[H]. Applying Tt[H] to the uniform

superposition state |+⟩⊗pM , we obtain an unnormalized state proportional to

∑

s=±1

∑

x∈GM
p

eist arccos [f̃(x)] |x⟩ . (4.20)

Therefore, we need to correct the phase of |x⟩ from e±it arccos [f̃(x)] to eitf̃(x) in order to match the
probing state |Υ(q)⟩.

As for the sign s = ±1 of the phase, we can correct it by slightly modifying the Hamiltonian H
with the help of an additional 1-qubit ancilla system. Let HG be a Hamiltonian defined as

HG :=
∑

(x,y)∈GM
p ×G1

f̃ ′(x, y) |x, y⟩ ⟨x, y| , (4.21)

where |y⟩ denotes a computational basis on the additional ancilla system and

f̃ ′(x, y) ≈ 1

σ′

⎛

⎝y ⟨OM+1⟩+
M∑

j=1

xj ⟨Õ(q)
j ⟩

⎞

⎠ . (4.22)

Here, OM+1 denotes a 1-qubit observable proportional to the identity, and σ′ = O(
√
M log d) is the

rescaling factor for block encoding. The block encoding of HG can be constructed in a similar way to
that of the Hamiltonian H; the corresponding circuit has the same complexity as that of H. Then,
applying Tt[HG] to the uniform superposition state |+⟩⊗pM+1, we can show that the following holds:

(for simplicity, we write OM+1 as Õ(q)
M+1)

1

Nt

√
2pM

∑

x,y

Tt

(
f̃ ′(x, y)

)
|x, y⟩

≈ 1

2
√
2pM

∑

s=±1

∑

(x,xM+1)∈GM
p ×G1

e
ist

(
ω/2→(σ′)−1 ∑M+1

j=1 xj′Õ(q)
j ∞

)

|x⟩ |xM+1⟩

=
1√
2

∑

s=±1

⎛

⎝ 1√
2pM

∑

x∈GM
p

e2ωi2
p ∑M

j=1(sxj)ω
−12q+1′Õ(q)

j ∞ |x⟩ ⊗ 1√
2

∑

k∈G1

e2ωi2k(s/4) |k⟩

⎞

⎠ , (4.23)

where Nt is the normalization factor. In the second equality, we chose the constant factor of OM+1 as

OM+1 :=
π(1/4 + 4l)

2p+q
I,

where l is an arbitrary integer satisfying ∥2q+1OM+1∥ ≤ 1 and I denotes the 1-qubit identity. In the
next paragraph, we explain the approximation of the first line in Eq. (4.23) in detail. Suppose that
the approximation holds, then we can correct the sign s = ±1 in Eq. (4.23) and as a result obtain the
probing state |Υ(q)⟩. That is, by applying the inverse quantum Fourier transformation to the 1-qubit
additional ancilla system in the state Eq. (4.23), followed by controlled X⊗pM gate (which flips the
sign as X⊗pM |x⟩ = |−x⟩), we obtain the probing state Eq. (4.1) in the pM -qubit registers.

Now, we argue that the approximation in the first line of Eq. (4.23) follows from the non-linearity
of the phase function arccos x in Eq. (4.20). Here, we recall that f̃ ′(x, y) in Eq. (4.22) is approximately

given by the linear combination of ⟨Oj − ũ(q)
j 1⟩ /σ′. Using this fact, we can show that |f̃ ′(x, y)| scales

as O(
√
M/(2qσ′)) for a large part of GM

p × G1, from the assumption of | ⟨Õ(q)
j ⟩ | ≤ 1/2q+1 and the

Hoeffding’s inequality for (x, y) which is uniformly distributed. Moreover, the error between the
function arccos(x) and a linear function π/2 − x can be upper bounded by O(|x|3). As a result, the
non-linearity of arccos x in Eq. (4.20) can be suppressed for a large part of GM

p ×G1 as

∣∣∣arccos [f̃ ′(x, y)]− π

2
+ f̃ ′(x, y)

∣∣∣ = O

⎛

⎝
(√

M

2qσ′

)3
⎞

⎠ .
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In the approximation error of Eq. (4.23), the above error is amplified by the factor of t = O(2qσ′) and
the amplified error decreases

O
(√

M

4q
M

(σ′)2

)
(4.24)

for σ′ = O(
√
M log d). Then, we prove the approximation error in Eq. (4.23) is at most 1/12 in

Euclidean distance error under the condition that the amplified error in Eq. (4.24) is sufficiently small,
which leads to the assumption in Eq. (4.18) of this lemma. At the same time, we can evaluate the
normalization factor as |Nt−1| ≤ 2

√
6ς′, thereby proving the post-selection probability N 2

t /2 > 0.462.
Finally, we mention the space and gate complexity of this Lemma. As well as in the proof of

Lemma 8, we can count the number of qubits in the block encoding of HG, and it scales as pM+logM+
log d in total. Thus, the method has the space complexity O(M + log2 d) that is also independent of
the target precision ε. As for the gate complexity, the main contribution comes from the eigenvalue
transformation HG (→ Tt[HG], which uses t = O(2qσ′) queries of the block encoding of HG. This
indicates that the gate complexity of the method is the same as that of the method in Lemma 8.

In this method, we require finding Õ(q
√
M) circuit parameters, which is due to the singular

value amplification to construct the Hamiltonian Eq. (4.21), while the Grover-like repetition itself
does not require any phase angle computation. Thus, the alternative method shows an exponential
improvement of runtime in classical computation with respect to the iteration q (or ε), compared to
the method in Lemma 8 and the previous method [159], if certain conditions on the iteration step q
are satisfied. Recalling that the iteration step is upper bounded by qmax := ⌈log2(1/ε)⌉ for the target
root MSE ε, the alternative method can be used if there exists the iteration steps q satisfying q ≤ qmax

and the inequality Eq. (4.18). Later, we numerically investigate the range of iteration steps q for the
use of Lemma 9, especially for the case of M = O((log2 d)

k) for some k.
Finally, we mention the success probability of Lemma 9. While we cannot prepare the probing

state |Υ(q)⟩ deterministically in the alternative method, the success probability can be easily boosted
by a constant number of repetitions of the circuit runs. Therefore, the total query complexity remains
unchanged when we use Lemma 9 instead of Lemma 8 to prepare the probing state of Eq. (4.1).

Applicability condition for the probing-state preparation by Grover-like repetition

Here, we investigate the threshold of iteration step q in Lemma 9. We rewrite the threshold Eq. (4.18)
as q∈ := log2(1/ε

∈) by defining ε∈ as

1/ε∈ :=

√
Cln→3/2(2d/ς′)

⌈√
2(M + 1) ln(2d/ς′)

⌉
, (4.25)

where C := 23 · 333/625. Since the iteration step q runs from 0 to qmax := ⌈log2(1/ε)⌉, we need that
the threshold 1/ε∈ is smaller than the inverse of the target root MSE 1/ε in order to use the state
preparation by the Grover-like repetition.

To clarify this point, we here plot the threshold 1/ε∈ for several cases M = N2, N3, N4, and
2N under target system with the number of qubits N ≡ log2 d. In Fig. 4.4, we confirm that the
threshold log2(1/ε

∈) converges to some constant (∼ 5) in the case of M = N2, which is consistent
with Eq. (4.25) because (1/ε∈)2 = O(

√
M/N) holds. Thus, particularly in this case M = O(N2), the

method in Lemma 9 is available in a wide range of target precision ε regardless of N . On the other
hand, if the number of observables scales as 2N , the threshold log2(1/ε

∈) increases linearly regarding
N (note that the horizontal axis in Fig. 4.4 is logarithmic). This means that in the case of M = O(2N ),
the Grover-based method is applicable only for small-size systems, otherwise the target precision ε is
exponentially small with respect to N (the base of the exponential is 2→1/4 ≈ 0.841).

Now, we focus on the case that we require more precise estimates as the number of observables
M increases. From the definition of ε∈, if the desired precision ε satisfy ε2 ≪ N/(C

√
M), then there

exists iteration steps q for the Grover-based method. Specifically, considering the desired precision is
given by ε = cmse/

√
M ∈ (0, 1/

√
M) for some cmse ∈ (0, 1), we can evaluate the difference between

the upper bound qmax of iteration steps and the threshold q∈ as follows:

qmax − q∈ ≥ Ω
(
log
(
N
√
M
))

. (4.26)

Thus, the range of iteration step q such that the Grover-based method is available enlarges in this
case, as N or M increases.
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Figure 4.4: The condition for the Grover-based state preparation (Lemma 9). The solid lines represent
the threshold q∈ := log2(1/ε

∈) of iteration steps in Eq. (4.25) (or Eq. (4.18)). When the iteration step
q exceeds the solid lines, we can use the Grover-like repetition to prepare the probing state Eq. (4.1),
instead of using Hamiltonian simulation. The horizontal dotted lines represent qmax := ⌈log2(1/ε)⌉
for ε = 10→2 (bottom), 10→4 (middle), and 10→6 (top), respectively. Reproduced from K. Wada et al.,
Heisenberg-Limited Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6, 020308
(2025), DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.

4.5 Circuit implementation and theoretical guarantees

In Sec. 4.4, we have provided two methods to prepare the probing state |Υ(q)⟩ that was defined in
Eq. (4.1) as

|Υ(q)⟩ := 1√
2pM

∑

x∈GM
p

e2ωi2
p ∑M

j=1 xj2
qω−1′Oj→ũ(q)

j 1∞ |x⟩ .

In the following, we give more details regarding the state preparation in Sec. 4.5.1, and then analyze
the algorithm of the adaptive observables estimation using those state preparations in Sec. 4.5.2. The
quantum circuits are provided in Sec. 4.5.3. In this section, we often refer to the detailed version
Algorithm 1*, instead of Algorithm 1 in Sec. 4.3.

4.5.1 Probing-state preparation

Here, we provide two quantum algorithms to prepare the probing state |Υ(q)⟩ in Eq. (4.1), using block
encodings of observables {Oj} and the state preparation oracle Uε. First, we describe a method to
construct the block encoding of a linear combination of observables.

Amplified block encoding for observables

Let Bj (j = 1, ...,M) be an a-block-encoding of a d× d observable Oj , and let p := (p1, ..., pM ) be a
sequence of positive integers. Here, we define a set Gp of grid points as

Gp := Gp1 × · · ·×GpM ,

where each Gp is defined as in Eq. (3.20). For any element x = (x1, ..., xM ) ∈ Gp, we can construct
an (a+ ⌈log2 M⌉+ 1)-block-encoding of

H̃(x) := M→1
M∑

j=1

xjOj
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Algorithm 1* Adaptive gradient estimation for multiple observables (A detailed version.)

Input: log2 d-qubit state preparation unitary Uε and U †
ε; observables {Oj}Mj=1 with the spectral norm

∥Oj∥ ≤ 1 such that

M > 2 ln d+ 24 = O(log d) (4.27)

holds; confidence parameter c ∈ (0, 3/8(1 + π)2]; target precision parameter ε ∈ (0, 1).

Output: A sample (ũ1, ..., ũM ) from an estimator û = (û1, ..., ûM ) whose j-th element estimates

⟨Oj⟩ := ⟨ψ|Oj |ψ⟩ within MSE ε2 as maxj=1,2,...,M E
[
(ûj − ⟨Oj⟩)2

]
≤ ε2

1: Set p := 3 and ũ(0)
j := 0, (j = 1, 2, · · · ,M)

2: for q = 0, 1, ..., qmax := ⌈log2(1/ε)⌉ do

3: Set

Õ(q)
j :=

Oj − ũ(q)
j 1

2
and ς(q) :=

c

8qmax→q

4: Prepare O(log(M/ς(q))) copies of a quantum state that is 1/12-close (in Euclidean distance) to

(
QFT†

Gp

)⊗M
|Υ(q)⟩ , where |Υ(q)⟩ := 1√

2pM

∑

x∈GM
p

e2ωi2
p ∑M

j=1 xj2
q+1ω−1′Õ(q)

j ∞ |x⟩ ,

using Lemma 11 or Lemma 12 and perform the computational basis measurement on each of

them. Note that each measurement outputs a result in the form of (x1, ..., xM ) ∈ GM
p .

5: Set coordinate-wise medians of the measurement results as g(q)j

6: Set ũ(q+1)
j := ũ(q)

j + π2→qg(q)j

7: if there are some j such that ũ(q+1)
j ≥ 1 (or ≤ −1) then

8: Set ũ(q+1)
j = 1 (or −1) for such j

9: end if

10: end for

11: return ũj := ũ(qmax+1)
j

by using the LCU method. The corresponding SELECT operation denoted by USEL is given by

USEL :=
M∑

j=1

|j⟩ ⟨j|⊗Bj .

As for the PREPARE operation, we consider implementation with and without reflecting the signs of

coefficients as P (x)
R and P (x)

L , defined as

P (x)
R : |0⟩⊗.log2 M/ (→

M∑

j=1

sgn(xj)

√
|xj |
∥x∥1

|j⟩ . (4.28)

P (x)
L : |0⟩⊗.log2 M/ (→

M∑

j=1

√
|xj |
∥x∥1

|j⟩ (4.29)

Then, we can confirm that the unitary (P (x)
L ⊗ 1)†USEL(P

(x)
R ⊗ 1) is a block encoding of ∝ H̃(x)

because for any |ψ⟩,

(P (x)
L ⊗ 1)†USEL(P

(x)
R ⊗ 1) |0⟩⊗.log2 M/ |ψ⟩

=
M∑

j=1

sgn(xj)

√
|xj |
∥x∥1

(P (x)
L )† |j⟩ ⊗Bj |ψ⟩ = |0⟩⊗.log2 M/ ⊗

M∑

j=1

xj

∥x∥1
Bj |ψ⟩+ |ψ̃⊥⟩ , (4.30)
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where ⟨0|⊗.log2 M/ |ψ̃⊥⟩ = 0. While the block encoding has the normalization factor ∥x∥1 which
depends on x, it can be modified to M by introducing an additional single ancilla qubit and a single
rotation gate Ry(φ) = eiθY . As a result, the following unitary is (a+ ⌈log2 M⌉+ 1)-block-encoding of
H̃(x):

(I ⊗ P (x)
L ⊗ 1)† (I ⊗ USEL) (Ry(φx)⊗ P (x)

R ⊗ 1), (4.31)

where I denotes the 1-qubit identity, and Ry(φx) : |0⟩ (→ ‖x‖1

M |0⟩+
√
1−

(
‖x‖1

M

)2
|1⟩.

In this block encoding of H̃(x), only PREPARE operation depends on the grid point x ∈ Gp.

Thus, by adding a control to P (x)
L , P (x)

R , and Ry, and then sequentially applying them to each x, we
can implement the following unitary

U ′
SEL :=

∑

x∈Gp

|x⟩ ⟨x|⊗ U (x), (4.32)

where U (x) denotes the block encoding of H̃(x). Because the detailed circuit description of U ′
SEL is

not required in the following, we deal with the unitary U ′
SEL as an oracle for observables {Oj}Mj=1,

instead of USEL, for a simple expression of gate complexity.

Remark 1. The above straightforward construction of U ′
SEL results in a very large circuit with

O(2‖p‖1)-depth. Fortunately, we can construct a more efficient circuit by further modifying the
PREPARE operation, using a similar way to Ref. [106]. As shown in the Sec. 3 of Ref. [56], we can
implement

∑
x∈Gp

|x⟩ ⟨x|⊗e→ixZ with O(p)-depth circuit using p+1 (controlled) single-qubit rotation

gates. By sequentially applying the |j⟩-controlled version of this gate (see Fig. 4.10) over xj-register,
the additional single ancilla qubit, and the ⌈log2 M⌉ qubits, we obtain a x-controlled block encoding

of eiH
(x)

, where H(x) :=
∑M

j=1 xj |j⟩ ⟨j|. The corresponding circuit diagram is shown in Fig. 4.11.

Then, we can obtain an ε-precise block encoding of (2/π)H(x), via the eigenvalue transformation

for the logarithm of unitaries: eiH
(x) (→ H(x) (Corollary 71 in [57]). This implementation consists

of O(log(1/ε)) uses of block-encoding of eiH
(x)

or its inverse; see Fig. 4.12. Now, introducing the
SELECT USEL and Hadamard gates, we have an ε-precise block-encoding of (2M/(π2.log2 M/))H̃(x)

controlled by x, using at most O(∥p∥1 log(1/ε))-depth circuit over O(∥p∥1 + a + ⌈log2 M⌉ + log2 d)
qubits in total:

⟨0|Had⊗.log2 M/ ⊗ 1 · USEL · 2
π
H(x)Had⊗.log2 M/ |0⟩ ⊗ 1 =

2M

π2.log2 M/
1

M

M∑

j=1

xjBj . (4.33)

Note that this block encoding has a single use of USEL =
∑

j |j⟩ ⟨j|⊗Bj regardless of ε; see Fig. 4.9.

Using U ′
SEL, Uε, and its conjugation U†

ε, we obtain a block encoding of the following Hamiltonian:

∑

x

⟨ψ|H̃(x)|ψ⟩ |x⟩ ⟨x| =
∑

x

⎛

⎝
∑

j

xj ·
⟨Oj⟩
M

⎞

⎠ |x⟩ ⟨x| .

This allows us to simulate the phase oracle for the affine linear function
∑

j xj⟨Oj⟩/M by using the
block-Hamiltonian simulation (Lemma 6). However, in estimating the expectation value ⟨Oj⟩, we
need to amplify the function by the factor M due to the normalization factor 1/M in H̃(x), which
may result in no speedup for the total queries to Uε regarding the number M of observables. To
obtain the quadratic speedup regarding M , Ref. [159] (Lemma 36) uses a linear amplification of H̃(x)

by Lemma 4, and this amplification can be performed with no use of Uε. Here, we provide a slightly
modified version of the Lemma 36 in Ref. [159] as follows.

Lemma 10. Let ς′ > 0, ε′ ∈ (0, 1/2), and let p = (p1, p2, ..., pM ) be any sequence of positive integers.
Suppose that for observables {Oj}Mj=1 in d dimension (d is a power of 2) with ∥Oj∥ ≤ 1, we have
access to the oracle

U ′
SEL =

∑

x∈Gp

|x⟩ ⟨x|⊗ U (x),
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where U (x) is an (a+⌈log2 M⌉)-block encoding of observable H̃(x) := M→1
∑M

j=1 xjOj for some a ∈ N.
If the following inequality holds

σ :=
⌈√

2M ln(2d/ς′)
⌉
< M, (4.34)

then there exists a subset F of Gp with the cardinality |F | satisfying |F | ≥ (1 − ς′)|Gp|, and we can
implement a unitary (with ∥p∥1 + ⌈log2 M⌉+ log2 d+ a+ 1 qubits in total)

Uobs :=
∑

x∈Gp

|x⟩ ⟨x|⊗ U (x)
obs (4.35)

such that U (x)
obs is a (1, a+ ⌈log2 M⌉+ 1, ε′)-block-encoding of the Hamiltonian

H(x) :=
1

σ

M∑

j=1

xjOj if x ∈ F ⊂ Gp. (4.36)

For m := O(Mσ→1 log(Mσ→1/ε′)), this implementation of Uobs uses m queries to U ′
SEL or its inverse,

2m NOT gates controlled by (a + ⌈log2 M⌉)-qubit, and O(m) single-qubit gates, with O(poly(m))
classical precomputation for finding quantum circuit parameters. The circuit diagram for Uobs is
shown in Fig. 4.13.

Proof of Lemma 10. Let γ := M/σ > 1. To perform the amplification in Lemma 4, it is required that
the spectral norm ∥H̃(x)∥ is upper bounded by (1− ς)/γ for some ς ∈ (0, 1/2). To this end, we define
a subset F ⊂ Gp such that

F :=

{
x ∈ Gp : ∥H̃(x)∥ <

1

2γ

}
.

If x ∈ F , we can perform the linear amplification by γ and obtain (1, a + ⌈log2 M⌉ + 1, ε′)-block-
encoding of γH̃(x) from Lemma 4. Next, we show the cardinality of F is equal or more than (1 −
ς′)
∏M

j=1 2
pj . Let us consider independent random variables Xj (j = 1, ...,M) that are uniformly

distributed on each Gpj . Because the random variables are also symmetrically distributed on each
Gpj , the following matrix series inequality holds (Theorem 35 in [159]):

PrX1,...,XM

⎡

⎣

∥∥∥∥∥∥

M∑

j=1

(2Xj)Oj

∥∥∥∥∥∥
≥ t

⎤

⎦ ≤ 2d · exp

⎡

⎣− t2

2
∥∥∥
∑M

j=1 O
2
j

∥∥∥

⎤

⎦ . (4.37)

Thus, inserting M/γ into t, we obtain

PrX1,...,XM

[∥∥∥H̃(X)
∥∥∥ ≥ 1/2γ

]
≤ ς′. (4.38)

Since the probability of an event Xj = xj (j = 1, ...,M) is equal to 1/
∏M

j=1 2
pj for all xj , we obtain

|F | ≥ (1− ς′)
∏M

j=1 2
pj . The gate complexity follows from that of Lemma 4.

Here, we make some remarks for Lemma 10. In the proof of this lemma, we used the loose
inequality: ∥

∑M
j=1 O

2
j∥ ≤ M (we assumed ∥Oj∥ ≤ 1) to derive Eq. (4.38) from Eq. (4.37), because

explicitly calculating the factor ∥
∑

j O
2
j∥ may be involved. If we have some evaluation of the factor

∥
∑

j O
2
j∥ in a particular setup, we can further improve the block encoding Eq. (4.36); see Ref. [159].

Also, the condition Eq. (4.34) for the amplification, M > O(log(d/ς′)), is crucial in our algorithm,
and for a constant ς′, this condition is satisfied when the number of observables is bigger than the
number of qubits such as Eq. (4.27).

When we use the circuit construction of U ′
SEL in Remark 1, U (x) in the assumption of Lemma 10

should be replaced as the ε-precise block encoding of (2M/(π2.log2 M/))H̃(x). In this case, the error ε′

in the block encoding U (x)
obs of H(x) becomes ε′ +O(m

√
ε), by the error propagation associated with

the uniform amplification Lemma 4 (see; Lemma 22 in Ref. [57]). Thus, replacing ε′ and ε with ε′/2

and O((ε′/m)2), respectively, we obtain the ε′-precise block encoding U (x)
obs .
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Approximated state preparation

Now, we are ready to show two quantum algorithms to prepare the probing state |Υ(q)⟩. Note that
in the following lemmas, we explicitly construct a quantum circuit in its proof.

Lemma 11 (State preparation by Hamiltonian simulation). Let Oj (j = 1, 2, ...,M) be observables
in d dimension (d is a power of 2) with ∥Oj∥ ≤ 1, and let p be a positive integer. Also, let Uε be a
log2 d-qubit state preparation oracle, and ⟨Oj⟩ := ⟨ψ|Oj |ψ⟩. Suppose we have access to

U ′
SEL :=

∑

x∈GM
p

|x⟩ ⟨x|⊗ U (x),

where U (x) is an (a+ ⌈log2 M⌉)-block-encoding of M→1
∑M

j=1 xjOj for some a ∈ N. We assume that

σ :=
⌈√

2M ln(2d/ς′)
⌉
< M

holds for ς′ = 2→10. Then, for any non-negative integer q, we can prepare the pM -qubit quantum state

1√
2pM

∑

x∈GM
p

e2ωi2
p ∑M

j=1 xj2
q+1ω−1′Oj∞ |x⟩

up to 1/12 Euclidean distance error, with 2Q uses of Uε or U †
ε, 4mQ uses of controlled U ′

SEL or its
inverse, O(mQ) uses of NOT gates controlled by at most O(a+⌈log2 M⌉+log2 d) qubits, O(mQ+pM)
uses of single-qubit or two-qubit gates, additional (⌈log2 M⌉ + log2 d + a + 3) ancilla qubits, and
O(poly(Q) + poly(m)) classical precomputation for finding quantum circuit parameters, where

Q = O
(
2p+q+2σ

)
and m = O

(
M

σ
(p+ q + logM)

)
.

Note that if we have a block encoding Bj of Oj , then a block encoding of (Oj − ũ(q)
j 1)/2 for any

ũ(q)
j ∈ [−1, 1] is easily constructed by the LCU method; see Fig. 4.14. Therefore, Lemma 11 provides

a method to approximately prepare the probing state |Υ(q)⟩.

Proof of Lemma 11. Let ε′′ = 2→14 ∈ (0, 1) and ε′ =
√
ς′/(2p+q+2σ) ∈ (0, 1/2). From the assumption

and Lemma 10, we have a unitary

Uobs :=
∑

x∈GM
p

|x⟩ ⟨x|⊗ U (x)
obs , (4.39)

where U (x)
obs is a (1, a

′′ = a+⌈log2 M⌉+1, ε′)-block-encoding of the HamiltonianH(x) := σ→1
∑M

j=1 xjOj

if x ∈ F with |F | ≥ (1−ς′)|GM
p |. Thus, using Uε, U

†
ε, and Uobs, we can implement a (1, a′′+log2 d, 0)-

block-encoding of the following Hamiltonian

∑

x∈GM
p

f̃(x) |x⟩ ⟨x| , (4.40)

where f̃(x) := ⟨0|⊗a′′+log2 d U†
ε ·U (x)

obs ·Uε |0⟩⊗a′′+log2 d . The block-Hamiltonian simulation (Lemma 6)
yields the quantum circuit W for a (1, a′′ + log2 d+ 2, ε′′)-block-encoding of time evolution operator

∑

x∈GM
p

eif̃(x)t |x⟩ ⟨x| and t := 2p+2+qσ. (4.41)

An example of this quantum circuit is shown in Fig. 4.15. Note that a block encoding W ′ of ε′′-precise
time evolution operator eiHt for some Hamiltonian H yields O(

√
ε′′)-precise time evolved states, that

is, for any state |ψ⟩, ∥∥W ′ |0⟩ |ψ⟩ − |0⟩ eiHt |ψ⟩
∥∥ ≤ ε′′ +

√
2ε′′,
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where |0⟩ is the signal state for W ′. Therefore, for |0⟩ = |0⟩⊗a′′+log2 d+2 and the +1 eigenstate |+⟩ of
Pauli X , we obtain

∥∥∥∥∥∥
W |0⟩ |+⟩⊗pM − 1√

2pM

∑

x∈GM
p

e2ωi2
p ∑M

j=1 xjω
−12q+1′Oj∞ |0⟩ |x⟩

∥∥∥∥∥∥

≤ ε′′ +
√
2ε′′ +

1√
2pM

∥∥∥∥∥∥

∑

x∈GM
p

eif̃(x)t |x⟩ −
∑

x∈GM
p

e2ωi2
p ∑M

j=1 xjω
−12q+1′Oj∞ |x⟩

∥∥∥∥∥∥

≤ ε′′ +
√
2ε′′ +

√
5ς′ <

1

12
. (4.42)

Here, in the second inequality we used the following evaluation.
∥∥∥∥∥∥

∑

x∈GM
p

eif̃(x)t |x⟩ −
∑

x∈GM
p

e2ωi2
p ∑M

j=1 xjω
−12q+1′Oj∞ |x⟩

∥∥∥∥∥∥

2

≤
∑

x∈GM
p

∣∣∣eif̃(x)t − e2ωi2
p ∑M

j=1 xjω
−12q+1′Oj∞

∣∣∣
2

≤ 4× 2pMς′ +
∑

x∈F

∣∣∣eif̃(x)t − e2ωi2
p ∑M

j=1 xjω
−12q+1′Oj∞

∣∣∣
2

(∵ |F | ≥ (1− ς′)|GM
p |)

≤ 4× 2pMς′ +
∑

x∈F

∣∣∣∣∣∣
f̃(x)t− 2π2p

M∑

j=1

xjπ
→12q+1⟨Oj⟩

∣∣∣∣∣∣

2

(∵ |eia − eib| ≤ |a− b|)

≤ 4× 2pMς′ +
∑

x∈F

(tε′)2 ≤ 2pM × 5ς′ (∵ ε′ :=
√
ς′/t). (4.43)

The gate complexity follows from that of Lemma 10 and Lemma 6.

Lemma 12 (State preparation by Grover-like repetition). Let Oj (j = 1, 2, ...,M) be observables in d
dimension (d is a power of 2) with ∥Oj∥ ≤ 1, and let p be a positive integer. We assume the following
two conditions holds for ς′ := 2→14 ∈ (0, 1):

(i) σ :=
⌈√

2(M + 1) ln(2d/ς′)
⌉
< M + 1.

