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Abstract

To realize quantum information technologies, a technique of quantum control for
preparing a desired quantum state used for an information resource plays an important
role. For example, the measurement-based feedback control is a powerful method and
many notable experiments have been demonstrated in superconducting qubit. However,
in spite of the large impacts and development of those technologies, decoherence, which
is the loss of quantum properties, is the fundamental and biggest obstacle. Due to it,
the quantum state collapses to the classical state and the actual control performance is
sometimes far away from the ideal one. Therefore, in considering the practical quantum
control under decoherence, the following two questions arise: (i) How close the controlled
quantum state can be steered to a target state under decoherence? (ii) How long can we
preserve the controlled system around at the target state? These questions can be formu-
lated as problems analyzing distance and time respectively; fortunately, these problems
are qualitatively evaluated by useful tools; reachability and quantum speed limit (QSL).

Reachability is a measure of the reachable set of quantum state. To clarify and charac-
terize the reachability of the controlled systems under decoherence is essential to evaluate
the practical effectiveness of control methods and gives a direct answer to the question
(i). However, there has been no general approach for giving an estimate of the reacha-
bility under decoherence, and also no research for giving an insight into the further basic
questions for quantum engineering; what state should be set to the target, or what the
desired structure of open quantum system under given decoherence is.

The question (ii) boils down to the problem analyzing the time for the quantum state
maintaining its coherence against decoherence. The QSL, which is defined as a lower
bound of the evolution time of a quantum system from an initial state to a final state,
is a useful tool for studying this problem. The QSL gives not only a trade-off relation
between energy and time but also the shortest time of the state evolution, and thus the
investigations of the QSL are significantly important from the viewpoints of fundamentals
and engineering.

The goal of this thesis is to give answers to the above fundamental questions. This
thesis is organized as follows. Chapter 1 provides some backgrounds and outline of this
thesis. Chapter 2 provides some basic topics for describing the framework of quantum

mechanics; quantum state, quantum measurement, and quantum dynamics. Chapter 3
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presents a limit for the reachability of the controlled states under decoherence and the
target state. This limit is applicable for general Markovian open quantum systems and
straightforwardly calculated and used as a guide for choosing the target state that is not
largely affected by decoherence. Chapter 4 presents a new tractable QSL and exploits new
application of the QSL; Hamiltonian engineering for preparing robust states and charac-
terizing the reachability in a given time. Chapter 5 concludes this thesis and discusses

future works.



Contents
Chapter 1  Introduction 1
1.1 Motivation . . . . . . . . .. 1
1.2 Reachability . . . . . ... . 2
1.3 Quantum speed limit . . . . . ... ... 3
1.4 Outline. . . . . . . . . . e 4
Chapter 2 Quantum mechanics 6
2.1 Quantum state . . . . . .. ... 6
2.1.1 Density operator . . . . . .. ... oL 6
2.1.2  Measure of quantum state . . . . . . ... ... L. 7
213 Qubit ... 8
2.2 Quantum measurement . . . . . . ... Lo 9
2.2.1 General measurement . . . ... ... ... ... ... ..., 9
2.2.2 Projective measurement . . . . . .. ... ... L., 10
2.2.3 Positive operator valued measure . . . . . . ... ... 11
2.3 Quantum dynamics . . . . . ... Lo 13
2.3.1 Schrodinger equation . . . . . .. ... Lo 13
2.3.2 Quantum stochastic differential equation. . . . . . .. .. .. 14
2.3.3 Markovian master equation . . . . .. ... ... ... .... 15
2.3.4 Stochastic master equation . . . ... ... ... ... .. .. 16
Chapter 3 Distance limit 19
3.1 Quantum control . . . .. ... Lo 19
3.1.1 Mathematical description of quantum control . . . . . . . .. 19
3.1.2 MBF foridealcase . . . . . ... ... ... .. ........ 21
3.1.3 MBF in the imperfect setting . . . . . ... ... ... . ... 22
3.2 Derivation of the distance limit . . . . .. ... ... .. ... ..... 23
3.3 Examples . . . . . .. 30
3.3.1 Qubit .. ... 30
3.3.2 Two-qubits . . . . .. ... 31

3.33 N-qubits. . . ... .. 34



Contents

3.3.4 Fockstate . . . . . . ...

3.4 Summary .

Chapter 4 Quantum speed limit

4.1 Quantum speed limit for closed system . . . . . . .. .. ... ... ..

4.1.1 Mandelstam-Tamm bound and Margolus-Levitin bound . . .

4.1.2 Quantum speed limit for open quantum system . . . . . . . .
4.2 New explicit QSL . . . . . . . .. .
4.2.1 Setup and derivation . . . . . ... ...

4.2.2 Comparison to the previous QSL . . . . . .. ... ... ...

4.3 Examples .

4.3.1 Qubit . . ...
4.3.2 Two-qubits . . . . . . . .
433 N-qubits. . . . . . ...
4.3.4 Fockstate . . . . ...

44 Robust state preparation based on quantum speed limit . . . . . . ..

4.4.1 Quantum speed limit as a measure of robustness . . . . . . .

4.4.2 Hamiltonian engineering for robust state preparation . . . . .
443 Example. . . . . ...
4.5 Time-dependent limit for reachability . . . . . . . ... ... ... ...
4.5.1 Example. . . . . . . ... e

4.6 Summary .

Chapter 5 Conclusion
5.1 Conclusion .
5.2 Future work

Acknowledgements

Bibliography

38
39

41
42
42
44
45
45
20
52
52
95
95
56
57
57
58
99
62
62
64

66
66
67

74

75



Chapter 1

Introduction

1.1 Motivation

It is no doubt that the development of quantum mechanics is one of the great achieve-
ment in modern physics. Interesting properties of quantum systems, e.g., superposition
or entanglement, make it possible to realize the quantum information processing that
outperforms the classical one. In recent years, there have been considerable interests in
quantum information technologies, e.g., quantum computing, communication, teleporta-
tion, metrology, and cryptography. In order to realize these technologies, it is necessary
to prepare a desired quantum state for an information resource. Therefore, a technique of
quantum control, preparing a desired quantum state, plays an important role in quantum
information technology.

Here we give a brief introduction to quantum control scheme; let us consider a quantum
state p, where p is the self-adjoint operator acting on the state space Hg. p is dynamical
and open to the external control system (modeled by an environment or a reservoir) act-
ing on the another space Hg. The controlled system is characterized by the shorthand
G(u, H, L), where u is the scalar function representing the control sequence; also H and
L are the operators representing the control energy and the interaction between the sys-
tem and the environment, respectively. By suitably designing G(u, H, L), we can steer
the quantum system towards a target. The concept of quantum control is analogous to
ideally controlling the system dynamics. Mathematically, the quantum control problem
is modeled in terms of differential equations, e.g., Schrodinger equation, master equation,
stochastic master equation, and so on. For example, the quantum dynamics under the

continuous measurement and control is described by the stochastic master equation:
dp = —i[uH, p|dt + D[L]pdt + H[L]pdW. (1.1)

The meanings of each terms will be explained in Chapter 2. Equation (1.1) is nonlinear
and stochastic, and hence in general we cannot obtain its exact solution. Therefore, these

tools enable us to develop the techniques of quantum control, although the analysis of the
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dynamics under the control is a hard task.

Now let us see several techniques of quantum control: First the open-loop (i.e., non-
feedback) control theory [1, 2, 3, 4, 5, 6, 7, 8] offers some powerful means, for example
for implementing an efficient quantum gate operation. Second, reservoir engineering tech-
niques including the measurement-based feedback (MBF) [9, 10, 11, 12, 13, 14, 15, 16] and
coherent feedback [17, 18, 19, 20, 21, 22, 23] are also well-established methodologies that
can be used for generating and protecting a desirable quantum state. Recently, many no-
table experiments realizing those control techniques have been extensively demonstrated
in superconducting qubit system [24, 25, 26, 27, 28, 29].

However, in spite of the large impacts and the development of quantum technologies,
there are a lot of problem to be dealt with for their realization; decoherence is one of
the most fundamental obstacle. Decoherence is the loss of quantum properties induced
by the interaction between the quantum system and its environments. Due to this fun-
damental phenomenon, the quantum state collapses to the classical one and the actual
control performance is sometimes far away from the ideal one. For example, the quantum
computer must prepare a coherent pure state and preserve it for a long time, in order to
realize higher computational performance than classical one. This is why, in considering
the practical quantum control under decoherence, the following two questions arise: (i)
How close the controlled quantum state can be steered to a target state under decoher-
ence? (ii) How long can we preserve the controlled system around at the target state?
These questions can be formulated as problems analyzing distance and time respectively;
fortunately these problems can be evaluated by useful tools; reachability and quantum

speed limit.

1.2 Reachability

The question (i) can be rephrased as follows; how much the reachability of the controlled
states under decoherence is. Now suppose that the state p; with its initial state pg evolves
to the final state pr. According to the control system, pr can take several states in
the Hilbert space. The set of all pr is called the reachable set and reachability is a
measure of this set. In the literature, the reachability is often defined as the fidelity-
based distance [33], the efficiency of coherence transfer [3], or the Lie algebraic structure
[36, 37, 38, 39]. The analysis of reachability, which is in our scenario to clarify and
characterize the reachability of the controlled quantum systems under decoherence, is
essential to evaluate the practical effectiveness of control methods and gives a direct answer
to the question (i). The concept of reachability analysis is usually based on numerical
simulations that investigate how much the ideal state control is disturbed by decoherence;
for example, generation of a nanoresonator superposition state via open-loop control [5, 6],

an optical Fock state via MBF [11, 63], and an optomechanical cat state via reservoir
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engineering [20, 65]. The optimal control method, which numerically designs a time-
dependent control input for steering the state closest to the target one under decoherence
[3, 30], is also often used. However, the above computational approaches do not give
us deep insight into the further practical questions for quantum engineering; what state
should be assigned to the target, and what the desired structure of open quantum system
under given decoherence is. A few exceptions are found for specific types of open-loop
control [31] and MBF [32, 33], but there has been no general approach. Therefore, the
realistic analysis of the reachability under decoherence is one of the most challenging and

exciting research area in quantum engineering.

1.3 Quantum speed limit

The question (ii) boils down to the problem analyzing the time for the quantum state
maintaining its coherence against decoherence. Time is of course an essential factor that
should be carefully treated in quantum engineering, because the change of quantum states
often occurs in a very small time interval. Towards this problem, for example, several ap-
proaches for finding the time-optimal evolution of quantum states, e.g., quantum brachis-
tochrone, have been proposed [40, 41, 42, 43]. However, it is generally impossible to steer
the state to the target state in the presence of decoherence. That is, it is unrealistic to
consider the perfect state generation. This is why, in order to treat the question (ii), we
focus on the decohering time of quantum states. The quantum speed limit (QSL) is a
useful tool for studying this problem.

The QSL is defined as a lower bound of the evolution time 1" of a quantum system from

an initial state to a final state. The general expression of the QSL is given as follows:

T = Tasi(D(po, pr)), (1.2)

where D(pg, pr) is a distance function of the initial state py and the final state pr.
D(po, pr) is usually given by the relative purity [88, 91|, Bures angle [87, 89], or Hilbert-
Schmidt norm [94]. The study of the QSL started on closed systems; Mandelstam and
Tamm derived the QSL between orthogonal basis, which is given by the variance of the
Hamiltonian [75]. Margolus and Levitin derived another QSL depending on the mean en-
ergy [76]. Moreover, important generalizations to mixed states [80], nonorthogonal states
[81], and time-dependent driven systems [83, 84, 85, 86] were provided later. In recent
years, in particular, some types of QSLs for open quantum systems [87, 88, 89, 90, 91,
92, 93, 94, 95, 96, 97, 98, 99] have been extensively investigated. The QSLs give not
only a trade-off relation between energy and time but also the shortest time of the state
evolution, and thus the investigations of the QSL are significantly important from the
viewpoints of fundamentals and engineering. Actually, it has numerous application in

quantum computation [66, 67], metrology [68, 69], optimal control [70, 71, 72, 73, 74], and
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so on. Note that, in this scenario, the QSL is often used as a tool for characterizing the
potential for speeding up the time evolution toward a target state [91, 95, 96, 97, 98, 99].
That is to say, let us consider the problem of transferring an initial state py to a target
final state pp. If the QSL from py to pr under a control system G is smaller than that
of another system G’, then G is preferable in order to do this task. In this way, the
development of an application of the QSL to engineering is an interesting and meaningful
field of the QSL.

1.4 Outline

Motivated by the two questions posed above, this thesis explores a fundamental limit for
dynamical quantum systems under decoherence in terms of distance and time. The main
results of this thesis are given in Chapter 3 and 4. The structure of this thesis is as follows:

Chapter 2 reviews some important topics for describing the framework of quantum
mechanics including quantum state, quantum measurement, and quantum dynamics.

Chapter 3 aims to develop a distance limit for the controlled quantum system un-
der decoherence. Section 3.1 demonstrates the performance of the MBF control in the
imperfect setting. Section 3.2 presents a theoretical limit for the reachability of any con-
trolled quantum systems. More specifically, we present a lower bound of the fidelity-based
distance between a target state and the controlled state in the presence of decoherence.
Importantly, it is universally applicable for a Markovian open quantum system driven
by the decoherences and any types of control. Also the lower bound can be straightfor-
wardly computed without solving any equation. Moreover, thanks to its generic form, the
limit gives a characterization of target states that is largely disturbed by the decoherence.
Therefore, it provides a useful guide for choosing the target, as demonstrated in several
examples.

Chapter 4 explores the time limit (i.e., QSL) for state evolution of the open quantum
system. The main contribution of this chapter is to exploit applications of the QSL. First,
we propose a new usage of QSL as a measure of robust quantum states of Markovian
open quantum systems. In contrast to the above-mentioned view for speeding up the
evolution, we consider an undesired state transition driven by decoherence. Namely, we
consider a QSL from pg to the final state pr such that the distance between pg and pr
is bigger than a certain fixed value. If this QSL is large, the decoherence needs a lot of
time to drive the initial state py toward pp. In other words, such pg is less affected by
the decoherence, and therefore, in this view, py with a larger QSL can be regarded to
be robust against the noise process. Based on this idea, in this chapter we establish the
following optimization problem; the purpose is to engineer the system Hamiltonian that
maximizes the QSL for a given py and the decoherence. Here, it is important that the

QSL has an explicit form in terms of the parameters characterizing the quantum system
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in order to make this optimization problem tractable. Actually, in Section 4.2 we derive
a new tractable (i.e., easily computable) QSL, which is applicable to a general Markovian
open quantum system and prove that it is tighter than another explicit QSL given in [88],
in the setup where the decoherence strength and the distance are both small. Moreover,
it is shown that the Hamiltonian engineering problem based on the new explicit QSL is
a quadratic convex optimization problem, which is efficiently solvable. Second, we apply
the QSL to the characterization of the reachable set of quantum systems in a given time.
This approach is based on that the general expression of the QSL (1.2) can be regard as
the inequality of D(pg, pr) with respect to the evolution time 7. Based on it, we derive
the time-dependent distance limit for open quantum systems under decoherence and in-
vestigate its performance in the qubit case.

Finally, Chapter 5 concludes this thesis and discusses future works.



Chapter 2

Quantum mechanics

This chapter provides some important topics in quantum mechanics; quantum state, quan-
tum measurement, and quantum dynamics, which are necessary for understanding enough.
Section 2.1 reviews a formalism of quantum state describing a quantum system with the
introduction of key tools; the density operator and the fidelity. Section 2.2 formulates the
concept of quantum measurement from general class to special one. Section 2.3 provides
several mathematical tools for describing evolution of quantum systems, e.g., Schrédinger
equation, master equation, and stochastic master equation. They play a central role in

developing quantum control strategy and deriving the results of this thesis.

