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Abstract

Estimating motion from image sensors is a fundamental problem in computer vision and
robotics. Event cameras are novel bio-inspired sensors that provide a signal suitable for es-
timating motion because their pixels naturally respond to intensity changes, which are pro-
duced by moving patterns on the image plane. This working principle of visual data acquisi-
tion in the form of asynchronous per-pixel intensity differences offers advantages such as low
latency, high dynamic range, and data efficiency, which contribute to overcoming challeng-
ing scenarios for conventional frame-based cameras. Motion estimation as a fitting problem
can be categorized according to the hypothesis of the scene, such as globally uniform flow (ँ
degrees of freedom (DOFs)), homographic-based flow (इ DOFs), or optical flow (the high-
est number of DOFs). However, state-of-the-art methods of event-based motion estimation
have several challenges: (i) typical objective functions have undesired global/local optima for
complex ego-motion and optical flow estimation scenarios, (ii) event-based optical flow has
not considered the space-time nature of events, and (iii) many existing optical flow meth-
ods are not biologically plausible. This thesis rethinks the nature of event data, improves the
well-posedness of various motion estimation problems, and proposes a new optical flow es-
timation approach. Furthermore, it demonstrates a novel application of event-basedmotion
estimation in imaging sciences.

The thesis is organized as follows: Chapter ऀ gives an overview of the motion estimation
problems considered using an event camera, summarizing the contributions of this work.
Chapter ँ reviews the working principle of an event camera and existing methods in motion
estimation that use only events or a combination of events and frames (i.e., images). Chapter
ं focuses on low-DOFego-motion estimation fromevents alone andproposes improvements
to the Contrast Maximization (CMax) framework. The goal of this chapter is to extend it
to higher, more complex motion estimation problems by mitigating event collapse without
trading off speed. Chapter ः focuses on high-DOF optical flow estimation and proposes a
principled method to estimate optical flow by extending CMax. It also extends frame-based
optical flow to event-based, space-time optical flow to handle occlusions better. Chapter ऄ
proposes a new optical flow estimation method, which achieves fast runtime upon sacrific-
ing accuracy. The proposed method stems from neuroscience and is biologically plausible.
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Chapter अ demonstrates an application to estimate the convection of heated air (motion of air
density), using schlieren imaging techniques. Here, a new method using events and frames
to estimate complexmotion is proposed, by extending the linearized event generationmodel.
Chapter आ summarizes the results of this work and discusses future work.

This thesis deepens the understanding of various motion estimation tasks using CMax,
rethinks the space-time nature of the data in event-based optical flow, highlights the speed-
accuracy trade-off in existing optical flow estimationmethods, and pioneers another stack of
applications using event-based motion estimation in imaging sciences.
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概要

カメラを用いた動きの推定は，コンピュータビジョンやロボティクスにおけ
る基本的な問題の一つである．生物に着想を得た新しいセンサであるイベン
トカメラは，画像平面上のエッジの動きなどによって引き起こされる画素の
輝度の変化に反応するため，動きの推定に適したデータを得ることができる．
このような輝度の差分データを非同期的で時空間的に取得する原理によって，
低遅延，高ダイナミックレンジ，データ効率性などの利点をもつため，イベ
ントカメラは従来のフレームカメラでは困難だった環境での活躍が期待され
ている．動き推定は，与えられた入力データと動きの仮説（モデル）に対する
パラメータの推定問題であり，例えば画像全体で均一な動き（ँ自由度），ホ
モグラフィ変換（इ自由度），オプティカルフローなど，推定関数の複雑さに
沿って分類できる．しかしながら，イベントベースで動き推定をおこなう最
先端の手法には，いくつかの課題がある：(i)典型的な目的関数は，複雑な自
己動き（エゴモーション）やオプティカルフローの推定において，望ましく
ない最適解を持つため，推定が不安定である．(ii)イベントベースのオプティ
カルフロー推定は，イベントの時空間的な性質を考慮してきていない．(iii)既
存のオプティカルフロー手法の多くは，生物学的に妥当であるとは言い難い．
本研究では，イベントデータの性質を再考することで，自己動きやオプティ
カルフローといった様々な動き推定問題における不良な設定を改善し，新し
いオプティカルフロー推定手法を提案する．さらに，イベントベースの動き
推定の応用として，新たなイメージング技術を開発する．
第 ऀ章では，イベントカメラを用いた動き推定問題の概要を提示し，本研究

の貢献についてまとめる．第 ँ章では，イベントカメラの原理と，イベントカ
メラを用いた様々な動き推定に関する既存の手法を概観する．第 ं章では，低
自由度の自己動き推定問題に注目し，イベントのみから動きを推定するコン
トラスト最大化法の改良を提案する．この章の目標は，速度を犠牲にするこ
となくイベント崩壊を緩和することで，より高度で複雑な自己動き推定問題
を安定的に解くことである．第 ः章は，高自由度のオプティカルフロー推定問
題に焦点を当て，コントラスト最大化法を拡張することでオプティカルフロ
ーを推定する原理的な方法を提案する．ここでは，オプティカルフローの定
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義をフレームベースからイベントベースの時空間オプティカルフローに拡張
し，遮蔽をよりうまく扱えるようにしている．第 ऄ章では，神経科学の知見に
基づいた，生物学的により妥当な新しいオプティカルフロー推定手法を提案
し，第 ः章の手法とも比較しながら，実行速度と推定精度のトレードオフにつ
いて議論する．第 अ章では，動き推定の応用として，イベントカメラを使用し
たシュリーレンイメージング技術を開発し，空気の対流を推定する手法を提
案する．ここでは，第 ः章で提案したフロー推定手法とも比較しながら，線形
化イベント生成モデルを拡張し，イベントとフレームを用いてシュリーレン
のような複雑な運動を推定する新しい手法を提案する．第 आ章では，本研究の
成果をまとめ，今後の課題について議論する．
本論文は，コントラスト最大化を用いた様々な動き推定への理解を深め，イ

ベントベースのオプティカルフローにおけるデータの時空間的な性質の再考
を促し，既存のオプティカルフロー推定手法における速度と精度のトレード
オフについて明らかにし，さらに，イベントカメラを用いた新しいイメージ
ングアプリケーションを開拓する．
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1
Introduction

What is motion and how can we estimate it? This is a fundamental research ques-
tion in computer vision and robotics. Throughout the thesis, I tackle this problem using an
event camera, which is a novel bio-inspired vision sensor. This chapter starts by defining the
motion estimation problem using vision sensors, in Sec. ऀ.ऀ. Secondly, Sec. ऀ.ँ introduces
event cameras and the challenges in event-basedmotion estimation. Then, the contributions
and structure of this thesis are summarized in Sec. ऀ.ं. Finally, after providing the list of
publications in Sec. ऀ.ः, Sec. ऀ.ऄ concludes the chapter.

ऀ.ऀ Motion Estimation

Estimating the motion of the world within short time intervals is a challenging task for com-
puters and robots. Animals perceive their motion and the motion of their surroundings in-
stantly and precisely to survive, communicate, or migrate. We humans also recognize mo-
tion, heavily relying on vision (i.e., eyes). Analogously, for decades researchers have developed
computer systems that recognize motion using visual sensors (i.e., cameras). The application
of vision-basedmotion estimation varies widely across fields, such as tracking, simultaneous-
localization and mapping (SLAM), controlling autonomous robots, scene prediction, video
synthesis, sports analysis, or augmented reality.

Motion estimation can be defined as a fitting problem. A fitting problem needs (i) in-
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put data, (ii) function(s), and (iii) parameter(s) to fit. For example, for traditional CMOS-
or CCD-based imaging sensors, which are frame-based cameras, the input data is an image
(frame) or a sequence of frames (video). The fitting function comes from modeling the
world. Since we do not know the best functions that universally and efficiently represent
any motion in the world, we need to make some assumptions to define the fitting function,
which involves modeling (i.e., approximation) of reality. For example, if we model the world
as flat and stationary, the fitting function becomes a homography transformation due to the
ego-motion. If one wants to describe as complex motions as possible in an image plane, the
fitting function can be the per-pixel displacement in the image plane, called optical flow. The
motion hypothesis, in this case, is that each pixel displacement is linear; optical flow between
two consecutive frames is a function of the pixel location, but not of time. The choice of the
motion hypothesis affects the complexity of the problem, such as the number of parameters
(degrees of freedom: DOFs). It is also closely related to the downstream application (i.e., why
does one estimate motion?) and to the problem’s difficulty (i.e., how can the problem be
solved more easily while remaining useful?).

Finally, an estimation method seeks the best parameters for the input data and the func-
tion. One approach to finding them is by solving an optimization problem, where the ob-
jective function plays an important role. For example, the reprojection error that measures
distances between the points in two images can be used to estimate the homography transfor-
mationbetween two consecutive frames. For better convergence of the optimization solver, it
is important to design the objective function so that it has a good landscape (i.e., convexity)
and few local sub-optima, ideally, a single global optimum that reflects reality. The com-
bination of the motion hypothesis and objective function affects the well-posedness of the
problem, which determines the stability of the convergence, the dependency on the initial
conditions, and the proneness to overfitting. Another estimation method is learning-based,
such as deep neural networks (DNN). Although the training in the learning-based methods
also involves the optimization process, the parameters to be optimized are not themotion pa-
rameters themselves, but theweights and biases of the network thatwill be used to output the
motion parameters. This design difference makes themmore data-driven, since the network
architecture partly encapsulates the design of the fitting function and the training process
automates finding the best function by exploiting the statistical correlation in the input data.

This thesis tackles the variousmotion estimationproblems fromanevent camera (Fig. ऀ.ऀ).
Specifically, the problem settings of interest are as follows: (i) the input data considered are
eventsor events anda frame, (ii) themotionhypotheses considered are egomotion from1DOF
to 8 DOFs and optical flow, and (iii) the estimation methods considered are optimization-
based and learning-based. The downstream applications, limitations due to the approxima-
tion of eachmotion hypothesis, accuracy, and computational complexity are partly discussed
in each chapter and will be revisited in the final discussion.
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Input data Motion

Figure 1.1: Motion estimation from an event camera. In this example, input data is a stream of events from an event cam‐
era (see also: Fig. 2.1), the motion model is optical flow (discussed in Chapters 4 and 5), and the estimation method is
optimization‐based. The color denotes the flow direction and magnitude (see the color wheel). This is an example of the
results from Chapter 4.

Here, we formulate the problems as purely visual ones, which do not require input from
additional sources such as an inertial measurement unit (IMU) or a light detection and rang-
ing (LiDAR) sensor. Also, we limit the scope of the motion estimation problem such that it
takes input data only from nearby timestamps (short time intervals): motion estimation in
longer time intervals, such as tracking and global bundle adjustment (e.g., SLAM), are future
directions in which this work could be extended.

ऀ.ँ Motion and Event Cameras

Event cameras arenovel bio-inspired vision sensors that respond toper-pixel intensity changes.
Assuming constant illumination, the intensity change is caused by the relative motion of
edges in image space, and therefore events naturally provide a signal suitable for motion esti-
mation. Compared with frame-based cameras, event cameras offer advantages, such as high
dynamic range (HDR), data and power efficiency, high temporal resolution (on the order
of µs), and minimal motion blur. These advantages make them useful for accurate motion
estimation even in difficult real-world scenarios for frame-based cameras. Another aspect is
the analogy of its data-acquisition principles to the animal retina, which attracts researchers
not only from computer science but from robotics and neuroscience communities.

Contrast maximization (CMax)ःअ,ःऄ is an optimization-based framework that provides
state-of-the-art results on motion-related tasks, such as rotational motion estimationःआ, fea-
ture flow estimation and tracking, ंD reconstruction, and optical flow estimation. Themain
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idea of CMax and similar event alignment frameworks is to find themotion and/or scene pa-
rameters to maximize an objective function (e.g., contrast) that measures the alignment of
corresponding events caused by the same scene edge. However, the contrast functions in the
CMax have undesired solutions (global optimum or local optima) where events accumulate
into too fewpixels in some cases, such as optical flow and some low-DOF ego-motion estima-
tion. Prior works have largely ignored the issue or proposed workarounds without analyzing
the phenomenon in detail. Since CMax is at the heart of many state-of-the-art methods, it
is important to understand this phenomenon and propose new methods that extend CMax
for broader, complex motion hypotheses. We analyze this phenomenon, which we call event
collapse, show that it occurs according to the well-posedness of the problem, and propose
solutions that improve the well-posedness of motion estimation from events alone.

Another challenge in event-based motion estimation is its new data modality. The asyn-
chronous and sparse events from these cameras happen, by nature, in space-time, which is not
compatible with traditional computer vision algorithms designed for images. Optical flow is
no longer obtained by analyzing the intensities of images captured at two nearby timestamps,
but by analyzing the space-time stream of events. This leads us to rethink visual process-
ing and demands new algorithms that are suitable for event-based optical flow. Specifically,
we focus on rethinking optical flow in event-based vision such that the space-time nature of
events is taken into account. We propose space-time flow, which is a function of space-time
and is constant along the streamlines of the flow itself, thus handling occlusions better.

Furthermore, we explore a more biologically-plausible optical flow estimationmethod for
the event-based optical flow. Most existing optical flow estimation methods for events are
batch-based, taking input data as a packet of events on a fixed time interval (e.g., ऀࣿ–ऀࣿࣿ
ms) or with a fixed number (e.g., ंࣿk–ऀM). While they generally achieve good estimation
accuracy, these packet-based methods require some waiting time before the processing (in-
ference) starts: they trade off the high-speed advantages of event data for accuracy. On the
other hand, event-by-event methods process every event incrementally as it occurs (without
waiting time), aiming to leverage the camera’s low-latency advantage. As a counterpart of
the other (batch-based) approaches, we propose an event-by-event sparse optical flow estima-
tion method, stemming insights from neuroscience, and demonstrate its capability for fast
execution (> ऀࣿ kHz rate) on standard CPUs.

Finally,we explore another stackof applications in imaging sciences that utilize event-based
motion estimation: the motion of air density. Schlieren imaging is an optical technique to
observe the flow of transparent media, such as air or water, without any particle seeding.
However, conventional frame-based schlieren techniques require both high spatial and tem-
poral resolution cameras, which impose bright illumination and expensive computation lim-
itations. Event cameras can overcome such limitations of frame-based imaging techniques
due to their bio-inspired sensing principles. We pioneer a novel technique for perceiving air

ः



convection (i.e., motion) using events and frames, which leverages the advantages of event
cameras.

To summarize, in this work we focus on motion estimation problems within short time
intervals using a single event camera and hope to challenge the following research questions:

• How can we extend CMax for broader types of motion hypotheses by improving the
objective function?

• How can we take space-time nature of events into account to rethink event-based op-
tical flow?

• What is a more biologically-plausible solution for event-based optical flow?

• How can we utilize event-based motion estimation in imaging science, in order to
leverage its advantages?

On the other hand, events could be also triggered by illumination changes, such as flick-
ering lights and noise, which do not carry information of moving objects in the scene or
ego-motion. Although this is another interesting challenge, we limit the scope of this work
by excluding these non-constant illumination situations. Note that there are also other chal-
lenges that are out of the scope of this thesis, such as the integrationwith embedded hardware
and achieving power-efficient systems during motion estimation.

ऀ.ं Contributions

The contributions of this thesis are summarized as follows:

• We provide the first detailed analysis of event collapse that occurs at specific motion
estimation problems in the CMax due to undesired optima of the objective functions
(Chapter ं). The well-posedness of the motion hypothesis is discussed for low-DOF
motions (ऀ to इ DOFs).

• We propose three regularizers to improve the well-posedness in the low-DOFmotion
estimation problems (Chapter ं). The proposed regularizers are the only effective ap-
proach to date to mitigate event collapse in these settings, one of which even does not
sacrifice the runtime of the original CMax framework.

• We propose a multi-reference warp and focus loss to drastically improve optical flow
accuracy by discouraging event collapse (Chapter ः). By extending theCMax, the pro-
posed method achieves state-of-the-art accuracy in event-based optical flow.
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Table 1.1: The problem settings in each chapter of the thesis.

Chapter Input data Estimation method Motion hypothesis
ं events optimization low DOF, ego-motion
ः events optimization and learning high DOF, optical flow
ऄ events optimization (event-by-event) high DOF, optical flow
अ (imaging application) events and a frame optimization high DOF, optical flow

• We propose a principled time-aware flow to comply with the space-time nature of
events, which handles occlusions better (Chapter ः). The space-time flow is formu-
lated as a transport problem via partial differential equations (PDEs).

• We show a multi-scale approach on the raw events to improve the convergence to the
solution and avoid getting trapped in local optima in event-based optical flow (Chap-
ter ः).

• We propose a biologically-plausible method to estimate optical flow based in an event-
by-event manner, leveraging knowledge from neuroscience. The proposed method
achieves the fastest runtime in optical flow benchmarks (Chapter ऄ).

• We demonstrate a novel imaging application of event cameras with schlieren tech-
niques (Chapter अ). We develop a theory to connect events and heat convection in
air, then estimate the temporal change of air density using an event camera.

• Weprovide anewdatasetwithhigh-quality frames and events for event-basedbackground-
oriented schlieren (Chapter अ).

A thorough evaluation on the de-facto standard benchmarks and datasets is conducted
in each problem setting. Also, the runtime and accuracy among the proposed methods are
compared for low-DOF motion estimation (Chapter ं) and optical-flow estimation (Chap-
ter ऄ). Finally, most parts of the thesis provide publicly available implementations (codes) for
the future of the event-vision community.

This thesis consists of the following chapters (Tab. ऀ.ऀ):

• Chapter ऀ defines the scope of the thesis and the research questions.

• Chapter ँ reviews and summarizes existingwork onmotion estimation using an event
camera.

• Chapter ं focuses on low-DOF estimation problems using only events. Here, themo-
tionhypotheses are limited toup to इDOFsdue to the camera ego-motion. We analyze
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event collapse in detail and propose a new method with new regularizers that effec-
tively and/or efficiently improve the accuracy. The estimationmethods are optimization-
based ones.

• Chapter ः focuses on the high-DOF estimation problem (optical flow) using only
events. We propose a principled method to estimate optical flow by extending Con-
trast Maximization. The estimation methods are both optimization-based (CMax)
and learning-based (DNN).

• Chapter ऄ also focuses on optical flow estimation using events, by proposing an in-
cremental approach. The proposedmethod performs event-by-event estimation, thus
achieving high throughput (runtime per event).

• Chapter अ shows a novel application of event-based motion estimation: sensing air
convection. In contrast to the previous chapters, here the task is estimating themotion
of air density using schlieren techniques. The input data is the combination of events
and a frame. We estimate the spatio-temporal derivatives of air density via optical flow
estimation. The estimation method is based on optimization, where we extend the
linearized event generation model.

• Chapter आ summarizes the work, discusses the limitations, and provides an outlook.

ऀ.ः Publication list

The publication list of the author and the corresponding chapters in the thesis are as follows:

• Shiba, S., Aoki, Y., & Gallego, G. (ँࣿँँ). Event Collapse in Contrast Maximization
Frameworks. Sensors, ँँ(ऀः):ऄऀईࣿ, doi: ऀࣿ.ंंईࣿ/sँँऀःऄऀईࣿ (Chapter ं)

• Shiba, S., Aoki, Y., & Gallego, G. (ँࣿँं). A Fast Geometric Regularizer to Mitigate
Event Collapse in the Contrast Maximization Framework. Advanced Intelligent Sys-
tems, ँँࣿࣿँऄऀ, doi: ऀࣿ.ऀࣿࣿँ/aisy.ँࣿँँࣿࣿँऄऀ (Chapter ं)

• Shiba, S., Aoki, Y., &Gallego, G. (ँࣿँँ). Secrets of Event-basedOptical Flow. In Eur.
Conf. Comput. Vis. (ECCV), Tel Aviv, Israel, doi: ऀࣿ.ऀࣿࣿआ/ईआइ-ं-ࣿंऀ-ऀईआईआ-ࣿ_ंअ
(Chapter ः)

• 芝慎太朗,青木義満, & Gallego, Guillermo. (ँࣿँँ). イベントカメラを用いた
オプティカルフロー推定:動きとは何か？. Inビジョン技術の実利用ワー
クショップ (オンライン). (Chapter ः)
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• Shiba, S., Klose, Y., Aoki, Y., & Gallego, G. (under review). Secrets of Event-based
Optical Flow, Depth and Ego-motion Estimation by Contrast Maximization. (Chap-
ter ः)

• Shiba, S., Aoki, Y., & Gallego, G. (ँࣿँं). Fast Event-based Optical Flow Estimation
by Triplet Matching. IEEE Signal Processing Letters, vol. ँई, pp. ँआऀँ-ँआऀअ, ँࣿँँ,
doi: ऀࣿ.ऀऀࣿई/LSP.ँࣿँं.ंँंःइࣿࣿ. (Chapter ऄ)

• Shiba, S.,Hamann, F., Aoki, Y.,&Gallego,G. (under review). Event-basedBackground-
Oriented Schlieren. (Chapter अ)
I (SS) was the sole first author and main contributor to developing the idea, imple-
mentation, and paper writing. FH and I equally contributed to data acquisition and
experiments.

ऀ.ऄ Summary

In this chapter, we define the scope of the thesis as motion estimation within short time in-
tervals using a single event camera. The input data in this work are (i) events only (Chap-
ters ं to ऄ) or (ii) events and a frame (Chapter अ). The motion hypothesis of interest are (i)
low-DOF ego-motion (up to इ DOFs) (Chapter ं) and (ii) high-DOF optical flow (Chap-
ters ः to अ). To solvemotion estimation problems, optimization-based (Chapters ं, ः and अ),
learning-based methods (Chapter ः), and an incremental method (Chapter ऄ) are used. As
an application of the optical flow estimation, we demonstrate the capability of sensing air
convection (Chapter अ).

We hope this thesis expands the understanding of event data and deepens event-basedmo-
tion estimation by tackling its new data modality and challenges. We also hope this work
fosters future research and applications for event-based motion estimation.
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2
Review

This chapter provides a comprehensive review of event-based motion estimation. First, I
summarize the principles of event cameras and their applications in Sec. ँ.ऀ. Next, Sec. ँ.ँ re-
views various methods to estimate ego-motion (pose), including the ContrastMaximization
framework. Section ँ.ं covers optical flow estimation methods. Then, prior work utilizing
both events and frames is reviewed in Sec. ँ.ः. Finally, Sec. ँ.ऄ concludes the chapter.

ँ.ऀ Event cameras

Event cameras, or event-based cameras, are novel bio-inspired vision sensors that have the
potential to overcome challenging scenarios for traditional frame-based camerasईऀ,ऀँः,ऀं,ऀऄऀ.
They respond to intensity changes in the image plane asynchronously, achieving fast and effi-
cient data acquisition (Fig. ँ.ऀ). Each pixel of the camera triggers an “event” ek

.
= (xk, tk, pk)

as soon as its logarithmic intensity L changes from one at the previous event by a certain
threshold C > 0:

L(xk, tk)− L(xk, tk − Δtk) = pk C, (ँ.ऀ)

wherexk
.
= (xk, yk)" is the pixel location, tk is the timestamp, pk ∈ {+1,−1} is the signof the

intensity change, and tk−Δtk is the time of the previous event at the samepixel xk. Compared
with conventional frame-based cameras, which synchronously record absolute intensities at
a fixed frame rate, event cameras achieve higher temporal resolution and lower latency (in the
order of microseconds), higher dynamic range (about ऀःࣿ dB), and more efficiency in data
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(a) Event camera (b) Frame Camera

Figure 2.1: Comparison between the outputs of an event camera and a frame‐based camera. In the scene, a person is playing
football. In this scenario the event camera is stationary, thus intensity changes happen only at the pixels of the moving
parts (around the football and the human body). The other regions of the image plane (e.g., the door and the wall) are static
with respect to the camera, and thus do not trigger events. An event camera (a) outputs asynchronous stream data at only
pixels with changes. A frame‐based camera (b) outputs a sequence of images at all pixels (synchronously), regardless of
the scene dynamics. Here, the camera used is the DAVIS346158 (346× 260 px).

and power consumption.
Due to these advantages, the applications of event cameras are widely spread from basic

computer vision tasks to applications such as robotics and imaging sciences. Classical com-
puter vision tasks include recognition and classificationइई,इइ,ऀऀऄ,इँ, detectionऄई,ईई,ऀࣿँ, feature
trackingँँ,इअ,ऀःई,ऀआअ,ऄः, optical flow estimationऀऀ,ऀऀः,ऀࣿ,ऀअ,अ,ऀऄं,ँ, image (absolute intensity) re-
constructionआई,अ,ऀंࣿ,ऀऀइ,ऀआं, and superresolutionईࣿ,ऀࣿऀ,ऀअइ,ंआ. Figure ँ.ँ shows such an image
reconstruction, formulated a linear inverse problem given events and optical flowऀआं. They
are also used in three-dimensional computer vision, such as depth estimation (ंD recon-
struction)ऀँइ,इऀ,ऀइࣿ,आअ, visual odometryःआ,आऀ,ईः, and Simultaneous Localization and Mapping
(SLAM)आई,इऀ,ऀँई,ऀंऄ. Moreover, there are relatively modern computer vision tasks that utilize
the high temporal resolution of event cameras, such as image deblurringईँ,आइ and frame inter-
polationऀः,ऀअः. Recently they have been used in broad applications such as collision avoid-
anceँऀ,ंई, structured light ंD scanningऀࣿअ, particle image velocimetryंऄ,ऀअआ, eye trackingं,
surveillance and monitoringँऄ,ँः, and autonomous dronesंऀ,ंई,ंँ. They are also applied to
tasks that require high dynamic range, such as star trackingँࣿ and HDR image reconstruc-
tionऀࣿࣿ,ऀइऀ,ऀंࣿ.
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Figure 2.2: Example of intensity reconstruction. If optical flow is given, the intensity reconstruction can be formulated as a
linear inverse problem. Data from Fig. 1 of173.

ँ.ँ Motion Estimation from Events: Ego-motion

Since events are caused by the relative motion of edges in image space, motion estimation
from event data is an extensive research area in event-based vision. The motion estimation
problems are divided into two categories upon an important assumption: if only the camera
is moving (and the scene is static), or there might be other moving objects in the scene. This
section (Sec. ँ.ँ) describes the first case (ego-motion estimation), and the following section
(Sec. ँ.ं) covers the second case (optical flow estimation). With the static scene assumption,
the “ideal” solution of the motion estimation has 6 + Np DOFs (Np denotes the number
of pixels), where the estimation parameters are the pose change (i.e., velocity) and the scene
depth. Due to its complexity, many prior works have posed extra assumptions on the scene
or have limited the scope of the problem settings for fewer DOFs as approximations.

The ego-motion estimation problems can be further categorized according to their com-
plexity (degrees of freedom): feature flow (ँ DOFs), rotational motion (ं DOFs), planar
motion (ं DOFs), similarity transformation (ः DOFs), Affine transformation (अ DOFs),
and homography transformation (इ DOFs). For example, the ं-DOF camera rotational mo-
tion estimation assumes constant angular velocity (θ ≡ ω, ं DOFs) during short time inter-
valsँअ,ऀࣿः,ऀंँ,ःआ,ईं. Kim et al.आई propose to estimate the rotational motion of the camera using
Kalman filters, by simultaneously estimating the mosaic image (panorama intensity image).
This is extended to estimate the अ-DOF camera pose and the scene depth inइऀ.

Contrast maximization (CMax) and related event-alignment methods have been used to
estimate the motion of various complexity with the current state-of-the-art accuracyःअ,ऀऀं,अं.
This optimization-basedmethod iterativelyperforms transforming (warping) events and com-
puting an objective function from events (Fig. ँ.ं). The goal is to find the warping (transfor-
mation) parameters θ that achieve motion compensation (i.e., alignment of events triggered
at different times and pixels), hence revealing the edge structure that caused the events.

Figure ँ.ः shows examples for the ँ-DOF feature flow (θ ≡ v. e.g.,ःअ) and ं-DOF angular
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Figure 2.3: An overview of the Contrast Maximization framework 46.

2 DOF 3 DOF

Event

IWE

Figure 2.4: Examples of Contrast Maximization for 2‐DOF feature flow and 3‐DOF rotational motions. After convergence,
CMax provides the motion parameters and the sharp image of warped events (IWE).

velocity (θ ≡ ω. e.g.,ःआ,इࣿ) estimation usingCMax. Standard optimization algorithms (gradi-
ent ascent, sampling, etc.) can be used to maximize the event-alignment objective functions.
Upon convergence, the method provides the best transformation parameters and the trans-
formed events, i.e., a motion-compensated image of warped events (IWE). Several objective
functions for measuring event alignment have been proposed to measure the goodness of fit
between the events and the modelःऄ,ऀऄः, which are interpreted as the visual contrast (sharp-
ness) of the IWE.

Applying CMax to more complex (higher DOFs) motions is yet to be explored and in-
vestigated. Peng et al.ऀँँ,ऀँऀ analyze the convexity of some contrast functions (fromऀऄः) and
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Figure 2.5: Dispersion minimization framework. Data from Fig. 1 of113.

propose a branch-and-bound strategy to limit the search space of the homography transfor-
mation (इ DOFs) for a better convergence, although it needs to provide the initial search
space. Stoffregen et al.ऀऄँ propose the expectation-maximization algorithm to estimate mul-
tiple clusters with ँDOFs (i.e.,motion segmentation) usingCMax, however, the convergence
heavily depends on the initial conditions (especially for the maximization step). As the com-
plexity (e.g., DOF of the motion parameter θ) increases, the problem becomes more difficult
to solve (i.e., converge), which tends to need limiting the search space, relying on good initial
conditions, or choosing the optimization algorithm carefully.

Similarly to CMax, Nunes and Demirisऀऀँ,ऀऀं formulate the event alignment problem via
dispersionminimization (DMin) (Fig. ँ.ऄ). The dispersion (e.g., entropy)measures pairwise
distances between feature points (e.g., warped events, which can be either in two- or three-
dimensional coordinates). By doing so, they demonstrate the अ-DOF estimation capability if
theGTdepth information is externally provided. Notice that the essential difference between
DMin and CMax lies in the calculation of the event alignment: DMin requires the pairwise
distance calculation that takes O(N2

e ) without any approximation (Ne denotes the number
of events), while CMax successfully reduces the complexity toO(Ne+Np) by using IWEs as
an intermediate representation to measure the alignment.

In contrast to theoptimization-basedmethods, learning-based ego-motion estimation from
events is relativelyunexplored. Gehrig et al.ऄऀ propose a spikingneural network (SNN)model
that estimates the angular velocity (i.e., ं DOFs) in a supervisedmanner (Fig. ँ.अ). However,
it requires precise ground truth signals, which they address by using simulation datasets. An-
other supervised learning for the अ-DOF ego-motion is proposed inऀऀऀ, where they apply a
Long-Short TermMemory (LSTM) network.
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Figure 2.6: Supervised learning of angular velocity using Spiking Neural Network. Data from Fig. 1 of51.

Frame Event Estimation GT

Figure 2.7: Unsupervised learning of depth and ego‐motion. Data from Fig. 6 of180.

Learning-based approaches have also tackled the “ideal” case of the problem, which is the
simultaneous estimation of the pose with the scene depth. Ye et al.ऀआࣿ and Zhu et al.ऀइࣿ pro-
pose a joint estimation based on unsupervised learning. They both convert event stream into
image- or tensor-representation as the input to the DNN. Then, Ye et al.ऀआࣿ use the photo-
metric loss by warping the input image representation with the estimated ego-motion and
depth. Zhu et al.ऀइࣿ propose the average timestamp loss (the sum of squares of the average
timestamp at each pixel) as a proxy function for the contrast functions in CMax (Fig. ँ.आ).
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Scene

Flow

Figure 2.8: An example of optimization‐based optical flow estimation. Data from Fig. 10 of10.

However, they report the overfit of the network when the original contrast functions are
used, which is one of the problems that we challenge in this work (Chapter ः).

ँ.ं Motion Estimation from Events: Optical Flow Estimation

Optical flow is pixel displacements between two images within a short time interval such that
thedisplacements donot changeduring the interval (i.e., linear). It has generally higherDOFs
(e.g., 2Np) than that of the pose. Indeed, the previous section can be seen as the particulariza-
tion of optical flow estimation when the scene is static. Although it can represent complex
motion even with independently moving objects, event-based optical flow is a challenging
task due to its high complexity.

Prior optimization-basedworkhasproposed adaptations of frame-based approaches (block
matchingईअ, Lucas-Kanadeऀऀ), filter-banksऀऀः,ऀअ, spatio-temporal plane-fittingऀࣿ,ऀ, and time
surface matchingऀࣿई. For example, Benosman et al.ऀࣿ formulate the flow as the inverse of
spatial derivatives of co-occurring event timestamps (Fig. ँ.इ). Brosch et al.ऀअ propose the
spatio-temporal filter-bank approach that is inspired by the motion detection mechanism
from biology (Fig. ँ.ई). Notice that these methods estimate sparse optical flow (optical flow
is estimated where at least one event exists). Bardow et al.अ propose a simultaneous estima-
tion of dense optical flow (flow over the entire image plane) and image intensity (Fig. ँ.ऀࣿ).
These relatively early works have been tested on rather simple scenes, as opposed to the more
complex real-world scenes and publicly-available benchmarks.

Recently, there have been more learning-based approachesऀआई,ऀइࣿ,ऄअ,ंः,इआ,अऄ, largely inspired
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Scene Flow

Figure 2.9: An example of optimization‐based optical flow estimation. Data from Fig. 8 of16.

Optical flow

Intensity
reconstruction

Scene

Figure 2.10: An example of optimization‐based optical flow estimation.Optical flow is simultaneously solved with image re‐
construction. Data from Fig. 6 of6.

by frame-based optical flow architecturesऀंः,ऀअࣿ. Non-spiking–based approaches need to ad-
ditionally adapt the input signal, converting the events into a tensor representation (event
frames, time surfaces, voxel grids, etc.ऄँ,ऀइ). These learning-based methods can be classified
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Frame Event Estimated Flow GT Flow

Figure 2.11: An example of supervised optical flow estimation. Data from Fig. 4 of Gehrig et al. 56. Supervised learning relies
on the ground truth (GT) flow. Notice the sparsity of the GT flow, which we will discuss in Chapter 4.

into supervised, semi-supervised, or unsupervised. In terms of architecture, the three most
common ones are U-Netऀआई, FireNetऀइࣿ and RAFTऄअ.
Supervisedmethods trainDNNs in simulation and/or real-dataऄअ,ऀऄऄ,ऄँ. For example,Gehrig

et al.ऄअ adapted the RAFT architectureऀअࣿ, which is one of the state-of-the-art architectures
in frame-based optical flow estimation (Fig. ँ.ऀऀ). The supervised learning requires accurate
ground truth flow that matches the space-time resolution of event cameras. While this is no
problem in simulation, it incurs a performance gap when trained models are used to predict
flow on real dataऀऄऄ. Besides, real-world datasets have issues in providing accurate ground
truth flow. Although it will not be visible during the evaluation with the ground truth,
supervised-learning methods might not be able to learn pixels without GT, such as indepen-
dently moving objects and out of LiDAR’s field of view (see the last column of Fig. ँ.ऀऀ).
This also indicates that we need proxy metrics for the flow evaluation that do not depend on
the GT, as we discuss in Chapter ः.