(ii) For a given (log2 d)-qubit quantum state |ψ⟩ prepared by Uε, |⟨Oj⟩| ≤ 2→q→1 holds for all j =
1, 2, ...,M , where q denotes a non-negative integer satisfying

q ≥ log4

⎡

⎣ 2p · 333

625 ln(2d/ς′)

⌈√
2(M + 1) ln(2d/ς′)

⌉

√
ln(2d/ς′)

⎤

⎦ (4.44)

Suppose we have access to

U ′
SEL :=

∑

x∈GM
p ×G1

|x⟩ ⟨x|⊗ U (x),

where U (x) is an (a+ ⌈log2 (M + 1)⌉)-block-encoding of

1

M + 1

⎛

⎝
M+1∑

j=1

xjOj

⎞

⎠

for some a ∈ N. Here, OM+1 denotes a 2× 2 observable defined as

OM+1 :=
π(1/4 + 4l)

2p+q
I,
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where l is an arbitrary integer satisfying ∥2q+1OM+1∥ ≤ 1 and I denotes the 1-qubit identity. Then,
we can successfully prepare the following pM -qubit quantum state with a measurement result of ancilla
qubits indicating the success:

1√
2pM

∑

x∈GM
p

e2ωi2
p ∑M

j=1 xj2
q+1ω−1′Oj∞ |x⟩

up to 1/12 Euclidean distance error with the success probability ≥ 0.462. This implementation consists
of 2t uses of Uε or U†

ε, mt uses of U ′
SEL or its inverse, (2m+ 1)t uses of NOT gates controlled by at

most (a+⌈log2(M+1)⌉+log2 d) qubits, O(mt+pM) uses of single-qubit or two-qubit gates, additional
(⌈log2(M + 1)⌉ + log2 d + a + 2) ancilla qubits, and O(poly(m)) classical precomputation for finding
quantum circuit parameters, where

t = 2p+q+2σ and m = O
(
M

σ
(p+ q + logM)

)
.

Proof of Lemma 12. Let ε′ =
√
ς′/(2p+q+2σ) ∈ (0, 1/2). From the assumption and Lemma 10, we

have a unitary

Uobs :=
∑

(x,y)∈GM
p ×G1

|x, y⟩ ⟨x, y|⊗ U (x,y)
obs , (4.45)

where U (x,y)
obs is a (1, a′′ = a+ ⌈log2 (M + 1)⌉+ 1, ε′)-block-encoding of the Hamiltonian

H(x,y) :=
1

σ

⎛

⎝yOM+1 +
M∑

j=1

xjOj

⎞

⎠

if (x, y) ∈ F with |F | ≥ (1 − ς′)2|GM
p |. Thus, using Uε, U

†
ε, and Uobs, we can implement a (1, a′′ +

log2 d, 0)-block-encoding of the following Hamiltonian
∑

(x,y)∈GM
p ×G1

f̃(x, y) |x, y⟩ ⟨x, y| , where f̃(x, y) := ⟨0|⊗a′′+log2 d U†
ε ·U

(x,y)
obs ·Uε |0⟩⊗a′′+log2 d . (4.46)

Since U (x,y)
obs is the ε′-precise block encoding of H(x,y), f̃(x, y) is close to an affine linear function as

∣∣∣∣∣∣
f̃(x, y)− 1

σ

⎛

⎝y⟨OM+1⟩+
M∑

j=1

xj⟨Oj⟩

⎞

⎠

∣∣∣∣∣∣
≤ ε′ for all (x, y) ∈ F. (4.47)

Thus, Grover-like repetition on Eq. (4.46), that is, Lemma 5 yields the quantum circuit W for an
(a′′ + log2 d)-block-encoding of the following operator

∑

(x,y)∈GM
p ×G1

Tt

(
f̃(x, y)

)
|x, y⟩ ⟨x, y| and t := 2p+q+2σ.

Applying W to the state |+⟩⊗pM+1 |0⟩ with |0⟩ = |0⟩⊗a′′+log2 d, we obtain

W |+⟩⊗pM+1 |0⟩ = Nt√
2

[
1

Nt

1√
2pM

∑

x,y

Tt

(
f̃(x, y)

)
|x, y⟩

]
|0⟩+

√

1−
(
Nt√
2

)2

|Φ⊥⟩ , (4.48)

where |Φ⊥⟩ denotes a normalized quantum state satisfying (1⊗ |0⟩ ⟨0|) |Φ⊥⟩ = 0 and Nt is defined as:

Nt :=

∥∥∥∥∥
1√
2pM

∑

x,y

Tt

(
f̃(x, y)

)
|x, y⟩

∥∥∥∥∥ . (4.49)

Measuring the (a′′+log2 d)-qubit ancilla registers in (4.48), we obtain the outcome |0⟩ and the following
state with the probability N 2

t /2:

1

Nt

1√
2pM

∑

x,y

Tt

(
f̃(x, y)

)
|x, y⟩ . (4.50)
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In the following, we show this quantum state is close to the following state

1√
2pM

∑

(x,xM+1)∈GM
p ×G1

cos

⎡

⎣t

⎛

⎝π
2
− 1

σ

M+1∑

j=1

xj⟨Oj⟩

⎞

⎠

⎤

⎦ |x⟩ |xM+1⟩

=
1√
2

∑

s=±1

∑

x∈GM
p

1√
2pM

e2ωi2
p ∑M

j=1(sxj)ω
−12q+1′Oj∞ |x⟩ ⊗QFTG1

|s/4⟩ , (4.51)

where we recall that |−1/4⟩ ≡ |0⟩ and |1/4⟩ ≡ |1⟩ hold by the labelling in Eq. (3.21). Note that the
equality in Eq. (4.51) can be shown as follows.

∑

(x,xM+1)∈GM
p ×G1

cos

⎡

⎣t

⎛

⎝π
2
− 1

σ

M+1∑

j=1

xj⟨Oj⟩

⎞

⎠

⎤

⎦ |x⟩ |xM+1⟩

=
1

2

∑

x,y

∑

s=±1

e→is t
σ (y′OM+1∞+

∑M
j=1 xj′Oj∞) |x⟩ |y⟩ (∵ eistω/2 = e2ωis2

p+qσ = 1)

=
1√
2

∑

s=±1

∑

x∈GM
p

e→ist 1
σ

∑M
j=1 xj′Oj∞ |x⟩ ⊗ 1√

2

∑

y∈G1

e→ist 1
σ y′OM+1∞ |y⟩

=
1√
2

∑

s=±1

∑

x∈GM
p

e→ist 1
σ

∑M
j=1 xj′Oj∞ |x⟩ ⊗QFTG1

|−s/4⟩ (∵ ⟨OM+1⟩ =
π(1/4 + 4l)

2p+q
)

=
1√
2

∑

s=±1

∑

x∈GM
p

e→is2ω2p
∑M

j=1 xjω
−1(2q+1)′Oj∞ |x⟩ ⊗QFTG1

|−s/4⟩ . (4.52)

Thus, by applying QFT†
G1

and controlled X⊗pM gate to the state (4.48), we can prepare the target
state:

1√
2pM

∑

x∈GM
p

e2ωi2
p ∑M

j=1 xj2
q+1ω−1′Oj∞ |x⟩ ⊗ |+⟩ (4.53)

up to some Euclidean distance error with the probability N 2
t /2, because X⊗pM |x⟩ = |−x⟩ holds.

Note that QFT†
G1

and controlled X⊗pM does not change the probability to obtain the success flag
|0⟩. Here, we show the corresponding quantum circuit to prepare Eq. (4.53) in Fig. 4.16.

For the subsequent proof, we here show that for any ς′ ∈ (0, 1) and any real weight wj (j =
1, 2, ...,M + 1), a subset F ′ of GM

p ×G1 defined as

F ′ :=

⎧
⎨

⎩(x, y) ∈ GM
p ×G1 :

∣∣∣∣∣∣

M+1∑

j=1

wjxj

∣∣∣∣∣∣
<

√√√√ ln(2/ς′)

2

M+1∑

j=1

|wj |2

⎫
⎬

⎭ (4.54)

has the cardinality |F ′| ≥ (1 − ς′)2pM+1. This fact can be proved from the Hoeffding’s inequality
as follows. Let us consider independent random variables Xj (j = 1, 2, ...,M) and Y . Here, Xj

are identically and uniformly distributed in Gp and Y is uniformly distributed in G1. Note that the
random variables are upper bounded by 1/2 from the definition of Gp. Therefore, from the Hoeffding’s
inequality, we obtain

PrX1,...,XM ,Y

⎡

⎣

∣∣∣∣∣∣

M+1∑

j=1

wjXj

∣∣∣∣∣∣
≥ c

⎤

⎦ ≤ 2exp

[
− 2c2∑

j |wj |2

]
. (4.55)

Thus, taking c as c =
√

ln(2/δ′)
2

∑M+1
j=1 |wj |2, we obtain

PrX1,...,XM ,Y

⎡

⎣

∣∣∣∣∣∣

M+1∑

j=1

wjXj

∣∣∣∣∣∣
≥

√√√√ ln(2/ς′)

2

M+1∑

j=1

|wj |2

⎤

⎦ ≤ ς′. (4.56)
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Since the independent random variablesX1, ..., XM , Y has uniform distributions, F ′ has the cardinality
≥ 2pM+1(1− ς′).

Now, we are ready to show the closeness between Eq. (4.50) and Eq. (4.51). Defining F ′ for
ς′ = 2→14 and wj = ⟨Oj⟩ as

F ′ :=

⎧
⎨

⎩(x, y) ∈ GM
p ×G1 :

∣∣∣∣∣∣

M+1∑

j=1

xj⟨Oj⟩

∣∣∣∣∣∣
<

√√√√ ln(2/ς′)

2

M+1∑

j=1

|⟨Oj⟩|2

⎫
⎬

⎭ (4.57)

and recalling that |F ′|, |F | ≥ (1− ς′)2pM+1, we proceed as follows.

∥∥∥∥∥∥

∑

(x,y)∈GM
p ×G1

Tt(f̃ (x, y)) |x⟩ |y⟩ −
∑

(x,y)∈GM
p ×G1

cos

⎡

⎣t

⎛

⎝π
2
− 1

σ

M+1∑

j=1

xj⟨Oj⟩

⎞

⎠

⎤

⎦ |x⟩ |y⟩

∥∥∥∥∥∥

2

=
∑

(x,xM+1)∈GM
p ×G1

∣∣∣∣∣∣
Tt(f̃(x, xM+1))− cos

⎡

⎣t

⎛

⎝π
2
− 1

σ

M+1∑

j=1

xj⟨Oj⟩

⎞

⎠

⎤

⎦

∣∣∣∣∣∣

2

≤ 4× 2× 2pM+1ς′ +
∑

(x,xM+1)∈F∩F ′

∣∣∣∣∣∣
t cos→1

[
f̃(x, xM+1)

]
− t

⎛

⎝π
2
− 1

σ

M+1∑

j=1

xj⟨Oj⟩

⎞

⎠

∣∣∣∣∣∣

2

, (4.58)

where we used | cos(a) − cos(b)| ≤ |a − b| and GM
p × G1 = (F ∩ F ′) ∪ (F c ∪ (F ′)c) in the third line.

Now, we focus on the case (x, xM+1) ∈ F ∩ F ′.

|f̃(x, xM+1)| ≤ ε′ +

∣∣∣∣∣∣
1

σ

M+1∑

j=1

xj⟨Oj⟩

∣∣∣∣∣∣
(∵ Eq. (4.47))

≤ ε′ +

√∑
j |⟨Oj⟩|2

4(M + 1)

√
ln(2/ς′)

ln(2d/ς′)
(∵ Eq. (4.57))

≤
√
ς′

2p+q+2σ
+

1

2q+2

√
ln(2/ς′)

ln(2d/ς′)
<

33/10

2q+2
√
ln(2d/ς′)

< 1/4. (4.59)

In the case of |x| ≤ 1/4,
∣∣cos→1(x)− π/2 + x

∣∣ ≤ 1
5 |x|

3 holds, and therefore we obtain

t

∣∣∣∣∣∣
cos→1

[
f̃(x, xM+1)

]
−

⎛

⎝π
2
− 1

σ

M+1∑

j=1

xj⟨Oj⟩

⎞

⎠

∣∣∣∣∣∣

= t

∣∣∣∣∣∣
cos→1

[
f̃(x, xM+1)

]
− π

2
+ f̃(x, xM+1) +

⎛

⎝ 1

σ

M+1∑

j=1

xj⟨Oj⟩ − f̃(x, xM+1)

⎞

⎠

∣∣∣∣∣∣

≤ tε′ + t
∣∣∣cos→1

[
f̃(x, xM+1)

]
− π

2
+ f̃(x, xM+1)

∣∣∣

≤ tε′ +
t

5

∣∣∣∣∣
33/10

2q+2
√
ln(2d/ς′)

∣∣∣∣∣

3

. (4.60)

From the assumption, the non-negative integer q satisfies t
5

∣∣∣∣
33/10

2q+2
√

ln(2d/δ′)

∣∣∣∣
3

≤
√
ς′, then we conclude
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that
∥∥∥∥∥∥

∑

(x,y)∈GM
p ×G1

Tt(f̃ (x, y)) |x⟩ |y⟩ −
∑

(x,y)∈GM
p ×G1

cos

⎡

⎣t

⎛

⎝π
2
− 1

σ

M+1∑

j=1

xj⟨Oj⟩

⎞

⎠

⎤

⎦ |x⟩ |y⟩

∥∥∥∥∥∥

≤
√
4× 2× 2pM+1ς′ +

∑

(x,xM+1)∈F∩F ′

(2
√
ς′)2

≤ 2
√
6ς′ ×

√
2pM . (4.61)

This leads to

1− 2
√
6ς′ ≤ Nt =

∥∥∥∥∥
1√
2pM

∑

x,y

Tt

(
f̃(x, y)

)
|x, y⟩

∥∥∥∥∥ ≤ 1 + 2
√
6ς′ (4.62)

and
∥∥∥∥∥∥

1

Nt

∑

(x,y)∈GM
p ×G1

Tt(f̃ (x, y)) |x⟩ |y⟩ −
∑

(x,y)∈GM
p ×G1

cos

⎡

⎣t

⎛

⎝π
2
− 1

σ

M+1∑

j=1

xj⟨Oj⟩

⎞

⎠

⎤

⎦ |x⟩ |y⟩

∥∥∥∥∥∥

≤
√
2pM × 4

√
6ς′

1− 2
√
6ς′

<
√
2pM × 1

12
. (4.63)

Therefore, we can prepare the target state up to 1/12 Euclidean distance error with the probability
N 2

t /2 > 0.462.
Finally, the gate complexity follows from that of Lemma 10 and Lemma 5.

Note that we can coherently amplify the success probability in Lemma 12 by quantum amplitude
amplification [21], while this requires a quantum circuit with 3-fold depth compared to the quantum
circuit (before measurement) in Fig. 4.16.

4.5.2 Maximum mean squared error (MSE) and query complexity

The proof of Theorem 10

Here, we evaluate the relation between the root mean squared error ε and the total queries to the
state preparation in Algorithm 1*.

Proof of Theorem 10. The core idea of this proof is similar to the previous methods [97, 48, 47], but
we need carefully to deal with the condition of gradient estimation. In the following, we prove this
theorem based on the state preparation by Lemma 11; see remarks after this proof for the case of
Lemma 12.

We start by clarifying the statistical property of g(q)j in the step 5 of Algorithm 1*. The truncation

in Step 7 guarantees ũ(q)
j ∈ [−1, 1] for all q; we can construct a block-encoding U ′

SEL for {Õ(q)
j }, which

is assumed to be accessible in Lemma 11, from the block encodings of {Oj}; see Fig. 4.14. Therefore,
using the Lemma 11, we can prepare the quantum state in Step 4.

Now, we consider the case that the following condition for gradient estimation holds at the begin-
ning of an iteration q: for all j,

∣∣∣⟨Õ(q)
j ⟩
∣∣∣ =

∣∣∣∣∣
⟨Oj⟩ − ũ(q)

j

2

∣∣∣∣∣ ≤ 2→q→1. (4.64)

Then, a single shot measurement result k := (k1, ..., kM ) ∈ GM
p in Step 4 follows

Pr

[∣∣∣∣∣kj −
2q(⟨Oj⟩ − ũ(q)

j )

π

∣∣∣∣∣ >
3

2p

]
≤ 1

3
,

for every j = 1, 2, ...,M , from the analysis of gradient estimation in Lemma 2. If we take p = 5, then

the additive error 3/2p is smaller than 1/2π, and therefore, the temporal estimate ũ(q)
j + ω

2q kj becomes
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a 1-bit more precise estimate of ⟨Oj⟩ at least 2/3 probability. However, the choice of p = 5 is sufficient
but not tight. Here, we employ the following tighter bound that we numerically found 2: if we take
p = 3,

Pr

[∣∣∣∣∣kj −
2q(⟨Oj⟩ − ũ(q)

j )

π

∣∣∣∣∣ >
1

2π

]
< 0.18 +

1

12
, (4.65)

holds for every j, where the term 1/12 arises from the Euclidean distance error as well as Lemma 2.

Since the g(q)j is defined as the coordinate-wise median of independent samples k(1), ...,k(#), the Ho-

effding’s inequality for the independent and bounded random variables {χ[|k(i)j −2q(⟨Oj⟩ − ũ(q)
j )/π| >

1/(2π)]}i yields

Pr

[∣∣∣∣∣g
(q)
j −

2q(⟨Oj⟩ − ũ(q)
j )

π

∣∣∣∣∣ >
1

2π

]
≤ e→

#
9 , (4.66)

for every j. Here, χ[•] denotes the indicator function. Therefore, taking # := 9 ln(M/ς(q)) and using
the union bound, we can bound the probability of the event

A(q) : max
j

∣∣∣g(q)j − 2q(⟨Oj⟩ − ũ(q)
j )/π

∣∣∣ ≤
1

2π

as Pr[A(q)] ≥ 1− ς(q). In the event A(q), | ⟨Õ(q+1)
j ⟩ | ≤ 2→q→2 holds even if we truncate ũ(q+1)

j in Step
7. On the other hand, if the condition Eq. (4.64) is false, the gradient estimation does not work, and

we only say that the measurement result g(q)j is bounded as g(q)j ∈ [−1/2, 1/2] because of the definition

of GM
p .

In the case of q = 0, the condition Eq. (4.64) holds, and thus, the event A(0) occurs with the

probability 1 − ς(0). By repeating this, in branches such that all of {A(q)}q
′→1

q=0 occur, the temporal

estimate ũ(q′)
j satisfy |ũ(q′)

j − ⟨Oj⟩ | ≤ 1/2q
′
for all j. Moreover, considering branches such that all of

{A(q)}q
′→1

q=0 occur but the complement of A(q′) occurs at the iteration q′, we bound the additive error
of the final estimate ũj in such branches as follows:

|ũj − ⟨Oj⟩ | ≤ |ũj − ũ(q′)
j |+ |ũ(q′)

j − ⟨Oj⟩ | ≤ π

∣∣∣∣∣∣

∑

q≥q′

g(q)j

2q

∣∣∣∣∣∣
+

1

2q′
≤ 1 + π

2q′
. (4.67)

In the third line, we use the fact |g(q)j | ≤ 1/2. Thus, we can calculate the mean squared error of ûj as

E
[
(ûj − ⟨Oj⟩)2

]
≤ 1

22(qmax+1)
+ (1 + π)2

qmax∑

q=0

ς(q)

4q
≤ 1

22(qmax+1)
+ (1 + π)2c2→2qmax+1 ≤ ε2, (4.68)

where we defined qmax := ⌈log2(1/ε)⌉. In the final line, we used the fact c ∈ (0, 3/(8(1 + π)2)]. The
inequality holds for all j, which completes the proof of Eq. (4.5).

Next, we count the total queries to the state preparation Uε. At each iteration q, we prepare
# := 9 ln(M/ς(q)) copies of a quantum state that approximates the probing state |Υ(q)⟩. If we
prepare a single copy of this state using the method in Lemma 11, then the O(2p+q+2σ) queries to
Uε and its inverse are required, and therefore the total queries are calculated as

qmax∑

q=0

2p+q+2σ × 9 ln(M/ς(q)) = 9 · 2p+2σ ×
qmax∑

q=0

2q ln(M/ς(q))

= 9 · 2p+2σ

[
2qmax+1 ln

8M

c
− (qmax + 2) ln 8− ln

M

c

]

= O(ε→1
√
M logM).

2More precisely, in the setup of Lemma 2 without any Euclidean distance error, we numerically evaluate the proba-
bility of an event |kj − gj | > 1/2π for gj ∈ [−1/π, 1/π] when p = 3.
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Here, we discuss the case that we employ Lemma 12 to the state preparation in Step 4 of Algo-
rithm 1*. This alternative method can prepare the probing state |Υ(q)⟩ under the following conditions:
(i) | ⟨Õ(q)

j ⟩ | ≤ 2→q→1 and (ii) the iteration step q satisfies Eq. (4.44). In the case that only the condi-
tion (i) (or equivalently, Eq. (4.64)) is violated, the quantum circuit in Fig. 4.16 for Lemma 12 yields
a pM -qubit quantum state that may be far from the target probing state. However, this does not
affect the proof of Theorem 10 because it is only required that the measurement results at the end of
Fig. 4.16 are in the range of [−1/2, 1/2]. On the other hand, the condition (ii) restricts the usage of
the alternative method, as discussed in Sec. 4.4.

The proof of Theorem 11

Hereafter, we prove Theorem 11 by explicitly constructing a quantum algorithm. The quantum
algorithm is the same as Algorithm 1* except for the Step 4. For Theorem 11, we use an improved
version of Lemma 11 or Lemma 12, with a known parameter

BM ∈

⎡

⎣

∥∥∥∥∥∥

M∑

j=1

O2
j

∥∥∥∥∥∥
,M

⎤

⎦ (4.69)

for the state preparation in Step 4. At the level of quantum circuit, we modify the following in
Fig. 4.15 for the improved Lemma 11:

• Replace U (x)
obs with a quantum circuit V (x)

obs for (
√
ς′/2p+q+1σ)-precise block encoding of the

Hamiltonian (σ)→1
∑M

j=1 xjOj , where σ is defined as

σ :=
√
2BM ln(2d/ς′) = O(

√
BM log d). (4.70)

• Set the evolution time t = 2p+q+1σ

• Apply the following phase oracle for given ũ(q)
j ∈ [−1, 1] (j = 1, 2, ...,M) at the end of circuit

|x⟩ (→ e→2ωi2p
∑M

j=1 xj2
qω−1ũ(q)

j |x⟩ =
M⊗

j=1

(
e→i(2p+q+1ũ(q)

j )xj |xj⟩
)
, (4.71)

which can be easily constructed due to the separable structure.

The total number of qubits is given by Eq. (4.82), where the additive constant 9 can be reduced to 7

because the block encoding of Õ(q)
j is unnecessary.

If the iteration step q in Algorithm 1* exceeds a new threshold specified below, we can also use an
improved version of Lemma 12. In this case, the modification for the circuit in Fig. 4.16 is as follows.

• Replace U (x,y)
obs with a quantum circuit V (x,y)

obs for (
√
ς′/2p+q+2σ′)-precise block encoding of the

Hamiltonian (σ′)→1
∑M+1

j=1 xjÕ
(q)
j , where Õ(q)

M+1 := OM+1 and σ′ is defined as

σ′ :=
⌈√

2 (BM + 4→q→1) ln(2d/ς′) +
1

2q+1

√
2(M + 1)ln(2/ς′)

⌉

= O(
√
BM log d), (4.72)

where the final evaluation holds because of the threshold Eq. (4.74).

• Set t = 2p+q+2σ′.

Here, the total number of qubits is given by Eq. (4.83). This state preparation is available when the
iteration step q satisfies (we recall p = 3 and ς′ = 2→14)

t

5

(
1

2q+2σ′

(√
ς′

2p
+
√
2(M + 1)ln(2/ς′)

))3

≤
√
ς′ (4.73)
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for ensuring the approximation error in the final state and

2q+1
√
2 (BM + 4→q→1) ln(2d/ς′) >

√
2(M + 1)ln(2/ς′) (4.74)

for σ′ = O(
√
BM log d).

Because the final state in Figs. 11 or 4.16 after these modifications is 1/12-close to the target state
Eq. (4.1) in the Euclidean distance as proved below, we complete the Step 4 by measuring the final
3M -qubit state by Fourier basis (see Sec. 4.5.3). Thus, the same analysis on MSE in the proof of
Theorem 10 holds, and as for the query complexity, we simply replace σ with σ or σ′. Consequently,
the total number of queries to Uε and U†

ε is given by O(ε→1
√
BM log d logM).

In the following, we show the correctness of these modifications. First of all, Lemma 10 holds
when we replace σ with σ from the discussion after the proof of Lemma 10. The same replacement is
available in Lemma 11, so we can prepare the pM -qubit quantum state

1√
2pM

∑

x∈GM
p

e2ωi2
p ∑M

j=1 xj2
qω−1′Oj∞ |x⟩ (4.75)

up to 1/12 Euclidean distance error, along with the parameter Q = O(2p+q+1σ) in the statement of
Lemma 11. Thus, applying the phase oracle Eq. (4.71), we obtain the target state Eq. (4.1). Note
that the Euclidean distance error remains unchanged under the unitary transformation.

Under the same assumption in Lemma 12, a subset F ′ ⊂ GM
p ×G1 defined as Eq. (4.57) with Õ(q)

j

instead of Oj satisfies |F ′| ≥ (1 − ς′)|GM
p × G1|. Also, we have another subset F ⊂ GM

p × G1 with
|F | ≥ (1− ς′)|GM

p ×G1|, and in this subset, we obtain
∥∥∥∥∥∥

M+1∑

j=1

xjOj

∥∥∥∥∥∥
≤ 1

2

√
2 (BM + 4→q→1) ln(2d/ς′). (4.76)

This follows from the Lemma 10 and the discussion after this lemma. By combining the above
observations, we can say that if (x, y) ∈ F ∩ F ′, then

∥∥∥∥∥∥

M∑

j=1

xj ũ
(q)
j 1− yOM+1

∥∥∥∥∥∥
≤

∣∣∣∣∣∣

M∑

j=1

xj ũ
(q)
j − y

π(1/4 + 4l)

2p+q

∣∣∣∣∣∣

=

∣∣∣∣∣∣

M+1∑

j=1

xj⟨Oj⟩ − 2
M+1∑

j=1

xj⟨Õ(q)
j ⟩

∣∣∣∣∣∣
≤

∣∣∣∣∣∣

M+1∑

j=1

xj⟨Oj⟩

∣∣∣∣∣∣
+

√√√√2ln(2/ς′)
M+1∑

j=1

⟨Õ(q)
j ⟩2

≤

∥∥∥∥∥∥

M+1∑

j=1

xjOj

∥∥∥∥∥∥
+

1

2

1

2q
√
2(M + 1)ln(2/ς′) (4.77)

and thus,
∥∥∥∥∥∥

M+1∑

j=1

xjÕ
(q)
j

∥∥∥∥∥∥
≤ 1

2

∥∥∥∥∥∥

M+1∑

j=1

xjOj

∥∥∥∥∥∥
+

1

2

∥∥∥∥∥∥

M∑

j=1

xj ũ
(q)
j 1− yOM+1

∥∥∥∥∥∥

≤

∥∥∥∥∥∥

M+1∑

j=1

xjOj

∥∥∥∥∥∥
+

1

2

1

2q+1

√
2(M + 1)ln(2/ς′) ≤ σ′

2
. (4.78)

Therefore, by using Lemma 4 for a quantum circuit for the block encoding of ∝
∑

j xjÕ
(q)
j , we obtain

Vobs =
∑

(x,y)∈GM
p ×G1

|x, y⟩ ⟨x, y|⊗ V (x,y)
obs , (4.79)

where V (x,y)
obs is (

√
ς′/2p+q+2σ′)-precise block encoding of

1

σ′

⎛

⎝yÕ(q)
M+1 +

M∑

j=1

xjÕ
(q)
j

⎞

⎠ ≡ 1

σ′

M+1∑

j=1

xjÕ
(q)
j , (4.80)
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if (x, y) ∈ F ∩F ′. Then, replacing the Uobs and t = 2p+q+2σ with Vobs and t = 2p+q+2σ′, respectively,
in the circuit Fig. 4.16, we can prepare the target state |Υ(q)⟩ |+⟩ approximately after we obtain all 0
outcomes in the other registers of the circuit Fig. 4.16.