2.1 Quantum state

2.1.1 Density operator

Quantum mechanics is largely different from the classical mechanics in many aspects.
One of the biggest difference of quantum mechanics from classical one is that a quantum
system is probabilistic; that is, in principle, physical properties of quantum systems are
not deterministic. In general, a state of a quantum system is composed of a number of
states |¢;) with probability p;. Therefore, the quantum state is given by the statistical

ensemble described by the self-adjoint operator:

N
p= Zpi i) (il (2.1)

which is called density operator (the notation |¢) and dual of it (1| are called ket and bra,
respectively). p is defined in the finite-dimensional complex space called Hilbert space H,

and the set {|t;)} is the orthonormal basis of . Note that p has the following properties:
pl=p, p>0, Tr(p)=1. (2:2)

In particular, due to Tr(p) = 1, vazl p; = 1, meaning that the total probability of the

measurement on the state is one (we will explain later). When the rank of p is one, (i.e.,
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p = |¢) (¢]), the state is called pure state. On the other hand, when the rank of p is more

than two, the state is called mized state.

2.1.2 Measure of quantum state

How much the state is pure is quantified by Purity P(p) defined by
P(p) = Tr(p%), (2.3)

which is bounded as 1/N < P(p) < 1. This upper bound is achieved if and only if the
system is pure, and the lower one is achieved if and only if p = (1/N)I, which is called

mazximally mized state.

Proof of the bound for Purity From the definition (2.1),

N

N
DO () (il () ¢ sz i) (il

i=1 j=1

then we have

Due to Zfil p; =1,

N 2 N
1= (Zm) > Zp? = P(p).

This bound is achieved if and only if the state is pure p = |[¢) (¢)|]. With respect to the

lower bound, from inequality of arithmetric-geometric mean ZZ 12 >N (H Cox) YN,

N N %
Y (pr)
1=1 =1

The lower bound is achieved if and only if py = --- = py = 1/N, that is
p=(1/N) Ly [43) (i, then

N N
_Se N (pr)
=1 =1

N

1 \%¥ 1
_N<N2N> >~ (QED)

When the quantum system p is composed of N subsystems p; € H; (1 <i < N), pis

described as the tensor product

P=p1 R Qpn €EH1®---QHN, (2.4)
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If a composite state pap can be represented by pap = pa ® pp, pap is called separable

state. Otherwise, if pap # pa ® pB, pap is called entangled state.

To evaluate the distance between two quantum states, Fidelity is known as a useful mea-

sure. For the two quantum states p and o, the fidelity F(p, o) is defined as follows:

F(p,0) = (Tr {\/ pl/zapl/ZD2 , (2.5)

where, for any p and o, 0 < F(p,0) < 1 This upper bound is achieved if and only if p = o,
and the lower one is achieved if and only if p and o are orthogonal. If one of the state is

pure, o = |[¢) (1|, the fidelity reduces to F(p, [¢) (¢]) = (¥|p|¢)). Moreover, if the another
one is also pure p = |¢) (@], F(|9),[¥)) = | (v[)|*.

2.1.3 Qubit

Here we give a simple example explaining the quantum state; a qubit system composed of
the excited state [0) = [1,0] " and the ground state |[1) = [0,1] T, where |0) and |1) represent

“spin-up” and “spin-down”, respectively. A pure qubit state |¢)) is parametrized as
1) = cosf|0) + ¥ sinf |1), (2.6)

where 0 < 0 < 7/2 and 0 < ¢ < m. This special coordination is known as the Bloch
representation. Thereby, the pure state of the qubit system is defined on the surface
of a unit sphere. For instance, when # = w/4, the state is the superposition |¢)) =
(|0) + €*#[1))/+/2 on the equator of the sphere. On the other hand, a mixed state p is
parametrized by

1+2 x—1y

=13 (2.7)

r+iy 1—=z

where z, y z are real numbers satisfying 0 < 22 + 32 + 22

< 1, which corresponds to
(1/2) < P(p) < 1. The points on the surface of the sphere correspond to the pure states
of the system, whereas the inside points correspond to the mixed states, and especially
the origin corresponds to the maximally mixed state. For the qubit system, angular
momentum operators of spin 1/2 system along the z, y, z axis are denoted by the Pauli

operators:

0 1
o= 0]=|1>(0|+0><1,

0 —i , .
W=, O]=l|1><0|—2|0>(1|,

1 0
=1, _1]=|0><0|—|1><1|~
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These satisfy the canonical commutation relation (CCR):
(04, 05] = 2iei j k0w,

where ¢; ;. denotes the Levi-Civita symbol.

2.2 Quantum measurement

2.2.1 General measurement

Because a quantum system is probabilistic, the measurement outcome varies every time. If
the measurement on the quantum system is directly performed, the state collapses to the
classical one. Therefore, it is necessary to introduce a special formalism of quantum mea-
surement. Now, we begin with a general measurement modeled by a set of measurement
operators {M;} acting on the Hilbert space H of a quantum system to be measured. The
index ¢ refers to the possible outcomes of the measurement. The measurement operators

satisfy the completeness relation

> MM =1

i

For the quantum system p, the probability of getting the ith outcome is given by
p(i) = Te(M;pM). (2.8)
Due to the completeness relation, the probabilities of the outcomes sum to one:
D_p() = 3T (MipM]) = Te(p 3 M)
Z = Tzr(pI) =Tr(p) = 1. l

Note that the change of the state p — p’ is brought about by the measurement. The state

after the measurement is given by

f_ MpM]  MpM]
Tr(MipMiT) p(i)

(2.9)
If the quantum state before measurement is pure, p = |¢) (¢|, Egs. (2.8) and (2.9) are

p(i) = (Y| M M; ),
wy - M9 M)
Jwiiagg)  Veo)

Here we give a simple example that the measurement on a qubit system. Let the
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measurement operators be M; = |0) (0] and My = |1) (1]. These satisfy the completeness
relation MlTMl + MgMQ = I. Suppose that the state to be measured is

p=0.6|0) (0] +0.41) (1].
Then, the probability of obtaining the result “0” is
p(0) = Tr(MypM]) = 60%,

and the probability of obtaining the result “1” is p(1) = 40%. Also, the state after the

measurement in two cases are

My pM{
="l — o) (0],
Tr(M1pMY)
T
dy= —2PMs __py ().
Te(Map)M3)

2.2.2 Projective measurement

Here we explain a special class of the general measurement. A measurable physical prop-
erty of the quantum system is called observable. It is represented by a self-adjoint operator

A acting on the state space Hg. A has a decomposition

A= Zai la;) (a;| = Zaipia

where |a;) is the eigenstate and a; is the eigenvalue, and the set {|a;)} is an orthonormal
basis in Hg. P; = |a;) (a;| represents the projector onto |a;) with a;; that is, the outcome

of the measurement corresponds to a;. P; satisfies the following properties:
P} =P, P>0, P,P;=Pd;, Y Pi=1I
i

This measurements is known as a projective measurement. When the outcome a; is ob-
tained, the quantum state p changes to p, = |a;) (a;|. Therefore, the rank of the quantum
state after the measurement is always one. The probability for getting the outcome a; is

given by
pla;) = (ailplai) = Tr(pP;) = Te(pP) Py), (2.10)

and the state after the measurement is

,  PpPl  PpP}

B Tr(pPiTPi) -~ plai)’

(2.11)

i
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If the state is pure, p = |¢) (¥|, the probability for getting a; and the post-measurement

state are given by
plai) = (Y|P Pilai)

9i) = Pi[v) _ bl
\/<¢|PiTPz‘W¢> Vp(a)

2.2.3 Positive operator valued measure

We consider a slightly general case of projective measurement. Consider a operator set
{E;}, where E; is a positive operator F; > 0 such that ) . E; = I, and defines a scalar

function

plai) = Tr(pE;). (2.12)

p(a;) is equal to the probabilistic distribution of the measurement outcomes. In this
case, the measurement modeled by {E,,} is known as a positive operator valued measure
(POVM). A difference of POVM from projective measurement is that the measurement
operators of a POVM are not necessarily orthogonal. Consequently, the number of the
measurement operators of the POVM can be larger than the dimension of the Hilbert space
they act on. Conversely, that of the projective measurement is at most the dimension of
the Hilbert space.

In reality, it is difficult to directly measure a quantum system without destroying it,
and thus actual measurements are done through measurement apparatus indirectly. This
physical setting is known as indirect measurement and theoretically formulated as follows;
let Hs and Hg be a Hilbert space of the quantum system of our interest ps and the
measurement apparatus pg. The total system is given by ps ® pr € Hs @ Hr. We first
prepare an apparatus in a pure initial state pp = |¢g) (¥g|. By performing a unitary
transformation Ugg on the two systems, we cause the interaction between pg and pg.
After that, the local measurement on the apparatus described by Is ® P; g is performed
(P;,E is a projective operator acting on Hg). In this setting, the probability for getting

the outcome i is

p(i) = T [Usi(ps © [v5) (We)ULs(Is © Pr.p)|
=Tr [(PS ® |ve) (Ye)UisIs ® Pk,E)USE}
=Trs(psEis),
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where Trg is the trace over Hg. This operation is called partial trace and indicates to

discard the information on the system pg. An operator E; g is given by

E;s=Trg [(Is ® |[YE) <1/}EDU;E(IS ® P; g)Usk
= (Yp|USs(Is ® P p)Uselvr)
= (u|ULglis) (ip|Usslvs) ,
where we have written P, g = |ig) (ig|. We find that E; g satisfies E; s > 0 and
> EJ7SEi73 = Ig, and hence {E; s} is a realization of a POVM.

We consider a state transition after the measurement. From (2.11) the post-

measurement state becomes
Pise = p(lz) [(Is ® Pyp)Usk(ps @ [¥p) (e ULy (Is © Pi,E)T]
_ p(lz) [(iE|USEWE> ps WEIU;EM@ ® |vE) <¢E|] 7

and writing K; := (ig|Usg|Yr) yields

1 . )
Pisa = m(Kz’PSKJ) ® lig) (ig|- (2.13)

Therefore after the measurement the system and the environment are separated. Also the
post-measurement state is
_ KipsK]

P;,s = W (2.14)

By using K; s = K J K;, the probability for getting the outcome i is
p(i) = Tr[ps K[ K. (2.15)

We can see that the state transition (2.14) and the probability of measurement (2.15) are
generalization of those by (2.10) and (2.11). If the initial state of the quantum system is

pure, i.e., ps = |[1)g) (s, then the post-measurement system’s state is given by

sy’ = Kilbs) (2.16)

V(i)
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2.3 Quantum dynamics

2.3.1 Schrodinger equation

In general, a quantum system evolves in time. In particular, the dynamics of a closed
system which does not interact with any environment is governed by the system energy.

Let us consider a pure state of the closed system |¢,). The change of |1);) is

dYe) = |erar) — |vbe)

and let [¢4q:) be

[Vegar) = |0e) + Alaby) dt = (1 4 Adt) [4y) .

The state change of the closed system is given as the unitary transformation, and hence
(I + Adt)(I+ Adt)' =1 < (A+ AN)dt + AATdL? = 0.

By ignoring the term of dt? and setting A = —iH with self-adjoint operator H, we have

diy) .
Ltk = —iH i) (2.17)

This equation is called Schridinger equation and H is called Hamiltonian representing the

system energy. The solution of this equation is given by

) = e o) = Uy [4ho) (2.18)

where U, = e7** is a unitary operator satisfying U;r U, = UtUtT = I. This means that
the evolution of the closed system is unitary and the rank of the system is preserved. U,
obeys the following equation:

When the state is mixed, py = >, pi [¥i¢) (¥i], Eq. (2.17) is

% = sz' <d|¢zt> <wi,t’ + |¢z’,t> dw}i’t)

dt dt dt
= pi (=iH |i2) ($iel + i [ie) (Y10 H)
= _Z[H7 pt]a

and the solution of it is given by

pr = ef’thpOeth — Ut,OOUtT
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2.3.2 Quantum stochastic differential equation

So far, we have considered the time evolution of closed systems. However, in reality quan-
tum systems are never completely isolated from their environments. Quantum systems
interacting with their environments are called open quantum systems, which are indis-
pensable for modeling various phenomena in quantum field, e.g., the decay of energy of
an atom. From now on, we consider the dynamics of open quantum systems.

Let us consider a general open quantum system interacting with a single coherent field.
Let a; and aI be the annihilation and creation operator representing the quantum white

noise process satisfying the following CCR:
[a,al] = 6(t — s).

Now, we assume that a; is taken the Markovian approximation, that is, it instantaneously
interacts with the system and has no memory of the system. By integrating overall time,

the annihilation and creation process operators are defined by

t t
Ay :/ asds, AI :/ alds,
0 0

which satisfy the following 1t6 rule [44]:

dtdA, =0, dA,dA] = dt,
dAldA, = dA;dA, = dATdAT = 0.

Now, we derive the time evolution of U; using these mathematical tools; let dU; be
dU; = (BdA; + CdA] + Ddt)U,, (2.19)
with Uy = I. From Eq. (2.19), the unitary property UtTUt = I, and the It6 product rule
d(X:Y;) = dX;Y; + Xy dY; + d X dY,
we have

0= dU} - U, + U} dU, + dU} dUy,
= U/ (BTdAt +CldA] + DTdt) U, + U} (BdAt + CdA] + Ddt) U,

+uf (BTdAI +CTdA, + DTdt> (BdAt + CdA] + Ddt) Uy.

By using the quantum Ito rule and multiplying from the left by U; and from the right by

UtJr , we have

0= (B+C"dA, + (C+ BNdA] + (DF + D+ CtC)dt.
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Then we obtain the equations
B+CT =0,
BT +C =0,
D'+ D+CTC =0.
In the same way, from UtUtT = 1, we have
BT +C =0,
B+CT =0,
D'+ D+CiC =0.
Now for satisfying these equations, we set B = —Lf, C = L, and D = iH + L'L/2.
Consequently, we end up with the following equation:

1
dU,; = {_LTdAt + LdA} — (zH + 2LTL> dt} Uy. (2.20)

with Uy = I. This equation is called the quantum stochastic differential equation (QSDE)
[45]. H is the Hamiltonian and L is a system operator representing the coupling with

the field. The open quantum system governed by (2.20) is characterized by shorthand
G=(H,L).

2.3.3 Markovian master equation

Now, for an arbitrary system operator X, let us derive the time evolution of X;. Let the
unitary evolution of X be X; = j,(X) = UtTXUt. Using the Ito product rule and the
above QSDE,

dX, = U}, XUprar — U XU,
= dU XU, 4+ U} XdU, + dU] X dU,
1 1
= jt <z'[H, X]+L'XL -~ 5LTLX - 2XLTL> dt
+ 5.([X, L)) dAT () + . ([LT, X])dA(2). (2.21)
Also, the annihilation process operator A; changes to A} = UtTAtUt = j+ (A¢) and satisfies
the output field
dA; = j,(L)dt + dA,.

