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𝐸𝑎𝑐𝑡  Active (mechanical) energy 

𝐸𝑎𝑝𝑝  Apparent (mechanical) energy 

𝐸𝑒  Voltage in electrical circuit 

𝐸𝑠  Young’s modulus of screw shaft 

𝐸𝑑 Energy dissipated by inherent damping capacity of machine 
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𝐸𝑝 Energy produced by positive work of cutting force on CWS 

𝑓𝑐  Chatter frequency 

𝑓𝑠 Frequency of (sinusoidal) spindle speed variation 

𝑓𝑠 Swing frequency 
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𝐹, 𝐹𝑞 (𝑞: 𝑥, 𝑦, 𝑧) Cutting force in Cartesian coordinate system 

𝐹𝑐 Resultant cutting force on CWS 

𝐹𝑑𝑖𝑠  Disturbance force 
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𝐾𝑏1 Axial stiffness of motor side bearing 

𝐾𝑏2 Axial stiffness of anti-motor side bearing 

𝐾𝑚  Torque coefficient of servomotor 
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𝐾𝑟  Total stiffness of feed screw system 

𝐾𝑠  Axial stiffness of screw shaft 
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𝑚𝑝 Arbitrary integer in variable pitch cutter principle 

𝑀,𝐶,𝐾 (Modal) mass, damping, stiffness, respectively 

𝑀𝑎  Total movable mass in rigid body motion (= 𝑀𝑚 +𝑀𝑡) 



Nomenclature 

vii 

 

𝑀𝑚(= 𝐽𝑚 𝑅2⁄ )  Equivalent value of 𝐽𝑚 in translational motion 

𝑀𝑡  Movable mass 

𝑀𝐸𝐹 Mechanical energy factor 

𝑀𝐹𝑇 Moving Fourier transform 

𝑀𝑃𝐹 Mechanical power factor 

𝑛𝑚 Number of waves in the vibration mode 

𝑁𝑐 Number of teeth 

𝑁𝐿 Number of minute disk elements (i.e., divisions along axial depth of cut) 

𝑁𝑟 Number of tooth passes 

𝑁𝑤 Number of samples corresponding to the calculation window length 

𝑝 Index number (e.g., tool number) 

𝑝𝑟 Intermediate variable representing eigenvalue 

𝑃𝑎𝑐𝑡 Active power 

𝑃𝑎𝑝𝑝 Apparent power 

𝑃𝑐 Complex power 

𝑃𝑟𝑒𝑎𝑐𝑡 Reactive power 

𝑃𝐹 Power factor 

𝑞 (𝑞: 𝑥, 𝑦, 𝑧) Vibration displacement in X-/Y-/Z- direction  

𝑞𝑐  Dynamic displacement in a certain vibration direction in 3D space 

𝑟𝑎 Acceleration rate 

𝑅𝑎 Surface roughness 

𝑅𝐴 Relative variation amplitude of SSV (i.e., RVA) 

𝑅𝑒 Resistor 

𝑅𝐹 Relative variation frequency of SSV (i.e., RVF) 

𝑅𝑟  Transformation coefficient for rotational to translational motion (= ℓ𝑝/2𝜋)  

𝑅𝐹 Regeneration factor 

𝑅𝑉 RV factor (= 𝑅𝐴 × 𝑅𝐹) 

𝑠 Laplace operator 

𝑆  Spindle speed 

𝑆𝑛𝑒𝑤  New spindle speed after update in discrete spindle speed tuning 

𝑡 Time  

𝑡𝑏, 𝑡𝑒 Integral time section for calculating net inflow energy: [𝑡𝑏, 𝑡𝑒] 

𝑇𝑎  Delay time for servo amplifier 

𝑇𝑚  Total delay time in numerical differential and signal transmission at motor side 

𝑇𝑠  Sampling period 

𝑇𝑠𝑓  Friction torque 

𝑇𝑡  Total delay time by numerical differential and signal transmission at stage side 

𝑇𝑤 Calculation window time length 

𝑇1, 𝑇2, and 𝑇3 
Dead time in phase lag compensation for signals of motor current, motor angle, and 

stage position, respectively, for sensorless cutting force estimation 

𝑢 Certain input signal 

U, V Rotating coordinate system UV 
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𝑥, 𝑦, 𝑧 Displacement in X-/Y-/Z-axis (𝑥 only indicates its physical quantity in Chapter 3) 

X, Y, and Z Cartesian coordinate system XYZ 

𝑋𝐴 Absolute stage position from the motor side bearing 

𝑋𝑚(= 𝑅𝛩𝑚)  Equivalent value of 𝛩𝑚 in translational motion 

𝑋𝑟 Relative displacement (𝑋𝑚 − 𝑋𝑡) 

𝑋𝑡  Stage position 

𝑣  Velocity 

𝑊𝑎𝑐𝑡 Active mechanical power 

𝑊𝑎𝑝𝑝 Apparent mechanical power 

𝑧 𝑧 operator 

 

Greek symbols 

𝛼 Time-varying directional dynamic milling force coefficient 

𝛼𝑐  Constant for proportional damping 

𝛼𝑟(= 𝑀𝑡 𝑀𝑚⁄ )  Inertia ratio  

𝛼0 Time-invariant average directional dynamic milling force coefficient 

𝛽 and 𝛾 
Directional angles of vibration on the plane parallel and perpendicular to the 

principal force direction, respectively 

𝛽𝐿 Helix angle 

𝛿 Unit step function to judge tooth engagement 

𝛥𝑎𝑝 Thickness of each minute disk element 

𝛥𝐶𝑎  Variation in total damping coefficient 

𝛥𝐾𝑚  Variation in torque coefficient 

𝛥𝑀𝑎  Variation in total movable mass 

𝛥𝑆 Difference of spindle speed between two tools 

𝛥𝑋𝑡 Amount of movement in stage position 

∆𝜀𝑐  Phase difference between regenerative waves 

Δ𝜃𝑝  Optimal pitch angle difference 

Δ𝜏 Difference between tooth-pass periods of two tools 

Δ𝜔𝑐 Maximum frequency shift in the modulated signal 

𝜖𝑒 Sum of squares of the residuals 

𝜀c  Phase shift between present and previous vibration left on the machined surface 

𝜁𝑚  Damping ratio of rotational elements 

𝜁𝑟 Modal damping ratio 

𝜁𝑡  Damping ratio of translational elements 

𝜂  Chip flow angle 

𝜃 Spindle rotating angle 

𝜃𝐼𝐸  Phase difference between current and voltage in AC circuit 

𝜃𝑝 Pitch angle 
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𝜃𝑠𝑤 Swing angle 

𝜃𝑣𝐹 Phase difference between velocity and load force in mechanical system 
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𝜃𝑥𝐹 Phase difference between displacement and load force in mechanical system 

𝜃0  Offset angle in tool swing motion 
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𝛩𝑚  Motor angle 

𝜆r  Eigenvalue 
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𝜓𝑐 Initial vibration phase 

𝜔 Angular frequency 

𝜔𝑐 Chatter angular frequency 
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Matrices and vectors 

𝒂𝒍 Denominator coefficient vector of digital filter (𝑙 ∈ ℕ0) 
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𝒃𝒍 Numerator coefficient vector of digital filter (𝑙 ∈ ℕ0) 
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1. Introduction 
 

1.1. Overview of self-optimizing machining systems 

For the final product to exhibit the required functions and costs, the machining accuracy 

and efficiency of the components must be improved. The shape accuracy of the machined 

parts depends on the motion accuracy of the machine tools for feeding and positioning the 

cutting tools and workpiece to the desired location. Generally, the motion accuracy of the 

machine tools is required to be less than 1/10th of the shape accuracy of a part. If a 

machining accuracy of 10 μm is required, a machine tool that cuts this part must have a 

motion accuracy of 1 μm or less. As the superiority or inferiority of the machine tool’s 

performance determines the production capacity and considerably affects the 

competitiveness of the products, each country positions the machine tool industry as a 

strategic key industry and makes intensive effort for advanced development [1].  

The technology of machine tools has been deepened to attain highly accurate and 

efficient machining with high-precision and high-speed positioning. In the United States, 

the world's first numerical control (NC) machine tool was developed at the MIT Servo 

Mechanism Research Center in 1952 against the backdrop of an early mass consumption 

society. The advent of NC machine tools enabled the automation of machining, which was 

impossible to be achieved with analog/manual mechanical control, and then realized a mass 

production system by improving the machining efficiency and homogenization of machining 

accuracy. Positioning accuracy and speed of machine tools have been considerably improved 

through the continuous development of element technologies for feed drive systems, such 

as trajectory generation and control algorithms, mechanical drives and guides, amplifiers, 

motors, and sensors [2]. Additionally, the multi-functionalization of machine tools for 

process integration (e.g., five-axis machine tools equipped with two additional rotary axes) 

is a mainstream technological development to cut complicated geometry parts with high 

efficiency and accuracy as well as automatization [3,4]. Super multi-tasking and multi-axis 

machine tools, such as the mill turn center [5], a hybrid machine with a laser for additive 

manufacturing and/or quenching [6,7], and a built-in robot machining center [8], have also 

been developed. 

Automation using computer technology, such as NC machine tools, is the 3rd industrial 

revolution following the 1st industrial revolution, in which power was generated using 

steam engines, and the 2nd industrial revolution, in which power was revolutionized using 

electric power and motors. Now, the 4th industrial revolution is strongly expected with the 

background of a shift to the variety and variable production type (i.e., mass customization), 

accompanied by diversified needs and shortened product lifecycle [9]. It aims to optimize 
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the entire production/manufacturing process to enhance its reliability, efficiency, and 

flexibility by completely using sensor network technologies, denoted as “Internet of Things 

(IoT)” and virtual digital tools/simulations. An effective use of sophisticated signal 

processing techniques, including artificial intelligence (AI) and machine learning (ML), is 

also expected. This concept is currently summarized by the term “Industry 4.0,” which was 

first launched by Germany in 2011. Since then, some other concepts have also been 

launched in other countries, such as “Industrial Internet” by the United States (2012), 

“Manufacturing Industry Innovation 3.0” by South Korea (2014), “Made in China 2025” by 

China (2015), and “Connected Industries” by Japan (2017). The efforts made for 

transforming the manufacturing system are being promoted and accelerated worldwide. 

In the machine tools field, the concept of a highly intelligent system, denoted as “self-

optimizing machining system (SOMS),” has emerged to satisfy the above demands. In 

SOMS, the manufacturing tasks, ranging from the process design to the part inspection, 

are seamlessly and circularly connected by rich process-related data with or without 

involving the virtual models and simulations (Fig. 1-1 [10]). Coupling the physical and 

virtual entities is known as the “cyber-physical system” [11,12] or “digital twin” [13]. 

Alternatively, using reduced-order mathematical models with only sufficient fidelity, 

instead of full-dimensional virtual entities such as finite element (FE) model, is called 

“digital shadow” [14].  

SOMS aims to flexibly adapt to the ever-changing manufacturing circumstance and 

constantly optimize the control strategies/settings for process–machine interaction. In the 

 

Fig. 1-1 Self-optimizing machining systems [10] (The figure is used with permission from Elsevier.) 
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most ideal case, this should be done autonomously. According to [10], SOMS comprises the 

following 10 functionalities (Fig. 1-1).  

① Trajectory planning (CAD/CAM) considering characteristics of process, machine, and 

controller 

The first manufacturing task is to define the process kinematics and tool paths, as 

well as machining parameters and process-related conditions, by using CAD/CAM 

systems. In addition, trajectory generation from the NC code through real-time 

interpolation and filtering in the CNC system is included. However, the functions of 

these systems are independent of each other in the modern manufacturing system. 

Additionally, these functionalities do not account for the machine tool dynamics. An 

open and high-level interconnection among CAD/CAM, CNC, and machine-tool 

dynamics is required. Recently, Sudo and Aoyama proposed an integrated CNC system 

platform to interoperate the characteristic information belonging to CAD, CAM, NC, 

operator, and machine through a shared database for realizing accurate machining 

(Fig. 1-2) [15]. Sencer et al. [16–19] proposed several methods for shaping reference 

motion trajectories to avoid unwanted inertial vibration while considering the 

machine structural dynamics. Additionally, Dumanli and Sencer [20,21] proposed a 

novel method in which the reference trajectory was modified based on a data-driven 

model of the feed drive system, to achieve perfect tracking. 

② Couple simulation of process–machine interactions (considering models of process, 

machine, and/or controller) 

The process simulation considering process–machine interaction, known as virtual 

machining technology, is also essential [22,23]. The simulated results should be fed 

 

Fig. 1-2 Integrated CNC system platform [15] (The figure is used with permission from Japan 

Society of Mechanical Engineers.) 

 

Design

information

Machining

technology

information

Machining

shape

Machining

resource

information

Machining

execution

information

Knowledge

machining

site

CAD

CAM

Interpreter

Management

Motor

Controller

Machine

tool

Record

Machining

command

Reference

Machining shape

Link

Machining

execution log

Sharing database

Integrated CNC system platform



Chapter 1 Introduction 

4 

 

back to the process design step. The most typical enabling technology is stable process 

planning by utilizing the stability lobe diagram (SLD) [24,25], which is 

comprehensively described in subsection 1.4.1. To compute SLD and simulate the 

process, commercial software systems (e.g., CUTPRO®) have been developed. 

③ Prediction of machining results (geometry and surface resulting from process-

machine-controller interactions according to process planning designed by CAD/CAM) 

The total inspection of machined parts using a virtual model is summarized as 

“virtual meteorology” (Fig. 1-3 [26]), which is highly expected to realize a total 

inspection and zero-defect production system [27]. The surface topography is 

simulated by calculating the cutter-workpiece engagement (CWE) while integrally 

coupling various information such as the sensor/servo data, FE analysis (FEA), and 

mathematical model of process-machine interactions [26,28]. Here, the calculation 

time is not a trivial problem to achieve online virtual inspection in real time or semi-

real time. In this case, the digital shadow approach, which constructs an essential 

mathematical model, is a practical solution [29]. 

④ Multi-physical monitoring (sensor-based process and machine-condition monitoring) 

This part represents process and condition monitoring by using single- or multiple 

sensors. Fujishima et al. [30] developed a conceptual sensory machine tool that can 

acquire a huge volume of sensing data into the NC or programmable logic controller 

(PLC) through the developed interface boards and Ethernet (Fig. 1-4). Möhring et al. 

[31] also developed a sensory machine tool equipped with sensing fixture and an 

adaptive sensory milling spindle. Additionally, Möhring and his colleague developed a 

state monitoring system for the wear of a ball screw by measuring the preload of a 

double nut using a thin film-like sensor [32]. 

 

Fig. 1-3 Measured and simulated surface structures in a chattering process [26] (The figure is 

used with permission from Elsevier.) 
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⑤ Autonomous adaptronic machine components (including actuators with monitoring 

and control functions to directly influence the process-machine interactions) 

Intelligent components integrating an actuator with the control function, as well 

as monitoring and signal processing functions, can directly influence the machine or 

machining process state. A piezoelectric actuator is the most frequently used tool in 

this filed for various objectives/applications, such as vibration-assisted machining for 

difficult-to-cut materials [6], vibration damping including chatter [33–35], and 

compensation of tool deflection [31]. Especially, the functions of a piezoactuator are 

often integrated in a spindle as an intelligent spindle unit [36,37]. The mechatronics 

technologies for machine tools are also summarized in [38]. 

⑥ Model-based teach-less monitoring and its recalibration (digital-twin/digital-shadow 

process and machine-condition monitoring) 

In model-based teach-less monitoring techniques, the reference information of the 

processes is generated/parameterized in a virtual simulator, and can be utilized to 

determine the threshold for certain decision-making without trial-and-error and/or 

extracting high-value process information from the sensor signals (Fig. 1-5) [39]. 

Therefore, it is expected to realize highly flexible adaptation for mass customization. 

As an exemplary application, Altintas and Aslan [40] detected tool breakage by 

comparing the cutting torque estimated in real time from the motor current with that 

simulated based on the process model and CWE at each tool position. Consequently, 

 

Fig. 1-4 Sensory machine tool with sensing data storage system [30] (The figure is used with 

permission from Elsevier.) 
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the tool breakage was robustly detected under the adaptive threshold determined by 

referring to the simulation result. Nouri et al. [41] converted the measured cutting 

force signals into the dimensions of the cutting force coefficient using the mechanistic 

milling model and nominal CWE during the process. As the cutting coefficients are 

normalized parameters, tool wear monitoring was realized independent of the cutting 

conditions. Note that the accurate derivation of CWE along the tool path is a key part, 

as only the abnormal tool states need to be separated from the natural signal variation 

due to CWE variation [10].  

To ensure the integrity of the monitoring system, deterioration detection and 

recalibration of the simulator or sensor system is also essential. In [31], a procedure 

was developed to calibrate the sensory fixture system by comparing it to the force 

sensor signal integrated into the spindle. To address the variation in the environment 

and/or system state, Putz et al. [42] showed how a self-adaptive monitoring system 

can be realized by detecting whether the system is in equilibrium.  

⑦ Machine simulation including mechanical, thermal, and control behaviors 

The virtual machine tool technology configured by a full FE model or a rigid and 

flexible multi-body model reduced from the FE model can be utilized for not only 

developing a new machine tool in the design phase but also optimizing the machining 

process by evaluating it in a computer simulation environment. In particular, a multi-

body model comprising rigid links connected through flexible springs allows the 

virtual assessment of the interaction between a specific CNC control model and 

 

Fig. 1-5 Concept of model-based teach-less process monitoring [39] (The figure is used with 

permission from Elsevier.) 
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machine tool structure, as well as the modification of control parameters based on the 

simulation [43,44]. Moreover, the virtual machine tool can be integrated into the 

numerical cutting process simulation (i.e., simulation of process–machine interactions 

in ②) and improve its fidelity [45].  