To ensure that the approximation error is at most 1/12 in the Euclidean distance, the non-negative
integer q needs to satisfy Eq. (4.73). We obtain this condition in a similar way to prove Eqs. (4.59)
and (4.60). Also, this condition is roughly evaluated as

2q+1
√
2 (BM + 4→q→1) ln(2d/ς′) ≥ O

(
M

3
4

)
(4.81)

which is asymptotically tighter than the other condition Eq. (4.74).

4.5.3 Circuit implementation

We first show quantum circuits for Lemma 10. For clarification, input oracle unitary gates are provided
in Fig. 4.8. Final output circuit of Lemma 10 is given by Fig. 4.13, which corresponds to Uobs in
Eq. (4.35). In Figs. 4.9–4.12, we describe an efficient circuit construction of (a slightly modified
version of) U ′

SEL with a single use of USEL; see Remark 1.
We give quantum circuits for preparing |Υ(q)⟩ via Hamiltonian simulation protocol Lemma 11.

The full circuit is shown in Fig. 4.15. In particular, the gate U (x)
obs and its inverse contained in this

figure are decomposed as in Fig. 4.13, where p = (3, ..., 3). When we use the circuits in Figs. 4.9–4.12
for U ′

SEL, the total number of qubits in the full circuit Fig. 4.15 is given by

3M + ⌈log2 M⌉+ log2 d+ a+ 9. (4.82)

Note that each Bj in Fig. 4.9 is replaced by the circuit in Fig. 4.14.
Then, we show quantum circuits for preparing |Υ(q)⟩ via Grover-like repetition Lemma 12. In

this case, the full quantum circuit is shown in Fig. 4.16, which is simpler than that of Hamiltonian-

simulation based protocol. When we construct U (x,y)
obs by the circuits in Figs. 4.9–4.14, the total

number of qubits in the full circuit Fig. 4.16 is calculated as

3M + ⌈log2(M + 1)⌉+ log2 d+ a+ 8. (4.83)

Finally, we make a remark on Step 3 in Algorithm 1 (or Step 4 in Algorithm 1*). To complete
this step, we simply measure only the 3M qubits of Fig. 4.15 in the computational basis after inverse
QFTs. This step does not require any post-selection because the final output state without post-
selection is ensured to be 1/12-close to the separable state |0⟩ |Υ(q)⟩. Similarly, we can remove the
post-selection in Lemma 12 by using a single-step amplitude amplification and adjusting ς′ to ensure
the closeness condition on a final output state.

4.6 Numerical simulation

To evaluate the performance of observables estimation methods based on quantum gradient estimation,
we here consider the following simple problem. Let Uε be a 1-qubit unitary that prepares a target
state |ψ⟩. As for target observables {Oj}Mj=1 with the spectral norm ∥Oj∥ ≤ 1, we put the following
assumptions for the sake of efficient classical simulation: [Oi, Oj ] = 0 holds for any pair of i, j, and
the target state |ψ⟩ is a common eigenstate of the observables {Oj}Mj=1, that is,

Oj |ψ⟩ = gj |ψ⟩ (4.84)

holds for j = 1, 2, ...,M and eigenvalues gj ∈ [−1, 1]. The goal is to estimate the expectation values
⟨Oj⟩ := ⟨ψ|Oj |ψ⟩ = gj with a root MSE ε for all j = 1, 2, ...,M . In the following, we show the number
of ancilla qubits and total queries to Uε and its inverse in our method and the previous method [86],
for solving the above problem with M = 30. For more details on the simulation setup, please see
Sec. 4.6.1.

Figure 4.5 shows the number of additional ancilla qubits (except for target system qubits) in our
method and the previous method [86]. We numerically calculate the number of ancilla qubits for the
previous method, which is well approximated by

⌈log2(24/εadd)⌉ ×M. (4.85)
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Figure 4.5: The number of additional ancilla qubits for M = 30. The ancilla count in the proposed
adaptive method does not depend on target precision εadd (more precisely, target root MSE ε), unlike
the previous one [86]. Reproduced from K. Wada et al., Heisenberg-Limited Adaptive Gradient Estima-
tion for Multiple Observables, PRX Quantum 6, 020308 (2025), DOI: 10.1103/PRXQuantum.6.020308.
Licensed under CC BY 4.0.

As for our method, the total number of qubits is explicitly calculated as

3M + ⌈log2 M⌉+ log2 d+ a+ 9 (4.86)

when we use the method based on Lemma 8; the multiplicative constant hidden in O(M) is exactly
given by 3. Note that in the figure, we ignore the factor a for a block encoding of a single observable
in our method and ancilla qubits that might be required for implementing Hamiltonian simulation for
given observables in the previous method. This figure clearly shows that our adaptive method has a
constant ancilla overhead with respect to the target precision, unlike the non-iterative method.

Next, we show the relationship between the total queries to state preparation Uε (and its inverse)
and the resulting root MSE in Fig. 4.6. The number of total queries in our method is based on an
upper bound of actually required queries, which is derived in the proof of Theorem 10. As for the
previous method which takes an additive error εadd and a failure probability ς as input, we evaluate
the resulting total queries and root MSEs by changing input pairs (εadd, ς). More precisely, we plot
the dots with the same colors for a fixed εadd = 2→a (a = −3,−2, ..., 13) and various ς, by estimating
the root MSE of a single observable ⟨O1⟩ and calculating the corresponding total queries T̃NonIter.

We remark that T̃NonIter in the previous method represents the actual number of queries divided
by a factor (> 1) that rapidly decreases and converges to a constant as 1/εadd increases, in order to
highlight the asymptotic behavior. When including the asymptotically negligible factor (> 1), all the
colored dots shift above our horizontal line that represents a theoretical upper bound; see Fig. 4.7 in
Sec. 4.6.1 for the worst-case and average-case results without any rescaling.

Our method achieves the Heisenberg-limited scaling in MSE; the line for our method is horizontal
i.e., εT = O(1) in Fig. 4.6. On the other hand, in the previous method, the sequence of minimal values
of the same-colored dots shows the (asymptotic) scaling of Ω(log2 T log log T ) for the total queries T .
This indicates that the Heisenberg-limited scaling with a logarithmic overhead is achieved by carefully
choosing ς or Nmed for a final median calculation. When we take a single shot outcome from a circuit
as a final estimate (Nmed = 1), the previous method has the scaling of SQL.

We remark that the previous method has O(log(M/ς)) factor in the total query because it takes
the median of independent Nmed = O(log(M/ς)) samples as a final estimate. Naively, in order to
achieve MSE ε2, we can take ς = O(ε2) [108]. Such a Nmed = O(log(1/ε)) (for a fixed M) factor might
not be tight. However, Fig. 4.6 also indicates that the logarithmic correction Nmed = O(log(1/ε)) is
required, as follows. Figure 4.6 indicates the following lower bound for the (rescaled) total number of
queries: εT̃NonIter = Ω(log2(T̃NonIter) log log(T̃NonIter)), or

T̃NonIter = Ω(ε→1 log2(1/ε) log log(1/ε)).
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Figure 4.6: The comparison between the total number of queries and the root MSE. The orange line
represents a theoretical upper bound in our method. The colored dots show the worst-case results
of the previous non-iterative method [86] among randomly-generated 26 sets of {gj}, with various
input pairs (εadd, ς). For each color, we fix εadd as in the color bar and vary the failure probability
ς = 2→j (j = 0, 1, ...), which gives the number of samples Nmed = 2⌈log(1/ς)⌉ + 1 for a final median
calculation. Reproduced from K. Wada et al., Heisenberg-Limited Adaptive Gradient Estimation
for Multiple Observables, PRX Quantum 6, 020308 (2025), DOI: 10.1103/PRXQuantum.6.020308.
Licensed under CC BY 4.0.

Therefore, by comparing an upper bound T̃NonIter = Nmed × O(ε→1
add log(1/εadd) log log(1/εadd)) [56]

with the above empirical lower bound, we consider Nmed = O(log(1/ε)) to be tight for a given root
MSE ε.

Finally, these two algorithms cannot work in the query regime < 105 under the current problem
setup. (Actually, the query limit is more severe in the previous method; see Fig. 4.7.) This is attributed
to a large constant factor in the total number of queries; even if we want to obtain estimates within
∼ 1 error, these algorithms require a much larger queries to run.

4.6.1 More details

To solve the problem in Sec. 4.6, our adaptive Algorithm 1 with Lemma 8 uses

Tadapt :=
qmax∑

q=0

2Q(q)× 9 ln

(
M

ς(q)

)
= O(ε→1

√
M logM) (4.87)

queries of Uε and its inverse in total, where qmax := ⌈log2(1/ε)⌉ for a target root MSE ε; see the proof
of Theorem 10 in Sec. 4.5.2. Here, Q(q) is the minimal integer Q satisfying 4tQ/(2QQ!) ≤ 2→17 for the
total evolving time t = 25+q

√
2M ln(211d), and we use an explicit upper bound Q(q) < 1.5t+126 for

the numerical simulation. It should be noted that Tadapt itself is an upper bound of total queries in
Algorithm 1 to theoretically ensure root MSE ≤ ε for every target observables, and thus the required
queries might be smaller than the upper bound in practice. In addition, from the entire circuit
diagrams in Sec. 4.5.3, the total number of qubits required for quantum circuits in our algorithm is
calculated as Eqs. (4.82) and (4.83).

For comparison, we briefly review the previous method in Ref. [86]. The method essentially uses
the gradient estimation method [56] that can be summarized as the following theorem.

Theorem 12 (Theorem 25 in Ref. [56]). Let x ∈ RM , εadd ≤ c ∈ R+ be fixed constants and suppose
f : RM → R is analytic and satisfies the following: for every k ∈ N and α ∈ [M ]k, k-th order partial
derivatives of f at x (denoted by ∂αf(x)) are upper bounded as |∂αf(x)| ≤ ck2k/2. Then, there is
a quantum algorithm that works for all such functions, and outputs an εadd-approximate gradient
g̃ ∈ RM such that ∥∇f(x)− g̃∥∞ ≤ εadd with probability at least 1− ς, using Õ(c

√
M log(M/ς)/εadd)

queries to the phase oracle Of .
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Then, taking the function f in this theorem as

f(x) :=
1

2
− 1

2
Im

⎡

⎣⟨ψ|
M∏

j=1

e→2ixjOj |ψ⟩

⎤

⎦ , (4.88)

we can estimate the expectation values of target observables because ∇f(0) is the collection of target
expectation values. Note that this function for observables with ∥Oj∥ ≤ 1 satisfies the condition in
Theorem 12 by taking c = 2.

For circuit implementation, Ref. [86] first provides an explicit quantum circuit for the probability
oracle to encode the function Eq. (4.88). Here, the probability oracle Uf for a function f is defined as

Uf : |x⟩ |0⟩ (→ |x⟩
(√

f(x) |1⟩ |φ1(x)⟩+
√
1− f(x) |0⟩ |φ0(x)⟩

)
(4.89)

for all x ∈ GM
n (n is a positive integer), where |φ0(x)⟩ and |φ1(x)⟩ are arbitrary (normalized) quantum

states. The quantum circuit for the probability oracle has a single use of the state preparation oracle
Uε, controlled time evolutions for target observables, and additional 1 ancilla qubit except for the
target system qubits. Then, we obtain the phase oracle for the function Eq. (4.88) from the probability
oracle.

Theorem 13 (Theorem 14 in Ref. [56]). Let Uf be a probability oracle for a function f(x). For any
ε ∈ (0, 1/3), we can implement an ε-approximate phase oracle Õf such that

∥∥∥Õf |Ψ⟩ |0⟩ −Of |Ψ⟩ |0⟩
∥∥∥ ≤ ε (4.90)

for all input states |Ψ⟩, where Of denotes an exact phase oracle for f . This implementation uses
O(log(1/ε)) invocations of the probability oracle Uf or its inverse and O(log log(1/ε)) additional ancilla
qubits beyond those required by Uf .

In the numerical simulation, we assume the oracle conversion (from the probability oracle to a frac-
tional phase oracle) is perfect ε = 0 and ignore the overhead in space complexity, for simplicity.
As for the query complexity, we only consider the overhead 10 (for the 2-round oblivious amplitude
amplification), while the actual overhead is larger.

Given the phase oracle (and its fractional version) for the function Eq. (4.88), the estimation
method in Theorem 12 effectively constructs a phase oracle for the following function

h(x) :=
1

2.log2(3cr)/

m∑

l=→m

a(2m)
l f(lrx) ≃

M∑

j=1

r ⟨Oj⟩
2.log2(3cr)/

xj + · · · , (4.91)

where a(2m)
l = 0 (l = 0) and for l ̸= 0,

a(2m)
l :=

(−1)l→1

l

(m
|l|
)

(m+|l|
|l|
) . (4.92)

Here, m = ⌈log(c
√
M/εadd)⌉, and r is a rescaled parameter defined as

r→1 := 9cm
√
M

(
81 · 8 · 42πmc

√
M

εadd

)1/2m

. (4.93)

This function h is closer to a linear function in the grid GM
n than the original function f , due to the

higher-order central-difference formula. Using the (effective) phase oracle Oh on GM
n , we can estimate

the gradient of h at x = 0, i.e., the rescaled expectation values r ⟨Oj⟩/2.log2(3cr)/. More precisely,
measuring the following state by the Fourier basis, we obtain estimates k = (k1, ..., kM ) ∈ GM

n for the
gradient:

1√
2nM

∑

x∈GM
n

e2ωi2
nh(x) |x⟩ . (4.94)
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Then, we can estimate ⟨Oj⟩ by (2.log2(3cr)//r)kj . According to Ref. [56] (see Theorem 21 of Ref. [56]),
we take the number of qubits n for the 1 dimensional grid Gn as

n = ⌈log2(4/εaddr)⌉+ ⌈log2(3cr)⌉ (4.95)

to successfully bound the estimation error. Thus, the total number of qubits required for quantum
circuits in this method is given by

(⌈log2(4/εaddr)⌉+ ⌈log2(3cr)⌉)M + 1 + log2 d. (4.96)

To enhance the success probability to 1 − ς, we take the coordinate-wise median of independent
Nmed = O(log(M/ς)) samples k(1),k(2)... from the gradient estimation procedure as a final estimate.
As a result, the entire procedure for the observable estimation based on the Theorem 12 uses

TNonIter := Nmed ×
m∑

l=→m

⌈
2π · 2.log2(4/εaddr)/ ·

∣∣∣a(2m)
l

∣∣∣
⌉

= Nmed ×O
(
c
√
M

εadd
log

(
c
√
M

εadd

)
log log

(
c
√
M

εadd

))
(4.97)

queries to the state preparation Uε and its inverse (up to the oracle conversion overhead in Theo-
rem 13); the derivation of this query count is provided in the proof of Theorem 25 in Ref. [56].

To evaluate MSE, we need full information regarding the output probability distribution for the
Fourier-basis measurement on the state Eq. (4.94). However, direct calculation of the distribution is
difficult because of many qubits nM = O(M log(1/εadd)). To overcome this, we perform the following
numerical simulation. Focusing on the top registers related to the estimation for the 1st gradient in
Eq. (4.94), the reduced state can be written as

∑

(x2,...,xM )∈GM−1
n

1

2n(M→1)
|Ψ(x2, ..., xM )⟩ ⟨Ψ(x2, ..., xM )| , (4.98)

where

|Ψ(x2, ..., xM )⟩ = 1√
2n

∑

x1∈Gn

e2ωi2
nh(x1,x2,...,xM ) |x1⟩ . (4.99)

Therefore, we can estimate the full probability distribution p(k1) for the Fourier-basis measurement
on the x1 registers by

p(k1) ≃
1

#

#∑

i=1

∣∣∣⟨k1|QFT†
Gn

|Ψ(x(i)
2 , ..., x(i)

M )⟩
∣∣∣
2
, (4.100)

where i = 1, 2, ...,# denotes the index of trials and (x(i)
2 , ..., x(i)

M ) is independently and uniform-
randomly sampled over GM→1

n . Here, we take # = 10000 for the numerical simulation in this work.
Given the probability distribution of a single shot p(k1), we can calculate the probability distribu-

tion of median kmed calculated by (an odd number) Nmed independent samples of k1, from the theory
of order statistics [144]. The explicit form of the median distribution is given by

Pr(kmed = xi) =
Nmed∑

l=(Nmed+1)/2

(
Nmed

l

){
P l
i (1− Pi)

Nmed→l − P l
i→1(1− Pi→1)

Nmed→l
}
, (4.101)

where Gn = {xi}2
n

i=1 for xi = (2i− 1)/2n+1− 1/2, and Pi is the cumulative distribution Pi := Pr(k1 ≤
xi), P0 = 0. Using the median distribution, we can calculate MSE of estimates in the observable
estimation method. The corresponding number of total queries is given by Eq. (4.97).

To confirm the tightness of Nmed = O(log(1/ε)) (M is fixed) for achieving MSE ε2, we have focused
on a modified factor T̃NonIter in Fig. 4.6. In the following, we describe how the modification on TNonIter
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(a) Worst-case for the non-iterative method (b) Average-case for the non-iterative method

Figure 4.7: The comparison between the total number of queries (given by Tadapt and TNonIter

including the oracle-conversion overhead) and the root MSE. The colored dots show the (a) worst-
case or (b) average-case results of the previous non-iterative method [86] among randomly-generated
26 sets of {gj}, with various input pairs (εadd, ς). For each color, we fix εadd as in the color bar
and vary the failure probability ς = 2→j (j = 0, 1, ...), which gives the number of samples Nmed =
2⌈log(1/ς)⌉ + 1 for a final median calculation (see Eq. (4.97)). In the upper left subplot of (a), we
show the value of rescaling in Eq. (4.104), where the horizontal axis is log2(1/εadd). The orange line
for our adaptive method represents an upper bound. Reproduced from K. Wada et al., Heisenberg-
Limited Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6, 020308 (2025),
DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.

was performed. From Eqs. (4.93) and (4.97), we can obtain

TNonIter = Nmed ×
m∑

l=→m

⌈
2π · 2.log2(4/εaddr)/ ·

∣∣∣a(2m)
l

∣∣∣
⌉

∼ Nmed × cm
√
M

εadd

m∑

l=→m

∣∣∣a(2m)
l

∣∣∣×
(
81 · 8 · 42πmc

√
M

εadd

)1/2m

(4.102)

∼ Nmed × c
√
M

εadd
m log(m)×

(
81 · 8 · 42πmc

√
M

εadd

)1/2m

(4.103)

where we keep only dominant factors in the second and third lines. As m increases, the factor(
81 · 8 · 42πm c

√
M

εadd

)1/2m
decreases and converges to a constant, while the other terms increase. Thus,

to mitigate the effect of the contrary and asymptotically negligible factor, we define T̃NonIter as

T̃NonIter :=
1

(81 · 8)1/2m
TNonIter = Nmed ×O

(
c
√
M

εadd
log

(
c
√
M

εadd

)
log log

(
c
√
M

εadd

))
. (4.104)

In Fig. 4.7, we show a similar plot as Fig. 4.6 using the total number of queries TNonIter with no
rescaling, instead of T̃NonIter.

While we have discussed the comparison with Ref. [86], we note that another previous method in
Ref. [159] follows a similar estimation procedure with measurements on a uniform superposition state
evolved under a phase oracle. In particular, it also uses the median trick essentially to obtain final
estimates for expectation values. Similar to the numerical simulation suggesting Nmed = Ω(log(1/ε))
in order to achieve MSE ≤ ε2, such a logarithmic correction regarding ε in the total queries might be
necessary in the method of Ref. [159].
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log2 d
/ Uε

log2 d
/ U†

ε

a
/

Bj
log2 d

/

a′
/

U ′
SEL

/

U (x)log2 d
/ = /

∥p∥1
/ /

x ∈ Gp

•

Figure 4.8: Input oracles. (Left) Uε prepares a target state |ψ⟩ from an initial state |0⟩. (Middle) For
any j ∈ {1, 2, ...,M}, Bj is an a-block-encoding of observable Oj for a nonnegative integer a. (Right)

U (x) is a block encoding of H̃(x) := M→1
∑M

j=1 xjOj with additional a′ := O(logM + a) qubits.
For simplicity, we often assume U ′

SEL to be an oracle for target observables {Oj}. Note that we can
construct (a slightly modified) U ′

SEL from Bj with arbitrary precision; see Remark 1 and Figs. 4.9–
4.12. Reproduced from K. Wada et al., Heisenberg-Limited Adaptive Gradient Estimation for Multiple
Observables, PRX Quantum 6, 020308 (2025), DOI: 10.1103/PRXQuantum.6.020308. Licensed under
CC BY 4.0.

a′
/

ε-BE of 2M
ω2#log2 M$ H̃

(x)
log2 d

/ =

∥p∥1
/ •

(see caption of Fig. 4.12)4
/

ε-BE 2
ωH

(x)
⌈log2 M⌉

/ Had⊗ •
j ∈ {1, ...,M}

Had⊗

a
/

Bjlog2 d
/

∥p∥1
/

x ∈ Gp

•

Figure 4.9: Quantum circuit for a slightly modified version of U ′
SEL, where a

′ := 4+ ⌈log2 M⌉+a. For
any x ∈ Gp, the circuit (except for the bottom line) is a (1, 4+ ⌈log2 M⌉+ a, ε < 1/2)-block-encoding

of (2M/π2.log2 M/)H̃(x). Had⊗ means Had⊗.log2 M/. Adapted from K. Wada et al., Heisenberg-
Limited Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6, 020308 (2025),
DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.
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p ν ∈ {0, 1, ..., 2p − 1}
/ •

|0⟩w • |0⟩w

e→iZφ(ν)

⌈log2 M⌉
/

(a) Simplified diagram

|ν(1)⟩ • · · ·
|ν(2)⟩ • · · ·

...
|ν(p)⟩ · · · •
|0⟩w • • • · · · • |0⟩w

Rz(
1
2p − 1) Rz(

21

2p ) Rz(
22

2p ) · · · Rz(
2p

2p )

· · ·
· · ·
· · ·

(b) Detailed diagram in the case of ⌈log2 M⌉ = 3

Figure 4.10: Quantum circuit for |0⟩⊗.log2 M/-controlled unitary
∑
ν |ν⟩ ⟨ν|⊗ e→iZφ(ν). The qubit |0⟩w

is an additional work qubit. Here, we recall ϕ(µ) := µ
2p −

1
2+

1
2p+1 ∈ Gp in Eq. (3.21). Rz(x) := e→ixZ/2.

Reproduced from K. Wada et al., Heisenberg-Limited Adaptive Gradient Estimation for Multiple Ob-
servables, PRX Quantum 6, 020308 (2025), DOI: 10.1103/PRXQuantum.6.020308. Licensed under
CC BY 4.0.

p1 µ1
/ • · · ·p2
/

µ2
• · · ·

...pM
/ · · ·

µM
•

|0⟩w • • · · · • |0⟩w

|0⟩ X e→iZφ(µ1) e→iZφ(µ2) · · · e→iZφ(µM ) X

⌈log2 M⌉
/ −1 · · · −1 −1

Figure 4.11: Quantum circuit for a 2-block-encoding of
∑

x |x⟩ ⟨x| ⊗ eiH
(x)

, where H(x) :=∑M
j=1 xj |j⟩ ⟨j|. The gate −1 denotes a bit decrement operation such as |M⟩ → |M − 1⟩ → · · · →

|1⟩ → |M⟩. Reproduced from K. Wada et al., Heisenberg-Limited Adaptive Gradient Estimation for
Multiple Observables, PRX Quantum 6, 020308 (2025), DOI: 10.1103/PRXQuantum.6.020308. Li-
censed under CC BY 4.0.
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p1 µ1
/ • · · ·p2
/

µ2
• · · ·

...pM
/ · · ·

µM
•

• • · · · •

X e→iZφ(µ1) e→iZφ(µ2) · · · e→iZφ(µM ) X

Had • iZ · · · • Had

⌈log2 M⌉
/ −1 · · · −1 −1

Figure 4.12: Quantum circuit for 3-block-encoding of sinH(x). Substituting this circuit and its
inverse into U and U †, respectively, in the circuit of Fig. 3.7 (a is taken as 3) and setting
O(log(1/ε)) circuit parameters {φi} for P (x) ≈ (2/π) arcsin(x), we obtain an (1, 4, ε)-block-encoding
of
∑

x |x⟩ ⟨x| ⊗ (2/π)H(x) for any ε ∈ (0, 1/2). Adapted from K. Wada et al., Heisenberg-Limited
Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6, 020308 (2025), DOI:
10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.

a′ + 1
/

U (x)
obslog2 d

/ =
∥p∥1

/ •

Had e→iZφm e→iZφm−1 · · · e→iZφ1 Had

U ′
SEL U ′†

SEL

/
a′

· · ·

U ′
SEL

log2 d
/ · · ·

∥p∥1
/ · · ·

(Fig. 4.8 or Fig. 4.9)

Figure 4.13: Quantum circuit for Uobs in Eq. (4.35). Here, a′ = O(logM +a). The circuit parameters
{φj}mj=1 are adjusted for real QSP based on the degree-m odd polynomial P (x) ≈ γx, γ = O(M/σ).
Also, U ′

SEL can be replaced with the circuit in Fig. 4.9 (where a′ is taken as ⌈log2 M⌉+ a+4), and in
this case, the circuit equality holds by adjusting ε in Fig. 4.9 and m. Adapted from K. Wada et al.,
Heisenberg-Limited Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6, 020308
(2025), DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.

|0⟩ e→iY φ/2

|0⟩ e→iY θ/2 • eiY θ/2

|0⟩⊗a /
Bj −sgn(ũ(q)

j )1

log2 d
/

Figure 4.14: Quantum circuit for an (a + 2)-block-encoding of Õ(q)
j := (Oj − ũ(q)

j 1)/2, where

ũ(q)
j ∈ [−1, 1]. Bj is an a-block-encoding of Oj . The angles are defined as φ := 2 tan→1

√
|ũ(q)

j |

and φ := 2 tan→1
√
4− (1 + |ũ(q)

j |)2/(1 + |ũ(q)
j |). Reproduced from K. Wada et al., Heisenberg-

Limited Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6, 020308 (2025),
DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.
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|0⟩ Had R†
z Had S • • Had Rz Had

|0⟩ Had Had

Ref|0∞|0⟩⊗a′′
/

U (x)
obs U (x)†

obs

|0⟩⊗ log2 d / Uε U †
ε

|+⟩⊗3M / • •

Alternate this with its dagger 2(Q− 1) times
!!

Figure 4.15: Quantum circuit for the approximate probing-state preparation |Υ(q)⟩ by Hamiltonian

simulation. When we use the circuits Figs. 4.9 and 4.14 for encoding of target observables {Õ(q)
j },

a′′ of U (x)
obs is explicitly given by a′′ = a + ⌈log2 M⌉ + 7, while Lemma 11 itself assumes the oracles

in Fig. 4.8 (thereby, a′′ = a + ⌈log2 M⌉ + 1 in Lemma 11). Q = O(2qσ + log(1/ε′′)) and Ref|0∞
is the reflection on |0⟩, i.e., Ref|0∞ := 2 |0⟩ ⟨0| − 1. The angles of rotations Rz in the top line are
adjusted by QSP to realize ε′′-precise Hamiltonian simulation [115, 116]. Adapted from K. Wada
et al., Heisenberg-Limited Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6,
020308 (2025), DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.

|+⟩⊗3M / • • · · · X⊗3M

|+⟩ • • · · · QFT†
G1

|0⟩⊗a′′
/

U (x,y)
obs

Ref|0∞ U (x,y)†
obs

Ref|0∞

· · · all 0

|0⟩⊗ log2 d / Uε Uε† Uε Uε† · · · all 0

Repeat t/2 times
!!

Figure 4.16: Quantum circuit for the approximate probing-state preparation |Υ(q)⟩ by Grover-like

repetition. When we use the circuits Figs. 4.9 and 4.14 for encoding of target observables {Õ(q)
j }, a′′

of U (x,y)
obs is explicitly given by a′′ = a+ ⌈log2(M +1)⌉+7, while Lemma 12 itself assumes the oracles

in Fig. 4.8 (thereby, a′′ = a + ⌈log2(M + 1)⌉ + 1 in Lemma 12). |0⟩ := |0⟩⊗a′′+log2 d and Ref|0∞ is
the reflection on |0⟩, i.e., Ref|0∞ := 2 |0⟩ ⟨0| − 1. The measurement outcome |0⟩ is obtained with the
probability N 2

t /2 ≥ 0.462 (see Lemma 12). This post-selection can be removed by using a single-step
amplitude amplification and adjusting the constant ς′ for our algorithm. Reproduced from K. Wada
et al., Heisenberg-Limited Adaptive Gradient Estimation for Multiple Observables, PRX Quantum 6,
020308 (2025), DOI: 10.1103/PRXQuantum.6.020308. Licensed under CC BY 4.0.
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4.7 Concluding remarks and outlook

In this chapter, we proved that the expectation values of multiple observables can be simultaneously
estimated with the HL scaling in the total number of queries to a state preparation unitary and
its inverse, by explicitly constructing an adaptive quantum algorithm. At the same time, the query
complexity shows a nearly quadratic improvement with respect to the number of general observables,
compared to the conventional method for this task i.e., the (modified) QAE algorithm [21, 100,
139, 149, 167, 162]. The key idea of the proposed algorithm is to prepare a quantum state with
phases that encode the expectation values of observables, followed by the measurement for the QGE
algorithm [91, 56]. Then, our method determines a single binary digit of the target observables
from the measurement outcomes and updates the quantum state so that the next measurement has
sufficient resolution to determine the next fraction bit. Importantly, our method can be considered as
an extension of the iterative or adaptive QPE algorithms [99, 78, 77, 97, 48] to the QGE algorithm.
In addition, the proposed method significantly reduces the requirement of actual implementation
(e.g., the number of ancilla qubits and classical computation for circuit synthesis), compared to the
state-of-the-art algorithms for multiple observables estimation [86, 159].