Semi-supervisedmethodsuse the grayscale images fromaco-located camera (e.g.,DAVISऀऄइ)
as a supervisory signal: images are warped using the flow predicted by the DNN and their
photometric consistency is used as loss functionऀआई,इआ,ंः. While such a supervisory signal
is easier to obtain than real-world ground truth flow, it may suffer from the limitations of
frame-based cameras (e.g., low dynamic range and motion blur), consequently affecting the
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Figure 2.12: An example of self‐supervised optical flow estimation. Data from Fig. 3 and Fig. 4 of Zhu et al. 178.

trained DNNs. These approaches were pioneered by EV-FlowNetऀआई, which is based on the
U-Net architecture (Fig. ँ.ऀँ).

Unsupervised methods rely solely on event data. Their loss function consists of an event
alignment error using the flow predicted by the DNNऀइࣿ,ऀऀइ,अऄ,ऀआࣿ. Zhu et al.ऀइࣿ extend EV-
FlowNetऀआई to the unsupervised setting using the average timestamp loss function. This ap-
proach has been used and improved inऀऀइ,अऄ. Tian et al.ऀअऀ use the same loss function with
a transformer-based network architecture. Paredes-Vallés et al.ऀऀइ also propose FireFlowNet,
a lightweight DNN producing competitive results, and jointly solve the image reconstruc-
tion and flow estimation (Fig. ँ.ऀं). Although these work produce competitive results with
semi-supervised methods, the loss functions that have been used (average timestampऀइࣿ and
normalized average timestampअऄ) are unstable and difficult to interpret as the contrast func-
tions.

ँ.ः Motion Estimation from Events and Frames

Thanks to cameras that outputboth events and frameswith co-locatedpixels (e.g.,DAVISऀऄइ),
it has been possible to utilize the information of both data modalities to estimate motion
from a single camera. In the literature, the following problem settings have been tackled:
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Figure 2.13: An example of unsupervised optical flow estimation. Data from Fig. 1 of Paredes‐Vallés et al. 118.

(i) feature-based trackingऀऄई,इऄ,ऄं,ऄः, (ii) single-object–based trackingईऄ,ऀआऀ,ऀअअ, and (iii) rigid-
body structure frommotionऀआ,आऀ. The resulting problems differ not only in increasing com-
plexity but also in purpose: for example, object-based tracking is concernedwith determining
bounding boxes, while feature-based tracking aims at a sub-pixel precision marking of key-
points to enable SLAM applications.

Gehrig et al. propose Event-based Lucas-Kanade tracking that utilizes the linearized event
generation model (LEGM)ऄं,ऄः. It extracts features from framesईइ,ऄ and subsequently tracks
them asynchronously using events (Fig. ँ.ऀः). The LEGM states that, the brightness incre-
ment (the per-pixel sum of the event polarities) is caused by the gradients of frames moving
with image velocity. It has been extended toward more complex (rigid-body) motion inऀआ,आऀ.
However, estimating further complex motion (e.g., optical flow) using the LEGM is yet to
be explored, which we challenge in Chapter अ.

ँ.ऄ Conclusion

In this chapter, we review the various motion estimation problems using an event camera.
Ego-motion estimation problems assume the static scene, where the “ideal” parameteriza-
tion becomes 6+Np. Simplified problem settings of the low-DOFmotion estimation, such
as feature flow and rotational motion, can be estimated using the event alignment methods
such as the Contrast Maximization framework (Sec. ँ.ँ). Optical flow estimation can han-
dle independently moving objects in the scene with larger complexity. Various optical flow
estimation methods have been proposed, from optimization-based ones for the sparse flow
to supervised-learning ones for the dense flow (Sec. ँ.ं). Finally, motion estimationmethods
combining events and frames have been reviewed (Sec. ँ.ः).
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Figure 2.14: Event‐based Lucas‐Kanade tracking. Data from Fig. 5 of54.
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3
Low-DoFMotion Estimation

ं.ऀ Introduction

Event camerasंࣿ,ऀऄअ,ःऀ offer potential advantages over standard cameras to tackle difficult sce-
narios (high speed, high dynamic range, low power). However, new algorithms are needed
to deal with the unconventional type of data they produce (per-pixel asynchronous bright-
ness changes, called events) and unlock their advantagesःं. Contrast maximization (CMax)
is an event processing framework that provides state-of-the-art results on several tasks, such
as rotational motion estimationःआ,इࣿ, feature flow estimation and trackingऀआअ,ऀआआ,ऀःࣿ,ऀऄः,ँई, ego-
motion estimationःअ,ःऄ,ऀँऀ, ंD reconstructionःअ,ऀँइ, optical flow estimationऀइࣿ,ऀँࣿ,अऄ,ऀःअ, mo-
tion segmentationईई,ऀऄँ,ऀआः,ऀऀआ,ईआ, guided filteringंअ, and image reconstructionऀआं. The main
idea ofCMax and similar event alignment frameworksऀऀं,अं is to find themotion and/or scene
parameters that align corresponding events (i.e., events that are triggered by the same scene
edge), thus achieving motion compensation. The framework simultaneously estimates the
motion parameters and the correspondences between events (data association). However, in
some cases CMax optimization converges to an undesired solution where events accumulate
into too fewpixels, a phenomenoncalled event collapse (Fig. ं.ऀ). SinceCMax is at the heart of
many state-of-the-art event-basedmotion estimationmethods, it is important to understand
the above limitation and propose ways to overcome it. Prior works have largely ignored the
issue or proposed workarounds without analyzing the phenomenon in detail. A more thor-
ough discussion of the phenomenon is overdue, which is the goal of this chapter.
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Figure 3.1: Event Collapse: Left: Landscape of the image variance loss as a function of the warp parameter hz. Right: The
IWEs at the different hz marked in the landspace: A. Original events (identity warp), accumulated over a smallΔt (polarity
is not used). C. Image of warped events (IWE) showing event collapse due to maximization of the objective function. B.
Desired IWE solution using our proposed regularizer: sharper than (A) while avoiding event collapse (C).

Contrarily to the expectation that event collapse occurs when the event transformation
becomes sufficiently complexऀइࣿ,ऀऀं, we show that it may occur even in the simplest case of
one degree-of-freedom (DOF) motion. Drawing inspiration from differential geometry and
electrostatics we propose principled metrics to quantify event collapse and discourage it by
incorporating penalty terms in the event alignment objective function. While event collapse
depends onmany factors, our strategy aims atmodifying the objective’s landscape to improve
the well-posedness of the problem and be able to use well-known, standard optimization
algorithms.

In summary, the contributions of this chapter are:

ऀ. A study of the event collapse phenomenon in regards to event warping and objective
functions (Secs. ं.ं.ऀ and ं.अ).

ँ. Three principled metrics of event collapse (one based on flow divergence and two
basedon area-elementdeformations) and their use as regularizers tomitigate the above-
mentioned phenomenon (Secs. ं.ँ.ं, ं.ः and ं.ऄ).

ं. Experiments onpublicly available datasets that demonstrate, in comparisonwithother
strategies, the effectiveness of the proposed regularizers (Sec. ं.अ).

To the best of our knowledge, this is the first work that focuses on the paramount phe-
nomenon of event collapse, which may arise in state-of-the-art event-alignment methods.
Our experiments show that the proposed metrics mitigate event collapse while they do not
harm well-posed warps or trade-off the algorithm runtime.
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Figure 3.2: Proposed modification of the Contrast Maximization (CMax) framework in46,45 to also account for the degree
of regularity (collapsing behavior) of the warp. Events are colored in red/blue according to their polarity.

ं.ँ ContrastMaximization

In this section, first, we revise how event cameras work (Sec. ं.ँ.ऀ) and the CMax framework
(Sec. ं.ँ.ँ). Then, Sec. ं.ं.ऀ builds our intuition on event collapse by analyzing a simple
example. Section ं.ः presents our proposed metrics for event collapse, based on ऀ-DOF and
ँ-DOF warps. Section ं.ऄ specifies them for higher DOFs, and Sec. ं.ँ.ं presents the regu-
larized objective function.

ं.ँ.ऀ How Event CamerasWork

Event cameras, such as the Dynamic Vision Sensor (DVS)ईऀ,ऀऄअ,ःऀ, are bio-inspired sensors
that capture pixel-wise intensity changes, called events, instead of intensity images. An event
ek

.
= (xk, tk, pk) is triggered as soon as the logarithmic intensity L at a pixel exceeds a contrast

sensitivity C > 0,
L(xk, tk)− L(xk, tk − Δtk) = pk C, (ं.ऀ)

where xk
.
= (xk, yk)", tk (with µs resolution) and polarity pk ∈ {+1,−1} are the spatio-

temporal coordinates and sign of the intensity change, respectively, and tk − Δtk is the time
of the previous event at the same pixel xk. Hence, each pixel has its own sampling rate, which
depends on the visual input.

ं.ँ.ँ Mathematical Description of the CMax Framework

The CMax frameworkःअ transforms events in a set E = {ek}Ne
k=1 geometrically

ek
.
= (xk, tk, pk)

W'→ e′k
.
= (x′k, tref, pk), (ं.ँ)
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according to a motion modelW, producing a set of warped events E ′ = {e′k}
Ne
k=1. The warp

x′k = W(xk, tk; θ) transports each event along the point trajectory that passes through it
(Fig. ं.ँ, left), until tref is reached. The point trajectories are parametrized by θ, which con-
tains the motion and/or scene unknowns. Then, an objective functionःऄ,ऀऄः measures the
alignment of the warped events E ′. Many objective functions are given in terms of the count
of events along the point trajectories, which is called the image of warped events (IWE):

I(x; θ) .
=

Ne∑

k=1

bk δ(x− x′k(θ)). (ं.ं)

Each IWEpixel x sums the values of thewarped eventsx′k that fallwithin it: bk = pk if polarity
is used or bk = 1 if polarity is not used. The Dirac delta δ is in practice replaced by a smooth
approximationऀऀࣿ, such as a Gaussian, δ(x − μ) ≈ N (x; μ, ε2) with ε = 1 pixel. A popular
objective functionG(θ) is the visual contrast of the IWE (ं.ं), given by the variance

G(θ) ≡ Var
(
I(x; θ)

) .
=

1
|Ω|

∫

Ω
(I(x; θ)− μI)

2dx, (ं.ः)

with mean μI
.
= 1

|Ω|
∫
Ω I(x; θ)dx and image domain Ω. Hence, the alignment of the trans-

formed events E ′ (i.e., the candidate “corresponding events”, triggered by the same scene
edge) is measured by the strength of the edges of the IWE. Finally, an optimization algorithm
iterates the above steps until the best parameters are found:

θ∗ = argmax
θ

G(θ). (ं.ऄ)

ं.ँ.ं Augmented Objective Function

We propose to augment previous objective functions (e.g., (ं.ऄ)) with penalties obtained
from the above developed metrics for event collapse:

θ∗ = argmin
θ

J(θ) = argmin
θ

(−G(θ) + λR(θ)) . (ं.अ)

We may interpret G(θ) (e.g., contrast or focus scoreःऄ) as the data fidelity term andR(θ) as
the regularizer, or, in Bayesian terms, the likelihood and the prior, respectively.

ँः



ं.ं Event Collapse

ं.ं.ऀ Simplest Example of Event Collapse: ऀ DOF

To analyze event collapse in the simplest case, let us consider an approximation to a transla-
tional motion of the camera along its optical axis Z (ऀ-DOF warp). In theory, translational
motions require also the knowledge of the scene depth. Here, inspired by the ः-DOF in-
plane warp inईई that approximates a अ-DOF camera motion, we consider a simplified warp
that does not require knowledge of the scene depth. In terms of data, let us consider events
from one of the driving sequences of the standardMVSEC datasetऀआइ (Fig. ं.ऀ).
For further simplicity, let usnormalize the timestampsofE to theunit interval t ∈ [t1, tNe ] '→

t̃ ∈ [0, 1], and assume a coordinate frame at the center of the image plane, then the warpW
is given by

x′k = (1− t̃khz) xk, (ं.आ)

where θ ≡ hz. Hence, events are transformed along the radial direction from the image
center, acting as a virtual focus of expansion (FOE) (cf. the true FOE is given by the data).
Letting the scaling factor in (ं.आ) be sk

.
= 1 − t̃khz, we observe the following: (i) sk cannot

be negative since it would imply that at least one event has flipped the side on which it lies
with respect to the image center. (ii) if sk > 1 the warped event gets away from the image
center (“expansion” or “zoom-in”). (iii) if sk ∈ [0, 1) the warped event gets closer to the
image center (“contraction” or “zoom-out”). The equivalent conditions in terms of hz are:
(i) hz < 1, (ii) hz < 0 is an expansion, (iii) 0 < hz < 1 is a contraction.
Intuitively, event collapse occurs if the contraction is large (0 < sk * 1) (see Fig. ं.ऀC,

Fig. ं.ंa). This phenomenon is not specific of the image variance; other objective functions
lead to the same result. As we see, the objective function has a local maximum at the desired
motion parameters (Fig. ं.ऀB). The optimization over the entire parameter space converges
to a global optimum that explains the event collapse.

ं.ं.ँ Discussion

The above example shows that event collapse is enabled (or disabled) by the type of warp. If
the warp does not enable event collapse (contraction or accumulation of flow vectors can-
not happen due to the geometric properties of the warp), as in the case of feature flow (ँ
DOFs)ऀआअ,ऀऄं (Fig. ं.ंb) or rotational motion flow (ं DOFs)ःआ,ईं (Fig. ं.ंc), then the opti-
mization problem is well posed and multiple objective functions can be designed to achieve
event alignmentःऄ,ऀऄः. However, the disadvantage is that the type of warps that satisfy this
condition may not be rich enough to describe complex scene motions.

On the other hand, if the warp allows for event collapse, more complex scenarios can be
described by such a broader class of motion hypotheses, but the optimization framework
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Figure 3.3: Point trajectories (streamlines) defined on x− y− t image space by various warps.

Figure 3.4: Divergence of different vector fields,∇ · v = ∂xvx + ∂yvy. From left to right: contraction (“sink”, leading to
event collapse), expansion (“source”), and incompressible fields. Image adapted from khanacademy.org

designed for non-event-collapsing scenarios (where the local maximum is assumed to be the
global maximum) may not hold anymore. Optimizing the objective function may lead to
an undesired solution with a larger value than the desired one. This depends on multiple
elements: the landscape of the objective function (which depends on the data, the warp
parametrization and the shape of the objective function), and the initialization and search
strategy of the optimization algorithm used to explore such a landscape. The challenge in
this situation is to overcome the issue of multiple local maxima andmake the problem better
posed. Our approach consists of characterizing event collapse via novelmetrics and including
them in the objective function as weak constraints (penalties) to yield a better landscape.

ं.ः Proposed Regularizers

ं.ः.ऀ Divergence of the Event Transformation Flow

Inspired by physics, we may think of the flow vectors given by the event transformation
E '→ E ′ as an electrostatic field, whose sources and sinks correspond to the location of electric
charges (Fig. ं.ः). Sources and sinks are mathematically described by the divergence opera-
tor∇· . Therefore, the divergence of the flow field is a natural choice to characterize event
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collapse.
ThewarpW is defined over the space-time coordinates of the events, hence its time deriva-

tive defines a flow field over space-time:

f .
=

∂W(x, t; θ)
∂t . (ं.इ)

For the warp in (ं.आ), we obtain f = −hzx, which gives ∇ · f = −hz∇ · x = −2hz.
Hence, (ं.आ) defines a constant divergence flow, and imposing a penalty on the degree of
concentration of the flow field accounts to directly penalizing the value of the parameter hz.
Computing the divergence at each event gives the set

D(E , θ) .
= {∇ · fk}Ne

k=1, (ं.ई)

from which we can compute statistical scores (mean, median,min, etc.):

RD(E , θ)
.
=

1
Ne

Ne∑

k=1

∇ · fk. (mean) (ं.ऀࣿ)

To have a ँD visual representation (“feature map”) of collapse, we build an image (like the
IWE) by taking some statistic of the values∇ · fk that warp to each pixel, such as the “average
divergence per pixel”:

DIWE(x; E , θ) .
=

1
Ne(x)

∑

k

(∇ · fk) δ(x− x′k), (ं.ऀऀ)

whereNe(x)
.
=
∑

k δ(x− x′k) is the number of warped events at pixel x (the IWE). Then we
aggregate further into a score, such as the mean:

RDIWE(E , θ)
.
=

1
|Ω|

∫

Ω
DIWE(x; E , θ)dx. (ं.ऀँ)

In practice we focus on the collapsing part by computing a trimmed mean: the mean of the
DIWE pixels smaller than a margin α (−0.2 in the experiments). Such a margin does not
penalize small, admissible deformations.

ं.ः.ँ Area-based Deformation of the Event Transformation

Besides vector calculus, wemay also use tools fromdifferential geometry to characterize event
collapse. Building onःअ, the point trajectories define the streamlines of the transformation
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flow, and we may measure how they concentrate or disperse based on how the area element
deforms along them. That is, we consider a small area element dA = dxdy attached to each
point along the trajectory and measure howmuch it deforms when transported to the refer-
ence time: dA′ = | det(J)| dA, with Jacobian

J(x, t; θ) .
=

∂W(x, t; θ)
∂x (ं.ऀं)

(see Fig. ं.ऄ). The determinant of the Jacobian is the amplification factor: | det(J)| > 1 if
the area expands, and | det(J)| < 1 if the area shrinks.

For the warp in (ं.आ), we have the Jacobian J = (1− t̃hz)Id, and so det(J) = (1− t̃hz)2.
Interestingly, the area deformation around event ek, J(ek) ≡ J(xk, tk; θ), is directly related to
the scaling factor sk: det(J(ek)) = s2k .
Computing the amplification factors at each event gives the set

A(E , θ) .
=
{
| det(J(ek))|

}Ne

k=1, (ं.ऀः)

from which we can compute statistical scores. For example,

RA(E , θ)
.
=

1
Ne

Ne∑

k=1

| det(J(ek))| (mean) (ं.ऀऄ)

gives an average score: RA > 1 for expansion, andRA < 1 for contraction.
We build a deformation map (or image of warped areas (IWA)) by taking some statistic of

the values | det(J(ek))| that warp to each pixel, such as the “average amplification per pixel”:
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IWA(x) .
= 1+ 1

Ne(x)

Ne∑

k=1

(
| det(J(ek))|− 1

)
δ(x− x′k). (ं.ऀअ)

This assumes that if no events warp to a pixel xp, then Ne(xp) = 0, and there is no defor-
mation (IWA(xp) = 1). Then, we summarize the deformation map into a score, such as the
mean:

RIWA(E , θ)
.
=

1
|Ω|

∫

Ω
IWA(x; E , θ)dx. (ं.ऀआ)

To concentrate on the collapsing part, we compute a trimmed mean: the mean of the IWA
pixels smaller than a margin α (0.8 in the experiments). The margin approves small, admissi-
ble deformations.

ं.ः.ं Rate of Change of Area Deformation

The complexity of the previous two regularizers isO(Ne + Np) because (ं.ई) and (ं.ऀः) de-
pend linearly on the number of eventsNe, and the resulting average images ((ं.ऀऀ) and (ं.ऀअ))
haveNp pixels. This extra complexitymakes thewholeCMaxpipelinemore than twice slower
than the original (unregularized) CMax framework, whose complexity is alsoO(Ne+Np)ःअ.
Not only the computational complexity is a burden, but also the fact that (ं.ऀः) aremeasured
relative to a single reference time. For example,A(E , θ) (ं.ऀः) increases as tk increases, since
it measures the area deformation from tk to tref = t1. This scaling problem is undesirable be-
cause (i) events far from tref contribute more toR than events closer to tref, and (ii) this effect
could be amplified depending on the temporal distribution of the events.

Intuitively, motion fields are well-posed or not (i.e., collapse-enabled) by design of the
problem, regardless of the event data. Hence, an ideal regularizer should not depend on the
events, but solely on the warp parameters (Fig. ं.अ, blue line). The main idea of the third
proposed regularizer is to aggregate differential deformations rather than relative ones. Fig-
ure ं.आ shows the geometric interpretation:R is obtained as the integral of the rate-of-change
of the area element deformation along the space-time point trajectories (x(t), t) defined by
the motion.

Again, for simplicity, consider the ऀ-DOF motion estimation (ं.आ). Assuming an area el-
ement attached to each point of the motion trajectory γ(t) = (x(t), t) (Fig. ं.आ), the change
of area (i.e., area deformation) from t to t+ Δt is given by:

|Jt,t+Δt|
.
=

∣∣∣∣det
(
dx(t+ Δt)

dx(t)

)∣∣∣∣ =
(

1− thz
1− (t+ Δt)hz

)2

. (ं.ऀइ)
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The Taylor series expansion of (ं.ऀइ) at Δt = 0 is

|Jt,t+Δt| = 1+ d|Jt,t+Δt|
dΔt

∣∣∣∣
Δt=0

Δt+ · · · (ं.ऀई)

Since the first term is always ऀ (i.e., is trivial), we focus on the second term, which conveys the
meaning of “speed” of area deformation. The derivative of (ं.ऀइ) at Δt = 0 conveys the rate
of change or differential amplification factor of the area:

d|Jt,t+Δt|
dΔt

∣∣∣∣
Δt=0

=
2hz

1− thz
. (ं.ँࣿ)
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Finally, the total rate of change of the deformation along the observation time window is

R .
=

∫ 1

0

d|Jt,t+Δt|
dΔt

∣∣∣∣
Δt=0

dt (ं.ँࣿ)
= −2 log |1− hz|. (ं.ँऀ)

The regularizer (ं.ँऀ) is plotted in Fig. ं.इ. It solely depends on θ ≡ hz and has com-
putational complexity O(1). In addition, it is developed from geometric principles, and it
is interpretable: hz = 0 (identity warp) givesR = 0; hz ∈ (0, 1) (contraction; collapsing
warp) gives largeR > 0; and hz < 0 (expansion warp) givesR < 0. Moreover, notice that
R behaves like a barrier function, approaching infinity (i.e., large penalty) for values close
to hz = 1 (maximum allowed contraction before events flip side with respect to the image
center).

ं.ऄ Higher-DOFWarpModels

ं.ऄ.ऀ Feature Flow

Event-based feature tracking is often described by the warp W(x, t; θ) = x + (t − tref)θ,
which assumes constant image velocity θ ≡ (vx, vy)" (ँ DOFs) over short time intervals for
all pixels. The ँ-DOF translationalmotion (feature flow) in image space is a well-posedwarp,
since collapse never happens because the motion lines are parallel. As expected, the flow for
this warp coincides with the image velocity, f = θ, which is independent of the space-time
coordinates (x, t).

ंऀ



Divergence. The flow is incompressible (∇ · f = 0): the streamlines given by the feature
flow do not concentrate or disperse; they are parallel.
Area deformation. Regarding the area deformation, the Jacobian J = ∂(x + (t −

tref)θ)/∂x = Id is the identity matrix. Hence | det(J)| = 1, that is, translations on the
image plane do not change the area of the pixels around a point.
Rate of change of area deformation. The rate of change of the deformation is R ≡∫ 1

0
d|J|
dΔt = 0.
In-plane translation warps, such as the above ँ-DOF warp, are well-posed and serve as

reference to design the regularizers thatmeasure event collapse. It is sensible forwell-designed
regularizers to penalize warps whose characteristics deviate from those of the reference warp:
zero divergence and unit area amplification factor.

ं.ऄ.ँ RotationalMotion

As previous sections show, the proposedmetrics designed for the zoom in/out warp produce
the expected characterization of the ँ-DOF feature flow (zero divergence andunit area ampli-
fication), which is awell-posedwarp. Hence, if theywere added as penalties into the objective
function they would not modify the energy landscape. We now consider their influence on
rotational motions, which are also well-posed warps. In particular, we consider the prob-
lem of estimating the angular velocity of a predominantly rotating event camera by means
of CMax, which is a popular research topicःआ,ईं,ऀँऀ,ऀऀं,अं. Using calibrated and homogeneous
coordinates, the warp is given by

xh′ ∼ R(tω) xh, (ं.ँँ)

where θ ≡ ω = (ω1, ω2, ω3)" is the angular velocity, t ∈ [0,Δt], and R is parametrized using
exponential coordinates (Rodrigues rotation formulaआ,ऀࣿइ,ःइ).
Divergence. It is well known that the flow is f = B(x) ω, where B(x) is the rotational part

of the feature sensitivity matrixँआ. Hence

∇ · f = 3(xω2 − yω1). (ं.ँं)

Area deformation. Letting r"3 be the third row of R, and using (ंँ)-(ंः) inःई,

det(J) = (r"3 xh)−3. (ं.ँः)

Rotations around the Z axis clearly present no deformation, regardless of the amount of
rotation, and this is captured by the proposedmetrics because: (i) the divergence is zero, thus
the flow is incompressible, and (ii) det(J) = 1 since r3 = (0, 0, 1)" and xh = (x, y, 1)".

ंँ



For other, arbitrary rotations, there are deformations, but these are mild if the rotation angle
Δt‖ω‖ is small.
Rate of change of area deformation. The incremental rotation between t and t + Δt

yields
xh(t+ Δt) ∼ R(ωΔt) xh(t). (ं.ँऄ)

Hence, the area element at x(t) deforms according to:

det

(
dx(t+ Δt)

dx(t)

)
=
(
r"3 (ωΔt)xh(t)

)−3
, (ं.ँअ)

where r"3 is the third row of R(ωΔt) (see Sec. A.ं). The derivative of (ं.ँअ) at Δt = 0 is given
by:

d|Jt,t+Δt|
dΔt

∣∣∣∣
Δt=0

= 3xh"(t)ω∧e3. (ं.ँआ)

Finally, the integral of (ं.ँआ) over the point trajectory (parametrized by the initial point
x(0)) is given by:

Rx(0) =

∫ 1

0

d|Jt,t+Δt|
dΔt

∣∣∣∣
Δt=0

dt

= 3ωx

∫ 1

0
y(t)dt− 3ωy

∫ 1

0
x(t)dt.

(ं.ँइ)

The integrals in (ं.ँइ) have units of absement. To obtain the regularizerR, we threshold
Rx(0) at−0.2, which allows small amounts of natural deformation caused by rotation. Sim-
ilar to (ं.ँऀ), (ं.ँइ) does not depend on the events. However, in contrast to (ं.ँऀ), (ं.ँइ) is
spatially varying, providing an aggregated deformation map: it is smaller in the center of the
image and larger (in absolute value) in the periphery. The computational complexity ofR is
O(Np), which can be further reduced if only a subset of the pixels is used.
Althoughं-DOFrotations involve small deformations, their values (ं.ँआ) are considerably

smaller than those of collapse-enabled warps like (ं.आ), andR does not affect the accuracy of
the angular velocity estimation (as Sec. ं.अ.ं will show). Also, pure rotations around the Z
axis ω = (0, 0, ωz)" do not change the area, as expected, resulting inR = 0.

ं.ऄ.ं PlanarMotion

Planar motion is the term used to describe the motion of a ground robot that can translate
and rotate freely on a flat ground. If such a robot is equippedwith a camera pointing upwards
or downwards, the resultingmotion inducedon the image plane, parallel to the groundplane,

ंं



is an isometry (Euclidean transformation). This motion model is a subset of the parametric
ones inःअ, and it has been used for CMax inऀँऀ,ऀऀं. For short time intervals, planar motion
may be parametrized by ं DOFs: linear velocity (ँ DOFs) and angular velocity (ऀ DOF). As
shown in Appendix A, the planar motion is a well-posed warp. The resulting motion curves
on the image plane do not lead to event collapse.

ं.ऄ.ः Similarity Transformation

The ऀ-DOF zoom in/out warp in Sec. ं.ं.ऀ is a particular case of the ः-DOF warp inईई,ऀऀं,
which is an in-plane approximation to the motion induced by a freely moving camera (अ
DOFs). The scaling parameter hz of the similarity transformation controls the amount of
zoom in/out, i.e., the amount of contraction/expansion of the warp. Hence, we use (ं.ँऀ) to
penalize the amount of contraction. A mathematical justification is given in Appendix A.

ं.अ Experiments

Weevaluate ourmethodonpublicly-available datasets, whosedetails are described inSec. ं.अ.ऀ.
First, Sec. ं.अ.ँ shows that the proposed regularizers improves the objective function land-
scapes, reducing the undesired optima that enable collapse. For this purpose we use driving
datasets (MVSECऀआइ, DSECऄऄ). Next, Sec. ं.अ.ं shows that the regularizers do not harm
well-posed warps. To this end, we use the ECD datasetऀࣿऄ. Then, Sec. ं.अ.ः compare and
discuss the runtimes among the proposed and existing approaches. Section ं.अ.ऄ conducts a
sensitivity analysis of the regularizers. Finally, Secs. ं.अ.अ and ं.अ.आ demonstrate applications
of the proposed approaches.

ं.अ.ऀ Evaluation Datasets andMetrics

Datasets. The MVSEC datasetऀआइ is a widely-used dataset for various vision tasks, such as
optical flow estimationऀइࣿ,ऄअ,ऀࣿई,अऄ,ऀःअ. Its sequences are recorded on a drone (indoors) or on a
car (outdoors), and comprise events, grayscale frames and IMU data from a mDAVISंःअऀऄइ

(346 × 260 pixels), as well as camera poses and LiDAR data. Ground truth optical flow is
computed as the motion fieldऀआई, given the camera velocity and the depth of the scene (from
the LiDAR). We select several excerpts from the outdoor_day1 sequence with a forward mo-
tion. This motion is reasonably well approximated by collapse-enabled warps such as (ं.आ).
In total, we evaluate on ं.ँ million events spanning ऀࣿ s.

TheDSEC datasetऄऄ is a more recent driving dataset with a higher resolution event cam-
era (Prophesee Genं, 640× 480 pixels). Ground truth optical flow is also computed as the
motion field using the scene depth from a LiDARऄअ. We evaluate on the zurich_city_11 se-
quence, using in total ंइࣿ million events spanning ःࣿ s.
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TheECDdatasetऀࣿऄ is thede-facto standard to assess event camera ego-motionःआ,ऀआआ,ऀंऄ,अं,ऀँई,ऀࣿं,ऀआऄ.
Each sequence provides events, frames, a calibration file, and IMU data (at ऀkHz) from a
DAVISँःࣿCcameraऀं (240×180pixels), aswell as ground truth camera poses fromamotion
capture system (at ँࣿࣿHz). For rotational motion estimation (ं DOFs), we use the natural-
looking boxes_rotation and dynamic_rotation sequences. We evaluate on ःं million events
(ऀࣿ s) of the box sequence, and on ऀऄ million events (ऀऀ s) of the dynamic sequence.

The driving datasets (MVSEC,DSEC) and the selected sequences in the ECDdataset have
different type of motions: forward (which enables event collapse) vs. rotational (which does
not suffer from event collapse). Each sequence serves a different test purpose, as discussed in
the next sections.
Metrics. The metrics used to assess optical flow accuracy (MVSEC and DSEC datasets)

are the Average Endpoint Error (AEE) and the percentage of pixels with AEE greater thanN
pixels (denoted by “NPE”, for N = {3, 10, 20}). Both are measured over pixels with valid
ground-truth values. We also use the FWL metricऀऄऄ to assess event alignment by means of
the IWE sharpness (the FWL is the IWE variance relative to that of the identity warp).

Following previous worksःऄ,ऀऀं,अं, rotational motion accuracy is assessed as the RMS er-
ror of angular velocity estimation. Angular velocity ω is assumed constant over a window
of events, estimated and compared with the ground truth at the midpoint of the window.
Additionally, we use the FWLmetric to gauge event alignmentऀऄऄ.

The event time windows are as follows: the events in the time spanned by dt = 4 frames
in MVSEC (standard inऀइࣿ,ऄअ,अऄ), ऄࣿࣿk events for DSEC, and ंࣿk events for ECDअं. The
regularizer weights for divergence (λdiv) and deformation (λdef)are as follows: λdiv = 2 and
λdef = 5 for MVSEC, λdiv = 50 and λdef = 100 for DSEC, and λdiv = 5 and λdef = 10
for ECD experiments. Also the weights for the rate of the change (λrate) are λrate = 0.2 for
MVSEC, and λrate = 1.0 for DSEC.

ं.अ.ँ Effect of the Regularizers on Collapse-enabledWarps

Tables ं.ऀ and ं.ँ report the results on theMVSEC andDSECbenchmarks, respectively, us-
ing two different loss functionsG: the IWE variance (ं.ः) and the squared magnitude of the
IWE gradient, abbreviated “Gradient Magnitude”ःऄ. For MVSEC, we report the accuracy
within the time interval of dt = 4 grayscale frame (at≈ ःऄHz). The optimization algorithm
is the Tree-structured Parzen Estimator (TPE) samplerऀँ for both experiments, with number
of sampling points equal to ंࣿࣿ (ऀ DOF) and अࣿࣿ (ः DOFs). The tables quantitatively cap-
ture the collapse phenomenon sufferedby the originalCMax frameworkःअ and thewhitening
techniqueऀऀं. Their high FWL values indicate that contrast is maximized, however, the AEE
and NPE values are exceedingly high (e.g., > 80 pixels, 20PE > 80%), indicating that the
estimated flow is unrealistic.
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Table 3.1: Results on MVSEC dataset179. The proposed regularizers are in bold. “RCAD” denotes the rate of change of
area deformation. The best values per column per group are in bold, and second best are underlined. An asterisk in FWL
indicates event collapse occurred.