We assume that the coupling is a coherent field with amplitude a. Then, taking the
expectation (X;), due to (dA;) = (dA]) = 0, we have

d{Xt)
dt

1 1
= <jt (i[H’,Xt] +LTX,L — §LTLXt — 2XtLTL>> ,
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where H' = H + (aL' — a'L)/2i. In the Schrodinger picture, the expectation (X;) is
defined using the time-dependent unconditional state p; as (X;) = Tr(Xp;). Then it is
easy to find that p; obeys the following equation:

d .
ZL — ~ilH, pi] + DLl (2.22)
where H' has been replaced with H. This dynamical equation is called (Markovian)
master equation and D[L]p = LpL' — LTLp/2 — pLTL/2 is the Lindblad super operator
representing the decohere process. When the system is subjected to multiple Hamiltonians

and environments, Eq. (2.22) is generalized to

i+ S 229

2.3.4 Stochastic master equation

In the previous subsection, we have focused on the evolution of open quantum systems
interacting with a coherent field. We further extend the above discussion to the case
where the quantum system is subjected to continuous measurement. We now develop a
dynamical equation for open quantum system in a simple setup; the system is coupled to
a single probe field L in the vacuum state. Recall that the system dynamics is generated
by the following QSDE:

dU, = {(—zH — ;LTL> dt +LdAI — LTdAt} Ui, Up =1,

and the time evolution of the system observable j;(X) := U:X U, is given by

dje(X) = jo(LX)dt + 5 ([LT, X])dA, + je([X, L])dA], (2.24)
where
LX :=i[H,X]+ L XL~ %LTLX ~ %XLTL. (2.25)

Now the real part of the output field operator is measured by a homodyne detector; we

measure the output field operator represented by
w=Y+Y] =Uf (At +AI) U,
By using the quantum It6 rule, the time evolution of y; can be obtained as
dy; = jo (L + LY)dt + dA, + dA].
Note importantly that the output observable y; has the self-non-demolition property:

[ys,y:] =0, Vs, t.
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This means that there is sets of measurement result constructed by y,, which is denoted

by Vi = {ys|0 < s < t}. Also, y; satisfies the quantum non-demolition (QND) property,

[ys,7:(X)] =0, Vs <t

for all system observables X. From the self-non-demolition property, the observable of
the probe system are compatible over all time, and hence the continuous measurement
is guaranteed in principle. Further, from the QND property, all probe observables until
time ¢ and the system observable j;(X) are compatible. Therefore, j;(X) can be condi-
tioned on ), which means that the optimal estimate is given by the quantum conditional
expectation ¢ (X) 1= P (j(X)|V:) = Tr (X p§) defined based on the measurement history.

Let us more deepen this explanation. The goal here is to calculate the best estimate
of the system observable j;(X) based on the history of observations );. In particular,
by defining the cost function by the least mean-squared error P[(j;(X) — Z)?], where Z
an element of ), we can have an explicit solution; that is, because ); is a commutative
algebra and j;(X) lives in the commutant of ), the mean-squared error is minimized

when Z is given by the quantum conditional expectation:
m(X) = arg minP[(j,(X) — Z)%] = P (ju(X)|2) ,
To derive the system dynamics of m;(X), we here consider the following ansatz:
d7Tt(X) = Etdt + Ftdyt,

where E; and F; are functions of ),;. We wish to derive explicit forms of F; and F;. Now

we introduce the following function

~ t 1 [t
h; = exp (/ hsdys—Z/ hids),

where h; € ), and thus hs € Y, as well. By using the Ito rule, we find that dhs = hihidy;.
To determine E; and Fj}, let us calculate dP (ht Ji(X )) in two ways as follows.

First, from the Ito product rule we have
dP (hejr(X)) = P (dhejs(X) 4 hedje (X) 4 dhedje (X))

(X
( theji (L + LT)Jt( ) + heje (LX) dE + hihed Ay ([X, L])dAD

P
P (heheje(LX + LYX) + hyjp(£X) + hehege([X, L)) dt
P (heheje(XL + LYX) + heje(£X)) dt,

where P (dA;) = P(dA]) = 0 and dA;dA} = dt are used. Now, using the tower property
of the quantum conditional expectation, the above equation can be further calculated as
P [P (heheje(XL + LYX) + hyji (LX) )]

P [hehiP (jo(XL + LTX)|Vh) + heP (G (LX) V)]

P (hehymo(XL + LYX) + hymy (LX)

%P (heje (X))
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In the second way,

dP (hyje(X)) = dP [P (heje(X)1D1)] = dP (P (5 (X)| V1))
= dP (hym (X)) =P (dhymy(X) 4 hedmy(X) + dhydmy (X))
=P [hehe (me(L + LY m(X) + ) + he (By + Fymy (L + LT))] dt.

By comparing the above two equations, we end up with

(L + L7y (X) + Fy = my(X L+ LTX),
E;+ Fym(L + L) = m (LX),

Consequently, the dynamics of the conditional expectation (X)) is given as follows:

dmy(X) = m(LX)dt + {m (XL + LX) — m(X)me (L + L")} (dy, — me(L + LT)dt) .
(2.26)

This is called the quantum filtering equation. The last term dy; — m;(L + LT)dt is the
Wiener increment. In the classical control literature, it is called the innovation process
representing the update of the estimate based on the output. Here, we turn attention to
the Schrédinger picture from the Heisenberg picture to derive the time evolution of the
conditional state p§. By applying the relation m(X) = Tr (X p§) to (2.26), we immediately

obtain the time evolution of pj as follows:
dp;, = ~ilH, p5)dt + DIL]o§ + HIL]pid Vs, (2.27)

where H[L]p = Lp+pLT —Tr(Lp+pLT)p and dW; = dy; —Tr(Lp-+pLT)dt. This equation is
called the stochastic master equation (SME). It is the stochastic partial differential equa-
tion describing the dynamics of the conditional density operator of a stochastic system.
Note that dW; is the mean-zero Wiener increment, i.e., E (dW;) = 0. Now, by averaging
the SME, we obtain the dynamics of the ensemble system p, := E (p§):

dpy

P = —ilH, p) + DL, (2.28)

which is analogous to the master equation. Therefore, the master equation describes
the unconditional evolution of the quantum system interacting with a coherent field.
Furthermore, if L = 0, the master equation (2.28) becomes the Schrodinger equation
for the mixed state. Therefore, the SME is the most general equation for describing the
dynamics of the quantum system. Finally, the SME (2.27) is generalized to the multi-input

and multi-probe setup:

dp; = =iy [Hy, pf)dt + Y D[Ljlpjdt + > H[L;|p;dW;.
J J

J
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Chapter 3

Distance limit

In practical situation, the biggest obstacle for quantum control is of course decoherence.
The actual performance of quantum control under decoherence is sometimes far away
from the ideal one. Therefore, quantifying the reachability, that is how close the controlled
quantum system can be steered to a target state under decoherence, is of great importance.
Towards this problem, in this chapter we develop a limit for reachability of the controlled
system under decoherence; more precisely, we present a lower bound of the fidelity-based
distance for open quantum system driven by any types of decohering process and control.
Note that this bound is straightforward to calculate and can be used as a guide for choosing
the target state. Some examples showing this effectiveness will be given. The topics of

this chapter is mainly based on [104].

3.1 Quantum control

3.1.1 Mathematical description of quantum control

In Section 2.3, we have presented several dynamical equations, i.e., Schrédinger equation,
master equation, and SME. These are essential to establish control strategies, because the
concept of quantum control is to design the controlled dynamics of the quantum system so
that the state reaches the target. In this section, we develop a mathematical description
of several types of quantum control based on these mathematical tools.

Now, we begin with a simple setting of open-loop control and reservoir engineering; let
us assume that the quantum state p; obeys the master equation:

dpy .
yi —i[ucH, pt] + D[L]py, (3.1)
where u; is the control sequence. H and L are system operators that can be engineered.
The standard open-loop control problem is to design a time-dependent sequence u; that
steers p; towards a target state. Also the aim of the standard reservoir engineering method

is to design L, with constant sequense u; = u so that p; autonomously converges to a
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target. In particular, the MBF control setting can also be included in the theory. In this
case, the dynamics of the conditional quantum state pf based on the measurement result
y: obeys the SME [46, 47, 48]

dp; = —ilu H, pf]dt + D[L]pidt + H[L]p;dW. (3.2)

The goal of MBF is to design the control input u; as a function of p§, to accomplish
a certain goal. Particularly, L represents the probe field for measurement and satisfies
L = L', there are typical types of MBF controls that selectively steer the state to an
eigenstate of L.

By focusing on the unconditional state p; = E (p§), which is the ensemble average of
pg over all the measurement results, Eq. (3.2) becomes the master equation:

d .
= ~iH.E ()] + D[Llp, + DIM]py. (33)
Note in particular that u; is a function of p§, and hence Eq. (3.3) is a non-linear
equation with respect to p;. In the open-loop control or reservoir engineering setting,
uy is independent of pf. Then Eq. (3.3) is reduced to the linear equation due to
E (uepf) = wE (pf) = wepe:

dpv _

o = —iluH, pi] + D[L]p: + D[M]ps. (3.4)

Therefore, as mentioned above, the SME includes any types of quantum control setting.

# Measurement

Probe Laser Date
Yt Feedback
. > | Controller
Detector
CaV|t
Quantum y
System Ut
Pt *

Control Input
Actuator

Fig. 3.1: Schematic of MBF.
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3.1.2 MBF for ideal case

As an important application of the SME, here we study the MBF control. In fact, the MBF
is a versatile and powerful method and some notable experiments have been extensively
demonstrated [24, 25, 26, 27, 28, 29]. Here we give a physical implementation of a typical
MBEF setting (Fig. 3.1). The system of our interest is a cloud of atoms trapped into the
optical cavity. Our aim is to control a collective angular momentum of the system. To
obtain the information on the system, we scatter a probe laser off the system and cause
the interaction between the system and the probe field (the interaction strength can be
adjusted by the optical cavity). After the interaction, we measure the output field which
carries any information on the system by a photodetector known as a homodyne detector.
The information given by the classical output data y; is processed to continuously update
the conditional state, and the state is fed into a controller to calculate the control signal
uz to control the system through actuators implemented by magnetic coils. By repeating
this process in continuous time, we end up with a desired quantum state.

We now demonstrate the performance of the MBF in the qubit example; the goal is
to stabilize the spin state driven by the SME (3.2) into the excited state, in other words
to realize the deterministic convergence z; = Tr(o.p§) — 1. In this case, the system

operators and the feedback control u; that achieves the goal is given by
H =0y, L=+ ko, u =—2Kx4, (3.5)

where z; = Tr (0,p5).

Proof of the setup (3.5) For the system operators Eq. (3.5), (H,L) = (04, VK02),
the conditional state p§ obeys the SME:

dp; = —ilwoy, pildt + D[v/ko:]pidt + H[y/ ko] pfdWr, (3.6)
which leads to the dynamics
dzy = —2uxedt + 24/k (1 — zf) dW;.
Let us consider the cost function

Vi =E[(z—1)].
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The infinitesimal change of V; is given by

AV =E [(z +dz — 1)°] —E [(2 — 1)°]
=2E [(z — l)dzt] +E [(dz)?]
= 2E [(z — 1)(—2upzsdt + 2v/K(1 — 27)dWy)]
E [{—wwidt + 2¢/k(1 — 27)dW; }?]
=4E[(1 — z;)wws] dt + 4E [r(1 — 27)?] dt
=4E [(1 — ze){ueme + £(1 + 2z¢)27 }] dt,

where we have used the relation 27 + 22 = 1. Now choosing u; = —2kz;, we have
dVy
- = —4kE [27(1 — 2)%] < 0.
Hence, the feedback law u; = —2kx; makes sure that V; monotonically decreases, and

thus the deterministic convergence z; — 1 is accomplished. (Q.E.D)

Figure 3.2 illustrates the sample paths of z;. If the feedback is not performed, z; takes

+1 stochastically. Meanwhile, we can eventually prepare the target z; = 1 by performing
the feedback control.

1 -— 1 : . .
(a) (b)
0.5 1 0.5
Zt

0 0
-05 -0.5

_1 - - _1 1 1 1 1

0 2 4 6 8 10 0 2 4 6 8 10
t t

Fig. 3.2: The sample paths of z; (a) without, (b) with MBF.

3.1.3 MBF in the imperfect setting

Above, we have seen the effectiveness of the MBF in the ideal setup. However, in prac-

tical situation, the quantum system is subjected to decoherence process induced by the
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environments. Due to it, unfortunately, there is a gap between the target state and the
controlled states. Here we add the Lindblad term generated by the decohering operator
D[M] to the SME (3.6):

dp; = —iluso,, pi)dt + DIV/ro.lpidt + DIM]pids + H[Vro)pidWe.  (3.7)

Eq. (3.7) describes the dynamics under the realistic MBF setting. As an example, we
consider the energy decay M = ,/yo_. Figure 3.3 (a) shows the sample path of z;
clearly the performance of the control severely degrades as the strength of decoherence ~y
increases. For simplicity, here we focus on the unconditional state p; = E (p§) obtained
by averaging over the measurement results. As shown in Fig. 3.3 (b), for instance, when
~v = 0.1, the reachability of E (z;) is less than 0.7. In this way, taking the ensemble average
of the quantum system allows for an analytical approach for finding the reachability of

the controlled dynamics.

—9=0.1 (b) —y=0.1
— =1
y=10

8 1(

Fig. 3.3: (a) The sample paths of z; and (b) averaging path E (z;) under decoherence.

3.2 Derivation of the distance limit

Let us consider the master equation for the unconditional state p; = E(p):

dpy

7 —i[H, E(upy)] + D[L]pr + D[M]py. (3.8)

Now we wish to minimize the cost function

Jo=1-Tr(Qp:), Q=) (Y| (3.9)
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where |1) is the target pure state and p; is the state driven by Eq. (3.8). J; represents
the fidelity-based distance of p; from the target state. As seen above, in the presence of
decoherence term D[M], in general we cannot deterministically achieve J; = 0 at some
time ¢. The main result of this chapter is to present a lower bound of the cost (3.9) in an

explicit form as follows.

Theorem 3.1 For the conditional quantum state p§ obeying Eq. (3.8), the cost (3.9) has
the lower bound at the steady state

T > Ju(l)) = (Aiu>2, (3.10)

where
A=V2(IL @) I? + I LTL ) | + 1M o) |12 + MM [) ),

U = 200/ (W H2|p) — (W HI0), @ = max{lu},
€ = L) |2 — | (I LI) > + M [ 12 — | (6l M]) |2

Proof of Theorem 3.1 As a control model, here we take the MBF setting described by
the SME, because the open-loop control and reservoir engineering are included by simply
setting the control sequence u; to be independent of the conditional state pf. First, we

take the infinitesimal change of the random variable

Je=1=Tr(Qpf), Q@ =1[¢) (Wl (3.11)

as follows:

djv = —Tr (Qdp§)
= —Tr{Q (—i[ueH, py]dt + D[L]pidt + D[L]pfdt + H[L]pfdWy)}
= Tr (iw[Q, H]py) dt — Tr (QD[L]p) dt — Tr (QD[M]pg) dt — Tr (QH[L]p;) dW:.
(3.12)

The Wiener process (i.e., the classical stochastic process), W; satisfies the Ito rule dW2 =

dt and E (W;) = 0. The ensemble average of this dynamics with respect to W} is given by

dE(j+)
dt

= Tr {i[Q, H]E(u¢py)} — Tr {QD[L]E(p})} — Tr {QD[M]E (p})} - (3.13)

Note again that u, is a function of p§ in the context of MBF control.

To give a proof, we often use the Schwarz inequality for matrices X and Y,

1
X[ lY [l > §\T1"(XTY +YTX)).
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In particular, | X||p||Y||r > |Tr(XY)| holds if and only if X and Y are self-adjoint. The

following inequality is also often used:

lpf — Qllr = v/ Tr[(pf — Q)?]
= V/Tr[(p§)? — 205Q + Q7]
2 = 2Tr(pi Q)

2Jt5

where Tr [(p§)?] < 1 and Tr(Q?) = Tr(Q) = 1 are used.
We begin with calculating a lower bound of the first term on the rightmost side of Eq.
(3.12) as

Tr (iw[Q, H]pf) > —a|Tr (i[Q, H]pf) |
= —u|Tr{i[Q, H(p; — Q)}|
> —ul[i[H, Ql[pllpy — Qllr
= —a\/Te{(iHQ — iQH)?}\/2j,
> 2\ (| H2[0) — (| H)* V7

where 4 := max{|u|} is the upper bound of the control input. Then, by focusing on the

ensemble average of this equation with respect to W;, we have

TH(Q, HIE ()} > —2ay/ (6] H210) — (| H19)%E (V77
> —2m\/ (g H21) — WIHI)VEG),

where E (v/7;) < /E(ji) is used. Next the second term on the rightmost side of Eq.
(3.12) can be bounded as

~T(QDILIG) = ~TriQ(LHEL! — SpiLIL— LptLLY)
— “TLIQL(; - Q)] - THLIQLQ) + TH(QLILQ)
~ ST(Q ~ p)LILQ + (LLQ)(Q — pf)
> I LQLIx o — @l — I LQel6¢ — Qlle + TH(LTLQ) — TH(L'QLQ)
> = (V/BUEQL + TLILQ) (LLQ) ) Vi + THILQ) - THLIQLQ)
= V2 ((ILLTY) + \WIETLRI) ) Vi -+ WIETIY) - | (0IEl) P

= —V2(I LT[0} 1 + ILTL [9) DG + 1L 1) | = | (I LIw) 2.