⑧ Control-integrated monitoring (based on servo information inside CNC controller) 

The most basic representation of this part is the process/condition monitoring 

performed using the internal information acquired in the CNC of machine tools, such 

as motor torque, stage position response obtained by the linear encoder, and the motor 

angle response obtained from the rotary encoder. The motors and encoders are usually 

installed relatively far from the cutting point. Nevertheless, the internal information 

still contains rich information regarding the process over a wide frequency band; hence, 

it is also important to use this information effectively. Many previous studies have 

proved that the internal information can be effectively used to detect abnormal process 

states, such as tool wear [46–49], tool breakage [40,50–52], and even high-frequency 

chatter vibration [53–55].  

⑨ Process control (changing process parameters provided by CNC controller) 

To realize SOMS, process-control parameters, such as feed rate [40,56–58], stage 

position [59], tool posture [60], and spindle speed [61], must be modified adaptively in 

conjunction with the process monitoring system. Besides the process monitoring 

system, the adaptive process control system may also involve a specific process model 

for establishing the optimal control strategy. Process control especially focusing on 

chatter is presented in section 1.4 

⑩ Feedback of workpiece quality data (for calibrating the 3rd functions) 

The machined surface appears as the final output for all system inputs related to 

the machining process. In ultimate ideal cases, the intelligent components of SOMS 

are self-adaptively modified/calibrated by learning the input–output relation of the 

machining system, and consequently, the desired machined surface can be obtained 

even in the different machining parts and materials. The developed on-machine and 

in-process surface metrologies can be used as enabling technologies, which are 

summarized in [62]. 

 

More detailed description and enabling technologies are summarized in [10]. SOMS 

covers a very wide range of components, and several enabling technologies have been 

developed, especially in the last two decades. Nevertheless, an intensive implementation 

and combination of each functionality is not state of the art in the industry and requires 

further research and development [10].  
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This dissertation is oriented to SOMS for chatter vibration, and especially addresses 

the 8th and 9th functionalities presented in Fig. 1-1. For chatter monitoring, a sensorless 

cutting force estimation technique, only composed of the internal information of machine 

tools, is employed, and a novel detection algorithm is proposed. Additionally, chatter control 

strategies are proposed in turning/boring, parallel turning, and parallel milling processes 

based on the corresponding chatter models constructed considering the process–machine 

interaction. The only prerequisite for all proposed chatter suppression systems is 

measurement of the chatter frequency, and no additional actuators are required for chatter 

control. This chapter first reviews the existing chatter monitoring and 

avoidance/suppression techniques, and then, presents the aim of the dissertation. 

 

1.2. Basic comprehension of chatter in machining 

Chatter vibration in machining processes, resulting in low surface/shape quality, 

catastrophic tool/machine damage, and limited machining efficiency, is a classical problem 

first raised in the research field in the late 1950s. Even today, it remains a significant issue 

in the manufacturing sector, as evidenced from the increasing publications on chatter, and 

poses a more serious issue when considered in conjunction with the recent trends of highly 

efficient and/or flexible-parts manufacturing as well as lightweight machine structures 

required for energy-saving [63–65].  

The abnormal vibration in machining processes is roughly classified into forced 

vibration and (self-excited) chatter vibration. Forced vibration is further divided into force 

disturbance type and displacement disturbance type. Additionally, the self-excited chatter 

vibration can be classified into regenerative type and mode coupling type (Table 1-1 [66,67]). 

The displacement disturbance-type forced vibration is generated by the vibrations from 

motors, gears, bearings, and floors, and does not depend on the machining process. 

Therefore, it cannot be avoided by changing the tools and machining conditions. The basic 

Table 1-1 Abnormal vibration in machining processes [66,67] 

Vibration Type Factor 

Chatter 

Regenerative chatter 
Regenerative effect caused by previous vibration left 

on the machined surface 

Mode coupling chatter Coupling of multi-directional vibrations 

Forced 

Force disturbance  

(Process-related) 
Intermittent cutting, serrated chip, etc. 

Displacement disturbance 

(Non-process-related) 

Bearing, gears, motor cogging, rotor imbalance, jerk 

of machine tool, air/oil pressure fluctuation, floor 

vibration, etc. 
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countermeasures are isolating/suppressing the vibration source or improving the machine’s 

dynamic rigidity and/or damping. In contrast, the force disturbance type is process-

dependent; hence it is important to optimize the machining conditions. For instance, in case 

of intermittent cutting, such as milling, a periodic cutting force fluctuation composed of a 

tooth-passing frequency and its harmonics excites the machine as a disturbance. When this 

synchronizes with the resonance frequency of the machine, a large vibration develops as 

forced vibration. Therefore, the spindle speed should be shifted so that an integer multiple 

of the tooth-passing frequency does not synchronize with the resonance frequency. 

Self-excited chatter vibration is an instable phenomenon in which vibration develops 

due to the transfer characteristics of the cutting process and machine structure (i.e., 

process–machine interaction), even though there is no forced vibration source.  

Fig. 1-6 shows the mechanism of regenerative chatter vibration. In this figure, it is 

assumed that the tool flexibly vibrates in a particular vibration. The present tool vibration 

(i.e., inner modulation) is transcribed to the workpiece by the machining process, which will 

cause variation in the uncut chip thickness in the consecutive cut (i.e., regeneration as a 

previous vibration denoted as outer modulation). Consequently, the fluctuation in the 

cutting force generated by the fluctuated uncut chip thickness excites the machine tools 

again, and its present vibration is also transcribed to the workpiece. This process-inherent 

closed-loop phenomenon is well-known as the regenerative effect, and the process becomes 

unstable when its closed loop is in an unstable condition.  

Some researchers [68–73] have discussed the regenerative chatter mechanism from the 

 
Fig. 1-6 Schematic of basic mechanism of regenerative chatter vibration: (a) 𝜀𝑐 = 0, 2𝜋, (b) 0 < 𝜀𝑐 < 𝜋, 

(c) 𝜀𝑐 = 𝜋, (d) 𝜋 < 𝜀𝑐 < 2𝜋. 

 

Uncut chip thickness in first half cycle of tool vibration, corresponding  to the energy 

Uncut chip thickness in second half cycle of tool vibration, corresponding to the energy 

Vibration 

(a) Cutting direction (c)

Vibration Vibration 

(b)

First half 

cycle

Second 

half cycle

Vibration 

(d)

Second half 

cycle

First 

half cycle

Cutting direction Cutting direction Cutting direction

X

YZ

:       Present dynamic displacement (Inner modulation)

: Previous dynamic displacement (Outer modulation)



Chapter 1 Introduction 

10 

 

viewpoint of the energy cycle flow according to the chatter vibration cycle, which is also 

depicted in Fig. 1-6. For destabilization of the machining process, the phase shift between 

the present and previous vibrations, 𝜀𝑐  [rad], is a key factor. Because the resultant cutting 

force applied on the tool, 𝐹𝑐(𝑡) [N], always acts on the tool in positive direction, the direction 

of mechanical work that the tool receives from the cutting force is switched according to the 

tool’s vibration cycle. In the first half vibration cycle where the tool cuts into the workpiece, 

the negative work acts on the tool, which yields the amount of energy, 𝐸𝑛 [J], dissipated 

through the cutting process. In contrast, the tool receives positive energy, 𝐸𝑝 [J], in the 

second half vibration cycle, where the tool retracts from the workpiece.  

In case that the phase shift is zero or 2𝜋 (Fig. 1-6(a)), the uncut chip thicknesses in the 

first and second half vibration cycles are the same; hence, the inflow and consumed energies 

are the same and the total energy balance in a vibration cycle becomes zero. This is a critical 

energy stable state. However, this condition is stable because the uncut chip thickness is 

ideally constant, and the machine is not excited. The case of 0 < 𝜀𝑐 < 𝜋 (Fig. 1-6(b)) is also 

highly stable as the consumed energy is larger than the inflow energy, and therefore, the 

vibration is damped out during the cycle, although the machine is excited by the fluctuation 

in the uncut chip thickness. In case of 𝜀𝑐 = 𝜋 (Fig. 1-6(c)), the energy cycle is in a critical 

state where the total energy in the cutter-workpiece system (CWS) is not transferred during 

the vibration cycle. However, the largest fluctuation in the uncut chip thickness, shown in 

Fig. 1-6(c), may cause a large vibration and an unstable process as the generated vibration 

does not decay. The final case of 𝜋 < 𝜀𝑐 < 2𝜋 (Fig. 1-6(d)) is an unstable energy condition, 

because of 𝐸𝑝 > 𝐸𝑛, whose difference flows into the flexible CWS every vibration cycle. As a 

result, the mechanical vibration (i.e., regenerative chatter) will develop to divert the net 

inflow energy, 𝐸𝑓  [J], if it exceeds the inherent damping capacity of CWS, as follows [70]: 

𝐸𝑓 = 𝐸𝑝 − 𝐸𝑛 > 𝐸𝑑 (1-1) 

where 𝐸𝑑 [J] is the amount of energy the machine can absorb in a cycle. From the above, 

the energy stability of CWS depends on the phase shift, and the unstable phase shift range 

can be defined as follows: 

𝜋 < 𝜀𝑐 < 2𝜋 (1-2) 

which can also be derived from the general stability analysis [24,25]. Almost all machining 

processes involving rotary motion can be destabilized due to the regenerative effect. 

The mode coupling chatter is an unstable phenomenon peculiar to the rotating tools. In 

a rotary tool, the direction of the cutting force changes depending on the rotational position 

of the cutting edge. Consequently, instability can occur due to the coupling of vibrations in 

multiple directions and cutting force fluctuations (Fig. 1-7). Especially in the end milling 

process, the flexural vibration of the shaft has similar vibration modes in two orthogonal 
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directions, and the effect of mode coupling increases when the resonance frequencies match 

and the cutting forces act in both directions (e.g., slotting). As the mode coupling effect 

occurs due to the cutting force fluctuations caused by the regenerative effect, both effects 

simultaneously influence the self-excited chatter onset [67]. Note that it is important to 

address and avoid all types of the self-excited chatter and forced vibration in an actual 

production site [74]. 

 

1.3. Chatter monitoring techniques 

Considering that predictive maintenance and process optimization are performed based 

on the machine status diagnosis results, it can be stated that condition/process monitoring 

is the core technology for SOMS. To construct a highly reliable monitoring system, it is 

important to use appropriate sensors according to the purpose. From this first perspective, 

chatter monitoring techniques are summarized in subsection 1.3.1. 

However, clear process information cannot be obtained in usual cases by simply 

acquiring the sensor information. It is necessary to perform some data processing and 

extract the feature quantities or patterns that have strong correlations with the machining 

state to be monitored. In summary, "data/signal processing" is the second important 

viewpoint to extract high-value information that cannot be obtained from simple sensor 

usage. The signal processing techniques for chatter monitoring are summarized in 

subsection 1.3.2. 

1.3.1. Sensor signal selection 

Tool condition monitoring (TCM) can be roughly divided into “direct measurement” and 

“indirect measurement” depending on the sensor used [75]. In the direct method, state 

changes in the tool shape due to tool wear/breakage, as well as deflection and vibration of 

 

Fig. 1-7 Mode coupling caused by multi-directional vibration mode 
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the tool tip, are directly detected using sensors such as a vision sensor [76–79] and laser 

displacement sensor [80,81]. Therefore, the tool status can be monitored with high accuracy. 

However, these measuring units are generally expensive and difficult to install in the 

machining space; hence, the indirect method is generally used for real-time TCM.  

In the indirect method, the tool state is indirectly estimated from physical quantity data, 

such as cutting force, vibration, and sound. Table 1-2 shows the measured physical 

quantities and main sensors used in the indirect method. Additionally, the features of each 

sensor and its application to process monitoring are summarized in Table 1-3 and Table 1-4 

with reference to [75,82,83], in terms of the cutting force, vibration, sound, and AE that are 

frequently used. The detailed aspects of each physical quantity measurement in process 

monitoring are summarized below. 

Table 1-2 Physical quantities and sensors for indirect measurement 

Physical quantity Sensor 

Cutting force (Torque) Piezoelectric dynamometer 

Tension Load cell 

Temperature Thermocouple 

Vibration Accelerometer 

Sound Microphone 

Acoustic emission AE sensor 

Table 1-3 Characteristics of major sensors for indirect process monitoring 

 Dynamometer AE sensor Accelerometer Microphone 

Typical frequency 

range of sensor signal 

~5 kHz (size 

dependent [83]) 

From 10 kHz to 

10 MHz [82] 
~10 kHz 

From 20 Hz to 

20 kHz [83] 

Cost ★ ★ ★ ★ ★ ★ ★ ★ 

Sensitivity/SN ratio 

(Reliability) 
★ ★ ★ ★ ★ ★ ★ ★ ★ 

Compatibility with 

machining space 
★ ★ ★ ★ ★ ★ ★ ★ 

Robustness to sensor- 

location variation 
★ ★ ★ ★ ★ ★ ★ 

★★★ High, ★★ Middle, ★ Low 

Table 1-4 Application of indirect measurement with respect to process monitoring 

                 Sensor 

Application Dynamometer Accelerometer AE sensor Microphone 

Chatter detection ★ ★ ★  ★ ★  ★  ★ ★ ★ 

Tool-breakage detection ★ ★ ★ ★ ★  ★ ★ ★  ★ ★ 

Tool-wear diagnosis ★ ★ ★   ★ ★ ★ ★ ★ 

Part-quality prediction ★ ★ ★ ★ ★ ★ ★ ★ 

★★★ Very effective, ★★ Effective, ★ Not effective 
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Measurement of AE signals:  

The tool state, such as tool wear, can be estimated by measuring the elastic wave 

generated when the material is deformed and sheared at the contact between the tool and 

workpiece during machining. The frequency band of the AE signal typically ranges from 10 

kHz to 10 MHz, which is extremely higher than the process force and environmental noise. 

Therefore, the AE signal has very high sensitivity and responsiveness, and is known to be 

effective for detecting instantaneous phenomena, such as tool breakage and contact [82,84]. 

In addition, as the AE sensor is relatively low cost and highly reliable, it can also be used 

to enhance the reliability of the process monitoring system by being combined with various 

sensors [82,85]. Note that it is necessary to focus on the sensor placement and signal 

overrange by carefully considering the elastic wave transmission path [82]. For chatter 

detection, Chiou et al. [86] monitored the chatter vibration based on the root mean square 

(RMS) value of the AE signal and acceleration sensor information in the turning process. 

However, chatter monitoring using AE signals has been rarely reported. 

Measurement of machining sounds: 

Delio et al. [87] compared the chatter detection performance in a dynamometer, 

accelerometer, and microphone in the end-milling process. They concluded that the 

microphone is most suitable for chatter detection because of its sufficient signal bandwidth 

and sensitivity. As microphones are inexpensive and do not disturb the machining space 

due to non-contact measurement, they have been extensively used in chatter monitoring 

and avoidance applications [63]. However, they have little reliability in a low-frequency 

region, where the influence of environmental noise cannot be ignored. Therefore, 

microphones are rarely used at the production site where environmental noise is large, 

although they are often used at the research level [63,87]. It is important to eliminate or 

reduce the environmental noise through signal processing, when using a microphone. 

Measurement of vibration:  

Accelerometers are commonly used in vibration measurement and are extremely easy 

to handle. Their miniaturization and cost reduction have been progressing due to the 

development of MEMS technologies. Therefore, they are frequently used for chatter 

monitoring. Li et al. [88] detected chatter vibrations during the turning process by using a 

coherence function between two acceleration sensors mounted orthogonally on the tool. 

Lamraoui et al. [89] performed early chatter detection in the end-milling process based on 

the acceleration signals transformed into the angular domain through synchronization with 

the rotary-encoder information of the spindle. When using acceleration sensors, sufficient 

attention must be paid to process-unrelated vibrations from the floor and rotating parts 

(e.g., spindle), vibration damping due to mechanical components, and little reliability in the 

low-frequency range [63,82]. 
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Measurement of cutting force:  

As shown in Table 1-4, the cutting force is strongly related to all tool conditions, and a 

piezoelectric (table) dynamometer, which is a de-facto standard for sufficient bandwidth and 

accuracy [90], is most frequently used in TCM research [82]. Tlusty et al. [91] stated that 

cutting force is the most suitable index for chatter monitoring because it is deeply linked to 

the mutual vibration between the tool and workpiece. Kuljanica et al. [92] compared the 

signals generated from a rotating cutting-force dynamometer (RCD), an accelerometer 

mounted on the spindle side, and an AE sensor mounted on the workpiece side. They also 

obtained similar conclusions. However, the table dynamometer is still expensive and incurs 

large interference with the machining space. It is also necessary to focus on the thermal 

drift and signal overrange. Although the interference with the machining space can be 

minimized using a spindle-integrated force sensor [93–95] or RCD with a wireless data-

transfer system [96], the cost will increase beyond that of the ordinal table dynamometer. 

In addition, it might be necessary to design a spindle system for sensor integration. As a 

result, dynamometers have not been widely applied to the shop floor from the perspectives 

of cost, failure frequency, thermal stability, and compatibility with the workspace. Some 

studies have mentioned that the use of an acceleration sensor is the most preferable when 

considering the practical viewpoints such as sensor cost [97]. 

So far, many chatter detection methods using various sensors have been proposed. Note 

that the method of incorporating a sensor’s signal into the control system of a machine tool 

is also important to acquire variables at a high sampling rate for wideband process 

monitoring. Simultaneously, a high-capacity storage system is required to utilize the 

process data, whose size and variety are dynamically increasing due to IoT [9]. In a machine 

tool, I/O signal lines are frequently connected to the PLC, which commonly performs in the 

millisecond range and is not suitable for acquiring analog signals at a high sampling rate. 

Additionally, several machine tool manufacturers adopt an NC system provided by NC 

manufacturers on behalf of an in-house developed NC system [30]. Accessibility to sensor 

signals is usually limited by NC manufacturers, which makes it difficult to incorporate the 

acquired signals into the control system of machine tools.  