Variance Gradient Magnitude
AEE ↓ ंPE ↓ ऀࣿPE ↓ ँࣿPE ↓ FWL ↑ AEE ↓ ंPE ↓ ऀࣿPE ↓ ँࣿPE ↓ FWL ↑

Ground truth flow – – – – ऀ.ࣿऄ – – – – ऀ.ࣿऄ
Identity warp ः.इऄ अࣿ.ऄई ऀࣿ.ंइ ࣿ.ंऀ ऀ.ࣿࣿ ः.इऄ अࣿ.ऄई ऀࣿ.ंइ ࣿ.ंऀ ऀ.ࣿࣿ

ऀD
O
F

No regularizer इई.ंः ईआ.ंࣿ ईऄ.ःँ ईँ.ंई ∗ऀ.ईࣿ इऄ.आआ ईं.ईअ इअ.ँः इं.ःऄ ∗ऀ.इआ
Whiteningऀऀं इई.ऄइ ईआ.ऀइ ईअ.आआ ईं.आअ ∗ऀ.ईࣿ इऀ.ऀࣿ ईࣿ.इअ इई.ࣿः इअ.ँࣿ ∗ऀ.इऄ
Divergenceऀःऄ ः.ࣿࣿ ःअ.ࣿँ ँ.आआ ࣿ.ࣿऄ ऀ.ऀँ ँ.इआ ंँ.अइ ँ.ऄँ ࣿ.ࣿं ऀ.ऀआ
Deformationऀःऄ ः.ःआ ऄँ.अࣿ ऄ.ऀअ ࣿ.ऀं ऀ.ࣿइ ं.ईआ ःइ.आई ं.ँऀ ࣿ.ࣿआ ऀ.ࣿई
Div. + Def.ऀःऄ ं.ंࣿ ंं.ࣿई ँ.अऀ ࣿ.ःइ ऀ.ँࣿ ँ.इऄ ंँ.ंः ँ.ःः ࣿ.ࣿं ऀ.ऀआ
RCADऀःइ ं.ऀआ ंअ.अऄ ः.ࣿऀ ࣿ.ऀࣿ ऀ.ऀअ ं.ࣿँ ंः.ःआ ं.ःࣿ ࣿ.ࣿआ ऀ.ऀआ

ःD
O
F

No regularizer ईࣿ.ँँ ईࣿ.ँँ ईअ.ईः ईं.इअ ∗ँ.ࣿऄ ईऀ.ँअ ईई.ःई ईऄ.ࣿअ ईऀ.ःअ ∗ँ.ࣿऀ
Whiteningऀऀं ईࣿ.इँ ईई.ऀऀ ईइ.ࣿः ईऄ.ࣿः ∗ँ.ࣿः इइ.ंइ ईइ.इआ ईँ.ःऀ इइ.अअ ∗ँ.ࣿࣿ
Divergenceऀःऄ आ.ँऄ इऀ.आऄ ऀइ.ऄं ࣿ.अई ऀ.ࣿई ऄ.ंआ अअ.ऀइ ऀࣿ.इऀ ࣿ.ँइ ऀ.ऀः
Deformationऀःऄ इ.ऀं इआ.ःअ ऀइ.ऄं ऀ.ࣿई ऀ.ࣿं ऄ.ँऄ अः.आई ऀं.ऀइ ࣿ.ंआ ऀ.ऀऄ
Div. + Def.ऀःऄ ऄ.ऀः अऄ.अऀ ऀࣿ.आऄ ࣿ.ंइ ऀ.ऀअ ऄ.ःऀ अअ.ࣿऀ ऀं.ऀई ࣿ.ऄः ऀ.ऀः
RCADऀःइ ः.ंअ ऄइ.अं अ.ऄअ ࣿ.ऀअ ऀ.ऀऄ ः.ंࣿ ऄः.ँआ ऄ.अऀ ࣿ.ंऀ ऀ.ऀआ

Table 3.2: Results on DSEC dataset55. Same notation as Tab. 3.1.

Variance Gradient Magnitude
AEE ↓ ंPE ↓ ऀࣿPE ↓ ँࣿPE ↓ FWL ↑ AEE ↓ ंPE ↓ ऀࣿPE ↓ ँࣿPE ↓ FWL ↑

Ground truth flow – – – – ऀ.ࣿई – – – – ऀ.ࣿई
Identity warp ऄ.इः अࣿ.ःऄ ऀअ.अऄ ं.ःࣿ ऀ.ࣿࣿ ऄ.इः अࣿ.ःऄ ऀअ.अऄ ं.ःࣿ ऀ.ࣿࣿ

ऀD
O
F

No regularizer ऀऄअ.ऀं ईई.इइ ईई.ंं ईइ.ऀइ ∗ँ.ऄइ ऀऄअ.ࣿइ ईई.ईं ईई.ःࣿ ईइ.ऀऀ ∗ँ.ऄइ
Whiteningऀऀं ऀऄअ.ऀइ ईई.ईऄ ईई.ऄऀ ईइ.ँअ ∗ँ.ऄइ ऀऄअ.इँ ईई.इइ ईई.ंइ ईइ.ंं ∗ँ.ऄइ
Divergenceऀःऄ ऀँ.ःई अई.इअ ँࣿ.आइ अ.अअ ऀ.ःं ऄ.ःआ अं.ःइ ऀः.अअ ऀ.ंऄ ऀ.ंः
Deformationऀःऄ ई.ࣿऀ अइ.ईअ ऀइ.इअ ः.आआ ऀ.ःࣿ ऄ.आई अः.ࣿँ ऀअ.ऀऀ ँ.आऄ ऀ.ंअ
Div. + Def.ऀःऄ अ.ࣿअ अइ.ःइ ऀआ.ࣿइ ँ.ँआ ऀ.ंअ ऄ.ऄं अः.ࣿई ऀऄ.ࣿअ ऀ.ंआ ऀ.ंऄ
RCADऀःइ ऄ.इऀ ऄआ.ऀई ऀः.आं ं.ࣿऄ ऀ.ंः ऄ.ंऀ ऄः.इऄ ऀः.ऀआ ं.ऀࣿ ऀ.ँࣿ

ःD
O
F

No regularizer ऀऄआ.ऄः ईई.ईआ ईई.अः ईइ.अआ ∗ँ.अः ऀऄआ.ंः ईई.ईः ईई.ऄं ईइ.ःः ∗ँ.अँ
Whiteningऀऀं ऀऄआ.आं ईई.ईआ ईई.अअ ईइ.आऀ ∗ँ.अࣿ ऀऄअ.ऀँ ईई.ईऀ ईई.ँअ ईआ.ईं ∗ँ.अऀ
Divergenceऀःऄ ऀः.ंऄ ईࣿ.इः ःऀ.अँ ऀࣿ.इँ ऀ.ंऄ ऀࣿ.ःं ईऀ.ंइ ःऀ.अं ई.ःं ऀ.ँऀ
Deformationऀःऄ ऀऄ.ऀँ ईः.ईअ अँ.ऄई ँँ.अँ ऀ.ँऄ ऀࣿ.ࣿऀ ईࣿ.ऀऄ ंई.ःऄ इ.अआ ऀ.ँऄ
Div. + Def.ऀःऄ ऀࣿ.ࣿअ ईࣿ.अऄ ःࣿ.अऀ इ.ऄइ ऀ.ँअ ऀࣿ.ंई ईऀ.ࣿँ ःऀ.इऀ ई.ःࣿ ऀ.ँं
RCADऀःइ ऀऀ.ऄऀ ईऀ.ऄࣿ ःँ.ँई ऀऀ.ࣿऄ ऀ.ंࣿ ई.ऄऄ इइ.ईः ंऄ.ईअ आ.आः ऀ.ंऀ

By contrast, our regularizers (“Divergence”, “Deformation”, and “RCAD”, which de-
notes Rate of change of area deformation) work well to mitigate the collapse, as observed in
smaller AEE andNPE values. Compared with the values of no regularizer or whiteningऀऀं,
our regularizers achieve more than ईࣿ% improvement for AEE on average. The AEE values
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are high for optical flow standards (4− 8 pix inMVSEC vs. 0.5− 1 pixelऀइࣿ, or 10− 20 pix
in DSEC vs. 2 − 5 pixऄअ), however, this is due to the fact that the warps used have very few
DOFs (≤ 4) compared to the considerably higher DOFs (2Np) of optical flow estimation al-
gorithms. The same reason explains the high ंPE values (standard inऄइ): using an end-point
error threshold of ं pix to consider that the flow is correctly estimated does not convey the
intended goal of inlier/outlier classification for the low-DOF warps used. This is the reason
why Tabs. ं.ऀ and ं.ँ also report ऀࣿPE, ँࣿPE metrics, and the values for the identity warp
(zero flow). As expected, for the range of AEE values in the tables, the ऀࣿPE and ँࣿPE figures
demonstrate the large difference betweenmethods suffering from collapse (ँࣿPE>इࣿ%) and
those that do not (ँࣿPE<ऀ.ऀ% for MVSEC and<ँँ.अ% for DSEC).

The FWL values of our regularizers are moderately high (≥ 1), indicating that event align-
ment is better than that of the identity warp. However, since the FWL depends on the num-
ber of eventsऀऄऄ, it is not easy to establish a global threshold to classify each method as suffer-
ing from collapse or not. The AEE, ऀࣿPE and ँࣿPE are better for such a classification.

The collapse results aremore visible in Fig. ं.ई, wherewe usedDivergence (ं.ई) andDefor-
mation (ं.ऄ). Without a regularizer the events collapse in the MVSEC an DSEC sequences.
Our regularizers successfully mitigate the event collapse, having a remarkable impact on the
estimated motion.

The qualitative results for the RCAD (ं.ँࣿ) are shown in Fig. ं.ऀࣿ. Notice that the area
deformation map (ं.ः) shows collapse only at pixels with warped events, while the RCAD
regularizer provides dense maps (even in pixels with no events, corresponding to homoge-
neous brightness regions) because it is purely geometric, based on the motion parameters.
All of the three proposed regularizers successfully mitigate event collapse, however, the com-
putational complexity is different, which we investigate in Sec. ं.अ.ः.

ं.अ.ं Effect of the Regularizers onWell-posedWarps

Table ं.ं shows the results on the ECDdataset for a well-posed warp (ं-DOF rotational mo-
tion, in the benchmark). We use the variance loss and the Adam optimizerइं with ऀࣿࣿ itera-
tions. All values in the table (RMS error and FWL, with andwithout regularization) are very
similar, indicating that: (i) our regularizers do not affect the motion estimation algorithm,
(ii) results without regularization are good due to the well-posed warp. This is qualitatively
shown in the bottom part of Fig. ं.ई. The fluctuations of the divergence and deformation
values away from those of the identity warp (0 and 1, respectively) are at least one order of
magnitude smaller than the collapse-enabled warps (e.g., 0.2 vs. 2).
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(a) Original events (b) Best IWE
without regularizer

(c) Best IWE with
regularizer (d) Divergence map (e) Deformation map

Figure 3.9: Proposed regularizers and collapse analysis. The scene motion is approximated by 1‐DOF warp (zoom in/out)
for MVSEC178 and DSEC55 sequences, and 3‐DOF warp (rotation) for boxes and dynamic ECD sequences105. (a) Original
events. (b) Best warp without regularization. Event collapse happens for 1‐DOF warp. (c) Best warp with regularization.
(d) Divergence map ((ं.ऀऀ) is zero‐based). (e) Deformation map ((ं.ऀअ), centered at 1). Our regularizers successfully
penalize event collapse and do not damage non‐collapsing scenarios.
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Figure 3.10: Qualitative comparison betweenDeformation and Rate of change of area deformation (“RCAD”). (a) Original events.
(b)‐(d) Results without regularization: 1‐DOFmotion results (MVSEC178 andDSEC55) are trapped in global optima of event
collapse, as shown in the IWEs (b). The regularizers in such collapse cases (c)‐(d) are very large compared with the well‐
posed warp cases (boxes_rot and dynamic_rot rows). (e) Results with the proposed regularizer: it mitigates collapse for
MVSEC and DSEC scenes while it does not harm the ECD scenes. Best viewed in the electronic version.

Table 3.3: Results on ECD dataset105.

boxes_rot dynamic_rot
RMS ↓ FWL ↑ RMS ↓ FWL ↑

Ground truth pose – ऀ.ऄऄई – ऀ.ःऀः
No regularizer इ.इऄइ ऀ.ऄअँ ः.इँं ऀ.ःँࣿ
Deformationऀःऄ इ.अअः ऀ.ऄअऀ ः.इँँ ऀ.ःँࣿ
Div. + Def.ऀःऄ अ.इइऄ ऀ.ऄअँ ः.इँँ ऀ.ःँࣿ
RCADऀःइ अ.इआआ ऀ.ऄअँ ः.इँँ ऀ.ःँࣿ

ं.अ.ः Runtime Comparison

Table ं.ः reports the runtime comparisonof themethods, notablywith respect to the original
CMax (“No regularizer”). We use Python (ं.ई.ऀँ) on a CPU (Mac Mऀ ँࣿँࣿ, इ Cores), and
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Table 3.4: Comparison of runtime in milliseconds, averaged over 400 trials. MVSEC: 30k events. DSEC: 500k events.

MVSEC DSEC
Var. Grad. Var. Grad.

No regularizer आ.ं आ.ई ऀऀऀ.ं ऀऀँ.ई
Whiteningऀऀं इ.ँ इ.ः ँࣿऄ.ऄ ँࣿअ.ई
Deformationऀःऄ ँࣿ.ँ ँऀ.ऀ ंࣿः.ः ंࣿआ.अ
Div. + Def.ऀःऄ ंँ.ः ंऀ.अ ऄࣿऄ.ࣿ ऄࣿअ.ऀ
RCADऀःइ आ.ः इ.ࣿ ऀऀऀ.ः ऀऀं.ऄ

average the runtime over ःࣿࣿ trials. The whitening techniqueऀऀं is slower than the original
CMax (“No regularizer”). The runtime difference is due to an extra SVD step on the events,
which is more noticeable (2× slower) in the DSEC dataset than in MVSEC because it uses
more events. The “Deformation” regularizer inऀःऄ is also two to three times slower than the
original CMax. When both regularizers are combined (“Div. + Def.”), the runtime becomes
even larger. Finally, the RCAD approach has almost the same runtime as the original CMax,
since its complexity isO(1), thus it is two to four times faster than competing methods.

Figure ं.ऀऀ visualizes the accuracy and runtime of the methods (on DSEC data). Run-
time is reported relative to the “No regularizer” case. It clearly shows that the rate-of-change
regularizer is the only effective approach against event collapse that does not compromise the
speed of the CMax framework.

ं.अ.ऄ Sensitivity Analysis

The landscapes of loss functions as well as sensitivity analysis of λ are shown in Fig. ं.ऀँ,
for the MVSEC experiments. Without regularizer (λ = 0), all objective functions tested
(variance, gradient magnitude, and average timestampऀइࣿ) suffer from event collapse, which
is the undesired global minimum of (ं.अ). Reaching the desired local optimum depends on
the optimizing algorithm and its initialization (e.g., starting gradient descent close enough to
the local optimum). Our regularizers (Divergence and Deformation) change the landscape:
the previously undesired globalminimumbecomes local, and the desiredminimumbecomes
the new global one as λ increases.

Specifically, the larger the weight λ, the smaller the effect of the undesired minimum (at
hz = 1). However, this is true only within some reasonable range: a too large λ discards the
data-fidelity part G in (ं.अ), which is unwanted because it would remove the desired local
optimum (near hz ≈ 0). Minimizing (ं.अ) with only the regularizer is not sensible.

Observe that for completeness, we include the average timestamp loss in the last column.
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Figure 3.11: Runtime comparison for the DSEC experiment. Runtime is relative to that of the original CMax (“No regu‐
larizer”). The rate of change of area deformation (denoted as “Ours”) regularizer has desirable properties: small AEE and
runtime.

However, this loss also suffers from an undesired optimum in the expansion region (hz ≈
−1). Our regularizers could bemodified to also remove this undesired optimum, but investi-
gating this particular loss, which was proposed as an alternative to the original contrast loss,
is outside the scope of this work.

ं.अ.अ Application toMotion Segmentation

While most of the results on standard datasets comprise stationary scenes, we have also pro-
vided results on a dynamic scene (from datasetऀࣿऄ). Since the time spanned by each set of
events processed is small, the scene motion is also small (even for complicated objects like
the person in the bottom row of Fig. ं.ई), hence often a single warp fits the scene reason-
ably well. In some scenarios, a single warp may not be enough to fit the event data because
there are distinctive motions in the scene of equal importance. Our proposed regularizers
can be extended to such more complex scene motions. To this end, we demonstrate it with
an example in Fig. ं.ऀं.

Specifically, we use theMVSEC dataset, in a clip where the scene consists of twomotions:
the ego-motion (forward motion of the recording vehicle) and the motion of a car driving in
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Figure 3.12: Cost function landscapes over the warp parameter hz for: (a) Image variance46, (b) Gradient Magnitude45, and
(c) Mean Square of Average Timestamp180. Data from MVSEC178 with dominant forward motion. The legend weights
denote λ in (ं.अ).

the opposite direction in a nearby lane (an independently moving object – IMO).Wemodel
the scene using the combination of two warps. Intuitively, the ऀ-DOF warp (ं.आ) describes
the ego-motion, while the feature flow (ँDOFs) describes the IMO.Then, we apply the con-
trast maximization approach (augmented with our regularizing terms) and the expectation-
maximization scheme inऀऄँ to segment the scene, to determine which events belong to each
motion. The results in Fig. ं.ऀं clearly show the effectiveness of our regularizer, even for
such a commonplace and complex scene. Without regularizers, (i) event collapse appears in
the ego-motion cluster of events and (ii) a considerable portion of the events that correspond
to ego-motion are assigned to the second cluster (ँ-DOFwarp), thus causing a segmentation
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(a) IWE with segmentation (b) Divergence map

Figure 3.13: Application to Motion Segmentation. (a) Output IWE, whose colors (red and blue) represent different clusters
of events (segmented according to motion). (b) Divergence map. The range of divergence values is larger in the presence
of event collapse than in its absence. Our regularizer (divergence in this example) mitigates the event collapse for this
complex motion, even with an independently moving object (IMO) in the scene.

failure. Our regularization approach mitigates event collapse (bottom row of Fig. ं.ऀं) and
provides the correct segmentation: the ऀ-DOFwarp fits the ego-motion and the feature flow
(ँ-DOF warp) fits the IMO.

ं.अ.आ Application: Time-to-contact

The parametrization of collapse-enabled warps has useful implications toward future appli-
cation on intelligent vehicles, such as advanced driver-assistance system (ADAS). Let us in-
troduce another interpretation of the parameter hz. For a freely moving camera with linear
and angular velocitiesV and ω, respectively, the apparent velocity v(x) on the image plane of
a ंD pointX = (x, y,Z(x))" (at depth Z(x) with respect to the camera) can be computed
using the 2× 6 feature sensitivity matrixँआ:

v(x) =
( −1

Z(x) 0 x
Z(x) xy −(1+ x2) y

0 −1
Z(x)

y
Z(x) 1+ y2 −xy x

)(
V
ω

)
, (ं.ँई)
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Figure 3.14: Application of estimating Time to Contact. The parametrization with hz in the 1‐DOF warp can be used to
approximate the TTC for the dominant depth of the scene represented by the events (e.g., the trees).

which can be used to warp events:

x′k = xk − v(x)tk. (ं.ंࣿ)

Assuming a vehicle with body-frame velocity vz, i.e., V ≡ (0, 0, vz)", ω ≡ (0, 0, 0)",
the motion field (ं.ँई) becomes v(x) = (vz/Z(x)) x, and substituting in (ं.ंࣿ) gives x′k =
(1−vz/Z(x))tk.Comparing this expression to (ं.आ), and assumingZ(x) is spatially invariant,
we identify

hz =
vz
Z , (ं.ंऀ)

i.e., the parameter hz is inverse of the time-to-contact or time-to-collision (TTC)ँऀ.
Figure ं.ऀः shows two examples of TTC from the MVSEC dataset. It is remarkable that

this ऀ-DOF warp model can be related to the popular concept in ADAS, and our regularizer
plays an important role toward real-time computation of TTC given its runtime. Also note
that (ं.ंऀ) establishes a relation between TTC, vehicle speed and scene depth, and that the
TTC can be used to estimate the scene depth given the vehicle speed, or vice versa, the vehicle
speed given the scene depth. We hope this connection helps future implementation of event-
camera application in collision avoidance systems.

ं.आ Conclusion

We have analyzed the event collapse phenomenon of the CMax framework and proposed
three collapse metrics: divergence, area-based deformation, and rate of change of the defor-
mation. Our experimental results on publicly available datasets demonstrate that the pro-
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posed regularizers metrics mitigate the phenomenon for collapse-enabled warps while they
do not harm well-posed warps. To the best of our knowledge, our regularizers are the only
effective solution compared to the unregularized CMax framework andwhitening. The pro-
posed regularized CMax achieves, on average, more than ईࣿ% improvement on optical flow
endpoint error calculation (AEE)oncollapse-enabledwarps. Furthermore, the runtime com-
parison demonstrate that the rate of change of area deformation does not trade-off the run-
time of the original CMax framework, resulting in ँ to ः times faster than other methods.

This is the first work that focuses on the paramount phenomenon of event collapse. No
prior work has analyzed this phenomenon in such detail or proposed new regularizers with-
out additional data or reparameterizing the search spaceऀइࣿ,ऀऀं,ऀँऀ. As we analyzed various
warps from ऀDOF to ःDOFs, we hope that the ideas presented here inspire further research
to tackle more complex warp models. For more complex warps, like those used in dense op-
tical flow estimationऀइࣿ,अऄ, the divergence, area-based deformation, or rate of change of area
deformation could be approximated using finite difference formulas.

In this chapter, we focused on the low-DOF ego-motion estimation problems. We ana-
lyzed event collapse in the Contrast Maximization framework and proposed new regulariz-
ers that effectively and/or efficiently improve the landscape (well-posedness) of the problem,
which has resulted in the extension of CMax to tackle more complex motions.
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4
Optical Flow Estimation

ः.ऀ Introduction

Event cameras are novel bio-inspired vision sensors that naturally respond tomotion of edges
in image space with high dynamic range (HDR) and minimal blur at high temporal resolu-
tion (on the order of µs)ऀँऄ,ऀࣿ. These advantages provide a rich signal for accurate motion
estimation in difficult real-world scenarios for frame-based cameras. However such a signal
is, by nature, asynchronous and sparse, which is not compatible with traditional computer
vision algorithms. This poses the challenge of rethinking visual processingःं,इअ: motion pat-
terns (i.e., optical flow) are no longer obtained by analyzing the intensities of images captured
at regular intervals, but by analyzing the stream of events (per-pixel brightness changes) pro-
duced by the event camera.

Multiple methods have been proposed for event-based optical flow estimation. They can
be broadly categorized in two: (i) model-based methods, which investigate the principles
and characteristics of event data that enable optical flow estimation, and (ii) learning-based
methods, which exploit correlations in the data and/or apply the above-mentioned princi-
ples to compute optical flow. One of the challenges of event-based optical flow is the lack of
ground truth flow in real-world datasets (at µs resolution and HDR)ःं, which makes it dif-
ficult to evaluate and compare the methods properly, and to train supervised learning-based
ones. Ground truth (GT) in de facto standard datasetsऀआइ,ऄऄ is given by the motion fieldऀअँ

using additional depth sensors and camera information. However, such data is limited by
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(a) Frame (reference) (b) Events (zero flow) (c)Warped events, IWE (d) Estimated flow

Figure 4.1: Two test sequences (interlaken_00_b, thun_01_a) from the DSEC dataset55. Our optical flow estimation
method produces sharp images of warped events (IWE) despite the scene complexity, the large pixel displacement and
the high dynamic range. The examples utilize 500k events on an event camera with 640× 480 pixels.

the field-of-view (FOV) and resolution (spatial and temporal) of the depth sensor, which do
not match those of event cameras. Hence, it is paramount to develop interpretable optical
flow methods that exploit the characteristics of event data, and that do not need expensive-
to-collect and error-prone ground truth.

Amongpriorwork,ContrastMaximization (CM)ःअ,ःऄ is a powerful framework that allows
us to tackle multiple motion estimation problems (rotational motionःआ,इࣿ,अं, homographic
motionःअ,ऀऀं,ऀँऀ, feature flow estimationऀआअ,ऀआआ,ऀःࣿ,ऀऄः, motion segmentationईई,ऀऄँ,ऀआः,ऀऀआ, and
also reconstructionःअ,ऀँइ,ऀआं). It maximizes an objective function (e.g., contrast) that mea-
sures the alignment of events caused by the same scene edge. The intuitive interpretation
is to estimate the motion by recovering the sharp (motion-compensated) image of edge pat-
terns that caused the events. Preliminary work on applying CM to estimate optical flow has
reported a problem of overfitting to the data, producing undesired flows that warp events
to few pixels or linesऀइࣿ (i.e., event collapseऀःऄ). This issue has been tackled by changing the
objective function, from contrast to the energy of an average timestamp imageऀइࣿ,ऀऀइ,अऄ, but
this loss is not straightforward to interpret and makes training difficult to convergeःऄ.

Given the state-of-the-art performance ofCM in low-DOFmotion problems and its issues
in more complex motions (dense flow), we think prior work may have rushed to use CM in
unsupervised learning of complex motions. There is a gap in understanding howCM can be
sensibly extended to estimate dense optical flow accurately. In this paper we fill this gap and
learn a few “secrets” that are also applicable to overcome the issues of previous approaches.

We propose to extend CM for dense optical flow estimation via a tile-based approach cov-
ering the image plane. We present several distinctive contributions:
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ऀ. Amulti-reference focus loss function to improve accuracy and discourage overfitting
(Sec. ः.ँ.ँ).

ँ. Aprincipled time-aware flow to better handle occlusions, formulating event-based op-
tical flow as a transport problem via differential equations (Sec. ः.ँ.ं).

ं. Amulti-scale approach on the raw events to improve convergence to the solution and
avoid getting trapped in local optima (Sec. ः.ँ.ः).

The results of our experimental evaluation are surprising: the above design choices are key
to our simple,model-based tile-basedmethod (Fig. ः.ऀ) achieving the best accuracy among all
state-of-the-art methods, including supervised-learning ones, on the de facto benchmark of
MVSEC indoor sequencesऀआई. Since our method is interpretable and produces better event
alignment than the ground truth flow, both qualitatively and quantitatively, the experiments
also expose the limitations of the current “ground truth”. Finally, experiments demonstrate
that the above key choices are transferable to unsupervised learning methods, thus guiding
future design and understanding of more proficient Artificial Neural Networks (ANNs) for
event-based optical flow estimation.

Because of the above, we believe that the proposed design choices deserve to be called “se-
crets”ऀऄआ. To the best of our knowledge, they are novel in the context of event-based optical
flow estimation, e.g., no prior work considers constant flow along its characteristic lines, de-
signs the multi-reference focus loss to tackle overfitting, or has explicitly defined multi-scale
(i.e., multi-resolution) contrast maximization on the raw events.

ः.ँ Method

ः.ँ.ऀ Event Cameras and ContrastMaximization

Event cameras have independent pixels that operate continuously and generate “events” ek
.
=

(xk, tk, pk) whenever the logarithmic brightness at the pixel increases or decreases by a pre-
defined amount, called contrast sensitivity. Each event ek contains the pixel-time coordi-
nates (xk, tk) of the brightness change and its polarity pk = {+1,−1}. Events occur asyn-
chronously and sparsely on the pixel lattice, with a variable rate that depends on the scene
dynamics.

The CM frameworkःअ assumes events E .
= {ek}Ne

k=1 are generated by moving edges, and
transforms them geometrically according to a motion modelW, producing a set of warped
events E ′

tref
.
= {e′k}

Ne
k=1 at a reference time tref:

ek
.
= (xk, tk, pk) '→ e′k

.
= (x′k, tref, pk). (ः.ऀ)
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The warp x′k = W(xk, tk; θ) transports each event from tk to tref along the motion curve
that passes through it. The vector θ parametrizes the motion curves. Transformed events are
aggregated on an image of warped events (IWE):

I(x; E ′
tref , θ)

.
=
∑Ne

k=1 δ(x− x′k), (ः.ँ)

where each pixel x sums the number of warped events x′k that fall within it. TheDirac delta δ
is approximated by aGaussian, δ(x−μ) ≈ N (x; μ, ε2Id)with ε = 1 pixel. Next, an objective
function f(θ) is built from the transformed events, such as the contrast of the IWE (ः.ँ), given
by the variance

Var
(
I(x; θ)

) .
= 1

|Ω|
∫
Ω(I(x; θ)− μI)2dx, (ः.ं)

with mean μI
.
= 1

|Ω|
∫
Ω I(x; θ)dx. The objective function measures the goodness of fit be-

tween the events and the candidatemotion curves (warp). Finally, an optimization algorithm
iterates the above steps until convergence. The goal is to find themotionparameters thatmax-
imize the alignment of events caused by the same scene edge. Event alignment is measured by
the strength of the edges of the IWE, which is directly related to image contrastअऀ.
Dense optical flow. In the task of interest, the warp used isऀइࣿ,ऀऀइ,अऄ:

x′k = xk + (tk − tref) v(xk), (ः.ः)

where θ = {v(x)}x∈Ω is a flow field on the image plane at a set time, e.g., tref.

ः.ँ.ँ Multi-reference Focus Objective Function

Zhu et al.ऀइࣿ report that the contrast objective (variance) overfits to the events. This is in
part because the warp (ः.ः) can describe very complex flow fields, which can push the events
to accumulate in few pixelsऀःऄ. To mitigate overfitting, we reduce the complexity of the flow
field by dividing the image plane into a tile of non-overlapping patches, defining a flow vector
at the center of each patch and interpolating the flow on all other pixels (we show the tiles in
Sec. ः.ँ.ः).

However, this is not enough. Additionally, we discover that warps that produce sharp
IWEs at any reference time tref have a regularizing effect on the flow field, discouraging over-
fitting. This is illustrated in Fig. ः.ँ. In practice we compute the multi-reference focus loss
using ं reference times: t1 (min), tmid

.
= (t1 + tNe)/2 (midpoint) and tNe (max). The flow

field is defined only at one reference time.
Furthermore, we measure event alignment using the magnitude of the IWE gradient be-

cause: (i) it has top accuracy performance among the objectives inःऄ, (ii) it is sensitive to the
arrangement (i.e., permutation) of the IWE pixel values, whereas the variance of the IWE
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Figure 4.2: Multi‐reference focus loss. Assume an edge moves from left to right. Flow estimation with single reference time
(t1) can overfit to the data, warping all events into a single pixel, which results in a maximum contrast (at t1). However,
the same flow would produce low contrast (i.e., a blurry image) if events were warped to time tNe . Instead, we favor flow
fields that produce high contrast (i.e., sharp images) at any reference time (here, tref = t1 and tref = tNe ). See results in
Fig. 4.7.

(ः.ं) is not, (iii) it converges more easily than other objectives we tested, (iv) it differs from
the FlowWarp Loss (FWL)ऀऄऄ, which is defined using the variance (ः.ं) and will be used for
evaluation.

Finally, letting the (squared) gradient magnitude of the IWE be

G(θ; tref)
.
= 1

|Ω|
∫
Ω ‖∇I(x; tref)‖

2 dx, (ः.ऄ)

theproposedmulti-reference focusobjective functionbecomes the averageof theG functions
of the IWEs at multiple reference times:

f(θ) .
=
(
G(θ; t1) + 2G(θ; tmid) + G(θ; tNe)

)
/ 4G(0;−), (ः.अ)

normalized by the value of theG functionwith zero flow (identity warp). The normalization
in (ः.अ) provides the same interpretation as the FWL: f < 1 implies the flow is worse than
the zero flow baseline, whereas f > 1 means that the flow produces sharper IWEs than the
baseline.

Remark: Warping to two reference times (min and max) was proposed inऀइࣿ, but with
important differences: (i) itwas done for the average timestamp loss, hence it did not consider
the effect on contrast or focus functionsःऄ, and (ii) it had a completely different motivation:
to lessen a back-propagation scaling problem, so that the gradients of the loss would not favor
events far from tref.

ः.ँ.ं Time-aware Flow

State-of-the-art event-based optical flow approaches are based on frame-based ones, and so
they use the warp (ः.ः), which defines the flow v(x) as a function of x (i.e., a pixel displace-
ment between two given frames). However, this does not take into account the space-time
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Figure 4.3: Time‐aware Flow. Traditional flow (ः.ः), inherited from frame‐based approaches, assumes per‐pixel constant
flow v(x) = const, which cannot handle occlusions properly. The proposed space‐time flow assumes constancy along
streamlines, v(x(t), t) = const, which allows us to handle occlusions more accurately. (See results in Fig. 4.8)

nature of events, which is the basis of the CM approach, because not all events at a pixel x0
are triggered at the same timestamp tk. They do not need to be warped with the same veloc-
ity v(x0). Figure ः.ं illustrates this with an occlusion example taken from the slider_depth
sequenceऀࣿऄ. Instead of v(x), the event-based flow should be a function of space-time, v(x, t),
i.e, time-aware, and each event ek should be warped according to the flow defined at (xk, tk).
Let us propose a more principled warp than (ः.ः).

To define a space-time flow v(x, t) that is compatible with the propagation of events along
motion curves, we are inspired by the method of characteristicsंइ. Just like the brightness
constancy assumption states that brightness is constant along the true motion curves in im-
age space, we assume the flow is constant along its streamlines: v(x(t), t) = const (Fig. ः.ं).
Differentiating in time and applying the chain rule gives a system of partial differential equa-
tions (PDEs):

∂v
∂x

dx
dt +

∂v
∂t = 0, (ः.आ)

where, as usual, v = dx/dt is the flow. The boundary condition is given by the flow at
say t = 0: v(x, 0) = v0(x). This system of PDEs essentially states how to propagate (i.e.,
transport) a given flow v0(x), from the boundary t = 0 to the rest of space x and time t. The
PDEshave advection terms andothers that resemble those of the inviscidBurgers’ equationंइ

since theflow is transporting itself. Weparametrize theflowat t = tmid (boundary condition),
and then propagate it to the volume that encloses the current set of events E . We develop two
explicit methods to solve the PDEs, one with upwind differences and onewith a conservative
scheme adapted to Burgers’ termsऀःऀ. Each event ek is thenwarped according to a flow v̂ given
by the solution of the PDEs at (xk, tk):

x′k = xk + (tk − tref) v̂(xk, tk). (ः.इ)
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Figure 4.4: Multi‐scale Approach using tiles (rectangles) and raw events.