Hence again it follows from E ( ) < V/E (j:) that

~Tr{QDILIE (p9)} > ~V2 (IIL" [} I” + I LT L ) 1) VEGe) + 1L 1) | = [{(w|Lle) [*.
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By replacing L with M, the same inequality as above holds for M. Hence, combining the
above inequalities with Eq. (3.12) and using the definition

Je =E(je) =1 - T{QE (p{)} =1 - Tr (Qp),

we end up with

% > —U\J; — AV T + €, (3.14)

where

A= V2(IILT ) 12 + ILTL ) | + 17 o) |17 + 17D ) ]])

U =2m/ (I H21) — (I HI)?, = max{lul),
£ = 1) I? — | (1ks) 2 + 1M [ I — | 1M1 1

To have the lower bound of J; in the limit ¢ — oo, let us consider the function

flx)=-UJz — AV + &

for Vo € [0, 1]. Clearly, f(z) is a monotonically decreasing function with respect to z. Also,
from the Schwarz inequality ||L |¢) ||? — | (¢0|L|¢) | > 0, and then we have f(0) =& > 0.
Moreover, f(1) =& — A —U < 0 holds because

L 19) 17 = TH(1LQ) = S {TH{(L12Q)1Q] + THQ (L LQ)]}
< L' EQI QN = ' EQlr = 'L 1),

which clearly leads to £ —.A < 0 and hence £ — A —U < 0. In what follows, we consider
the case £ > 0. Then, from the above properties of f(x), the equation f(J.) = 0 has a
unique solution J, in (0.1]. Now suppose that J, < J, at a given driving time 7, and then
the inequality (3.14) leads to

%% NN
t=1

> —Ur\J, — AT, +E=0.

This inequality means that J; locally increases in time for ¢ > 7. Because this argument
is true for any 7 such that the inequality J, < J, holds, J; increases until J; coincides
with J,, i.e., lim; .o Jy = J.. On the other hand, for the range such that J, > J,,
the inequality (3.14) is nothing to do with the local time evolution of J; for t > 7.

Consequently, in the long-time limit we have

g 2
iz ()
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Note that the inequality is valid for the case £ = 0 as well.
Next we prove that J; > J, holds for all ¢ € [ty, 00) if the initial value J;, is bigger

than J,. For the proof we use the following Lemma,; see e.g., [64].

Lemma 3.1: Consider the real-valued one-dimensional ordinary differential equation
dx(t)
dt

If dzq(t)/dt < f(z1(t)) and f(x2(t)) < dzo(t)/dt for Vit € [tg,00) hold for the initial values
satisfying x1(to) < x2(to), then x1(t) < x2(t) holds for all t € [to, 00).

= f(z(t)), tE€ [to,00).

Proof of Lemma 3.1 A contradiction argument will be used. Suppose that there exists
t € [to,00) such that z1(t) > xo(t). Then, because x1(ty) < z2(to), there exists T > tg
satisfying x1(T) = x2(T'). Moreover, there exists h > 0 such that z1(T + h) > xo(T + h)
holds. Hence,

dxq(t) ~ lim z1(T + h) —z1(T)
dt |p o h—+0 h
> 1lim IQ(T + h) - JJQ(T) _ dxg(t) .
h—+0 h dt |rig
Then, from the assumption of Lemma 3.1
dxy(t dxo(t
flary) = B ROF ),
t 1o t o lryo

This is a contradiction to z1(T") = x(T"). Therefore, 1 (t) < x5(t) holds for all t € [tg, 00).
(Q.E.D)

Let us apply Lemma 3.1 to the case f(z) = —Uy/x — Ay/x + £. Assuming that
z1(to) = J« = {E/(A+U)}?, we have dx1(t)/dt = f(z1(t)) = 0 and z1(t) = z1(ty) = J.
for all t € [tg,00). Also, we take xo(t) = J(t), which satisfies the inequality (3.12), i.e.,
dxo(t)/dt > f(xo(t)). Thus, from Lemma 3.1, if J. = x1(tg) < za2(to) = J(to), then
Je = x1(t) < zo(t) = J; for all ¢ € [tg, 00). That is, we obtain

_£
A+U

This is end of the proof of Theorem 3.1. (Q.E.D)

2
JtZJ*:( ) .Vt € [to, 00).

That is to say, J, gives a fundamental lower bound on how close the controlled quantum
state can be driven to or preserved around a target state under decoherence. Below we

list some notable features of J,.
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Remark 3.1: Theorem 3.1 is applicable to a general Markovian open quantum system

driven by any types of control method such as the MBF or reservoir engineering.

Remark 3.2: J, is explicitly conputable, once the system operators and the target state

|t) are assigned. Thus, there is no need to solve any equation.
Remark 3.3: J, is monotonically decreasing with respect to the control magnitude .

Remark 3.4: If 1) is far away from the eigenstate of the operators L and M, then J,
becomes bigger. Conversely, if and only if |¢) is identical to a common eigenvector of L
and M, J, = 0. It is an important fact is that J, can be used to characterize a target state
that is easy (or hard) to approach by some control under decoherence. Namely, a state
|1) with relatively small value of J, can be a better candidate as the target, although in
general J, is not achievable. In contrast, we can say that the state |1)) with a large value
of J, should not be chosen as the target. In the next section, we study several control

problems with special notion with respect to this point.
Remark 3.5: Theorem 3.1 can be generalized to the case where the system is driven

by multiple environment channels, measurement probes, and control Hamiltonian; If the

system dynamics is validity modeled by the SME

dp§ = —i | > ujHy, pf | dt+ Y DLlpidt + > D[Mlpfdt+ > H[L;|p;dWr,
j J J J
we find that the lower bound is given by J, = £2/(A +U)? with

A= WZ (LS 1) 1P+ 1Ly 1) ) +\/Z 1M ) I + 110 25 1) ),

- QZW IH|) — ([ [0)°, @y = maxug |},
&= Z 15 [0} 17 = 1L Lg ) 12) + (1M [9) 17 = | (1 M1) 7).
J J
Remark 3.6: Theorem 3.1 can be extended to the case where the target state is mixed

by redefining the cost (3.9) as j, = 1 — Tr (Qp§) /Tr(Q?). Then we obtain the generalized

lower bound:

! / N 1 &' ? 2
J > JNQ) = O {2 (A/+U’> + Tr(Q?) — 1}, (3.15)
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where

A =2 (\/Tr[(LTQL)Q] +T(LTL)2Q2] + \/Te[(MTQM)2) + \/Tr[(MTMQ)Q}) ,
U = 2a/Tr(H2Q?) — Tr[(HQ)?], @ = max{|uy|},
& =Tr(LTLQ?) — Tr(LTQLQ) + Tr(MTMQ?) — Tr(MTQMQ).

Proof of Remark 3.6 By replacing j; in the proof of Theorem 3.1 with j7, (3.15) can

be proved. The infinitesimal change of j; is given by

i = s (T i011QuH1gE) dt = T [QD{LIgE e — Te QLMo de — Tr [QHILLGE] ).
(3.16)
Taking the expectation,
T — g (IQ HIE () ~ THQDILIE (5)) ~ THQDIMIE (5))) .

(3.17)

To bound the rightmost side of Eq. (3.16), we introduce the distance between p§ and Q:

o5 — Qlly = \/ Txl(p§ — Q)]
= VTr[(p§)? — 2p5Q + Q7]
< V12T (p5Q) + Tr(Q?)
< V1 —Tr(Q2) + 2Tr(Q2)7.. (3.18)

Setting u := max{|u¢|}, the first term of the rightmost side of Eq. (3.16) is bounded as

Tr (i@, H]py) = —ullilH, Qlllellpf — Qllr
= —u/Tr{(iHQ — iQH)2}/1 — Tr(Q2) + 2Tr(Q2?)J;
= —2a/Tr(H2Q?) — Tr[(HQ)2]\/1 — Tr(Q2?) + 2Tr(Q2) ;.
Then, due to the relation E(v/a + bj;) < \/E(a + bj:) (a, b > 0) we have
Te{i[Q, HIE (uypf)} > —2iy/Tr(H2Q?) — T[(HQ)Z /T — Te(QP) + 2Tx(QDE(j)).

Next, the second term on the rightmost side of Eq. (3.16) can be bounded as

~Tr(QDIL]pf) = —~|IL'QL|rlpf — Qllr — ILTLQIrIpf — Qllr + Tr(LTLQ?) — Te(LTQLQ)
> — (\/Tr[(LTQL)Q] + \/Tr[(LTLQ)T(LTLQ)]> V1= Tr(Q?) + 2Tr(Q?)j;
+ Tr(LTLQ?) — Tr(LTQLQ)
> (\BEIQLE + TELRQ? ) Vi = THQH + 7@,
+ Tr(LTLQ?) — Tr(LTQLQ).
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Then,

~Tr{QDILIE (pf)} > — <\/Tr[(LTQL)2} T \/Tr[(LTL)2Q2}> VI-TH(Q?) + 2T QPR (7))
+ Tr(LTLQ?) — Tr(LTQLQ).

The same inequality also holds for M. From the above inequalities, the differential of the
cost function J; = E (j;) = 1 — Tr{QE (p$)}/Tr(Q?) with respect to time is bounded from

below as

% 1 2 2\ 7/ ! 2 2\ 7/
& 2 o (U\/l Te(Q2) + 2Te(Q2)J] — A'\/1 — Tr(Q?) +2Tr(Q)J+8>
(3.19)
where

A= V2 <\/Tr[(LTQL)2] +TH(LTL)2Q2) + \/Tr[(MTQM)2) + \/Tr[(MTM@z}) ,
U = 2u/Tr(H2Q?) — Tr[(HQ)?], 7 = max{|uy|},
& =Tr(L'LQ?) — Tr(L'QLQ) + Tr(MTMQ?) — Tr(MTQMQ).

The inequality (3.19) has the same form as (3.14), and hence we have

dJj 1

ditt > TI.(QQ) <—Z/{/\/1 — TT(QQ) —+ QTT(QQ)Jt/ — A/\/l — TI‘(QQ) + QTT(QQ)Jt/ +5,)
> TI.(]QQ) (_ul\/l — TY(QQ) + 2TI'(Q2)J4 — A/\/]. IR TI'(QZ) + 2TI‘(Q2)J>{< + g/)
=0.

Consequently, the derivation of (3.15) is completed. (Q.E.D)

3.3 Examples

3.3.1 Qubit
The first example is a qubit system. Let the target be a Bloch representation

1) = [cosB, esinf]", (0<60<m/2, 0< < 2m). (3.20)
Here we consider the system operators

H=o0,, L=+ko, M=, /yo_. (3.21)

This is a typical characterization of MBF control [10, 24, 25, 26, 27]; L represents the
controllable dispersive coupling between the qubit and the probe field, which allows for
continuous measurement the qubit state by monitoring the output field, and thus per-

forming a MBF control through the Hamiltonian uw;H. In the ideal setting (i.e., v = 0),
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this MBF realizes deterministic and selective steering of the spin state to |0) or |1) for a

two-level system. In this setting, the lower bound is given as follows:

V2 (IL ) 12+ ILTL ) ||+ 1M ) |1 + ([ M1 1) 1)
2 (k + sin®0 + ycosh)
— 2/ (Wl H?[6) — (W] H|0)
= 2@\/1 — sin?26sin%y,
E= L) 1P = [ (@ILI) [P+ 1M ) I = | (| M[y) [*
= rsin® 260 + v cos? 6.

Then we obtain the lower bound

2
ksin? 26 4 ~ cos* 0

¥
Felr) = 2k + (sin? 0 + cos 0) + u\/2 — 2sin? 20 sin? 2¢

(3.22)

1
2
First, we consider the case x = 0. In this case, the system obeys the master equation
dpi/dt = —i[ugoy, p] + D[\/yo_]p; driven by the open-loop control input u; satisfying
|lug|] < @ and the energy decay. Figure 3.4 (a) shows the above lower bound J, when
v =1and ¢ = 0. Clearly, J, takes maximum at [¢)) = |0) and zero at |¢)) = |1). This
implies that |0) is the most difficult state to stabilize, while |1) can be stabilized exactly.
Actually, these implications are true, as can be analytically verified by solving the above
master equation; that is, |1) corresponds to the steady state of the evolution. On the
other hand, if k = 1, as depicted in Fig. 3.4 (b), J. at around 6 = 0 drastically decreases
compared to the case k = 0. This result is reasonable because, as demonstrated in Section
3.1, the dispersive coupling represented by L = y/ko, in the ideal setting of MBF makes
possible to deterministically stabilize |0). As a result, J,. takes the maximal value at
around 6 = 0.6, implying that |+) is the most difficult to stabilize.

It is also an interesting problem how the actual tightness of the lower bound J, is. Here
we compare J, to the actual distance; the steady value J., and the minimal value Jyiy
achieved by a special type of MBF control. We here take the control input u; = —2kx;
given in Section 3.1 in the numerical simulation. We compute J, and Juin by averaging
300 sample points of conditional state p§ for the case |¢)) = |0) with several value of the
ratio v/k. Figure 3.4 (c) shows that the gap between J, and J is large and hence J, is
not tight in this case. This is maybe because J, works as a lower bound for Jy,;,, as shown
in Fig. 3.4 (d). Thereby, a control strategy to reduce the gap and eventually prepare a

state close to |0) is a remaining work.

3.3.2 Two-qubits

Here we study a two-qubit system under decoherence. First, we introduce the following

Bell states, which are particularly used in the scenario of quantum information science
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Fig. 3.4: Lower bound J, as a function of 6 for (a) k = 0, and (b) £ = 1 in units of v = 1.
Plots of (c¢) J, and Jo and (d) J, and Juyin as a function of v/k with u; a special type
of MBF control input. Reprinted figure from [104, DOI: 10.1103/PhysRevA.99.052347].
Creative Commons Attribution 4.0 International license. Copyright 2019 by K. Kobayashi

and N. Yamamoto.

[49]:
) = ji<|o> 0) % [1)]1)),
WE) = (1) j0) + [0} [1)).

V2
The question here is which states is the best one controllable by any open-loop control
unde the assumption that M = 0. As discussed in the qubit case, the lower bound J, gives
a rough answer to this question. In particular, we employ the collective decay process

modeled by

M= \qo_®@I+I00o), (3.23)
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which globally acts two-atoms. Then, for instance, for the case [®T),
A=V2(|LT@%) | + |LTL12%) |) = (2+ V2)y,
E=|M[DT) [ - [(@F|M|T)[* = 7.