Besides the above limitations, the use of external sensors inevitably causes problems 

such as an increase in failure rates and installation/maintenance costs and interference 

with the machining space. Therefore, several studies have attempted to detect chatter 

vibrations only from the internal information of machine tools [53–55,98]. Soloman et al. 

[98] detected chatter vibration based on the variation in the R value (the ratio of RMS values 

of the static and dynamic components). The R value was calculated from the cutting force 

estimated by the motor current response and the transfer characteristics of the spindle 

system. Aslan and Altintas [53] also detected chatter based on the frequency spectrum of a 
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reference spindle motor current. Kakinuma et al. [54] and Koike et al. [55] constructed a 

wide-band and type-assorted chatter monitoring system by digitally filtering the cutting 

torque estimated by a disturbance observer (DOB [99]), which integrates the angle 

information of the rotary encoder and the spindle motor current. An external sensorless 

process monitoring that uses internal information of machine tools (i.e., encoder 

information and motor current) is a sustainable approach, as it does not yield any adverse 

effect, such as additional costs or constraint of the machining space. Another major 

advantage is that the process monitoring system can be constructed as an add-on to existing 

machine tools. 

1.3.2. Signal processing for chatter monitoring 

The signal processing for process monitoring can be classified into three approaches: 

signal-, AI/ML-, and model-based approaches [29]. Model-based approaches are currently 

represented as the term “digital twin” or “digital shadow” (the 6th functions for SOMS). For 

real-time chatter monitoring/detection, the classical signal-based approaches are commonly 

employed, although AI/ML-based approaches have appeared recently [100–102]. In the 

signal-based approach, chatter vibration is indirectly detected based on sensory 

characteristic features (SCFs), such as the maximum peak [53,87,103], RMS [86,98], 

variance (or standard deviation) [55,97,104–106], correlation [81,88], singular value 

entropy [107], energy entropy/ratio [108–113], and/or other statistical indicators [114]. 

SCFs are extracted in time domain [55,86,97,98,104,107,108], frequency domain using 

Fourier transform [53,87,103], or time–frequency domain using short-time Fourier 

transform (STFT) [110,114,115], wavelet transform (WT) including wavelet packet 

decomposition [105,106], or mode decomposition techniques [109,111–113]. 

Signal-based chatter detection in time domain:  

Soliman et al. [98] demonstrated that the index calculated from the RMS value of the 

cutting torque reconstructed from the spindle motor current can be utilized for chatter 

monitoring. Yeh and Lai [104] detected the chatter based on the time transition of the 

standard deviation extracted from the measured cutting force in the peripheral turning of 

a slender workpiece. In addition, van Dijk et al. [97] detected chatter in a high-speed milling 

process by setting a threshold on the variance in the acceleration signals measured at the 

spindle. Recently, Koike et al. [55] proposed an assorted chatter-detection method by 

combining the moving variance (MV) and moving Fourier transform (MFT) modified using 

sliding discrete Fourier transform (SDFT) algorithms [116]. The SDFT and MFT algorithms 

can analyze a specific frequency with low calculation costs independent of the sample 

number of the analyzed data (i.e., 𝑂(1)); hence, they are useful when the desired analysis 

frequency is accurately known in advance. In [55], the power spectrum density (PSD) of 
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forced vibrations was calculated by MFT, because forced vibrations are mostly excited at 

the tooth-passing frequency and its harmonics, which can be calculated from the cutting 

conditions. The self-excited chatter was detected by subtracting PSD of the forced vibration 

from the total PSD calculated by MV. Generally, time-domain methods are suitable for real-

time calculation (i.e., real-time monitoring and fast detection) because of the low 

computational load and simple algorithm. 

However, the chatter frequency cannot be deduced directly in usual cases, although a 

few studies have estimated the chatter frequency as with the chatter detection [81,108]. 

Additionally, the threshold for decision-making is often determined experimentally and 

empirically through trial and error, as SCFs, such as variance (standard deviation), largely 

fluctuate under the experimental conditions [117]. One of the solutions is to draw a limit 

curve by referring to the signal in the first part of the batch where the conditions are 

assumed to be ideal. However, it is not suitable for a recent single/small batch production 

system, although it may be sufficient for mass production; hence, setting a robust and 

optimal threshold over the changes in the machining conditions and environment remains 

a practical challenge [10]. 

Signal-based chatter detection in frequency domain:  

Delio et al. [87] and Altintas et al. [103] analyzed the fast Fourier transform (FFT) of 

the cutting sounds acquired by a microphone and determined that it was chatter vibration 

when the maximum peak value of the frequency spectra exceeded a certain threshold. Aslan 

and Altintas [53] also imposed an empirical threshold to the magnitude ratio of the highest 

peak in the comb-filtered DFT of a spindle drive motor current command and the tooth-

passing spectrum in an unfiltered signal. Li et al. [88] detected chatter vibration by using 

the spectral coherence between two acceleration sensor signals. The greatest advantage of 

chatter detection in the frequency domain is that the chatter frequency can be acquired 

simultaneously.  

However, FFT analysis is usually unsuitable for real-time fast chatter detection, as its 

calculation order is 𝑂(𝑁𝑤 log(𝑁𝑤)) where 𝑁𝑤 [−] is the number of data samples; hence, the 

required computation cost rapidly increases with the number of samples of the analyzed 

cutting data [104]. Due to the recent increase in the PC processing capabilities, there are 

now opportunities for real-time chatter monitoring by using STFT, where FFT is performed 

by sequentially sliding the small analysis window. Nevertheless, it remains problematic, 

especially when processing at a high speed in a servo/phase cycle of machine tools and 

quickly detecting chatter without lowering the frequency resolution [55]. Additionally, the 

setting of the threshold is a practical issue as in the time-domain methods, considering that 

the sum of PSDs at all frequencies, except for the DC component, coincides with the 

variance in the time domain [117]. 
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Signal-based chatter detection in time–frequency domain:  

Yoon and Chin [105] applied the discrete wavelet transform to the measured cutting 

force and detected chatter vibration from the standard-deviation ratio of the wavelet 

coefficient. Berger et al. [106] also used the discrete wavelet coefficient of the measured 

cutting force to calculate the mean absolute deviation for chatter detection. WT excels in 

the analysis of non-stationary signals and can capture the state changes with high 

sensitivity, as the signal characteristics are localized according to the frequency bands [100]. 

In addition, the calculation order is 𝑂(𝑁𝑤), which is smaller than that of FFT. Therefore, it 

is said to be more suitable for chatter monitoring than STFT [63,118]. Comprehensive 

techniques of WT for process monitoring are summarized in [75]. Furthermore, newly 

developed time-frequency domain methods, such as ensemble empirical mode 

decomposition [113] and variation mode decomposition [109,111,112], have also been 

applied to chatter detection. However, there is no theoretical principle for selecting a 

suitable wavelet base function and decomposition levels, which significantly influence the 

analysis results [107,112]. Additionally, the question of how to determine a robust threshold 

for discriminating the chatter onset remains unanswered, even with WT or other time-

frequency domain methods [63].  

AI/ML-based chatter detection: 

To robustly classify the chatter state under different machining conditions, AI/ML 

approaches have been employed for the classification problem of the extracted SCFs. Yao et 

al. [100] recognized the chatter conditions in the boring process by using a least-square 

support vector machine, and Lamraoui et al. [101] used a neural network for milling chatter 

detection. In [102], transfer learning was applied to enhance the performance of classifiers 

with different machining configurations. Note that the key for all AI/ML approaches is to 

sufficiently train high-quality SCFs that are strongly related to the targeted applications. 

As the configuration of AI/ML and training data must be carefully considered and prepared, 

the AI/ML approach generally requires much more labor than simple signal-based methods. 

Note that the sensor and SCF fusion is also an important aspect for realizing reliable 

TCM systems [92,119,120]. More information on TCM methods, including chatter 

monitoring, is available in the literature [63,65,75,82,83,91,118,121,122]. 

 

1.4. Chatter avoidance/suppression techniques 

1.4.1. Planning stable process based on stability lobe diagram 

To preliminarily avoid chatter vibration, SLD is used, where the critical cutting depth 

of a tool with respect to the spindle speed is determined based on the machine dynamics 
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(frequency response function, FRF) and cutting process model (Fig. 1-8 [64]).  

SLD has a long history, and was first proposed scientifically by Tobias and Fishwick 

[123] and Tlusty and Polacek [124] at almost the same time during 1950–1960s. They 

derived the basic stability law between the machine dynamic stiffness and a material’s 

cutting force coefficient in the orthogonal turning process. In particular, Tobias and 

Fishwick [123] indicated the effect of spindle speed on stability (stability pocket or “lobes”) 

due to the regenerative time delay. Then, Altintas and Budak [125] developed a systematic 

frequency-domain methodology for stability prediction in the milling process under the 

assumption of a single dominant frequency (i.e., zeroth-order approximation, ZOA). As ZOA 

assumes a single chatter frequency, its prediction accuracy is known to deteriorate under 

low radial immersion, where multiple harmonics of chatter often occur. A general 

formulation for milling stability in the frequency domain that can consider multiple chatter 

frequencies has been proposed (i.e., multi-frequency method) [126–128]. Besides the 

frequency-domain method, various other methods, such as semi-discretization method 

[129–131], Floquet theory method [132], and full-discretization method [133,134], have 

been proposed for stability analysis. 

To accommodate various machining processes, the stability analyses for specific tools 

and processes, such as ball end milling [135], serrated tool [136], variable helix tool [137–

139], variable pitch tool [140–144], asymmetric dynamics tool [145,146], plunge milling 

[147], and spindle speed variation [132,148–153], have been performed. Sustained efforts 

are also being made to develop an authentic process model and a more accurate SLD by 

accounting for the nonlinearity, such as the interrupted regenerative effect at CWS [154–

157] and the ploughing effect including process damping and friction chatter [158–161]. 

 

Fig. 1-8 Procedure to obtain SLD [64] (The figure is used with permission from Elsevier.) 
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With the advent of multi-tasking machine tools, such as mill-turn center, stability 

analysis for simultaneous processes with plural tools, such as parallel turning, parallel 

milling, and turn milling, has also been developed. For the parallel turning process, Budak 

et al. [162,163] conducted an encompass stability analysis for a general multi-dimensional 

model of CWS. They analyzed various process stabilities in parallel turning, such as the 

chatter onset at the tool/workpiece side and the cutting of a shared/different surface. Budak 

and his colleagues [164] also demonstrated the stability analysis in the parallel milling 

process and Brecher et al. [165] investigated the holistic machine interaction in parallel 

milling. Recently, chatter stability in a more complicated turn-milling process [166,167] and 

robot machining [168] has been analyzed. 

Considerable research has been conducted for stability analysis in various machining 

processes, as described in the literature [24,25,169]. This research direction is essential for 

not only planning a stable process but also comprehending the phenomenon and the 

behavior of process stability. However, the SLD approach generally requires time-

consuming preliminary tests to accurately identify the machine dynamics and process 

parameters of CWS. This drawback will become increasingly evident in complex 

simultaneous processes because it requires the consideration of multiple parameters. In 

addition, SLD is sensitive to changes in FRFs and excited mode shapes due to the axis 

position of the machine tool [170], spindle rotation/speed [171,172], cutting points [164,173], 

and material removal [174,175]. It is known that the FRF identified by an offline method, 

such as a tap test, is different from that identified under an actual machining condition 

[176] and often results in the prediction error of SLD. Ensuring reliable stability prediction 

is still challenging in academia and industry. 

To address this issue, considerable efforts have been made, such as in-process 

identification of machine/workpiece dynamics to track the variation in FRF [177,178], 

probabilistic chatter prediction considering uncertainty [179,180], creating SLD based on 

the actual cutting experiments/database [30,181–185], and conducting hardware-in-the-

loop test (semi-virtual machining) for process analysis [186,187]. In particular, the stability 

prediction based on the actual machining results (i.e., database) is expected to become more 

effective in the future, in conjunction with various accumulating sensors’ information in 

various machining situations through IoT, penetration of AI/ML into production systems, 

and further improvement in computer performance. 

1.4.2. Enhancing machine-inherent stabilizing capacity 

Improvements in the inherent stabilizing capacity of machine tools by altering the 

dynamic stiffness, system damping, and machine assembly have also been extensively 

studied, which can be classified into passive and active damping with or without additional 

actuators [118,188].  
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In passive damping techniques, a tuned mass damper (TMD) is the most commonly used. 

In TMD, one or more additional masses are attached to the structure of interest to absorb 

the vibrations [189,190]. As an alternative to the common linear TMD, a nonlinear TMD 

has also been proposed [191], where the damping performance was further improved by an 

additional element of elastic support dry (Coulomb) friction exhibiting hysteretic damping 

mechanism of the sliding friction. To obtain effective damping capability by TMD, it must 

be designed optimally over the resonance peak of interest. However, as indicated in relation 

to SLD (subsection 1.4.1), the machine structural dynamics can vary depending on the axis 

position [170], which should decrease the TMD performance. To address this problem, 

Burtscher and Fleischer [192] proposed an adaptive TMD system in which the TMD mass 

can be continuously changed by filling it with a fluid. For the thin-walled milling process, 

Fei et al. [193,194] developed a moving fixture element, which always supports the 

workpiece at the back surface of the tool–workpiece contact zone, and consequently, 

suppresses the vibration and deformation of the workpiece (Fig. 1-9(a)). The moving damper 

was realized by connecting the support fixture to the spindle unit. Alternatively, Ozturk et 

al. [195] achieved similar mobile support with the assistance of an industrial robot equipped 

with a rubber roller (Fig. 1-9(b)). In addition, Zhang et al. [196,197] attenuated the chatter 

of a flexible workpiece by performing machining in a chamber filled with viscous fluid. 

Munoa et al. [198] developed a tunable clamping table system to damp out chatter in the 

thin-walled part by applying the TMD principle. 

Note that as the dynamics of the machine structure (e.g., column, headstock, and table) 

substantially impact the stability against the low-speed heavy-duty machining, it is 

important to increase the stiffness and/or damping of machine tools in the design phase. It 

is effective to use a high-damping structural material [199] and/or a high-friction guiding 

 

Fig. 1-9 Configuration of moving support for suppressing thin-walled workpiece chatter (a) in [193] 

and (b) in [195] (The figure is used with permission from Elsevier.) 

 

(a) (b)
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system, such as a sliding type [200], although it would be conflicting to the high-speed 

precision positioning and lightweight design. In high-speed machining, the process stability 

is mainly determined by the system FRF formed by the assembly of the spindle, bearing, 

holder, and tool. In this case, there is a great opportunity to suppress the tooltip FRF (i.e., 

enhance chatter stability) by capitalizing on the absorber effect under the dynamic 

interactions by optimizing the spindle–bearing–holder–tool assembly (e.g., optimally 

selecting and designing the dimensions/locations of the assembly components) [201–203]. 

In addition, the stability can be improved by appropriately applying asymmetric stiffness 

at the tool holder according to the machining conditions (e.g., up or down cut) [204]. In some 

cases of the simultaneous process, the dynamic coupling between multiple tools can be 

actively used to enhance the process stability. For instance, in the shared-surface parallel 

turning with flexible tools, Ozturk et al. [205] and Reith et al. [206] increased the stability 

limit by detuning the ratio of natural frequency between the two tools. 

For the active damping of chatter at the spindle, tool, or workpiece, an additional 

piezoelectric actuator is most frequently used to directly influence the process [72] or reduce 

the dynamic compliance [33–35]. Alternatively, an electromagnetic actuator is also used, so 

that the non-contact electromagnetic force can be applied to suppress the mechanical 

vibration. Recently, Beudaert et al. [207] developed an easy-to-handle portable damping 

system for a flexible workpiece, integrating an electromagnetic actuator, an accelerometer 

for chatter detection, and a model-free autonomous controller for the tuning function. 

A low-frequency chatter, such as that induced by structural dynamics, can be actively 

suppressed using a feed-drive controller of machine tools without an additional actuator. 

Kakinuma et al. [208] applied a band-limited force control to suppress the low-frequency 

chatter in a high-precision linear motor-driven lathe. Additionally, Munoa et al. [170] 

demonstrated an active damping of the structural chatter induced by the bending mode of 

the ram and torsional mode of the column in heavy-duty face milling with a large milling 

machine. They fed the sensor signal of the accelerometer at the ram tip back to the feed-

drive controller as an additional velocity feedback loop, and then designed the loop transfer 

function (TF) based on the loop-shaping technique.  

1.4.3. Controlling tool path, posture, or geometries 

Although the feed rate, which is a process control parameter, does not substantially 

affect the chatter stability, it can stabilize the process by optimally adjusting other control 

parameters, such as the tool path and/or tool posture. The feed rate is an important factor 

for avoiding forced vibration. The underlying concept of tool path/posture control for chatter 

avoidance is controlling the directional factor [209], as the tool posture/path, resultant 

cutting-force direction, and regenerative direction are related through CWE. In summary, 

the tool path/posture should be controlled so as to reduce the work of the regeneration effect 
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and cutting force over the vibration (i.e., flexible) direction. Shamoto et al. [60] proposed the 

chatter stability index (CSI), which represents the degree of orthogonality among the 

vibration, resultant cutting force, and regenerative width vector, for the turning process. 

They experimentally and theoretically showed that a stable process can be achieved by 

planning the tool path/posture for a high CSI. Recently, Maulimov and Sencer [210] 

investigated the CSI for the milling process. Especially in five-axis ball-end milling [211] 

and robotic machining process [212–214], chatter-free tool path/posture planning is a major 

concern and very complex because of acting in conjunction with pose-dependent dynamic 

and static stiffness. 

In the multi-point cutter process (e.g., milling process), special geometric tools, such as 

variable pitch tools (VPCs) [140,144,215–218], variable helix tools [219–221], and serrated 

tools [222], can be used as an alternative for chatter control. The various design 

methodologies described in the literature can effectively suppress the chatter. All these tools 

focus on suppressing the regenerative chatter by discretely or continuously perturbing the 

delay representing the regenerative effect. Alternatively, it is also effective to increase the 

process damping effect by applying a cutting-edge chamfer [223] or flank-surface texture 

[224] for a low apparent clearance angle, which can be applied to not only multi-point but 

also single-point cutter processes, such as turning and boring.  