ः.ँ.ः Multi-scale Approach

Inspired by classical estimation methods, we combine our tile-based approach with a multi-
scale strategy. The goal is to improve the convergence of the optimizer in terms of speed and
robustness (i.e., avoiding local optima).

Some learning-based worksऀआई,ऀइࣿ,ऀऀइ also have a multi-scale component, inherited from
the use of a U-Net architecture. However, they work on discretized event representations
(voxel grid, etc.) to be compatible with CNNs. In contrast, our tile-based approach works
directly on raw events, without discarding or quantizing the temporal information in the
event stream. While somepriorworkoutside the context of optical flowhas consideredmulti-
resolutionon raw eventsईࣿ, there is no agreement on the bestway toperformmulti-resolution
due to the sparse and asynchronous nature of events.

Our multi-scale CM approach is illustrated in Fig. ः.ः. For an event set Ei, we apply the
tile-based CM in a coarse-to-fine manner (e.g.,N! = 5 scales). There are 2l−1 × 2l−1 tiles at
the l-th scale. We use bilinear interpolation to upscale between any two scales. If there is a
subsequent set Ei+1, the flow estimated from Ei is used to initialize the flow for Ei+1. This is
done by downsampling the finest flow to coarser scales. The coarsest scale initializes the flow
for Ei+1. For finer scales, initialization is computed as the average of the upsampled flow from
the coarser scale of Ei+1 and the same-scale flow from Ei.
Composite Objective. To encourage additional smoothness of the flow, even in regions

with few events, we include a flow regularizerR(θ). The flow is obtained as the solution to
the problem with the composite objective:

θ∗ = argmin
θ

(
1/f(θ) + λR(θ)

)
, (ः.ई)

where, λ > 0 is the regularizer weight, and we use the total variation (TV)ऀंअ as regularizer.
We choose 1/f instead of simply −f because it is convenient for ANN training, as we will
apply in Sec ः.ं.आ.
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ः.ं Experiments

ः.ं.ऀ Datasets, Metrics andHyper-parameters

We evaluate our method on sequences from theMVSEC datasetऀआइ,ऀआई, which is the de facto
dataset used by prior works to benchmark optical flow. It provides events, grayscale frames,
IMU data, camera poses, and scene depth from a LiDARऀआइ. The dataset was extended inऀआई

to provide ground truth optical flow, computed as the motion fieldऀअँ given the camera ve-
locity and the depth of the scene. The event camera has 346 × 260 pixel resolutionऀऄइ. In
total, we evaluate on अं.ऄ million events spanning ँअऄ seconds.

We also evaluate on a recent dataset that provides ground truth flow: DSECऄअ. It consists
of sequences recorded with Prophesee Genं event cameras, of higher resolution (640× 480
pixels), mounted on a car. Optical flow is also computed as the motion field, with the scene
depth from a LiDAR. In total, we evaluate on ं billion events spanning the ँࣿइ seconds of
the test sequences.

The metrics used to assess optical flow accuracy are the average endpoint error (AEE) and
the percentage of pixels with AEE greater than ं pixels (denoted by “%Out”), both are mea-
sured over pixels with valid ground-truth and at least one event in the evaluation intervals.
We also use the FWLmetric (the IWE variance relative to that of the identity warp) to assess
event alignmentऀऄऄ.
In all experiments ourmethod usesN! = 5 resolution scales, λ = 0.0025 in (ः.ई), and the

Newton-CGoptimization algorithmwith amaximumof ँࣿ iterations/scale. The flow at tmid
is transported to each side via the upwind or Burgers’ PDE solver (using ऄ bins for MVSEC,
ःࣿ for DSEC), and used for event warping (ः.इ) (see Suppl. Mat.). In the optimization, we
use ंࣿk events for MVSEC indoor sequences, ःࣿk events for outdoors, and 1.5M events for
DSEC.

ः.ं.ँ Results onMVSEC

Table ः.ऀ reports the results on the MVSEC benchmark. The different methods (rows) are
compared on three indoor sequences and one outdoor sequence (columns). This is because
many learning-based methods train on the other outdoor sequence, which is therefore not
used for testing. FollowingZhu et al., outdoor_dayऀ is tested only on specified इࣿࣿ framesऀआई.
The top part of Tab. ः.ऀ reports the flow corresponding to a time interval of dt = 1 grayscale
frame (at≈ ःऄHz, i.e., ँँ.ँms), and the bottom part corresponds to dt = 4 frames (इईms).

Our methods provide the best results among all methods in all indoor sequences and are
the best among the unsupervised and model-based methods in the outdoor sequence. The
errors for dt = 4 are about four times larger than those for dt = 1, which is sensible given the
ratio of time interval sizes. We observe no significant differences between the three versions
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Table 4.1: Results on MVSEC dataset179. Methods are sorted according to how much data they need: supervised learning
(SL) requires ground truth flow; semi‐supervised learning (SSL) uses grayscale images for supervision; unsupervised learn‐
ing (USL) uses only events; and model‐based (MB) needs no training data. Bold is the best among all methods; underlined
is second best. Nagata et al. 109 evaluate on shorter time intervals; for comparison, we scale the errors to dt = 1.

indoor_flyingऀ indoor_flyingँ indoor_flyingं outdoor_dayऀ
dt = 1 AEE ↓ %Out ↓ AEE ↓ %Out ↓ AEE ↓ %Out ↓ AEE ↓ %Out ↓

SL

EV-FlowNet-ESTऄँ ࣿ.ईआ ࣿ.ईऀ ऀ.ंइ इ.ँࣿ ऀ.ःं अ.ःआ – –
EV-FlowNet+ऀऄऄ ࣿ.ऄअ ऀ.ࣿࣿ ࣿ.अअ ऀ.ࣿࣿ ࣿ.ऄई ऀ.ࣿࣿ ࣿ.अइ ࣿ.ईई
E-RAFTऄअ – – – – – – ࣿ.ँः ऀ.आࣿ

SS
L EV-FlowNet (original)ऀआई ऀ.ࣿं ँ.ँࣿ ऀ.आँ ऀऄ.ऀࣿ ऀ.ऄं ऀऀ.ईࣿ ࣿ.ःई ࣿ.ँࣿ

Spike-FlowNetइआ ࣿ.इः – ऀ.ँइ – ऀ.ऀऀ – ࣿ.ःई –
Ziluo et al.ंः ࣿ.ऄआ ࣿ.ऀࣿ ࣿ.आई ऀ.अࣿ ࣿ.आँ ऀ.ंࣿ ࣿ.ःँ ࣿ.ࣿࣿ

U
SL

EV-FlowNetऀइࣿ ࣿ.ऄइ ࣿ.ࣿࣿ ऀ.ࣿँ ः.ࣿࣿ ࣿ.इआ ं.ࣿࣿ ࣿ.ंँ ࣿ.ࣿࣿ
EV-FlowNet (retrained)ऀऀइ ࣿ.आई ऀ.ँࣿ ऀ.ःࣿ ऀࣿ.ईࣿ ऀ.ऀइ आ.ःࣿ ࣿ.ईँ ऄ.ःࣿ
FireFlowNetऀऀइ ࣿ.ईआ ँ.अࣿ ऀ.अआ ऀऄ.ंࣿ ऀ.ःं ऀऀ ऀ.ࣿअ अ.अࣿ
ConvGRU-EV-FlowNetअऄ ࣿ.अࣿ ࣿ.ऄऀ ऀ.ऀआ इ.ࣿअ ࣿ.ईं ऄ.अः ࣿ.ःआ ࣿ.ँऄ

M
B

Nagata et al.ऀࣿई ࣿ.अँ – ࣿ.ईं – ࣿ.इः – ࣿ.आआ –
Akolkar et al.ऀ ऀ.ऄँ – ऀ.ऄई – ऀ.इई – ँ.आऄ –
Brebion et al.ऀऄ ࣿ.ऄँ ࣿ.ऀࣿ ࣿ.ईइ ऄ.ऄࣿ ࣿ.आऀ ँ.ऀࣿ ࣿ.ऄं ࣿ.ँࣿ
Ours (w/o time aware) ࣿ.ःँ ࣿ.ࣿई ࣿ.अࣿ ࣿ.ऄई ࣿ.ऄࣿ ࣿ.ँई ࣿ.ंࣿ ࣿ.ऀऀ
Ours (Upwind) ࣿ.ःँ ࣿ.ऀࣿ ࣿ.अࣿ ࣿ.ऄई ࣿ.ऄࣿ ࣿ.ँइ ࣿ.ंࣿ ࣿ.ऀࣿ
Ours (Burgers’) ࣿ.ःँ ࣿ.ऀࣿ ࣿ.अࣿ ࣿ.ऄई ࣿ.ऄࣿ ࣿ.ँइ ࣿ.ंࣿ ࣿ.ऀࣿ

dt = 4

SS
L EV-FlowNet (original)ऀआई ँ.ँऄ ँः.आࣿ ः.ࣿऄ ःऄ.ंࣿ ं.ःऄ ंई.आࣿ ऀ.ँं आ.ंࣿ

Spike-FlowNetइआ ँ.ँः – ं.इं – ं.ऀइ – ऀ.ࣿई –
Ziluo et al.ंः ऀ.आआ ऀः.आࣿ ँ.ऄँ ँअ.ऀࣿ ँ.ँं ँँ.ऀࣿ ࣿ.ईई ं.ईࣿ

U
SL EV-FlowNetऀइࣿ ँ.ऀइ ँः.ँࣿ ं.इऄ ःअ.इࣿ ं.ऀइ ःआ.इࣿ ऀ.ंࣿ ई.आࣿ

ConvGRU-EV-FlowNetअऄ ँ.ऀअ ँऀ.ऄऀ ं.ईࣿ ःࣿ.आँ ं.ࣿࣿ ँई.अࣿ ऀ.अई ऀँ.ऄࣿ

M
B Ours (w/o time aware) ऀ.अइ ऀँ.आई ँ.ःई ँअ.ंऀ ँ.ࣿअ ऀइ.ईं ऀ.ँऄ ई.ऀई

Ours (Upwind) ऀ.अई ऀँ.इं ँ.ःई ँअ.ंआ ँ.ࣿअ ऀई.ࣿँ ऀ.ँऄ ई.ँं
Ours (Burgers’) ऀ.अई ऀँ.ईऄ ँ.ःई ँअ.ंऄ ँ.ࣿअ ऀई.ࣿं ऀ.ँऄ ई.ँऀ
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outdoor_dayऀ

(a) Events (b) GT (c) Ours (MB) (d) USLअऄ (e) SSLऀआई

Figure 4.5: MVSEC comparison (dt = 4) of our method and two state‐of‐the‐art baselines: ConvGRU‐EV‐FlowNet (USL)65
and EV‐FlowNet (SSL) 179. For each sequence, the upper row shows the flow masked by the input events, and the lower
row shows the IWE using the flow. Our method produces the sharpest motion‐compensated IWEs. Note that learning‐
based methods crop input events to center 256× 256 pixels, whereas our method does not. Black points in ground truth
(GT) flow maps indicate the absence of LiDAR measurements. The optical flow color wheel is in Fig. 4.1.
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of the method tested (warp models, see also Sec. ः.ं.ऄ), which can be attributed to the fact
that the MVSEC dataset does not comprise large pixel displacements or occlusions.

Qualitative results are shown in Fig. ः.ऄ, where we compare our method against the state
of the art. Our method provides sharper IWEs than the baselines, without overfitting, and
the estimated flow resembles the ground truth one.

Ground truth (GT) is not available on the entire image plane (see Fig. ः.ऄ), such as in pix-
els not covered by the LiDAR’s range, FOV, or spatial sampling. Additionally, there may be
interpolation issues in the GT, since the LiDAR works at ँࣿ Hz and the GT flow is given
at frame rate (ःऄ Hz). In the outdoor sequences, the GT from the LiDAR and the camera
motion cannot provide correct flow for independently moving objects (IMOs). These issues
of theGT are noticeable in the IWEs: they are not as sharp as expected. In contrast, the IWEs
produced by ourmethod are sharp. Taking now into account theGTquality on the compar-
ison Table ः.ऀ, it is remarkable that ourmethod outperforms the state-of-the-art baselines on
the indoor sequences, where GT has the best quality (with more points in the valid LiDAR
range and no IMOs).

ः.ं.ं Results on DSEC

Table ः.ँ gives quantitative results on all the DSEC Optical Flow benchmark. No GT flow
is available for these sequences. Currently only the method that proposed the benchmark
reports valuesऄअ. As expected, this supervised learning method is better than ours in terms
of flow accuracy because (i) it has additional training information (GT labels), and (ii) it is
trained using the same type of GT signal used in the evaluation. Nevertheless, our method
provides competitive results and is better in terms of FWL, which exposes similar GT qual-
ity issues as those of MVSEC: pixels without GT (LiDAR’s FOV and IMOs). Qualitative
results are shown in Fig. ः.अ. Our method provides sharp IWEs, even for IMOs (car) and
the road close to the camera. The FWL is computed using the same ऀࣿࣿms intervals used for
the accuracy benchmark calculation. Since the FWL is sensitive to the number of events, the
previous convention is consistent with the benchmark.

We observe that the evaluation intervals (ऀࣿࣿms) are large for optical flow standards. In
the benchmark, इࣿ% of the GT flow has up to ँँpx displacement, which means that ँࣿ%
of the GT flow is larger than ँँpx (on VGA resolution). The apparent motion during such
intervals is sufficiently large that it breaks the classical assumption of scene points flowing in
linear trajectories.

ः.ं.ः Effect of theMulti-reference Focus Loss

The effect of theproposedmulti-reference focus loss is shown inFig. ः.आ. The single-reference
focus loss function can easily overfit to the only reference time, pushing all events into a small
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Table 4.2: Results on the DSEC optical flow benchmark56.

All interlaken_ࣿࣿ_b interlaken_ࣿऀ_a thun_ࣿऀ_a
AEE ↓ %Out ↓ FWL ↑ AEE ↓ %Out ↓ FWL ↑ AEE ↓ %Out ↓ FWL ↑ AEE ↓ %Out ↓ FWL ↑

E-RAFTऄअ ࣿ.आई ँ.अइ ऀ.ँई ऀ.ंई अ.ऀई ऀ.ंँ ࣿ.ईࣿ ं.ईऀ ऀ.ःँ ࣿ.अऄ ऀ.इआ ऀ.ँࣿ
Ours ं.ःआ ंࣿ.इअ ऀ.ंआ ऄ.आः ंइ.ईं ऀ.ऄࣿ ं.आः ंऀ.ंआ ऀ.ऄऀ ँ.ऀँ ऀआ.अइ ऀ.ँः

thun_ࣿऀ_b zurich_city_ऀँ_a zurich_city_ऀः_c zurich_city_ऀऄ_a
AEE ↓ %Out ↓ FWL ↑ AEE ↓ %Out ↓ FWL ↑ AEE ↓ %Out ↓ FWL ↑ AEE ↓ %Out ↓ FWL ↑

E-RAFTऄअ ࣿ.ऄइ ऀ.ऄँ ऀ.ऀइ ࣿ.अऀ ऀ.ࣿअ ऀ.ऀँ ࣿ.आऀ ऀ.ईऀ ऀ.ःआ ࣿ.ऄई ऀ.ंࣿ ऀ.ंः
Ours ँ.ःइ ँं.ऄअ ऀ.ँः ं.इअ ःं.ईअ ऀ.ऀः ँ.आँ ंࣿ.ऄं ऀ.ऄࣿ ँ.ंऄ ँࣿ.ईई ऀ.ःऀ

(a) Events (b) IWE (Ours) (c) Flow (Ours) (d) IWE (SL) ऄअ (e) Flow (SL) ऄअ

Figure 4.6: DSEC results on the interlaken_00_b test sequence (no GT available). Since GT is missing at IMOs and points
outside the LiDAR’s FOV, the supervisedmethod56 may provide inaccurate predictions around IMOs and road points close
to the camera, whereas our method produces sharp edges. For visualization, we use 1M events.

region of the image at t1 while producing blurry IWEs at other times (tmid and tNe). Instead,
our proposed multi-reference focus loss discourages such overfitting, as the loss favors flow
fields which produce sharp IWEs at any reference time. The difference is also noticeable in
the flow: the flow from the single-reference loss is irregular, with a lot of spatial variability in
terms of directions (many colors, often in opposite directions of the colorwheel). In contrast,
the flow from the multi-reference loss is considerably more regular.

ः.ं.ऄ Effect of the Time-Aware Flow

To assess the effect of the proposed time-aware warp (ः.इ), we conducted experiments on
MVSEC, DSEC and ECDऀࣿऄ datasets. Accuracy results are already reported in Tabs. ः.ऀ
and ः.ँ. We now report values of the FWL metric in Tab. ः.ं. For MVSEC, dt = 1 is a
very short time interval, with small motion and therefore few events, hence the sharpness of
the IWE with or without motion compensation are about the same (FWL ≈ 1). Instead,
dt = 4 provides more events, and larger FWL values (ऀ.ऀ–ऀ.ं), which means that the con-
trast of the motion-compensated IWE is better than that of the zero flow baseline. All three
methods provide sharper IWEs than ground truth. The advantages of the time-aware warp
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Figure 4.7: Effect of the multi‐reference focus loss.

Table 4.3: FWL (IWE sharpness) results on MVSEC, DSEC, and ECD. Higher is better.

MVSEC (dt = 4) ECD DSEC
indoorऀ indoorँ indoorं outdoorऀ slider_depth thun_ࣿࣿ_a zurich_city_ࣿआ_a

Ground truth ऀ.ࣿई ऀ.ँࣿ ऀ.ऀँ ऀ.ࣿआ – ऀ.ࣿऀ ऀ.ࣿः
Ours: w/o time aware ऀ.ऀआ ऀ.ंࣿ ऀ.ँं ऀ.ऀऀ ऀ.इइ ऀ.ंई ऀ.ऄआ
Ours: Upwind ऀ.ऀआ ऀ.ंࣿ ऀ.ँं ऀ.ऀऀ ऀ.ईँ ऀ.ःࣿ ऀ.अࣿ
Ours: Burgers’ ऀ.ऀआ ऀ.ंࣿ ऀ.ँं ऀ.ऀऀ ऀ.ईं ऀ.ःँ ऀ.अं

(ः.इ) over (ः.ः) to produce better IWEs (higher FWL) are most noticeable on sequences like
slider_depthऀࣿऄ and DSEC (see Fig. ः.इ) because of the occlusions and larger motions. No-
tice that FWL differences below ࣿ.ऀ are significantऀऄऄ, demonstrating the efficacy of time-
awareness.

ः.ं.अ Effect of theMulti-scale Approach

The effect of the proposed multi-scale approach (Fig. ः.ः) is shown in Fig. ः.ई. This experi-
ment compares the results of usingmulti-scale approaches (in a coarse-to-fine fashion) versus
using a single (finest) scale. With a single scale, the optimizer gets stuck in a local extremal,
yielding an irregular flow field (see the optical flow rows), which may produce a blurry IWE
(e.g., outdoor_dayऀ scene). With three scales (finest tile and two downsampled ones), the
flow becomes less irregular than with one single scale, but there may be regions with few
events where the flow is difficult to estimate. With five scales the flow becomes smoother,
more coherent over the whole image domain, while still being able to produce sharp IWEs.
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Figure 4.8: Time‐aware flow. Comparison between 3 versions of our method: Burgers’, upwind, and no time‐aware (ः.ः).
At occlusions (dartboard in slider_depth105 and garage door in DSEC55), upwind and Burgers’ produce sharper IWEs. Due
to the smoothness of the flow conferred by the tile‐based approach, some small regions are still blurry.

ः.ं.आ Application toDeep Neural Networks (DNN)

Theproposed secrets arenotonly applicable tomodel-basedmethods, but also tounsupervised-
learning methods. We train EV-FlowNetऀआई in an unsupervised manner, using (ः.ई) as data-
fidelity term and a Charbonnier lossऀई as the regularizer. Since the time-aware flow does not
have a significant influence on the MVSEC benchmark (Tab. ः.ऀ), we do not port it to the
learning-based setting. We convert ःࣿk events into the voxel-grid representationऀइࣿ with ऄ
time bins. The network is trained for ऄࣿ epochs with a learning rate of 0.001 with Adam
optimizer and with ࣿ.इ learning rate decay. To ensure generalization, we train our network
on indoor sequences and test on the outdoor_dayऀ sequence.

Table ः.ः shows the quantitative comparison with unsupervised-learning methods. Our
model achieves the second best accuracy, followingऀइࣿ, and the best sharpness (FWL) among
the existing methods. Notice thatऀइࣿ was trained on the outdoor_dayँ sequence, which is
a similar driving sequence to the test one, while the other methods were trained on drone
dataंऀ. Henceऀइࣿ might be overfitting to the driving data, while ours is not, by the choice of
training data.

Additional qualitative results of our unsupervised learning setting are shown in Fig. ः.ऀࣿ.
We compare our method with the state-of-the-art unsupervised learningअऄ. Our results re-
semble the GT flow. See Tab. ः.ः for the quantitative result.
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outdoor_dayऀ

(a) Input events (b) Single (fine) scale (c) Three scales (d)N! = 5 scales

Figure 4.9: Effect of the multi‐scale approach. For each sequence, the top row shows the estimated flow, the middle row
shows the estimated flow masked by the events, and the bottom row shows the IWEs.
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Table 4.4: Results of unsupervised learning on MVSEC’s outdoor_day1 sequence.

dt = 1 dt = 4
AEE ↓ %Out ↓ FWL ↑ AEE ↓ %Out ↓ FWL ↑

EV-FlowNetऀइࣿ ࣿ.ंँ ࣿ.ࣿࣿ – ऀ.ंࣿ ई.आࣿ –
EV-FlowNet (retrained)ऀऀइ ࣿ.ईँ ऄ.ःࣿ – – – –
ConvGRU-EV-FlowNetअऄ ࣿ.ःआ ࣿ.ँऄ ࣿ.ईः ऀ.अई ऀँ.ऄࣿ ࣿ.ईः
Our EV-FlowNet using (ः.ई) ࣿ.ंअ ࣿ.ࣿई ࣿ.ईअ ऀ.ःई ऀऀ.आँ ऀ.ऀऀ

(a) Input events (b) GT (c) Our EVFlowNet with (ः.ई) (d) USLअऄ

Figure 4.10: Result of our DNN on the MVSEC outdoor sequence. Our DNN (EV‐FlowNet architecture) trained with (ः.ई)
produces better result than the state‐of‐the‐art unsupervised learning method65. For a quantitative comparison, see Table
4.4.

ः.ं.इ Sensitivity Analysis

The choice of loss function.

Table ः.ऄ shows the results on theMVSEC benchmark for different loss functions. We com-
pare the (squared) gradient magnitude, image variance, average timestampऀइࣿ, and normal-
ized average timestampअऄ. The gradient magnitude and image variance losses produce the
best accuracy compared with the two average timestamp losses. Quantitatively, the image
variance loss gives competitive results with respect to the gradient magnitude. However,
for the reasons described in Sec. ः.ँ.ँ, and because the image variance sometimes overfits,
we use gradient magnitude. Both average timestamp losses are trapped in the global optima
which pushes all events out of the image plane, hence, the provide very large errors (marked
as “> 99” in Tab. ः.ऄ). This effect is visualized in Fig. ः.ऀऀ.
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Table 4.5: Sensitivity analysis on the choice of loss function (MVSEC, dt = 4). The contrast and gradient magnitude
functions provide notably better results than the losses based on average timestamps.

indoor_flyingऀ indoor_flyingँ indoor_flyingं outdoor_dayऀ
AEE ↓ %Out ↓ AEE ↓ %Out ↓ AEE ↓ %Out ↓ AEE ↓ %Out ↓

Gradient magnitudeःऄ ऀ.अइ ऀँ.आई ँ.ःई ँअ.ंऀ ँ.ࣿअ ऀइ.ईं ऀ.ँऄ ई.ऀई
Image varianceःआ ऀ.आࣿ ऀऀ.ँऄ ँ.ऀइ ँऀ.ईऀ ऀ.ईं ऀऄ.इः ऀ.इँ ऀऄ.इई
Avg. timestampऀइࣿ >ईई >ईई >ईई >ईई >ईई >ईई >ईई >ईई
Norm. avg. timestampअऄ >ईई >ईई >ईई >ईई >ईई >ईई >ईई >ईई

(a) Input events (b) Gradient Magnitude (c) Variance (d) Avg. timestampऀइࣿ (e) Norm. avg.
timestampअऄ

Figure 4.11: IWEs for different loss functions. Average timestamp losses overfit to undesired global optima, which pushes
most events out of the image plane.

Remark: Maximization of (ः.अ) does not suffer from the problem mentioned inअऄ that
affects the average timestamp loss function, namely that the optimal flow warps all events
outside the image so as to minimize the loss (undesired global optima shown in Fig. ः.ऀऀd-
ः.ऀऀe). If most events were warped outside of the image, then (ः.अ) would be smaller than
the identity warp, which contradicts maximization.

The regularizer weight.

Table ः.अ shows the sensitivity analysis on the regularizer weight λ in (ः.ई). λ = 0.0025
provides the best accuracy in the outdoor sequence, while λ = 0.025 provides slightly better
accuracy in the indoor sequences. Comparing their accuracy differences, we use the former
because it has a higher accuracy gain.

ः.ं.ई Limitations

Like previous unsupervised worksऀइࣿ,अऄ, our method is based on the brightness constancy
assumption. Hence, it struggles to estimate flow from events that are not due to motion,
such as those caused by flickering lights. SL and SSL methods may forego this assumption,
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Table 4.6: Sensitivity analysis on the regularizer weight (MVSEC data, dt = 4).

indoor_flyingऀ indoor_flyingँ indoor_flyingं outdoor_dayऀ
AEE ↓ %Out ↓ AEE ↓ %Out ↓ AEE ↓ %Out ↓ AEE ↓ %Out ↓

λ = 0.0025 ऀ.अइ ऀँ.आई ँ.ःई ँअ.ंऀ ँ.ࣿअ ऀइ.ईं ऀ.ँऄ ई.ऀई
λ = 0.025 ऀ.ऄँ ई.ࣿआ ँ.ंई ँअ.ँअ ऀ.ईः ऀइ.ःः ऀ.इअ ऀआ.ऀऀ
λ = 0.25 ऀ.इई ऀअ.ऄः ं.ऀई ंअ.ईऄ ँ.ईऀ ंࣿ.इऄ ँ.ऄआ ँआ.इअ

but they require high quality supervisory signal, which is challenging due to the HDR and
high speed of event cameras.

Like other optical flow methods, our approach can suffer from the aperture problem.
The flow could still collapse (events may be warped to too few pixels) if tiles become smaller
(higher DOFs), or without proper regularization or initialization. Optical flow is also diffi-
cult to estimate in regions with few events, such as homogeneous brightness regions and re-
gions with small apparent motion. Regularization fills in the homogeneous regions, whereas
recurrent connections (like in RNNs) could help with small apparent motion.

ः.ः Conclusion

We have extended the CM framework to estimate dense optical flow, proposing principled
solutions to overcomeproblems of overfitting, occlusions and convergencewithout perform-
ing event voxelization. The comprehensive experiments show that our method achieves the
best accuracy among all methods in the MVSEC indoor benchmark, and among the unsu-
pervised and model-based methods in the outdoor sequence. It is also competitive in the
DSEC optical flow benchmark. Moreover, our method delivers the sharpest IWEs and ex-
poses the limitations of the benchmark data. Finally, we showhowourmethod can be ported
to the unsupervised setting, producing remarkable results. We hope ourwork unlocks future
optical flow research on stable and interpretable methods.
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5
Event-by-event Optical Flow Estimation

ऄ.ऀ Fast Correlation-based Flow Estimation

Event camerasईऀ,ःऀ have led to rethinking visual processing for various computer vision tasks
because their operating principle and output data are fundamentally different from those
of conventional, frame-based cameras. These bio-inspired sensors naturally respond to the
scene dynamics and offer advantages, such as low latency, high dynamic range (HDR) and
data efficiency, which need to be unlockedwith new algorithmsःं. Neuromorphic principles
have been amajor source of inspiration for such novel algorithms and hardware, especially in
motion estimation tasksअः,ऀअ,अऄ.
Event-based optical flow estimation methods can be broadly classified as packet-based or

event-by-event–based depending on how events are processed and update the estimator’s out-
put. Packet-based methods process a batch of events (e.g., events in a fixed time window,
say ऀࣿ–ऀࣿࣿ ms, or a fixed number of events, typically ंࣿk–ऀM), hence they require some
waiting time before processing (inference) startsःअ,ऀࣿ,ऀःअ,ईअ. They trade off the high-speed ad-
vantages of event data for accuracy. Prior work has proposed adaptations of classical frame-
basedmethods (blockmatchingईअ, Lucas-Kanadeऀऀ), spatio-temporal plane-fittingऀࣿ,ऀ, time-
surfacematchingऀࣿई, and contrast-maximizationmethodsऀआअ,ःअ,ऀःअ. While the abovemethods
are model-based (optimization) methods, Artificial Neural Networks (ANN)ऀआई,ऀइࣿ,ऄअ,ंः,इआ
are also batch-based, and are inspired by frame-based ANN architecturesऀअࣿ,आआ, thus requir-
ing data conversion into a tensor representation, such as voxel grids. ANNs achieve current
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Figure 5.1: Runtime vs. accuracy comparison for various event‐based optical flow estimation methods. Results are on
outdoor data of the MVSEC benchmark179 (see also Tab. 5.2). Accuracy is measured based on Average Endpoint Error
(AEE). The numbers in the diagram indicate the reference numbers within147.

state-of-the-art accuracy for optical flow estimation and high speedऄअ,ऀःअ, but require power-
hungry GPUs and lack interpretability.

On the other hand, event-by-event methods process every event incrementally as it occurs
(without waiting time), aiming to leverage the camera’s low-latency advantageऀअ,ँइ. Many
event-by-eventmethods, such as SpikingNeural Networks (SNNs), are inspired by the brain
(i.e., neuromorphic), since the neural circuits of visual processing are thought to be event-
driven. While previous work propose SNN architecturesऀऀः,ऀँࣿ,अऄ, they comprise low-level
physiological parameters of neurons (e.g., membrane potentials) that are difficult to inter-
pret, validate and adjust to improve the estimation accuracy. Indeed, insects and mammals
have different low-level underlying mechanisms, while they have similar algorithmic steps to
transform light into motionँं. Hence, it is important to find abstracted logical operations
of motion estimation, rather than to mimic the entire physiological properties of neurons.
From a practical point of view, most event-by-event methods have been tested on simple
scenes, as opposed to themore complex real-world scenes and publicly-available benchmarks
of batch-based methodsऀंआ. This may be attributed to the use of tailored hardwareअः, strong
assumptions of the scene, limited problem settingsऀअ or the difficulty in defining event-by-

अऄ



event benchmarks on real data with µs resolution. Hence, it is important to explore event-
by-event motion estimation algorithms that can solve complex, real-world problems.

Thiswork leverages insights fromneuroscience, especially fromthe classicalBarlow-Levick
modelई, and proposes a novel optical flow estimation scheme based on triplet matching. In
contrast to previous batch-basedmethods, it requires only three events for estimation, which
opens the door to future real-time incremental motion estimation methods. Compared to
previous event-by-event approaches, it is testedonpublicly-available optical flowbenchmarks
to demonstrate its capability to handle real-world scenes with comparable results. Addition-
ally, it is based on logical operations, which enables a simple and efficient data structure imple-
mentation and execution on standardCPUs. In summary, our contributions are twofold: (i)
we present a novel event-by-event algorithm for optical flow estimation, theoretically derived
from neuroscience insights, and (ii) we practically demonstrate that it achieves comparable
results as prior work while only requiring a CPU and being faster than optimization-based
algorithms (Fig. ऄ.ऀ).

The signal processing in this work materializes the ideas in current neuroscience models,
shedding light on what the strong and weak scenarios are, in order to improve the models.

ऄ.ँ Methodology

ऄ.ँ.ऀ Event Camera

Event cameras acquire visual data in the form of asynchronous per-pixel brightness differ-
ences called “events”ईऀ,ःं. An event ek

.
= (tk, xk, pk) is triggered as soon as the logarithmic

brightness at the pixel xk
.
= (xk, yk)" exceeds a preset threshold. Here, tk is the timestamp of

the event with µs resolution, and polarity pk ∈ {+1,−1} is the sign of the brightness change
(i.e., increase vs. decrease, respectively).

ऄ.ँ.ँ TripletMatching

The ideaof the tripletmatching comes fromneurosciencemodels byHassenstein-Reichardtअइ
andBarlow-Levickई. These correlatormodels estimatemotionby computing pairwise neural
activities (e.g., spikes) in space and timeँं. Especially,ःँ suggests that triplet correlations (the
product of pairwise correlations for three spikes in space-time) improve motion estimation
accuracy. Here, we introduce the idea of the triplet-matching method as logical operations
in space-time coordinates. We build an incremental (event-by-event) estimation algorithm,
and extend it into batch mode for testing because benchmarks are specified on a batch basis.
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Figure 5.2: Triplet matchig algorithm. Triplet‐matching algorithm seeks spatially and temporally neighboring events in an
event‐by‐event manner, and provides event‐based flow fk. Note this is an example of batch estimation given the input
events.

Algorithm ऀ Triplet matching algorithm
Input: ek,Hk−1

Output: Hk, fk
ऀ: Find event neighborhoodHk in (ऄ.ऀ).
ँ: for i ∈ Hk do
ं: Search for triplet candidates (ऄ.ँ).
ः: Collect triplet T = (k, i, j)
ऄ: end for
अ: Calculate fk ← {T} in (ऄ.ं)
आ: UpdateHk ← Hk−1,Hk

Incremental Estimation

It consists of two main steps: search and update (Algorithm ऀ). Events are split by polarity,
following the idea of ON- and OFF- circuits in the brainँं. The search step finds triplets
of events that are aligned (i.e., correlated) in space-time assuming a constant velocity model
(Fig. ऄ.ँ). One of the events in the triplet is the incoming event, and the other two events
are searched for within its space-time neighborhoods of size dx, dt. The search has two steps:
first the set of all potential ँnd events is determined; then the set of all potential ंrd events
(compatible with the previous two in the triplet) refines the search. In the update step, every
triplet of events is characterized by a different velocity. The velocity (flow) fk for the incoming
event ek is computed as the average of the velocities of all triplets. Later, for benchmarking
purposes, the flow is voxelized (quantized on a space-time grid) and smoothed.