Thereby, together with the other Bell states, the lower bounds are calculated as

2

£\ Y

1) — 4y°
00N = o
J (%)) =0

Now, for fair comparison, we assumed that a control Hamiltonian H has the same mag-
nitude of U appearing in each J, for each states. Hence, the Bell states have different
reachability properties under realistic decoherence, although their amount of entangle-
ment are same. Clearly, |¥ ™) is the best target state in our case. In fact, |¥ ™) is identical
to the dark state of M and is accessible. Also, for all v and U, J,(|®*)) < J,.(J¥*)) holds.
This means that |UT) is the most fragile state against the collective decay process. On

the other hand, if each qubit is subjected to a local decay modeled by

M, = \/yvo_®I, My=\/YI®o_, (3.24)

we have the same bound for all Bell states as

J, = (’V)z.
2+V2y+uU
That is, in this case there is no difference between the Bell states, in terms of the reacha-
bility property.
Next, we focus on an interesting example of MBF setup; suppose that two qubits are

symmetric, which is identical to a qutrit system composed of three distinguishable states
E)y=10|,1S)=|1],1G=|0], (3.25)

where |S) corresponds to the entangled state between two qubits. Here the target state

is described by the pure state

) = [sin(6/2) cos(p/2), cos(8/2), sin(h/2)sin(p/2)]",

where 0 < 0, < 7. The MBF setup considered here is given by

. 0 —i 0 1 0 0 0 0 0
H:E i 0 —i|,L=vk|l0 0 0 |, M=yy|1 0 0
0 i 0 0 0 -1 010
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The continuous measurement through the system-probe coupling represented by L ideally
induces the probabilistic state change to |E), |S), or |G). The decoherence process M
represents the ladder-type decay |E) — |S) — |G). In the setting the lower bound
J«(J1)) = E2/(A+U)? can be explicitly given with

0 0 0 0 0 0
A=V (sin2 B + sin 2> + V2 <c052 5 + sin® B sin? g + \/sin2 2 cos? g + cos? 2) ,

0 0
U= \/§u\/1 + 00325 — sin2§sincp,

0 0 0 0 6 0
E=kK <sim22 + sin2) + (sin2 §sin2§ + cos2§ + \/siHZZCoszi + cos2> .

Figure 3.5 illustrates J, as a function of (6,¢). As in the qubit case, J.(|¢))) takes the
maximum at |E) when x = 0 [Fig. 3.5 (a)], while J,(|E)) can be drastically lowered when
k > 0 [Fig. 3.5 (b)]; that is the measurement allows for combating the decoherence and
have a chance to closely approach |E) via MBF. However, this strategy does not work for
the case of |S), because J,(|1)) is independent of k at § = 0. In general, if the target |1)) is
an eigenstate of L = LT with a small eigenvalue, then the term related to M takes a small
value as well in A and zero in €. In particular, for the dark state satisfying M |¢)) = 0, the
lower bound J,(|¢)) is independent of M. Hence, the measurement does not at all work
for decreasing J, in this case. In contrast, for an eigenstate of M with a large eigenvalue,
i.e., the excited state |E), the term related to L in A takes a large value and eventually
Jx becomes small. This implies that we may closely approach such a state via some MBF

control even under decoherence.

3.3.3 N-qubits

Here we study an atomic ensemble composed of NV identical qubits. The basic operators
for describing this system are the angular momentum operator J; (i = x,y, z) satisfying
the CCR, e.g., [Jy, Jy] = iJ,, the magnitude J? = J2 + Jg + J2, and the ladder-type
operator J_ = J, —iJ,. Here we focus on the Dicke state |/, m), which are the common

eigenstates of J, and J defined by

J.|l,m)y =m]|l,m),

J2|l,m) = 11+ 1) |I,m).

In quantum physics, m and [ are magnetic quantum number and azimuthal quantum num-
ber, respectively, and hence |m| <1 < N/2 holds [57]. Recall, if NV is even, that |[N/2, N/2)

corresponds to the coherent spin state (CSS) |O>®N

, i.e., the separable state with all the
spins pointing along the z axis, while |[N/2,0) is highly entangled. It was proven in [9, 15]
that, for the ideal system subjected to the SME (3.2) with (H, L, M) = (J,,/rJ.,0), the

Dicke state |[N/2,0) for arbitrary m € [-N/2, N/2] can be deterministically prepared by
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0.0/

Fig. 3.5: Lower bound J.(]®))) as a function of (6,¢) for (a) x = 0 and (b) x = 1, in
units of v = 1. In both cases the curved surface corresponds to @ = 0,1,5 from top
to bottom. Reprinted figure from [104, DOI: 10.1103/PhysRevA.99.052347]. Creative
Commons Attribution 4.0 International license. Copyright 2019 by K. Kobayashi and N.

Yamamoto.

an appropriate MBF control. Now using the lower bound J,, we can evaluate how much
this MBF control could work effectively under decoherence. Let M = ,/vJ_, where

Jell,m)y=VIFm)(I£m+1)|l,m+1)
and
Jyd_ = (Jo +idy)(Ju —iJy)
=2+ J) —idedy +idyJs
=J*—J2 — il J,]
=J?—J2+J.,
and likewise J_Jy = J? — J2 — J,. Then we have
A =2 (K| 1 m) |2+ kT2 m) |+ AT ) |2 4+ A1TE T (1 m) )
= V2[km® + km? + A {I(1+ 1) —m? —m} + ~{I(l +1) —m? + m}]
= V2{2em? + 29(I> + 1 — m?)},

U= ﬂ\/ll(ﬂ — J2) [Lm) 12 = | @ml (T = T [1,m) 2,
=a/{(l—-m)I+m+1)+1+m)(l—m+1)}
=V2u\ 12 +1—m2,

&= w|| T [Lm) |* = sl (L m| |l m) [P+ 3| T [1,m) 12 = 5] {4 ml T |, m)

=rm? —km? +y(l+m)(l —m+1)

=2 +1—-m?+m).
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Then the lower bound for [¢) = |I,m) is

J.(|1m)) 1 Y% +1—m?+m)
L(l,m)) = =
2 126m2+29(24+1—m2)+aviZ+1—m?

Figure 3.6 (a) shows the case of N = 20 atoms, for the target ideal Dicke state |¢)) =

|10, m). As in the above examples, we find that the measurement remarkably decreases J,
especially for the state with large |m/|, for instance, the CSS |10, 10) is almost unaffected
by the measurement. In fact, in general, for a Dicke state with large |m| <1 = N/2, such
as the CSS, the measurement term proportional to s is dominant in the denominator of
Ji«, while for highly entangled Dicke states with m ~ 0 the decoherence term proportional

to v becomes dominant. Note in particular that

kN2 +2yN + uv/2N
1 ~(N? 4 2N) 2
LN/ 0) = 5 |5 eN) .
2 |2yN2 4+ 4yN + 2uv/N? + 2N
Hence, if an ensemble is sufficiently large N — oo, we have J,(|N/2,N/2)) — 0 and

J«(|N/2,0)) — 1/8. Here we emphasize that this fundamental bound J, = 1/8 is applied
to all highly entangled Dicke states satisfying m ~ 0 and | < N/2 > 1. That is, while

2
J*<1N/2,N/2>>=[ V2N ]

no limitation appears for the case of the CSS due to the measurement effect, preparing
those highly entangled Dicke states is severely prohibited, without respect to the use
of measurement and control. This result means that, in practice, there exists a strict
limitation in quantum magnetmetry that utilizes a highly entangled Dicke states [52].
Another important subject in quantum metrology is the frequency standard, where as

a resource the Greenberger-Horne-Zeilinger (GHZ) state

|0>®N + ‘1>®N
V2

is used for estimating the atomic frequency, over the standard quantum limit attained by

IGHZ) = (3.26)

employing the product state [58]

QN
[+)#N = <|0>\2|1>> . (3.27)

The essential issue of this technique is that the estimation performance is severely limited
due to the dephasing noise [59, 60], which affects both the state preparation process and
the free-precession process. Now, using the lower bound J,, we can characterize the
performance degradation occurring in the former process. In the usual setup where no

continuous monitoring is performed, the actual system is driven by the master equation
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dp./dt = —i[H, p¢] + D[M]p., where the dephasing noise M is represented by

N
M= VA= 3yt
j=1

:ﬁ(agl)®I®I---I+-'-+I®I®...02N>)'

H is a system Hamiltonian representing an appropriate open-loop control. Now, as for

the product state

M[+)® —IZH =) 1) 1)
holds, where |—) = (|0) — [1))/v/2 appears in the jth component. This leads to
(+]|®N M|+)®N = 0 and thus

€ =M [+)*N P = [(+#V M|+)®V ] = yN.
Also, we have

MIM)N =4 [ N 42 ) =) =) 1) ]
i#]

where |—) appears only in the ith and jth components (i # j). Therefore

A= V2 (1M 0N |2 4 [t )N )

= V2yN + V6N2 — 4N~.

On the other hand, with respect to the GHZ state,

YN ([0)*Y —1)*)
\/§ )

M |GHZ) = M' |GHZ) =
MTM |GHZ) = yN |GHZ),
and (GHZ|M|GHZ) = 0, and thus
A=V2(|M"|GHZ) |* + |LTM |GHZ) )
= V2 (yN? + yN?) = 2v2yN?,
= [|M|GHZ) ||” - | (GHZ|M|GHZ) |*
= INZ[0)® = ()" |2 0 = yN2,

Consequently, we end up with

2
2.1 ( N ),
V2yN +~vV6N2 — 4N + U

N2 2
J.(|GHZ)) = (W)
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Hence, under the assumption that I/ is of the order at most VN and N, J,(|+)*") —
1/(8 + 4v/3) and J,(|GHZ)) — 1/8 in the limit N — oo, respectively, regardless of the
control techniques. From this, it is more difficult to prepare the GHZ state than the
product state, and this gap would erase the quantum advantage realized by employing
the GHZ state in the ideal setting. In both cases, the estimation performance must be
severely limited under decoherence, if the total time taken for state preparation and free-
precession process becomes longer; this is why these two processes have to be conducted

in as short a time as possible.

3.3.4 Fock state

The last example in this section is the problem of generating an arbitrarily Fock state
in an optical cavity. In the setup, in [11, 12, 14], the conditional cavity state obeys the
master equation Eq. (3.8) with

H=i(a"—a), L=1ka'a, M = Va,

where a and o' are the annihilation and creation operator, respectively. H is known
as a displacement operator moving the state. L is known as the cross Kerr coupling
between the cavity field and the probe field. This coupling induces a phase shift on the
output probe field that is proportional to the number of photons in the cavity. Hence,
by measuring the output probe field, we can obtain the information on the number of
photons and get one of the eigenstates of L, that is, a conditional Fock state. In fact, it
was proven in the ideal case (i.e., M = 0) that one can deterministically steer the state to
a target Fock state |n) by choosing a suitable MBF input u;. M is a typical dissipative
process representing the photon leakage caused by the interaction between the probe field
and the optical cavity.

Now the lower bound J, can be used to evaluate the performance of this MBF control
under decoherence. Using the relation a|n) = /n|n — 1) and a' |n) = V/n +1|n + 1), we

have

A= V2 (slla’an) |* + kllafaataln) || +~llat [n) |[* + [laa |n) |)
= 2V2kn® + v27(2n + 1),

U= 27TL\/IIZ'(aT —a) [n) [|2 = (nli(at — a)|n)”
=2uv2n + 1,
[&

€ = rlla’aln) | - &l (nla’aln) * + yllaln) | =] {nlaln)

=yn.
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Fig. 3.6: Lower bound J, for (a) the atomic Dicke state as a function of m and (b) the
optical Fock states, in unit of v = 1. Reprinted figure from [104, DOI: 10.1103/Phys-
RevA.99.052347]. Creative Commons Attribution 4.0 International license. Copyright
2019 by K. Kobayashi and N. Yamamoto.

Therefore, J, is calculated as

J 1 m i
«(In) =3 (%2 +7(2n +1) +u\/m> '

Figure 3.6 (b) plots J, when v = 1. As seen in the previous studies, the measurement
effect notably decreases J,.. However, in this case J, ~ 0 for large Fock states |n) (n 2 5)
does not necessarily mean that these states can be exactly stabilized via MBF, because it
is known that a large Fock state might be harder to prepare than a small one such as a
single-photon state |1). Thus, the lower bound only for small Fock states |n) (n < 4) has

a practical meaning.

3.4 Summary

Quantum control offers a powerful means for generating a desired quantum state, although
the actual performance of quantum control severely degrades in the presence of decoher-
ence. Therefore, to clarify the reachability, which in our scenario the distance between
the controlled state in the presence of decoherence and the target state, is of significant
importance to evaluate the actual performance of those technologies. In this chapter, we
have presented the fundamental lower bound J, of the distance between the controlled
quantum state under decoherence and an arbitrary target state. The notable points of J,
is the following two; (i) J. is applicable to a general Markovian open quantum system;
it is not necessary for specifying the control setup. (ii) J, is directly computable and
used as a useful guide for engineering open quantum systems; that is, for example, the
system operators should be configured so that J, takes the minimum for a given target

state in the reservoir engineering scenario. In particular, from the practical viewpoint, it
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is noted that the lower bound is used to derive a theoretical limit in quantum metrology;
for a typical large-size atomic ensemble under control and decoherence, the fidelity to the

target GHZ state must be less than 0.875, irrespective to the control strategy.
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Chapter 4

Quantum speed limit

In the previous chapter, we have presented the distance limit to the target state. In this
chapter, we turn our attention to time, which is a dual concept of distance. Actually,
the time is an important factor to be delicately dealt with in the quantum mechanics,
because the change of quantum states occurs in very small time interval. In particular, in
the presence of decoherence, quantum states loss its coherence immediately. Towards the
problem of evaluating the decohering time, Quantum speed limit (QSL) offers a powerful
mean.

The QSL is defined as a lower bound on the evolution time of a quantum system
evolving from the initial state to the final state. The QSL gives not only a trade-off
relation between energy and time but also the shortest time for the state change. Thus,
the investigation of the QSL is of great importance from both fundamental and practical
sides. The purpose of this chapter is to exploit applications of the QSL. The first is to
propose a new use of QSL as a measure of robust states, viewing a state with a bigger
QSL to be more robust. From this perspective, we can formulate an engineering problem
of the Hamiltonian that makes a target state robust against a decoherence. In order to
efficiently solve this problem, we present a general and explicitly computable QSL. The
second is the use for characterization of the reachable set. This approach is based on that
evolution time and distance are correlated by the QSL. As a consequence, we present a
time-dependent limit for the distance of the controlled quantum system under decoherence
with some notable examples. The topics provided in Section 4,2, 4.3, and 4.4 are based
on [105].
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4.1 Quantum speed limit for closed system

4.1.1 Mandelstam-Tamm bound and Margolus-
Levitin bound

We begin with a brief overview of the field of QSL. The first treatment of QSLs was given
by Mandelstam and Tamm [75]; suppose that a pure state in a closed system |[);) is driven
by the time-independent Hamiltonian H. In this case, the evolution time T needed for

evolving to its orthogonal state is bounded as follows:

wh
T>Tvr = ——— 4.1
= 4LMT IAE’ ( )
__ \/ 9 2 . . :
where AE := (Ve |H?|tpe) — (|H|tpy)” is the energy variance. Tyt is called

Mandelstam-Tamm bound. This inequality implies that quantum mechanics sets a
fundamental limit on the evolution time characterized by the energy variance and h.
Here we introduce another famous result in the same assumption; the Margolus-Levitin

bound [76]:

h
T Z TML = ﬁ’ (42)

where E := (¢|H 1) (we set i =1 in the following).

Proof of Mandelstam-Tamm bound and Margolus-Levitin bound There are
several approach to deriving the Mandelstam-Tamm bound and Margolus-Levitin bound
[75, 76, 77, 78, 79, 82]. Here we employ the technique provided in [81] including the
general case that the initial state and the final state are not orthogonal. We first derive
the Mandelstam-Tamm bound. Let a given initial state |¢y) be expanded with the energy

eigenbasis,

) = 3 n ),

and |n) satisfies the eigenequation
Hn) = Ey |n),

where F,, is the energy eigenvalue. The solution of the Schrédinger equation is given by

) = 3 e Ert ).