The serrated tool can be used for the roughing process, although it can increase both 

the asymptotic stability limit and the number of stability pockets [225]. The variable pitch 

cutter (VPC) and variable helix cutter (VHC) are expected to have a sufficient chatter 

suppression if optimally designed. On one hand, VHC is inherently less robust to changes 

in the axial depth of the cut, although it is robust to changes in chatter frequency. On the 

other hand, VPC exhibits the opposite property. To address the issue of robustness against 

changes in chatter frequency in VPCs, Suzuki et al. [215] introduced the regeneration factor 

(RF) and proposed a novel robust design method to suppress ℎ𝑚 [−] vibration modes by 

using 2ℎ𝑚 -flute VPCs. They also proposed an advanced tool design that combines the 

advantages of VPC and VHC [221]. Note that being robust to the variation in chatter 

frequency implies being robust to that in spindle speed; hence, it is expected to suppress 

chatter in a wide spindle speed range. 

Although special tools are effective for suppressing chatter, the cost of these tools is 

higher than that of ordinal tools. Furthermore, to optimally design these special tools, it is 

generally required to know in advance the used cutting conditions (e.g., spindle speed range 

and depth of cut) and the corresponding chatter frequency. If the cutting conditions or 

chatter frequency change substantially, the special tool must be redesigned. The above 

aspects are the major drawbacks to using special tools in industry. 

Even in the parallel tuning process, where the two tools cut the same surface, it has 

been confirmed that a high chatter stability can be achieved by tuning the angular 
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positioning of the tools (i.e., pitch angle) [226–228]. This process is referred to as “unequal 

pitch turning,” similar to variable (i.e., unequal) pitch tool, as the pitch differences between 

two successive cuts perturb the regenerative effect and improve the stability. The stability 

over the tool chatter (i.e., flexible tools) can only be improved by unequal pitch turning if 

the tool dynamics are coupled through the machine structure (e.g., when both turrets are 

attached to the same column) [226]. Additionally, there is no simple rule to design an 

optimal pitch angle in this case; hence, it is accomplished by the stability analysis based on 

the machine dynamics.  

In contrast, the optimal pitch angle can be simply designed for the workpiece chatter 

under the same design criterion as that of VPCs, based on the chatter frequency and spindle 

speed [227]. As it is feasible to provide a pitch difference with the turret-position control 

system during unequal pitch turning, unlike the variable pitch cutters, the robust and 

flexible chatter suppression can be expected by adaptively tuning the pitch angle according 

to the changes in the spindle speed and chatter frequency [228].  

1.4.4. Controlling spindle speed/rotation during processes 

Spindle speed is the most flexible process control parameter for altering the process 

stability. Therefore, among the stability improvement techniques, the spindle speed control 

techniques are widely known to be easy to implement, provide flexibility of design, and be 

effective in chatter avoidance/suppression. As the spindle speed control can be completely 

implemented only with the spindle system without any special tool or device, it is highly 

compatible with SOMS. Spindle speed control can be categorized as discrete spindle speed 

tuning (DSST) and continuous spindle speed variation (CSSV or simply SSV).  

In DSST, the spindle speed is regulated based on the measured chatter conditions, so 

that the process will enter the stability pocket. In accordance with the important 

investigation into favorable searching methods for DSST performed by Trang and Lee [229], 

the spindle speed should be iteratively updated until the chatter is diminished in line with 

Eq. (1-3), as follows: 

𝑆𝑛𝑒𝑤 =
60𝑓𝑐

𝑁𝑐(𝑘𝑐 + 1)
 (1-3) 

where 𝑓𝑐  [Hz] is the chatter frequency, 𝑁𝑐  [−] is the number of teeth, and 𝑘c [−] is an 

arbitrary natural number that corresponds to the stability/chatter lobe number. 

𝑆𝑛𝑒𝑤 [min−1] is the new spindle speed after update. 

Eq. (1-3) indicates that the chatter phase shift between the previous and present 

vibrations on the machined surface by consecutive cuts is set to 0 or 2𝜋, where one of the 

harmonics of the tooth-pass frequency is synchronized with the measured chatter frequency 

(Fig. 1-10). The most important point in Eq. (1-3) is that only the observable chatter 
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frequency during the cutting process is required to select the new spindle speed. In addition, 

there are other searching methods in which the spindle speed monotonically increases until 

the defined chatter index falls below the threshold [61]. Some of these monitoring-based 

stable spindle speed searching functions have already been incorporated into commercial 

machine tools (e.g., Machining Navi M-i and M-g from OKUMA Corporation, Machine 

Vibration Control from DMG MORI Co., Ltd., and Smooth AI spindle from Yamazaki Mazak 

Corporation), and are being used in industrial applications.  

In SSV, the spindle speed is continuously varied during the cutting process to disrupt 

the regenerative effect. So far, various CSSV modes have been proposed, such as the 

sinusoidal [68,230], triangular [231,232], rectangular [233], random [234,235], linear 

ramped [236], and multi-harmonic [69,237] SSVs. Among these varying shapes of CSSV, 

the sinusoidal spindle speed variation (SSSV) and the triangular spindle speed variation 

(TSSV) are commonly observed because of their intuitiveness and effectiveness. The options 

for SSV have also been prepared in the industrial field (e.g., SSSV obtained by the CNC 

function from Haas Automation Inc. and TSSV obtained by Machining Navi L-g from 

OKUMA Corporation).  

Some comparison studies have concluded that SSSV is the most efficient approach from 

the viewpoints of both chatter stabilization and spindle-speed tracking performance 

 
Fig. 1-10 Iterative tuning procedure of spindle speed in DSST based on [229] (The figure is used with 

permission from Elsevier.) 
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[151,238]. Therefore, the sinusoidal trajectory is the most studied [64]. In contrast, some 

studies have stated that TSSV is more beneficial in terms of constraints of spindle 

acceleration [152,231], as the maximum theoretical spindle acceleration of TSSV is less 

than that of SSSV for the same design parameters. Furthermore, some other studies have 

experimentally reported that TSSV is more effective in terms of chatter suppression 

performance [73,232]. This discrepancy is attributable to a transient vibration, called “the 

beat vibration,” which frequently emerges due to a momentary destabilization every 

SSSV/TSSV cycle and makes the process stability interpretation in a real system much 

more difficult [151]. Sexton and Stone [239] stated that the improvement in process stability 

by SSV often becomes modest compared to that observed during the stability simulation. 

The beat vibration tends to occur around the TSSV/SSSV extremums [232,236,240]. The 

authors in [232] suggested that TSSV can robustly suppress the beat vibration, and thus, 

TSSV is more stable than SSSV. This makes sense, as the velocity gradient in SSSV becomes 

very small at the turnaround points of the spindle speed (i.e., acceleration/deceleration).  

However, most studies recommending TSSV overlook the spindle jerk in TSSV, which 

can be interpreted as a type of multi-harmonic SSSV where an infinite number of odd 

harmonics are superimposed. Thus, an infinite jerk, and therefore, a very large torque are 

required at the turnaround points of TSSV [238,241]. To follow the harmonic components 

of TSSV, a synchronous motor is required instead of the induction motor. A larger 

(synchronous) motor will lead to an increase in the cost, size, and thermal deformation of 

the machine tool [241]. However, according to the stability analysis recently conducted in 

[152], TSSV contains much broader optimal parameter spaces than SSSV, although SSSV 

shows slight advantage on the improvement in the depth of the cut (i.e., productivity). 

Therefore, SSSV might be more sensitive to the selection of design parameters.  

In most previous studies, SSV was designed using several time-consuming, costly, and 

complex-stability simulations, which involved varying the amplitude and frequency of SSV 

to determine the optimal parameters [64,230]; hence, these design procedures cannot be 

implemented in machine tools as an intelligent function. According to the critical review 

conducted in [64], only Al-Regib et al. [68] proposed simple criteria to select appropriate 

design parameters in SSSV by numerically calculating the internal process energy based 

on the kinematic model of CWS. Their design method only requires the measured chatter 

frequency; hence, it can be online or integrable in machine tools such as DSST. However, 

their design criteria do not provide flexible options for considering the machine limitation, 

such as power, acceleration, and/or bandwidth of the spindle motor [240]. Urbikain et al. 

[242] stated that the limitations of SSV actually originate from the machines, and the 

scientific literature does not recommend any realistic value for the tuning of SSV 

parameters. Therefore, despite the substantial research, the SSV techniques have not yet 

been sufficiently used in actual manufacturing sectors [243]. 
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In the parallel milling process, process stability can be controlled by actively using the 

dynamic interaction between CWSs by controlling the spindle speed or rotational angle. 

Brecher et al. [165] showed that the relative angular tool offset (ATO) between multiple 

milling tools, which yields phase differences of cutting forces at each CWS, substantially 

affects the stability if the same spindle speed and depth of cut are applied to all tools. In 

this case, the combination of cutting type (i.e., up/down), besides ATO, considerably alters 

the process stability [164]. Budak et al. [164] demonstrated that the stability margin of 

parallel milling with a flexible workpiece can be substantially increased by optimally tuning 

the spindle speeds of both tools. Only Shamoto et al. [244,245] proposed a simple strategy 

in which the regenerative effect was comprehensively canceled out by several cutters 

rotating at different speeds, which is termed as the speed difference method (SDM). 

In the SDM, the optimal speed difference originates only from the chatter frequency, 

based on the similar principle as that of VPCs. The authors in [244,245] presented SDM for 

a flexible thin plate machined by double-sided face milling rotating in the same direction, 

where the vibration in a one-dimensional (1D) space perpendicular to the machining surface 

can be assumed (Fig. 1-11). Considering only regenerative effect in the thickness direction, 

they clarified the effectiveness of SDM analytically and experimentally. SDM is 

advantageous because the spindle speed can be flexibly adjusted to adapt to the chatter 

frequency. 

SDM application makes the flexible workpiece more susceptible to forced vibration; 

hence, for the finishing process with no regenerative chatter, the forced vibration should be 

suppressed by completely synchronizing the rotation angle between the tools (i.e., zero ATO) 

as well as the cutting conditions to cancel out the cutting forces as much as possible [246].  

1.4.5. Application and selection of chatter suppression techniques 

In [64], the guidelines for selecting an appropriate chatter suppression technique have 

 

Fig. 1-11 Schematic of SDM in double-sided face milling of a flexible thin plate [245] (The figure is used 

with permission from Elsevier.) 
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been compiled. As the first step in finding the best solution for the chatter problem, it is 

important to evaluate the cause of chatter and the number of complete waves per tooth-

passing period produced by the chatter, i.e., chatter lobe number: 𝑘𝑐 → 𝑓𝑐 𝑓𝑧⁄  (Fig. 1-12) 

where 𝑓𝑧 [Hz] is the tooth-passing frequency. The relative locations in SLD are categorized 

in the following four zones: (A) process damping zone (𝑘𝑐 ≥ 10), (B) intermediate zone (10 >

𝑘𝑐 ≥ 3), (C) high-speed zone (3 > 𝑘𝑐 ≥ 0.5), and (D) ultra-high-speed zone (0.5 > 𝑘𝑐).  

In zone D, as a stable region expands considerably as the spindle speed increases, 

 

Fig. 1-12 Chatter suppression strategies according to different zones in SLD and chatter origins [64] 

(The figure is used with permission from Elsevier.) 
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increasing the spindle speed is always a promising option if the machinability and motor 

limitation (e.g., cutting speed and motor power) are satisfied. Note that this zone is rarely 

reached as other chatter is induced by higher-frequency modes. 

In zone C, the stability can be drastically increased by selecting a spindle speed that 

coincides with that of the stability pockets. Additionally, this zone is often dominated by 

clear local modes of tool, spindle, workpiece, or fixture. Thus, stable process planning by 

SLD or online stability pocket searching by DSST can be applied with reasonable reliability. 

Therefore, the SLD and DSST approaches are usually employed for high-spindle-speed 

machining, such as the high-speed aluminum-alloy milling process. 

In contrast, CSSV is always an envisaged solution in zones A and B. Therefore, the 

CSSV is usually promising in low-spindle-speed processes, such as not only turning/boring 

but also grinding and heavy-duty milling. For an effective chatter suppression over a wide 

range of spindle speeds, Bediaga et al. [247] conceptualized a flexible system that 

automatically switches between DSST and CSSV according to the observed chatter lobe 

number. However, no simple optimal design rule for CSSV has been established yet. 

If the process parameters cannot be changed because of machinability limitations, VPC, 

VHC, and other special edge geometry tools, which enhance the process damping effect, are 

also good alternatives, although they require the optimization of geometries in advance. In 

the roughing process with large chip load and cutting depth, the serrated tool or high-feed 

inserts is a good alternative independent of the zone. In addition, the improvement in 

 

Fig. 1-13 Existing chatter suppression strategies in parallel turning process 
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stiffness or damping is effective in most cases. This is preferable, especially when the 

process parameters and tool are fixed, other chatter solutions are not enough, or the 

machine tool performs different machining tasks highly limited by the structural chatter. 

In the simultaneous machining processes, a process-specific solution for the chatter 

problem is available depending on the experimental setup. To date, some findings have been 

obtained to avoid chatter in the parallel turning/milling process, as described in the 

previous subsections. The guidelines for chatter suppression strategies in the parallel 

tuning and milling processes are summarized in Fig. 1-13 and Fig. 1-14, respectively.  

 

1.5. Research purpose 

1.5.1. Motivations and objectives 

SOMS has great potential to realize a highly intelligent manufacturing system with 

sufficient flexibility and autonomy to handle mass customization. Machining chatter is a 

major issue that SOMS should address, as it remains a major impediment to productivity. 

This study aims to develop novel enabling techniques for SOMS so that the machine tool 

can self-actively suppress the chatter vibration according to the monitored chatter state. 

For this purpose, only the internal servo information and actuator (i.e., servo/spindle motor) 

 

Fig. 1-14 Existing chatter suppression strategies in the parallel milling process 
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of the machine tool are used to monitor and suppress the chatter, which correspond to the 

8th (i.e., control-integrated monitoring) and 9th (i.e., process control) functions of the 

categorized SOMS functionality, respectively (Fig. 1-1). All methodologies for chatter 

detection/suppression proposed in this dissertation are based on the physical mechanism of 

chatter vibration.  

As previously mentioned in subsection 1.3.1, the cutting force is the most valuable 

physical quantity for process monitoring and control. However, the piezoelectric 

dynamometer has not been widely used on the shop floor because of concerns such as costs, 

failure frequency, thermal stability, and compatibility with the workpiece, although it is 

frequently used in the research and development phase in laboratories. Therefore, in this 

consistent study, the existing DOB techniques are employed to estimate the cutting force, 

including the high-frequency components induced by the chatter. The estimated cutting 

force is utilized in the developed chatter monitoring system. 

To date, several chatter detection techniques have been proposed, as summarized in 

subsection 1.3.2. However, only a few studies have discussed a simple threshold setting and 

type-assorted detection of abnormal vibrations. Furthermore, some signal processing 

approaches proposed for chatter detection are too complicated to be integrated with the NC 

system. In practice, the chatter detection system should meet the following requirements: 

(1) type-assorted chatter detection for appropriate countermeasures according to the 

abnormal-vibration type, (2) small computation load for recognizing abrupt state changes 

in the real time, and (3) a unique threshold independent of the cutting conditions for mass 

customization. To meet these requirements, this paper proposes a novel online chatter 

detection technique, involving the novel concept of “phase shift monitoring.” As this concept 

is based on the chatter mechanism, setting a unique threshold is feasible. To determine the 

phase shift in the machining process, the novel indices of the mechanical power factor 

(MPF) [248,249] and mechanical energy factor (MEF) are introduced for type-assorted 

chatter monitoring, inspired from the power factor (PF) theory in an AC electrical circuit.  

For chatter suppression, many enabling technologies have already been established, as 

summarized in section 1.4. In particular, the chatter suppression approach, which controls 

process parameters such as tool posture, trajectory, feed rate, and spindle speed on a 

monitoring basis, is very advantageous and compatible for SOMS, as the process-control 

parameters can be easily adjusted without any special device to influence the process. DSST 

is practically used for high-speed machining in industry at a mature level. However, a 

simple optimal design methodology for CSSV, which can be online or integrable in machine 

tools, such as DSST, have not yet been established. For an effective chatter suppression 

system that supports various machining types and spindle speed ranges, an SOMS-oriented 

optimal design method not only for DSST but also for CSSV is indispensable. To address 

this challenge, in this study, a practical design methodology for an optimal SSSV is proposed 
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based on the novel analysis of the process energy balance.  

In addition, the investigation of process control strategies for chatter suppression in an 

advanced simultaneous machining process is not sufficient. Simultaneous machining with 

multiple tools, especially in a flexible workpiece, is of great interest to both industry and 

academia, as the process stability can be substantially improved by a process-specific 

solution that makes good use of dynamic coupling of CWSs. 

In the shared-surface parallel turning of a flexible workpiece, the VPC-inspired 

unequal-pitch turning can effectively suppress the chatter [227,228]. Only the chatter 

frequency at the used spindle speed is required to be designed, and the pitch angle can be 

flexibly changed by turret-position control. The unequal pitch turning is also advantageous 

in terms of machinability limitation, as the cutting speed (i.e., spindle speed) is sometimes 

limited by the cutting insert and may not be selected arbitrarily [226]. Therefore, unequal 

pitch turning is one of the most promising techniques for SOMS. However, there is a concern 

regarding the eccentricity of the flexible workpiece, as the sum of the force vectors cannot 

perfectly cancel each other when applying an unequal pitch (Fig. 1-15). This viewpoint has 

never been evaluated. If the cutting insert can tolerate a change in the cutting speed, 

controlling the spindle speed is also an effective and flexible technique to suppress chatter 

vibration and maximize the material removal rate. From this viewpoint, this paper also 

proposes a novel chatter suppression technique in parallel turning assisted with tool swing 

motion (TSM) flexibly provided by the feed-drive system. As the regenerative effect (i.e., the 

delay between two consecutive cuts) is perturbed by TSM, the proposed TSM process is 

expected to effectively suppress the chatter. Additionally, as both tools swing in the 

circumferential direction of the workpiece while maintaining equal pitch, the imbalance of 

the force vector is not caused ideally. The TSM provided by feed-drive system has bandwidth 

 

Fig. 1-15 Problem in unequal pitch turning for flexible workpiece 
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advantage over the SSV provided by the spindle system. 