In the search step, since event data are sorted by timestamp t, we use index maps to make
the search efficient, with complexityO(Ne logNe). The indexmapHk of an event ek consists
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of the indices of its space-time neighbors:

Hk = {i | tk − τ− dt ≤ ti ≤ tk − τ and ‖xk − xi‖ ≤ dx}. (ऄ.ऀ)

Parameters dt and dx decide themaximum admissible velocity of the flow, and τ is a refractory
period, which limits the search space by assuming neighboring events in the moving edge do
not exist at the same timestamp. dt can also be interpreted as the delay in the Barlow-Levick
model. For each new event ek, we build a set of index mapsHk = {Hi}ki=1 and output a set
of event triplets {T} .

= {(ek, ei, ej)}. To find the tripletmatchwe look for event indices j that
have roughly constant velocity with the event pairs (ek, ei)where i ∈ Hk:

Jk,i = {j ∈ Hi | ti − τ− dt ≤ tj ≤ ti − τ and xi − xj = xk − xi}. (ऄ.ँ)

The update step calculates the flow fk and updates the index mapHk. Hk is obtained by
adding newHk toHk−1 and removing old index maps (we keep the latest ँࣿࣿࣿࣿ index maps
per polarity). The flow fk is obtained as the weighted average

fk
.
=

∑
T wTvT∑
T wT

, (ऄ.ं)

where vT
.
= (xj− xk)/(tj− tk) is the velocity of each triplet. Since (ऄ.ं) gives accurate flow if

the triplet is caused by the same scene edge, we use the weight wT to estimate the probability
that the triplet belongs to the same edge. Assuming constant velocity, if ej is produced by the
same edge that generates ek and ei, the expected timestamp of ej is given by t̂j = ti − δ, where
δ .
= tk − ti. Therefore, to account for errors in the timestamps between t̂j and tj, we set the

weight wT
.
= N (tj; t̂j, δ2), whereN is the Gaussian density function.

Batch Estimation

We extend the incremental (event-by-event) estimator to batchmode because current bench-
marks are batch-based. For a set of events E .

= {ek}Ne
k=1, we create the index mapsHNe first,

which takes O(N2
e logNe). Then the flow is calculated looping over each event using Algo-

rithm ऀ. The overall computational complexity isO(N2
e logNe).

For benchmarking with ground truth, the event-wise flow is converted into a voxel-wise
flow, which also enhances space-time coherence. We quantize the time coordinates of fk into
bins, and take the average of the {fk} that lie in each voxel. We also apply a non-zero average
filter (take average of only non-zero values) with kernel size 3× 3 for spatial smoothing.

The computational complexity of both approaches is summarized in Tab. ऄ.ऀ. For com-
parison,we also report those of optimization-basedmethods: ContrastMaximization (CMax)ःअ
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and time-surface matchingऀࣿई. The latter methods require additional complexity for the
number of iterationsNiter, which is inefficient. We report runtime comparisons in Sec. ऄ.ं.ं.

Algorithm ँ Triplet matching: Batch
Input: E
Output: f,HNe

ऀ: for k = 1 toNe do
ँ: SearchHi = {i | tk − τ− dt ≤ ti ≤ tk − τ and ‖xk − xi‖ ≤ dx}
ं: end for
ः: for k = 2 toNe do
ऄ: Calculate fk,Hk using Algorithm ऀ with ek, cHk−1

अ: end for
आ: return f,Hk

Table 5.1: Complexity of algorithms, for batch estimation and event‐by‐event estimation.

Batch Event-by-event
CMaxःअ O(Niter(Ne +Np)) –
Nagata et al.ऀࣿई O(Niter(Ne +Np)) –
Ours O(N2

e logNe) O(Ne logNe)

ऄ.ं Experiments

ऄ.ं.ऀ Datasets and EvaluationMetrics

TheMVSEC datasetऀआइ is a standard dataset for optical flow estimationऀइࣿ,ऄअ,अऄ,ऀःअ. The data
consists of event camera, LiDAR, and camera poses. The event camera (mDAVISंःअ cam-
eraऀऄइ) provides events, grayscale frames and IMU data (346 × 260 pix). The ground truth
optical flow is provided as the motion field from the camera velocity and the depth of the
sceneऀआई. The sequences are indoors with a drone and outdoors with a car, and we evaluate
on अं.ऄ million events spanning ँअऄ seconds from both outdoor and indoor sequences.

We measure optical flow accuracy to evaluate our method. The metrics are the Average
Endpoint Error (AEE) and the percentage of pixels with AEE greater than 3 pixels (% Out).
The time intervals for evaluation are Δt = 1 grayscale frame (at ≈ ःऄHz, i.e., ँँ.ँms) and
Δt = 4 frames (इईms). Flow accuracy is evaluated only in pixels with valid ground truth. All
experiments use dx =

√
2 pix, dt = 100ms and τ = 3ms.
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Table 5.2: Results on MVSEC dataset179. Methods are presented as unsupervised learning‐based (USL) or model‐based
(MB). For brevity, EV‐FlowNet is abbreviated as EVFN. Nagata et al. 109 evaluate on shorter time intervals; for comparison,
we scale the errors to Δt = 1.

outdoor_dayऀ indoor_flyingऀ indoor_flyingँ
Δt = 1 AEE ↓ %Out ↓ AEE ↓ %Out ↓ AEE ↓ %Out ↓

U
SL

EVFNऀइࣿ ࣿ.ंँ ࣿ.ࣿࣿ ࣿ.ऄइ ࣿ.ࣿࣿ ऀ.ࣿँ ः.ࣿࣿ
EVFN (retrain)ऀऀइ ࣿ.ईँ ऄ.ःࣿ ࣿ.आई ऀ.ँࣿ ऀ.ःࣿ ऀࣿ.ईࣿ
FireFlowNetऀऀइ ऀ.ࣿअ अ.अࣿ ࣿ.ईआ ँ.अࣿ ऀ.अआ ऀऄ.ंࣿ
ConvGRU-EVFNअऄ ࣿ.ःआ ࣿ.ँऄ ࣿ.अࣿ ࣿ.ऄऀ ऀ.ऀआ इ.ࣿअ
MultiCM-EVFNऀःअ ࣿ.ंअ ࣿ.ࣿई – – – –

M
B

Nagata et al.ऀࣿई ࣿ.आआ – ࣿ.अँ – ࣿ.ईं –
Akolkar et al.ऀ ँ.आऄ – ऀ.ऄँ – ऀ.ऄई –
Brebion et al.ऀऄ ࣿ.ऄं ࣿ.ँࣿ ࣿ.ऄँ ࣿ.ऀࣿ ࣿ.ईइ ऄ.ऄࣿ
MultiCMऀःअ ࣿ.ंࣿ ࣿ.ऀࣿ ࣿ.ःँ ࣿ.ऀࣿ ࣿ.अࣿ ࣿ.ऄई
Ours ࣿ.ईः ं.ࣿइ ऀ.ࣿऄ ँ.ईࣿ ऀ.अइ ऀं.ःः

Δt = 4

U
SL

EVFNऀइࣿ ऀ.ंࣿ ई.आࣿ ँ.ऀइ ँः.ँࣿ ं.इऄ ःअ.इࣿ
ConvGRU-EVFNअऄ ऀ.अई ऀँ.ऄࣿ ँ.ऀअ ँऀ.ऄऀ ं.ईࣿ ःࣿ.आँ
MultiCM-EVFNऀःअ ऀ.ःई ऀऀ.आँ – – – –

M
B MultiCMऀःअ ऀ.ँऄ ई.ँऀ ऀ.अई ऀँ.ईऄ ँ.ःई ँअ.ंऄ

Ours ं.अࣿ ःई.ࣿः ः.ࣿअ ऄं.इइ अ.ंई आऀ.इँ

We also show qualitative results on the DSEC datasetऄऄ and the ECD datasetऀࣿऄ. Both
datasets are widely used for motion estimationःआ,ऀआआ,अं,ऀࣿं,ऀःअ. Each sequence of the DSEC
dataset consists of events fromPropheseeGenं event cameras (640×480 pixels) and ground
truth optical flow (at ऀࣿHz)with the scene depth from aLiDAR. Each sequence of the ECD
dataset provides events, frames, calibration, and IMU data (at ऀ kHz) from a DAVISँःࣿC
(240× 180 pix)ऀं, as well as ground truth camera poses (at ࣿ.ँ kHz).

ऄ.ं.ँ Optical Flow Estimation Accuracy

Table ऄ.ँ comprises flow estimation accuracy results on the MVSEC benchmark. The top
part of the table reports results forΔt = 1, and the bottompart reports Δt = 4. Themethods
in the table are categorized as unsupervised learning-based (USL), i.e., using a Deep Neural
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(a) Input events (b) IWE

(c) Estimated flow (d) Ground truth flow

Figure 5.3: Optical flow results on MVSEC data.

Network (DNN) on grid-converted events, and model-based (MB). Results for Δt = 1 are
thorough, with our method in the middle accuracy range among all methods. Results for
Δt = 4 are not as complete because the literature does not report them (especially most
model-based methods). While a thorough comparison for Δt = 4 is difficult, our error is
roughly four times bigger than for Δt = 1, which makes sense, and it is consistently ँ.ऄ–
ं times bigger than that of the most accurate methodऀःअ for both Δt = {1, 4}. The fact
that for longer time intervals batch-based methods (Δt = 4) achieve higher accuracy than
our method may be attributed to the fact that our method is event-by-event, so it does not
leverage long-term temporal smoothing, which would improve robustness to noise.

Figure ऄ.ं shows qualitative results. As it is noticeable, the events displaced using the es-
timated flowproduce sharp images of warped events (IWEsःअ). The FlowWarp Lossऀऄऄ mea-
sures the sharpness of the IWEqualitatively: 1.154 foroutdoor_dayऀ, 1.157 for indoor_flyingऀ,
and 1.248 for indoor_flyingँ, where FWL larger than 1 indicates sharper than the identity
warp baseline (i.e., zero flow). The figure also shows the estimated flow; notice that our
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method produces a flow vector for each event (Fig. ऄ.ँ), whereas it is common to display
the flow for every pixel (image-based legacy). Hence, Fig. ऄ.ं shows a ँD collapsed version
of the estimated space-time optical flow field, for visual comparison with the ground truth.
The flow is most reliably estimated in regions where events happen, i.e., scene edges. Further
spatial and temporal smoothness could be enhanced if needed: for example, homogeneous
brightness regions between edges could be filled in by some prior, such as a regularizer or
in-painting algorithm.

ऄ.ं.ं Runtime Comparison

The proposed method runs in an event-by-event manner and hence trades off accuracy for
speed, comparedwith batch-basedmethods. We showed computational complexity compar-
ison in Tab. ऄ.ऀ. Now, we conduct the runtime comparison among several previous work.
We use Python (ं.ई.ऀँ) on CPUs (Mac Mऀ ँࣿँࣿ, इ Cores). We process ंࣿࣿk events incre-
mentally and average the resulting runtimes. The results are shown in Fig. ऄ.ऀ. Our method
achieves the fastest runtime among compared methods: ࣿ.ࣿईंः milliseconds (>ऀࣿ kHz).
Note that many methods in the literature, such as the secondऀऀइ and thirdऀऄ fastest ones,
use GPUs, while ours can run natively on CPUs. These fast and lightweight characteristics
of the proposed method are important for future robotics applications of event cameras on
resource-constrained platforms.

ऄ.ं.ः Effect of Pixel Quantization

A limitation of the proposedmethod is the quantization of the flowdirection since the search
for the second event in the triplet is limited to the इ neighboring pixels of the current event.
To illustrate it, we conduct experiments on thedynamic_translation sequence from the ECD
datasetऀࣿऄ. Figure ऄ.ः shows the distribution of vT over all events (assuming a planar trans-
lation model, i.e., constant velocity over all pixels). Similar to the SNN proposed inऀऀः, vT is
constrained to eight cardinal directions. However, in contrast toऀऀः, which quantizes both
the direction and magnitude of the flow, our method can estimate a continuum of magni-
tudes. The distributions are spread around a main direction and its two neighboring ones,
which is due to the small aperture (5× 5 pix) used for each triplet.

ऄ.ं.ऄ Results onHigher Spatial Resolution

For completeness, we also showqualitative results onDSEC,with a higher-resolution (640×
480 pixels) event camera in Fig. ऄ.ऄ. Similarly to Fig. ऄ.ं, the estimated flow is shown as a ँD
collapsed version of the estimated space-time optical flowfield. The estimated flow (Fig. ऄ.ऄc)
resembles the ground truth and provides a sharp IWE (Fig. ऄ.ऄb). These results demonstrate
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(a) Input events (b) Estimated velocities vT

Figure 5.4: Effect of pixel quantization on ECD data. In the top row the motion is dominantly horizontal, whereas in the
bottom row it is vertical, as can be seen by the thickness of the edges (left) and the velocity distributions (right).

that the proposed method works on a recent high-resolution event camera. In this example,
the same parameters (e.g., dx in (ऄ.ऀ)) generalize to cameras with different resolutions, which
have different sizes of the receptive field (space in the visual space) per pixel. However, due to
the smaller pixel size, it sometimes suffers from the aperture problem (e.g., the “ंࣿ” on the
road). One might need to consider increasing the recursive search (ऄ.ँ), such as a quadruple
(the pairs of four events) and so on.

ऄ.ः Conclusion

We proposed a novel event-based optical flow estimation scheme based on triplet matching
that runs in an event-by-event manner. The proposed method was biologically plausible for
event-based optical flow since it leverages knowledge from neuroscience. The experiments
demonstrated that it is considerably fast (> ऀࣿ kHz) on standardCPUswhile providing com-
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(a) Input events (b) IWE

(c) Estimated flow (d) Ground truth flow

Figure 5.5: Optical flow results on DSEC data.

parable results as prior batch-based algorithms. We hope that our work opens the door to
real-time, realistic, incremental motion estimation methods and event-camera applications
on resource-constrained devices.
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6
EstimatingMotion of Air Convection

अ.ऀ Introduction

Sensing the flow of transparent media, such as air or water, is important for various applica-
tions from aerodynamics to gas leakage detection. Optical imaging is a useful tool to exam-
ine such transparent media because it can capture the media with high detail in space-time
remotely. Among existing methods, schlieren imaging is a simple but efficient optical tool
for seeing the “invisible”ऀःँ,ऀःं: inhomogeneities in transparentmedia that are not necessarily
perceived by the naked eye. It requires simple recording settings: lenses, cameras, andmirrors
or background patterns to image how light rays deviate due to refractive index variations in
the media. While it was initially conceived as a visualization technique, recent developments
in schlieren and shadowgraphy fields have extended the usage to velocimetryऀःं,ऀःः. How-
ever, it requires a high-speed camera with a large spatial resolution to analyze the velocity of
the flow, such as convection. This is not only a constraint for real-world applications but
also a limitation of the methodology because: (i) achieving high shutter speeds requires un-
naturally bright illumination, which is not always practical, (ii) transmitting and processing
the large amount of redundant data acquired involves high bandwidth, storage, and power-
hungry components, and (iii) regardless of the large power consumption, the trade-off be-
tween speed and spatial resolution limits accuracy in estimating the flow velocity.

Event camerasईऀ,ःऀ arenovel bio-inspired sensors that respond topixel-wise intensity changes,
which are not always visible to conventional frame-based cameras. They offer advantages
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Figure 6.1: In background‐oriented schlieren imaging local density gradient variations between a camera and a background
pattern lead to tiny perceived changes on the image plane. We show how to combine events and frames to calculate
optical flow of the schlieren scene and how to leverage the advantages of event cameras to visualize gas streams such as
the human breath.

such as high speed, high dynamic range (HDR), lowpower consumption, and data efficiency
(temporal redundancy suppression)ःं, which makes them potential candidates to overcome
the limitations of traditional (i.e., frame-based) schlieren techniques. However, despite these
potential capabilities, the application of event cameras to imaging applications is yet to be
explored and developed.

This chapter presents anovel technique, event-basedbackground-oriented schlieren (BOS),
for sensing air convection with event cameras and proposes a novel method to estimate the
temporal derivative of air density from events and frames (Fig. अ.ऀ). Throughout the chapter,
we tackle the following challenges of event-based BOS: (i) Theory. There is no established
mathematical theory for event-based schlieren techniques. (ii) Data. Event cameras sense
only increments of schlieren as opposed to the larger differences with respect to a reference
in frame-based BOS. (iii)Methodology. The origin of events in BOS (flickering because they
happen only at the edges of the backgroundpattern) and large amounts of noise are novel and
difficult for previous work in event-based vision. (iv) Evaluation. The true ground truth of
the air density is not easy to obtain, hence we need some proxy ground truth and baselines.

First, we develop a theoretical connection between the schlieren and events, showing that
event cameras can sense the inhomogeneities of transparent media in a more direct way (as
flickering events) compared to frame-based cameras. Such direct sensing of schlieren through
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event data enables us to observe air convection at high speed more precisely and under chal-
lenging lighting conditions. Second, we propose a novel method that extends the linearized
event generation model with physically-inspired parameterization to estimate the temporal
density fluctuation due to the schlieren. Third, to evaluate the estimated density change,
whose real-world ground truth is not easy to obtain, we establish the evaluation method us-
ing optical flow, by revealing the theoretical connection between the temporal density change
and optical flow (i.e., pixel displacement). Using a co-located frame-based camera enables us
to benchmark differentmethods of estimating temporal density change as a computer vision
problem. The experimental results show that: (i) our proposed method recovers the flow
that corresponds to the temporal change of density gradient by comparing with the standard
frame-basedmethods and other baseline methods, (ii) flickering-like events are a more direct
measurement of such schlieren, (iii) event cameras record the density inhomogeneities even
in poor lighting conditions, which state-of-the-art frame-based algorithms cannot provide,
and (iv) the high temporal resolution of event cameras enables slow-motion schlieren analy-
sis.

The main technical contributions of this chapter are:

• A novel method for computation of schlieren combining events and frames (Secs. अ.ं
and अ.ः). The proposed method is rigorously obtained and well connected with the
physical model of the sensors involved via the linearized event generation model.

• The first schlieren event-frames dataset (Sec. अ.ऄ). We publicly provide recordings of
several schlieren scenes by means of events and frames, at high resolution (1 Mpixel),
accurately synchronized and calibrated using an in-house acquisition system.

• A thorough comparison with baseline methods despite the lack of truly ground truth
data in this type of turbulent fluid dynamics phenomena (Sec. अ.अ).

To the best of our knowledge, this is the first work showing the potential advantages of
event cameras for schlieren imaging applications.

अ.ँ RelatedWork

अ.ँ.ऀ Background-Oriented Schlieren

Schlieren photography was invented in ऀइअः to study the flow of air around objects mov-
ing at supersonic speedऀःँ. In contrast to other imaging and velocimetry techniques such as
particle image velocimetryऀँआ,ंं, it does not require any particle seeding in themedia of inter-
est. Among different schlieren-imaging techniques (see Tab. अ.ऀ), BOS is a relatively recent
technique since it utilizes digital image processingऀंं. In BOS (Fig. अ.ँ), an object of interest
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Table 6.1: Comparison of various schlieren imaging techniques and the physical quantities they measure.

Method Observation

Shadowgraphyआं,ऀँअ ∂2ρ
∂x2

Toepler’s schlieren photographyइः,ऀँअ ∂ρ
∂x

Laser speckle photographyऀँअ ∂ρ
∂x

Frame-based BOSऀँअ ∂ρ
∂x

Event-based BOS (this work) ∂2ρ
∂t∂x

with density variations (e.g., the hot air stream from a burning candle) is placed between the
camera and a constant (non-moving) background pattern. The schlieren generates complex
deformation to thebackgroundpattern,which is observedby cameras as the apparentmotion
of the background pattern with respect to a reference image (without density variations)ऀंं.
Different methods have been proposed to compute the displacement vector field of the ap-
parent motion, such as using cross-correlationअࣿ, optical flowः, or wavelet-based analysisऀंई.
As equally important as the data processing method is the data acquisition setup. Best prac-
tices for parameter settings, such as the distance from the camera to the background and the
media, are provided inऀःं.
BOS has been used to image various transparent media, such as shock waves from explo-

sionsऀऄࣿ, turbulent flowsऀःः, and shock waves underwaterअई. Also, the background pattern
of BOS can be extended to natural imagesअआ, which allows us to image the flow with large
field-of-view (FOV). Inआࣿ, BOS is utilized to visualize supersonic jets in flight, by leveraging
the natural vegetation of the terrain seen from above as the constant background pattern.
The large FOV is one of the unique characteristics of BOS unlike other schlieren techniques,
which enables measuring natural outdoor scenesऀःं. Notwithstanding, BOS can be used as
input to other analysis tools, such as Dynamic Mode Decomposition (DMD) to reveal the
main frequency modes of variation of the signal in space and timeऀअं, which ultimately in-
form about the physical parameters of the turbulent flow. Recently, some works have ex-
tended BOS from an imaging technique to a quantitative method, e.g.,ऀअऄ measures the den-
sity of axisymmetric supersonic flow. Inऀःः, a method is proposed to extract velocity data
from flows. For this application, Kymography works better than classical image correlation,
and the self-similarity of round turbulent jet velocity appears in the schlieren results.
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Figure 6.2: Background‐Oriented Schlieren (BOS) setup.

अ.ँ.ँ Event Cameras

Event cameras are a relativelynew technology compared toBOS imagingwith standard frame-
based cameras. Since the ँࣿࣿइ seminal workईऀ, they have been slowly commercialized and ex-
plored in computer vision and robotics for various applications. Event cameras naturally re-
spond to motion in the scene at high speed andHDR in a data-efficient manner, hence large
progress has been made in motion-related tasks, such as optical flow estimationऀࣿ,ऀआई,अऄ,ऀःअ,
ego-motion estimationःअ,ऀऀं,ऀँऀ,ऀःइ, SLAMइऀ,ऀँई,ऀआआ,आऀ, or video deblurring and frame interpo-
lationऀआँ,ऀअः,ऄࣿ.
Only recently, the larger spatial resolution of event cameras and higher fill factor of their

pixelsःऀ,ऀऄअ has enabledfine-detail applications thatwerenotpossiblewitholdermodels. Some
works have explored event cameras for detecting small changes in the scene. These include
vibration monitoringऀँं, particle-image velocimetryऀअई, and time-resolved ंD fluid flow re-
construction via collimated illuminationऀअआ. Theseworks open another stack of event camera
applications in the field of fluid dynamics. Event-based BOS aims at pushing the limits, by
imaging and quantifying flow fields without any particle seeding.

अ.ं Event-based Schlieren

अ.ं.ऀ Principles of Frame-based BOS

In frame-based BOS the schlieren object S (e.g., a gas with varying density) produces an
apparent displacement of the background pattern, which is measured with respect to the
initial state (i.e., the image acquired in the absence of density gradient). The displacement
Δx .

= (Δx,Δy)" is directly related to the small deflection angle ε .
= (εx, εy)" (Fig. अ.ँ) via
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the distance from lens to S (ZA), the distance from S to the background (ZD), and the focal
length of the lens fऀँअ:

Δx ≈ f
(

ZD

ZD + ZA − f

)
ε. (अ.ऀ)

On the other hand, for the refractive index n, the angle ε is the result of aggregating the
spatial gradient ∂n/∂x along the length Z of the schlieren object S on the optical axis:

ε = 1
n

∫
∂n
∂xdz =

Z
n∞

∂n
∂x , (अ.ँ)

where the ambient-air refractive index is given as n∞. Finally, n is related to the density ρ
of the gas (schlieren object) via the Gladstone-Dale relation, n = Gρ + 1, with constant
G = 2.23× 10−4m3/kgऀँअ.

In short, the spatial gradient of the density ∂ρ/∂x within a gas causing schlieren can be
directly quantified by measuring the pixel displacement Δx:

Δx ∝ ∂ρ
∂x , (अ.ं)

as summarized in Tab. अ.ऀ. Here, the displacement is measured against the initial state (the
background pattern), hence the corresponding density-gradient field is the change with re-
spect to the initial (also called “reference”) state.

अ.ं.ँ Principles of Event-based BOS

One of the main differences between frame-based BOS and event-based BOS is that event
cameras only sense temporal changes in the scene, while the former measures the displace-
ment between a reference frame and the current frame (Fig. अ.ं). Hence, the key challenge is
howwe can relate events (the asynchronous intensity changes between two timestamps t1 and
t2) to the density ρ. Since events are very noisyअँ,ःं, accumulating the differences between far
away timestamps to estimate the same displacement as frame-based BOS (अ.ं) leads to high
noise levelsऀंइ,ऀः, which makes it difficult to estimate this displacement with events.

In order to establish the theoretical connection between schlieren and events, let us first ex-
tend the previous frame-basedBOS theory to compute the displacement between twonearby
timestamps. Given frames at timestamps t1, t2, their displacements from a reference frame at
tref (अ.ऀ) are Δx(tref, t1) and Δx(tref, t2). The optical flow v(x) = ∂x/∂t between consecutive
frames for small Δt = t2 − t1 is

v(x) = Δx(tref, t2)− Δx(tref, t1)
Δt . (अ.ः)
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Figure 6.3: Frame‐based BOS and event‐based BOS.

From the frame-based BOS theory, the displacement at each timestamp can be related to
the density gradient as follows (अ.ं):

Δx(tref, t1) ∝
∂ρt1
∂x ,

Δx(tref, t2) ∝
∂ρt2
∂x .

(अ.ऄ)

Plugging (अ.ऄ) into (अ.ः), using finite-difference approximations and Schwarz’s theorem,
gives:

v(x) ∝ 1
Δt
(∂ρt2
∂x −

∂ρt1
∂x
)

=
1
Δt

∂

∂x
(
ρt2 − ρt1

)

≈ ∂

∂x
∂

∂tρ,

=
∂

∂t
∂

∂xρ. (Schwarz’s thm)

(अ.अ)
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Figure 6.4: (a) Actual synchronized data recording system, combining an event camera and a frame‐based camera via a
beamsplitter (Sec. 6.5.1). (b) Data: events (red and blue, colored according to polarity) during a short time window overlaid
on a grayscale frame (a 100× 100 pixel region for better visualization).

That is, the optical flow between two nearby timestamps is related to the temporal deriva-
tive of the density gradient (see the last rowofTab. अ.ऀ). Since events are themeasurements be-
tween such nearby timestamps, the key question is how can optical flow (i.e., spatio-temporal
derivative of the density) be estimated from event data.

अ.ः EstimationMethod

One of the main challenges of event-based BOS is its data modality: events generated by
schlieren objects are sparse, happening only at the edges of the backgroundpattern (Fig. अ.ःb)
and in a flickering form. Previous event-based optical flow estimation methodsऀःअ,ऀःआ,ऀआई,अऄ
often assume a continuous, non-flickering apparentmotion of the visual patterns on the image
plane (e.g., Chapters ः and ऄ). Also, events triggered during the short time interval needed
to capture fine details of the complex motion patterns are few compared to those in scenes
from typical optical flow benchmarksऀआइ,ऄऄ. Consequently, prior methods fail to produce
accurate flow since they are not tailored to the schlieren scenario, as we show in Sec. अ.अ.ँ.
Due to these challenges, we propose a method that combines events and knowledge of the
background pattern (e.g., frames) to estimate the flow. The proposed method extends the
linearized event generation model (LEGM)ऄः,ऀआ,ऀऀअ,आऀ, which has been used for modeling as
complexmotion as a rigid-bodymotion. In this work, we extend the LEGM towards further
complex motion: optical flow. The overall pipeline is described in Fig. अ.ऄ.
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Figure 6.5: Block diagram of the objective Edata in (अ.ऀऀ). On the top branch, events are integrated in time using (अ.इ)
and smoothed with a Gaussian kernel (σ = 2 pix) to produce the measured brightness increment image ΔL. The bottom
branch shows how to compute the predicted brightness incrementΔL̂ from the frame and the unknowns of the problem:
the translation fieldp and the Poisson parameters of the flow, q. The optical flow v andp are pseudo‐colored (color wheel
is included). Same data as Fig. 6.4.

अ.ः.ऀ Event GenerationModel

An event ek
.
= (xk, tk, pk) conveys that the logarithmic brightness L at pixel xk changes by a

specified contrast sensitivity Cईऀ,ःं:

ΔL(xk, tk)
.
= L(xk, tk)− L(xk, tk − Δtk) = pk C, (अ.आ)

where polarity pk ∈ {+1,−1} is the sign of the brightness change, and Δtk is the time since
the last event at pixel xk. Given a set of events E .

= {ek}Ne
k=1, summing their polarities pixel-

wise produces a brightness increment image:

ΔL(x) =
∑

k

pkC δ(x− xk), (अ.इ)

where the Kronecker δ selects the pixel xk. The LEGM states that, assuming brightness con-
stancy during a small Δt = tNe− t1, the increment (अ.आ) is caused by brightness gradients∇L
moving with image velocity vःः:

ΔL(x) ≈ −∇L(x) · Δx = −∇L(x) · v(x)Δt. (अ.ई)

अ.ः.ँ Optimization Objective

We cast the problem of estimating the displacement (अ.अ) as an optimization one, where we
minimize the mismatch between the event data (in the form of (अ.इ)) and its prediction ΔL̂
via (अ.ई) exploiting the knowledge of the background pattern from a frame L̂. This idea is
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summarized in Fig. अ.ऄ.
To allow for the fact that L̂ may not be perfectly aligned with the corresponding events,

we augment the model (अ.ई) with a translation warp L̂(W(x; p)), whereW(x; p) = x + p,
and p denotes a small per-pixel translation.

Our composite objective (i.e., loss) function implies a joint optimization over the flow and
alignment parameters:

E(v, p) .
= Edata(v, p; E) + Ereg.(v, p; E). (अ.ऀࣿ)

The data-fidelity term measures the goodness of fit between the event data E and its pre-
diction with our model:

Edata
.
=

∥∥∥∥∥
ΔL̂
‖ΔL̂‖2

(x)− ΔL
‖ΔL‖2

(x)
∥∥∥∥∥
γ

, (अ.ऀऀ)

where γ is the L1 norm (robust norm). Since C in (अ.इ) is unknown, we compute the differ-
ence between normalized brightness increments (norms are over the pixel domain Ω).

The regularizer penalizes the non-smoothness of the flow v and the magnitude of the per-
pixel translation p:

Ereg.
.
= λ1‖w(x)∇v(q(x))‖1 + λ2‖p(x)‖1. (अ.ऀँ)

The flow regularizer (first term in (अ.ऀँ)) is explained in Sec. अ.ः.ः, after the flow parame-
terization is introduced. For the second term, themagnitude of p is given by its L1 norm over
the pixel domain. In the experiments, we set λ1 = 0.5 and λ2 = 0.1.

अ.ः.ं Physically-motivated Parameterization

Swapping themixedderivatives (Schwarz’s theorem) in (अ.अ), theflowv ∼ ∂
∂x

∂ρ
∂t is interpreted

as the spatial gradient of ∂ρ
∂t . Thus (अ.अ) admits two interpretations. (i) from left to right: once

estimated, theflowmaybePoisson-integratedइ toobtain ∂ρ
∂t , (as thebestL

2 fit to the estimated
flowआई,ऀआं). (ii) from right to left: the flowmay be obtained as the spatial (e.g., Sobel) gradient
of a precedent scalar field ∂ρ

∂t . In contrast to most optical flow estimation methods, which
parametrize v(x) directly in terms of its x and y components, we go one step further and
exploit the above second interpretation of (अ.अ) to parametrize the flow by means of q ≡ ∂ρ

∂t ,
whichwe call the Poisson parameters of the flow. This not only reduces the complexity of the
problem (number of variables being optimized), thus conferring robustness but also provides
a strong link with the physical meaning of the variables: according to (अ.अ), the resulting flow
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(a) Poisson images (b)Optical flow

Figure 6.6: Poisson parameters and flow.

actually represents the schlieren objects. Figure अ.अ shows examples of the Poissonparameters
q.

Figure अ.ऄ summarizes the visual quantities involved in the calculation of (अ.ऀऀ). The can-
didate scalar parameter field q is converted (via the Sobel operator) into the vector flow field
v. The flow v and translation field p are used in the augmented model of (अ.ई) to gener-
ate a predicted (i.e., modeled) brightness increment image. On the other hand, events E are
summed in (अ.इ) and Gaussian-smoothed to produce a measured brightness increment im-
age. The difference between the measured and predicted brightness increments provides an
error signal that is used to drive the iterative refinement of the unknown variables p and q.

अ.ः.ः FlowRegularizer

We penalize the non-smoothness of the flow using a weighted Total Variation (TV) (see
(अ.ऀँ)). As illustrated in Fig. अ.ःb, it is difficult to estimate accurate flow in regions with
very few events, which correspond to constant (e.g., zero) flow, hence we impose this prior
knowledge as a regularizer to encourage zero flow therein. Specifically, from the events E we
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compute a Gaussian-smoothed histogram h(x; E) =
∑

kN (x; xk, σ2) (with σ = 5 px) and
normalize it to the range [0, 1]. Then, we define weight function w(x) .

= 1 − α/h(x; E)(x)
(large in ill-posed regions with very few events), with α = 0.95 in the experiments.

अ.ः.ऄ Optimization

Multi-scale. For improved convergence, a coarse-to-finepatch-based approach is used forv, p
and the loss function (अ.ऀࣿ). The coarsest patch size is 64× 64 px and we use four resolution
levels in a pyramidal fashion, resulting in finest patches of 8 × 8 px. To reach pixel density
from the finest patches, we use bilinear interpolation.
Implementation. As an optimizer, we use Adamइं with अࣿࣿ iterations. The learning rate

is set to ࣿ.ࣿऄ, with a decay of ࣿ.ऀ. The initialization of the first frame at the coarsest scale is:
zero for p and v (when applicable) and random in [−1, 1] for the Poisson parameters q. We
found the latter to be better than also setting q to zero. Then, the initialization of the next
levels uses the optimization results from the previous scales (i.e., coarse-to-fine approach).