Now the fidelity between [¢o) and [¢y) is

2

Fy = | (yoltn) | =

Z ‘Cn ‘2e—iEnt

n
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The derivative of F; with respect to t is calculated as follows:
dF _ ‘ L
T = 2 D lenl el (B 4 B e e
_ Z Z ‘Cm| |Cn‘ _iEn)(eiEmtfiEnt o efiEmtJriEnt)
m n
=2 " |em|?lenl* By sin(Ept — Ept)
m n
=23 Y "leml?len]*(Bn — E) sin(Ept — Ent). (4.3)
Then, taking the absolute value of the both-side of (4.3), we have

dr,
dt

=21) "> " lem’lenl*(En — E)sin(Ept — Eyt)

<2 ZZ lem a2 (B, — B)e™ Ent—ilmt
m n

<2 ZC E,—F) { <Z|Cm|2 —iEpt—iEmt Ft)}‘

Cn <§ ’Cm‘QefiEntJriEmt _ Ft)
m

=2AE\/F, (1 - F)), (4.4)

2

< 2\/Zrc;;<En B2\

n

where we have used the Schwarz inequality. Finally, due to the relation

d 1
— arccos(V1) = —————,
dt (ve) 2\/z(1 —x)
the inequality (4.4) is
d
7 arccos(\/ F;) = AE. (4.5)

Therefore, we end up with

T> arccos(v/ Fr) .
- AFE

When Fr = 0, the rightmost side of (4.6) becomes Mandelstam-Tamm bound.

(4.6)

Next, we derive the Margolus-Levitin bound. Setting the fidelity Fy = | (¢|t);) |? = €
with the positive constant €, the overlap | (¢o|ty) | is

| (olepn) | = Vee' = Z|cn|2 (4.7)
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where 0 < 6 < /2. By comparing the real and imaginary part of (4.7), we have

[ (¥o|tbe) |] Z\cn\2cos E,t) = \/ecos¥,
[| (o) |] Z!cn|2 sin(E,t) = —/esin.
Now we consider the following inequality

cosz +gsinx > 1—ax (r,q>0), (4.8)

where a and ¢ are implicitly related as follows:

y—i—\/ (1+4?)
1+y
a(l —qy)+q
1+ g2

where y € [r — arctan(1/q), ™ + arctan(q)]. With respect to (4.8), setting z = E,t and

siny = ,

multiplying |c,|? and summing over n, we have
Vecosl — qy/esin® > 1 — aEt,
where the mean energy F = (¢|H¢) = 3 |cn|*E,. Then

. 1 —/e(cos® — gsinf)  afe)
- aE - aE’

This is the Margolus-Levitin bound including the case that the two states are not or-
thogonal. Then, the inequality means that the minimal time Tqgr,(€) needed for e is
limited
a(e)
E Y
1
a(e) = ming {maxq {1 — Ve(cos ) — qsin&)}} .
a

When e = 0, the Margolus-Levitin bound is obtained. (Q.E.D)

Tosi(e) =

4.1.2 Quantum speed limit for open quantum system

A recent interest in the field of QSL is the generalization to open quantum systems [87, 88,
89]. In particular, Del Campo has derived an explicit QSL for Markovian open quantum

systems based on the angle between two states

O, := arccos {Tr (pope) } -
Suppose that p; is driven by the master equation

dpy

i —i[H, pt] + D[M]p;
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Under the assumption that H and M are time-independent, the evolution time is bounded

as follows:

1—cosOr
|i[H, po] + DT[M]pollr

In this thesis we call Thc the Del Campo’s bound.

T Z TDC = (49)

Proof of the Del Campo’s bound The time evolution of ©; is given as follows:

1—T1"(/)0Pt)2

= si;;t Tr {po (—i[H, pt] + D[M]ps) }
1

= sue, TG o] + DI [M]po)oi}

IN

i[H DM
o, NilH: ol + D' [M]pollx il

< |7[H, po] +DT[M]PO||F~

sin @t

Then, integrating the above inequality from ¢t = 0 to T yields Tpc. (Q.E.D)

When the system is closed, M = 0, the denominator of Tpc is given

liLH, polle = v2y/ (ol H2|o0) — (ol Hlwo)?,

which is the energy variance in the initial state. Thereby, we can say that Tpc is a certain
kind of a form of the Mandelstam-Tamm bound. In the next section, we will analytically

compare Tpc with our bound that will be presented in the next section.

4.2 New explicit QSL

4.2.1 Setup and derivation

In Chapter 3, we have employed the SME for deriving the lower bound J,. However,
in general it is difficult to treat the stochastic term dW; for analyzing the time of state
evolution. Hence, in this chapter we consider the master equation:

dp:

P = ilH, p] + DM (4.10)

Now for simplicity suppose that the Hamiltonian H and decoherence M are time-
independent, and the initial state is pure py = |¢o) (¢o|. Next, we employ the

fidelity-based distance from the initial state as a cost function:

Vi=1-"Tr(popt) - (4.11)
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This takes the maximum when p, is orthogonal to pg, and the minimum is achieved only
when p; = pg. This is why, a new lower bound, that is, the minimum time of the time
T needed for the cost (4.11) to evolve from V; = 0 to a given Vi € [0, 1], is given by the

following:

Theorem 4.1  For the quantum state p; obeying the master equation (4.10), the cost
(4.11) has the lower bound:

2\ 2C C
T>T, =2+ 221 , 4.12
Tzt [C+IC)\] (4.12)
with
K = V2[i[H, po] + D' [M]po]r,
C = || M |vo) I = | (ol M|4bo) |2,
A=+/Vr.
Proof of Theorem 4.1 The dynamics of V; is given by
vy dpy
2V halidd
dt g <p0 dt )
= —Tr{po (—i[H, pe] + D[M]p:)}
— T {(ilpo, H] — D' [M]p0) p1} . (4.13)

To derive an upper bound of the rightmost side of Eq. (4.13), we use two inequalities; the
Schwarz inequality || X ||p||Y||r > |Tr(XY)| and

lpe — polle = \/Tr[ (pr — po)? ]

= \/ Tr [p7 — 2pepo + )]
< V2 —2Tr (pepo)

= /2V,.

Using these, the rightmost side of Eq. (4.13) is upper bounded as follows:

Tr { (ilpo, H] — D' [M]po) p }

= Tr { (i[po, H] — D [M]p0) (p: — po)} — Tr (poDF[M]p0)

= Te{ (i[H, po] + DT [M]po) (po — pr)} + T (MTMpo) — Tr (M po M po)
< ||i[H, po] + DI [M]poll - lpr — polle + [|M [¢bo) [|> — | (ol M J3bo) |?

< V2li[H, po] + DI [M]polle\/Vi + |M [¢ho) || = | (vho| M [h0) |,
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Combining these with (4.13), we have

% <KvVi+C, (4.14)

where

K = V2|ji[H, po] + D' [M]po| ¥,
C = M [tho) I = | (ol M [v0) |*.

Then by integrating the inequality (4.14), from 0 to 7', we end up with Theorem 4.1.
(Q.E.D)

Likewise the distance limit J,, T also gives a fundamental lower bound on the evolution

time. Here we list some notable points of 7.

Remark 4.1: T, has an explicit form in terms of (pg, H, M, \). Thanks to this, 7 is
straightforwardly calculated once those parameters are given, and thus it is not necessary

for solving any equation.

Remark 4.2: T, is monotonically decreasing with respect to the magnitude of the
decoherence M. This means that, the state evolution can become faster as the decoherence

becomes bigger.

Proof of Remark 4.2 Let us show that T, is monotonically decreasing with respect to
the strength of the decoherence, v, which is defined by setting M = /7 M’ with fixed M.
In terms of v, we can express K and C as K = y/ay? + by + ¢ and C = d~y, where (a, ¢, d)

are non-negative constants and b is a constant. Then T, can be expressed as

2\ dry
+— In
Vayi+by+c  ay?+by+ec

and 0T, /0 is calculated as

dy

dy+ M\ay? +by+c

T, =

)

oy K3 K4

T, (2ay + )X 2d(ay? —¢) I [ IC)\] d(by + 2c)A
C

R R ISV

The goal here is to show 9T, /dy < 0. The proof is divided into three cases: a'y2 > c,

av? = ¢, and ay? < c. First, for the case ay? > ¢ we have

T < (2ay +b)A  2d(ay? — ) KA(KA+2C)  d(by +2c)\

oy = T KT 28(Kat0) | KB(CEEN
y2
- 0,
Y(C+ KN —
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where the inequality In(1+ ) < z(x +2)/{2(z + 1)} for x > 0 is used. Next, for the case

ay? = ¢,

oT, A2
=— <0.
0y Y(C+ KN —

Lastly, for the case ay? < ¢, we have

OT. _ (2ay+Db)A N 2d(avy? — C)IC)\ln (C + le\) d(by +2c)A
oy K3 ICON C IC3(C+ KN)
~ (2ay +b)A n 2d(ay? —c¢) 2K2?\? d(by + 2c)A
- K3 oA 2C+ KX K3(C+ KN
B —\? 2d(c — ar?)
- K2(C+ KN 2C+ KA )’

<2a7 +b+

where the inequality 2(a — 3)?/(a + B8) < (a — ) In(a/pB) for a, 3 > 0 is used. Now,
2ay + b > 0 immediately leads to 0T, /0y < 0. If 2ay + b < 0, the above inequality can

be further calculated as

T < —A2(2a7?* + by)(2C + KN) 2\2(ay? - ¢)

9y = AKEC+ENECHEN KR+ KN (C - KN
= AH2CK? — (4C + KX) (292 + by)}
- FK2(C + KN (2C + KN

<0. (QED)

Remark 4.3: T, is monotonically decreasing with respect to K for a fixed C.

Proof of Remark 4.3 Let us calculate 07T, /OK:
% — _l )\ + g ln L _ % l ln C _|_ >\
oK K2 K C+ KX\ K2 | K C+ KX\ C+KA

2 kA A

where &k = C/K. Then from the inequality In(1 + x) < (2 + z)/2(1 + x) for x > 0, we

have

o, __ 2 {H kA (M) 2+ A/k)

oK — K2 PR 2(1+ \/k)

} =0. (Q.E.D)

In general, a closed system with bigger Hamiltonian H evolves faster, although this
dynamics can be changed by the decoherence effect M in the case of open quantum
systems. Intuitively, U corresponds to the amplitude of such an effective Hamiltonian. In
Section 4.4, we will see that the monotonically decreasing property of T, with respect to
KC is the key point for formulating the Hamiltonian engineering problem for robust state

preparation.
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Remark 4.4: 7T, can be straightforwardly generalized to the case where the system is
subjected to multiple decoherence channels and Hamiltonians. In this case T, is given by
(4.12) with

K =2\ ilHj, pol + > DI Mjlpo|
j j -
C = (I1M; [¢bo) I = | (o] M; |o) |*) -
J
Remark 4.5: T, can be extended to the case where the initial state pg is mixed. By

redefining the cost (4.11) as V/ = 1 — Tr (pop¢) /Tr (p3), we can derive the generalized
QSL:

T>T. =

RV / / I/
2Ny = N) | 2C [c +IC>\O}, (415)

[ R Y
where
K" = V2l[i[H, po] + D' [M]po]r,
C'=Tr (MTpoMpo) — Tr (MTMpj),

X = /1 Tr (p3) + 2Tx (03) Vi/ V2.

Note that if pg is pure, the lower bound (4.15) is equivalent to (4.12).

Proof of Remark 4.5 By replacing V; with V/, T can be derived in the same manner

as the derivation of T,.. The distance between py and p; is

o = polle = |/ Tx [ px = p0)’]

= \/Tl" 7 —2ptpo + )

< \/Tr — 2Tr (pepo) + Tr (p3)

Also, the upper bound of dV} /dt is given as

avy —1 dPt
- T
it Tr(p?) ( dt

1
- Tr(pg)Tr [po (—i[H, pt] + D[M]py)]

= 2y (T LG, o] + DI M1po) o = po)] = T (M Mg8) + Ti (M pod )
1
(P5)
1

Tr(p5)

o

IN
o

(Ili[H, po] + DY [M]pollellpe — polle +C’)

o

IN

(K'N' +¢"), (4.16)
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where

= V2[[i[H, po] + D' [M]po|r,
C'=Tr (MTpoMpo) — Tr (MTMpj),

= /1= Tr(p}) + 2Tr(pR)V/ V2.

By integrating the above inequality (4.16), we end up with the speed limit extended to

the mixed state:

2 C’ C' 4+ K'X;

with
= V2|[i[H, po] + D'[M]po|r,
C'=Tr(MTpoMpo) — Tr (MTMpF) . (QED)

4.2.2 Comparison to the previous QSL

Recall the Del Campo’s bound provided in Section 4.1:

1 —Tr (popr) _ V2\2
|i[H, po] + D[ M]pol| K

Likewise T, Tpc is also explicitly expressed once the parameters (pg, H, M, \) are given.

TZTDC =

(4.18)

This fact is indeed the key point for engineering a system having a robust initial state
po in terms of QSL. Note that, to our best knowledge, no explicit expression of QSL for
open quantum systems has been developed, except for T, and Tpc. Thereby, it has an

important meaning to compare the tightness of T, and Tpc. Let us examine the following

Tj];*c {QICAJFIQC(;l {cfm]}\/]icv
)

= T M

ratio:

where k = C/K. Note that from Schwarz inequality we have

K = V2|[ilH, po] + D' [M]pollr - ||po]lr
> V2|Tr { (i[H, po] + D' [M]po) po} | = V2C,

hence 0 < k < 1/v/2. First, T./Tpc is a monotonically decreasing function with respect

o ([ T. V2 1 A 1
= =Y ) _“nl1+2 -
8k(TDc> A{ )\n[+k]+k‘+)\}
V21
=2 U

to k, because

A 1Y,
k+X k+X) 7
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Fig. 4.1: The 3-dimensional plot of the ratio of bounds, T./Tpc, as a function of k €
[0,1/+/2] and A € [0,1]. Reprinted figure from [105, DOI: 10.1103 /PhysRevA.102.042606].
Creative Commons Attribution 4.0 International license. Copyright 2020 by K. Kobayashi

and N. Yamamoto.

where we used In(1+ z) > z/(1 + z) for z > 0. Now, when k£ = 0 or equivalently when
the system is closed (i.e., C = 0), then T./Tpc > V2/A > 1. Together with the above
monotonically decreasing property of T, /Tpc with respect to k, hence, T is tighter than

Tpc if the decoherence is small. Next, T, /Tpc decreases with respect to A, because

o ( T. V2 o 2v2k A V2k 1
— =——+ In 14> - ——
N \ The A2 A3 k A2 k4 A
SQ _1+2k+/\_ k _o,
A2 E+X  k+ A\

where we used In(1 + z) < 2(2 + x)/{2(1 + z)} for x > 0. From this inequality, T\
works as a tighter bound than Thc, in the region R (po) with small radius A\, which can
be quantitatively seen in Fig. 4.1, which plots T./Tpc as a function of k € [0,1/v/2]
and A € [0,1]. The yellow-colored region shows the set of parameters (A, k) such that
T, > Tpc. Note that, when the decoherence is weak (i.e., k is small) and R (pp) is small
(i.e., A is small), then T, works as a much bigger lower bound for the escape time 7', than

Tphe.
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4.3 Examples

4.3.1 Qubit

The first example is a qubit system consisting of the excited state [0) = [1,0]T and the
ground state |1) = [0,1] 7. Let the initial state py = |1bg) (¥o| be

o) = [cos B, e sinf] T, (0<6 < /2, 0<p<2m).
Here we assign the system operators
H=wo,, M = /v0,.

H rotates the state vector along the z axis with driving frequency w > 0. M represents

the dephasing noise with decay rate v > 0. In this setup, the QSL is given by (4.12) with

K = V2|jiw[o, po] + D' [0]p0llr

= 2\/72 (cos? 20 + sin? 26 sin” ) + 4w? sin? 20 + 4w~y sin® 26 sin 2,

C=1llow lpo) I = | (sholoaltbo) |

=~ — ysin® 20 cos? .