Finally, we list several open questions to be further investigated.

• Minimizing the hidden prefactor in the query complexity. Although we focus on the scaling of
query complexity, it is practically important to minimize the hidden prefactor in the scaling. If
the prefactor is large, the advantage doesn’t exist in a practical parameter regime, compared to
QAE and moreover, standard sampling approaches.

• Further reduction of ancilla qubits. Our algorithm requires O(M) ancilla qubits, a linear scaling
on M , but is this M -dependence optimal? Or can we achieve better scaling?

• Improving query complexity for a specific set of states and non-commuting observables. In stan-
dard sampling, the query complexity can scale as the order of

∑M
i=1 σ

2
i /ε

2 for the quantum
variance σ2

i determined by a target state and observable. Is it possible to achieve the quadratic

speedup to this scaling, that is, the order of
√∑M

i=1 σ
2
i /ε? Because

∑
i σ

2
i ≤ ∥

∑
i O

2
i ∥ holds,

there is a gap from Theorem 11.

• Application to multi-parameter quantum metrology. It is another interesting direction to fur-
ther explore the quantum speedup regarding the number of target parameters, observed in our
algorithm, in the field of quantum metrology.



Chapter 5

Single-observable estimation for
early FTQC

5.1 Introduction

In quantum estimation, the statistical estimation theory [39, 144] and their quantum extension [79, 73]
are of central importance.1 In particular, the seminal Cramér-Rao inequality and Fisher information,
which identify the limit of estimation precision, have been extended to quantum versions [76, 75, 73,
23, 133]; that is, the quantum Cramér-Rao (QCR) inequality and quantum Fisher information. As
in the classical case, they can be used to determine the ultimate performance of several quantum
information processing systems such as quantum sensors [60, 155, 41, 137, 143, 80]. Moreover, the
QCR acts as a fundamental limitation on information extractable from quantum mechanical systems,
e.g., [51]. Therefore, extensive investigations have been conducted to characterize estimators that
(almost) achieve the QCR lower bound [142, 15, 11, 72, 54, 55, 131, 67, 157]. Note that whether
such optimal estimators are implementable depends on available quantum operations in the target
system. Devising an implementable and optimal (in the sense of QCR) estimator is thus one of the
most important subjects in quantum sensing and metrology.

In this way, the quantum statistical estimation theory should be appropriately applied to de-
velop efficient estimators for various quantities in quantum computing, such as expectation values
of quantum observables. At the same time, toward the early success of quantum computing, there
is an increasing need for efficient estimators that can be realized with as few demanding quantum
operations as possible. For instance, some less-demanding implementation methods for the QPE al-
gorithm [78, 77, 150, 172, 130, 35] and QAE algorithm [182, 149, 1, 69, 125, 25, 152, 156, 61, 153, 26]
have been developed, and their performance has been investigated using the statistical estimation
theories. Nevertheless, in practical noisy settings before the fault-tolerant era, devising an estimator
that is both easy to implement and capable of achieving the ultimate QCR bound remains an ongoing
subject of research. Focusing on the expectation value estimation problem in a noisy environment,
Ref. [167] formulated this problem within the framework of amplitude estimation and proposed a
Bayesian inference method for this problem; however, there was no discussion on how to achieve the
QCR bound. To our best knowledge, only Ref. [156] gave a detailed analysis on the QCR bound in the
noisy amplitude estimation problem; in particular, under the assumption that the system is subjected
to depolarization noise, the estimator given in [156] achieves the precision that is yet strictly lower
than the ultimate limit.

In this chapter, we focus on the problem of constructing a less-demanding quantum expectation-
value estimator in a global depolarizing noisy environment. In light of quantum estimation theory and
quantum metrology, the following questions are important. (i) What is the quantum-enhanced preci-
sion limit (or, the optimal QCR bound) over less-demanding protocols for estimating an expectation
value? (ii) Can we construct an implementable estimator such that the estimation precision achieves
the QCR bound? (iii) Also, is there any mathematical guarantee of the estimation performance? The
main contribution in this chapter is to give answers to all the above questions.

A summary of those contributions is as follows. First, the answer to the question (i) is given in

1This chapter is based on the author’s work [162].
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Theorem 14; we derive the precision limit for estimating an expectation value, in the setup where we
are allowed to use noisy quantum states but no demanding controlled amplifications. Based on the
findings obtained from the precision limit, we construct a modified maximum likelihood estimator that
adaptively optimizes a specific measurement and the number of amplitude amplification operations,
by maximizing the magnitude of quantum enhancement. The optimality of this estimator is supported
by Theorem 15, stating that there exists a POVM that makes the ratio of the quantum and classical
Fisher information close enough to 1 (leading that the QCR bound is almost achieved) in the limit
of large number of qubits. Note that the implementation of such an optimal estimator is in general
nontrivial, but our estimator can be efficiently implemented without any knowledge of the target state,
which is usually prepared by a black-box unitary in the expectation value estimation problem. Thus,
this is the answer to the question (ii). As for the question (iii), we prove that the estimator satisfies
the following statistical properties.

• Consistency (Theorem 16): As the number of measurements increases, the estimation accuracy
becomes better. More precisely, the probability that the estimated value is arbitrarily close to
the true value approaches 1 in the infinite limit of the number of measurements.

• Asymptotic normality (Theorem 17): The estimator regularized by its Fisher information asymp-
totically follows the standard normal distribution, as the number of measurements increases. As
a result, the estimation error asymptotically achieves the classical Cramér-Rao lower bound.

Therefore, the proposed estimator has mathematical guarantees in its performance.
In addition to the above theoretical contributions, Sec. 5.6 is devoted to thorough numerical sim-

ulations. In particular, we will demonstrate that the above asymptotic properties hold even with a
modest number of each measurement (∼ 500) and a modest number of qubits (∼ 20). Also, we focus
on the previously-reported problem that the precision of the expectation value estimation under the
depolarizing noise may significantly deteriorate depending on the target value to be estimated; but we
will numerically demonstrate that the proposed method can also get around this problem due to the
optimization. Note here that the above-mentioned Bayesian inference method [167] optimizes a quan-
tum circuit containing multi-parameter in order to alleviate the target value dependency of estimation
efficiency, while our method optimizes just one discrete parameter, which is clearly computationally
advantageous.

5.2 Maximum-likelihood QAE

The amplitude estimation algorithm studied in [149, 152, 156, 153], which does not use the hard-to-
implement phase estimation algorithm [21], consists of two major steps. The first step is to perform
amplitude amplification on the quantum state whose amplitude is to be estimated, and then make a
measurement; this procedure is repeated with different operation times. The second step is to estimate
the amplitude by classical post-processing for the combined measurement result, i.e., the maximum
likelihood estimation.

The problem is to estimate the amplitude sin2 (φ∈), with unknown φ∈ ∈ (0,π/2), of the following
(n+ 1)-qubit quantum state A |0⟩n+1:

A |0⟩n+1 := cos (φ∈) |ψ0⟩n |0⟩1 + sin (φ∈) |ψ1⟩n |1⟩1 , (5.1)

where |0⟩n+1 is the computational basis of (n + 1)-qubit, |ψ0⟩n and |ψ1⟩n are normalized n-qubit
quantum states. Here, A is a black-box (i.e., unknown yet implementable) operation on a device,
which is often called an oracle in the Grover search algorithm. Note that a single application of A or
A† is counted as one query. The first step is to amplify the amplitude via the operator Q defined as

Q := A
(
2 |0⟩n+1 ⟨0|n+1 − In+1

)
A† (In ⊗ Z) , (5.2)

where In is the identity operator on the n-qubit system, and Z denotes the 2 × 2 Pauli Z matrix.
From the assumption of implementability of A and A† as oracle operators, the amplification operator
Q is also implementable. As shown originally in [21], the amplification operator corresponds to the
following rotation gate in the subspace S̃ spanned by |ψ0⟩n |0⟩1 and |ψ1⟩n |1⟩1:

Q|S̃ =

[
cos (2φ∈) − sin (2φ∈)
sin (2φ∈) cos (2φ∈)

]
= e→i2φ∗Ỹ , (5.3)
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where Ỹ denotes the Pauli Y matrix with respect to the basis of S̃. Thus, m applications of Q to the
state (5.1) yield

QmA |0⟩n+1 = cos [(2m+ 1)φ∈] |ψ0⟩n |0⟩1 + sin [(2m+ 1)φ∈] |ψ1⟩n |1⟩1 . (5.4)

We now measure the last qubit of Eq. (5.4) by the computational basis |0⟩1 and |1⟩1. Then the
probability of obtaining ”1” is given by

P̃ (m;φ∈) :=
1

2
− 1

2
cos [2(2m+ 1)φ∈]. (5.5)

Note that this is equivalent to the Bernoulli trial with success probability P̃ (m;φ∈). By the appli-
cations of Q, the resolution on φ∈ in the probability (5.5) is enhanced by the factor 2m + 1; on the
other hand, the ambiguity emerges in the sense that the probability P̃ (m;φ) becomes periodic with
respect to φ.

In the second step, we estimate the amplitude based on the measurement results obtained in the
first step by the maximum likelihood estimation method. Note that in the first step, we prepare
the quantum states with different resolutions in order to eliminate the ambiguities, as similar to the
methods for phase measurement [123, 77, 14, 12, 48, 35]. Specifically, for each of predefined odd
numbers 2mk + 1 (k = 1, 2, · · · ,M), we prepare the state (5.4) and measure it N times with the
computational basis independently. Here, M denotes the total number of types of quantum states to
be prepared. We write x(k) ∈ {0, 1, · · · , N} as the number of hitting ”1” for the state QmkA |0⟩n+1.

The measurement results for M different states are put together as xM := (x(1), x(2), · · · , x(M)). Then
the likelihood function to have xM is given by

L̃M (φ;xM ) :=
M∏

k=1

F̃k(x
(k);mk,φ), (5.6)

where F̃k(x(k);mk,φ∈) is the probability of obtaining x(k). Given the measurements xM , the maximum
likelihood estimation assumes that the value of φ that maximizes L̃M (φ;xM ) is a plausible estimate
of the true value φ∈. In other words, the maximum likelihood estimate φ̂M for φ∈ from the M series
of measurements is defined as

φ̂M := argmax
φ∈[0,ω/2]

L̃M (φ;xM ). (5.7)

Note that the maximum likelihood estimator for sin2 (φ∈) corresponds to sin2 (φ̂M ) due to the in-
variance property of maximum likelihood estimators. Thanks to the quantum-enhanced resolution
via amplitude amplification and the elimination of its ambiguities by the product of likelihoods, the
estimation precision of φ∈ and sin2 (φ∈) can be improved quadratically with respect to the number of
total queries of A and A†, by using a specific sequence mk = 2k→1 as demonstrated in [149].

We now consider the n-qubit depolarizing channel:

D[ε] := pε+
1− p

d
In, d := 2n, (5.8)

where ε is an arbitrary density operator and 1 − p is the probability that depolarization occurs. As
in [167, 156, 152], we here consider a noise model in which depolarization occurs with probability 1−pq
for a single application A or A†. This assumption may be justified when the actual implementation
of oracles A and A† requires complicated circuits compared to other operations in Eq. (5.2). Then
the probability of obtaining ”1” for the final state under this noise model is given by

P̃D (m;φ∈) :=
1

2
−

p2m+1
q

2
cos [2(2m+ 1)φ∈]. (5.9)

The subscript D means that the quantum state to be measured has passed through the above-defined
depolarizing channels. Then the classical Fisher information associated with the probability (5.9) for
φ∈ is calculated as

Ĩc(m;φ∈) :=
(2m+ 1)2p2(2m+1)

q sin2 [2(2m+ 1)φ∈]

P̃D(m;φ∈)
(
1− P̃D(m;φ∈)

) . (5.10)
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Equation (5.10) indicates that the estimation may become ineffective if m satisfies sin [2(2m+ 1)φ∈] ≃
0. More precisely, if m and φ∈ satisfy this condition, the classical Cramér-Rao lower bound of the esti-
mation error for φ∈ significantly deteriorates [167, 152]. In addition, even if we use the above-described
maximum likelihood estimation based on the M series of measurements for mk (k = 1, 2, · · · ,M),
which are predefined independently to φ∈, the same deterioration may occur [152]. Importantly, this
phenomena are also seen in the quantum expectation value estimation problem discussed in the next
section.

5.3 Problem setup

Our goal is to estimate the expectation value of a known Hermitian operator O with eigenvalues ±1,
i.e., ⟨O⟩ := ⟨A| O |A⟩, where |A⟩ := A |0⟩n is an n-qubit quantum state with a state preparation
unitary A. Here, we assume that A and A† are black-box operations yet implementable on a device,
similar to A in the previous section. Note that O is a unitary operator, which is assumed to be
implementable; also, the projective measurement {(In+O)/2, (In−O)/2} is implementable, which is
often assumed in quantum algorithms. A typical O is a single Pauli string such as O = X ⊗ Z ⊗ · · · .
This setup includes the amplitude estimation problem because by setting A = A and O = In ⊗ Z in
the notation of Sec. 5.2, the expectation value ⟨O⟩ matches 1− 2 sin2 (φ∈).

We remark that our algorithm below can also be used to estimate the expectation value of any
block-encoded observable O′ with an arbitrary spectrum in [−1, 1]. Let A′ be a target state preparation
|A′⟩ = A′ |0⟩n. Suppose that B is a unitary operator for an a-block-encoding of O′. Now, we take

A = Had⊗ I⊗a ⊗A′, O = (X ⊗ I⊗a ⊗ 1)
(
|0⟩ ⟨0|⊗B + |1⟩ ⟨1|⊗B†) . (5.11)

Here, O is still an implementable unitary Hermitian operator, and moreover the corresponding two-
outcome projective measurement can be performed via the Hadamard test. Then, we can show that
the expectation value ⟨A| O |A⟩ is equivalent to the target one ⟨A′| O′ |A′⟩ because of

(⟨+| ⟨0|a ⊗ 1)O(|+⟩ |0⟩a ⊗ 1) = O′. (5.12)

In the estimation problem, we aim for maximizing the estimation precision of the target value
⟨O⟩ in given total queries to A and A† [100, 139, 167, 86]. In particular, we address this problem
without the quantum phase estimation algorithm which requires many controlled operations [100].
The amplitude estimation method (with no controlled-Q operations) in the previous section can be
applied to this problem; hence, ideally, we need quadratically less queries of A and A† compared to the
standard algorithm without amplitude amplification, to estimate the expectation value with specified
precision.

Here, we describe the expectation value estimation problem in a similar way to the previous section.
Suppose |A⟩ is not an eigenstate of O (thus |⟨O⟩| ̸= 1). Then the two quantum states |A⟩ and O |A⟩
are linearly independent and form the following subspace [167, 102]:

S := Span {|A⟩,O|A⟩} = Span
{
|A⟩, |A⊥⟩

}
, (5.13)

where |A⊥⟩ is an (unknown) normalized state orthogonal to |A⟩ obtained by Gram-Schmidt procedure
to |A⟩ and O |A⟩. We denote |A⟩ and |A⊥⟩ as |0̄⟩ and |1̄⟩, respectively, and identify S as the 1-qubit
Hilbert space likewise the idea of qubitization [116, 119]. We then define an n-qubit operator Q, which
corresponds to the amplitude amplification operator in Eq. (5.2), as

Q := A (2 |0⟩n ⟨0|n − In)A
†O. (5.14)

Recall that the oracles A and A† are implementable, meaning that the amplification operator Q
is also implementable. This operator keeps the subspace S invariant because O |A⟩ = ⟨O⟩ |A⟩ +√
1− ⟨O⟩2 |A⊥⟩ and O |A⊥⟩ =

√
1− ⟨O⟩2 |A⟩ − ⟨O⟩ |A⊥⟩ hold from the definition of |A⊥⟩ and the

fact that O2 = In. Then, similar to Eq. (5.3), the representation of Q on S is expressed as a unitary
operator: Q|S = Z̄(cos (φ∈)Z̄ + sin (φ∈)X̄) = exp(iφ∈Ȳ ), where we define X̄, Ȳ , Z̄ as the Pauli X,
Y, Z matrices in the basis |0̄⟩ and |1̄⟩. The rotational angle φ∈ is related to the target value as
φ∈ := arccos (⟨O⟩); in what follows φ∈ is also referred to as the target value. Note that, for the target
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expectation value ⟨O⟩ = cos φ∈, the domain of φ∈ is given by φ∈ ∈ (0,π), which is twice as that of φ∈

in the previous section.
Using several queries of the rotation Q on S, we can prepare and measure the quantum state with

quantum-enhanced resolution by α ∈ N, at the cost of α queries to A and A†. Applying m times of
the rotation Q to |0̄⟩ followed by O and going back to the computational basis by A†, we obtain the
following quantum state

cos

(
(2m+ 2)φ∈

2

)
|0⟩n + sin

(
(2m+ 2)φ∈

2

)
A† |1̄⟩ , (5.15)

where this state uses 2(m+1) queries to A and A† in total. Here, the basis A† |1̄⟩ is actually unknown
by the black-box assumption of A†; thus, the class of implementable measurements on the state (5.15)
is restricted, as detailed in the following sections. On the other hand, the projective measurement
of O on Qm |0̄⟩ should be considered in S because of the implicit φ∈-dependence of O. That is, this
process is equivalent to the projective measurement of Z̄ ⊕ O|S⊥ on the following state with 2m+ 1
queries to A or A†:

cos

(
(2m+ 1)φ∈

2

)
|0̄⟩+ sin

(
(2m+ 1)φ∈

2

)
|1̄⟩ . (5.16)

This means that we can measure the quantum state with (2m + 1)-fold enhanced resolution of φ∈,
although available POVM is restricted. Therefore, for a given α ∈ N, we can prepare and measure
the quantum state Eq. (5.15) (α = 2m+ 2) or Eq. (5.16) (α = 2m+ 1), according to the parity of α;
we write these states in a unified manner as ε(α; φ∈). In the following, we call α the amplified level.
Note that ε(α; φ∈) requires α queries to A and A† in total.

Here, we assume the state ε(α; φ∈) is subjected to the (global) depolarization noise with probability
1− pq (> 0) for each use of A (A†), as in the previous case. Then, the output state with α queries to
A and A† is given by

εD(α; φ
∈) := pαqε(α; φ

∈) +
1− pαq

d
In. (5.17)

We remark that A and A† (e.g., the time evolution of a global Hamiltonian) are usually comprised
of a large number of gates, which would sufficiently scramble local noise into global depolarization
noise. Such assumptions are verified in terms of theoretical [52, 40] and (small-size) experimental [152]
aspects, while we leave further verification in a large-size experiment as future work.

5.4 Precision limit with noisy amplitude-amplified states

In the following, we derive the precision limit in estimating φ∈ with the use of the noisy amplitude-
amplified states εD(α; φ∈), based on the quantum Fisher information of these states. To this end,
we suppose that any POVM including the joint measurement on multiple n-qubit systems can be
performed, for the time being.

For a given number Nq of queries to A and A†, let us prepare a set of εD(α; φ∈) by splitting the
total queries. More specifically, we consider any partition {α′

k} of given total queries Nq such that

Nq =
∑M ′

k=1 α
′
k for some positive integer M ′. Then, we define the quantum state before measurement

as
ε(bm)
D (φ∈) := εD(α

′
1; φ

∈)⊗ · · ·⊗ εD(α
′
M ′ ; φ∈). (5.18)

Note that each εD(α′
k; φ

∈) uses α′
k queries to A and A†, and thus the quantum state ε(bm)

D uses Nq

queries in total. Here, for all partitions, we provide the upper bound of the total quantum Fisher

information Iq,tot[ε(bm)
D ] of the state ε(bm)

D in estimating φ∈.

Theorem 14 (Precision limit in the noisy expectation value estimation). For a given number Nq of
queries to n-qubit state preparation oracles A and A†, we consider all partitions {α′

k} (α′
k ∈ N) of

Nq such that Nq =
∑M ′

k=1 α
′
k for some positive integer M ′. Here, each use of A and A† induces the

n-qubit depolarization noise with probability 1−pq. Then, the total quantum Fisher information Iq,tot
regarding φ∈ of the quantum state ε(bm)

D (φ∈) in Eq. (5.18) satisfies the following inequalities:

Iq,tot
[
ε(bm)
D

]
≤

N2
qp

2Nq
q

21→n + (1− 21→n) p
Nq
q

, Nq ≤ αB,
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and

Iq,tot
[
ε(bm)
D

]
≤

NqαBp2αB
q

21→n + (1− 21→n) pαB
q

, Nq > αB,

where αB is defined by

αB := argmax
α∈N

αp2αq
21→n + (1− 21→n) pαq

. (5.19)

Furthermore, if Nq ≤ αB or Nq = rαB for some r ∈ N, there exists a partition {α′
k} satisfying the

above equality.

Proof. First, for any partition {α′
k}, Iq,tot[ε

(bm)
D ] is given by the sum of each quantum Fisher infor-

mation for εD(α′
k; φ

∈) with respect to φ∈:

Iq,tot
[
ε(bm)
D

]
=

M ′∑

k=1

(α′
k)

2p
2α′

k
q

2
2n +

(
1− 2

2n

)
p
α′

k
q

≡
M ′∑

k=1

Iq(α′
k). (5.20)

Considering Iq(α) = α2p2αq /(21→n +
(
1− 21→n

)
pαq ), we can directly confirm that Iq(α)/α is an in-

creasing function in the regime 0 < α ≤ αB, from the definition of αB. Note that if the argmax in the
definition of αB returns multiple values, we take the minimum as αB. In the case of Nq ≤ αB, for any
partition {α′

k}, α′
k ≤ Nq ≤ αB holds, and therefore we have

M ′∑

k=1

Iq(α′
k) =

M ′∑

k=1

α′
k
Iq(α′

k)

α′
k

≤
M ′∑

k=1

α′
k
Iq(Nq)

Nq
= Iq(Nq), (5.21)

where we recall Nq =
∑M ′

k=1 α
′
k. The second equality holds for the following partition: M ′ = 1 and

α′
1 = Nq.
Next, we consider the second case Nq > αB. By definition, Iq(α)/α ≤ Iq(αB)/αB holds for any

α ∈ N, and this leads to

M ′∑

k=1

Iq(α′
k) ≤

M ′∑

k=1

α′
k

αB
Iq(αB) =

Iq(αB)

αB
Nq. (5.22)

If there exists a natural number r such that Nq = rαB, then the first equality is saturable for the
partition: M ′ = r, α′

k = αB for all k. This completes the proof of Theorem 14.

A similar evaluation (i.e., the loss of quadratic term on Nq) of quantum Fisher information can
also be found in the previous works on noisy quantum metrology [44, 42, 105]. Note that, if the
argmax returns multiple values, we take the minimum as αB. A particularly important fact is that
the equality in the case Nq = rαB > αB holds for the partition M ′ = r and α′

k = αB ∀k; that is,

ε(bm)
D (φ∈) = εD(αB; φ

∈)⊗ · · ·⊗ εD(αB; φ
∈) (5.23)

enables us to achieve the upper bound of Iq,tot. Here, αB can be expressed as

αB = argmax
α∈N

Iq(α)
α

, (5.24)

where Iq(α) denotes the quantum Fisher information of εD(α; φ∈) regarding φ∈:

Iq(α) :=
α2p2αq

21→n + (1− 21→n) pαq
. (5.25)

We can derive Eq. (5.25) using the standard recipe found in e.g., [89, 176, 87]. That is, fixing α to
αB provides the best usage of A and A† in estimating φ∈ under the noisy condition. In the following,
we particularly focus on the regime αB " 100 (i.e., # 1% depolarization noise on each A) for the
early stage of fault-tolerant quantum computing [148]. As for the case Nq ≤ αB, if we coherently use

all queries (i.e., M ′ = 1 and α′
1 = Nq), the quantum Fisher information of ε(bm)

D achieves the upper
bound, which contains the quadratic term with respect to the total queries Nq.
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From the quantum Cramér-Rao (QCR) inequality [76, 75, 73, 23, 133], the upper bounds in
Theorem 14 set the precision limit in estimating φ∈ with given queries Nq, via the quantum states

εD(α′
k; φ

∈). That is, for any (unbiased) estimator φ̂ of φ∈ based on the measurement result from the

quantum states, the mean squared error (MSE) of φ̂ is lower bounded as

MSE(φ̂) ≥ 1

N2
q

21→n +
(
1− 21→n

)
p
Nq
q

p
2Nq
q

, Nq ≤ αB (5.26)

and

MSE(φ̂) ≥ 1

NqαB

21→n +
(
1− 21→n

)
pαB
q

p2αB
q

, Nq > αB. (5.27)

Note that we can obtain the lower bound of MSE regarding ⟨O⟩ = cos φ∈ by simply multiplying this
inequality by 1−⟨O⟩2. These inequalities hold for any POVM independent of φ∈; thus they characterize
the limit of estimation precision that cannot be improved by any measurement. In the following, we
mainly focus on the precision limit given by Eq. (5.27) because the other bound is asymptotically
negligible in a large number of queries Nq.

5.5 Adaptive observable estimation under white noise

5.5.1 The two-type measurement

To most efficiently read out the expectation value from εD, we need a POVM whose classical Fisher
information achieves the quantum Fisher information defined for this state. In fact, we found the
following 3-valued POVM that satisfies the above requirement for specific values of φ∈ and εD(α; φ∈)
with even α = 2m+ 2, as shown in Sec. 5.5.5:

M0 := |0⟩n ⟨0| , M1 := A† |1̄⟩ ⟨1̄|A, M2 := In −M0 −M1, (5.28)

where we recall that ⟨0|n A†|1̄⟩ = ⟨0̄|1̄⟩ = 0. Note that this POVM can be obtained from an optimal
POVM that exactly achieves the quantum Fisher information at the cost of φ∈-dependency in the
POVM elements; also see Sec. 5.5.5.

Suppose we can perform such an optimal measurement on each n-qubit system of ε(bm)
D in a

separable way. Then, the corresponding (total) classical Fisher information Ic,tot, which depends on

ε(bm)
D and the selection of POVM, is equal to Iq,tot[ε(bm)

D ] and furthermore achieves the upper bound
in Theorem 14 by setting α′

k = αB ∀k. However, both the optimal measurement and the POVM
(5.28) contain the unknown state A† |1̄⟩, and thus it is highly nontrivial to perform the measurements
on standard quantum computing devices under the black-box assumption of A and A†. Hence, we
approximate the ideal 3-valued POVM by marginalizing it, to have the following 2-valued POVM:

M (even)
1 := In −M (even)

0 , M (even)
0 := |0⟩n ⟨0| , (5.29)

where the superscript even means that we can perform this measurement on the quantum state εD
with even α (i.e., α = 2m + 2). This POVM can be implemented without any knowledge of the
black-box operations A and A†, by the computational basis measurement followed by post-processing
for classifying the obtained measurements into ”0” or ”1”.