अ.ऄ Physical Setup andData

अ.ऄ.ऀ Recording Setup

Co-capture System. To achieve high-quality recordings of frames and events, we build our
own acquisition system. Although some devices exist that record colocated events and frames
(such as DAVISऀं,ऀऄइ), their data quality (resolution, dynamic range, etc.) is limited and not
suitable for BOS applications. Our custom-built co-capture system consists of a frame cam-
era (Basler acAऀंࣿࣿ-ँࣿࣿum, ऀँइࣿ×ऀࣿँःpx) and the latest generation event camera (Prophe-
see EVKंGenः, ऀँइࣿ×आँࣿ pxःऀ), sharing the same optical axis by using a beamsplitter (Plate
Bs C-Mount VISऄࣿR/ऄࣿT). Both cameras are hardware-triggered for accurate synchroniza-
tion and are calibrated to achieve accurate pixel alignment, followingऀࣿआ. Figure अ.ः shows
the camera system and an example of acquired data. Further details about the used recording
system can be found inअअ.
Optical Setup. The field of view (FOV) of our cameras is limited by the beamsplitter

(≈ 15◦), hence we set the distance between the cameras and the background to ं.ं m. We
use randomly-generated background patterns that cover the whole FOV, where black dots
(covering approximately ँ to ं pixels in the image plane) are printed on white paper.

The data quality also depends on the distance between the camera and the schlieren object.
The schlieren are more visible (larger pixel displacement Δx) by keeping ZA small (object
closer to the camera). At the same time, the camera system has to be focused both on the
backgroundpattern and the schlieren object, thusZA cannot be too small. We experimentally
found distance ZD = 1.6 m to be a good compromise between both opposing effects. To
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Table 6.2: Parameters of the recorded sequences.

Sequence Convection Luminance Duration Event rate
[lx] [s] [Mev/s]

Hot plate ऀ Natural ःࣿࣿࣿ ऀई.ः ऀऀ.ं
Hot plate ँ Natural ँँऄ ऀई.इ ऄ.ऀ
Hair dryer (OFF) ऀ Natural ःࣿࣿࣿ ऀं.ऄ ऄ.ऀ
Hair dryer (OFF) ँ Natural ःࣿࣿࣿ ऀई.आ ऄ.ं
Hair dryer (OFF) ं Natural ँँऄ ऀः.आ ँ.इ
Crushed ice Natural ःࣿࣿࣿ ऀआ.ः ऄ.ࣿ
Hair dryer (ON) Forced ःࣿࣿࣿ ऀं.ः ऀऄ.ࣿ
Breathing ऀ Forced ःࣿࣿࣿ ऀँ.इ ः.ࣿ
Breathing ँ Forced ःࣿࣿࣿ ऀं.ࣿ ं.आ

control the scene brightness and achieve uniform illumination in the background, we use
LEDpanels (four Eurolite LEDPLL-ंअࣿ). This illumination allows us to lower the aperture
to an f-number of ऀࣿ, leading to a higher depth of field. Note that our beamsplitter setup
leads to a ऄࣿ% split of the light reaching each camera of the acquisition system.

अ.ऄ.ँ Data Acquired

We record multiple sequences with natural and non-natural (forced) air convection, which
are summarized in Tab. अ.ँ. For natural convection, we use heat sources, such as a hot plate, a
hair dryer (switched off), and ice. To demonstrate theHDR capabilities of event cameras, we
record the data in (i) bright conditions (≈ 4000 lx) and (ii) low-light conditions (≈ 225 lx).
The low-light condition is set to be darker thannormal office lighting, which is amore natural
condition for real-world applications.

Each sequence is approximately ऀࣿ to ँࣿ seconds long and consists of events, frames, and a
calibration parameter file. The recording starts with the scene in the absence of the schlieren
object, which is useful for frame-based BOS methods (reference frame). All sequences are
recorded at normal room temperature (≈ 24◦C). For the forced convection sequence of the
running hair dryer, we set the event camera’s refractory period to its minimumpossible value
to capture the fast dynamics of the airflow. In total, we record nine sequences, each of which
has up to ँࣿࣿM events.

Frames of sample sequences are shown in Fig. अ.आ. Each frame is mapped from its original
resolution (ऀँइࣿ×ऀࣿँः px) to the event-camera resolution (ऀँइࣿ×आँࣿ px) (see Sec. अ.ऄ.ऀ).

Since we cannot obtain real ground truth (GT), we use frame-based estimated flow as GT
flow (Fig. अ.आ). The calculation of the flow is based on the classical Farnebäck algorithmःࣿ
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Figure 6.7: Sample frames from each sequence and the frame‐based flow. Frames mapped into the event‐camera image plane
are shown on the left. The estimated optical flow (inside the ROI) is shown on the right. For the low‐light sequences, the
frame‐based method fails to estimate reasonable flow. Nevertheless, we show them for completeness.

with four pyramidal scales at the frame rate (ऀँࣿ fps). We test different parameters and find
no significant difference on the quality of the results. Before settling for Farnebäck’s algo-
rithm, we tested recent DNN-based state-of-the-art methods, such asआः,आऄ, and found that
they do not produce reasonable flow. Figure अ.इ shows the comparison of several frame-based
optical flow estimationmethods: two state-of-the-art optical flow and video-frame interpola-
tion worksआः,आऄ and Farnebäck’s method. Due to the large gap between the training datasets
ofआः,आऄ and our dataset, these recent DNN-based methods fail to estimate reasonable flow.
Farnebäck’s algorithm works robustly and better, because (i) the background pattern is par-
allel to the image plane, (ii) the scene has no occlusions, (iii) the background pattern has clear
and random edges that are useful to calculate the deformation between two frames. Since we
cannot determine the real GT, we do not explore a further analysis of frame-based estima-
tionmethods, whichwe leave for future research, such as simulation. That is, to establish the
first event-based BOS problem settings we leverage the knowledge of established frame-based
BOS techniques. Note that the quantitative evaluation is only based on the well-illuminated
sequences since the frame-based flow degrades in dark scenes (see Sec. अ.अ.अ). We publish the
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dataset and the code to compute the GT.
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Figure 6.8: Different frame‐based optical flow methods.

अ.अ Experimental Evaluation

This section reports the performance of the proposed estimation method and its properties.
First, we explain the baselinemethods and evaluationmetrics (Sec. अ.अ.ऀ). Second, we bench-
mark the accuracy of all methods considered (Sec. अ.अ.ँ). Third, we show the capabilities of
our method in low-light conditions (Sec. अ.अ.ं) and how it achieves high temporal resolu-
tion (ऀँࣿࣿHz “slowmotion”) in Sec. अ.अ.ः, including a velocimetry application (Sec. अ.अ.ऄ).
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Table 6.3: Details of the benchmark. “ROI position” contains the coordinates of the top‐left corner.

Sequence ROI size [px] ROI position [px] Duration [s] Total events
Hot plate ऀ अःࣿ×आँࣿ [ंँࣿ, ࣿ] ऀࣿ to ऀः ऄऀ ईࣿࣿ इࣿँ
Hot plate ँ (dark) अःࣿ×आँࣿ [ःँࣿ, ࣿ] ऀँ to ऀः ऀँ ईऀँ ँअँ
Hair dryer (OFF) ऀ अःࣿ×अःࣿ [ंँࣿ, ࣿ] ः to आ ऀं ःईइ ँऄँ
Hair dryer (OFF) ँ ऄऀँ×अःࣿ [ंइः, ࣿ] अ to आ ः ࣿइई इइं
Hair dryer (dark) ऄऀँ×अःࣿ [ंइः, ࣿ] ऄ to आ ं ःअࣿ ऄआई
Crushed ice ऄऀँ×ऄऀँ [ंइः, ँࣿइ] इ to ऀऀ ऄ इऄअ ऀईࣿ
Hair dryer (ON) ऀँइࣿ×ँࣿࣿ [ࣿ, ँअࣿ] ं.ं to ः.ं ऀआ इअࣿ ऀँई
Breathing ऀ ऄईࣿ×अࣿࣿ [ःࣿࣿ, ࣿ] ः.ंअ to ऄ.ऄ ँ आइं ऀँँ
Breathing ँ अःࣿ×अःࣿ [ःःआ, ࣿ] ँ.ऄ to ं.ऄ ऀ इऀऀ इइई
Total – – ऀइ.ऀः ऀऀः ऀआं ऀࣿइ

Finally, we analyze the proposed method further, especially regarding the dependency on
frames (Secs. अ.अ.अ and अ.अ.आ) and its sensitivity to hyper-parameters (Sec. अ.अ.इ).

अ.अ.ऀ EvaluationMetrics and BaselineMethods

Evaluation Metrics. We evaluate the proposed method in terms of optical flow v accuracy.
Two variants of the method are assessed: (i) using q as parameterization, from which we
obtain v afterwards via (अ.अ), and (ii) using v directly.

The optical flow evaluation metrics are the average endpoint error (AEE), the percentage
of pixels with AEE> 1 px (denoted by “% Out”), and the angular error (AE). We select the
time interval (from ऀ to ः s) and region of interest (ROI) to remove objects, such as a hair
dryer and a face from the scene. All metrics are computed over pixels with at least one event
inside the ROI.

Table अ.ं reports the detailed duration, ROI, and the total number of events used for the
benchmark. The duration is selected such that the quality of schlieren is the best and most
stable. For the “Hair dryer (ON)” sequence, we limit the height of the ROI due to the ex-
tremely large number of events observed: otherwise, we set the ROI to have approximately
आँࣿ×ऄऀँ px.
Baselines. As baseline flow estimators we use the two self-implemented methods from

events because, to the best of our knowledge, there are no methods that estimate schlieren
flow from event camera data.

• TheMulti-reference Contrast Maximization (MCM)ऀःअ (Chapter ः) is a state-of-the-
art optical flow estimation algorithm from events alone. It is a model-based method,
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Table 6.4: Results of optical flow estimation.

Hair dryer (OFF) ऀ Hair dryer (OFF) ँ Hot plate ऀ Hair dryer (ON)
AEE ↓ %Out ↓ AE ↓ AEE ↓ %Out ↓ AE ↓ AEE ↓ %Out ↓ AE ↓ AEE ↓ %Out ↓ AE ↓

MCMऀःअ ऀ.ःँऄ ंऄ.अंई ࣿ.अँऀ ࣿ.ःँऀ ऀࣿ.इइअ ࣿ.ःआअ ࣿ.ःࣿࣿ ँऀ.आइई ࣿ.ःँअ ࣿ.ँइआ ऄ.ईंं ࣿ.आऀँ
EँVIDऀंऀ ऀ.ࣿऄऄ ंई.ࣿअइ ࣿ.अआआ ऀ.ࣿईऀ ंआ.आंः ࣿ.अआࣿ ऀ.ࣿईँ ंँ.ऀँऀ ࣿ.अऀऀ ࣿ.इऀऀ ँऄ.ईईआ ࣿ.ऄइआ
Ours (Flow) ࣿ.अआऄ ँँ.ऀࣿः ࣿ.ःࣿः ࣿ.अइइ ँः.ईंࣿ ࣿ.ःःइ ࣿ.इऀࣿ ंࣿ.ँइई ࣿ.ऄःः ࣿ.ंऀࣿ अ.आऄअ ࣿ.ँऄइ
Ours (Poisson) ࣿ.ंइं ई.ंऀई ࣿ.ँईई ࣿ.ंईऄ ऀࣿ.ऀआः ࣿ.ंंआ ࣿ.ःइआ ऀँ.ँऀऄ ࣿ.ःँऀ ࣿ.ँऀऄ ࣿ.ईँः ࣿ.ँࣿँ

Crushed ice Breathing ऀ Breathing ँ
MCMऀःअ ऀ.ࣿईࣿ ईअ.ईअः ࣿ.इँं ऀ.आअई ःई.ऄऄँ ࣿ.इऄं ँ.ࣿऄअ आइ.अईࣿ ࣿ.ईआं
EँVIDऀंऀ ऀ.ँःई ऄऄ.ࣿंࣿ ࣿ.आईऀ ऀ.ࣿऀः ःँ.ࣿआँ ࣿ.अईँ ऀ.ࣿऄअ ःं.ंःइ ࣿ.अईई
Ours (Flow) ࣿ.ऄइआ ँऀ.इऀऄ ࣿ.ःऄँ ࣿ.अअऄ ऀऀ.इआँ ࣿ.ंःऀ ࣿ.ऄऄआ ऀआ.आऀअ ࣿ.ःंइ
Ours (Poisson) ࣿ.ंँअ ऄ.ऀआआ ࣿ.ंࣿऀ ࣿ.ंःऄ अ.ंँँ ࣿ.ँࣿं ࣿ.ःआअ इ.ࣿँइ ࣿ.ःऀࣿ

hence there is no mismatch in the training dataset (due to our specific background
pattern). We use the events between two consecutive frames (i.e., in a time span of
इ.ं ms).

• Flow estimation from reconstructed intensity images: we use EँVIDऀंऀ (a learning-
based approach) to compute grayscale images from events and then apply the same
(frame-based) optical estimator as the one for the GT. Images are reconstructed at ऀँࣿ
fps, i.e., the same frequency as the frames.

To the best of our knowledge, we found no methods with publicly-available implementa-
tion combining events and frames to estimate the optical flow, we, therefore, believe this is
a best-effort comparison. Also, notice that we do not train a Deep Neural Network (DNN)
model with the supervisoryGTflow, as the purpose of the chapter is not a purely data-driven
approach, but to develop an interpretablemodel-basedmethod, by deriving a connection be-
tween the physical parameters and the data.

अ.अ.ँ Optical Flow Evaluation

Flow accuracy is reported in Tab. अ.ः. We evaluate on illuminated sequences for valid GT
flows from frames (please see Sec. अ.अ.ं for the dark sequences). Consistently for almost all
sequences, the proposed method (“Ours (Poisson)”) provides the best accuracy compared
with the baseline methods. Due to the nature of schlieren, the GT flowmagnitude has nor-
mally subpixel values. Hence, we find that the angular error (AE) is a more reliable metric
for the purpose of this benchmark. The largest magnitude of the displacement (≈ ं px) is
observed in the hotplate sequences. Still, it is remarkable that the proposed method achieves
AEE < 1 pixel. We acknowledge that the proposed method utilizes both event and frame
data, while the baselines use only event data as input. This is further discussed in Sec. अ.अ.अ.

ईऀ



H
ot

pl
at
e

H
ot

pl
at
e

H
air

dr
ye
r

H
air

dr
ye
r

Br
ea
th
in
g

(a) Input events (b)GT (Flow from
frames)

(c)MCMऀःअ (events
only)

(d) Flow from EँVID
frames (e)Ours

Figure 6.9: Qualitative comparison between different flow estimation methods.

Also, it is noticeable that the Poisson-parameterized estimation (“Ours (Poisson)”) results
inbetter accuracy than theflow-parameterized estimation (“Ours (Flow)”). This clearly states
the effectiveness of our physically-motivated parameterization. It provides not only a smaller
number of parameters, as discussed in Sec. अ.ः, but also contributes with better accuracy.

Additionally, we observe that forced convection usually has a smaller displacement mag-
nitude than natural convection. This is because the optical flow v, which we evaluate on, is
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the temporal derivative of the density gradient. In the forced convection case (e.g., hair dryer
(ON)), the spatio-temporal changes of the air density at a pixel might be smaller than in the
natural, heat-induced schlieren, since the advection of the flow is dominant, which can be
seen as nearly constant.

Figure अ.ई shows qualitative results. Although the GT flow is based on a classical, general-
purpose estimation method, it provides remarkably reasonable flow. The baseline methods
(MCM and EँVID) fail to estimate reasonable flow from events. Especially, we find the
alignment-based methodऀःअ fails to estimate schlieren flow. This is because most events are
generated at the edges of the background pattern, resulting in an uneven spatial distribu-
tion despite air is actually moving, and consequently, triggering more flickering events. The
EँVID-based method surprisingly reconstructs edge structures of the background pattern
(see also Sec. अ.अ.आ) in spite of this specific (flickering) event input and estimates comparable
flow. However, it fails to recover the fine structure of the flow. Finally, the flow estimated
by our method resembles the GT flow the most, and it even seems to capture more fine-scale
(high-frequency) structures.

अ.अ.ं HDR Experiment

So far we have established that the proposed method is able to recover the fine flow structure
of the schlieren object. However, schlieren based on events has another interesting aspect: as
shown on the left column of Fig. अ.ई, the existence of schlieren is already visible in the event
data histogram. By contrast, the schlieren structure is not visible to the naked eye on the
raw frame data but only as the result of optical flow processing. The fact, that schlieren is
observable in amore direct way using events, allows us to leverage the advantages of the event
camera itself, such as HDR and high temporal resolution.

Figure अ.ऀࣿ shows qualitative results of the frame-based and event-based schlieren imaging
under poor illumination. The frame-based schlieren method fails to estimate realistic flow
under such conditions, as it needs intense lighting sources, especially if high-speed cameras
are used. Due to the insufficient brightness, the quality of the frames collapses even after nor-
malization (i.e., using the entire grayscale range). On the other hand, the event data capture
the schlieren structure (Fig. अ.ऀࣿ, top right). Furthermore, the proposed algorithm com-
bining events and frames is surprisingly robust against such low-quality image inputs. Using
natural light (ँँऄ lx) the result (Fig. अ.ऀࣿ, bottom right) shows the potential of event cameras
to push the limits for future BOS applications. We further discuss the effect of the amount
of illumination in Sec. अ.अ.अ.
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(a) Using normalized frames (b)Ours

Figure 6.10: Schlieren imaging under low illumination (HDR). (a) Frame‐based methods suffer from the limited dynamic range
of the frames, resulting in unrealistic flows with artifacts despite using all grayscale range available for the frames (nor‐
malization). (b) The proposed method produces a realistic flow, similar to the event data, which is visible due to the HDR
nature of events.
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(a) Frame‐based kymogram

Δ"
Δ#

(b) Event‐based kymogram

Figure 6.11: Kymograms (space‐time plots) for a 0.5 second excerpt of a hotplate sequence. (a) The frame‐based schlieren
imaging is limited to the temporal resolution of the camera (120 Hz). (b) The event‐based schlieren can recover higher
temporal resolution (e.g., 1200 Hz) thanks to its data property.

अ.अ.ः Super-SlowMotion

Event-based BOS also enables us to see the schlieren at markedly higher temporal resolution
(i.e., slowmotion) than conventional frames. To this end, we conduct a streak-schlieren anal-
ysisऀःः. The streak analysis focuses on a single column of the schlieren image to see how it
evolves in time, by showing an x− t diagram (kymogram) of the air convection. The frame-
based schlierenmethod uses for example Poisson images as schlieren images. For event-based
methods, schlieren images can be either Poisson images or simply event histograms. Fig-
ure अ.ऀऀ shows a comparison of kymograms obtained from frames at ऀँࣿHz (the frame rate)
and obtained from events (ऀࣿ× higher rate, i.e., at ऀँࣿࣿ Hz). Event-based BOS can provide
high temporal resolution kymograms due to the asynchronous nature of event data. Com-
paredwith the frame-based analysis (Fig. अ.ऀऀa), the event-based one (Fig. अ.ऀऀb) shows thin-
ner lines of schlieren in space-time. The slowmotion schlieren visualization is best viewed in
the supplementary video.

अ.अ.ऄ Velocimetry

One can perform velocimetry by fitting curves to the kymogramsऀःः. Let us analyze the speed
of propagation of schlieren (∂ρ/∂t in the case of Poisson image) along one direction (e.g.,
vertical). Figure अ.ऀऀb shows an example on the hot plate sequence. By fitting a curve (line),
the flow propagates ऀअअ pixels during approximately अइ.इ milliseconds. The geometry of the
BOS setup (focal length f = 25mm, distance to object ZA = 1.7m, pixel size 4.86µm) leads
to an approximate velocity of ࣿ.इࣿऄm/s.
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अ.अ.अ Dependency on Frames

The proposedmethod uses events and frames. Naturally, the question arises to which extent
the algorithm relies onwhich signal. To this end, we present the ablation studywith different
brightness levels (see also Sec. अ.अ.ं). Figure अ.ऀँ shows the qualitative results for both: the
frame-based method and our method (frame plus events), for different illumination levels
(measured with a Voltcraft MS-ऀंࣿࣿ light meter). As clearly shown, the frame-based flow
(column (b)) starts to deteriorate when the illumination is ऀࣿࣿࣿ lx or smaller. For better
performance, we even normalize the range of the frames used (the exposure time is fixed to
maintain the frame rate of ऀँࣿ fps). However, this does not provide significantly better re-
sults that can compete with those of our method. By contrast, the following two points are
remarkable about our method: (i) schlieren is still visible at ऀऀࣿ lx in the event histograms,
indicating the HDR capabilities of the noisy input data (column (c)), and (ii) the estimated
flow (column (d)) still looks reasonable when the illumination is as low as ँँऄ lx, despite our
method using the naturally darker frame as an input (column (a)). Note that our method
does not work when the frame is completely black (less than ऄࣿ lx). All the above indicates
that the proposedmethod requires frames, but it can overcome the limited dynamic range of
the frames due to the HDR advantages of event cameras.

अ.अ.आ Towards a Frame-FreeMethod

The proposedmethod utilizes the information from events and a frame, however, the quality
of the frame data does not need to be the best, as shown in the previous section. Hence, an
interesting challenge is to replace frame data with intensity reconstruction from events, such
that the proposedmethod could be extended to be frame-free. To this end, Figure अ.ऀं shows
the comparison of the different input frames. Instead of using an acquired frame as an input
to the proposed method, we reconstruct intensity images using EँVIDऀंऀ and feed them as
input. Despite the large visual difference between the two different inputs, the output flow
and Poisson images seem to have similar structures. Although we do not further investigate
the quality of the intensity reconstruction, the results show future possible extensions toward
frame-free event-based BOS methods.

अ.अ.इ Effect of the Regularizers and the Translation Field

Ablation. To assess the importance of the regularization and the translation field parameters
p, we conduct an ablation study. The top half of Tab. अ.ऄ reports the optical flow accuracy of
the proposed method, the one without regularization, and the one without the translation.
There is a significant improvementdue to the regularizers: without regularizers, the estimated
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Figure 6.12: Ablation study for different lighting conditions. Flow (b) uses normalized frames as input, while our flow (d) uses
events (c) and original frames (a).
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(a) Input (b)Output Poisson (c)Output Flow

Figure 6.13: Towards a frame‐free method. The top row shows the originally proposed method with the frame‐based
camera input. The bottom row shows an E2VID‐reconstructed image as the alternative input. In spite of the large quality
difference between the two inputs (a), the output Poisson and flow images have some visual similarities (b,c).

q and p become not smooth anymore, which leads to irregular flow estimation. The effect of
p is relatively minor but still noticeable.
Sensitivity Analysis. We test different weights for each regularizer λ1, λ2 in (अ.ऀँ). The

weights are set as follows: we fix one parameter (λ1 = 0.5), and vary λ2 between 0.01 and
1.0; then we fix the other parameter (λ2 = 0.1) and vary λ1 between 0.05 and 1.0. The
flow accuracy is reported in the bottom half of Tab. अ.ऄ. We observe on-par accuracy when
λ1 = 1.0 with respect to the base condition (the top row).

अ.आ Limitations

The proposed BOS technique using events shows advantages over frame-based BOS in terms
of HDR capabilities and temporal resolution, lowering the demand for bright illumination
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Table 6.5: Results of the ablation study and the sensitivity analysis.

Hot plate Crushed Ice Dryer
AEE ↓ %Out ↓ AE ↓ AEE ↓ %Out ↓ AE ↓ AEE ↓ %Out ↓ AE ↓

Ours (λ1 = 0.5, λ2 = 0.1) ࣿ.ःइआ ऀँ.ँऀऄ ࣿ.ःँऀ ࣿ.ंँअ ऄ.ऀआआ ࣿ.ंࣿऀ ࣿ.ंईऄ ऀࣿ.ऀआः ࣿ.ंंआ
w/o regularizers (i.e., λ1 = λ2 = 0) ं.ंआऀ इँ.ࣿंई ऀ.ऀऀऀ ँ.ःईई आअ.ंँऄ ऀ.ࣿऀआ ऀ.ँंं ःइ.अँअ ࣿ.आऄअ
w/o translation model (i.e., p = 0) ࣿ.ऄईऀ ऀइ.अࣿई ࣿ.ःइइ ࣿ.ंअइ आ.आईऀ ࣿ.ंऀं ࣿ.ंईः ऀࣿ.इईअ ࣿ.ंँः
λ1 = 0.05, λ2 = 0.1 ࣿ.ऄइअ ऀः.ःअइ ࣿ.ःईः ࣿ.ऄऀइ ऀऀ.ँईऄ ࣿ.ःःࣿ ࣿ.ःःई ऀऀ.ऀࣿः ࣿ.ंइआ
λ1 = 1.0, λ2 = 0.1 ࣿ.ःइँ ऀࣿ.ःअँ ࣿ.ःऀअ ࣿ.ंईࣿ ं.इःई ࣿ.ंःई ࣿ.ंआइ आ.ँआः ࣿ.ंंࣿ
λ1 = 0.5, λ2 = 0.01 ࣿ.ऄࣿई ऀऀ.ࣿࣿऀ ࣿ.ःःࣿ ࣿ.ःंआ ऄ.ःइँ ࣿ.ंइअ ࣿ.ंईइ आ.ऀँई ࣿ.ंःः
λ1 = 0.5, λ2 = 1.0 ࣿ.ऄऀआ ऀऀ.ऄईइ ࣿ.ःःं ࣿ.ःँई ऄ.अࣿई ࣿ.ंआई ࣿ.ःࣿई इ.ऀऀँ ࣿ.ंऄࣿ

and high-speed cameras. However, in other aspects, it inherits the limitations of frame-based
BOS.Optically, the estimated brightness gradient is amean value integrated along the optical
axis, and the technique inherently has a trade-off between the observed displacement and the
obtained sharpness of the gradient under investigation.

Additionally BOS is sensitive to vibrations, due to the underlying assumption that the
small perceived changes are only caused by refractive index variations. Specific to event cam-
eras is that the signal is noisy, and careful tuning of the camera’s biases is necessary. The
proposed method furthermore relies on a combination of events and frames, thus an accu-
rate spatio-temporal alignment of both data sources is required. The flow estimationmethod
does not run in real time. However, raw events visualized as histograms can be computed on-
line and resemble schlieren images. While the proposed multi-scale approach improves the
convergence of the optimization, it limits the spatial resolution of the flow, which is a similar
limitation as in frame-based BOS.

अ.इ Conclusion

In this chapter, we have presented the first event-based BOS imaging and an algorithm to
estimate the temporal derivative of the air density gradient. The approach has been math-
ematically rigorously obtained and has a physically-motivated parametrization. Using the
frame-based method as GT the experiments evidenced that our approach outperforms all
other testedmethods. We furthermore illustrated how the advantages of event cameras could
be leveraged for BOS applications, lowering the requirements for high illumination and vi-
sualizing the turbulent eddies at a significantly higher temporal resolution. We release the
code and dataset to the public and hope that this research opens up new possibilities for the
computer vision community.
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7
Conclusion

आ.ऀ Summary

This thesis focused on variousmotion estimation problems within short time intervals using
a single event camera. The research questions tackled were:

• How can we extend CMax for broader types of motion hypotheses by improving the
objective function?

• How can we take the space-time nature of events into account to rethink event-based
optical flow?

• What is a more biologically-plausible solution for event-based optical flow?

• How can we utilize event-based motion estimation in imaging science to leverage the
event camera advantages?

In Chapter ं, we focused on the low-DOF (ego-motion) estimation problems, up to इ
DOFs, and improved the well-posedness (the objective function landscapes) in the Contrast
Maximization framework. Here, the static scene was an approximation and hence its limi-
tation. In Chapter ः, we focused on the high-DOF (optical flow) estimation problem. We
presented a principled estimation method that effectively mitigates event collapse, handles
occlusions better, and is transferable to unsupervised-learning settings. As opposed to the
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previous two chapters, Chapter ऄ proposed an event-by-event (incremental) method to es-
timate optical flow. The proposed triplet matching achieved high throughput (runtime per
event), stemming from neuroscience. As an application of the event-based optical flow es-
timation, Chapter अ demonstrated the capability of sensing air convection. In contrast to
the previous chapters, here the task consisted of estimating the motion of air density using
schlieren techniques by combining the complementary information of events and a frame.
The extended linearized event generationmodel estimated the spatio-temporal derivatives of
air density via optical flow computation.

आ.ँ Discussions and Future work

While the thesis has advanced knowledge in various topics, there are still pending problems
and new research questions to be answered.

Event collapse. Event collapse has been tackled by adding regularizers in the low-DOF
problems (Chapter ं) and by changing the data-fidelity part of the objective function in the
high-DOF problem (Chapter ः). Although we showed the proposed methods are effective
in the problem settings considered, event collapse could still appear in other scenarios. For
example, the regularizers from Chapter ं have not been investigated for the static scene as-
sumption in itsmost complex form (“ideal” solution of the problemwith 6-DOFego-motion
and Np-DOF scene depth parameters). Also, the weight of the regularizer depends on the
scene, since the data-fidelity term of the optimization (e.g., contrast functions) depends on
the scene. To make the proposed regularizer even more effective, it would be desirable to
make the regularizer weight independent of the scene.

The multi-reference focus loss proposed in Chapter ः is not a “silver bullet” for event col-
lapse. This is because the resulting landscape of the multi-reference objective function could
be dominated by one (steep) optimum from one reference time. Nevertheless, it is impor-
tant to further investigate themulti-reference idea, which essentially utilizes the property that
the event stream is asynchronous with a high temporal resolution. Also, combining the pro-
posedmethods inChapters ं and ः for optical flow estimationwould beworth investigating,
by calculating numerical approximations of the regularizers.

Optical flow in event-based vision. The proposed space-time (time-aware) flow inChap-
ter ः extends the conventional frame-based optical flow that is a function of space. Recently,
there have also been some proposals that aim to leverage the space-time nature of events for
per-pixel motion estimation, such asऄआ,ऀऀई. The main difference between the space-time flow
in Chapter ः and proposalsऄआ,ऀऀई is the motion hypothesis and its underlying assumptions:
the space-timeflow inChapter ः assumes that the flow is constant along its streamlineswithin

ऀࣿऀ



short time intervals, which results in linear trajectories of the warp ((ः.इ) and Fig. ः.ं). The
DOFs of the motion are still 2Np, and the efficacy of the parameterization for occlusions is
shown in Sec. ः.ं.ऄ.

On the other hand, recent worksऄआ,ऀऀई propose non-linear trajectories (e.g., Bézier curves)
of the “optical flow”, which results in an increased number of DOFs (larger than 2Np). The
complexity of the motion estimation problem (the DOFs of the motion hypothesis) has a
trade-off with the proneness of overfitting. Although it can be shown that the point trajec-
tories in some low-DOF motion models are curves and not linear (e.g., ं-DOF rotational
motion, see Fig. ं.ं and Sec. A.ं), the efficacy of non-linear trajectories is yet to be investi-
gated. We suspect that the choice of assuming non-linear trajectories inऄआ,ऀऀई stems from the
necessity of reporting goodfigures on theDSECbenchmarkऄअ. However, note thatwhile it is
called the “optical flow” benchmark, the ground truth is provided over time intervals of ऀࣿࣿ
ms at moderate vehicle speeds, which results in non-linear trajectories. This conflicts with
the classic definition of optical flow, which is the instantaneous velocity of the motion. The
velocity only defines a straight line tangent to the curve, as opposed to a more complex non-
linear trajectory. Therefore, one should reconsider the terminology of themotion-estimation
task, such as “instantaneous” (optical flow, or short-baseline) vs. “non-instantaneous” (i.e.,
“large baseline” in frame-based vision) or curved trajectory estimation. This differencewould
also affect the definitions of the ground truth and evaluation metrics.

Accuracy and runtime. As shown in Chapters ः and ऄ, there is a clear trade-off between
accuracy and runtime in optical flow estimation. This partly comes from the design of the
algorithm: handling events by batch or event-by-event (incrementally). Typically accumu-
lating events over a certain time interval makes estimation more robust to noise and hence
achieves better accuracy, while event-by-event methods provide fast but less accurate estima-
tions. In the end, one needs to choose the trade-off (i.e., accumulation time for the method)
depending on the optical flow application.

Also, a known limitation of theContrastMaximization framework is that it requires some
pixel displacement (typically ं to ऄ pixels) of the edges causing the events to have a good
landscape of the objective function (optima at the desired motion parameters). Hence it is
not robustly working in some cases, such as (i) a scene that has various displacements (e.g.,
various depths) and (ii) a scene where a robot is not significantly moving: one can not ro-
bustly guarantee sufficient displacement in the scene by choosing a constant size of the event
batch. The triplet matching method (Chapter ऄ), on the other hand, can be interpreted as
a method that asynchronously forces each edge to have a displacement of ं pixels. In other
words, the triplet matching method tries to require the shortest pixel displacement and to
accumulate the displacements locally at every event, as opposed to the accumulation in the
CMax-basedmethodswhosewindow is defined globally. From the application point of view,

ऀࣿँ



it will be important to tackle the challenge of these accumulation problems to try to improve
the accuracy-runtime trade-off.

Flickering event. One of the challenges in event-based background-oriented schlieren
(Chapter अ) was the flickering-form events from its specific recording settings. The previous
optical flowestimationmethods (Chapters ः andऄ) donot handle the flickering events, hence
they fail to estimate realistic flow for such input data. In addition to the special recording
setup, indeed, flickering events may happen in non-constant illumination scenarios, where
the method in Chapter ः deteriorates to some extent (e.g., night sequences in the DSEC
benchmarkऄऄ). It will be necessary to handle flickering events to produce more robust mo-
tion estimation from events.

Schlieren imaging. Chapter अ demonstrated the great potential of event cameras in imag-
ing sciences, especially towards high-speed and high-dynamic range recordings. Althoughwe
believe that schlieren imaging is an interesting application and will be another significant re-
search field for event cameras, the lack of ground truth for BOS settings is an important chal-
lenge. To the best of the author’s knowledge, there is no high-quality simulator that satisfies
the complex modeling of the fluid dynamics and the optical mechanism of event cameras.
The development of a simulator would enable further investigation and newmethods, such
as learning-based event-based BOS.

This thesis expands the understanding of event data and deepens event-based motion es-
timation by tackling its new data modality and challenges. We hope this work fosters future
research and applications on event-based motion estimation.
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A
WarpModels

A.ऀ Preliminaries

In homogeneous coordinates, a homographic warpW is given byःअ

xh′k ∼ H−1(tk; θ) xhk, (A.ऀ)

and the point trajectories of the warp are represented by

xh(t) ∼ H(t; θ) xh(0). (A.ँ)

Divergence. The flow is in Euclidean coordinates:

f = ∂x′
∂t . (A.ं)

The flow divergence is given by∇ · f.