Figure 4.2 (a) shows T for the initial state satisfying ¢ = 0, as a function of 6, for a
fixed value A = 0.1. That is, this figure shows the lower bound of the escape time when
the state starting from |tg) = [cosf,sin 6] "
T, = \/(w|sin260|), which is plotted with the red solid line; in this case the state simply

rotates along the z axis, and thus the state near |0) or |1) remains inside Rx(po) for all

first exits from the region Ry(pg). If v = 0,

time, then T, — oo holds. Also T, takes the minimum at § = 7/4, simply because the
state on the equator of the Bloch sphere, i.e., |[+) := (|0) + |1))/v/2, changes the most.
Thus, in our definition, |+) is the most fragile state. If v > 0, the dependence of T on
0 remarkably changes, as depicted with the blue dashed and green dotted lines. Again,
A = 0.1 is chosen. When (w,v) = (0,1), Tx — oo at 6§ = 7w/4; that is, |[+) is the most
robust, because in this case |+) is a steady state of the master equation dp;/dt = D[M]p;.
This means that |[4+) does not change under the influence of this decoherence and the state
around |+) remains in Rx(po) for all time. On the other hand, when (w,~v) = (1,1), Tk
takes a finite time for all , meaning that the state may escape from Ry (pg) at a certain
time for any pg.

Now, recall that T, is a lower bound of the exact escape time 1. Hence, it is worth
comparing these quantities to evaluate the actual tightness of T. For this purpose, here
we set w = 0 and choose the initial state [¢)g) = |0). In this case the master equation

|
dpt/dt = D[M]p; yields a simple solution Tr (popr) = (1 +e~27T) /2. As a consequence,
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we obtain T and T, as follows:

7L In[1 — 2\%,
2y

=2 L
72y
Figure 4.2 (b) shows the plots of 7" and 7 in unit of v = 1, as a function of A; in particular,
the gap between T and T, are close to zero when A is small, which is reasonable because
the state will take a short time to escape from a small region R (pg). However, this gap
becomes bigger, as A becomes large. This fact suggests us to use T, especially when A is
small.

Next, let us see the ratio T, /Tpc discussed above, especially for the following setup:
H=wo,, M =./yo_.

The initial state is set to the superposition |¢y) = |+). In fact, this example demonstrates

the difference of the two lower bounds more drastically than the above setup. We now

have I = 1/48w? + 11~42/4 and C = /16, and thus

T, = -8 A+ 7 In
V48w? + 1172 40/4802 + 1172
4y/2)2
VA8w? + 1172
Then T /Tpc depends on only v/w and A = v/Vp. Figure 4.2 (c) shows the plot of % /Tpc,

as a function of /w, for each values of A\. As expected from the discussion in Subsection

g
v+ 44/48w2 + 1172]> ’

Tpc =

422, T, /Tpc increases as v/w becomes small for all A, and also it becomes bigger for
smaller A\. That is, T, is a tighter bound than Tpc, if the decoherence is relatively small
and the region R (po) is small.

Lastly, we examine the QSL for the mixed initial state. Let the initial state be

po =p|0) (0] + (1 —p) 1) (1],

where 0 < p <1/2. When p =0 or 1 the state is pure, whereas when p = 1/2 the state is

maximally mixed. The system operators is assigned as

H=wo,, M =./yo_.
Then the extended QSL 77 is given with
K' =V2(1 — 2p)\/42 + 2w2,
C' = p(1 —2p),

= p— %+ Tr(popr),

Ao = Vp—p?
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Fig. 4.2: (a) The lower bound T as a function of #, for several values of (w,~). For all
cases, A = 0.1. (b) Comparison of the exact escape time 7" and its lower bound T, as a
function of A, where v = 1 is fixed. (¢) The ratio T%/Tpc, as a function of y/w, for several
values of \. (d) The extended bound 7 as a function of p, for several values of (w,~)
and Tr (popr) = 0.9. Reprinted figure from [105, DOI: 10.1103/PhysRevA.102.042606].

Creative Commons Attribution 4.0 International license. Copyright 2020 by K. Kobayashi

and N. Yamamoto.

Figure 4.2 (d) illustrates T, as a function of p ( 7, has a symmetric form with respect
to p = 1/2). In the limit p — 1/2, i.e., po — (1/2)I, T, — oo. Indeed, the initial state
po = (1/2)I never changes by any Hamiltonian and decoherence. This means that the

maximally mixed state (i.e., the most classical state) is most robust against the state

change, although it has no advantage in quantum mechanics.
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4.3.2 Two-qubits

Next we study a two-qubits system. Let us reconsider the Bell states defined in Section

3.3 again:

9%) = (10} o) 1) 1)
1
v

In Section 3.3, we have discussed their reachability properties under a specific decoherence.

0F) = —=(11)10) £ 10) [1))-

Now, our interest is which state is the most robust under a given decoherence. As seen
in the above example, comparing T, of these states gives a rough answer to this question.
Here we assume that the system is subjected to the collective noise M = \/7(0- @I +1®
o_) and H = 0. For the state |®*) = (|0) |0) £ [1) [1))/v2, K = v/57 and C = . Then,

for the same A, the QSLs are calculated as

T.(|o%)) = Nl = In[1+ 2],
ﬂ(mz;—;MH%]

Also T (|¥~)) — oo due to £ = 0, which is equivalent to that |¥~) is identical to an
eigenstate of M. Hence, |¥~) is the most robust Bell state in our definition. Moreover,
T.(|®*)) > T.(|¥T)) always holds, and thus |[¥T) is the most fragile state to this M.
Together with the result given in Subsection 3.3.2, we can conclude that |¥~) is the best
state in terms of reachability and robustness. Note that, for the case of the non-collective
(local) decoherence modeled by M; = VYo @I and My = /41 ® o, we have

7= 22 2

VEy 5

for all Bell states. That is, in this case there is no difference of states in robustness, and
especially for |®*), the robustness against the collective or non-collective decay does not

change in terms of QSL.

4.3.3 N-qubits

Next we consider an ensemble composed of N identical qubits. Recall the product
state of the superposition |+)®" = (|0) /v2 + [1) /v2)®" and the GHZ state |GHZ) =
(10Y®N 4+ 11)®*")/v/2. As mentioned in Chapter 3, |GHZ) is a powerful resource in quan-
tum metrology such as the frequency standard and enables us to estimate the atomic
frequency with error of the order 1/N, while 1/v/N is the best order in the case of |+)®"
[58]. However, in a realistic situation, the system is always subjected to decoherence such
as the dephasing noise M = \ﬁZj\le o ), which erases the advantage of using |GHZ)
[59]. In Chapter 3, we have concluded that the GHZ state is harder to prepare than the
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product state by comparing of J, for two states. To evaluate the undesired effect caused
by the dephasing noise in the language of QSL, here we examine 7T, of those two states.
Now, for simplicity, suppose that the magnitude of the system Hamiltonian H is much

smaller than the decoherence strength . Using the relation given in Subsection 3.3.3

M|+)%% = M |4)® —WZH =) )14

MM )Y =y [ N2V 423 [ =) =) )
i#]
N(|0)*Y — [1)®7)

M|GHZ) = Mt |GHZ) = L NG :

MM |GHZ) = vN |GHZ) ,
we can obtain the pairs of (IC,C) as
(K,C)(1+)*N) = (v/6NZ 2N, 4N ) ,
(K,C)(|GHZ)) ~ (2yN?, yN?).

These expressions lead to T, (|+)*") ~ O(1/N) and T,(|GHZ)) ~ O(1/N2), for fixed
A and 7. Therefore, although |GHZ) can ideally improve the estimation accuracy, it is

harder to prepare and more fragile than H—)@N

4.3.4 Fock state

Finally, we see the behavior of T}, in the case of ideal Fock state with n photons under the
photon leakage modeled by M = /ya. Following the example in Chapter 3, we set the

initial state to be pg = |n) (n| and the system Hamiltonian to be H = iw(a’ — a). Then,

K =V2| —wla" = a, po] + ¥D[a]pollr = /w?(8n + 4) + 12(4n2? + 4n + 2),

C =1llaln) |* =yl {nlaln) [* = yn,

and thus we obtain the QSL

A
Vw2(n+1) +92(n2 +n+1/2)

T(|n)) =

N yn

+ In
w2(dn+2) +v2(2n? 4+ 2n+1) yn 4+ /w2(8n + 4) + 72(4n? + 4n + 2) A

Figure 4.3 shows T (|n)) for each pair of (w, 7). As the initial photon number n increasing,
T, decreases, implying the natural fact that a large Fock state is fragile to the photon
leakage. When n = 0, i.e., the vacuum state, each lower bounds takes 0.1, because there

is no photon to be leaked.
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Fig. 4.3: T, as a function of n for each (w,~y) when A = 0.1.

4.4 Robust state preparation based on quan-
tum speed limit

4.4.1 Quantum speed limit as a measure of robustness

Let us consider the situation that a pure initial state py = |1o) (¢9| and a value of radius
A = /Vr are specified. This means that we are specified a region R (po), which is the
set of all states whose distance from pg is less than A. That is, as depicted in Fig. 4.4, A
can be interpreted as the radius of a circle region R (pg). Then the evolution time T of
the cost V; for evolving from Vj; = 0 to V has the meaning of the time that the state first
exits from Ry (pp). Thus, if T is large for a given A, the state p; starting from the initial
state po takes a long time to exit from Ry (po). In this case, we can say that pg is robust
against the decoherence M. Conversely, if we choose another initial state p{, and find that
the evolution time 7" is smaller than T for the same value of ), this means that the state
faster escapes from R (pf) (Fig. 4.4). In this case, the initial state pj, is largely affected
by the decoherence and can be easily changed; that is, pj is fragile. From this idea, it is
natural that the QSL T.(po) can be used to characterize a robust initial state py against
a decoherence M. More precisely, for a certain A, the state py with a large value of T} is
guaranteed to take a longer time 7' than T to escape from R (po). Also, in this thesis
we define that po is more robust than pj, when Ty (pg) > Ti(pp), although this does not
always lead to T'(pg) > T'(py). Moreover, for a given pg and a relatively small value of
A, it has an important meaning to suitably design the system operators such that T (po)

becomes larger, to protect pg against the decoherence M. In this section, we discuss this
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engineering problem, especially in the case where H is the design object.

Po Po

Ra(po) Ra(ko)
Fig. 4.4: Robustness of the quantum state. (Left) If T, (po) is large, the quantum state

pr must take a long time to exit from the region Ry (pg) with fixed radius A. This means
that pg is robust. (Right) If T, (p{) is small for the same A, then p; may quickly exit from
Rx(pj). This means that p{, fragile compared to py. Reprinted figure from [105, DOL:
10.1103/PhysRevA.102.042606]. Creative Commons Attribution 4.0 International license.
Copyright 2020 by K. Kobayashi and N. Yamamoto.

4.4.2 Hamiltonian engineering for robust state prepa-
ration

In the examples given in Section 4.3, we identified a robust state py = [1o) (10|, under
given decoherence and system Hamiltonian by comparing the QSL 7. In this section, as
an application of this idea, we discuss designing an optimal Hamiltonian that maximizes
T, given a fixed initial state pp and decoherence M. More specifically, our purpose is to
find H that protects py against a given decoherence M by maximizing the lower bound
of the escape time of the state from a region initialized at pg.

Here we give a mathematical explanation of this problem; maximizing T, with respect
to H is equivalent to minimizing /C, because, as verified above, T, is a monotonically

decreasing function with respect to K. Now we see the function:
. 2
K2 /2 = Tx[(i[H, po] + D[M]"po)’]
— v (—[H, po]2) + 2T (ilH, poDIM]'po) + Tr [(D[M]" po)?]
. 2
=2 (Tr (H?po) — Tr (HpoHpo)) + 2Tx (i[H, po] DT [M]po) + Tx[(DT[M]po)]
Then, we consider the following cost function:
F(H)=Tr (H?po) — Tr (HpoHpo) + Tr (i[po, DI [M]po|H) ,

which is equivalent to K?/4 — Tr[(D} [M]pO)Q]/Q. Here it is clear that F'(H) is a convex
quadratic function with respect to H, and thus the optimal Hamiltonian H,p, can be

systematically determined. Note that this tractable problem can be formulated due to
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the explicit form of the QSL; recall that this was indeed the motivation to derive T, and
compare it to Tpc.
In order to have H,,y = argmingF(H), we calculate the matrix derivative of F(H)
with respect to H:
OF(H)
0H

= (Hpo + poH)" —2(poHpo)" +i ([PmDT[M]Po])T ;

where we have used the following matrix formulae [100]:

iTr(XA) =A",

0X
£(Tr(X2A) = (XA+AX)T,
;XTr(AXAX) =2(AXA)T.
Hence, H,p satisfies
Hopspo + poHopt = 200 Hoptpo + ilpo, DT [M]po] = 0. (4.19)

This is a simple linear equation with respect to H, for a given py and M. Thus, H,,¢ can

be efficiently computed by solving Eq. (4.19).

4.4.3 Example

Let us again consider the dissipative qubit system. We choose the decoherence as M =
V/Yo—, and the initial state to be protected as [¢) = [1/2, V/3/2]. Also, we parametrize

Hgpi as

Hopt =U10; + U204y + U304,

where (u,us,u3) are real-constant parameters to be determined. Then by solving the

linear equation (4.19) we have

V3
16 s
Uy = —\/§)U3.

Ug =

The term ui0, + uzo, always commutes with pg = |[¢g) (19| when u; = —v/3us. Thus,
only the term of uso, has an effect on the dynamics of V; given in Eq. (4.11). Figure 4.5
(a) shows the evolution of V4, in the following three cases: H = Hop, H = 0 (i.e., the
system is simply decohered), and H = o,. The decoherence strength is chosen as v = 1.
It is clear that H,ps makes longer the time for the state escaping from Ry (pg) for any
A = /Vr, than the other two cases. In particular, when H,p is applied, the state remains
in the region Ry (po) with radius A = /1 — 0.9, for all time. From a physical viewpoint,

this result is attributed the fact that the anticlockwise rotation around the y axis with the
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driving frequency v/3v/16 combats the undesired dynamics caused by the decoherence.

Next, we study a qutrit system. We adopt the decoherence as the ladder-type decay

Y

- o O
o O O

0
M=\~|1
0

and the initial state as [¢o) = [1/2, 1/v/2, 1/2], which corresponds to the vector of
the qutrit with § = ¢ = w/4. The control Hamiltonian to be determined can be fully

parametrized as

8
Hopt = Z uiAi, (4.20)
i=1

where {A;}3_, are the Gell-Mann matrices defined as

[0 1 0] [0 —i 0] [ 0 0
A]_: 1 0 5A2: ? 0 0 5A3: -1 0 )
00 0 0 0 0
[ 1] [0 0 —i ] [0 0 0
A4— 0 ,A5— 0 0 0 7A6: 0 1 )
i 0 0 10
[0 0 o0 oo
Ar=100 —i|.As=— 101 o0
7 ‘ 1 8 \/g
i 0 00 -2

Note that these matrices form an orthonormal basis set in SU(3). In this setting, using

(4.19), we obtain the condition

2v/2u; + Bus + 2ug — 2v2ug + V3ug = 0,
3ug + 2uy — V3ug = 0,

3v2us + 2us — V2u7 = —7,

8us + 8v2u7 = —.

Under this parametrization, the terms with coefficients (u1,us, us, ug, us) in Hop always
commute with pg, hence they do not affect on the dynamics of V; as well as K. Figure 4.5

(b) shows the time evolution of V;, in the cases of H = H,p,¢ with the parameters

(uz,us, ur) = (—3v27/16, 0, —v/27/16)

and compares it to the cases H = 0 and S, = |E) (E|—|G) (G|. We can find that certainly

H = H,,; makes the escaping time longer, though the advantage over the other two cases
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Fig. 4.5: Time evolution of V; in the case of (a) qubit driven by H = Hpt (blue solid
line), 0, (red dotted line), and o, (green dashed line). Also the case of (b) qutrit driven
by H = Hopy (blue solid line), 0, (red dotted line), and S, (green dashed line). Reprinted
figure from [105, DOI: 10.1103/PhysRevA.102.042606]. Creative Commons Attribution
4.0 International license. Copyright 2020 by K. Kobayashi and N. Yamamoto.

is not so big compared to the previous qubit case. It is assumed that, as the dimension of
the system becomes higher, the effect of H,, against the noise becomes small, although

we cannot say for certain.
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4.5 Time-dependent limit for reachability

In Chapter 3, we have discussed the reachability problem under decoherence and presented

the distance limit for a general open quantum systems. However, the limit works only for

the steady state of the controlled system and the transition time has not been considered.