The measurement (5.29) has powerful estimation capabilities in the sense of its Fisher information,
as follows. Measuring the state (5.17) with α = 2m + 2 by this POVM, we obtain the measurement

result corresponding to M (even)
1 with probability

P(even)
D (m; φ∈) :=

d− 1

d
+ p2(m+1)

q

[
sin2 [(m+ 1)φ∈]− d− 1

d

]
. (5.30)

Then, the classical Fisher information with Eq. (5.30) is calculated as

I(even)
c (m; φ∈) :=

(2m+ 2)2p4(m+1)
q sin2 [(2m+ 2)φ∈]

4P(even)
D (m; φ∈)

(
1−P(even)

D (m; φ∈)
) . (5.31)

Also, we rewrite the corresponding quantum Fisher information (5.25) as I(even)
q (m) := Iq(2m + 2)

for simplicity.
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Theorem 15. (Optimality of the marginalized POVM)

I(even)
c (m; φ∈) = κI(even)

q (m)×
[
1 +

1

2n
2(1− p2m+2

q )

p2m+2
q

]
(5.32)

holds, where κ is defined as

κ :=
sin2 [(m+ 1)φ∈]

1− p2m+2
q cos2 [(m+ 1)φ∈] + εn(m; φ∈)

. (5.33)

Here, εn(m; φ∈) = O(2→n) if cos [(m+ 1)φ∈] ̸= 0. When φ∈/2π is an irrational number, there exists
an m (i.e., the number of querying Q) such that κ∞ := limn→∞ κ is arbitrarily close to 1.

This theorem means that, to estimate a particular φ∈, the POVM (5.29) can become optimal in the
sense of Fisher information, as the number of qubits increases; the proof of Theorem 15 and additional
analysis are provided in Sec. 5.5.5. Note that a more detailed analysis shows that the factor εn(m; φ∈)
diverges at certain points (m, φ∈) such that cos [(m+ 1)φ∈] = 0, while in other points, it converges to
zero exponentially fast with respect to the number of qubits n. In the limit of a large number of qubits

n, I(even)
c still depends on φ∈ by the factor κ∞ in the domains sin [2(m+ 1)φ∈] ̸= 0, which differs from

the classical Fisher information of the original 3-valued POVM; see Sec. 5.5.5.
Based on Theorem 15, in the next subsection we introduce an algorithm that optimizes m (or

equivalently α) in a certain finite range. Although this theorem does not guarantee I(even)
c ≈ I(even)

q

for the optimized α, we numerically verify this approximation holds well when using modest number
of qubits. Furthermore, this optimization is often valid even when φ∈/2π is a rational number as
demonstrated later. As a consequence, this algorithm enables us to have nearly optimal POVMs for
almost all φ∈ in the large system dimension, in the sense of total Fisher information i.e., Ic,tot ≈ Iq,tot.

Although the even POVM (5.29) can become optimal in the sense of Fisher information, this does
not necessarily guarantee that the actual estimator (particularly the maximum likelihood estimator
based on the POVM) produces the best estimate that achieves the QCR bound. Actually, the prob-
ability (5.30) is an even function with respect to the value φ∈ − π/2, and the maximum likelihood
estimation associated with this even POVM cannot distinguish the sign of expectation values. To
construct an estimator that may correctly estimate the true target value, we therefore introduce the
following second POVM that breaks the above-mentioned symmetry:

M (odd)
1 := In −M (odd)

0 , M (odd)
0 :=

In +O
2

. (5.34)

From the assumption, the projective measurement of O is implementable. Here, we recall that the
process to measure Qm |0̄⟩ by this POVM is equivalent to the projective measurement of Z̄ ⊕ O|S⊥

on the state ε(α; φ∈) with odd α = 2m+ 1, as mentioned in Sec. 5.3. For this reason, we have added
the superscript odd for the POVM (5.34). Then, the probability of obtaining ”1” is given as

P(odd)
D (m; φ∈) =

1

2
−

p2m+1
q

2
cos [(2m+ 1)φ∈]. (5.35)

The coefficient of φ∈ differs by the factor 2 compared to that of φ∈ in Eq. (5.9), because the presence
of sign for expectation values doubles the domain of the target value. Since the probability (5.35)
is an odd function unlike Eq. (5.30), the measurement can distinguish the sign of the target value.
Note that, in contrast to the even POVM, the classical Fisher information corresponding to the odd

POVM, I(odd)
c (m; φ∈), always deviates from the quantum Fisher information even if the number of

qubits increases; see Sec. 5.5.5.
Hence, our estimator is composed of the even and odd POVMs, where the probability of obtaining

the measurement result ”1” is summarized as follows:

PD(α; φ
∈) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1

2
−

pαq
2

cos (αφ∈), α is odd

d− 1

d
+ pαq

[
sin2

(α
2
φ∈
)
− d− 1

d

]
, α is even

. (5.36)
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Figure 5.1: Overview of the proposed algorithm for estimating ⟨O⟩ = ⟨A|O|A⟩. Here, |A⟩ is a target
state prepared by operating an n-qubit quantum circuit A on the computational basis |0⟩n, and O is a
target Hermitian operator with eigenvalues ±1. We use the modified maximum likelihood estimation
method based on the specific quantum circuits with the amplitude amplification operator Q and the
two POVMs M (even),M (odd). The measurement based on the two types of POVM yields probability
distributions with different symmetries, and as a result the algorithm can estimate the expectation
value ⟨A|O|A⟩ correctly including its sign. We assume that the depolarization noise is induced when
implementing the state preparation A and A†. Even under this noisy condition, the algorithm can
estimate the target value efficiently in the sense of the Fisher information by optimizing the number
of querying Q (i.e., m) and the type of POVM (i.e., even or odd), which are encoded together into a 1-
dimensional discrete parameter α. That is, the optimization improves the classical Fisher information
so that it gets sufficiently close to the quantum Fisher information, when the system dimension d = 2n

is enough large. Reproduced from K. Wada et al., Quantum 8, 1463 (2024), DOI: 10.22331/q-2024-
09-09-1463. Licensed under CC BY 4.0.

Here α ∈ N represents the number of queries to the operator A and A†. We perform the measurement
via Eq. (5.34) when α is odd (α = 2m+1) and via Eq. (5.29) when α is even (α = 2m+2). Also, the
classical Fisher information corresponding to each measurement is represented as

Ic(α; φ∈) :=
α2p2αq sin2 (αφ∈)

4PD(α; φ∈)(1−PD(α; φ∈))
. (5.37)

5.5.2 The proposed adaptive estimation algorithm

Based on the discussion so far, the algorithm should satisfy the following conditions:

• When sin (αφ∈) ≃ 0, the classical Fisher information (5.37) becomes nearly zero, and thus the
estimation becomes inefficient by the Cramér-Rao inequality. Hence, such α should be avoided,
in both POVMs (5.29) and (5.34).

• We want to employ measurements whose classical Fisher information approaches the quantum
Fisher information for enhancing the estimation power.

• We want the total quantum Fisher information Iq,tot to achieve the upper bound, shown in
Theorem 14; thus α should be chosen to approach αB = argmaxα∈N Iq(α)/α, generating the
state (5.23).

Here we describe our expectation value estimation method that adaptively adjusts the amplified level
α and thereby satisfies the above three requirements. Importantly, this method inherits several good
properties of the maximum likelihood estimation, as proven in Sec. 5.5.3. Note that, in the context
of the amplitude estimation algorithms described in Sec. 5.2, Ref. [156] discusses the similar POVM
in Eq. (5.29). However, unlike our method, the algorithm of [156] does not employ an adaptive
optimization algorithm for estimation; thus it cannot achieve the quantum Fisher information for
almost all φ∈ and also suffers from the problem of vanishing classical Fisher information.
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Our algorithm is based on the maximum likelihood estimation method for the random variables
subjected to the probability distribution (5.36). An overview is shown in Fig. 5.1. The algorithm is
composed of the following five procedures.

(i) Set the first amplified level α1 = 1, and set the number of measurements N and the number of
steps M as some natural numbers.

(ii) If the amplified level αk is even, then we measure N copies of the quantum state εD(αk; φ∈) of
Eq. (5.17) with the POVM (5.29). If αk is odd, we perform the POVM (5.34) to each of N
copies of εD(αk; φ∈). We write the total number of hitting ”1” as x(k) ∈ {0, 1, · · · , N}. Here,
x(k) is a realization of the Binomial random variable

X(k) ∼ Bin(N,PD(αk; φ
∈)). (5.38)

(iii) Calculate the maximum likelihood estimate φ̂k based on the total k measurement results xk :=
(x(1), x(2), · · · , x(k)). That is, φ̂k maximizes the likelihood function

Lk(φ;xk) :=
k∏

l=1

Fl

(
x(l);αl(xl→1), φ

)
, (5.39)

where Fl

(
x(l);αl(xl→1), φ∈

)
is the probability distribution of the random variable X(l).

(iv) Determine αk+1 for the next measurement based on the current estimate φ̂k by numerically
solving the following optimization problem:

αk+1 := argmax
α∈Dk

Ic(α; φ̂k)
α

sin2
(
αφ̂k

)

1− ς cos2
(
αφ̂k

) , (5.40)

where Dk ⊂ N is a (finite) optimization range and ς ∈ (0, 1] is a parameter for regularization.

(v) Repeating the above procedure (ii)–(iv) for k = 1, 2, ...,M , we obtain a final estimate φ̂M . (We
omit the optimization in (iv) when k = M .)

We make some remarks on the proposed algorithm. First of all, we assume that the probability of
depolarization 1− pq is identified by some experiments on the quantum device to be used in advance
and the calibration on pq is perfect. The impact of calibration errors of pq on this algorithm is
analyzed numerically in Sec. 5.6.3. Unlike Bayesian estimation, our algorithm does not require any
prior information on the target value.

Then, we note that the measurement xk in (iii) is the collection of all the results via the measure-
ments with αl ∀l = 1, 2, · · · , k. As well as the method in Sec. 5.2, the ambiguity in estimating φ∈,
which arises from the periodic nature of PD(αk; φ∈), can be eliminated by the product of likelihoods
with different resolutions. Because the amplified level αk depends on the previous results xk→1 (except
for the case k = 1), the likelihood function Lk(φ;xk) has a hierarchical structure, unlike the case of
Eq. (5.6).

The optimization problem (5.40) comes from the third requirement described in the beginning
of this subsection; we will provide a detailed explanation in the next two paragraphs. Since the
elements of Dk are integers, the optimization problem can be efficiently solved using a simple brute
force method. Also, it is obvious that the optimization does not yield an amplified level such that
sin (αφ̂k) ≃ 0, and thus our method can avoid vanishing classical Fisher information regardless of the
target value. It should be noted that this algorithm finally outputs an estimate φ̂M together with the
realized amplified levels {αk}Mk=1 in a single run which uses Nq = N

∑M
k=1 αk queries to A and A† in

total.
Here, we explain the meaning of the term Ic/α in the optimization problem (5.40), which is

the objective function when ς = 1 (i.e., no regularization). By Theorem 15, the objective function
can be written as κ∞Iq(α)/α for even α when d = 2n is sufficiently large, because we can assume

cos (αφ̂k/2) ̸= 0 without loss of generality. Now, κ∞ ∈ [0, 1) is a periodic function while Iq(α)/α is
a unimodal function, with respect to α; the former function oscillates much faster than the change
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of the latter unless the noise level is too big, resulting that the maximum point of the objective
function κ∞Iq(α)/α is close to a point that maximizes Iq(α)/α withinDk. Furthermore, the numerical
simulation shown later suggests that, at around the maximum point of κ∞Iq(α)/α, we observe κ∞ ≈ 1.
This means that, from Theorem 15, our POVM becomes nearly optimal i.e., Ic ≈ Iq. Note that the
odd classical Fisher information is comparable to the quantum Fisher information when αk+1 takes a
relatively small value, and therefore the odd α (i.e., α = 2m+1) also takes an important role in such
a regime.

Importantly, if we set Dk such that Dk ⊂ Dk+1 and αB ∈ Dk′ for some k′, then the output of this
optimization problem converges to αB,c(φ∈) as the step k increases, under the condition φ̂k → φ∈ which
is actually valid as proven in the next subsection. Here, αB,c(φ∈) is defined as a solution of Eq. (5.40)

with Dk = N and φ̂k = φ∈. The above discussion says that the factor αB,c(φ∈) would be close to
αB = argmaxα∈N Iq(α)/α, which yields the state (5.23) and thereby achieves the upper bound of
the total quantum Fisher information. Thus, our algorithm uses the maximal quantum enhancement
specified by αB in Theorem 14 as the step k increases. In the following section, we numerically verify
these desirable properties of our algorithm.

The optimization presented above has the following issue that forced us to introduce a regular-
ization function. That is, if κ∞ is too close to one, the probability 1 − PD(α; φ∈) becomes small for
such an α when d ≫ 1, meaning that we need a large number of shots N to have a good estimate. To
circumvent this issue, we introduce a regularization function Reg(α; φ̂k) such that Reg ≃ 0 at κ∞ ≃ 1
and take the objective function κ∞Iq/α × Reg rather than κ∞Iq/α. Then, κ∞Iq/α × Reg is not
maximized at an α such that κ∞ is too close to 1. But we want κ∞ to be close enough to 1, hence
the regularization term Reg should satisfy Reg ≃ 0 only in the narrow region of α satisfying κ∞ ≃ 1.
We employ the following regularization function satisfying those requirements:

Reg(α; φ̂k) :=
sin2

(
αφ̂k

)

1− ς cos2
(
αφ̂k

) . (5.41)

When we employ the parameter ς closer to 1, the regularization function becomes sharper around α
such that κ∞ ≃ 1. Hence, we arrive at the objective function given in Eq. (5.40). In the numerical
simulation shown later, we choose ς = 0.95.

Also, the optimization ranges of {Dk} control the following trade-off. That is, a large α is preferred
to enhance the Fisher information per shot, but if α dramatically (e.g., super-exponentially) increases
with respect to k, then the estimation will be failed for a practical N because the likelihood function
Lk(φ;xk) has many peaks around the true target value. A more detailed analysis related to this
trade-off can be found in Ref. [74].

5.5.3 Statistical properties of the estimator

Although the random variables X(k) describing the measurement results depend on each other and
have the hierarchical structure as shown in Eq. (5.39), we can prove the following desirable statistical
property of the estimator; i.e., the consistency.

Theorem 16. (Consistency; informal version.) There exists a unique maximum likelihood estimator
φ̂M of LM (φ;XM ) such that

cos φ̂M → ⟨O⟩, (5.42)

where → means the convergence in probability as N → ∞. In addition, the random variable αk(Xk→1)
converges to a constant α∈

k in the sense of probability as follows

lim
N→∞

P [αk(Xk→1) = α∈
k] = 1, k = 2, · · · ,M, (5.43)

where αk (xk→1) is the optimized amplified level based on the measurement results xk→1; that is, {αk}
become independent with each other, as N → ∞.

The proof is given in Sec. 5.5.5, where α∈
k is given in Eq. (5.69). Theorem 16 means that the

proposed estimator is valid in the sense that more data leads to more accurate estimation. That is,
unlike the previous method [167] which uses Bayesian inference based on the measurement with the
odd POVM (5.34) (not the even POVM), the estimate approaches the true value with high probability
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as the number of measurements N increases, as implied by Eq. (5.42). Note that the Bayesian inference
may return estimates far from the true value as discussed in [90].

Furthermore, the asymptotic variance of the estimator can achieve the Cramér-Rao lower bound
when N is large. To show this result, we focus on the following total classical/quantum Fisher
information in our method:

Ic,tot (φ∈) = N
M∑

k=1

EXk−1 [Ic (αk (Xk→1) ; φ
∈)] , (5.44)

Iq,tot (φ∈) = N
M∑

k=1

EXk−1 [Iq (αk (Xk→1))] . (5.45)

The derivation is provided in Sec. 5.5.5. Since Theorem 16 states that αk (Xk→1) converges to a
constant α∈

k with high probability as N increases, the total Fisher information also converges as
follows;

Ic/q,tot(φ∈)
N

→
I∈
c/q,tot(φ

∈)

N
, (5.46)

where I∈
c/q,tot(φ

∈) is the asymptotic value of the total classical/quantum Fisher information defined
as

I∈
c,tot (φ

∈) := N
M∑

k=1

Ic (α∈
k; φ

∈) , (5.47)

I∈
q,tot (φ

∈) := N
M∑

k=1

Iq (α∈
k) . (5.48)

Note that α∈
k depends on the target value φ∈ implicitly as in Eq. (5.69). Here, we provide the conver-

gence theorem for the distribution of our estimator.

Theorem 17. (Asymptotic normality; informal version.) If φ̂M is a maximum likelihood estimator
of LM (φ;XM ), then the following convergence holds;

√
I∈
c,tot (arccos ⟨O⟩)

(
cos φ̂M − ⟨O⟩

)
→ N

(
0, 1− ⟨O⟩2

)
, (5.49)

where N (0, 1 − ⟨O⟩2) denotes a centered normal distribution with variance 1 − ⟨O⟩2, and → means
the convergence in distribution as N increases.

This theorem shows that the distribution of the estimator cos φ̂M gets arbitrarily close to the
normal distribution with mean ⟨O⟩ in large N . In addition, the asymptotic variance of the estimator
is proportional to the inverse of the asymptotic value of the total classical Fisher information. Thus,
our estimator can asymptotically achieve the classical Cramér-Rao lower bound. In the next section,
we numerically demonstrate how fast the above two asymptotic properties behave with respect to N .

As mentioned in Sec. 5.5.2 and demonstrated later, the adaptive optimization (5.40) yields the
nearly optimal measurement (i.e., Ic ≈ Iq) at each step in a large number of qubits. Furthermore, the
output αk of (5.40) converges to αB,c(φ∈) ≈ αB as the step k increases for an appropriate choice of
{Dk}. As a result, the properties of our algorithm lead to the following relations regarding the total
Fisher information:

I∈
c,tot(φ

∈) ≈ I∈
q,tot(φ

∈) ≈
M̸1

N∈
q
Iq(αB)

αB
, (5.50)

where N∈
q denotes the total number of queries for the asymptotic sequence {α∈

k}:

N∈
q := N

M∑

k=1

α∈
k. (5.51)

Note that this can be rewritten as N∈
q =

∑M ′

l=1 α
′
l for M

′ = NM and α′
l = α∈

k if (k−1)N +1 ≤ l ≤ kN
in the notation of Theorem 14. Importantly, the most right hand side in Eq. (5.50) matches the upper
bound in Theorem 14, where we use N∈

q (≥ αB) queries to A and A† in total. In the next section, we
demonstrate that the approximation errors are sufficiently small for almost all φ∈, via an appropriate
choice of {Dk}M→1

k=1 ; that is, together with the asymptotic normality, our estimator nearly achieves the
ultimate precision given by the inverse of total quantum Fisher information (5.27).
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5.5.4 Summary of the proposed protocol

Here we summarize the notable feature of the proposed adaptive method, with remarks on which part
is theoretically guaranteed and which part is left for numerical verification.

The goal is to ultimately estimate ⟨O⟩ = cos φ∈, for the given n-qubit implementable operators
A and O; note that, likewise the Grover operator, the implementability of these operators does not
mean that all the operator components are known and accordingly ⟨O⟩ is directly computable. The
noise parameter pq are assumed to be known. Another important assumption is that d = 2n ≫ 1. We
do not need other prerequisites for the target system.

The estimation procedure is illustrated in Fig. 5.1, where the amplification level αk, which de-
termines the number of querying Q and the type of POVM, is updated via Eq. (5.40) at each step
k (each step contains N shots). This optimization (5.40) is the maximization of classical Fisher in-
formation per queries, Ic/α, reflecting the goal to achieve quantum Fisher information Iq at each
step and αk → αB := argmaxα∈N Iq(α)/α. Here, αB provides the best coherent use of noisy A
and A† in estimating φ∈, which is proved in Theorem 14. From the analysis of our POVM (5.29) in
Theorem 15, the objective function Ic/α can be written as κ∞Iq/α, where κ∞ is a bounded periodic
function regarding α. Then, to achieve the above goal, the following properties should be satisfied:
(i) max κ∞Iq/α in a given optimization range Dk (∋ α) is close to max Iq/α in Dk and (ii) κ∞ ≈ 1
(i.e., Ic ≈ Iq) at the maximum point. Note that we gradually expand the range of Dk as k increases
to eliminate the estimation ambiguity; see Sec. 5.2. In Sec. 5.5.2, we provide an intuitive explanation
(not a rigorous proof) that the properties (i) and (ii) hold, and furthermore, these properties will be
numerically verified in the next section.

On the other hand, Theorems 16 and 17 guarantee the statistical properties of the estimator.
More precisely, Theorem 16 guarantees the consistency, stating that the estimate approaches the
true value with high probability as the number of shots N increases. Also, Theorem 17 guarantees
the asymptotic normality, stating that the estimator asymptotically achieves the classical Cramér-
Rao lower bound 1/I∈

c,tot(φ
∈). Here, the (asymptotic) total classical/quantum Fisher information

I∈
c,tot(φ

∈) and I∈
q,tot(φ

∈) are defined in Eqs. (5.47) and (5.48), respectively. Therefore, if the nearly
optimal sequence αk is properly chosen, the estimator achieves the estimation precision 1/I∈

c,tot(φ
∈) ≈

1/I∈
q,tot(φ

∈), and furthermore, it also achieves the precision αB/(N∈
qIq(αB)) for the (asymptotic) total

queries N∈
q in Eq. (5.51), when the iteration k is sufficiently large. This matches the precision limit

in Theorem 14 (more precisely, Eq. (5.27)). We numerically find that this happens in a moderate
number of shots N , as will be demonstrated in Figs. 5.4, 5.5 and 5.8.

5.5.5 Detailed derivations

Further analysis of the POVMs

Our problem is to estimate the target parameter φ ∈ (0,π) embedded into the noisy quantum
state (5.17). Here, let us consider the following POVM:

M0 := |0⟩n ⟨0| , M1 := A† |1̄⟩ ⟨1̄|A, M2 := In −M0 −M1. (5.52)

The POVM has the following meanings: M0 and M1 correspond to the measurement in the subspace
basis |0⟩n and A† |1̄⟩, respectively, and M2 corresponds to the event such that the measured state is
not in the subspace Span

{
|0⟩n , A† |1̄⟩

}
. Now, the classical Fisher information I ′

c(φ) for the probability
distribution

{tr[MkεD(α; φ)]}2k=0 , α = 2m+ 2 (5.53)

is calculated as follows:

I ′
c(φ) = 4(η′)2 (m+ 1)2 sin2 [2(m+ 1)φ]

{
η′ +

2(1− η′)

d
− d(η′)2 cos2 [2(m+ 1)φ]

dη′ + 2(1− η′)

}→1

, d = 2n

= 4(η′)2 (m+ 1)2
dη′ + 2(1− η′)

d(η′)2
sin2 [2(m+ 1)φ]

[(
1 +

2(1− η′)

dη′

)2

− 1 + sin2 [2(m+ 1)φ]

]→1

≤ 4(η′)2 (m+ 1)2
dη′ + 2(1− η′)

d(η′)2

(
1 +

2(1− η′)

dη′

)→2

=
d(η′)2(2m+ 2)2

dη′ + 2(1− η′)
, (5.54)
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where η′ := pαq = p2m+2
q . Since a function x2/(K + x2), x ∈ [−1, 1] with a positive constant K is

maximized at x = ±1, we obtain the third line, and therefore the condition for the equality is given
by sin [2(m+ 1)φ] = ±1. The most right hand side in the final line corresponds to the quantum Fisher
information Iq(α) for α = 2m + 2. Thus, for φ satisfying the equality condition, the POVM (5.52)
is optimal in the sense that the corresponding classical Fisher information gives the quantum Fisher
information. Moreover, in the limit of d = 2n → ∞, the classical Fisher information is equal to the
quantum Fisher information except for (m, φ) satisfying sin[2(m+1)φ] = 0. Note that, in general, the
eigenstates of SLD operator can be used to construct the optimal measurement that exactly achieves
the quantum Fisher information [23]. In our case, the POVM of optimal measurement consists of
quantum states in the form of superposition of |0⟩n and A† |1̄⟩, where the coefficients of the states
depend on the unknown target value; the POVM (5.52) is obtained by removing this target-dependency
in the coefficients.

Although the POVM (5.52) is an optimal measurement for certain φ satisfying sin [2(m+ 1)φ] =
±1, its implementation is nontrivial especially for M1 because A† |1̄⟩ is unknown. Note that the optimal
POVM obtained from the SLD operator has the same difficulty in implementation. Therefore, in this
paper, we focus on the 2-valued POVM (5.29), which can be obtained from the POVM (5.52) as
follows:

M (even)
0 = M0, M (even)

1 = M1 +M2. (5.55)

This POVM removes the element M1 from the original 3-valued POVM (5.52), meaning that the
quantum Fisher information is not achieved in general.

The classical Fisher information associated with the 2-valued POVM is calculated as, assuming
cos [(m+ 1)φ] ̸= 0,

I(even)
c (m; φ) =

(2m+ 2)2η′ sin2 [(m+ 1)φ]

1− η′ cos2 [(m+ 1)φ] + 1→η′
dη′ cos2 [(m+1)θ]

(
1− 1→η′

d − 2η′ cos2 [(m+ 1)φ]
)

= I(even)
q (m)

sin2 [(m+ 1)φ]
(
1 + 2 1→η′

dη′

)

1− η′ cos2 [(m+ 1)φ] + 1→η′
dη′ cos2 [(m+1)θ]

(
1− 1→η′

d − 2η′ cos2 [(m+ 1)φ]
)

≡ I(even)
q (m)

sin2 [(m+ 1)φ]

1− η′ cos2 [(m+ 1)φ] + εn(m; φ)

(
1 + 2

1− η′

dη′

)
, (5.56)

where we recall η′ := pαq = p2m+2
q and in the final line, we defined εn as

εn(m; φ) :=
1− η′

dη′ cos2 [(m+ 1)φ]

(
1− 1− η′

d
− 2η′ cos2 [(m+ 1)φ]

)
. (5.57)

This factor εn vanishes exponentially fast with respect to the number of qubits n if cos [(m+ 1)φ] ̸= 0,
as follows:

|εn(m; φ)| ≤ 1− η′

η′ cos2 [(m+ 1)φ]

1

2n
= O

(
1

2n

)
, (5.58)

where we recall d = 2n. Here, we define the coefficient of I(even)
q (m) as κ:

κ :=
sin2 [(m+ 1)φ]

1− η′ cos2 [(m+ 1)φ] + εn(m; φ)
(5.59)

Then, Eq. (5.56) is expressed as

I(even)
c (m; φ) = κI(even)

q (m)

[
1 + 2

1− η′

2nη′

]
. (5.60)

Now, when φ/2π is an irrational number, the set of complex numbers {ei(m+1)θ}m=0,1,··· with suffi-
ciently largem fill the unit circle in the complex plane. Thus, there exists an m such that cos [(m+ 1)φ]
is arbitrarily close to 0 and accordingly

κ∞ := lim
d→∞

κ =
sin2 [(m+ 1)φ]

1− η′ cos2 [(m+ 1)φ]
∈ [0, 1) (5.61)
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is arbitrarily close to 1. Therefore, from Eq. (5.60), the classical Fisher information sufficiently
approaches the quantum Fisher information, under certain condition on (m, φ); moreover, taking an
appropriate m, we can make the convergence exponentially fast with respect to the number of qubits
(recall d = 2n with n the number of qubits). This establishes Theorem 15.

Here we point out that there is discontinuity in the classical Fisher information, which implies the
instability of estimation. For this purpose, let us see the Fisher information in the limit d → ∞:

lim
d→∞

I(even)
c (m; φ) =

⎧
⎪⎨

⎪⎩

0, cos [(m+ 1)φ] = 0

I(even)
q (m) sin2 [(m+ 1)φ]

1− η′ cos2 [(m+ 1)φ]
, cos [(m+ 1)φ] ̸= 0

. (5.62)

That is, for cos [(m+ 1)φ] ̸= 0, we obtain

lim
d→∞

I(even)
c (m; φ) ≤ 4η′(m+ 1)2 = lim

d→∞
I(even)
q (m). (5.63)

The first equality holds for cos [(m+ 1)φ] = 0 even though I(even)
c (m; φ) vanishes at such points as

shown in Eq. (5.62). Therefore, the classical Fisher information is not continuous at cos [(m+ 1)φ] = 0
in the limit d = 2n → ∞.

Finally, as for the other 2-valued POVM (5.34), comparing the Fisher information Iq/c(α; φ) for
α = 2m+ 1, we can obtain the following inequality for d > 2:

I(odd)
c (m; φ) :=

(2m+ 1)2(p2m+1
q )2 sin2 [(2m+ 1)φ]

4P(odd)
D (m; φ)

(
1−P(odd)

D (m; φ)
) ≤ (2m+ 1)2p2(2m+1)

q < Iq(2m+ 1). (5.64)

Hence, unlike the even classical Fisher information, the odd classical Fisher information is always
smaller than the quantum Fisher information even when the number of qubits increases.