Deformation. Using Result ऀ in Appendix A ofऀँइ, the determinant of the Jacobian J of
the transformation (from t1 to tk) in Euclidean coordinates is

det
(
J
)
=

det(H)

(e"3 H xh(t))3
, (A.ः)
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where e3 = (0, 0, 1)", xh(t) = (x(t), y(t), 1)", and the Jacobian J = ∂x′
∂x .

Rate of change of area deformation. The differential transformation from t to t+ Δt is
given also by a homography Ht,t+Δt:

xh(t+ Δt) ∼ H(t+ Δt; θ) H−1(t; θ)︸ ︷︷ ︸
Ht,t+Δt

xh(t). (A.ऄ)

Using the same notation as (A.ः), the determinant of the Jacobian J of the transformation
(from t1 to t+ Δt) in Euclidean coordinates is

det
(
Jt,t+Δt

)
=

det(Ht,t+Δt)

(e"3 Ht,t+Δt xh(t))3
. (A.अ)

The इ-DOF homography motion admits several particular cases, as discussed in the next
sections.

A.ँ ंDOFs. Planarmotion. Euclideantransformationonthe imageplane,
SE(ँ). Isometry

The warp of the planer motionऀऀं is given by (A.ऀ) with

HE(tk; θ)
.
=

(
R(tkωZ) tkv
0" 1

)
, (A.आ)

where v, ωZ comprise the ं DOFs of a translation and an in-plane rotation. The in-plane
rotation is

R(φ) =
(
cos φ − sin φ
sin φ cos φ

)
. (A.इ)

Divergence. Since (
A b
0" 1

)−1

=

(
A−1 −A−1b
0" 1

)
(A.ई)

and R−1(φ) = R(−φ), we have
(
x′k
1

)
∼
(
R(−tkωZ) −R(−tkωZ)(tkv)

0" 1

)(
xk
1

)
. (A.ऀࣿ)
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Hence, in Euclidean coordinates the warp is

x′k = R(−tkωZ)(xk − tkv). (A.ऀऀ)

The flow corresponding to (A.ऀऀ) is:

f = ∂x′
∂t = R"

(π
2
+ tωZ

)
(x− tv)ωZ − R(−tωZ)v, (A.ऀँ)

whose divergence is
∇ · f = −2ωZ sin(tωZ). (A.ऀं)

Hence, for small angles |tωZ|* 1, the divergence of the flow vanishes.

Deformation. Substituting (A.आ) into (A.ः),

det(Jk) = 1, (A.ऀः)

since det(HE) = 1 and (e"3 HE xhk(t))3 = 1.

Rate of change of area deformation. Using (A.ऄ) and (A.ई), the differential transforma-
tion is given by

HEt,t+Δt = HE(t+ Δt; θ) (HE)−1(t; θ)

=

(
R((t+ Δt)ωZ) (t+ Δt)v

0" 1

)(
R(−tωZ) −R(−tωZ)(tv)

0" 1

)

=

(
R((t+ Δt)ωZ)R(−tωZ) −R((t+ Δt)ωZ)R(−tωZ) + (t+ Δt)v

0" 1

)

=

(
R(ΔtωZ) −R(ΔtωZ) + (t+ Δt)v

0" 1

)
.

(A.ऀऄ)

Similarly to (A.ऀः), we obtain det(Jt,t+Δt) = 1, since det(HEt,t+Δt) = 1 = (e"3 HEt,t+Δt xh(t))3.
In short, this warp has the same determinant, rate of change of area deformation, and

approximate zerodivergence as the ँ-DOF feature flowwarp (Sec. ं.ऄ.ऀ), which iswell-posed.
Note, however, that the trajectories are not straight in space-time.
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A.ं ं DOFs. Camera rotation, SO(ं)

Using calibrated and homogeneous coordinatesःआ,ःअ, the warp of the ं-DOF rotational mo-
tion is given by (A.ऀ) with

HO(tk; θ)
.
= R(tkω) (A.ऀअ)

where θ = ω = (ω1, ω2, ω3)" is the angular velocity, and R (3 × 3 rotation matrix in space)
is parametrized using exponential coordinates (Rodrigues rotation formulaऀࣿइ,ःइ).

Divergence. As shown in (ं.ँं) in Sec. ं.ऄ.ँ, the flow for the rotational motion is

∇ · f = 3(xω2 − yω1). (A.ऀआ)

Deformation. Substituting (A.ऀअ) into (A.ः) and letting r"3,k be the third row of R(tkω)
gives (ं.ँः), the area deformation is

det(Jk) = (r"3,kxhk)−3, (A.ऀइ)

since det(HO) = 1.
Connection between divergence and deformation. If the rotation angle tk‖ω‖ is small, us-

ing the first two terms of the exponential map we approximate R(tkω) ≈ Id + (tkω)∧,
where the hat operator ∧ in SO(3) represents the cross product matrixआ. Then, r"3,kxhk ≈
(−tkω2, tkω1, 1)"(xk, yk, 1) = 1 + (ykω1 − xkω2)tk. Substituting this expression into (ं.ँः)
and using the first two terms in Taylor’s expansion around z = 0 of (1+z)−3 ≈ 1−3z+6z2
(convergent for |z| < 1) gives det(Jk) ≈ 1 + 3(xkω2 − ykω1)tk. Notably, the divergence
(ं.ँं) and the approximate amplification factor depend linearly on 3(xkω2 − ykω1). This
resemblance is seen in the divergence and deformation maps of the bottom rows in Fig. ं.ई
(ECD dataset).

Rate of change of area deformation. Rotation matrices have unit determinant and sim-
plify (A.ऄ) as: HOt,t+Δt = R((t + Δt)ω) R−1(tω) = exp

(
((t + Δt)ω)∧

)
exp
(
(−tω)∧

)
=

exp((Δt ω)∧) = R(ωΔt). This holds because the rotation axis ω is unique. Hence (A.अ)
becomes:

det
(
Jt,t+Δt

)
=

1
(e"3 R(ωΔt) xh)3

, (A.ऀई)
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which is (ं.ँअ). Computing the derivative yields (ं.ँआ):

d|Jt,t+Δt|
dΔt

∣∣∣∣
Δt=0

=
−3xh"(t)

(
r"3 (ωΔt)xh(t)

)4
d
dΔtr3(ωΔt)

∣∣∣∣
Δt=0

= 3xh"(t)ω∧e3, (A.ँࣿ)

because

d
dΔtr3(ωΔt) =

d
dΔtR

"(ωΔt)e3

≈ d
dΔt

(
Id− (ωΔt)∧

)
e3

= −ω∧e3
= (−ωy, ωx, 0)".

(A.ँऀ)

A.ः ः DOFs. In-plane camera motion approximation

For completeness, we analyze thewarp presented inईई, althoughwe do not particularize (A.ऀ)
since it is an approximation. The warp given inईई, which is

x′k = xk − tk
(
v+ (hz + 1)R(φ)xk − xk

)
, (A.ँँ)

has ः DOFs: θ = (v, φ, hz)".

Divergence. The flow corresponding to (A.ँँ) is given by

f = ∂x′
∂t = −

(
v+ (hz + 1)R(φ)x− x

)
, (A.ँं)

whose divergence is:

∇ · f = −(hz + 1)∇ ·
(
R(φ)x

)
+∇ · x (A.ँः)

= 2− 2(hz + 1) cos(φ). (A.ँऄ)

Deformation. The Jacobian and its determinant are:

Jk =
∂x′k
∂xk

= (1+ tk)Id− (hz + 1)tkR(φ), (A.ँअ)
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det(Jk) = (1+ tk)2 − 2(1+ tk)tk(hz + 1) cos φ + t2k(hz + 1)2. (A.ँआ)

We skip the rate of change of area deformation since the homography is not given. As
particular cases of this warp, one can identify:

• ऀ-DOF Zoom in/out (v = 0, φ = 0). x′k = (1− tkhz)xk.

• ँ-DOF translation (φ = 0, hz = 0). x′k = xk − tkv.

• ऀ-DOF “rotation” (v = 0, hz = 0). x′k = xk − tk
(
R(φ)xk − xk

)
.

Using a couple of approximations of the exponential map in SO(2), we obtain

x′k = xk − tk
(
R(φ)− Id

)
xk (A.ँइ)

≈ xk − tkφ∧xk if φ is small (A.ँई)
= (Id+ (−tkφ)∧)xk (A.ंࣿ)
≈ R(−tkφ)xk if tkφ is small. (A.ंऀ)

Hence, φ plays the role of a small angular velocity ωZ around the camera’s optical axis
Z, i.e., in-plane rotation.

• ं-DOF planar motion (“isometry”) (hz = 0). Using the previous result, the warp
splits into translational and rotational components:

x′k = xk − tk
(
v+ R(φ)xk − xk

)
(A.ंँ)

(A.ंऀ)
≈ −tkv+ R(−tkφ)xk. (A.ंं)

A.ऄ ः DOFs. Similarity transformation on the image plane. Sim(ँ)

Another ः-DOFwarp is proposed inऀऀं. ItsDOFs are the linear, angular and scaling velocities
on the image plane: θ = (v, ωZ, s)". Letting βk = 1+ tks, the warp is given by (A.ऀ) with

HS(tk; θ)
.
=

(
βkR(tkωZ) tkv

0" 1

)
. (A.ंः)

Using (A.ई) gives
(
x′k
1

)
∼
(
β−1
k R(−tkωZ) −β−1

k R(−tkωZ)(tkv)
0" 1

)(
xk
1

)
. (A.ंऄ)
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Hence, in Euclidean coordinates the warp is

x′k = β−1
k R(−tkωZ)(xk − tkv). (A.ंअ)

Divergence. To compute theflowof (A.ंअ), there are three time-dependent factors. Hence,
applying the product rule we obtain three terms, and substituting (A.ःं) (with φ = −tωZ)
gives:

fk =
(∂β−1

k
∂tk

R(−tkωZ) + β−1
k ωZR

"(π
2
+ tkωZ

))
(xk − tkv)− β−1

k R(−tkωZ)v, (A.ंआ)

where, by the chain rule,

∂β−1
k

∂tk
= −β−2

k
∂βk
∂tk

= −β−2
k s = − s

(1+ tks)2
. (A.ंइ)

Hence, the divergence of the flow is:

∇ · fk =
∂β−1

k
∂tk
∇ ·
(
R(−tkωZ)xk

)
+ β−1

k ωZ∇ ·
(
R"
(π
2
+ tkωZ

)
xk
)

(A.ंई)

=
∂β−1

k
∂tk

2 cos(tkωZ) + β−1
k ωZ2 sin(−tkωZ) (A.ःࣿ)

The formulas for SE(2) are obtained from the above ones with s = 0 (i.e., βk = 1).

Deformation. The Jacobian and its determinant are:

Jk =
∂x′k
∂xk

= β−1
k R(−tkωZ), (A.ःऀ)

det(Jk) = β−2
k =

1
(1+ tks)2

. (A.ःँ)

The following result will be useful to simplify equations. For a ँD rotation R(φ(t)), it
holds that:

∂R(φ(t))
∂t = −R"

(π
2
− φ

) ∂φ
∂t . (A.ःं)

Rate of change of area deformation. Using (A.ऄ) it givesHt,t+Δt = HS(t+Δt; θ) (HS)−1(t; θ).
Similarities form a matrix Lie group, hence the inverse and the product of two similarities is

ऀऀࣿ



also a similarity. Since Ht,t+Δt is a similarity, its third row is e"3 Ht,t+Δt = (0, 0, 1), whichmakes
the denominator in (A.ः) equal to one. Substituting in (A.ः) produces

|Jt,t+Δt| =
∣∣det

(
HS(t+ Δt; θ) (HS)−1(t; θ)

)∣∣

=

∣∣∣∣∣
det
(
HS(t+ Δt; θ)

)

det
(
HS(t; θ)

)
∣∣∣∣∣

=

(
β(t+ Δt; s)

β(t; s)

)2

.

(A.ःः)

Two intuitive remarks about (A.ःः): (i) it only depends on the scaling DOF (i.e., one out
of the four DOFs) since ωz and v do not appear; and (ii) it can be used to derive the ऀ-DOF
formula (ं.ऀइ): the ऀ-DOF scaling transformation is modeled by HS with ωz = 0, v = 0 and
β(t; hz) = (1− thz)−1. Substituting this choice of β in (A.ःः) makes it coincide with (ं.ऀइ).

Theः-DOFtransformation inईई has a similar geometricmeaningbut adifferentparametriza-
tion. Hence, we use the above result and penalize collapse by means of the corresponding
scaling parameter inईई.

A.अ अ DOFs. Affine Transformation on the Image Plane

A planar affine transformation has अ DOFs in θ. Letting

HA(t; θ) .
=

(
A(t; θ) tb
0" 1

)
, (A.ःऄ)

using (A.ई) gives
(
x′k
1

)
∼
(
A−1(tk; θ) −A−1(tk; θ)(tkb)

0" 1

)(
xk
1

)
. (A.ःअ)

Hence, the warp in Euclidean coordinates is

x′k = A−1(tk; θ)(xk − tkb). (A.ःआ)

Divergence. The flow corresponding to (A.ःआ) is given by

f = ∂x′
∂t =

∂A−1(t; θ)
∂t (x− tb)− A−1(t; θ)b, (A.ःइ)

ऀऀऀ



whose divergence is:

∇ · f = ∇ ·
(∂A−1(t; θ)

∂t (x− tb)− A−1(t; θ)b
)

(A.ःई)

= ∇ ·
(∂A−1(t; θ)

∂t x
)

(A.ऄࣿ)

= tr
(∂A−1(t; θ)

∂t

)
. (A.ऄऀ)

Deformation. Substituting (A.ःऄ) into (A.ः), the area deformation is

det(Jk) = det(HA(tk; θ)) = det(A(t; θ)), (A.ऄँ)

since e"3 HA = (0, 0, 1) and the denominator in (A.ः) becomes one.

Rate of change of area deformation. Now the incremental change (A.ऄ) gives Ht,t+Δt =
HA(t+Δt; θ) (HA)−1(t; θ). Affinities also form amatrix Lie group, hence Ht,t+Δt is an affinity.
Using (A.ऄँ), following similar steps as those in (A.ःः) yields

|Jt,t+Δt| =
∣∣det

(
HA(t+ Δt; θ) (HA)−1(t; θ)

)∣∣

=

∣∣∣∣∣
det
(
A(t+ Δt; θ)

)

det
(
A(t; θ)

)
∣∣∣∣∣ .

(A.ऄं)

Notice that the 2×2matrix A includes not only a scaling parameter but also a shear, which
affects the area deformation.
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B
Solutions for Space-time Flow

B.ऀ Time-Awareness: PDE solutions

The proposed time-aware flow in Sec. ः.ँ.ं is given as the solution to (ः.आ). Letting the flow
be v = (vx, vy)", the system of PDEs can be written as:

vx
∂vx
∂x + vy

∂vx
∂y +

∂vx
∂t = 0,

vx
∂vy
∂x + vy

∂vy
∂y +

∂vy
∂t = 0.

(B.ऀ)

Upwind and Burgers’ schemes can be used to discretize and numerically solve the system of
PDEsंइ,ऀःऀ.

Discretization. Let vn(x, y) be the flow vector at discretized space- (e.g., pixel) and time-
indices (x, y, n), with discretization steps Δx,Δy, and Δt, respectively, and let the forward
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(+) and backward (−) differences of a scalar field w (e.g., vnx or vny ) be defined as

D+
x w ≡

∂w
∂x

+

=
1
Δx
(
w(x+ Δx, y)− w(x, y)

)
,

D+
y w ≡

∂w
∂y

+

=
1
Δy
(
w(x, y+ Δy)− w(x, y)

)
,

(B.ँ)

and

D−
x w ≡

∂w
∂x

−
=

1
Δx
(
w(x, y)− w(x− Δx, y)

)
,

D−
y w ≡

∂w
∂y

−
=

1
Δy
(
w(x, y)− w(x, y− Δy)

)
.

(B.ं)

We discretize in time using forward differences, ∂w∂t ≈ (w(t+Δt)−w(t))/Δt, to yield explicit
update schemes: w(t+ Δt) ≈ w(t) + Δt∂w∂t .

B.ँ Upwind scheme

The first-order upwind scheme is an explicit scheme that updates the flow as follows, based
on the sign of the variables: it usesD+

x vnx andD+
x vny for vnx > 0 (D−

x vnx andD−
x vny otherwise),

andD+
y vnx andD+

y vny for vny > 0 (D−
y vnx andD−

y vny otherwise). The scheme is stable if the flow
satisfies Δtmax{|vx|/Δx+ |vy|/Δy} < 1 (CFL stability conditionआँ). For example, in case
that vnx > 0 and vny > 0 at the current discretization time n:

vn+1
x = vnx − Δt

(
vnxD+

x vnx + vnyD+
y vnx
)
,

vn+1
y = vny − Δt

(
vnyD+

y vny + vnxD+
x vny
)
.

(B.ः)

B.ं Burgers’ scheme

The study of the inviscid Burgers’ equation provides a more conservative scheme solution,
especially at “shock” and “fan wave” casesऀःऀ. In this explicit scheme, the product terms in
the same variable (which convey that the flow is transporting itself), vnxD+

x vnx and vnyD+
y vny in
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(a)Original flow (b) Upwind scheme (c) Burgers’ scheme

Figure B.1: Comparison of the two flow propagation schemes. Original flow (a) has large shock and fan waves (the color
changes between orange and blue) to highlight the difference. The propagated flows with both schemes are shown in (b)
(c). Same color notation as Fig. 1.1.

(B.ः), are replaced withUx andUy respectively, which are given by:

Ux =
1
2

(
sgn
(
vnx(x, y)

)(
vnx(x, y)

)2
+ Fx − Bx

)
,

Fx =
{(

vnx(x+ Δx, y)
)2
, if vnx(x+ Δx, y) < 0

0, otherwise

Bx =

{(
vnx(x− Δx, y)

)2
, if vnx(x− Δx, y) > 0

0, otherwise

(B.ऄ)

and

Uy =
1
2

(
sgn
(
vny (x, y)

)(
vny (x, y)

)2
+ Fy − By

)
,

Fy =
{(

vny (x, y+ Δy)
)2
, if vny (x, y+ Δy) < 0

0, otherwise

By =

{(
vny (x, y− Δy)

)2
, if vny (x, y− Δy) > 0

0. otherwise

(B.अ)

B.ः Comparison of the schemes

Figure B.ऀ shows the comparison between the two schemes, especially for the “shock” and
“fan wave” cases. After some iterations of the propagation, the upwind scheme starts to pro-
duce artifacts around the shock and fan flows (the color boundary of orange and blue), while
the Burgers’ scheme provides more stable flows.

ऀऀऄ



References

[ऀ] Akolkar, H., Ieng, S.-H., & Benosman, R. (ँࣿँँ). Real-time high speed motion pre-
diction using fast aperture-robust event-driven visual flow. IEEETrans. Pattern Anal.
Mach. Intell., ःः(ऀ), ंअऀ–ंआँ.

[ँ] Almatrafi, M., Baldwin, R., Aizawa, K., & Hirakawa, K. (ँࣿँࣿ). Distance surface for
event-based optical flow. IEEETrans. Pattern Anal.Mach. Intell., ःँ(आ), ऀऄःआ–ऀऄऄअ.

[ं] Angelopoulos, A. N., Martel, J. N., Kohli, A. P., Conradt, J., &Wetzstein, G. (ँࣿँࣿ).
Event based, near eye gaze tracking beyond ऀࣿ,ࣿࣿࣿ hz. IEEE Trans. Vis. Comput.
Graphics.

[ः] Atcheson, B., Heidrich, W., & Ihrke, I. (ँࣿࣿई). An evaluation of optical flow algo-
rithms for background oriented schlieren imaging. Experiments in fluids, ःअ, ःअआ–
ःआअ.

[ऄ] Baker, S. & Matthews, I. (ँࣿࣿः). Lucas-kanade ँࣿ years on: A unifying framework.
Int. J. Comput. Vis., ऄअ(ं), ँँऀ–ँऄऄ.

[अ] Bardow, P., Davison, A. J., & Leutenegger, S. (ँࣿऀअ). Simultaneous optical flow and
intensity estimation from an event camera. In IEEEConf. Comput. Vis. PatternRecog.
(CVPR) (pp. इइः–इईँ).

[आ] Barfoot, T. D. (ँࣿऀऄ). State Estimation for Robotics - AMatrix Lie Group Approach.
Cambridge University Press.

[इ] Barkas, S. N. (ँࣿࣿऄ). An introduction to fast poisson solvers. Philips J Res, ंआ(ऄ-अ),
ँंऀ–ँअः.

[ई] Barlow, H. B. & Levick,W. R. (ऀईअऄ). Themechanism of directionally selective units
in rabbit’s retina. J. Physiol., ऀआइ(ं), ःआआ–ऄࣿः.

[ऀࣿ] Benosman, R., Clercq, C., Lagorce, X., Ieng, S.-H., & Bartolozzi, C. (ँࣿऀः). Event-
based visual flow. IEEE Trans. Neural Netw. Learn. Syst., ँऄ(ँ), ःࣿआ–ःऀआ.

ऀऀअ



[ऀऀ] Benosman, R., Ieng, S.-H., Clercq, C., Bartolozzi, C., & Srinivasan,M. (ँࣿऀँ). Asyn-
chronous frameless event-based optical flow. Neural Netw., ँआ, ंँ–ंआ.

[ऀँ] Bergstra, J., Bardenet, R., Bengio, Y., & Kégl, B. (ँࣿऀऀ). Algorithms for hyper-
parameter optimization. In Advances in Neural Information Processing Systems
(NeurIPS), volume ँः.

[ऀं] Brandli, C., Berner, R., Yang, M., Liu, S.-C., & Delbruck, T. (ँࣿऀःa). A ँःࣿxऀइࣿ
ऀंࣿdB ंμs latency global shutter spatiotemporal vision sensor. IEEE J. Solid-State
Circuits, ःई(ऀࣿ), ँंंं–ँंःऀ.

[ऀः] Brandli, C., Muller, L., &Delbruck, T. (ँࣿऀःb). Real-time, high-speed video decom-
pression using a frame- and event-based DAVIS sensor. In IEEE Int. Symp. Circuits
Syst. (ISCAS) (pp. अइअ–अइई).

[ऀऄ] Brebion, V., Moreau, J., & Davoine, F. (ँࣿँऀ). Real-time optical flow for vehicular
perception with low- and high-resolution event cameras. IEEE Trans. Intell. Trans-
portation Systems, (pp. ऀ–ऀं).

[ऀअ] Brosch, T., Tschechne, S., & Neumann, H. (ँࣿऀऄ). On event-based optical flow de-
tection. Front. Neurosci., ई(ऀंआ).

[ऀआ] Bryner, S., Gallego, G., Rebecq, H., & Scaramuzza, D. (ँࣿऀई). Event-based, direct
camera tracking from a photometric ंDmap using nonlinear optimization. In IEEE
Int. Conf. Robot. Autom. (ICRA).

[ऀइ] Cannici, M., Ciccone, M., Romanoni, A., & Matteucci, M. (ँࣿँࣿ). A differen-
tiable recurrent surface for asynchronous event-based data. In Eur. Conf. Comput.
Vis. (ECCV) (pp. ऀंअ–ऀऄँ).

[ऀई] Charbonnier, P., Blanc-Feraud, L., Aubert, G., & Barlaud, M. (ऀईईआ). Determinis-
tic edge-preserving regularization in computed imaging. IEEE Trans. Image Process.,
अ(ँ), ँईइ–ंऀऀ.

[ँࣿ] Chin, T., Bagchi, S., Eriksson, A. P., & van Schaik, A. (ँࣿऀई). Star tracking using an
event camera. In IEEE Conf. Comput. Vis. Pattern Recog.Workshops (CVPRW) (pp.
ऀअःअ–ऀअऄऄ).

[ँऀ] Clady, X., Clercq, C., Ieng, S.-H., Houseini, F., Randazzo, M., Natale, L., Bartolozzi,
C., &Benosman,R. (ँࣿऀः). Asynchronous visual event-based time-to-contact. Front.
Neurosci., इ(ई).

ऀऀआ



[ँँ] Clady, X., Ieng, S.-H., & Benosman, R. (ँࣿऀऄ). Asynchronous event-based corner
detection and matching. Neural Netw., अअ, ईऀ–ऀࣿअ.

[ँं] Clark, D. A. & Demb, J. B. (ँࣿऀअ). Parallel computations in insect and mammalian
visual motion processing. Current Biology, ँअ(ँࣿ), Rऀࣿअँ–Rऀࣿआँ.

[ँः] Cohen, G., Afshar, S., & van Schaik, A. (ँࣿऀइ). Approaches for astrometry using
event-based sensors. In Proc. AdvancedMaui Optical and Space Surveillance Technol.
Conf. (AMOS).

[ँऄ] Cohen, G., Afshar, S., van Schaik, A., Wabnitz, A., Bessell, T., Rutten, M., & Mor-
reale, B. (ँࣿऀआ). Event-based sensing for space situational awareness. InProc.Advanced
Maui Optical and Space Surveillance Technol. Conf. (AMOS).

[ँअ] Cook, M., Gugelmann, L., Jug, F., Krautz, C., & Steger, A. (ँࣿऀऀ). Interacting maps
for fast visual interpretation. In Int. JointConf.NeuralNetw. (IJCNN) (pp. आआࣿ–आआअ).

[ँआ] Corke, P. (ँࣿऀआ). Robotics, Vision and Control: Fundamental Algorithms in MAT-
LAB. Springer Tracts in Advanced Robotics. Springer.

[ँइ] D’Angelo, G., Janotte, E., Schoepe, T., O’Keeffe, J., Milde, M. B., Chicca, E., & Bar-
tolozzi, C. (ँࣿँࣿ). Event-based eccentric motion detection exploiting time difference
encoding. Front. Neurosci., ऀः, ःऄऀ.

[ँई] Dardelet, L., Benosman, R., & Ieng, S.-H. (ँࣿँऀ). An event-by-event feature detec-
tion and tracking invariant to motion direction and velocity. TechRxiv preprint.

[ंࣿ] Delbruck, T. (ँࣿࣿइ). Frame-free dynamic digital vision. InProc. Int. Symp. Secure-Life
Electron. (pp. ँऀ–ँअ).

[ंऀ] Delmerico, J., Cieslewski, T., Rebecq, H., Faessler, M., & Scaramuzza, D. (ँࣿऀई). Are
we ready for autonomous drone racing? theUZH-FPVdrone racing dataset. In IEEE
Int. Conf. Robot. Autom. (ICRA) (pp. अआऀं–अआऀई).

[ंँ] Dimitrova, R. S., Gehrig, M., Brescianini, D., & Scaramuzza, D. (ँࣿँࣿ). Towards
low-latency high-bandwidth control of quadrotors using event cameras. In IEEE Int.
Conf. Robot. Autom. (ICRA) (pp. ःँईः–ःंࣿࣿ).

[ंं] Ding, Y., Li, Z., Chen, Z., Ji, Y., Yu, J., & Ye, J. (ँࣿँं). Full-volume ंd fluid flow
reconstruction with light field piv. IEEE Trans. Pattern Anal. Mach. Intell.

ऀऀइ



[ंः] Ding, Z., Zhao, R., Zhang, J., Gao, T., Xiong, R., Yu, Z., &Huang, T. (ँࣿँँ). Spatio-
temporal recurrent networks for event-based optical flow estimation. AAAI Conf.
Artificial Intell., ंअ(ऀ), ऄँऄ–ऄंं.

[ंऄ] Drazen, D., Lichtsteiner, P., Häfliger, P., Delbrück, T., & Jensen, A. (ँࣿऀऀ). Toward
real-time particle tracking using an event-based dynamic vision sensor. Experim. Flu-
ids, ऄऀ(ऄ), ऀःअऄ–ऀःअई.

[ंअ] Duan, P., Wang, Z., Shi, B., Cossairt, O., Huang, T., & Katsaggelos, A. (ँࣿँऀa).
Guided event filtering: Synergy between intensity images and neuromorphic events
for high performance imaging. IEEE Trans. Pattern Anal. Mach. Intell., (pp. ऀ–ऀ).

[ंआ] Duan, P., Wang, Z.W., Zhou, X., Ma, Y., & Shi, B. (ँࣿँऀb). Eventzoom: Learning to
denoise and super resolve neuromorphic events. In IEEE Conf. Comput. Vis. Pattern
Recog. (CVPR) (pp. ऀँइँः–ऀँइंं).

[ंइ] Evans, L. C. (ँࣿऀࣿ). Partial Differential Equations. Graduate Studies in Mathemat-
ics. AmericanMathematical Society.

[ंई] Falanga, D., Kleber, K., & Scaramuzza, D. (ँࣿँࣿ). Dynamic obstacle avoidance for
quadrotors with event cameras. Science Robotics, ऄ(ःࣿ), eaazईआऀँ.

[ःࣿ] Farnebäck, G. (ँࣿࣿं). Two-framemotion estimation based on polynomial expansion.
In Scandinavian Conf. on Im. Analysis (SCIA) (pp. ंअं–ंआࣿ).

[ःऀ] Finateu, T., Niwa, A., Matolin, D., Tsuchimoto, K., Mascheroni, A., Reynaud, E.,
Mostafalu, P., Brady, F., Chotard, L., LeGoff, F., Takahashi, H., Wakabayashi, H.,
Oike, Y., & Posch, C. (ँࣿँࣿ). A ऀँइࣿxआँࣿ back-illuminated stacked temporal con-
trast event-based vision sensorwith ः.इअμmpixels, ऀ.ࣿअअGeps readout, programmable
event-rate controller and compressive data-formatting pipeline. In IEEE Intl. Solid-
State Circuits Conf. (ISSCC) (pp. ऀऀँ–ऀऀः).

[ःँ] Fitzgerald, J. E. & Clark, D. A. (ँࣿऀऄ). Nonlinear circuits for naturalistic visual mo-
tion estimation. Elife, ः, eࣿईऀँं.

[ःं] Gallego, G., Delbruck, T., Orchard, G., Bartolozzi, C., Taba, B., Censi, A., Leuteneg-
ger, S., Davison, A., Conradt, J., Daniilidis, K., & Scaramuzza, D. (ँࣿँँ). Event-based
vision: A survey. IEEE Trans. Pattern Anal. Mach. Intell., ःः(ऀ), ऀऄः–ऀइࣿ.

[ःः] Gallego, G., Forster, C., Mueggler, E., & Scaramuzza, D. (ँࣿऀऄ). Event-based camera
pose tracking using a generative event model. arXiv:ऀऄऀࣿ.ࣿऀईआँ.

ऀऀई



[ःऄ] Gallego, G., Gehrig, M., & Scaramuzza, D. (ँࣿऀई). Focus is all you need: Loss func-
tions for event-based vision. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp.
ऀँँआँ–ऀँँइऀ).

[ःअ] Gallego, G., Rebecq,H., & Scaramuzza, D. (ँࣿऀइ). A unifying contrastmaximization
framework for event cameras, with applications to motion, depth, and optical flow
estimation. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp. ंइअआ–ंइआअ).

[ःआ] Gallego, G. & Scaramuzza, D. (ँࣿऀआ). Accurate angular velocity estimation with an
event camera. IEEE Robot. Autom. Lett., ँ(ँ), अंँ–अंई.

[ःइ] Gallego, G.&Yezzi, A. (ँࣿऀः). A compact formula for the derivative of a ं-D rotation
in exponential coordinates. J. Math. Imaging Vis., ऄऀ(ं), ंआइ–ंइः.

[ःई] Gallego, G., Yezzi, A., Fedele, F., & Benetazzo, A. (ँࣿऀऀ). A variational stereomethod
for the three-dimensional reconstruction of ocean waves. IEEE Trans. Geosci. Remote
Sens., ःई(ऀऀ), ःःःऄ–ःःऄआ.

[ऄࣿ] Gao, Y., Li, S., Li, Y., Guo, Y., & Dai, Q. (ँࣿँँ). Superfast: ँࣿࣿ× video frame inter-
polation via event camera. IEEE Trans. Pattern Anal. Mach. Intell., (pp. ऀ–ऀआ).

[ऄऀ] Gehrig, D., Gehrig, M., Hidalgo-Carrió, J., & Scaramuzza, D. (ँࣿँࣿa). Video to
Events: Recycling video datasets for event cameras. In IEEE Conf. Comput. Vis. Pat-
tern Recog. (CVPR).

[ऄँ] Gehrig, D., Loquercio, A., Derpanis, K. G., & Scaramuzza, D. (ँࣿऀई). End-to-end
learning of representations for asynchronous event-based data. In Int. Conf. Comput.
Vis. (ICCV) (pp. ऄअंँ–ऄअःँ).

[ऄं] Gehrig, D., Rebecq, H., Gallego, G., & Scaramuzza, D. (ँࣿऀइ). Asynchronous, pho-
tometric feature tracking using events and frames. InEur. Conf. Comput. Vis. (ECCV)
(pp. आअअ–आइऀ).

[ऄः] Gehrig, D., Rebecq, H., Gallego, G., & Scaramuzza, D. (ँࣿँࣿb). EKLT: Asyn-
chronous photometric feature tracking using events and frames. Int. J. Comput. Vis.,
ऀँइ, अࣿऀ–अऀइ.

[ऄऄ] Gehrig,M., Aarents,W.,Gehrig,D.,&Scaramuzza,D. (ँࣿँऀa). DSEC:A stereo event
camera dataset for driving scenarios. IEEE Robot. Autom. Lett., अ(ं), ःईःआ–ःईऄः.

[ऄअ] Gehrig,M.,Millhäusler,M., Gehrig, D., & Scaramuzza, D. (ँࣿँऀb). E-RAFT:Dense
optical flow from event cameras. In Int. Conf. 3D Vision (3DV) (pp. ऀईआ–ँࣿअ).

ऀँࣿ



[ऄआ] Gehrig, M., Muglikar, M., & Scaramuzza, D. (ँࣿँँ). Dense continuous-time optical
flow from events and frames. arXiv preprint arXiv:2203.13674.

[ऄइ] Geiger, A., Lenz, P., Stiller, C., & Urtasun, R. (ँࣿऀं). Vision meets robotics: The
KITTI dataset. Int. J. Robot. Research, ंँ(ऀऀ), ऀँंऀ–ऀँंआ.

[ऄई] Glover, A. & Bartolozzi, C. (ँࣿऀअ). Event-driven ball detection and gaze fixation in
clutter. In IEEE/RSJ Int. Conf. Intell. Robot. Syst. (IROS) (pp. ँँࣿं–ँँࣿइ).