In general, the reachable set usually depends on the transition time, hence it is natural

to take time constraints into account for rigorously analyzing the reachability problem.
Let us show the QSL T, again:

2\ 2C C
> = — 4+ —
r=1 K*Kﬂn&+nJ’
where
K = V2[li[H, po] + D' [M]po]r,
C = ||M o) I = | (ol M [vo) |*.

This inequality means that the evolution time 7" and the fidelity-based distance A =
V1 = Tr(popr) implicitly correlated. Furthermore, T, is monotonically increasing with

respect to \ as

0.

= — —_ — = >
ox K KC+ KA C+KX—

From the above facts, if the parameters characterizing the system’s evolution (po, H, M, T)

0T, 2<1 c K ) 2\

are specified, A has a time-dependent limit;
When the system is closed, the explicit upper bound \* is easily obtained:
KT
R
On the other hand, when the system is open, it is impossible to obtain the explicit

A<\ =

expression of A*. Then, we further bound T} from below:

oA 2 KAT . 20 2C (KA/C)(2 + KA/C)
7> _ LM 222
K K?n[*'c}-ﬁ K2 2(1+K)/C)
)\2
T CHAN

where the inequality In(1 4+ z) < x(2+z)/{2(1 + )} (x > 0) has been used. As a result,

A* for open quantum systems is as follows:

T+ /(KT)2 + 4CT
/\g/\*::lc + (IC2)+C.

4.5.1 Example

We first consider the dynamics of the open qubit system characterized by the following
setting:

o) = [cos O, sinf]", H=wo,, M=,/q0_,
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which leads to

K= \/272 cos? 260 + (4w? + 42 /4) sin? 26,

C = ycos* 0.

Figure 4.6 (a) shows \* when v = 0; in this case A* = w|sin 20|T takes zero at |¢)g) = |0)
or |1) for each T'. This means that |0) or |1) does not change because those are the steady
state of the equation dp;/dt = —i[H, p;]. Meanwhile, \* takes maximum at [ig) = |+),
corresponding to that T, takes minimum at |¢g) = |+) when (w,v) = (1,0) as shown in
Fig. 4.3 (a). Importantly, in a given evolution time 7' = 0.5, A can only take at most 0.5,
i.e., the final fidelity Frr = 0.5. Figure 4.6 (b) shows A* when v > 0; A* takes the maximum
at |tg) = |0), implying that |0) is mostly driven by the decoherence. In particular, it is
noted that the state cannot reach its orthogonal state for 7' = 0.1, 0.3, while the initial
state with 6 < 57.3° may reach its orthogonal state for the sufficient time T = 0.5.

Next, we study a unitary gate implementation of the qubit system. Let a target 2 x 2

unitary gate be followed by

% cos 2 ei% sin 8
Ula,B) = L2 , 2, 4.21
(2, 5) —e"5gin8 e % cos 2 ( )

2

[\

where 0 < a < 27, 0 < 8 < m. The control Hamiltonian is chosen as
H = w0, + us0,.

Note that U(a, 8) can be implemented by suitably choosing u; and us for sufficient time.
Also, let the initial state be = [cosf,sind]" and the final state be |¢7) = U(a, B) |¢o)-

Now the lower bound T (|1)) is calculated as follows:

2¢/1 = [(¢o|Y7)|?

T. (|40)) = !
VI [@olUT0) P
V Wol 2 ko) — (ol Hwo)?
- \/ 1 — cos2(a,/2) cos2(8/2) — sin®(a/2) cos?(20 + 3/2)

|ug cos 20 — ug sin 26|

(4.22)

Figure 4.6 (c) shows Ty (a, ) in case of § = 0 for each driving times T' = 0.3, 0.5, and 0.8,
and fixed values u; = 1. The colored area is the all sets satisfying (4.22) and the white
area is the one that does not satisfy (4.22). For instance, when 7' = 0.5, the inequality
T > T.(|to)) is saturated at = /3. In this case, the unitary operator (4.21) is

1 \/ge’% eis
U(Oé,ﬁ) = 5 [ —ei% \/ge_l% ] Y
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which leads to the final fidelity Fr = |(1o|tr)|> = 0.75. This means that we can only
steer the state to that with fidelity 0.75 at most in 7" = 0.5. Next, if § = /4, the lower
bound is

_ Isin{(a = B)/2}]

|uz|

T.(a, B)

As depicted in Fig. 4.6 (d), the reachable set is remarkably changed from Fig. 4.6 (c).
Note that Ti(a, ) takes zero at U(0,0) = U(27,0) = I and U(w,7) = io,. In this
case, the final fidelity is Fr = [{(¢o|tb7)|* = |(¥0]|U|0)|* = 1, hence there is no difference
between the initial state and the final state in terms of the distance. On the other hand,
T, (e, B) is maximized at U(0,7) = U(27,7) = —io, and U(w,0) = io., and in fact those
gates cannot be prepared even if T' = 0.8. Indeed, this result is reasonable because the final
states for each gates are |17) = —ig, |o) = [1, —1]/V2 and |[¢7) = io, |[vo) = [i, —i]/V/2,
which are identical to the orthogonal states to |t¢g); that is, those gates are the one that
generates the state that is far from the initial state. In this way, by means of the QSL Ty,

we can characterize the implementable gate in a certain control time.

4.6 Summary

The main contribution of this chapter is to exploit the usage of QSLs. The first is to
propose an idea to use the QSL to characterize robust quantum states of a given open
quantum system. Based on this view, we have formulated the engineering problem of a
Hamiltonian that makes a target states robust against a decoherence. In this engineering
problem, it is important for the QSL to be explicitly computable. In order that, the QSL
derived in Section 4.2 indeed satisfies this requirement and further it is tighter than another
known QSL in a setup where the decoherence is small and the region R (pp) is small.
In addition, the Hamiltonian engineering problem is proven to be a convex quadratic
optimization problem, which is efficiently solvable. Several examples have been studied,
in particular showing another view of the fragility of the GHZ state in quantum metrology.
The second is the application to characterization of reachability. This approach is based
on that the fidelity-based distance A and evolution time T are related by the inequality
T > T.(M\). As a result, we have obtained the explicit upper bound A* depending on
T. Compared to the control limit J, given in Chapter 3, the advantage of A* is that A*
can take a meaningful value except even if the system is closed. Due to this, A* can be
used for characterizing the implementable gate in a given control time, as illustrated in
Subsection 4.5.2.



Chapter 4 Quantum speed limit 65

Co 10

: 1 | (@) —— T=0.1 - ()
08 Ty oo LR 3 N R

-~
~~
~
S
~

Fig. 4.6: \* as a function of # for each evolution time 7" when (a) v = 0 and (b) v = 1,
in unit of w = 1. Reachable set of the unitary dynamics of the qubit when (c) § = 0 and
(d) 0 =7/4 for T = 0.3 (green area), T'= 0.5 (red area), and 7' = 0.8 (blue area).
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Chapter 5

Conclusion

5.1 Conclusion

This thesis is motivated by the two questions posed in Chapter 1: (i) How close the
controlled quantum state can be steered to a target state under decoherence? (ii) How
long can we preserve the controlled system around at the target state? Aiming to give
answers to these fundamental questions, we have provided the distance and time limits
for a dynamical quantum system under decoherence by means of reachability and QSL.
Chapter 3 has studied the distance limit for a controlled open quantum system under
decoherence. First, Section 3.1 has shown the performance of the quantum control (i.e.,
MBF) for the imperfect case under the decoherence and presented the idea of analyzing
the problem. Based on it, Section 3.2 has derived a fundamental limit for the reachability
under decoherence; more specifically, we present a lower bound of the fidelity-based dis-
tance between the controlled quantum state under decoherence and the target state. This
lower bound has advantages in generality and computability; that is, it can not only be
applied for a general open Markovian quantum system driven by the decoherence process
and some types of control method, e.g., the open-loop and MBF controls and reservoir
engineering, but also is straightforward to calculate without solving any equation. More-
over, thanks to its generic form, the lower bound gives a characterization of the target
state that is largely influenced by the decoherence. Thereby, as demonstrated in some
example, the lower bound provides a useful guide for choosing the target. Importantly,
providing deep insight into quantum engineering, the lower bound is used to derive a the-
oretical limit in quantum metrology; for instance, for a typical large-size atomic ensemble
under open-loop control and dephasing noise, the fidelity to the target (the GHZ state or a
highly entangled Dicke state) must be less than 0.875, irrespective of the control strategy.
Chapter 4 has studied a limit on the evolution time of a Markovian open quantum sys-
tem driven by the decoherence in terms of the QSL. The main contribution of this chapter
is twofold; First, we have proposed to use the QSL as a measure of robust quantum states;

that is, for an undesirable state evolution driven by decoherence, we consider the initial
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state pp with a larger QSL to be robust against a decoherence. Based on this idea, we
have formulated the engineering problem of the control Hamiltonian that protect an ideal
initial state against a given decoherence. In this engineering problem, it is important
for the QSL to be explicitly computable; the QSL derived in Section 4.2 indeed satisfies
this condition and further it is tighter than another known QSL in the setup where the
decoherence is small and the region Ry (po) is small. In addition, the Hamiltonian engi-
neering problem is proven to be a convex quadratic optimization problem. Thanks to this,
the problem is efficiently solvable. Some examples have been investigated, in particular
showing another view of the fragility of the GHZ state in quantum metrology. Second, we
have applied the QSL to the characterization of the reachability for a decohering quantum
system; that is to say, we have derived the time-dependent upper bound of the distance
from the initial state based on the QSL presented in Section 4.2. The notable points of
this approach are the following two: (i) It is possible to take the control time into account
for the reachability analysis. (ii) A meaningful bound can be obtained even if the system
is closed. A particular interesting example characterizing the gate implementation in a
given control time has been given. We believe that the results given in this paper will

provide a new perspective of the QSL as a tool in quantum engineering.

5.2 Future work

For the result given in Chapter 3, an important remaining work is to explore an achievable
lower bound and develop an efficient strategy for synthesizing the controller (e.g., MBF
control input) that achieves it. We have not found the condition to reach the bound. If
the amount of energy usable for control u increases, we expect that the distance between
the state and the target becomes smaller. However, I increases and as a result the lower
bound J, also becomes smaller. Hence there is no guarantee that the gap between the
actual distance and its lower bound J, becomes exactly zero. A similar result is obtained
for the case of decoherence strength, as demonstrated in Fig. 3.4 (c); if the strength
of decoherence decreases, then both the actual distance via some control and the lower
bound J, becomes smaller, but we cannot say these values coincide at some point of time.

For the result given in Chapter 4, the derivation of the QSL T, is based on the
assumption that the system operators (H, M) are time-independent. To develop more
strategic Hamiltonian engineering, the extension to the case that the system dynamics
has a time dependent Hamiltonian H; is an interesting work. That is, the state p; obeys
the master equation

dpy

dt - _i[Htvpt] + D[M]ptv
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to have the QSL T (po), from the inequality (4.14)

dVs

where KC; = v/2|[i[Hy, pi] + D [M]p¢||r. In this case we can possibly make KC; smaller than
the case time-independent H by suitably designing H;, instead of not being able to have a
general explicit bound. Another important work is the generalization to the case that the
system is under the continuous measurement. In fact, the time required for the continuous
measurement has not been carefully considered, especially in the MBF scheme. Also, few
works of the QSL related to the MBF has been proposed, except for [101]. Therefore, the

QSL including the continuous measurement is the important work in the field.
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Appendix A: Proof of Some Inequali-

ties

Here we prove the following inequalities used in Chapter 4:

x z(x +2)
1+x<ln(1+ x) < 2w +1)

(x> 0),
and

2(a — p)?

2 <@-pm(5). @pzo.

(A1)

(A.2)

First, we prove the inequality (A.1). The lower bound is simply proved by considering

the inequality In(1 + z) < z for x > 0. By replacing 1 + = with 1/(1 +

x), we have

z/(1 4+ x) < In(l + z). The upper bound is proved by using the Schwarz inequality for

x > 1 as follows:

T du r du x2—1
| = — < d —
)= [y [ [ e =i pety

Then, by replacing = with 1 4+ x, we have the upper bound.

Next, to prove the inequality (A.2), we introduce the following relation:

2(z —1)
z+1

<lIn(z) (z>1).

Now consider the function

o - fn(3)- 2252}

w(5) ="
= e

w(0) < Sa )
S eaih AL

When o > 3,

F(a, ) =

o
When a < 5, {
o
o

(A.3)
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Therefore, the inequality (A.2) holds for all a, 8 > 0.

Figure A.1 (a) and Figure A.1 (b) illustrate the tightness of Eq. (A.1) and Eq. (A.2),
respectively. The gap of (A.1) becomes small if z is small [Fig. A.1 (a)]. Figure A.1 (b)
shows that the (A.2) is tight over all (a, ), and thus it gives a better estimate on the

analysis.

(b)
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Fig. A.1. Plots of (A.1) and (A.2).
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Appendix B: QSL based on J,

Actually, the lower bound J, given in Chapter 3 is related to a QSL. We consider the
evolution time 7' such that, for the cost function J; = 1 — Tr(ppp:), an initial cost Jy
changes to a final cost Jr; both Jy and Jr are specified, e.g., Jo = 1 and Jpr = 0.1. As

proven in Chapter 3, the cost function J; satisfies

dJ,
CT;Z_(A+M)\/E+5' (B.1)
Because we are interested in the decrease of the cost, we assume Jy > Jr > J, (as J, is
not generally achievable under decoherence). Then, by integrating the above inequality

(B.1) from Jr to Jy, we have

TzT*::Aj_u{\/fo—\/ﬁJr\/Zln(m)}. (B.2)

T, is the QSL that gives a lower bound of the evolution time of the cost function. Likewise

Jx, the lower bound T, is applicable to several control setting including feedback and
reservoir engineering. The lower bound T is different from other QSLs for open quantum
systems such as Del Campo’s bound Tpe. Also, for a closed system, (i.e., the case A =
& = 0), the lower bound takes the form T, = {2(v/Jo—+/J7)} /U, which has the same form
of some known QSLs such as the Mandelstam-Tamm bound and Margolus-Levitin bound.
Finally, for the case of qubit control problem that aims to change the ground state |1) to
the excited state |0) under decoherence M = /Yo, and the driving Hamiltonian H = uo,
with (u,~y) constant, the lower bound T, is calculated as T, = (2 —2+v/Jr)/(v/2y+u). For
instance when v =wu =1 MHz and Jpr = 0.1, then T}, ~ 0.566us.
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Appendix C: Application of QSL to
Glover’s Problem

The Grover’s problem is the database search problem developed in [102]. The purpose here
is to find the target state | M) among the N orthonormal state |0), |1),---|M),---|N —1).
Classically, the computational time is IV steps in average T'~ O(N). On the other hand,
the quantum algorithm outperforms the classical one and we find speeding up 7' ~ O(v/N).
Here we verify that the minimal time for required for the Glover’s algorithm is order
O(\/N ) by using our QSL T.. We consider the total Hamiltonian

Hy =(1- f)H; + fHp,

Hy=1-g)(gl,
Hp =1—|M) (M|, (C.1)

where 0 < f; <1, fo = gr = 1 and fr = go = 0. In the Grover problem, we start from
|g) which is the ground state of H; at t = 0, and the state is driven to |[M) which is the
ground state of Hp at terminal time ¢ = T". The relation of |g) and | M) is

(i) = . (C2)
In this setting
ltr?la) = 2 (1ol = = 1)) (lo) ~ < 1))
— f <1 - }V) , (C3)
lttlo)? = (alf: 1a) ~ < 1))

= f2 <1 - ]17)2 (C.4)
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Therefore, the lower bound T} is calculated as

TGP
" VglH?lg) — (9lHilg)?
-5
= ~O(N). (C.5)
fo) & (1= %)

As a result, we find that the computational time scales with O(\/N ).
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