Statistical structure of the algorithm

In our model, the distribution of random variables XM has a hierarchical model as follows;

LM (xM ; φ) =
M∏

m=1

Fm

(
x(m);αm(xm→1), φ

)
, (5.65)

where Fm is the probability function of Binomial distribution with success probability PD(αm(xm→1); φ).
Substituting Eq. (5.65) into Eq. (2.19), we obtain the total classical Fisher information as

Ic,tot(φ) = −
M∑

m=1

EXm

[
∂2θ lnFm

(
X(m);αm(Xm→1), φ

)]

= −
M∑

m=1

∑

xm=(x(1),··· ,x(m))

∂2θ lnFm

(
x(m);αm(xm→1), φ

)
Lm(xm; φ)

= −
M∑

m=1

∑

x(m)

∑

xm−1=(x(1),··· ,x(m−1))

∂2θ lnFm

(
x(m);αm(xm→1), φ

)
Fm

(
x(m);αm(xm→1), φ

)
Lm→1(xm→1; φ)

= −
M∑

m=1

∑

xm−1

Lm→1(xm→1; φ)
∑

x(m)

∂2θ lnFm

(
x(m);αm(xm→1), φ

)
Fm

(
x(m);αm(xm→1), φ

)

= −
M∑

m=1

∑

xm−1

Lm→1(xm→1; φ)EY (m)

[
∂2θ lnFm

(
Y (m);αm(xm→1), φ

)]
, (5.66)

where we used the conditional probability (5.65) in the third line. Y (m) denotes a random variable
following Fm(y(m);αm(xm→1), φ), with y(m) ∈ {0, 1, · · · , N}. Note here that xm→1 is not a random
variable, but a realized value of Xm→1. The expectation in the final line corresponds to the classical
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Fisher information in Eq. (5.37) multiplied by N . Thus, we can write the total classical Fisher
information as

Ic,tot (φ) = N
M∑

m=1

EXm−1 [Ic (αm(Xm→1); φ)] . (5.67)

Similarly, we define the corresponding total quantum Fisher information as

Iq,tot (φ) = N
M∑

m=1

EXm−1 [Iq (αm(Xm→1))] . (5.68)

As proved in the following subsection, αm(Xm→1) = α∈
m holds with high probability for all m as

N increases, where α∈
m is a solution of the following optimization problem for the target value φ (not

an estimate φ̂):

α∈
m := argmax

α∈Dm−1

Ic(α; φ)
α

sin2 (αφ)

1− ς cos2 (αφ)
, (5.69)

where we define α∈
1 = 1. Using Eq. (5.69), the asymptotic values of the total classical/quantum Fisher

information are given by

I∈
c/q,tot (φ) := N

M∑

m=1

Ic/q (α∈
m; φ) . (5.70)

Then we have

lim
N→∞

Ic/q,tot (φ)
N

=
M∑

m=1

Ic/q (α∈
m; φ) =

I∈
c/q,tot (φ)

N
, (5.71)

which characterizes the variance of our estimator in the asymptotic regime.
Finally, we show the impact of ς on the asymptotic total classical/quantum Fisher information in

Fig. 5.2. Here, the experimental settings are equal to those in Sec. 5.6. As expected from the form
of the objective function (5.69), we confirm that the ratio of I∈

c/q,tot (φ) gets closer to 1 when ς → 1.

Also, in the case of ς = 0.99, the peaks at the rational points π/j, (j = 2, 3, 4, 6) become more distinct
than the case of ς = 0.95.

Proof for statistical properties

Let φ∈ ∈ (0,π) satisfying cos φ∈ = ⟨O⟩ be a target value to be estimated. Since the objective function
in Eq. (5.69) vanishes at αφ∈ = lπ (l ∈ Z), then the definition of α∈

m leads to α∈
mφ

∈ ̸= lπ for
m = 2, 3, · · · ,M . Thus, we can take an integer zm satisfying

φ∈ ∈ Θ(m) :=

(
zm
α∈
m

π,
zm + 1

α∈
m

π

)
, ∀m, (5.72)

and define ΘM := ∩M
m=1Θ(m).

Theorem 18. There exists a unique maximum likelihood estimator φ̂M of LM (φ;XM ) such that
cos φ̂M → cos φ∈ (convergence in probability) with the probability approaching 1 as N → ∞, and

lim
N→∞

P [αk(Xk→1) = α∈
k] = 1 (5.73)

holds for all k = 2, · · · ,M .

As a demonstration of Theorem 16, we provide an example of the realized amplified levels in
Fig. 5.3. Here, the experimental settings are equivalent to those in Sec. 5.6.1. Figure 5.3 shows
that the amplified levels converge rapidly to the asymptotic values, and therefore the total Fisher
information and the total number of queries also show rapid convergence.
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Figure 5.2: Comparison of the asymptotic total classical and quantum Fisher information of our
method in the case of 20-qubit system and M = 8. The blue (top) and orange (bottom) lines
represent the results for the case of the regularization parameter ς = 0.95 and ς = 0.99, respectively.
The vertical dotted lines represent the target values corresponding to φ∈ = π/j, j = 2, 3, 4, 6 from left
to right. Reproduced from K. Wada et al., Quantum 8, 1463 (2024), DOI: 10.22331/q-2024-09-09-
1463. Licensed under CC BY 4.0.

Proof. Let E(m) be the following event : αk(Xk→1) = α∈
k holds for all k = 1, 2, · · · ,m, and there

exists a unique maximum likelihood estimator φ̂m of Lm(φ;Xm) which converges to φ∈. Note that if
we establish φ̂m → φ∈, then this immediately leads to cos φ̂m → cos φ∈ due to the continuous mapping
theorem.

In the case of m = 1, the likelihood function L1(φ;X1) is equivalent to F1(X(1);α∈
1, φ). Because

the success probability PD(α∈
1; ·) : (0,π) → (0, 1) is injective and the likelihood equation

∂θ lnF1(X
(1);α∈

1, φ) = 0 (5.74)

has a unique solution when a solution exists, it follows that

P [E(1)] → 1 as N → ∞, (5.75)

from the theory of maximum likelihood estimation [144].
Here, we assume that P [E(M − 1)] → 1 for M ≥ 2. For simplicity, we identify the classical Fisher

information Ic(α; φ) with the objective function in Eq. (5.40) in this proof. Fixing α in the objective
function Ic(α; φ), we can confirm that Ic(α; φ̂M→1) converges smoothly to Ic(α; φ∈) when φ̂M→1 → φ∈.
If there is a unique point maximizing Ic(α; φ∈) in the range of DM→1, then there exists some small
number ε′ > 0, and the following implication holds

{ ∣∣∣φ̂M→1 − φ∈
∣∣∣ < ε′

}
⊆
{
αM (XM→1) = α∈

M

}
, (5.76)

where {·} denotes a set of events such as
{
xM→1 :

∣∣∣φ̂M→1(xM→1)− φ∈
∣∣∣ < ε′

}
. (5.77)

Note that even if the maximum point of Ic(α; φ∈) in DM→1 is not unique, Eq. (5.76) also holds when
we adopt the minimum value in a subset D̄M→1 of DM→1 as the realization of αM (XM→1). Here, the
subset D̄M→1 consists of elements in DM→1 satisfying

∣∣∣Ic
(
α; φ̂M→1

)
− I(max)

c,M→1

(
φ̂M→1

)∣∣∣ < εthreshold, (5.78)

where εthreshold is a small positive number, and

I(max)
c,M→1

(
φ̂M→1

)
:= max

α∈DM−1

Ic
(
α; φ̂M→1

)
. (5.79)
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(a) cos φ∈ = 0.042 (b) cos φ∈ = 0.5

Figure 5.3: Convergence of the amplified levels αk with respect to N . The color bars represent the
average of the realized amplified levels normalized by its asymptotic values α∈

k over 3000 trials, and
the error bars denote the standard deviation. With a fixed value of k, the three color bars show the
results corresponding to N = 5 (left, blue), N = 50 (center, orange), and N = 500 (right, green),
respectively. Reproduced from K. Wada et al., Quantum 8, 1463 (2024), DOI: 10.22331/q-2024-09-
09-1463. Licensed under CC BY 4.0.

Note that α∈
M is defined as the minimum value of D̄M→1 for φ∈. In the limit of φ̂M→1 → φ∈, D̄M→1 for

φ̂M→1 has the same elements in D̄M→1 for φ∈, and therefore the implication in Eq. (5.76) holds. From
the assumption P [E(M − 1)] → 1, there exists N∈

1 ∈ N for all η > 0 such that

P
[
E(M − 1) ∩

{∣∣∣φ̂M→1 − φ∈
∣∣∣ < ε′

}]
> 1− η (5.80)

holds for all N > N∈
1 . The implication in Eq. (5.76) yields the following inequality

1− η < P
[
E(M − 1) ∩

{∣∣∣φ̂M→1 − φ∈
∣∣∣ < ε′

}]

≤ P
[
E(M − 1)∩

{
αM (XM→1) = α∈

M

}]
≤ P

[{
αk(Xk→1) = α∈

k ∀k
}]

. (5.81)

Note that if αk(xk→1) = α∈
k holds for all k = 1, 2, · · · ,M , then the likelihood function LM (φ;xM ) can

be written as

LM (φ;xM ) =
M∏

m=1

Fm

(
x(m);αm (xm→1) , φ

)
=

M∏

m=1

Fm

(
x(m);α∈

m, φ
)
. (5.82)

On the other hand, Lemma 2 guarantees the existence of some natural number N∈
2 such that

P [A] > 1− η, (5.83)

for all N > N∈
2 , where an event A is defined as

A:
∏M

m=1 Fm

(
X(m);α∈

m, φ
)
has a unique maximum point φ̂M such that φ̂M → φ∈.

From Eqs. (5.81) and (5.83), if we choose N > max{N∈
1 , N

∈
2 }, then

P [E(M)]

= P
[{

LM (φ;XM ) has a unique maximum point φ̂M s.t. φ̂M → φ∈
}
∩
{
αk(Xk→1) = α∈

k ∀k = 1, 2, · · · ,M
}]

= P

[{ M∏

m=1

Fm

(
X(m);α∈

m, φ
)

has a unique maximum point φ̂M s.t. φ̂M → φ∈
}
∩
{
αk(Xk→1) = α∈

k ∀k
}]

= P
[
A∩
{
αk(Xk→1) = α∈

k ∀k
}]

> 1− 2η. (5.84)
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In conclusion, we have proved that P [E(M)] → 1 also holds, and the mathematical induction estab-
lishes the theorem.

To prove Lemma 2 or Eq. (5.83), we first establish the existence of a solution for the likelihood
equation on Fm.

Lemma 13. A natural number 2 ≤ m ≤ M is fixed arbitrarily. Suppose P [αm(Xm→1) = α∈
m] → 1 as

the number of measurements N increases, then Fm(X(m);α∈
m, φ) has a unique maximum point φ̂(m)

in Θm such that φ̂(m) → φ∈ with the probability approaching 1.

Proof. We first show

P
[
Fm

(
X(m);α∈

m, φ∈
)
> Fm

(
X(m);α∈

m, φ
)]

→ 1 (5.85)

holds for any φ ∈ Θm, φ ̸= φ∈. The l.h.s can be transformed as

P
[
Fm

(
X(m);α∈

m, φ∈
)
> Fm

(
X(m);α∈

m, φ
)]

=
∑

x(m)

∑

xm−1

Lm→1 (xm→1; φ
∈)Fm

(
x(m);αm(xm→1), φ

∈
)
1
{
Fm

(
X(m);α∈

m, φ∈
)
> Fm

(
X(m);α∈

m, φ
)}

(x(m))

=
∑

α′
m∈Dm−1

∑

xm−1:
αm(xm−1)=α

′
m

Lm→1

∑

x(m)

Fm

(
x(m);α′

m, φ∈
)
1
{
Fm

(
X(m);α∈

m, φ∈
)
> Fm

(
X(m);α∈

m, φ
)}

(x(m))

=
∑

α′
m∈Dm−1

P [αm(Xm→1) = α′
m]
∑

x(m)

Fm

(
x(m);α′

m, φ∈
)
1
{
Fm

(
X(m);α∈

m, φ∈
)
> Fm

(
X(m);α∈

m, φ
)}

(x(m)),

(5.86)

where 1{·}(x) denotes an indicator function. By assumption, the summation for α′
m of the last line

vanishes except for the term with α′
m = α∈

m as N increases. Thus, the remaining term can be written
as

P
[
Fm

(
Y (m);α∈

m, φ∈
)
> Fm

(
Y (m);α∈

m, φ
)]

, (5.87)

where Y (m) denotes a random variable following

Bin (N,PD (α∈
m; φ∈)) . (5.88)

Since the probability PD (α∈
m; φ) is an injective function with respect to φ ∈ Θm; and its support is

independent to φ, these conditions yield

P
[
Fm

(
Y (m);α∈

m, φ∈
)
> Fm

(
Y (m);α∈

m, φ
)]

→ 1, (5.89)

as N → ∞. We can prove this from the law of large numbers for independent Bernoulli trials on
Y (m) and the non-negativity of the Kullback-Leibler divergence. Combining Eqs. (5.89), (5.86), we
complete the proof of Eq. (5.85).

By definition of Θm, we can choose a small positive number ς such that (φ∈− ς, φ∈+ ς) ⊂ Θm. Let
B± be the following events

B±: Fm

(
X(m);α∈

m, φ∈
)
> Fm

(
X(m);α∈

m, φ∈ ± ς
)
holds.

Considering x(m) ∈ B+ ∩B→, the equation

∂

∂φ
Fm

(
x(m);α∈

m, φ
)
= 0, (5.90)

has solutions, and we write φ̂(m) as the solution closest to φ∈ among them. Since the difference between
φ̂(m) and φ∈ is less than ς; and for all ε > 0 there exists N∈ ∈ N such that P [B±] > 1 − ε for all
N > N∈ by Eq. (5.85), we obtain

P
[∣∣∣φ̂(m) − φ∈

∣∣∣ < ς
]
≥ P [B+ ∩B→] > 1− 2ε. (5.91)

In addition, the likelihood equation Eq. (5.90) has a unique solution maximizing Fm(x(m);α∈
m, φ) in Θm

if a solution of Eq. (5.90) exists in Θm. Therefore, φ̂(m) is a unique maximum point of Fm

(
x(m);α∈

m, φ
)

in Θm.
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Applying Lemma 1 to all the functions {Fm}, we establish the existence of a unique maximum
point of the product function ΠmFm.

Lemma 14. Suppose P [αk(Xk→1) = α∈
k] → 1 for all k = 2, · · · ,M and φ̂(1) → φ∈ (convergence in

probability). Then, there exists a unique maximum point φ̂M of the product function ΠM
m=1Fm(X(m);α∈

m, φ)
in (0,π) such that φ̂M → φ∈ with the probability approaching 1 as N → ∞.

Proof. From the assumption and Lemma 1, we can choose N∈ ∈ N for all ε > 0 such that the
probability of occurrence of the following event C is bigger than 1− ε for all N > N∈;

C: For all m, φ̂(m) exists in ΘM .

Here, φ̂(m) denotes a (unique) maximum point of Fm in ΘM . Actually, Fm is globally maximized at
the point φ̂(m) because of the periodicity of Fm:

max
θ∈(0,ω)

Fm

(
x(m);α∈

m, φ
)
= Fm

(
x(m);α∈

m, φ̂(m)
)
. (5.92)

Let φ̂max (φ̂min) be the maximum (minimum) value of a set {φ̂(m)}. Since the product function
ΠM

m=1Fm is a continuous function with respect to φ, it has a maximum point φ̂M in [φ̂min, φ̂max]. φ̂max

and φ̂min themselves cannot be a maximum point, because the gradient at these points does not vanish
as follows. Since φ̂min ≤ φ̂(m) holds, we obtain

∂

∂φ

M∏

m=1

Fm

(
x(m);α∈

m, φ
)∣∣∣∣∣
θ̂min

=
M∑

k=1

F1 · · ·Fk→1
∂Fk

∂φ

∣∣∣∣
θ̂min

Fk+1 · · ·FM

=
∑

k:θ̂(k) 7=θ̂min

F1 · · ·Fk→1
∂Fk

∂φ

∣∣∣∣
θ̂min

Fk+1 · · ·FM > 0, (5.93)

where Fm > 0 and ∂θFm > 0 for φ < φ̂(m) lead to the final inequality. In the same way, we can prove
that the gradient at φ̂max is negative. Therefore, we obtain

P

[
there exists a maximum point φ̂M of

M∏

m=1

Fm

(
X(m);α∈

m, φ
)

in ΘM such that φ̂M
p−→ φ∈

]

≥ P [C] > 1− ε, (5.94)

where we use the fact that φ̂min, φ̂max → φ∈ yields φ̂M → φ∈.
Finally, we show that ΠmFm is globally maximized at φ̂M . For simplicity, we write Fm(x(m);α∈

m, φ)
as Fm(φ). By Taylor’s theorem, there is a scalar cm between φ̂(m) and φ̂M such that

lnFm(φ̂(m))− lnFm(φ̂M ) = −∂
2
θ lnFm(cm)

2

(
φ̂(m) − φ̂M

)2
. (5.95)

Here, the second derivative in Eq. (5.95) can be upper bounded by N and a positive constant K
(independent to N) as

−∂
2
θ lnFm(cm)

2

(
φ̂(m) − φ̂M

)2
<

NK

2

(
φ̂(m) − φ̂M

)2
. (5.96)

Recalling that F1(φ) has a single peak in (0,π), for an arbitrary λ /∈ ΘM , we obtain

lnF1(φ̂M )− lnF1(λ)∣∣∣φ̂M − λ
∣∣∣

=
N

2

∣∣∣∣
pq sin (c1)(x(1)/N −PD(1; c1))

PD(1; c1) [1−PD(1; c1)]

∣∣∣∣ >
NL

2
, (5.97)

where c1 is a scalar between λ and φ̂M , and L > 0 is a positive constant. Combining Eqs. (5.92) and
(5.95)–(5.97), the following inequalities hold:

M∑

m=1

ln
Fm(φ̂M )

Fm(λ)
≥ ln

F1(φ̂M )

F1(λ)
+

M∑

m=2

ln
Fm(φ̂M )

Fm(φ̂(m))
>

N

2

[
L
∣∣∣λ− φ̂M

∣∣∣−K
M∑

m=2

(
φ̂(m) − φ̂M

)2
]
. (5.98)
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For sufficiently large N , the second term in the square bracket becomes small compared to the first
term, and therefore we conclude that

∏

m

Fm(φ̂M ) >
∏

m

Fm(λ). (5.99)

Consequently, the maximum of ΠM
m=1Fm in ΘM becomes the global maximum in (0,π).

Finally, we prove that, when N is large, the asymptotic variance of our estimator can achieve the
classical Cramér-Rao lower bound.

Theorem 19. If φ̂M is a maximum likelihood estimator on LM (φ;XM ) such that φ̂M → φ∈ (conver-
gence in probability), then the following convergence holds;

√
I∈
c,tot(φ

∈)
(
cos φ̂M − cos φ∈

)
→ N (0, sin2 φ∈), (5.100)

where N denotes a centered normal distribution with variance sin2 φ∈ and → means the convergence
in distribution as N increases.

Proof. Using the Taylor’s theorem, we can expand ∂θ lnLM (φ;XM ) around φ = φ∈ as

∂θ lnLM (φ;XM ) = ∂θ lnLM (φ∈;XM )

+ ∂2θ lnLM (φ∈;XM )(φ − φ∈) +
1

2
∂3θ lnLM (φ′;XM )(φ − φ∈)2, (5.101)

where φ′ denotes some real number between φ and φ∈. Since φ̂M is a root of the likelihood equation,
we obtain

√
I∈
c,tot(φ

∈)(φ̂M − φ∈) =
A

B − C
, (5.102)

where for simplicity we introduced the random variables A,B, and C defined as

A :=
(
I∈
c,tot(φ

∈)
)→1/2

∂θ lnLM (φ∈;XM ),
(
I∈
c,tot(φ

∈)
)→1

∂2θ lnLM (φ∈;XM ),

C :=
(
2I∈

c,tot(φ
∈)
)→1

∂3θ lnLM (φ′;XM )(φ̂M − φ∈).

Here, we show that A converges to the standard normal distribution. To apply Lemma 3, we first
calculate the characteristic function of A replacing XM ,αm → YM ,α∈

m, where YM = (Y (1), · · · , Y (M))
is a random vector whose element follows Binomial distribution Bin(N,PD (α∈

m; φ∈)) independently.
That is, for t ∈ R we have

E
[
exp(it A|XM ,αm→YM ,α∗

m
)
]
= E

⎡

⎣exp

⎛

⎝ it
∑M

m=1 ∂θ lnFm(Y (m);α∈
m, φ∈)√

I∈
c,tot(φ

∈)

⎞

⎠

⎤

⎦

=
M∏

m=1

⎛

⎝E

⎡

⎣exp

⎛

⎝ it∂θ ln fm(Y (m)
1 ;α∈

m, φ∈)√
I∈
c,tot(φ

∈)

⎞

⎠

⎤

⎦

⎞

⎠
N

=
M∏

m=1

(
1− t2

2N

Ic(α∈
m; φ∈)

∑M
m=1 Ic(α∈

m; φ∈)
+ o

(
1

N

))N

→ exp

(
− t2

2

)
, (5.103)

where Y (m)
1 denotes a random variable following Bernoulli distribution with the success probability

PD(α∈
m; φ∈), and fm is the probability function of Y (m)

1 . Thus, Lemma 3 yields

lim
N→∞

E [exp(itA)] = exp

(
− t2

2

)
. (5.104)

Therefore, A → N (0, 1) holds.



98 CHAPTER 5. SINGLE-OBSERVABLE ESTIMATION FOR EARLY FTQC

Next, we consider the convergence of B. According to the Chebyshev inequality, for all c > 0 we
obtain

P [|B − 1| > c] ≤ c→2E
[
(B − 1)2

]
. (5.105)

Here, (B − 1)2 is upper bounded, and the expectation of (B − 1)2 replacing XM ,αm → YM ,α∈
m also

converges to 0 as follows. For simplicity, we define Wm(Y (m)) and wm(Y (m)) as

Wm(Y (m)) := ∂2θ lnFm(Y (m);α∈
m, φ∈)− E

[
∂2θ lnFm(Y (m);α∈

m, φ∈)
]
,

wm(Y (m)
1 ) := ∂2θ ln fm(Y (m)

1 ;α∈
m, φ∈)− E

[
∂2θ ln fm(Y (m)

1 ;α∈
m, φ∈)

]
,

respectively.

E
[
(B − 1)2

∣∣∣
XM ,αm→YM ,α∗

m

]
=

Var
[
∂2θ ln

∏M
m=1 Fm(Y (m);α∈

m, φ∈)
]

[
I∈
c,tot(φ

∈)
]2

=

∑M
n,m=1 E

[
Wm(Y (m))Wn(Y (n))

]

[
I∈
c,tot(φ

∈)
]2 =

N
[
I∈
c,tot(φ

∈)
]2

M∑

m=1

E
[
w2

m(Y (m)
1 )

]

=
1

N

∑M
m=1 E

[
w2

m(Y (m)
1 )

]

[∑M
m=1 Ic(α∈

m; φ∈)
]2 → 0, (5.106)

where we used I∈
c,tot(φ

∈) = −E[∂2θ ln
∏M

m=1 Fm] for the first equality. Thus, Lemma 3 establishes that
B → 1 holds.

Since N→1∂3θ lnLM (φ′;xM ) is also upper bounded, φ̂M − φ∈ → 0 yields C → 0. To sum up the
above asymptotic properties, we conclude that the following convergence holds;

√
I∈
c,tot(φ

∈)(φ̂M − φ∈) → N (0, 1). (5.107)

In addition, the delta method [144] yields a more suitable expression

√
I∈
c,tot(φ

∈)(cos φ̂M − cos φ∈) → N (0, sin2 φ∈). (5.108)

To complete the proof of Theorem 17, we finally show the following lemma.

Lemma 15. Let h(xM ,α2, · · · ,αM ) be an upper bounded function on xM ∈ {0, 1, · · · , N}M and
Y (m) be an independent random variable following Binomial distribution Bin(N,PD (α∈

m; φ∈)) (m =
1, 2, · · · ,M). Suppose that E [h(YM ,α∈

2, · · · ,α∈
M )] converges to some constant β as N → ∞, then the

following convergence holds

lim
N→∞

E [h(XM ,α2(X1), · · · ,αM (XM→1))] = β. (5.109)
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Proof. Expanding the left hand side in Eq. (5.109), we obtain

E [h(XM ,α2(X1), · · · ,αM (XM→1))] =
∑

xM

LM (xM ; φ∈)h(xM ,α2(x1), · · · ,αM (xM→1))

=
∑

xM
αk(xk−1)=α

∗
k ∀k

LM (xM ; φ∈)h(xM ,α2(x1), · · · ,αM (xM→1))

+
∑

xM
αk(xk−1) 7=α∗

k ∃k

LM (xM ; φ∈)h(xM ,α2(x1), · · · ,αM (xM→1))

=
∑

xM
αk(xk−1)=α

∗
k ∀k

M∏

m=1

Fm

(
x(m);α∈

m, φ∈
)
h(xM ,α∈

2, · · · ,α∈
M )

+
∑

xM
αk(xk−1) 7=α∗

k ∃k

LM (xM ; φ∈)h(xM ,α2(x1), · · · ,αM (xM→1))

= E [h(YM ,α∈
2, · · · ,α∈

M )]

+
∑

xM
αk(xk−1) 7=α∗

k ∃k

LM (xM ; φ∈)h(xM ,α2(x1), · · · ,αM (xM→1))

−
∑

xM
αk(xk−1) 7=α∗

k ∃k

M∏

m=1

Fm

(
x(m);α∈

m, φ∈
)
h(xM ,α∈

2, · · · ,α∈
M ). (5.110)

The above expression yields the following inequality

|E [h(XM ,α2(X1), · · · ,αM (XM→1))]− β|
≤ |E [h(YM ,α∈

2, · · · ,α∈
M )]− β|

+
∑

xM
αk(xk−1) 7=α∗

k ∃k

LM (xM ; φ∈) |h(xM ,α2(x1), · · · ,αM (xM→1))|

+
∑

xM
αk(xk−1) 7=α∗

k ∃k

M∏

m=1

Fm

(
x(m);α∈

m, φ∈
)
|h(xM ,α∈

2, · · · ,α∈
M )|

≤ |E [h(YM ,α∈
2, · · · ,α∈

M )]− β|+ γ
∑

xM
αk(xk−1) 7=α∗

k ∃k

(
LM (xM ; φ∈) +

M∏

m=1

Fm

(
x(m);α∈

m, φ∈
))

,

(5.111)

where γ is the upper bound of h. The convergence of amplified levels implies that for all ε > 0 there
exists N∈ ∈ N such that

P [αk(Xk→1) = α∈
k ∀k] =

∑

xM
αk(xk−1)=α

∗
k ∀k

LM (xM ; φ∈) =
∑

xM
αk(xk−1)=α

∗
k ∀k

M∏

m=1

Fm(x(m);α∈
m, φ∈) > 1− ε

2γ
,

(5.112)

for all N > N∈. Combining Eqs. (5.111), (5.112) and the assumption for the convergence of E [h], we
obtain Eq. (5.109).

5.6 Numerical experiment

In this section, we numerically verify the performance of the proposed algorithm. First, in the practical
(i.e., a few hundred of) measurement number N , we demonstrate that the asymptotic properties given
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by Theorems 16 and 17 hold. Next, by evaluating the asymptotic value of the total Fisher information,
we confirm that the proposed algorithm retains a large classical Fisher information regardless of the
target value φ∈. Also, we show that the desirable relations given by Eq. (5.50) hold for a system of
dozens of qubits, that is, the total classical Fisher information becomes sufficiently close to the total
quantum Fisher information for such systems. Finally, we also show the impact of calibration errors.

5.6.1 Asymptotic properties with respect to the number of measurements

To demonstrate the properties of our algorithm, we numerically evaluate the root mean squared error
(RMSE) of cos φ̂ defined as

RMSE
[
cos φ̂

]
:=

√

Eθ̂
[(

cos φ̂ − cos φ∈
)2]

≃

√√√√ 1

#

#∑

i=1

(
cos φ̂[i]− cos φ∈

)2
, (5.113)

where # is the total number of trials, and φ̂[i] denotes the estimate of ith trial. In the following, we
use # = 300 samples to evaluate the RMSE. We assume the depolarization noise with the parameter
pq = 0.995. The number of qubits is set to 20, which corresponds to the system dimension d = 220. We
also fix the number of measurements as N = 500 for each circuit. To obtain the maximum likelihood
estimates, we used a modified brute force method, in which the search domain becomes narrowed as the
measurement process proceeds. The amplified level αk of the kth measurement process (k = 2, ...,M)
is determined by solving the optimization problem (5.40), where the maximum likelihood estimate
φ̂k→1 has been obtained at the (k − 1)th step. Also, in this work, the optimization range is chosen as

Dk→1 := {2, 2 + 1, · · · , 2k}. (5.114)

The exponential increase of the number of elements in Dk→1 is inspired by the fact that, when there is
no noise, the exponential increment sequence mk = 2k→1 achieves the Heisenberg-limited scaling [149];
also see the discussion below Eq. (5.7).