In the parallel milling process of a flexible workpiece, SDM, proposed by Shamoto et al. 

[244,245], is a promising technique for an SOMS-oriented autonomous chatter suppression 

system for the same reason as that for unequal-pitch turning (i.e., simple design criterion 

based on the chatter frequency inspired from VPC and flexible redesign by adjusting the 

process parameter, i.e., spindle speed). The authors in [244,245] assumed double-side face 

milling rotating in the “same” direction and a thin plate with flexibility perpendicular to 

the machining surface (i.e., tool axis direction) (Fig. 1-11). However, the effectiveness of 

SDM in other machining situations has not been clarified yet. For instance, if there are 

flexibilities on a plane perpendicular to the tool axis direction, two tools should be rotated 

in opposite direction to balance the cutting forces. In addition, dynamic variations of the 

cutting width will dominantly occur on this plane, which must be considered. A part of this 

study discusses anew the effectiveness of SDM in this scenario based on the developed 

process model, and then experimentally shows that the chatter suppression performance 

can be enhanced by the adaptive SDM system based on real-time chatter monitoring. 

The research direction of chatter suppression techniques dealt with in this study is 

depicted in Fig. 1-12 to Fig. 1-14. Although considerable individual techniques for chatter 

monitoring and suppression/avoidance have been proposed, the most important challenge 

in SOMS is to achieve system integration such that multiple functionalities act as one 

system for self-optimizing machining processes and produce high added value (i.e., system 

of systems). This study presents active process control strategies with monitoring-based 

optimal design based on the process models in the specific applications, and realizes system 

integration of the control-integrated process monitoring and control for autonomous chatter 

suppression. The proposed techniques and discussion in this dissertation can help in the 

automation of solutions toward realizing full-fledged SOMS. 

1.5.2. Organization of the dissertation 

Fig. 1-16 summarizes the organization of the dissertation. Chapter 1 provides an 

overview of the functionalities of SOMS, which is a novel concept for addressing the recent 

manufacturing issues. Then, focusing on the critical machining chatter problem, the state 

of the art in terms of chatter monitoring and suppression/avoidance techniques is 

summarized. Based on the state of the enabling technologies for SOMS in the chatter issue, 

the motivation and purpose of this dissertation are declared while indicating the specific 

research direction. 

Chapter 2 describes the existing sensorless cutting force estimation techniques using 

the internal servo information of the machine tool. The cutting force estimation formula is 

derived from the motion equations of the modeled feed-drive system based on the 

disturbance estimation theory. As several approaches have been proposed to date, the 
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characteristics of each cutting force observer are compared analytically and experimentally 

with a developed prototype three-axis ball-screw-driven machine tool. In addition, the main 

concerns in achieving an accurate cutting force estimation and the compensation techniques 

are proposed. If the proposed compensation techniques can be applied successfully, the 

accuracy of the sensorless cutting force estimation system can be substantially enhanced 

with the sufficient bandwidth. 

In Chapter 3, the online chatter detection method is proposed based on the novel concept 

of phase shift monitoring by using MPF and MEF, which are proposed anew as indices for 

chatter detection, inspired from the PF theory in an AC circuit. The MPF and MEF in the 

machining process represent the phase differences between the cutting force and tool 

velocity/displacement and can be utilized to detect the forced and (regenerative) chatter 

vibration, respectively. The detailed methodologies for detecting forced and chatter 

vibration by MPF/MEF and its efficient calculation for an online system, as well as the 

 

Fig. 1-16 Organization of dissertation 
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system integration with the sensorless cutting estimation technique, are described. The 

effectiveness of the proposed method is verified with a developed high-precision liner-motor-

driven lathe. After investigating the influence of the window length on computing 

MPF/MEF with oscillation tests, the performance of the proposed system is evaluated using 

a series of outside turning tests. 

In Chapter 4, the practical design methodology for an optimal SSSV is proposed based 

on the novel analysis of the process energy balance. Through mathematical treatment of 

the chatter vibration in SSSV, an analogy can be found between the SSSV characteristics 

and the frequency modulation (FM) techniques used in radio communication engineering, 

defining the modulation index (MI) for SSSV. The analytical kinematic energy model can 

be expressed with the Bessel function having MI as an argument. It provides design 

candidates for selecting the optimal amplitude of SSSV, which effectively dissipates the 

chatter energy. In addition, the limit criteria for SSSV frequency, according to the variation 

amplitude, are discussed to ensure the SSSV effect and prevent the beat vibration. The 

proposed design methodology is verified by a series of time-domain simulations and a series 

of boring tests with a commercial large-scale double-column-type machining center.  

In Chapter 5, the TSM process for chatter suppression is proposed in parallel turning 

under the following assumption: rigid tools with the same depth of cut and insert geometries 

machine the shared surface of a flexible workpiece. In the TSM process, the two tools are 

swung in the circumferential direction of the workpiece in a sinusoidal manner while 

maintaining equal pitch. The systematic design procedure for TSM is also introduced based 

on the analogy with the SSSV process. In a prototype multi-tasking machine tool modified 

to be flexibly controlled, the chatter stabilization performance and workpiece runout in the 

proposed TSM process are experimentally evaluated and compared with the conventional 

equal- and unequal-pitch turning. 

In Chapter 6, the SDM is described under the assumption that a slender workpiece, 

which is flexible on a plane perpendicular to the tool axis direction, is simultaneously 

machined by two end mills rotating in opposite directions. As the effectiveness of SDM has 

not yet been elucidated for this scenario, it is evaluated through a series of process 

simulations in the time and frequency domains, which are developed in this study. Based 

on the findings, an adaptive SDM system is also developed. The difference in the spindle 

speed is adaptively optimized during the process according to the chatter frequency tracked 

from the cutting force estimated by a sensorless cutting force observer. Its effectiveness is 

also verified in the prototype multi-tasking machine tool, and the results show that the 

developed real-time adaptive SDM system can suppress the chatter vibration more robustly. 

In Chapter 7, conclusions of the dissertation are summarized. 
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2. Sensorless cutting force estimation based 

on disturbance observer 
 

To date, several sensorless cutting estimation techniques using the servo information of 

the machine tool have been proposed. The formulas of existing observer-based cutting force 

estimation are derived in section 2.2, based on the defined physical model of feed drive 

system in section 2.1. The main characteristics and informative knowledges of each 

techniques are summarized in section 2.3 and 2.4, while demonstrating milling tests with 

a prototype three-axis ball-screw-driven machine tool. In section 2.5, the compensation 

techniques for deterioration in cutting force estimation, induced by position-dependent 

model parameters and/or complex structure dynamics, are proposed [250,251] to overcome 

the limitations for accurate cutting force estimation in the existing sensorless techniques. 

 

2.1. Physical model of feed drive system in machine tools 

Fig. 2-1 shows the most used ball-screw-driven feed-drive system in the machine tool, 

which comprises many mechanical elements, such as the driven body (table + workpiece), 

guide, ball screw shaft, nut, support bearing, servo motor, and coupling; hence, it usually 

has multiple modes. There are two typical modes: the torsional and axis modes resulting 

from the ball screw shaft. These have a substantial impact on the control system stability 

and positioning accuracy. The torsional resonance frequency of a ball screw is generally 

higher than the axial resonance frequency. If high-frequency vibration does not impair the 

stability of the servo system [252], a dual-inertial model that models only the primary mode 

in the axial direction is available [253–256] (Fig. 2-2). In the dual-inertia model, rotating 

mechanical elements (e.g., motor, coupling, and ball screw shaft) and translational elements 

(e.g., nut and movable stage) are both regarded as one mass. This enables the description 

 

Fig. 2-1 Mechanical element of ball-screw-driven system 
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of the dynamic behavior of each mass due to the primary mode in the axial direction. The 

dual inertial model is advantageous in terms of simplicity and intuitiveness, and 

consequently, widely used for system design, such as control system and disturbance 

observer. Note that the structural damping between two masses is not included in this study. 

In addition, two or more vibration modes cannot be considered in the dual-inertia model. 

The driven body (i.e., movable translational mass) cannot often be regarded as a simple 

rigid body depending on the machine tool kinematic chain. This is a major obstacle in 

achieving accurate sensorless cutting force estimation with sufficient bandwidth, as will be 

described later in subsection 2.5.2. 

From Fig. 2-2, the motion equations of the dual-inertia model can be described as follows.  

𝐽𝑚�̈�𝑚 + 𝐾𝑟(𝑅𝑟𝛩𝑚 −𝑋𝑡)𝑅𝑟 +𝐷𝑚�̇�𝑚 = 𝐾𝑚𝐼𝑎
𝑟𝑒𝑓

− 𝑇𝑠𝑓 (2-1) 

𝑀𝑡�̈�𝑡 + 𝐾𝑟(𝑋𝑡 − 𝑅𝑟𝛩𝑚) + 𝐶𝑡�̇�𝑡 = −𝐹 − 𝐹𝑠𝑓 (2-2) 

where 𝐽𝑚 [kg ∙ m2] is a total inertia of rotational elements, 𝑀𝑡 [kg] is a movable mass, 

𝐾𝑟 [N m⁄ ] is a total stiffness of feed-screw system, 𝐷𝑚 [N ∙ m ∙ s rad⁄ ] is a damping coefficient 

of rotational elements, 𝐶𝑡 [N ∙ s m⁄ ]  is a damping coefficient of translational elements, 

𝐾𝑚 [N ∙ m A⁄ ] is a torque coefficient. 𝐹𝑠𝑓  [N], 𝑇𝑠𝑓  [N ∙ m], 𝐹 [N] is a friction force, friction 

torque, and cutting force, respectively, which applied on feed-drive system as load 

forces/torques. Additionally, 𝐼𝑎
𝑟𝑒𝑓

 [A] , 𝛩𝑚 [rad], and 𝑋𝑡  [m]  are motor current reference, 

motor angle, and stage position, respectively. These three signals can be obtained in CNC 

as servo information according to types of stage drive (i.e., linear-motor-driven or ball-

screw-driven system) and position control (i.e., semi-closed or full-closed control). Here, 

𝑅𝑟 [m rad⁄ ]  is a transform coefficient for rotational to translational motion, which is 

calculated from the lead length of screw shaft, 𝑙𝑝 [m], as 𝑅𝑟 = 𝑙𝑝/(2𝜋). The parameters are 

also summarized in the Nomenclature. 

 

Fig. 2-2 Dual-inertia model of ball-screw-driven system 
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Although the actual load applied to the machine elements includes Coriolis force and 

centrifugal force, these are ignored because they are sufficiently smaller than the friction 

force/torque and the cutting force. Note that the armature current is assumed to be 

equivalent to the motor current reference value, as the bandwidth of the current loop is 

sufficiently high in general. Here, Eqs. (2-1) and (2-2) can be rewritten in the following 

matrix format: 

[
𝐽𝑚 0
0 𝑀𝑡

] {
�̈�𝑚

�̈�𝑡

} + [
𝐷𝑚 0
0 𝐶𝑡

] {
�̇�𝑚

�̇�𝑡

} + [
𝐾𝑟𝑅𝑟

2 −𝐾𝑟𝑅𝑟

−𝐾𝑟𝑅𝑟 𝐾𝑟
] {
𝛩𝑚

𝑋𝑡
} = {

𝐾𝑚𝐼𝑎
𝑟𝑒𝑓

− 𝑇𝑠𝑓
−𝐹 − 𝐹𝑠𝑓

} (2-3) 

Furthermore, by applying Laplace transform and rearranging it, Eq. (2-3) can be 

transformed as follows:  

{
𝑅𝑟𝛩𝑚(𝑠)

𝑋𝑡(𝑠)
} =

𝛼𝑟

𝑀𝑡
2𝑠𝐷𝑟(𝑠)

[
𝑀𝑡𝑠

2 + 𝐶𝑡𝑠 + 𝐾𝑟 𝐾𝑟

𝐾𝑟 (𝐽𝑚 𝑅𝑟
2⁄ )𝑠2 + (𝐷𝑚 𝑅𝑟

2⁄ )𝑠 + 𝐾𝑟
] {𝐾𝑚𝐼𝑎

𝑟𝑒𝑓
𝑅𝑟⁄

−𝐹
} 

                     =
𝛼𝑟

𝑀𝑡𝑠𝐷𝑟(𝑠)
[

𝑠2 + 2𝜁𝑡𝜔𝑡𝑠 + 𝜔𝑡
2 𝜔𝑡

2

𝜔𝑡
2

1

𝛼𝑟
𝑠2 + 2𝜁𝑚𝜔𝑡𝑠 + 𝜔𝑡

2] {
𝐾𝑚𝐼𝑎

𝑟𝑒𝑓
𝑅𝑟⁄

−𝐹
} 

(2-4) 

where 𝛼𝑟 [−] is inertia ratio, and 𝐷𝑟(𝑠) is defined as: 

𝐷𝑟(𝑠) = 𝑠3 + 2𝜔𝑡(𝛼𝑟𝜁𝑚 + 𝜁𝑡)𝑠
2 + {𝜔𝑟

2 + 4𝛼𝑟𝜁𝑚𝜁𝑡𝜔𝑡
2}𝑠 + 2𝛼𝑟(𝜁𝑚 + 𝜁𝑡)𝜔𝑡

3 (2-5) 

𝛼𝑟 =
𝑀𝑡

𝐽𝑚 𝑅𝑟
2⁄
, 𝜔𝑡 = √

𝐾𝑟

𝑀𝑡
, 𝜔𝑟 = 𝜔𝑡√𝛼𝑟 + 1, 𝜁𝑚 =

𝐷𝑚 𝑅𝑟
2⁄

2𝜔𝑡𝑀𝑡
, 𝜁𝑡 =

𝐶𝑡

2𝜔𝑡𝑀𝑡
 (2-6) 

where 𝜔𝑡  [rad/s] is an anti-resonance frequency at motor side, 𝜔𝑠 [rad/s] is a resonance 

frequency in dual inertia system, 𝜁𝑚 [−] , and 𝜁𝑡 [−]  are damping ratio of rotational 

elements, and translational elements, respectively. Note that, for simplicity, the friction 

terms are omitted here in Eq. (2-4). 

If the axial rigidity is sufficiently high and the elastic deformation between the 

translational and rotating systems can be ignored, the ball-screw-driven system can be 

expressed as a one-inertia (i.e., rigid body) model. Assuming that the operating efficiency 

from the rotating system to the translational system is unity, the ball-screw-driven system 

as the single-inertia model is expressed as follows: 

𝑀𝑎�̈�𝑚 + 𝐶𝑎�̇�𝑚 =
1

𝑅𝑟
𝐾𝑚𝐼𝑎

𝑟𝑒𝑓
−

1

𝑅𝑟
𝑇𝑠𝑓 − 𝐹𝑠𝑓 − 𝐹 (2-7) 

𝑀𝑎 = 𝐽𝑚 𝑅𝑟
2⁄ +𝑀𝑡, 𝐶𝑎 = 𝐷𝑚 𝑅𝑟

2⁄ + 𝐶𝑡, 𝑋𝑚 = 𝑅𝑟𝛩𝑚 (2-8) 
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where 𝑀𝑎 [kg] and 𝐶𝑎 [N ∙ s m⁄ ] are a total mass and damping coefficient in rigid body 

motion, respectively. 𝑋𝑚 [m] is an equivalent value of 𝛩𝑚 in translational motion. 

Here, the linear-motor-driven system with a linear encoder is also utilized for high-

precision machine tools. In the linear-motor-driven system, the linear motor directly drives 

the stage for translational motion without mechanical elements for rotation–translation 

conversion, such as a ball screw. Generally, the linear-motor-driven system is also modeled 

as an inertia model, as follows: 

𝑀𝑡�̈�𝑡 = 𝐾𝑡𝐼𝑎
𝑟𝑒𝑓

− 𝐹𝑠𝑓 − 𝐹 (2-9) 

where 𝐾𝑡  [N A⁄ ] is a thrust-force coefficient. Note that viscous friction is neglected in the 

above equation as it should have a small value in the linear-motor-driven system. 

 

2.2. Observer-based sensorless cutting force estimation 

2.2.1. Disturbance observer 

DOB [99] was originally constructed for estimating disturbance in a single-inertia plant, 

such as a servomotor, based on the input motor current and output motor angle information. 

In a broad sense, DOB includes the feed-forward compensation to the current control system 

by the compensation motor current equivalent to the estimated disturbance. By canceling 

the disturbance including the load force and parameter fluctuations, robust motion control 

can be realized. As DOB is a model-based method, the nominal values of mechanical 

parameters are used for disturbance estimation. If the errors between the nominal values 

and the actual parameters are explicitly shown, Eq. (2-7) can be rewritten with parameter 

fluctuations, as follows: 

(𝑀𝑎𝑛 + ∆𝑀𝑎)�̈�𝑚 + (𝐶𝑎𝑛 + ∆𝐶𝑎)�̇�𝑚 =
1

𝑅𝑟

(𝐾𝑚𝑛 + ∆𝐾𝑚)𝐼𝑎
𝑟𝑒𝑓

−
1

𝑅𝑟
𝑇𝑠𝑓 − 𝐹𝑠𝑓 − 𝐹 (2-10) 

where ( )𝑛 and 𝛥 denote the nominal values and variation in parameters, respectively.  