[अࣿ] Goldhahn, E. & Seume, J. (ँࣿࣿआ). The background oriented schlieren technique:
sensitivity, accuracy, resolution and application to a three-dimensional density field.
Experiments in fluids, ःं, ँःऀ–ँःई.

[अऀ] Gonzalez, R.C.&Woods, R. E. (ँࣿࣿई).Digital Image Processing. PearsonEducation.

[अँ] Graca,R.&Delbruck,T. (ँࣿँऀ). Unraveling theparadoxof intensity-dependentDVS
pixel noise. In Int. Image SensorWorkshop (IISW).

[अं] Gu, C., Learned-Miller, E., Sheldon, D., Gallego, G., &Bideau, P. (ँࣿँऀ). The spatio-
temporal Poisson point process: A simple model for the alignment of event camera
data. In Int. Conf. Comput. Vis. (ICCV) (pp. ऀंःईऄ–ऀंऄࣿः).

[अः] Haessig, G., Cassidy, A., Alvarez-Icaza, R., Benosman, R., & Orchard, G. (ँࣿऀइ).
Spiking optical flow for event-based sensors using IBM’s truenorth neurosynaptic sys-
tem. IEEE Trans. Biomed. Circuits Syst., ऀँ(ः), इअࣿ–इआࣿ.

[अऄ] Hagenaars, J. J., Paredes-Valles, F., & de Croon, G. C. H. E. (ँࣿँऀ). Self-supervised
learning of event-based optical flow with spiking neural networks. In Advances in
Neural Information Processing Systems (NeurIPS), volume ंः (pp. आऀअआ–आऀआई).

[अअ] Hamann, F. & Gallego, G. (ँࣿँँ). Stereo co-capture system for recording and track-
ing fish with frame- and event cameras. In 26th International Conference on Pattern
Recognition (ICPR), Visual observation and analysis of Vertebrate And Insect Behavior
(VAIB)Workshop.

[अआ] Hargather,M. J.&Settles, G. S. (ँࣿऀࣿ). Natural-background-oriented schlieren imag-
ing. Experiments in fluids, ःइ(ऀ), ऄई–अइ.

[अइ] Hassenstein, B. & Reichardt, W. (ऀईऄअ). Systemtheoretische analyse der
zeit-, reihenfolgen- und vorzeichenauswertung bei der bewegungsperzeption des
rüsselkäfers chlorophanus. Zeitschrift für Naturforschung B, ऀऀ(ई-ऀࣿ), ऄऀं–ऄँः.

ऀँऀ



[अई] Hayasaka, K., Tagawa, Y., Liu, T., & Kameda, M. (ँࣿऀअ). Optical-flow-based
background-oriented schlieren technique for measuring a laser-induced underwater
shock wave. Experiments in Fluids, ऄआ, ऀ–ऀऀ.

[आࣿ] Heineck, J. T., Banks, D. W., Smith, N. T., Schairer, E. T., Bean, P. S., & Robillos, T.
(ँࣿँऀ). Background-oriented schlieren imaging of supersonic aircraft in flight. AIAA
Journal, ऄई(ऀ), ऀऀ–ँऀ.

[आऀ] Hidalgo-Carrió, J., Gallego, G., & Scaramuzza, D. (ँࣿँँ). Event-aided direct sparse
odometry. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp. ऄआइऀ–ऄआईࣿ).

[आँ] Hirsch, C. (ँࣿࣿआ). The resolution of numerical schemes. InC.Hirsch (Ed.),Numeri-
calComputation of Internal andExternal Flows (pp. ःऀऀ–ःऀँ).Oxford: Butterworth-
Heinemann, ँ edition.

[आं] Hooke, R. (ऀअअऄ). Of a new property in the air. Micrographia, Observation LVIII,
(pp. ँऀआ–ँऀई).

[आः] Huang, Z., Shi, X., Zhang, C., Wang, Q., Cheung, K. C., Qin, H., Dai, J., & Li, H.
(ँࣿँँa). FlowFormer: A transformer architecture for optical flow. In Eur. Conf.
Comput. Vis. (ECCV) (pp. अअइ–अइऄ).

[आऄ] Huang, Z., Zhang, T., Heng,W., Shi, B., & Zhou, S. (ँࣿँँb). Real-time intermediate
flow estimation for video frame interpolation. In Eur. Conf. Comput. Vis. (ECCV)
(pp. अँः–अःँ).

[आअ] Javier Hidalgo-Carrio, D. G. & Scaramuzza, D. (ँࣿँࣿ). Learning monocular dense
depth from events. In Int. Conf. 3D Vision (3DV).

[आआ] Jia, D., Wang, K., Luo, S., Liu, T., & Liu, Y. (ँࣿँऀ). Braft: Recurrent all-pairs field
transforms for optical flowbasedoncorrelationblocks. IEEESignalProcessingLetters,
ँइ, ऀऄआऄ–ऀऄआई.

[आइ] Jiang, Z., Zhang, Y., Zou, D., Ren, J., Lv, J., & Liu, Y. (ँࣿँࣿ). Learning event-based
motion deblurring. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp. ंंँࣿ–
ंंँई).

[आई] Kim, H., Handa, A., Benosman, R., Ieng, S.-H., & Davison, A. J. (ँࣿऀः). Simul-
taneous mosaicing and tracking with an event camera. In British Mach. Vis. Conf.
(BMVC).

ऀँँ



[इࣿ] Kim, H. & Kim, H. J. (ँࣿँऀ). Real-time rotational motion estimation with contrast
maximization over globally aligned events. IEEE Robot. Autom. Lett., अ(ं), अࣿऀअ–
अࣿँं.

[इऀ] Kim, H., Leutenegger, S., & Davison, A. J. (ँࣿऀअ). Real-time ंD reconstruction and
अ-DoF tracking with an event camera. In Eur. Conf. Comput. Vis. (ECCV) (pp. ंःई–
ंअः).

[इँ] Kim, J., Bae, J., Park, G., Zhang, D., & Kim, Y. M. (ँࣿँऀ). N-imagenet: Towards
robust, fine-grained object recognition with event cameras. Int. Conf. Comput. Vis.
(ICCV), (pp. ँऀःअ–ँऀऄअ).

[इं] Kingma, D. P. & Ba, J. L. (ँࣿऀऄ). Adam: A method for stochastic optimization. Int.
Conf. Learn. Representations (ICLR).

[इः] Krehl, P. & Engemann, S. (ऀईईऄ). August toepler—the first who visualized shock
waves. ShockWaves, ऄ, ऀ–ऀइ.

[इऄ] Kueng, B., Mueggler, E., Gallego, G., & Scaramuzza, D. (ँࣿऀअ). Low-latency visual
odometry using event-based feature tracks. In IEEE/RSJ Int. Conf. Intell. Robot. Syst.
(IROS) (pp. ऀअ–ँं).

[इअ] Lagorce, X., Orchard, G., Gallupi, F., Shi, B. E., & Benosman, R. (ँࣿऀआ). HOTS: A
hierarchy of event-based time-surfaces for pattern recognition. IEEE Trans. Pattern
Anal. Mach. Intell., ंई(आ), ऀंःअ–ऀंऄई.

[इआ] Lee, C., Kosta, A., Zhu, A. Z., Chaney, K., Daniilidis, K., & Roy, K. (ँࣿँࣿ). Spike-
flownet: Event-based optical flow estimation with energy-efficient hybrid neural net-
works. In Eur. Conf. Comput. Vis. (ECCV) (pp. ंअअ–ंइँ).

[इइ] Lee, J., Delbruck, T., Park, P. K. J., Pfeiffer, M., Shin, C.-W., Ryu, H., & Kang, B. C.
(ँࣿऀँ). Live demonstration: Gesture-based remote control using stereo pair of dy-
namic vision sensors. In IEEE Int. Symp. Circuits Syst. (ISCAS).

[इई] Li, H., Li, G., & Shi, L. (ँࣿऀअ). Classification of spatiotemporal events based on ran-
dom forest. In Advances in Brain Inspired Cognitive Systems (BICS).

[ईࣿ] Li, H., Li, G., & Shi, L. (ँࣿऀई). Super-resolution of spatiotemporal event-stream
image. Neurocomputing, ंंऄ, ँࣿअ–ँऀः.

[ईऀ] Lichtsteiner, P., Posch, C., & Delbruck, T. (ँࣿࣿइ). A ऀँइ×ऀँइ ऀँࣿ dB ऀऄ μs latency
asynchronous temporal contrast vision sensor. IEEE J. Solid-State Circuits, ःं(ँ),
ऄअअ–ऄआअ.

ऀँं



[ईँ] Lin, S., Zhang, J., Pan, J., Jiang, Z., Zou, D., Wang, Y., Chen, J., & Ren, J. (ँࣿँࣿ).
Learning event-driven video deblurring and interpolation. InEur. Conf. Comput. Vis.
(ECCV) (pp. अईऄ–आऀࣿ).

[ईं] Liu, D., Parra, A., & Chin, T.-J. (ँࣿँࣿ). Globally optimal contrast maximisation for
event-based motion estimation. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR)
(pp. अंःइ–अंऄआ).

[ईः] Liu,D., Parra,A.,&Chin,T.-J. (ँࣿँऀ). Spatiotemporal registration for event-based vi-
sual odometry. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp. ःईंआ–ःईःअ).

[ईऄ] Liu, H., Moeys, D. P., Das, G., Neil, D., Liu, S.-C., & Delbruck, T. (ँࣿऀअ). Com-
bined frame- and event-based detection and tracking. In IEEE Int. Symp.Circuits Syst.
(ISCAS) (pp. ँऄऀऀ–ँऄऀः).

[ईअ] Liu, M. & Delbruck, T. (ँࣿऀइ). Adaptive time-slice block-matching optical flow al-
gorithm for dynamic vision sensors. In BritishMach. Vis. Conf. (BMVC) (pp. ऀ–ऀँ).

[ईआ] Lu, X., Zhou, Y., & Shen, S. (ँࣿँऀ). Event-based motion segmentation by cascaded
two-level multi-model fitting. In IEEE/RSJ Int. Conf. Intell. Robot. Syst. (IROS) (pp.
ःःःऄ–ःःऄँ).

[ईइ] Lucas, B. D. & Kanade, T. (ऀईइऀ). An iterative image registration technique with an
application to stereo vision. In Int. Joint Conf. Artificial Intell. (IJCAI) (pp. अआः–अआई).

[ईई] Mitrokhin, A., Fermuller, C., Parameshwara, C., & Aloimonos, Y. (ँࣿऀइ). Event-
based moving object detection and tracking. In IEEE/RSJ Int. Conf. Intell. Robot.
Syst. (IROS) (pp. ऀ–ई).

[ऀࣿࣿ] Mostafavi I., S.,Wang, L., &Yoon, K.-J. Y. (ँࣿँऀ). Learning to reconstruct hdr images
from events, with applications to depth and flow prediction. Int. J. Comput. Vis.,
ऀँई(ः), ईࣿࣿ–ईँࣿ.

[ऀࣿऀ] Mostafavi I., S. M., Choi, J., & Yoon, K.-J. (ँࣿँࣿ). Learning to super resolve intensity
images from events. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp. ँआअइ–
ँआइअ).

[ऀࣿँ] Mueggler, E., Bartolozzi, C., & Scaramuzza, D. (ँࣿऀआa). Fast event-based corner de-
tection. In BritishMach. Vis. Conf. (BMVC).

[ऀࣿं] Mueggler, E., Gallego, G., Rebecq, H., & Scaramuzza, D. (ँࣿऀइ). Continuous-time
visual-inertial odometry for event cameras. IEEE Trans. Robot., ंः(अ), ऀःँऄ–ऀःःࣿ.

ऀँः



[ऀࣿः] Mueggler, E., Gallego, G., & Scaramuzza, D. (ँࣿऀऄ). Continuous-time trajectory es-
timation for event-based vision sensors. InRobotics: Science and Systems (RSS).

[ऀࣿऄ] Mueggler, E., Rebecq, H., Gallego, G., Delbruck, T., & Scaramuzza, D. (ँࣿऀआb).
The event-camera dataset and simulator: Event-based data for pose estimation, visual
odometry, and SLAM. Int. J. Robot. Research, ंअ(ँ), ऀःँ–ऀःई.

[ऀࣿअ] Muglikar, M., Gallego, G., & Scaramuzza, D. (ँࣿँऀa). ESL: Event-based structure
light. In Int. Conf. 3D Vision (3DV) (pp. ऀऀअऄ–ऀऀआः).

[ऀࣿआ] Muglikar, M., Gehrig, M., Gehrig, D., & Scaramuzza, D. (ँࣿँऀb). How to calibrate
your event camera. In IEEEConf. Comput. Vis. PatternRecog.Workshops (CVPRW).

[ऀࣿइ] Murray, R. M., Li, Z., & Sastry, S. (ऀईईः). AMathematical Introduction to Robotic
Manipulation. CRC Press.

[ऀࣿई] Nagata, J., Sekikawa, Y., &Aoki, Y. (ँࣿँऀ). Optical flow estimation bymatching time
surface with event-based cameras. Sensors, ँऀ(ः).

[ऀऀࣿ] Ng,M., Er, Z.M., Soh, G. S., & Foong, S. (ँࣿँँ). Aggregation functions for simulta-
neous attitude and image estimation with event cameras at high angular rates. IEEE
Robot. Autom. Lett., (pp. ऀ–ऀ).

[ऀऀऀ] Nguyen, A., Do, T., Caldwell, D. G., & Tsagarakis, N. G. (ँࣿऀई). Real-time अDOF
pose relocalization for event cameras with stacked spatial LSTM networks. In IEEE
Conf. Comput. Vis. Pattern Recog.Workshops (CVPRW).

[ऀऀँ] Nunes,U.M.&Demiris, Y. (ँࣿँࣿ). Entropyminimisation framework for event-based
vision model estimation. In Eur. Conf. Comput. Vis. (ECCV) (pp. ऀअऀ–ऀआअ).

[ऀऀं] Nunes, U. M. & Demiris, Y. (ँࣿँऀ). Robust event-based vision model estimation by
dispersion minimisation. IEEE Trans. Pattern Anal. Mach. Intell.

[ऀऀः] Orchard, G., Benosman, R., Etienne-Cummings, R., & Thakor, N. V. (ँࣿऀं). A
spiking neural network architecture for visual motion estimation. In IEEE Biomed.
Circuits Syst. Conf. (BioCAS) (pp. ँईइ–ंࣿऀ).

[ऀऀऄ] Orchard, G., Jayawant, A., Cohen, G. K., & Thakor, N. (ँࣿऀऄ). Converting static
image datasets to spiking neuromorphic datasets using saccades. Front. Neurosci., ई,
ःंआ.

[ऀऀअ] Pan, L., Liu, M., & Hartley, R. (ँࣿँࣿ). Single image optical flow estimation with an
event camera. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp. ऀअअई–ऀअआइ).

ऀँऄ



[ऀऀआ] Parameshwara, C. M., Sanket, N. J., Singh, C. D., Fermüller, C., & Aloimonos, Y.
(ँࣿँऀ). ࣿ-MMS: Zero-shotmulti-motion segmentationwith amonocular event cam-
era. In IEEE Int. Conf. Robot. Autom. (ICRA) (pp. ईऄईः–ईअࣿࣿ).

[ऀऀइ] Paredes-Valles, F. & de Croon, G. C. H. E. (ँࣿँऀ). Back to event basics: Self-
supervised learning of image reconstruction for event cameras via photometric con-
stancy. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp. ंःःऄ–ंःऄः).

[ऀऀई] Paredes-Vallés, F., Scheper, K. Y., De Wagter, C., & de Croon, G. C. (ँࣿँं). Taming
contrast maximization for learning sequential, low-latency, event-based optical flow.
arXiv preprint arXiv:2303.05214.

[ऀँࣿ] Paredes-Valles, F., Scheper, K. Y. W., & de Croon, G. C. H. E. (ँࣿऀई). Unsupervised
learning of a hierarchical spiking neural network for optical flow estimation: From
events to global motion perception. IEEE Trans. Pattern Anal. Mach. Intell.

[ऀँऀ] Peng, X., Gao, L., Wang, Y., & Kneip, L. (ँࣿँँ). Globally-optimal contrast maximi-
sation for event cameras. IEEETrans. Pattern Anal.Mach. Intell., ःः(आ), ंःआई–ंःईऄ.

[ऀँँ] Peng, X., Wang, Y., Gao, L., & Kneip, L. (ँࣿँࣿ). Globally-optimal event camera mo-
tion estimation. In Eur. Conf. Comput. Vis. (ECCV) (pp. ऄऀ–अआ).

[ऀँं] Pfrommer, B. (ँࣿँँ). Frequency Cam: Imaging periodic signals in real-time. In
arXiv.

[ऀँः] Posch, C., Matolin, D., &Wohlgenannt, R. (ँࣿऀऀ). A QVGA ऀःं dB dynamic range
frame-free PWM image sensor with lossless pixel-level video compression and time-
domain CDS. IEEE J. Solid-State Circuits, ःअ(ऀ), ँऄई–ँआऄ.

[ऀँऄ] Posch, C., Serrano-Gotarredona, T., Linares-Barranco, B., & Delbruck, T. (ँࣿऀः).
Retinomorphic event-based vision sensors: Bioinspired cameras with spiking output.
Proc. IEEE, ऀࣿँ(ऀࣿ), ऀःआࣿ–ऀःइः.

[ऀँअ] Raffel, M. (ँࣿऀऄ). Background-oriented schlieren (BOS) techniques. Exp. Fluids,
ऄअ(ं), ऀ–ऀआ.

[ऀँआ] Raffel, M., Willert, C. E., Kompenhans, J., et al. (ऀईईइ). Particle image velocimetry: a
practical guide, volume ँ. Springer.

[ऀँइ] Rebecq,H., Gallego, G.,Mueggler, E., & Scaramuzza, D. (ँࣿऀइ). EMVS: Event-based
multi-view stereo—ंD reconstruction with an event camera in real-time. Int. J. Com-
put. Vis., ऀँअ(ऀँ), ऀंईः–ऀःऀः.

ऀँअ



[ऀँई] Rebecq, H., Horstschäfer, T., Gallego, G., & Scaramuzza, D. (ँࣿऀआ). EVO: A ge-
ometric approach to event-based अ-DOF parallel tracking and mapping in real-time.
IEEE Robot. Autom. Lett., ँ(ँ), ऄईं–अࣿࣿ.

[ऀंࣿ] Rebecq, H., Ranftl, R., Koltun, V., & Scaramuzza, D. (ँࣿऀईa). Events-to-video:
Bringingmodern computer vision to event cameras. In IEEE Conf. Comput. Vis. Pat-
tern Recog. (CVPR).

[ऀंऀ] Rebecq, H., Ranftl, R., Koltun, V., & Scaramuzza, D. (ँࣿऀईb). High speed and high
dynamic range video with an event camera. IEEE Trans. Pattern Anal. Mach. Intell.

[ऀंँ] Reinbacher, C., Munda, G., & Pock, T. (ँࣿऀआ). Real-time panoramic tracking for
event cameras. In IEEE Int. Conf. Comput. Photography (ICCP) (pp. ऀ–ई).

[ऀंं] Richard, H. & Raffel, M. (ँࣿࣿऀ). Principle and applications of the background ori-
ented schlieren (BOS) method. Meas. Sci. Technol., ऀँ(ई), ऀऄआअ.

[ऀंः] Ronneberger, O., Fischer, P., & Brox, T. (ँࣿऀऄ). U-Net: Convolutional networks
for biomedical image segmentation. In International Conference on Medical Image
Computing and Computer-Assisted Intervention (MICCAI) (pp. ँंः–ँःऀ).

[ऀंऄ] Rosinol Vidal, A., Rebecq,H., Horstschaefer, T., & Scaramuzza, D. (ँࣿऀइ). Ultimate
SLAM? combining events, images, and IMU for robust visual SLAM in HDR and
high speed scenarios. IEEE Robot. Autom. Lett., ं(ँ), ईईः–ऀࣿࣿऀ.

[ऀंअ] Rudin, L. I., Osher, S., & Fatemi, E. (ऀईईँ). Nonlinear total variation based noise
removal algorithms. Physica D: Nonlinear Phenomena, अࣿ(ऀ–ः), ँऄई–ँअइ.

[ऀंआ] Rueckauer, B. & Delbruck, T. (ँࣿऀअ). Evaluation of event-based algorithms for op-
tical flow with ground-truth from inertial measurement sensor. Front. Neurosci.,
ऀࣿ(ऀआअ).

[ऀंइ] Scheerlinck, C., Barnes, N., & Mahony, R. (ँࣿऀइ). Continuous-time intensity esti-
mation using event cameras. In Asian Conf. Comput. Vis. (ACCV).

[ऀंई] Schmidt, B. E. & Woike, M. R. (ँࣿँऀ). Wavelet-based optical flow analysis for
background-oriented schlieren image processing. AIAA Journal, ऄई(इ), ंँࣿई–ंँऀअ.

[ऀःࣿ] Seok, H. & Lim, J. (ँࣿँࣿ). Robust feature tracking in dvs event stream using Bezier
mapping. In IEEEWinter Conf. Appl. Comput. Vis. (WACV) (pp. ऀअःआ–ऀअऄअ).

ऀँआ



[ऀःऀ] Sethian, J. (ऀईईई). Level SetMethods and FastMarchingMethods: Evolving Interfaces
in Computational Geometry, Fluid Mechanics, Computer Vision, and Materials Sci-
ence. Cambridge Monographs on Applied and Computational Mathematics. Cam-
bridge University Press.

[ऀःँ] Settles, G. S. (ँࣿࣿऀ). Schlieren and shadowgraph techniques: visualizing phenomena in
transparent media. Springer Science & Business Media.

[ऀःं] Settles, G. S. &Hargather,M. J. (ँࣿऀआ). A review of recent developments in schlieren
and shadowgraph techniques. Meas. Sci. Technol., ँइ(ः), ࣿःँࣿࣿऀ.

[ऀःः] Settles, G. S. & Liberzon, A. (ँࣿँँ). Schlieren and BOS velocimetry of a round tur-
bulent helium jet in air. Optics and Lasers in Eng., ऀऄअ, ऀࣿआऀࣿः.

[ऀःऄ] Shiba, S., Aoki, Y., & Gallego, G. (ँࣿँँa). Event collapse in contrast maximization
frameworks. Sensors, ँँ(ऀः), ऀ–ँࣿ.

[ऀःअ] Shiba, S., Aoki, Y., &Gallego, G. (ँࣿँँb). Secrets of event-based optical flow. In Eur.
Conf. Comput. Vis. (ECCV) (pp. अँइ–अःऄ).

[ऀःआ] Shiba, S., Aoki, Y., &Gallego, G. (ँࣿँंa). Fast event-based optical flow estimation by
triplet matching. IEEE Signal Processing Letters, ँई, ँआऀँ–ँआऀअ.

[ऀःइ] Shiba, S., Aoki, Y., & Gallego, G. (ँࣿँंb). A fast geometric regularizer to mitigate
event collapse in the contrast maximization framework. Advanced Intelligent Systems,
(pp. ँँࣿࣿँऄऀ).

[ऀःई] Sironi, A., Brambilla, M., Bourdis, N., Lagorce, X., & Benosman, R. (ँࣿऀइ). HATS:
Histograms of averaged time surfaces for robust event-based object classification. In
IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp. ऀआंऀ–ऀआःࣿ).

[ऀऄࣿ] Sommersel, O., Bjerketvedt, D., Christensen, S., Krest, O., & Vaagsaether, K. (ँࣿࣿइ).
Applicationof backgroundoriented schlieren for quantitativemeasurements of shock
waves from explosions. ShockWaves, ऀइ, ँईऀ–ँईआ.

[ऀऄऀ] Son, B., Suh, Y., Kim, S., Jung,H., Kim, J.-S., Shin, C., Park, K., Lee, K., Park, J.,Woo,
J., Roh, Y., Lee,H.,Wang, Y., Ovsiannikov, I., &Ryu,H. (ँࣿऀआ). A अःࣿxःइࣿ dynamic
vision sensor with a ईμm pixel and ंࣿࣿMeps address-event representation. In IEEE
Intl. Solid-State Circuits Conf. (ISSCC).

[ऀऄँ] Stoffregen, T., Gallego, G., Drummond, T., Kleeman, L., & Scaramuzza, D. (ँࣿऀई).
Event-based motion segmentation by motion compensation. In Int. Conf. Comput.
Vis. (ICCV) (pp. आँःं–आँऄँ).

ऀँइ



[ऀऄं] Stoffregen, T. & Kleeman, L. (ँࣿऀआ). Simultaneous optical flow and segmenta-
tion (SOFAS) using Dynamic Vision Sensor. In Australasian Conf. Robot. Autom.
(ACRA).

[ऀऄः] Stoffregen, T. & Kleeman, L. (ँࣿऀई). Event cameras, contrast maximization and re-
ward functions: an analysis. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp.
ऀँँईँ–ऀँंࣿࣿ).

[ऀऄऄ] Stoffregen,T., Scheerlinck,C., Scaramuzza,D.,Drummond,T., Barnes,N., Kleeman,
L., & Mahony, R. (ँࣿँࣿ). Reducing the sim-to-real gap for event cameras. In Eur.
Conf. Comput. Vis. (ECCV) (pp. ऄंः–ऄःई).

[ऀऄअ] Suh, Y., Choi, S., Ito, M., Kim, J., Lee, Y., Seo, J., Jung, H., Yeo, D.-H., Namgung, S.,
Bong, J., seok Kim, J., Park, P. K. J., Kim, J., Ryu, H., & Park, Y. (ँࣿँࣿ). A ऀँइࣿxईअࣿ
Dynamic Vision Sensor with a ः.ईऄ-μmpixel pitch andmotion artifactminimization.
In IEEE Int. Symp. Circuits Syst. (ISCAS).

[ऀऄआ] Sun,D., Roth, S., &Black,M. J. (ँࣿऀं). Aquantitative analysis of current practices in
optical flow estimation and the principles behind them. Int. J. Comput. Vis., ऀࣿअ(ँ),
ऀऀऄ–ऀंआ.

[ऀऄइ] Taverni, G., Moeys, D. P., Li, C., Cavaco, C., Motsnyi, V., Bello, D. S. S., &Delbruck,
T. (ँࣿऀइ). Front and back illuminatedDynamic andActive Pixel Vision Sensors com-
parison. IEEE Trans. Circuits Syst. II, अऄ(ऄ), अआआ–अइऀ.

[ऀऄई] Tedaldi, D., Gallego, G., Mueggler, E., & Scaramuzza, D. (ँࣿऀअ). Feature detection
and tracking with the dynamic and active-pixel vision sensor (DAVIS). In Int. Conf.
Event-Based Control, Comm. Signal Proc. (EBCCSP).

[ऀअࣿ] Teed, Z. & Deng, J. (ँࣿँࣿ). RAFT: Recurrent all pairs field transforms for optical
flow. In Eur. Conf. Comput. Vis. (ECCV) (pp. ःࣿँ–ःऀई).

[ऀअऀ] Tian, Y. & Andrade-Cetto, J. (ँࣿँँ). Event transformer flownet for optical flow esti-
mation. In BritishMach. Vis. Conf. (BMVC).

[ऀअँ] Trucco, E. & Verri, A. (ऀईईइ). Introductory Techniques for 3-D Computer Vision. Up-
per Saddle River, NJ, USA: Prentice Hall PTR.

[ऀअं] Tu, J. H., Rowley, C. W., Luchtenburg, D. M., Brunton, S. L., & Kutz, J. N. (ँࣿऀः).
On dynamic mode decomposition: Theory and applications. J. Computational Dy-
namics, ऀ(ँ), ंईऀ–ःँऀ.

ऀँई



[ऀअः] Tulyakov, S., Bochicchio, A., Gehrig, D., Georgoulis, S., Li, Y., & Scaramuzza, D.
(ँࣿँँ). Time lens++: Event-based frame interpolation with parametric non-linear
flow and multi-scale fusion. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp.
ऀआआऄऄ–ऀआआअः).

[ऀअऄ] Venkatakrishnan, L. & Meier, G. (ँࣿࣿः). Density measurements using the back-
ground oriented schlieren technique. Experiments in Fluids, ंआ, ँंआ–ँःआ.

[ऀअअ] Wang, X., Li, J., Zhu, L., Zhang, Z., Chen, Z., Li, X., Wang, Y., Tian, Y., & Wu, F.
(ँࣿँऀ). Visevent: Reliable object tracking via collaboration of frame and event flows.
IEEE Trans. Cybern.

[ऀअआ] Wang, Y., Idoughi, R., & Heidrich, W. (ँࣿँࣿa). Stereo event-based particle tracking
velocimetry for ंDfluid flow reconstruction. InEur. Conf. Comput. Vis. (ECCV) (pp.
ंअ–ऄं).

[ऀअइ] Wang, Z. W., Duan, P., Cossairt, O., Katsaggelos, A., Huang, T., & Shi, B. (ँࣿँࣿb).
Joint filtering of intensity images and neuromorphic events for high-resolution noise-
robust imaging. In IEEEConf. Comput.Vis. PatternRecog. (CVPR) (pp. ऀअࣿअ–ऀअऀअ).

[ऀअई] Willert, C. E. & Klinner, J. (ँࣿँँ). Event-based imaging velocimetry: an assessment
of event-based cameras for the measurement of fluid flows. Exp. Fluids, अं(अ), ऀ–ँࣿ.

[ऀआࣿ] Ye, C., Mitrokhin, A., Parameshwara, C., Fermüller, C., Yorke, J. A., & Aloimonos,
Y. (ँࣿँࣿ). Unsupervised learning of dense optical flow, depth and egomotion with
event-based sensors. In IEEE/RSJ Int. Conf. Intell. Robot. Syst. (IROS) (pp. ऄइंऀ–
ऄइंइ).

[ऀआऀ] Zhang, J., Yang, X., Fu, Y., Wei, X., Yin, B., & Dong, B. (ँࣿँऀ). Object tracking by
jointly exploiting frame and event domain. In Int. Conf. Comput. Vis. (ICCV) (pp.
ऀंࣿःं–ऀंࣿऄँ).

[ऀआँ] Zhang, X.&Yu, L. (ँࣿँँ). Unifyingmotion deblurring and frame interpolationwith
events. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp. ऀआआअऄ–ऀआआआः).

[ऀआं] Zhang, Z., Yezzi, A., & Gallego, G. (ँࣿँँ). Formulating event-based image recon-
struction as a linear inverse problemwith deep regularization using optical flow. IEEE
Trans. Pattern Anal. Mach. Intell., (pp. ऀ–ऀइ).

[ऀआः] Zhou, Y., Gallego, G., Lu, X., Liu, S., & Shen, S. (ँࣿँऀa). Event-based motion seg-
mentation with spatio-temporal graph cuts. IEEE Trans. Neural Netw. Learn. Syst.,
(pp. ऀ–ऀं).

ऀंࣿ



[ऀआऄ] Zhou, Y., Gallego, G., & Shen, S. (ँࣿँऀb). Event-based stereo visual odometry. IEEE
Trans. Robot., ंआ(ऄ), ऀःंं–ऀःऄࣿ.

[ऀआअ] Zhu, A. Z., Atanasov, N., &Daniilidis, K. (ँࣿऀआa). Event-based feature tracking with
probabilistic data association. In IEEE Int. Conf. Robot. Autom. (ICRA) (pp. ःःअऄ–
ःःआࣿ).

[ऀआआ] Zhu, A. Z., Atanasov, N., &Daniilidis, K. (ँࣿऀआb). Event-based visual inertial odom-
etry. In IEEE Conf. Comput. Vis. Pattern Recog. (CVPR) (pp. ऄइऀअ–ऄइँः).

[ऀआइ] Zhu, A. Z., Thakur, D., Ozaslan, T., Pfrommer, B., Kumar, V., & Daniilidis, K.
(ँࣿऀइa). The multivehicle stereo event camera dataset: An event camera dataset for
ंD perception. IEEE Robot. Autom. Lett., ं(ं), ँࣿंँ–ँࣿंई.

[ऀआई] Zhu, A. Z., Yuan, L., Chaney, K., & Daniilidis, K. (ँࣿऀइb). EV-FlowNet: Self-
supervised optical flow estimation for event-based cameras. In Robotics: Science and
Systems (RSS).

[ऀइࣿ] Zhu, A. Z., Yuan, L., Chaney, K., & Daniilidis, K. (ँࣿऀई). Unsupervised event-based
learning of optical flow, depth, and egomotion. In IEEE Conf. Comput. Vis. Pattern
Recog. (CVPR) (pp. ईइई–ईईआ).

[ऀइऀ] Zou, Y., Zheng, Y., Takatani, T., & Fu, Y. (ँࣿँऀ). Learning to reconstruct high speed
and high dynamic range videos from events. In IEEE Conf. Comput. Vis. Pattern
Recog. (CVPR) (pp. ँࣿँः–ँࣿंं).

ऀंऀ


	Abstract
	概要
	Acknowledgments
	謝辞
	Introduction
	Motion Estimation
	Motion and Event Cameras
	Contributions
	Publication list
	Summary

	Review
	Event cameras
	Motion Estimation from Events: Ego-motion
	Motion Estimation from Events: Optical Flow Estimation
	Motion Estimation from Events and Frames
	Conclusion

	Low-DoF Motion Estimation
	Introduction
	Contrast Maximization
	Event Collapse
	Proposed Regularizers
	Higher-DOF Warp Models
	Experiments
	Conclusion

	Optical Flow Estimation
	Introduction
	Method
	Experiments
	Conclusion

	Event-by-event Optical Flow Estimation
	Fast Correlation-based Flow Estimation
	Methodology
	Experiments
	Conclusion

	Estimating Motion of Air Convection
	Introduction
	Related Work
	Event-based Schlieren
	Estimation Method
	Physical Setup and Data
	Experimental Evaluation
	Limitations
	Conclusion

	Conclusion
	Summary
	Discussions and Future work

	Appendix Warp Models
	Preliminaries
	3 DOFs. Planar motion. Euclidean transformation on the image plane, SE(2). Isometry
	3 DOFs. Camera rotation, SO(3)
	4 DOFs. In-plane camera motion approximation
	4 DOFs. Similarity transformation on the image plane. Sim(2)
	6 DOFs. Affine Transformation on the Image Plane

	Appendix Solutions for Space-time Flow
	Time-Awareness: PDE solutions
	Upwind scheme
	Burgers' scheme
	Comparison of the schemes

	References