Figure 5.4 shows the relationship between the RMSE Eq. (5.113) and the total number of queries
Nq calculated as

Nq = N
M∑

k=1

αk. (5.115)

Here, we remark that Nq can be rewritten as Nq =
∑M ′

l=1 α
′
l forM

′ = NM and α′
l = αk if (k−1)N+1 ≤

l ≤ kN in the notation of Theorem 14. The red dots indicate the RMSE with M = 3, 4, · · · , 12
from left to right in each panel. Since Nq is a random variable due to the randomness of αk, we
plot the RMSE as a function of the maximum value of Nq in # = 300 trials, and thus the RMSE
dots are overestimated with respect to the number of queries. In addition, the classical Cramér-
Rao (CCR) lower bound and the quantum Cramér-Rao (QCR) lower bound are depicted with the
solid blue and dashed green lines, respectively; these are calculated by substituting the true value
φ∈ and the asymptotic sequence {α∈

k}Mk=1 into I∈
c/q,tot (φ

∈) in Eqs. (5.47) and (5.48). Note that the

difference between the bounds obtained from the # = 300 average of the total Fisher information (not
shown in the figure), Ic/q,tot (φ∈), and the asymptotic CCR/QCR bounds from I∈

c/q,tot (φ
∈) can be

negligible, which clearly supports Eq. (5.46). The orange dash-dotted and gray dotted lines represent
the Heisenberg-limited (HL) scaling RMSE = O(1/Nq) and the precision limit given by Eq. (5.27)
with 1− ⟨O⟩2, respectively.

Several important features are observed. First, the CCR and QCR bounds are close to each other;
the first part of Eq. (5.50) holds. Note that this good approximation holds even when the target value
φ∈/2π is a rational number as shown in the panel (d); actually, we will see in the next subsection that
this approximation (i.e., the first part of (5.50)) holds for almost all φ∈ in the numerical simulation.
We then find that the RMSE almost achieves the CCR and accordingly QCR bounds in all the cases
of six target values. That is, N = 500 is sufficient to obtain the asymptotic normality (5.49) in
the chosen noise condition. We here remark that by taking the number of shots N (originally, we
fix N = 500 for all iteration steps) as a linear function Nk of the iteration step k, as was done in
Ref. [77, 14], the RMSE of our method can nearly achieve the QCR bound even for a regime with
smaller total queries (Nq ∼ O(102)). Moreover, the empirical probability density of our estimator
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(a) cos φ∈ = 0.042 (b) cos φ∈ = −0.1

(c) cos φ∈ = 0.25 (d) cos φ∈ = 0.5

(e) cos φ∈ = −0.67 (f) cos φ∈ = 0.95

Figure 5.4: The estimation error of ⟨O⟩ = cos φ∈ and the total number of queries for several target
values (a)–(f). The x-axis shows the total number of queries to the state preparation A and A†

in a single trial of our method. The root mean squared error (RMSE) of the estimator cos φ̂ is
estimated by the averaged value over 300 trials, as in Eq. (5.113). Since the number of total queries
in a single trial of our method varies stochastically, the corresponding x-axis value of the RMSE
dot is taken as the maximum value of total queries in the 300 trials. The blue solid and green
dashed lines represent the asymptotic values of CCR/QCR bounds obtained from the corresponding
classical/quantum Fisher information I∈

c/q,tot(φ
∈), respectively. The orange dash-dotted and the gray

dotted lines represent the Heisenberg-limited scaling and the precision limit derived in Theorem 14
(in the case of Nq > αB = 199), respectively. Reproduced from K. Wada et al., Quantum 8, 1463
(2024), DOI: 10.22331/q-2024-09-09-1463. Licensed under CC BY 4.0.



102 CHAPTER 5. SINGLE-OBSERVABLE ESTIMATION FOR EARLY FTQC

(a) ⟨O⟩ = 0.042 (b) ⟨O⟩ = 0.5

Figure 5.5: The probability density of the maximum likelihood estimator cos φ̂M in the case of M = 8.
The blue and orange plots correspond to the results with N = 50 and N = 500, respectively. The
histograms represent the empirical probability density over 3000 trials, and the solid lines denote the
probability density of the centered normal distribution with the variance corresponding to the asymp-
totic CCR bound. The upper right panels show the same plots (but the x-axis represents the absolute
error) with much wider range in the horizontal axis to show the existence of outliers. The larger N
becomes, the sharper the density gets around the target value, which demonstrates the consistency in
Theorem 16. Also, the outliers vanish in large N ; thus the empirical density is nearly identical to the
normal distribution, which is exactly the asymptotic normality in Theorem 17. Reproduced from K.
Wada et al., Quantum 8, 1463 (2024), DOI: 10.22331/q-2024-09-09-1463. Licensed under CC BY 4.0.

shown in Fig. 5.5 converges to the normal distribution whose variance corresponds to the asymptotic
CCR bound as N increases, which directly demonstrates the asymptotic normality (5.49). Recall that
this key property holds because the amplified levels are almost identical to {α∈

k}Mk=1 due to Theorem 16,
which is demonstrated in Fig. 5.3 in Sec. 5.5.5.

Moreover, as the step M increases, we confirm that all of the RMSE, the CCR bound, and the QCR
bound nearly achieve the precision limit; the second part of Eq. (5.50) also holds, in addition to the
first part of the relations and Theorem 17. Therefore, our algorithm estimates the expectation value
⟨O⟩ = cos φ∈ with precision close enough to the ultimate limit given by Theorem 14 (or more precisely
(5.27)) in the current setup. Note that the RMSE decreases nearly according to the Heisenberg-limited
scaling when Nq is small. Actually, this quadratic improvement is more distinct in the case where the
depolarization noise is smaller, which certainly recovers the previous result [149] in the ideal amplitude
estimation (Fig. 5.6).

Finally, we also provide the case of pq = 0.99 in Fig. 5.6; that is, 1% depolarization noise is added
through each operation A or A†, while Fig. 5.4 studies the case of only 0.5% noise. The panels (a)
and (b) in Fig. 5.6 show that, as expected, the RMSE loses the quadratic speedup with respect to Nq

immediately and approaches the precision limit (i.e., the classical scaling regarding Nq).

5.6.2 Efficiency of the estimator

The classical Fisher information (5.37) vanishes at certain points of the amplified level α. Here we
show that, in the same numerical experiment as before, our algorithm can avoid those points thanks
to the optimization of α and as a result Eq. (5.50) holds for almost all φ∈. For this purpose, we
calculate the asymptotic total Fisher information I∈

c/q,tot(φ
∈) and the asymptotic queries N∈

q with

equally distributed 105 points of cos φ∈ in (0, 1), based on Eq. (5.69).
Figure 5.7 shows the target-value dependency of the Cramér-Rao lower bound in terms of the total

(asymptotic) classical Fisher information I∈
c,tot(φ

∈), of our method and the following two estimation
methods. That is, the classical Fisher information for the standard (i.e., no amplitude amplification)
sampling method, which is usually employed for VQE [136] calculations, is defined by Eq. (5.47) with
α∈
k = 1 ∀k. Also, the classical Fisher information of the method [149, 152, 156], which uses amplitude

amplification yet in a non-adaptive way, is defined by Eq. (5.47) with α∈
1 = 1, α∈

k = 2k ∀k ≥ 2,
where the corresponding measurement is the even POVM (5.29). Here, the number of measurement
processes is chosen as M = 8; in this case DM→1 (M ≥ 8) contains αB under the chosen noise level.
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(a) cos φ∈ = 0.042 and pq = 0.99 (b) cos φ∈ = 0.5 and pq = 0.99

(c) cos φ∈ = 0.042 and pq = 0.999 (d) cos φ∈ = 0.5 and pq = 0.999

Figure 5.6: The estimation error of ⟨O⟩ = cos φ∈ and the total number of queries under several
depolarization noise parameters. The root mean squared error (RMSE) of the estimator cos φ̂ is
evaluated by 300 trials, and the red dots correspond to M = 3, 4, · · · , 12 (or 14) from left to right.
Since Nq in Eq. (5.115) is a random variable in our method, the RMSE is plotted as a function
of the maximum value of Nq in 300 trials. The blue solid and green dashed lines represent the
asymptotic values of CCR/QCR bounds obtained from the corresponding classical/quantum Fisher
information I∈

c/q,tot(φ
∈), respectively. The orange dash-dotted and the gray dotted lines represent

the Heisenberg-limited scaling RMSE = O(1/Nq) and the precision limit derived in Theorem 14,
respectively. Reproduced from K. Wada et al., Quantum 8, 1463 (2024), DOI: 10.22331/q-2024-09-
09-1463. Licensed under CC BY 4.0.
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Figure 5.7: Comparison of the Cramér-Rao lower bound in terms of the total (asymptotic) classical
Fisher information I∈

c,tot(φ
∈), of the three estimation methods for several values of φ∈. The black

(bottom), orange (top), and blue (middle) lines correspond to our method, the standard classical
sampling method with α∈

k = 1, and the non-adaptive method with the predefined sequence α∈
1 =

1, α∈
k = 2k (k ≥ 2), respectively. Note that the non-adaptive method uses more queries than our

method because α∈
k = 2k is the maximum number in the optimization range Dk→1; the blue line is

lower than the black line at some points of φ∈. Reproduced from K. Wada et al., Quantum 8, 1463
(2024), DOI: 10.22331/q-2024-09-09-1463. Licensed under CC BY 4.0.

First, the black (bottom) line reflects that our classical Fisher information does not almost depend
on the target value, meaning the robustness of the estimator. In addition, compared to the standard
method, we observe an improvement of about two orders of magnitude for all target values in our Fisher
information. The improvement depends on the noise level, and therefore the estimation efficiency is
further accelerated if the noise becomes smaller. In contrast to our total classical Fisher information,
the performance of the non-adaptive method depicted with the blue (middle) line heavily depends
on the target value. Note that, since the total number of queries in the non-adaptive method is
bigger than that in our method, there exist some target values cos φ∈ such that the total Fisher
information of ours is less than that of the non-adaptive method. On the other hand, there are some
target values for which the estimation error bound deviates by about two orders of magnitude from
ours. Therefore, when the amplified level {αk}Mk=1 is chosen non-adaptively, even if the asymptotic
properties of maximum likelihood estimators hold, the estimation efficiency significantly decreases.

Finally, Fig. 5.8 shows the ratio of the asymptotic total classical and quantum Fisher information
in our method. For almost all target values, the ratio of I∈

q,tot and I∈
c,tot is close to 1, which is in

line with the results discussed in the previous subsection. Moreover, as expected from the objective
function in Eq. (5.40), relaxing the regularization as ς → 1, we confirm that the ratio gets closer to
1; see Fig. 5.2, meaning that the first relation of Eq. (5.50) holds. Recall now that, in general, the
QCR bound (i.e., the ultimate limit of the estimation precision) can only be achieved when using the
optimal measurement tailored for a given quantum state. Therefore, the result obtained here means
that our estimation method selects the almost optimal measurements (or POVM) in the sense of
Fisher information. In addition, the ratio of N∈

qIq(αB)/αB and I∈
q,tot gets closer to 1 as M increases,

meaning that the second relation in (5.50) holds for almost all target values. Since the right hand side
of the second relation in Eq. (5.50) is equivalent to the precision limit by Theorem 14, our algorithm
therefore provides the almost best usage of A and A† in estimating the expectation value from noisy
quantum devices.

For the target values φ∈ = π/2,π/4, the difference of I∈
q,tot and I∈

c,tot is larger than that for other
target values. Note that such a difference is also distinct at φ∈ = π/3,π/6 when ς → 1; see Fig. 5.2.
This is because the values of (m+1)φ∈ (mod 2π) obtained from the amplitude amplification are limited
when φ∈/2π is a rational number. In this case, (m+1)φ∈ (mod 2π) cannot arbitrarily get close to π/2
or 3π/2, meaning that the classical Fisher information cannot arbitrarily get close to the quantum
Fisher information; see Theorem 15 or Sec. 5.5.5. The peaks at these rational points in Fig. 5.8 are
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Figure 5.8: Comparison of the asymptotic total classical and quantum Fisher information of our
method in the case of 20-qubit system. The middle blue line represents the ratio between the quantum
and classical Fisher information: I∈

q,tot(φ
∈) over I∈

c,tot(φ
∈) (indicated by A = q∈ and B = c∈). On

the other hand, the orange (top) and black (bottom) lines represent N∈
qIq(αB)/αB over I∈

q,tot(φ
∈)

(indicated by A = Limit and B = q∈) in the case of M = 8 and M = 20, respectively. The
vertical dotted lines represent the target values corresponding to φ∈ = π/j, j = 2, 4 from left to
right. Reproduced from K. Wada et al., Quantum 8, 1463 (2024), DOI: 10.22331/q-2024-09-09-1463.
Licensed under CC BY 4.0.

very sharp, because the values of (m+ 1)φ∈ (mod 2π) fill the domain [0, 2π) exponentially fast in the
optimization of amplified levels with the chosen {Dk}M→1

k=1 , when the target values shift slightly from
these points. Thus, these anomalous cases can be ignored in practice.

5.6.3 Impact of calibration errors

Here, we provide the numerical simulations to clarify the impact of calibration errors of pq on the
performance of our method. If an estimate of pq contains some calibration error, the resulting estimator
can be biased even in the asymptotic case. The experimental settings are the same as those in
Sec. 5.6.1. Figure 5.9 shows that in the current setting, the ±0.1% calibration errors can be ignored up
to ∼ 105 queries. In the case of the ±0.5% calibration errors, the estimation performance deteriorates
even for small queries ∼ 6 × 103. The results indicate that our method requires a relatively high-
precision estimate of pq that have the precision comparable to the target precision of cos φ∈. Note that,
in the quantum amplitude estimation problem, the previous paper [152] provides the (non-adaptive)
multiparameter estimation method with respect to both a target parameter and a noise parameter.
In addition, they also show the robustness of target parameter estimation against the estimation error
of the noise parameter in terms of the Fisher information matrix. Although a similar extension of our
adaptive method is possible, it falls outside the scope of this study.

5.7 Concluding remarks and outlook

In this chapter, we proposed a quantum-enhanced single expectation value estimation algorithm un-
der a global depolarization noise that asymptotically achieves the quantum Cramér-Rao bound (and
the precision limit), when the target quantum state consists of a modest number of qubits. Here,
we derive the precision limit by evaluating the quantum Fisher information for the noisy quantum
states with quantum-enhanced resolution regarding the target expectation value, in the setup without
demanding controlled amplifications. This algorithm employs a modified maximum likelihood esti-
mation consisting of the amplitude amplification and the adaptive measurement; the latter is derived
from the ideal POVM achieving the quantum Fisher information, and notably, it can be implemented
without any knowledge of the state preparation oracle for the target state. The measurement and the
number of queries per circuit of the amplification operators are adaptively optimized for enhancing the
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(a) cos φ∈ = 0.042 (b) cos φ∈ = 0.5

Figure 5.9: The impact of calibration error of pq on the estimation performance. The plots indicate
the root mean squared error (RMSE) of the method, evaluated with 200 trials, using the estimated
noise parameter pq including ±0.1% or ±0.5% calibration errors. The true value of pq is taken as
0.995. The green solid line represents the (asymptotic) QCR bound under the perfect calibration. We
note that the RMSE is plotted as a function of the maximum value of Nq in the trials because of
the randomness of Nq. Reproduced from K. Wada et al., Quantum 8, 1463 (2024), DOI: 10.22331/q-
2024-09-09-1463. Licensed under CC BY 4.0.

classical Fisher information toward achieving the quantum Fisher information. Importantly, thanks
to the maximum likelihood formulation and the two types of measurements with different symmetry
in the probability distribution, our estimator enjoys some provable statistical properties such as con-
sistency and asymptotic normality. To show the effectiveness of the proposed estimator, we executed
several numerical experiments. The asymptotic statistical properties are evaluated in terms of the
root MSE for several target values; the result was that, in all cases, the root MSE saturates the
asymptotic classical and quantum Cramér-Rao bound, with a modest number of measurements. In
particular, we confirmed that the classical Fisher information almost saturates the ultimate quantum
Fisher information in a large system dimension d = 220. In addition, we studied how the total Fisher
information depends on the target value by evaluating the asymptotic classical/quantum Cramér-Rao
lower bounds. Although the previous researches [167, 152] imply that the classical Fisher information
significantly deteriorates for certain target values under depolarization noise, the proposed estimator
retains a large Fisher information regardless of the target value, due to the adaptive optimization.

Finally, we list several open questions to be further investigated.

• Developing methods to cast unknown quantum noises to a global depolarization noise and to
precisely calibrate it. We assume a global depolarization noise and crucially use its mathematical
structure, but practical noise itself is not in the form without any modification. In addition,
the numerical experiments indicate that our algorithm needs a precise calibration of the noise
parameter.

• Rapid convergence to the precision limit. Although our algorithm asymptotically achieves the
precision limit, the number of queries required for this seems relatively large. How can we
improve this? For instance, how about using appropriate query allocation?



Chapter 6

Conclusion

In this thesis, we investigate how efficiently we can probe the physical properties of quantum systems
using quantum computers, in light of fundamental limits derived from the law of quantum physics.
Specifically, we address an estimation task for expectation values of general observables on a target
quantum state prepared by an unknown (black-box) unitary, which is one of the fundamental tasks
in probing unknown quantum systems of interest with quantum computers. We mainly presented
two estimation algorithms for this task that show quantum-enhanced scalings in the required query
complexity to a state-preparation unitary and its inverse. We compared these query scalings with fun-
damental limits in relevant situations, and furthermore, specified other important quantum resources
(i.e., elementary gate and ancilla qubit counts) required in those algorithms beyond the total queries.
In our assumption, the state-preparation unitaries and their inverses can be queried at any time, but
they are most costly to implement.

The first adaptive quantum algorithm is for multiple observables in an ideal (noiseless) setting.
Given common access to block-encoded observables, a state-preparation unitary, and its inverse, this
algorithm achieves the mean-squared-error (MSE) scaling at the Heisenberg limit together with the
sublinear scaling in the number of observables, in terms of query complexity to the state preparation
and its inverse. It also essentially matches the query lower bound of our task in the small-additive-error
regime (not in MSE), previously derived in quantum complexity theory. In addition, the proposed
algorithm significantly reduces the number of ancilla qubits and the classical computation for circuit
synthesis due to its adaptive structure, compared to prior art for this task.

The second adaptive quantum algorithm is for a single observable in the early FTQC regime. In
this regime, available coherent resources are mostly consumed for a state-preparation unitary, and
the dominant noise stems from that costly unitary and its inverse. Under a specific model reflecting
these noisy aspects, we derive the quantum-enhanced precision limit, that is, the minimal quantum
Cramér-Rao bound over all possible estimation strategies in the model. Then, by designing an adap-
tive optimization based on Fisher information, we propose an implementable, quantum-enhanced
estimation algorithm, with rigorous estimation guarantees, that asymptotically achieves the quantum
Cramér-Rao bound, when the target system size is sufficiently large. This means that quantum cir-
cuits in the proposed algorithm are adjusted asymptotically so that they demonstrate the maximum
quantum enhancement under the noisy settings. The asymptotic behavior is numerically verified with
only a few hundred measurements per step and a few tens of qubits.

Access to the inverse unitary of the state preparation, such as the time-backward evolution e+iHt,
is crucial in the quantum algorithms developed in this thesis. From the perspective of quantum
computers as fully computational probes, this assumption is natural. If the original state-preparation
unitary is given as a known sequence of elementary local unitaries, the inverse can be implemented
straightforwardly; we remark that this situation does not imply we know a classical description of
the resulting entire unitary in general. In contrast, in quantum experimental scenarios where the
target (essentially) closed quantum system is completely unknown, the inverse unitary cannot be
efficiently accessible in general. Nevertheless, certain physically motivated systems with partial prior
knowledge, such as symmetry, may effectively admit inverse unitary access. For instance, if a target
system Hamiltonian H has chiral symmetry, meaning that there exists a known unitary S such that the
anticommutator relation {H,S} = 0 (equivalently, SHS† = −H) holds, then we can apply the time-
backward evolution e+iHt by interleaving the symmetry operation S with the forward time evolution.

107
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For such quantum systems, our estimation algorithm (particularly for the first one) provides one of
the most query-efficient strategies among all protocols for our task with general multiple observables
in ideal coherent quantum experiments. Finding nontrivial physical quantum systems that admit
reasonable access to inverse unitaries is an important open problem for realizing our quantum-enhanced
experiments; we leave this direction for future research.

We have focused on physical property estimation with quantum computers as a fundamental
approach to potentially discovering unknown physics, and developed a constructive understanding
of its ultimate limits within the framework of quantum algorithms. From an algorithmic complexity
perspective, we sharpen the fundamental limit within reasonable and well-defined access models for our
task. Moreover, by explicitly constructing algorithms that approach the corresponding fundamental
limits, we expand the region that is actually attainable within those access models, and thus, the
reach of quantum computers with finite resources. Also, our algorithms can take arbitrary state-
preparation unitaries and their inverses as quantum input, thereby providing a highly general and
efficient strategy for estimating general physical properties, which can be naturally combined with
a wide range of quantum routines that coherently prepare target states. Together, the results in
this thesis clarify and extend the reach of programmable quantum computers as computational and
experimental probes for exploring previously inaccessible regions of nature.
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Appendix

7.1 Theorems for sequential quantum optimizers

As derived in Sec. 3.2.2, each sequential quantum optimizer has a p× p real-symmetric matrix. Here,
p−1 is the degree of freedom of the target single-qubit gate (−1 means the constraint of normalization).
Note that FQS gate or general single-qubit gate R(q) (p = 4), Fraxis gate Rn(π) (p = 3), and NFT
gate with m axis Rm(ψ) (p = 2) are written as the following unified form

R(p) :=
p→1∑

µ=0

q(p)µ ς(p)µ , (7.1)

where q(p)µ is the µth element of unit vector in Rp. Here, ς(p)µ is an extension of the Pauli matrices
such as (1ς)(3) = (−iX,−iY,−iZ) for Fraxis gate and (1ς)(2) = (I,−im ·1σ) for NFT gate. Accordingly,
each p× p real-symmetric matrix is also written as

S(p)
µν :=

1

2
tr

[
ε′in

((
ς(p)µ

)†
H ′ς(p)ν +

(
ς(p)ν

)†
H ′ς(p)µ

)]
. (7.2)

In the below, we omit the superscript p for simplicity. Moreover, it is convenient to write the elements
of S as

Sµν =
1

2

∑

(α,β)=(µ,ν),(ν,µ)

tr
[
HU2ςαU1εinU

†
1 ς

†
βU

†
2

]
, µ, ν = 0, 1, · · · , p− 1,

=
1

2

∑

(α,β)=(µ,ν),(ν,µ)

tr
[
H(2)ςαε

(1)
in ς

†
β

]
, H(2) := U†

2HU2, ε(1)in := U1εinU
†
1 . (7.3)

7.1.1 Proof of Theorem 7

In the following, d denotes the dimension of n-qubit system i.e., d = 2n. Here, we provide a proof of
Theorem 7. For convenience, we recall it.

Theorem. Suppose that the quantum circuits U1 and U2 are randomly and independently generated.
If either U1 or U2 forms a unitary t-design with t ≥ 2, the second moment of the spectral radius, r,
for the centered matrix Sc = S − tr[S]Ip×p/p (Ip×p denotes the p × p identity) is upper bounded as
follows.

EU1,U2

[
r (Sc)

2
]

≤

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

p2tr
[
H2
]

∆εin,2
2(d2 − 1)

+
∆εin,2

4p(d2 − 1)

p→1∑

µ,ν=0

(
p(−1)1→δµν − 2

)
tr
[
EU2

[
H(2)ςµς

†
νH

(2)ςνς
†
µ + h.c.

]]

p2tr
[
ε2in
]

∆H2

2(d2 − 1)
+

∆H2

4p(d2 − 1)

p→1∑

µ,ν=0

(
p(−1)1→δµν − 2

)
tr
[
EU1

[
ε(1)in ς

†
µςνε

(1)
in ς

†
νςµ + h.c.

]]
, (7.4)
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where the first case corresponds to U1 being a t-design, and the second case corresponds to U2 being
a t-design. Here, EU1,U2 [·] is defined as the expectation over the random quantum circuits U1 and
U2, ςµν denotes the Kronecker delta, h.c. means the Hermite conjugate of the preceding term, and
∆εin,2,∆H2 are defined as

∆εin,2 := tr
[
ε2in
]
− 1

d
, ∆H2 := tr

[
H2
]
− tr2 [H]

d
. (7.5)

Proof. Since the centered matrix Sc is a real-symmetric matrix regardless of quantum circuits U1 and
U2, the following inequality holds, which comes from the maximum is at most the square root of the
sum of the squares.

r

(
S − tr [S]

p
Ip×p

)
≤
∥∥∥∥S − tr [S]

p
Ip×p

∥∥∥∥
F

, (7.6)

where ∥ ·∥F denotes the Frobenius norm. Thus, the second moment of the spectral radius is evaluated
as

EU1,U2

[
r

(
S − tr [S]

p
Ip×p

)2
]
≤ EU1,U2

[∥∥∥∥S − tr [S]

p
Ip×p

∥∥∥∥
2

F

]

=
∑

µν

EU1,U2

[
S2
µν

]
− 1

p

∑

µν

EU1,U2 [SµµSνν ] . (7.7)

First, we evaluate the r.h.s of Eq. (7.7) on the condition that the random quantum circuit U1 forms
a unitary t-design with t ≥ 2. Using lemma 16, which is proved later, the following identity holds,

EU1,U2 [SµνSµ′ν′ ]

=
tr2 [H]

d2 − 1
∆εin,1ςµνςµ′ν′ +

1

4(d2 − 1)
∆εin,2

∑

(α,β)

∑

(α′,β′)

EU2

[
tr
[
ς†βH

(2)ςας
†
β′H(2)ςα′

]]
. (7.8)

where we defined

∆εin,1 := 1−
tr
[
ε2in
]

d
. (7.9)

Hence, we can calculate the expectations in the final line of Eq. (7.7) as follows.

EU1,U2

[
S2
µν

]
=

tr2 [H]

d2 − 1
∆εin,1ςµν

+
1

4(d2 − 1)
∆εin,2

∑

(α,β)=(µ,ν),(ν,µ)

∑

(α′,β′)=(µ,ν),(ν,µ)

EU2

[
tr
[
H(2)ςας

†
β′H(2)ςα′ς†β

]]

=
tr2 [H]

d2 − 1
∆εin,1ςµν +

tr
[
H2
]

2(d2 − 1)
∆εin,2

+
1

4(d2 − 1)
∆εin,2tr

[
EU2

[
H(2)ςµς

†
νH

(2)ςµς
†
ν + h.c.

]]
, (7.10)

EU1,U2 [SµµSνν ] =
tr2 [H]

d2 − 1
∆εin,1

+
1

4(d2 − 1)
∆εin,2

∑

(α,β)=(µ,µ),(µ,µ)

∑

(α′,β′)=(ν,ν),(ν,ν)

EU2

[
tr
[
H(2)ςας

†
β′H(2)ςα′ς†β

]]

=
tr2 [H]

d2 − 1
∆εin,1 +

1

d2 − 1
∆εin,2EU2

[
tr
[
H(2)ςµς

†
νH

(2)ςνς
†
µ

]]

=
tr2 [H]

d2 − 1
∆εin,1 +

1

2(d2 − 1)
∆εin,2tr

[
EU2

[
H(2)ςµς

†
νH

(2)ςνς
†
µ + h.c.

]]
, (7.11)
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Accordingly, we can evaluate the second moment of the spectral radius as

EU1,U2

[
S2
µν

]
− 1

p
EU1,U2 [SµµSνν ]

=
tr2 [H]

p(d2 − 1)
∆εin,1 (pςµν − 1) +

tr
[
H2
]

2(d2 − 1)
∆εin,2

+
∆εin,2

4p(d2 − 1)

(
ptr
[
EU2

[
H(2)ςµς

†
νH

(2)ςµς
†
ν + h.c.