From Eq. (2-10), the disturbance force, 𝐹𝑑𝑖𝑠 [N], including the parameter-fluctuation-

induced forces, frictional forces and cutting force can be derived as follows: 

𝐹𝑑𝑖𝑠 =
1

𝑅𝑟
𝐾𝑚𝑛𝐼𝑎

𝑟𝑒𝑓
−𝑀𝑎𝑛�̈�𝑚 − 𝐶𝑎𝑛�̇�𝑚 (2-11) 

where 

𝐹𝑑𝑖𝑠 ≡
1

𝑅𝑟
𝑇𝑠𝑓 + 𝐹𝑠𝑓 + 𝐹 − ∆𝐾𝑚𝐼𝑎

𝑟𝑒𝑓
+ ∆𝑀𝑎�̈�𝑚 + ∆𝐶𝑎�̇�𝑚 (2-12) 
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The motor current reference value is observable information. In addition, velocity and 

acceleration information can be estimated by differentiating the motor angle signal 

obtained from the rotary encoder attached to the servomotor. Therefore, the disturbance 

force can be estimated based on Eq. (2-11). This is the principle of the disturbance 

estimation theory (i.e., DOB). Note that as differential processing amplifies high-frequency 

noise, a low-pass filter (LPF) should be applied for noise reduction. 

When the parameter errors are sufficiently reduced by prior identification, the 

disturbance in Eq. (2-12) can be regarded as comprising cutting and friction forces during 

machining; hence, by applying the disturbance estimation theory and subtracting the 

friction terms identified in advance (i.e., 𝑇𝑠𝑓 → �̂�𝑠𝑓 , 𝐹𝑠𝑓 → �̂�𝑠𝑓, ̂  indicates estimated value), 

the cutting force is estimated as follows: 

�̂�𝐷𝑂𝐵 = 𝐺𝐿𝑃𝐹 (
𝐾𝑚𝑛

𝑅𝑟𝑛
𝐼𝑎
𝑟𝑒𝑓

−𝑀𝑎𝑛�̈�𝑚 − 𝐶𝑎𝑛�̇�𝑚 −
1

𝑅𝑟𝑛
�̂�𝑠𝑓 − �̂�𝑠𝑓) (2-13) 

where �̂�𝐷𝑂𝐵 [N] is the cutting force estimated in DOB and 𝐺𝐿𝑃𝐹 indicates LPF. 

Eq. (2-13) is the cutting force observer based on the single-inertia model in the ball-

screw-driven system. Here, the principle of conventional motor-current-based cutting force 

estimation, �̂�𝐶𝑈𝑅 [N], can be simply expressed as: 

�̂�𝐶𝑈𝑅 = 𝐺𝐿𝑃𝐹 (
𝐾𝑚𝑛

𝑅𝑟𝑛
𝐼𝑎
𝑟𝑒𝑓

−
1

𝑅𝑟𝑛
�̂�𝑠𝑓 − �̂�𝑠𝑓) (2-14) 

In the linear-motor-driven system modeled as single inertia of Eq. (2-9), the estimation 

manner is derived similar to that in Eqs. (2-13) and (2-14):  

�̂�𝐷𝑂𝐵 = 𝐺𝐿𝑃𝐹(𝐾𝑡𝑛𝐼𝑎
𝑟𝑒𝑓

−𝑀𝑡𝑛�̈�𝑡 − �̂�𝑠𝑓) (2-15) 

�̂�𝐶𝑈𝑅 = 𝐺𝐿𝑃𝐹(𝐾𝑡𝑛𝐼𝑎
𝑟𝑒𝑓

− �̂�𝑠𝑓) (2-16) 

Fig. 2-3(a) and (b) shows the block diagram of Eqs. (2-13) and (2-15), respectively. The 

estimation accuracy is improved by compensating the phase lag between the servo signals 

induced by the current loop, servo amplifier, and signal communication [257–259], which is 

also explicitly depicted in Fig. 2-3. In Fig. 2-3, 𝜔𝐿 [rad s⁄ ] is bandwidth of current loop, 

𝑇𝑎 [s], 𝑇𝑚 [s], and 𝑇𝑡 [s] are dead times at servo amplifier, motor, and stage, respectively. 

The phase lag compensation by 1st order LPF with 𝜔𝐿𝑛 and dead-time components with 

𝑇1 [s], 𝑇2 [s], and 𝑇3 [s] should be applied if required. 

2.2.2. Load-side disturbance observer  

Recently, machine tools inherently equipped with a linear encoder have become 

mainstream due to the demand for part accuracy assurance (i.e., full-closed-loop control). 
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In a fully closed ball-screw-driven system, the disturbance estimation technique for the 

dual-inertia model is available. 

The load-side disturbance observer (LDOB) [260] is one of these techniques, and is based 

on the motion equation of the translational (i.e., load side) system in Eq. (2-3), as follows: 

𝑀𝑡�̈�𝑡 + 𝐶𝑡�̇�𝑡 + 𝐾𝑟(𝑋𝑡 − 𝑅𝑟𝛩𝑚,𝑞) = −𝐹 − 𝐹𝑠𝑓 (2-17) 

Consequently, the estimation method of the cutting force in LDOB can be derived based 

 

Fig. 2-3 Block diagram of cutting-force-estimation system based on DOB: (a) in ball-screw-driven 

system, (b) in linear-motor-driven system 
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on Eq. (2-17) according to the same procedure as that used for DOB: 

�̂�𝐿𝐷𝑂𝐵 = 𝐺𝐿𝑃𝐹(−𝑀𝑡𝑛�̈�𝑡 − 𝐶𝑡𝑛�̇�𝑡 + 𝐾𝑟𝑛𝑋𝑟 − �̂�𝑠𝑓) (2-18) 

where �̂�𝐿𝐷𝑂𝐵 [N] is cutting force estimated in LDOB and 𝑋𝑟 [m] is relative displacement 

between the motor and stage: 

𝑋𝑟 = 𝑅𝑟𝛩𝑚 − 𝑋𝑡 = 𝑋𝑚 −𝑋𝑡 (2-19) 

Based on Eq. (2-18), the cutting force is estimated using the multi-encoder signals and 

the identified friction force. The block diagram of LDOB is shown in Fig. 2-4, where phase 

lag compensations are also explicitly depicted. 

2.2.3. Multi-encoder-based disturbance observer 

Another method of disturbance estimation in dual-inertial model is the multi-encoder-

based disturbance observer (MEDOB) [261,262], which can also be utilized for cutting force 

estimation in machine tools [257]. By correlating the motor- and load-side motion equation 

in Eq. (2-3) to eliminate the interaction term of 𝐾𝑟(𝑅𝑟𝛩𝑚 − 𝑋𝑡), the following equation can 

be obtained: 

 

Fig. 2-4 Block diagram of cutting-force-estimation system based on LDOB 
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1

𝑅𝑟
𝐽𝑚�̈�𝑚 +

1

𝑅𝑟
𝐷𝑚�̇�𝑚 +𝑀𝑡�̈�𝑡 + 𝐶𝑡�̇�𝑡 =

𝐾𝑚

𝑅𝑟
𝐼𝑎
𝑟𝑒𝑓

−
1

𝑅𝑟
𝑇𝑠𝑓 − 𝐹 − 𝐹𝑠𝑓 

→ 𝑀𝑚�̈�𝑚 + 𝐶𝑚�̇�𝑚 +𝑀𝑡�̈�𝑡 + 𝐶𝑡�̇�𝑡 =
𝐾𝑚

𝑅𝑟
𝐼𝑎
𝑟𝑒𝑓

−
1

𝑅𝑟
𝑇𝑠𝑓 − 𝐹 − 𝐹𝑠𝑓 

(2-20) 

where 𝑀𝑚 [kg] and 𝐶𝑚 [N ∙ s m⁄ ] are equivalent value of 𝐽𝑚 [kg ∙ m2] and 𝐷𝑚 [N ∙ m ∙ s rad⁄ ] 

in translational motion, respectively: 

𝑀𝑚 = 𝐽𝑚 𝑅𝑟
2⁄ , 𝐶𝑚 = 𝐷𝑚 𝑅𝑟

2⁄  (2-21) 

The method of estimating the cutting force in MEDOB, �̂�𝑀𝐸𝐷𝑂𝐵 [N], can be derived as 

�̂�𝑀𝐸𝐷𝑂𝐵 = 𝐺𝐿𝑃𝐹 (
𝐾𝑚𝑛

𝑅𝑟𝑛
𝐼𝑎
𝑟𝑒𝑓

−𝑀𝑚𝑛�̈�𝑚 − 𝐶𝑚𝑛�̇�𝑚 −𝑀𝑡𝑛�̈�𝑡 − 𝐶𝑡𝑛�̇�𝑡 −
1

𝑅𝑟𝑛
�̂�𝑠𝑓 − �̂�𝑠𝑓) (2-22) 

Unlike Eq. (2-13) for a single-inertia model, Eq. (2-22) treats the rotational and 

translational motions independently; hence, each motion can be considered even around the 

resonance frequency, where the rotational and translational parts move in opposite phases. 

As the interaction term of axial stiffness is eliminated in MEDOB, the cutting force is 

estimated by focusing on the movements of the two masses at both ends, instead of directly 

considering the relative motion between the rotational and translational systems due to the 

 

Fig. 2-5 Block diagram of cutting-force-estimation system based on MEDOB 
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spring. In a real system, this makes a difference in the estimation results in each estimation 

technique, as discussed in sections 2.3 and 2.4. An advantage of MEDOB is that it is not 

necessary to identify the axial stiffness, which may be position-dependent [263], as 

discussed later. The block diagram of the cutting force estimation system based on MEDOB 

is shown in Fig. 2-5.  

2.2.4. Mode-decoupled disturbance observer 

The methods of cutting force estimation in DOB, LDOB, and MEDOB are directly 

derived in the physical-space-coordinate system from the motion equation of the dual-

inertia model. Recently, mode-decoupled cutting force estimation in an equivalent SDoF (i.e., 

modal-space coordinate) system has been proposed [258,259]. In the dual-inertia model of 

the ball-screw-driven system, there are two vibration modes: a rigid-body mode, which 

represents the center-of-mass motion, and a vibration mode, which represents the relative 

motion between the rotational and translational parts induced by the spring element. In 

the physical-space-coordinate system, these two modes are mixed, but become mutually 

independent in the modal space. A conceptual figure of modal decomposition in the dual-

inertia model of the ball-screw feed-drive stage is depicted in Fig. 2-6. 

Thus, each mode can be handled individually as an equivalent SDoF system. As a first 

step toward modal decomposition, Eq. (2-3) is rewritten as follows: 

[𝑴]{�̈�} + [𝑪]{�̇�} + [𝑲]{𝑿} = {𝑭} (2-23) 

where 

 

Fig. 2-6 Conceptual figure of modal decomposition in dual inertia model 
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[𝑴] = [
𝑀𝑚 0
0 𝑀𝑡

] , [𝑪] = [
𝐶𝑚 0
0 𝐶𝑡

] , [𝑲] = [
𝐾𝑟 −𝐾𝑟

−𝐾𝑟 𝐾𝑟
] (2-24) 

{𝑿} = {
𝑋𝑚

𝑋𝑡
} , {𝑭} = {

𝐾𝑚𝐼𝑎
𝑟𝑒𝑓

𝑅𝑟⁄ − 𝑇𝑠𝑓/𝑅𝑟

−𝐹 − 𝐹𝑠𝑓
} (2-25) 

As there are off-diagonal terms in the stiffness matrix, the rotational and translational 

motions are coupled in the physical-space-coordinate system. Here, it is assumed that the 

following relationship holds between the modal- and physical-space coordinates through the 

modal transformation matrix: 

{𝑿} = [𝝓]{𝑿 } (2-26) 

where ( )𝑑 indicates value in modal-space coordinate. 

By multiplying the transpose matrix of [𝝓] from the left side after substituting Eq. 

(2-26) into Eq. (2-23), Eq. (2-23) can be decomposed as follows: 

[𝑴 ]{�̈� } + [𝑪 ]{�̇� } + [𝑲 ]{𝑿 } = [𝝓]𝑇{𝑭} (2-27) 

where 

[𝑴 ] = [𝝓]𝑇[𝑴][𝝓], [𝑪 ] = [𝝓]𝑇[𝑪][𝝓], [𝑲 ] = [𝝓]𝑇[𝑲][𝝓] (2-28) 

To specifically obtain the modal matrix of the dual-inertia model in a ball-screw-driven 

system, the free vibration in Eq. (2-23) is considered, that is, the right-hand side of Eq. 

(2-23) is set to zero. Then, the solution of free vibration is assumed as follows: 

{𝑿} = {𝝋}𝑒𝜆𝑟𝑡 (2-29) 

where 𝜆𝑟 is the eigenvalue and {𝝋} is the corresponding eigenvector. 

Consequently, the characteristic equation is derived as follows: 

(𝜆𝑟
2[𝑴] + 𝜆𝑟[𝑪] + [𝑲]){𝝋}𝑒𝜆𝑟𝑡 = {𝟎} (2-30) 

For Eq. (2-30) to have meaningful solutions, the determinant on the left-hand side in 

Eq. (2-30) must be zero. However, as it becomes a quadratic equation of the eigenvalue, it 

cannot be solved analytically in general; hence, the proportional viscosity damping is 

assumed, as follows: 

[𝑪] = 𝛼𝑐[𝑴], where 𝛼𝑐 = 𝐶𝑚 𝑀𝑚⁄ = 𝐶𝑡 𝑀𝑡⁄  (2-31) 

where 𝛼𝑐 [N ∙ s (m ∙ kg)⁄ ]  is a constant for proportional damping. Viscous damping is 

assumed to be proportional to mass only, as structural damping is not modeled in this study. 

By substituting Eq. (2-31) into Eq. (2-30), Eq. (2-30) can be rearranged as follows: 
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(−𝑝𝑟
2[𝑴] + [𝑲]){𝝋}𝑒𝜆𝑟𝑡 = {𝟎} (2-32) 

where 

 𝑝𝑟
2 = −(𝜆𝑟

2 + 𝛼𝑐𝜆𝑟)  (2-33) 

As the determinant on the left-hand side of Eq. (2-32) becomes a quadratic equation for 

𝑝𝑟
2, it can be analytically solved as follows: 

(−𝑝𝑟
2𝑀𝑚 + 𝐾𝑟)(−𝑝𝑟

2𝑀𝑡 + 𝐾𝑟) − 𝐾𝑟
2 = 0 → ∴ 𝑝𝑟1

2 = 0, 𝑝𝑟2
2 = 

𝑀𝑚 +𝑀𝑡

𝑀𝑚𝑀𝑡
𝐾𝑟 (2-34) 

As a result, the eigenvectors of the rigid-body and vibration modes can be defined by 

substituting the solutions of Eq.(2-34) into Eq. (2-32): 

[
𝐾𝑟 −𝐾𝑟

−𝐾𝑟 𝐾𝑟
] {𝝋𝟏}𝑒

𝜆𝑟1𝑡 = {
0
0
}  →  {𝝋𝒈} ≡ {𝝋𝟏} = {

1
1
} (2-35) 

[
𝐾𝑟/𝛼𝑟 𝐾𝑟

𝐾𝑟 𝛼𝑟𝐾𝑟
] {𝝋𝟐}𝑒

𝜆𝑟2𝑡 = {
0
0
}  →  {𝝋𝒗} ≡ {𝝋𝟐} = {

1
−1/𝛼𝑟

} (2-36) 

Finally, the modal matrix is defined based on Eqs. (2-35) and (2-36), as follows: 

[𝝓] = [{𝝋𝒈} {𝝋𝒗}] = [
1 1
1 −1/𝛼𝑟

] (2-37) 

where ( )  and ( )𝑣 are values in rigid-body and vibration mode, respectively. 

By applying the derived modal matrix based on Eqs. (2-26), (2-28), and (2-31), the 

physical-space system is transformed into modal-space system: 

{𝑿 } = [𝝓]−1{𝑿}  → ∴ {
𝑋 

𝑋𝑣
} =

1

𝛼𝑟 + 1
{
𝑋𝑚 + 𝛼𝑟𝑋𝑡

𝛼𝑟(𝑋𝑚 −𝑋𝑡)
} (2-38) 

[𝑴 ] = [𝝓]𝑇[𝑴][𝝓] = [
𝑀𝑚 +𝑀𝑡 0

0 (1 + 1 𝛼𝑟⁄ )𝑀𝑚
] = [

𝑀 0

0 𝑀𝑣
] 

[𝑲 ] = [𝝓]𝑇[𝑲][𝝓] = [
0 0
0 (1 + 1 𝛼𝑟⁄ )2𝐾𝑟

] = [
0 0
0 𝐾𝑣

]          

[𝑪 ] = [𝝓]𝑇[𝑪][𝝓] = 𝛼𝑐[𝝓]𝑇[𝑴][𝝓] = [
𝛼𝑐𝑀 0

0 𝛼𝑐𝑀𝑣
] = [

𝐶 0

0 𝐶𝑣
]   

(2-39) 

Eqs. (2-38) and (2-39) show that the center-of-mass motion independent of the spring 

element is extracted in the rigid-body mode by multiplying the inertia ratio as a weight 

with the stage position. In contrast, the vibration mode represents the relative motion 

between two masses, as it accounts for the difference in positions. In addition, all off-
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diagonal terms become zero, which means that each mode is an SDoF system that does not 

interfere with the other systems. 