]]
− 2tr

[
EU2

[
H(2)ςµς

†
νH

(2)ςνς
†
µ + h.c.

]])

=
tr2 [H]

p(d2 − 1)
∆εin,1 (pςµν − 1) +

tr
[
H2
]

2(d2 − 1)
∆εin,2

+
∆εin,2

4p(d2 − 1)

(
p(−1)1→δµν − 2

)
tr
[
EU2

[
H(2)ςµς

†
νH

(2)ςνς
†
µ + h.c.

]]
, (7.12)

where we used ςµς†ν = (−1)1→δµν ςνς†µ in the last equality, and

EU1,U2

[
r

(
S − tr [S]

p
Ip×p

)2
]
≤
∑

µν

(
EU1,U2

[
S2
µν

]
− 1

p
EU1,U2 [SµµSνν ]

)

=
p2tr

[
H2
]

∆εin,2
2(d2 − 1)

+
tr2 [H]∆εin,1
p(d2 − 1)

∑

µν

(pςµν − 1)

+
∆εin,2

4p(d2 − 1)

∑

µν

(
p(−1)1→δµν − 2

)
tr
[
EU2

[
H(2)ςµς

†
νH

(2)ςνς
†
µ + h.c.

]]

=
p2tr

[
H2
]

∆εin,2
2(d2 − 1)

+
∆εin,2

4p(d2 − 1)

∑

µν

(
p(−1)1→δµν − 2

)
tr
[
EU2

[
H(2)ςµς

†
νH

(2)ςνς
†
µ + h.c.

]]
. (7.13)

Next, we evaluate the r.h.s of Eq. (7.7) on the condition that the random quantum circuit U2

forms a unitary t-design with t ≥ 2. Using lemma 17, which is also proved later, we calculate the
expectations in the final line of Eq. (7.7) as follows.

EU1,U2

[
S2
µν

]
=

tr2 [εin]

d2 − 1
∆H1ςµν

+
1

4(d2 − 1)
∆H2

∑

(α,β)=(µ,ν),(ν,µ)

∑

(α′,β′)=(µ,ν),(ν,µ)

EU1

[
tr
[
ε(1)in ς

†
βςα′ε(1)in ς

†
β′ςα

]]

=
1

d2 − 1
∆H1ςµν +

tr
[
ε2in
]

2(d2 − 1)
∆H2

+
1

4(d2 − 1)
∆H2tr

[
EU1

[
ε(1)in ς

†
νςµε

(1)
in ς

†
νςµ + h.c.

]]
, (7.14)

EU1,U2 [SµµSνν ] =
tr2 [εin]

d2 − 1
∆H1

+
1

4(d2 − 1)
∆H2

∑

(α,β)=(µ,µ),(µ,µ)

∑

(α′,β′)=(ν,ν),(ν,ν)

EU1

[
tr
[
ε(1)in ς

†
βςα′ε(1)in ς

†
β′ςα

]]

=
1

d2 − 1
∆H1 +

1

d2 − 1
∆H2EU1

[
tr
[
ε(1)in ς

†
µςνε

(1)
in ς

†
νςµ
]]

=
1

d2 − 1
∆H1 +

1

2(d2 − 1)
∆H2tr

[
EU1

[
ε(1)in ς

†
µςνε

(1)
in ς

†
νςµ + h.c.

]]
, (7.15)

where we defined

∆H1 := tr2 [H]−
tr
[
H2
]

d
. (7.16)
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Accordingly, we can evaluate the second moment of the spectral radius as

EU1,U2

[
S2
µν

]
− 1

p
EU1,U2 [SµµSνν ]

=
1

p(d2 − 1)
∆H1 (pςµν − 1) +
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[
ε2in
]

2(d2 − 1)
∆H2

+
∆H2

4p(d2 − 1)

(
p tr

[
EU1

[
ε(1)in ς

†
νςµε

(1)
in ς

†
νςµ + h.c.

]]
− 2tr

[
EU1

[
ε(1)in ς

†
µςνε

(1)
in ς

†
νςµ + h.c.

]])

=
1

p(d2 − 1)
∆H1 (pςµν − 1) +

tr
[
ε2in
]

2(d2 − 1)
∆H2

+
∆H2

4p(d2 − 1)

(
p(−1)1→δµν − 2

)
tr
[
EU1

[
ε(1)in ς

†
µςνε

(1)
in ς

†
νςµ + h.c.

]]
, (7.17)

where we used ς†νςµ = (−1)1→δµν ς†µςν in the last equality, and

EU1,U2

[
r

(
S − tr [S]

p
Ip×p

)2
]
≤
∑

µν

(
EU1,U2

[
S2
µν

]
− 1

p
EU1,U2 [SµµSνν ]

)

=
p2tr

[
ε2in
]

∆H2

2(d2 − 1)
+

∆H2

4p(d2 − 1)

∑

µν

(
p(−1)1→δµν − 2

)
tr
[
EU1

[
ε(1)in ς

†
µςνε

(1)
in ς

†
νςµ + h.c.

]]
. (7.18)

7.1.2 Proof of Theorem 8

Here, we provide a proof of Theorem 8. For convenience, we recall it.

Theorem. Suppose that the whole quantum circuit U is an n-qubit alternating layered ansatz with
m-qubit blocks as described in Fig. 3.5. Here, we focus on a block W in lth layer and a parameterized
single-qubit gate R in the block. We assume that the quantum circuits WA,WB ⊂ W , which are located
after and before the target gate respectively, and the other blocks form a local 2-design independently.
In addition, the Hamiltonian H is assumed to be m-local such as

H = c0I
⊗n +

∑

i

cihi, c0, ci ∈ R, (∃i, ci ̸= 0), (7.19)

where a tensor product of Pauli matrices hi acts non-trivially on at most m-qubit. (This is the same
assumption in [28].) Then, the second moment of the spectral radius is lower bounded as

EU1,U2

[
r

(
S − tr [S]

p
Ip×p

)2
]
≥ (p+ 2)(p− 1)2m(l+1)→1

p(22m − 1)2(2m + 1)L+l

∑

i∈iL

∑

(k,k′)∈kLB

k′≥k

c2i ε(εk,k′)ε(hi), (7.20)

where L denotes the total number of layers. Here, iL is the set of i indices whose associated operators
hi act on qubits in the forward light-cone L of W , and kLB is the set of k indices whose associated
subsystems Sk are in the backward light-cone LB of W . The quantum state εk,k′ is the reduced density
matrix of the input state εin on SkSk+1 · · ·Sk′ , and the function ε(M) for a matrix M is defined as
ε(M) = DHS(M, tr(M)1/dM ) where DHS is the Hilbert-Schmidt distance and dM is the dimension of
the matrix M .

Proof. To establish the lower bound of the second moment, we begin with the following inequality,
which comes from the maximum is at least the square root of the average of the sum of the squares.

r

(
S − tr [S]

p
Ip×p

)
≥ 1

√
p

∥∥∥∥S − tr [S]

p
Ip×p

∥∥∥∥
F

, (7.21)
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where || · ||F denotes the Frobenius norm. Since the inequality holds for any quantum circuits U1 and
U2 in Fig. 3.4,

EU1,U2

[
r

(
S − tr [S]

p
Ip×p

)2
]
≥ 1

p
EU1,U2

[∥∥∥∥S − tr [S]

p
Ip×p

∥∥∥∥
2

F

]

=
1

p

∑

µν

(
EU1,U2

[
S2
µν

]
− 1

p
EU1,U2 [SµµSνν ]

)
. (7.22)

We first evaluate the expectation of SµνSµ′ν′ over the block of interest. From the setting, the
block W containing a single-qubit gate R is decomposed as

W = WA(1m→1 ⊗R)WB, (7.23)

where 1m→1 is the identity on m− 1 qubits system, and WA,WB ⊂ W are the quantum circuits after
and before R, respectively. As shown in Fig. 3.4, the quantum circuits U1 and U2 for an alternating
layered ansatz can be written as

U1 = (1w ⊗WB)V1, U2 = V2 (1w ⊗WA) , (7.24)

where 1w denotes the identity over the qubits on which the block W acts trivially. Here, V2 contains
the gates in the forward light-cone L of W , i.e., all gates with at least one input qubit causally
connected to the qubits of W as in Fig. 3.5, and V1 contains other gates. Accordingly, we can write
the elements of S matrix as

Sµν =
1

2

∑

(α,β)=(µ,ν),(ν,µ)

tr
[
HV2 (1w ⊗WA(1m→1 ⊗ ςα)WB)V1εinV

†
1

(
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B(1m→1 ⊗ ς†β)W
†
A

)
V †
2

]
,

(7.25)

and we obtain

SµνSµ′ν′

=
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]
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A
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4
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in,ijW
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]
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[
WA(1m→1 ⊗ ςα′)WBε
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†
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†
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(2)
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]
. (7.26)

Here, we defined

ε(1)in,ij := trw
[
(|j⟩ ⟨i|⊗ 1ω)V1εinV

†
1

]
, H(2)

ji := trw
[
(|i⟩ ⟨j|⊗ 1w)V

†
2 HV2

]
, (7.27)

where trω[·] means the partial trace over the qubits which are not in W , and {|i⟩} denotes the
computational basis on (n−m)-qubit system.
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Since WA forms a local 2-design, we first compute the expectation of Eq. (7.26) over WA as

EWA [SµνSµ′ν′ ]

=
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4(22m − 1)
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⎛
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⎠

× tr
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⎠
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†
B

]
. (7.28)

Here, we employed the following integration formula from the Weingarten calculus [28]

EW tr
[
WAW †BWCW †D

]
=

1

22m − 1
(tr [A] tr [C] tr [BD] + tr [AC] tr [B] tr [D])

− 1

2m(22m − 1)
(tr [AC] tr [BD] + tr [A] tr [B] tr [C] tr [D]) , (7.29)

where W is Haar-distributed on the unitary group of degree 2m, and A,B,C and D are arbitrary
linear operators on an m-qubit system. Noting that

∑

(α,β)=(µ,ν),(ν,µ)
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(1)
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]
= 2ςµνtr
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ε(1)in,ij

]
(7.30)

holds, then the first term of Eq. (7.28) is independent of WB. Since WB also forms a local 2-design, a
part of the second term of Eq. (7.28) is evaluated as
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where we used the formula Eq. (7.29) in the first equality. In the second equality, we used the following
relation, which can be derived from direct calculation, as
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]
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]
= 8(ςµ′µςν′ν + ςµν′ςµ′ν). (7.32)
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Taking the expectation over WB and substituting Eqs. (7.30), (7.31) back into Eq. (7.28), we obtain

EWA,WB [SµνSµ′ν′ ]

=
ςµνςµ′ν′

22m − 1

∑

i,j
i′,j′

tr
[
ε(1)in,ij

]
tr
[
ε(1)in,i′j′

]
⎛

⎝tr
[
H(2)

ji

]
tr
[
H(2)

j′i′

]
−

tr
[
H(2)

ji H(2)
j′i′

]

2m

⎞

⎠

+
2mςµνςµ′ν′

(22m − 1)2

∑

i,j
i′,j′

⎛

⎝tr
[
H(2)

ji H(2)
j′i′

]
−

tr
[
H(2)

ji

]
tr
[
H(2)

j′i′

]

2m

⎞

⎠

⎛

⎝tr
[
ε(1)in,ij

]
tr
[
ε(1)in,i′j′

]
−

tr
[
ε(1)in,ijε

(1)
in,i′j′

]

2m

⎞

⎠

+
2 · 22m

4(22m − 1)2
(ςµ′µςν′ν + ςµν′ςµ′ν)

×
∑

i,j
i′,j′

⎛

⎝tr
[
H(2)

ji H(2)
j′i′

]
−

tr
[
H(2)

ji

]
tr
[
H(2)

j′i′

]

2m

⎞

⎠

⎛

⎝tr
[
ε(1)in,ijε

(1)
in,i′j′

]
−

tr
[
ε(1)in,ij

]
tr
[
ε(1)in,i′j′

]

2m

⎞

⎠

= ςµνςµ′ν′T (1,2) +
2 · 22m

4(22m − 1)2
(ςµ′µςν′ν + ςµν′ςµ′ν)

∑

i,j
i′,j′

∆Hi′j′

ij ∆εi
′j′

ij . (7.33)

Here, we defined

∆Hi′j′

ij := tr
[
H(2)

ji H(2)
j′i′

]
−

tr
[
H(2)

ji

]
tr
[
H(2)

j′i′

]

2m
, (7.34)

∆εi
′j′

ij := tr
[
ε(1)in,ijε

(1)
in,i′j′

]
−

tr
[
ε(1)in,ij

]
tr
[
ε(1)in,i′j′

]

2m
, (7.35)

T (1,2) :=
1

22m − 1

∑

i,j
i′,j′

tr
[
ε(1)in,ij

]
tr
[
ε(1)in,i′j′

]
⎛

⎝tr
[
H(2)

ji

]
tr
[
H(2)

j′i′

]
−

tr
[
H(2)

ji H(2)
j′i′

]

2m

⎞

⎠

+
2m

(22m − 1)2

∑

i,j
i′,j′

∆Hi′j′

ij

⎛

⎝tr
[
ε(1)in,ij

]
tr
[
ε(1)in,i′j′

]
−

tr
[
ε(1)in,ijε

(1)
in,i′j′

]

2m

⎞

⎠ . (7.36)

Before proceeding to evaluate the expectation over V1 and V2, we calculate the summation in
Eq. (7.22) as follows.

∑

µν

EWA,WB

[
S2
µν

]
= pT (1,2) +

2 · 22m

4(22m − 1)2
(
p2 + p

)∑

i,j
i′,j′

∆Hi′j′

ij ∆εi
′j′

ij , (7.37)

∑

µν

EWA,WB [SµµSνν ] = p2T (1,2) +
22m

(22m − 1)2
p
∑

i,j
i′,j′

∆Hi′j′

ij ∆εi
′j′

ij . (7.38)

Accordingly,

∑

µν

(
EU1,U2

[
S2
µν

]
− 1

p
EU1,U2 [SµµSνν ]

)
= EV1,V2

[
∑

µν

EWA,WB

[
S2
µν

]
− 1

p

∑

µν

EWA,WB [SµµSνν ]

]

=
2 · 22m(p+ 2)(p− 1)

4(22m − 1)2

∑

i,j
i′,j′

EV1

[
∆εi

′j′

ij

]
EV2

[
∆Hi′j′

ij

]
.

(7.39)
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Finally, we evaluate the expectations over V1, V2 in Eq. (7.39), which can be calculated basically
with a series of integration for the m-qubit blocks in V1, V2. In the same assumption of ours, the
previous study [28] has showed the following inequality holds:

∑

i,j
i′,j′

EV1

[
∆εi

′j′

ij

]
EV2

[
∆Hi′j′

ij

]
≥ 2m(l→1)

(2m + 1)L+l

∑

i∈iL

∑

(k,k′)∈kLB

k′≥k

c2i ε(εk,k′)ε(hi), (7.40)

where we recall that L is the total number of layers, and the block W of interest is in the lth layer.
Combining this inequality with Eq. (7.39), we establish the lower bound for the second moment of
spectral radius as

EU1,U2

[
r

(
S − tr [S]

p
Ip×p

)2
]
≥ 1

p

∑

µν

(
EU1,U2

[
S2
µν

]
− 1

p
EU1,U2 [SµµSνν ]

)

=
1

p

2 · 22m(p+ 2)(p− 1)

4(22m − 1)2

∑

i,j
i′,j′

EV1

[
∆εi

′j′

ij

]
EV2

[
∆Hi′j′

ij

]

≥ (p+ 2)(p− 1)2m(l+1)→1

p(22m − 1)2(2m + 1)L+l

∑

i∈iL

∑

(k,k′)∈kLB

k′≥k

c2i ε(εk,k′)ε(hi). (7.41)

Proof of some useful lemmas

Hereafter, we provide some lemmas for the proof of Theorem 7.

Lemma 16. Suppose that the random quantum circuits U1 and U2 are independent. If U1 forms
a unitary t-design with t ≥ 2, the expectation of the product of two matrix elements for S can be
evaluated as

EU1,U2 [SµνSµ′ν′ ] =
tr2 [H]

d2 − 1
∆εin,1ςµνςµ′ν′ +

1

4(d2 − 1)
∆εin,2

∑

(α,β)

∑

(α′,β′)

EU2

[
tr
[
ς†βH

(2)ςας
†
β′H(2)ςα′

]]
.

(7.42)

Here, the summation runs over the set of µ, ν as follows
∑

(α,β)

∑

(α′,β′)

=
∑

(α,β)=(µ,ν),(ν,µ)

∑

(α′,β′)=(µ′,ν′),(ν′,µ′)

. (7.43)

Proof. Substituting Eq. (7.3) into the l.h.s of Eq. (7.42) and omitting the expectation over U2, we
obtain

EU1 [SµνSµ′ν′ ]

=
1

4

∑

(α,β)=(µ,ν),(ν,µ)

∑

(α′,β′)=(µ′,ν′),(ν′,µ′)

EU1 tr
[
H(2)ςαU1εinU

†
1 ς

†
β

]
tr
[
H(2)ςα′U1εinU

†
1 ς

†
β′

]

=
1

4

∑

(α,β)

∑

(α′,β′)

∑

i,j

EU1 tr
[
U1εinU

†
1 ς

†
βH

(2)ςα |i⟩ ⟨j|U1εinU
†
1 ς

†
β′H(2)ςα′ |j⟩ ⟨i|

]
, (7.44)

where {|i⟩} denotes the computational basis on n-qubit system. If U1 forms a unitary t-design with
t ≥ 2, we can evaluate

∑

i,j

EU1 tr
[
U1εinU

†
1 ς

†
βH

(2)ςα |i⟩ ⟨j|U1εinU
†
1 ς

†
β′H(2)ςα′ |j⟩ ⟨i|

]

=
1

d2 − 1

(
tr
[
ς†βH

(2)ςα
]
tr
[
ς†β′H(2)ςα′

]
+ tr

[
ε2in
]
tr
[
ς†βH

(2)ςας
†
β′H(2)ςα′

])

− 1

d(d2 − 1)

(
tr
[
ε2in
]
tr
[
ς†βH

(2)ςα
]
tr
[
ς†β′H(2)ςα′

]
+ tr

[
ς†βH

(2)ςας
†
β′H(2)ςα′

])
, (7.45)
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where we used the formula in Eq. (7.29). Substituting Eq. (7.45) back into Eq. (7.44), we obtain

EU1 [SµνSµ′ν′ ]

=
1

4

∑

(α,β)

∑

(α′,β′)

1

d2 − 1

(
tr
[
ς†βH

(2)ςα
]
tr
[
ς†β′H(2)ςα′

](
1−

tr
[
ε2in
]

d

))

+
1

4

∑

(α,β)

∑

(α′,β′)

1

d2 − 1

(
tr
[
ς†βH

(2)ςας
†
β′H(2)ςα′

](
tr
[
ε2in
]
− 1

d

))

=
1

4

∑

(α,β)

∑

(α′,β′)

1

d2 − 1

(
∆εin,1tr

[
ς†βH

(2)ςα
]
tr
[
ς†β′H(2)ςα′

]
+ ∆εin,2tr

[
ς†βH

(2)ςας
†
β′H(2)ςα′

])
.

(7.46)

In addition, the first term in Eq. (7.46) can be further simplified as

∑

(α,β)

∑

(α′,β′)

tr
[
ς†βH

(2)ςα
]
tr
[
ς†β′H(2)ςα′

]
=

⎛

⎝
∑

(α,β)

tr
[
H(2)ςας

†
β

]
⎞

⎠

⎛

⎝
∑

(α′,β′)

tr
[
H(2)ςα′ς†β′

]
⎞

⎠

= 4ςµνtr
[
H(2)

]
ςµ′ν′tr

[
H(2)

]

= 4ςµνςµ′ν′tr2 [H] . (7.47)

Finally, we obtain

EU1,U2 [SµνSµ′ν′ ]

=
tr2 [H]

d2 − 1
∆εin,1ςµνςµ′ν′ +

1

4(d2 − 1)
∆εin,2

∑

(α,β)

∑

(α′,β′)

EU2

[
tr
[
ς†βH

(2)ςας
†
β′H(2)ςα′

]]
. (7.48)

Lemma 17. Suppose that the random quantum circuits U1 and U2 are independent. If U2 forms
a unitary t-design with t ≥ 2, the expectation of the product of two matrix elements for S can be
evaluated as

EU1,U2 [SµνSµ′ν′ ] =
tr2 [εin]

d2 − 1
∆H1ςµνςµ′ν′ +

1

4(d2 − 1)
∆H2

∑

(α,β)

∑

(α′,β′)

EU1

[
tr
[
ςαε

(1)
in ς

†
βςα′ε(1)in ς

†
β′

]]
.

(7.49)

Here, the summation runs in the same way as lemma 16.

Proof. This proof follows the same flow in lemma 16.

EU2 [SµνSµ′ν′ ]

=
1

4

∑

(α,β)=(µ,ν),(ν,µ)

∑

(α′,β′)=(µ′,ν′),(ν′,µ′)

EU2 tr
[
U †
2HU2ςαε

(1)
in ς

†
β

]
tr
[
U†
2HU2ςα′ε(1)in ς

†
β′

]

=
1

4

∑

(α,β)

∑

(α′,β′)

∑

i,j

EU2 tr
[
U2ςαε

(1)
in ς

†
βU

†
2 |i⟩ ⟨j|HU2ςα′ε(1)in ς

†
β′U

†
2 |j⟩ ⟨i|H

]
. (7.50)

If U2 forms a unitary t-design with t ≥ 2, we obtain

∑

i,j

EU2 tr
[
U2ςαε

(1)
in ς

†
βU

†
2 |i⟩ ⟨j|HU2ςα′ε(1)in ς

†
β′U

†
2 |j⟩ ⟨i|H

]

=
1

d2 − 1

(
tr
[
ςαε

(1)
in ς

†
β

]
tr
[
ςα′ε(1)in ς

†
β′

]
tr2 [H] + tr

[
ςαε

(1)
in ς

†
βςα′ε(1)in ς

†
β′

]
tr
[
H2
])

− 1

d(d2 − 1)

(
tr
[
ςαε

(1)
in ς

†
βςα′ε(1)in ς

†
β′

]
tr2 [H] + tr

[
ςαε

(1)
in ς

†
β

]
tr
[
ςα′ε(1)in ς

†
β′

]
tr
[
H2
])

, (7.51)
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where we used the formula in Eq. (7.29). Thus, this leads to

EU2 [SµνSµ′ν′ ]

=
1

4

∑

(α,β)

∑

(α′,β′)

1

d2 − 1

(
tr
[
ςαε

(1)
in ς

†
β

]
tr
[
ςα′ε(1)in ς

†
β′

](
tr2 [H]−

tr
[
H2
]

d

))

+
1

4

∑

(α,β)

∑

(α′,β′)

1

d2 − 1

(
tr
[
ςαε

(1)
in ς

†
βςα′ε(1)in ς

†
β′

](
tr
[
H2
]
− tr2 [H]

d

))

=
1

4

∑

(α,β)

∑

(α′,β′)

1

d2 − 1

(
∆H1tr

[
ςαε

(1)
in ς

†
β

]
tr
[
ςα′ε(1)in ς

†
β′

]
+ ∆H2tr

[
ςαε

(1)
in ς

†
βςα′ε(1)in ς

†
β′

])
. (7.52)

In addition, the first term in Eq. (7.52) can be further simplified as

∑

(α,β)

∑

(α′,β′)

tr
[
ςαε

(1)
in ς

†
β

]
tr
[
ςα′ε(1)in ς

†
β′

]
=

⎛

⎝
∑

(α,β)

tr
[
ε(1)in ς

†
βςα
]
⎞

⎠

⎛

⎝
∑

(α′,β′)

tr
[
ε(1)in ς

†
β′ςα′

]
⎞

⎠

= 4ςµνtr
[
ε(1)in

]
ςµ′ν′tr

[
ε(1)in

]

= 4ςµνςµ′ν′ . (7.53)

Consequently, we obtain

EU1,U2 [SµνSµ′ν′ ]

=
1

4(d2 − 1)
EU1

⎡

⎣∆H1

∑

(α,β)

∑

(α′,β′)

tr
[
ςαε

(1)
in ς

†
β

]
tr
[
ςα′ε(1)in ς

†
β′

]
⎤

⎦

+
1

4(d2 − 1)
EU1

⎡

⎣∆H2

∑

(α,β)

∑

(α′,β′)

tr
[
ςαε

(1)
in ς

†
βςα′ε(1)in ς

†
β′

]
⎤

⎦

=
1

d2 − 1
∆H1ςµνςµ′ν′ +

1

4(d2 − 1)
∆H2

∑

(α,β)

∑

(α′,β′)

EU1

[
tr
[
ςαε

(1)
in ς

†
βςα′ε(1)in ς

†
β′

]]
. (7.54)
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[67] W. Górecki, A. Riccardi, and L. Maccone. Quantum metrology of noisy spreading channels.
Phys. Rev. Lett., 129:240503, 2022.

[68] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan. Completely positive dynamical semigroups
of n-level systems. Journal of Mathematical Physics, 17(5):821–825, 1976.

[69] D. Grinko, J. Gacon, C. Zoufal, and S. Woerner. Iterative quantum amplitude estimation. npj
Quantum Information, 7(1):1–6, 2021.

[70] J. Haah. Product Decomposition of Periodic Functions in Quantum Signal Processing. Quantum,
3:190, 2019.

[71] H. Harada, K. Wada, and N. Yamamoto. Doubly optimal parallel wire cutting without ancilla
qubits. PRX Quantum, 5:040308, 2024.

[72] M. Hayashi. Asymptotic Theory of Quantum Statistical Inference, volume 125. WORLD SCI-
ENTIFIC, 2005.

[73] M. Hayashi. Quantum information. Springer, 2006.

[74] M. Hayashi, S. Vinjanampathy, and L. Kwek. Resolving unattainable cramer–rao bounds for
quantum sensors. Journal of Physics B: Atomic, Molecular and Optical Physics, 52(1):015503,
2018.

[75] C. Helstrom. The minimum variance of estimates in quantum signal detection. IEEE Transac-
tions on Information Theory, 14(2):234–242, 1968.



BIBLIOGRAPHY 123

[76] C. W. Helstrom. Quantum detection and estimation theory. Journal of Statistical Physics,
1(2):231–252, 1969.

[77] B. Higgins, D. Berry, S. Bartlett, M. Mitchell, H. Wiseman, and G. Pryde. Demonstrating
heisenberg-limited unambiguous phase estimation without adaptive measurements. New Journal
of Physics, 11(7):073023, 2009.

[78] B. L. Higgins, D. W. Berry, S. D. Bartlett, H. M. Wiseman, and G. J. Pryde. Entanglement-free
heisenberg-limited phase estimation. Nature, 450(7168):393–396, 2007.

[79] A. S. Holevo. Probabilistic and statistical aspects of quantum theory, volume 1. Springer Science
& Business Media, 2011.

[80] S. Hong, J. Ur Rehman, Y.-S. Kim, Y.-W. Cho, S.-W. Lee, H. Jung, S. Moon, S.-W. Han, and
H.-T. Lim. Quantum enhanced multiple-phase estimation with multi-mode n 00 n states. Nature
communications, 12(1):5211, 2021.

[81] H.-Y. Huang, M. Broughton, J. Cotler, S. Chen, J. Li, M. Mohseni, H. Neven, R. Babbush,
R. Kueng, J. Preskill, et al. Quantum advantage in learning from experiments. Science,
376(6598):1182–1186, 2022.

[82] H.-Y. Huang, R. Kueng, and J. Preskill. Predicting many properties of a quantum system from
very few measurements. Nature Physics, 16(10):1050–1057, 2020.

[83] H.-Y. Huang, R. Kueng, and J. Preskill. Information-theoretic bounds on quantum advantage
in machine learning. Phys. Rev. Lett., 126:190505, 2021.

[84] H.-Y. Huang, R. Kueng, G. Torlai, V. V. Albert, and J. Preskill. Provably efficient machine
learning for quantum many-body problems. Science, 377(6613):eabk3333, 2022.

[85] W. J. Huggins, S. McArdle, T. E. O’Brien, J. Lee, N. C. Rubin, S. Boixo, K. B. Whaley,
R. Babbush, and J. R. McClean. Virtual distillation for quantum error mitigation. Phys. Rev.
X, 11:041036, 2021.

[86] W. J. Huggins, K. Wan, J. McClean, T. E. O’Brien, N. Wiebe, and R. Babbush. Nearly optimal
quantum algorithm for estimating multiple expectation values. Phys. Rev. Lett., 129:240501,
2022.
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