The explicit form of the motion equation in modal space can be expressed as follows: 

[
𝑀 0

0 𝑀𝑣
] {

�̈� 

�̈�𝑣

} + [
𝐶 0

0 𝐶𝑣
] {

�̇� 

�̇�𝑣

} + [
0 0
0 𝐾𝑣

] {
𝑋 

𝑋𝑣
} = [

1 1
1 −1 𝛼𝑟⁄ ] {

(𝐾𝑚𝐼𝑎
𝑟𝑒𝑓

− 𝑇𝑠𝑓)/𝑅𝑟

−𝐹 − 𝐹𝑠𝑓
} (2-40) 

Therefore, based on Eq. (2-40), the estimation method of the cutting force can be derived 

in both rigid-body and vibration modes by the same procedure as the conventional 

disturbance estimation techniques: 

�̂�𝑅𝐼𝐺 = 𝐺𝐿𝑃𝐹 (
𝐾𝑚𝑛

𝑅𝑟𝑛
𝐼𝑎
𝑟𝑒𝑓

−𝑀 𝑛�̈� − 𝐶 𝑛�̇� −
1

𝑅𝑟𝑛
�̂�𝑠𝑓 − �̂�𝑠𝑓) (2-41) 

�̂�𝑉𝐼𝐵 = 𝐺𝐿𝑃𝐹 {−𝛼𝑟𝑛 [
𝐾𝑚𝑛

𝑅𝑟𝑛
𝐼𝑎
𝑟𝑒𝑓

− (𝑀𝑣𝑛�̈�𝑣 + 𝐶𝑣𝑛�̇�𝑣 + 𝐾𝑣𝑛𝑋𝑣) −
1

𝑅𝑟𝑛
�̂�𝑠𝑓 +

1

𝛼𝑟𝑛
�̂�𝑠𝑓]} (2-42) 

 

Fig. 2-7 Schematic block diagram of cutting force estimation in modal space 
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where �̂�𝑅𝐼𝐺  [N]  and �̂�𝑉𝐼𝐵 [N]  are cutting forces estimated in rigid-body and vibration 

modes, respectively.  

A schematic block diagram of the cutting force estimation in modal space is shown in 

Fig. 2-7. Note that the estimation formula of the rigid-body mode in Eq. (2-41) is proven to 

be equivalent to that of MEDOB in Eq. (2-22) [259]. Therefore, the rigid-body mode is not 

dealt with in later comparative studies. 

 

2.3. Characteristics of each observer 

In this section, the characteristics of cutting force techniques based on DOB, LDOB, 

MEDOB, and vibration mode-based disturbance observer (VMDOB) are discussed through 

numerical simulations. By substituting Eq. (2-4) into Eq. (2-13) in Laplace domain, so that 

𝑋𝑚 = 𝑅𝑟𝛩𝑚 disappears, the following equation can be derived: 

�̂�𝑙𝑠
𝐷𝑂𝐵 = −𝐺𝐿𝑃𝐹(𝑠) ∙

𝛼𝑟(𝑠 + 2𝜁𝑡𝜔𝑡)
2𝑠2

𝑠𝐷𝑟(𝑠)
∙
𝐾𝑚

𝑅𝑟

𝐼𝑎
𝑟𝑒𝑓

+ 𝐺𝐿𝑃𝐹(𝑠) ∙
𝜔𝑟

2𝑠2 + 2𝛼𝑟(𝜁𝑟 + 𝜁𝑡)𝜔𝑡
3𝑠

𝑠𝐷𝑟(𝑠)
∙ 𝐹𝑙𝑠 (2-43) 

where 𝐹𝑙𝑠 [N] is load force at the load side such as cutting force. 

Note that the friction terms and parameter errors of the nominal values are ignored for 

simplification. Eq. (2-43) shows that the disturbance TF between the load force (i.e., cutting 

force in machining process) and the estimated force based on DOB in a dual-inertia-modeled 

ball-screw-driven system can be described as follows: 

�̂�𝑙𝑠
𝐷𝑂𝐵

𝐹𝑙𝑠
= 𝐺𝐿𝑃𝐹(𝑠) ∙

𝜔𝑟
2𝑠2 + 2𝛼𝑟(𝜁𝑟 + 𝜁𝑡)𝜔𝑡

3𝑠

𝑠𝐷𝑟(𝑠)
 (2-44) 

Fig. 2-8 shows an exemplary disturbance TF of Eq. (2-44). The physical parameters of 

 

Fig. 2-8 Disturbance TF between actual cutting force and estimated force based on DOB in dual-

inertia-modeled ball-screw-driven system: (a) gain characteristic, (b) phase characteristic (physical 

parameters are the same as X-axis of the experimental system shown in Table 2-1: 𝑀𝑡 = 7.9 kg, 𝑀𝑚 =

100 kg, 𝐶𝑡 = 2.4 × 103 N ∙ s/m, 𝐶𝑚 = 2.8 × 103 Ns/m, 𝐾𝑟 = 24 N/μm, 𝑙𝑝 = 5.0 mm. Additionally, LPF of 

𝐺𝐿𝑃𝐹(𝑠) = 𝑔𝐿𝑃𝐹/(𝑠 + 𝑔𝐿𝑃𝐹) with 𝑔𝐿𝑃𝐹 = 1000 rad/s is applied as an example.) 
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the ball-screw-driven system in the simulation coincide with the values identified in the X-

axis of the real experimental setup in section 2.4 (Table 2-1). 

In the low-frequency region where the rotational and translation systems together 

behave as a nearly rigid-body motion, almost a unity gain of disturbance TF can be observed 

(i.e., the estimated cutting force is expected to be accurate). However, the disturbance TF 

obtains high gain around the axial resonance frequency, that is, the cutting force is 

overestimated in this vicinity. In addition, the gain characteristics are considerably 

attenuated with a large phase delay over the actual cutting force in the higher-frequency 

region. This is because the mechanical transfer characteristics from the stage to the motor 

act as LPF. In summary, Fig. 2-8 indicates that a bandwidth with a reliable accuracy of the 

DOB-based cutting force estimation is limited due to the axial mode of the ball-screw-driven 

system. When the DOB is applied to the linear-motor-driven stage (Fig. 2-3(b)), the 

disturbance TF ideally exhibits the same characteristic as the applied LPF, as the 

estimation method of DOB is derived based on the motion equation of a single-inertia model 

(blue-dot line in Fig. 2-8). 

As LDOB, MEDOB, and VMDOB are derived based on the dual-inertia model, their 

disturbance TF ideally follows the characteristic of the applied LPF even in the ball-screw-

driven system. This means that the estimated cutting force is ideally the same in all 

techniques. Nevertheless, as the component forces contributing to the estimated cutting 

force differ due to the different estimation method, the characteristics of each method also 

differ. Fig. 2-9 shows the gain characteristics of disturbance TF of the estimated cutting 

force in each technique. This figure is obtained from the stage-position/motor-angle 

response and current reference when applying the swept (cutting) force to the movable stage, 

emulated in the servo simulator of the ball-screw-driven system. Simultaneously, the 

disturbance TFs in terms of each component forces are also depicted.  

In MEDOB (Fig. 2-9(a)), the contribution of the equivalent motor-thrust force 

𝐾𝑚𝑛𝐼𝑎
𝑟𝑒𝑓

𝑅𝑟𝑛⁄  dominates the cutting force estimation, although its gain is not unity; that is, 

the equivalent inertia force of rotating mass compensates for the gain characteristic of the 

resultant estimated cutting force. Around the resonance frequency (i.e., 286 Hz), both 

inertia forces of rotational and translational masses have high gain. However, the inertia 

forces cancel each other out because of their opposite phases, and consequently, the other 

component forces contribute to the cutting force estimation. Overall, in MEDOB, the cutting 

force is reconstructed through an elaborate balance of many component forces. This 

indicates that MEDOB is sensitive to the phase differences between signals that upset the 

delicate signal balances. This is especially noticeable near the resonance frequency, where 

the phase difference between two masses changes sharply. In the enlarged view of Fig. 

2-9(a), the gain characteristics of MEDOB slightly deteriorate around the resonance, even 

in a very ideal simulation. This suggests that the estimated cutting force in MEDOB is 
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sensitive to the slight deviation in the balance of component forces, including phase shift, 

which might be induced by numerical differential processing. Note that the enlarged view 

looks noisy because of the numerical signal processing for calculation. It is not evitable and 

has no notable meaning. 

In LDOB (Fig. 2-9(b)), the balance between the component forces is simple, because of 

only focusing on the load-side motion equation. Almost only the restoring force represented 

by axial stiffness contributes to the estimated cutting force in a low-frequency region. At 

the resonance frequency, although the gains of inertia force and restoring force are 

amplified, they cancel each other out because of their opposite phase shifts. Consequently, 

the contribution of the damping force relatively increases. In a very high-frequency region, 

almost only inertia force contributes to the cutting force estimation. As the restoring force 

is directly considered, LDOB is less sensitive to the deviation of the force-component 

 

Fig. 2-9 Gain characteristics of disturbance TF between the actual cutting force and estimated force in 

a dual-inertia-modeled ball-screw-driven system: (a) MEDOB, (b) LDOB, (c) VMDOB (parameter 

conditions remain the same as those in Fig. 2-8) 
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balance than MEDOB, as seen in the enlarged view. 

VMDOB appears similar to LDOB in the gain characteristic (Fig. 2-9(c)). Expanding Eq. 

(2-42) into a form expressed by physical parameters yields the following equation:  

�̂�𝑉𝐼𝐵 = 𝐺𝐿𝑃𝐹 [−𝛼𝑟𝑛

𝐾𝑚𝑛

𝑅𝑟𝑛
𝐼𝑎
𝑟𝑒𝑓

+𝑀𝑡𝑛�̈�𝑟 + 𝐶𝑡𝑛�̇�𝑟 + (1 + 𝛼𝑟𝑛)𝐾𝑟𝑛𝑋𝑟 +
𝛼𝑟𝑛

𝑅𝑛
�̂�𝑠𝑓 − �̂�𝑠𝑓] (2-45) 

When the inertia ratio is very small, as in the simulation conditions (i.e., 𝛼𝑟 = 0.079), 

the terms weighted by the inertia ratio can be neglected. Furthermore, the motor 

vibrational velocity/acceleration induced by the cutting force are expected to be much 

smaller than that on the stage side (i.e., �̈�𝑟 ≈ −�̈�𝑡, �̇�𝑟 ≈ −�̇�𝑡). Consequently, the estimation 

method of VMDOB can be regarded as 

�̂�𝑉𝐼𝐵 ≈ 𝐺𝐿𝑃𝐹(−𝑀𝑡𝑛�̈�𝑡 − 𝐶𝑡𝑛�̇�𝑡 + 𝐾𝑟𝑛𝑋𝑟 − �̂�𝑠𝑓) (2-46) 

This is the same as the estimation method of LDOB in Eq. (2-18). In summary, VMDOB 

and LDOB are almost the same in a machine with a low inertia ratio. 

However, the gain characteristic of disturbance TF in VMDOB is deteriorated, as 

observed in the enlarged view of Fig. 2-9(c). This is because the physical parameters in the 

simulation are inconsistent with the proportional viscous damping in Eq. (2-31), which is 

assumed for deriving Eq. (2-42): 𝐶𝑚 𝑀𝑚⁄ = 30,𝐶𝑡 𝑀𝑡⁄ = 304 → 𝐶𝑚 𝑀𝑚⁄ ≠ 𝐶𝑡 𝑀𝑡⁄ . Although 

VMDOB would be useful when integrated with the existing process monitoring techniques 

established for the SDoF system, an exact assumption of the proportional viscous damping 

rarely holds in real machine tools. Therefore, LDOB might be a more reasonable strategy. 

It has been confirmed that VMDOB can estimate the cutting force less than the 

maximum static friction force in the stopped axis, whereas MEDOB cannot [259]. This is 

because VMDOB directly considers the restoring force induced by the axial stiffness term. 

As LDOB is similar to VMDOB, it is inferred that LDOB can also capture the cutting force 

in the stopped axis. Here, the axial stiffness of the ball-screw-driven system can be 

theoretically expressed by a series connection of several springs of mechanical components: 

𝐾𝑟 = 
1

1
𝐾𝑏

+
1
𝐾𝑠

+
1

𝐾𝑛𝑢𝑡

=
1

1
𝐾𝑏𝑠

+
1

𝐾𝑛𝑢𝑡

 
(2-47) 

where 𝐾𝑏 [N m⁄ ], 𝐾𝑠 [N m⁄ ], and 𝐾𝑛𝑢𝑡 [N m⁄ ] are axial stiffnesses of bearing, screw shaft, 

and nut, respectively. 𝐾𝑏𝑠 [N m⁄ ] is the summation of 𝐾𝑏 and 𝐾𝑠. Note that the attachment 

rigidities of the nut and bearing are ignored as they are sufficiently high in general.  

When the screw shaft is doubly anchored at both ends by using the support bearings, 

the sum of axial stiffness of the bearing and screw shaft is expressed as follows: 
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𝐾𝑏𝑠 =
1

1
𝐾𝑏

+
1
𝐾𝑠

=
1

1
𝐾𝑏1

+
4𝑋𝐴

𝜋𝑑𝑠
2𝐸𝑠

+
1

1
𝐾𝑏2

+
4(𝐿𝑠 − 𝑋𝐴)

𝜋𝑑𝑠
2𝐸𝑠

 
(2-48) 

where 𝑋𝐴 [m] is absolute stage position from the motor-side bearing, 𝑑𝑠 [m] is diameter of 

screw shaft, 𝐸𝑠 [Pa] is Young’s modulus of screw shaft, 𝐿𝑠 [m] is length of screw shaft, 

𝐾𝑏1 [N m⁄ ] is axial stiffness of bearing at the motor side, and 𝐾𝑏2 [N m⁄ ] is axial stiffness of 

bearing at opposite motor side.  

Therefore, the resultant axial stiffness depends on the stage position under the 

condition of double anchor support. An example profile of axial stiffness to indicate its 

tendency according to the stage position is shown in Fig. 2-10. The design values on the X-

axis of the developed three-axis ball-screw-driven machine tool (subsection 2.4.1) are used 

for the calculation, although Young’s modulus is set as a literature value of steel. Note that 

the plotted data are shifted so that the zero position denotes the center of the screw shaft, 

and the view around the center position from -40 to 40 mm is enlarged in Fig. 2-10. As 

shown in Fig. 2-10, the axial stiffness increases around both ends of the motor and anti-

motor sides. Especially, the axial stiffness has a large deviation around the motor side; 

hence, the nominal stiffness value in LDOB and VMDOB must be compensated depending 

on the stage position for an accurate cutting force estimation. If the compensation is difficult, 

MEDOB is advantageous, that it, is not necessary to identify the stiffness, although 

MEDOB has difficulty in estimating the cutting force in the stopped axes under the effect 

of static friction [259].   

 

 

Fig. 2-10 Exemplary theoretical characteristic of axial stiffness in double-anchored ball-screw-driven 

stage (design values in X-axis of the prototype double-column-type machine tool are used: 𝐾𝑏1 =

104 N μm⁄ , 𝐾𝑏2 = 94 N μm⁄ , 𝐾𝑛𝑢𝑡 = 98.6 N μm⁄ , 𝐸𝑠 = 206 × 109 Pa, 𝑑𝑠 = 15 mm, 𝐿𝑠 = 280 mm) 
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2.4. Experimental comparison 

2.4.1. Experimental setup 

Fig. 2-11 shows a three-axis double-column prototype machine tool with a ball-screw-

driven system. The ball screw is connected to a synchronous AC servomotor with a low 

cogging torque through a disc-type coupling and has a small torque fluctuation depending 

on the nut position. In addition, rotary and linear encoders are mounted on all translational 

axes; hence, the motor current, motor angle, and stage position can be used as the internal 

 

Fig. 2-11 Configuration of prototype three-axis double-column-type machine tool with ball-screw-

driven stage: (a) Front view, (b) oblique view, and (c) signal flow of control system  
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information. Each encoder has a high resolution to reduce the quantization error associated 

with differential processing in the high-frequency region. An additional rotary encoder (17 

bit) is also installed on the anti-motor side to calculate the motor electric angle, although it 

is not used for cutting force estimation. The workpiece is fixed on the X-stage. A piezoelectric 

table dynamometer (Type 9129AA from Kistler) is equipped under the workpiece to measure 

the cutting force as a reference. A spindle unit is installed on the Z-stage, which is attached 

on the Y-stage. 

In Fig. 2-11(c), the configuration of the machine tool control system is also described. 

Although only the configuration of the X-stage is shown as a representative, the signal flow 

is the same for all axes. As three encoders are attached to each axis (i.e., XYZ), nine position 

information are fed back to the controller. The signals from the 23-bit rotary and linear 

encoders are sent directly to the controller, whereas those from the 17-bit rotary encoders 

are sent to the controller through the servo amplifier. In the controller, a torque command 

is generated for each servo cycle by calculating the corresponding current command based 

on the feedback signals obtained from the 23-bit rotary encoder and linear encoder. After 

the current command value is converted to the voltage command value, the voltage 

command is D/A converted in the interface card and applied to the servo amplifier. To 

perform the current control of the motor in the servo amplifier, the angle information of the 

17-bit rotary encoder is used for calculating the electric angle. The 17-bit rotary encoder is 

not used for cutting force estimation.  

In this study, a P-P controller with feed-forward compensation for disturbance 

cancellation by MEDOB is adopted as the positioning control system, instead of the P-PI 

controller generally used for machine tools. Additionally, velocity and acceleration feed-

forward commands are applied to enhance the responsiveness. Note that the controller 

specifications for positioning do not affect the cutting force estimation, as the cutting force 

observers are assembled inside the position and velocity feedback loop. The detailed 

specifications of the experimental setup are summarized in Appendix A. 

Fig. 2-12 shows the FRFs obtained from the equivalent motor thrust force to the stage 

acceleration and the equivalent motor acceleration in translational motion, obtained by a 

sinusoidal motor swept excitation. The excitation frequency was swept logarithmically from 

0.1 Hz to 1 kHz, and the tests were applied to the XY-axes. In an ideal dual-inertia model 

without system delay times, the phase delay of FRF between the motor-angular acceleration 

and the motor current does not fall below 0°. Similarly, the phase delay of FRF between the 

stage acceleration and motor current does not fall below -180°. However, the phase lags of 

FRFs continue to increase with the frequency if there are time delay elements in the system. 

As this phenomenon was observed in the experimental system and could not be ignored, the 

phase-lag compensations were applied before calculating the FRFs. The amount of phase-
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lag compensation was determined by trial and error, so that the resultant phase shifts of 

FRFs become flat in a high-frequency region, similar to an ideal dual-inertia model. 

Next, the physical parameters of the dual-inertia model were iteratively tuned using 

the MDoF curve-fitting technique with a nonlinear least square method (LSM) [264,265], 

such that the sum of residual errors between the model FRFs based on Eq. (2-4) and the 

experimental FRFs would be minimized in the defined frequency range. 

 

Fig. 2-12 Experimental FRFs from the equivalent motor thrust force to encoder accelerations: (a) X-

axis, (b) Y-axis (pitch length is 5 mm in both XY-axes, and therefore, the rotation-to-translation 

transform coefficient is 𝑅𝑟𝑛 = 7.96 × 10−4 m/rad)  
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Table 2-1 shows the identified physical parameters of dual-inertia model for using the 

observers. As the signal flow is the same in the XY-axes, dead times in the system become 

almost the same on both axes. The design values of [𝑀𝑚, 𝑀𝑡] are roughly [111, 10] kg and 

[111, 21] kg in X- and Y-axis, respectively; hence, the identified values for the dual-inertia 

model expressing axial resonance appear reasonable.  

Table 2-2 shows the theoretical resolution of each acting force calculated based on the 

identified physical parameters and machine specifications, such as the sampling frequency 

and encoder resolutions. Note that the minimum detectable forces of restoring force and 

vibration mode were calculated based on the specification of a high-resolution linear encoder. 

The resolutions of both rotary and linear encoders were designed to be sufficiently high to 

sense the very high-frequency small cutting force (e.g., 2–3 kHz). In this machine, it was 

confirmed that the 17-bit rotary encoder, whose resolution in translational motion is 38 nm, 

Table 2-1 Physical parameters for dual inertia model identified by motor sine swept excitation 

Axis X Y 

Resonance frequency in dual-inertia system 𝜔𝑟 2𝜋⁄  [Hz] 286 228 

Total inertia of motor, coupling, and ball screw 𝐽𝑚𝑛 [kg･m2] 6.3 × 10-5 6.9 × 10-5 

Equivalent value of 𝐽𝑚 in translational motion 𝑀𝑚𝑛 [kg] 1.0 × 102 1.1 × 102 

Total movable mass 𝑀𝑡𝑛 [kg] 7.9 24 

Inertia ratio 𝛼𝑟 [-] 0.079 0.22 

Damping coefficient of rotational element 𝐷𝑚𝑛 [N･m･s/rad] 1.8 × 10-3 8.1 × 10-3 

Equivalent value of 𝐷𝑚 in translational motion 𝐶𝑚𝑛 [N･s/m] 2.8 × 103 1.3 × 104 

Damping coefficient of translational element 𝐶𝑡𝑛 [N･s/m] 2.4 × 103 4.2 × 103 

Axial stiffness of feed screw system 𝐾𝑟𝑛 [N/μm] 24 40 

Bandwidth of current loop 𝜔𝐿𝑛 [rad/s] 5000 (catalogue value) 

Dead time 𝑇𝑎, 𝑇𝑚, 𝑇𝑡 [ms] 0.2, 0.2, 0.2 

Dead time for phase lag compensation 𝑇1, 𝑇2, 𝑇3 [ms] 0.4, 0, 0 

Table 2-2 Minimum detectable force fluctuation per sampling period 

Axis X Y 

Inertia force of rotational elements, 𝑀𝑚𝑛�̈�𝑚 [N] 5.9 6.5 

Inertia force of translational elements, 𝑀𝑡𝑛�̈�𝑡 [N] 0.19 0.59 

Damping force of rotational elements, 𝐶𝑚𝑛�̇�𝑚 [N] 0.017 0.076 

Damping force of translational elements, 𝐶𝑡𝑛�̇�𝑡 [N] 0.0059 0.010 

Restoring force induced by axial stiffness, 𝐾𝑟𝑛𝑋𝑟 [N] 0.0059 0.0098 

Inertia force in vibration modal space, 𝑀𝑣𝑛�̈�𝑣 [N] 2.4 2.7 

Damping force in vibration modal space, 𝐶𝑣𝑛�̇�𝑣 [N] 0.074 0.047 

Elastic force in vibration modal space, 𝐾𝑣𝑛𝑋𝑣 [N] 0.080 0.054 

Sampling frequency [kHz] 10 

Resolution of stage response [nm] 0.244 

Resolution of angular response [nm] 0.596 
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was not sufficient to estimate the high-frequency cutting force variation, since the dynamic 

variation of angle responses induced by load forces significantly decreases in the high 

frequency range due the structure and friction damping, especially in such low-inertia 

machine tool [266]. Consequently, quantization errors in angle measurement become non-

negligible especially when applying differential processing. Since the contribution of inertia 

force to the estimated cutting force significantly increases in high frequencies, it is 

important to enhance the resolutions of both linear and rotary encoders. 

Fig. 2-12 shows that, overall, the dual-inertia model fits well in the X-axis, although 

another high-frequency mode can be observed around 800 Hz. This mode has been 

confirmed to be a torsional mode of a ball screw; hence, it is clearly observed in motor 

angular acceleration. As the XY-axes use the same ball screw, the torsional mode is observed 

at the same frequency on the Y-stage as well. Nevertheless, almost no resonance peak due 

to torsional mode appears on the stage accelerations in both X-and Y-axis.  

Unlike the X-axis, the experimental FRFs between the motor thrust force and encoder 

accelerations on the Y-axis cannot be expressed reasonably by the dual inertia model overall, 

as shown in Fig. 2-12(b). Especially, the gain characteristic of FRF between the motor thrust 

force and the stage acceleration obtained by linear encoder (i.e., red line) does not fit well 

with the dual inertia model. This is attributable to the excited structural dynamics, 

including the Z-stage and spindle units, attached on the Y-stage. The result suggests that 

the multi-body dynamics on the Y-stage is not negligible, and the reliability of the observer-

based cutting force estimation is strongly limited, even in the low-frequency region. 

2.4.2. Exemplary results representing observer characteristics 

A comparative study in terms of the cutting-force-estimation performance in each 

observer technique was conducted through a series of actual cutting tests. To evaluate the 

observer performances, the cutting force measured by the piezoelectric table dynamometer 

was used as a reference. In previous studies done by Yamada et al. [257,259,266], the 

influence of error factors in sensorless cutting force estimation, such as delay times in 

control system, disturbance fluctuations (e.g., torque ripple), and quantization errors in 

angle/position measurements, has been evaluated in detail; hence, such error factors are 

not discussed in this subsection. Only experimental results to explain the essential 

properties in observer techniques are demonstrated.   

Fig. 2-13 shows a schematic for the experimental procedure. The cutting forces in XY-

direction were simultaneously estimated by the observer techniques implemented in the X- 

and Y-axis ball-screw-driven system while feeding the X- or Y-stage (Fig. 2-11). The cutting 

and system conditions are tabulated in Table 2-3. As a yawing mode of the X-stage was 

observed around 800 Hz in addition to the torsional modes of the ball screws in XY-axes, 

the cutoff frequency of LPF was set to 500 Hz to eliminate the influence of these modes. In 
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MEDOB, LDOB, and VMDOB, the cutting force is estimated based on the dual inertia 

model representing axial dynamics of ball-screw-driven system; hence, for accurate cutting 

force estimation, the LPF should be set to avoid the effect of other higher frequency modes. 

When the cutting force was estimated in the stage-moving axis, the friction force was 

compensated by the recording method using the same approach as that used by Yamada et 

al. [257,259]. In the recording method, the air-cutting data obtained by the preliminary 

idling test in advance are subtracted from each servo signal under cutting to extract the 

cutting force. Note that the friction forces often change according to the table position, 

workpiece mass, and the use of chip cover [267]. Nevertheless, the position-dependent 

fluctuation of friction force has high repeatability [257,267,268]. Therefore, the recording 

method can most reliably compensate for the friction forces in the cutting force observer, 

although it results in double process time. To avoid the preliminary air cutting test in each 

process, the model-based approach with an established friction model, such as the Tustin 

model [269], Lund-Grenoble (LuGre) model [40,270], or generalized Maxwell-slip (GMS) 

model [20,271], is a practical option, although the position-dependent friction cannot be 

 

Fig. 2-13 Schematic of the cutting tests for comparative study  

Table 2-3 Cutting conditions for comparative study  

Tool type Square endmill (𝐷 = 6 mm,𝑁𝑐 = 2) 

Feed per tooth [μm] 30 

Spindle speed [min-1] 1000, 7000, 13000 

Cutting type Down cut 

Axial depth of cut [mm] 2.0 

Radial depth of cut [mm] 1.5 (quarter immersion) 

Sampling frequency of signals [kHz] 10 

Cutoff frequency of LPF for observer [Hz] 500 
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directly treated. On the stage-fixed axis, friction compensation was not performed.  

Fig. 2-14 shows the estimation results of X-direction cutting force under 1000 min-1 (i.e., 

spindle rotational and tooth-passing frequencies are 16.7 and 33.3 Hz, respectively). In Fig. 

2-14(a) (i.e., X-stage is fed), the dynamic fluctuations in the cutting force were estimated 

with relatively high accuracy in all methods. There were no large differences in the 

estimation results based on the motor current (�̂�𝐶𝑈𝑅), DOB (�̂�𝐷𝑂𝐵), and MEDOB (�̂�𝑀𝐸𝐷𝑂𝐵). 

This indicates that the inertia force contributed little to the cutting force estimation because 

of the low-frequency process force. Even in DOB and MEDOB, the motor current 

information dominantly contributes the cutting force estimation when the process 

frequencies are much lower than the axial resonance (e.g., 286 Hz in this case) of the ball-

screw-driven system. 

In contrast, the relative displacement between the motor angle and stage position (i.e., 

deformation of the ball screw) dominantly contributes to the estimation of the low-frequency 

force in LDOB (�̂�𝐿𝐷𝑂𝐵). Furthermore, as the inertia ratio was very small (i.e., 𝛼𝑟 = 0.079), 

VMDOB (�̂�𝑉𝐼𝐵) became almost the same as LDOB, as discussed in Fig. 2-9. Because the 

estimated results of LDOB and VMDOB were relatively accurate in both Fig. 2-14(a) and 

(b), the identified axial stiffness was considered valid. 

In Fig. 2-14(b), LDOB and VMDOB estimated the cutting force on the stationary axis 

without friction compensation, whereas �̂�𝐶𝑈𝑅 , �̂�𝐷𝑂𝐵 , and �̂�𝑀𝐸𝐷𝑂𝐵  do not capture the 

cutting force at all. This difference is attributed to whether the restoring force induced by 

 

Fig. 2-14 Cutting force in X-direction estimated by each observer technique under 1000 min-1: (a) 

feeding X-stage (Y-stage stop), (b) feeding Y-stage (X-stage stop)  

 

(a)

(b)
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axial stiffness is directly considered [259]. In the current-based method, it is difficult to 

estimate the cutting force less than the maximum static friction force on the stationary axis 

[257,259,272]. In the developed system, a kinetic friction force of ~120 N was confirmed; 

hence, the static friction force should be larger than 120 N. As the cutting force was less 

than 120 N, it could not be estimated even using DOB or MEDOB, where the motor-current 

information is dominated in the low-frequency region. In contrast, LDOB and VMDOB 

could successfully estimate the cutting force less than the maximum static friction force.  

Fig. 2-15 shows the estimated cutting force in X-direction while feeding the X-stage 

under 7000 min-1, where the tooth-passing frequency of 233.3 Hz was near the axial 

resonance frequency. Note that the estimation result in VMDOB is omitted here because it 

is almost the same as LDOB. DOB significantly overestimated the cutting force at the tooth-

passing frequency (i.e., around the axial resonance frequency) due to the assumption of a 

rigid-body single-inertia system, as discussed in Fig. 2-8. In contrast, MEDOB and LDOB 

based on a dual-inertia model improved estimation accuracy. although they still 

overestimated the cutting force. This may be because of the modeling error around the 

resonance frequency. Another small mode neighboring the fitted axial resonant mode can 

be observed in Fig. 2-12. The observer-based approach is considerably affected by the 

modeling error under the assumption of a dual-inertia model. 

Here, the cutting force was reasonably estimated by simply using the motor current. In 

the region below the resonant frequency, the disturbance TF from the load force to an 

 

Fig. 2-15 Cutting force in X-direction estimated by each observer technique while feeding X-stage under 

7000 min-1: (a) Overview of time waveform, (b) FFT 
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equivalent motor thrust force (i.e., blue dash line in Fig. 2-9(a)) does not deviate much from 

the unity gain, although it is not ideally unity. However, the transfer gain (i.e., sensitivity) 

decreases sharply when the resonance frequency is exceeded. This suggests that the 

bandwidth for high sensitivity in current-based estimation is constrained by the less-

dominant mode of the ball-screw-driven system.   

Fig. 2-16 shows the results obtained at a higher spindle speed of 13000 min-1. The 

cutting force in the X-direction was estimated while feeding the X-stage. The result of 

VMDOB is also omitted, as that in Fig. 2-15. In DOB, the spindle rotational component of 

216.7 Hz induced by tool eccentricity was overestimated, because it is near the axial 

resonance frequency where the DOB is significantly deteriorated (also see Fig. 2-15). In the 

current-based method in Fig. 2-16, the estimation of the tooth-passing component was dull, 

although the spindle rotational frequency matches the measured value well. This is because 

the tooth-passing frequency of 433.3 Hz is much higher than the axial resonance frequency 

of 286 Hz, and the sensitivity of the motor current has already dropped significantly. 

 

Fig. 2-16 Cutting force in X-direction estimated by each observer technique while feeding X-stage under 

13000 min-1: (a) Time waveform, (b) FFT, (b) enlarged view around tooth-passing frequency  
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Consequently, the current-based estimation did not reflect the dynamic variations in the 

cutting force well, as seen in Fig. 2-16(a). 

In contrast, LDOB and MEDOB reasonably captured the dynamic cutting force while 

maintaining high sensitivity. By integrating the load-side stage acceleration obtained from 

high-resolution linear encoder, a high sensitivity against a high-frequency process force can 

be maintained even in the case of high damping guideways, such as the sliding type [273]. 

Here, the torque ripples, which were not eliminated by the recording method, appear 

strongly in the current-based method, DOB, and MEDOB, as seen in Fig. 2-16(b). In 

contrast, LDOB was not much affected by this torque ripple. As LDOB does not use the 

motor current, it is less susceptible to error factors from the motor. 

Fig. 2-17 shows the cutting force in the X-direction while feeding Y-stage (i.e., estimation 

in cross-feed direction) under 13000 min-1. As observed in Fig. 2-14 as well, the motor-

current-based method could not estimate the cutting force to be less than the maximum 

static friction force on the stationary axis. In DOB and MEDOB, the estimated signals 

oscillated in response to the dynamic cutting force, unlike the motor thrust force. This is 

because the signals in DOB and MEDOB were dominantly constructed by the inertia force 

(i.e., acceleration signal), as the tooth-passing frequency (i.e., 433.3 Hz) was much higher 

than the resonant frequency of 286 Hz (Fig. 2-9(a)). As the inertia force reflected the 

vibrational state of motor/stage acceleration, the resultant estimated cutting force could 

capture the high-frequency dynamic variation of the cutting force even on the stationary 

axis. However, the estimated accuracy of DOB and MEDOB in Fig. 2-17 was unreliable as 

well, because the motor-current information was unreliable. The resultant estimated 

cutting force is determined by the balance between the inertia force and motor-thrust force. 

Especially, the estimation of low-frequency components––including the DC component, 

where the motor current is in charge––was not valid at all. In contrast, LDOB accurately 

estimated the cutting force on the stationary axis even under a high spindle speed of 13000 

min-1 as well as a low spindle speed, as shown in Fig. 2-14(b). Note that the result obtained 

for VMDOB was the same as that obtained for LDOB in Fig. 2-17. 

 

Fig. 2-17 Estimated cutting force in X-direction while feeding Y-stage under 13000 min-1 
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Fig. 2-18 shows the results of cutting force estimation in the Y-direction at a spindle 

speed of 1000 min-1. As shown in Fig. 2-18(a), the signals in �̂�𝐶𝑈𝑅, �̂�𝐷𝑂𝐵, and �̂�𝑀𝐸𝐷𝑂𝐵 could 

capture the dynamic cutting force without large deviations, although they were vibratory, 

compared to Fig. 2-14, due to the complex dynamics on the Y-axis. As already discussed in 

Fig. 2-14, the motor current information dominantly contributes to the cutting force 

estimation in these methods when the frequency components of the process force are much 

lower than the axial resonance of the ball-screw-driven system (e.g., 228 Hz on the Y-axis).  

However, the cutting force could not be estimated in LDOB and VMDOB at all. This 

result suggests that it is difficult to use LDOB and VMDOB when the dynamics of the ball-

screw-driven system cannot be modeled as a dual-inertia model well. On the Y-axis, the 

motor and encoder are installed far from the cutting point through some mechanical units 

(see Fig. 2-11). The vibration from the structural modes was superimposed on the stage 

displacement, and consequently, the waveform of the low-frequency process force 

reconstructed from the relative displacement might deteriorate. It is also necessary to focus 

on the reliability of the identified parameters, because of the forcible fitting by the dual-

inertia model on the Y-axis. As LDOB and VMDOB did not function properly, the cutting 

force on the stationary axis could not be estimated, as shown in Fig. 2-18(b). The results of 

VMDOB and LDOB were slightly different because the inertia ratio is slightly larger on the 

Y-axis (i.e., 𝛼𝑟,𝑦 = 0.22), although the difference in the result was not significant.  

Fig. 2-19 shows the estimated cutting force in the Y-direction while feeding the Y-stage 

under 7000 min-1, where the tooth-passing frequency of 233.3 Hz was near the axial 

 

Fig. 2-18 Cutting force in Y-direction estimated by each observer technique under 1000 min-1: (a) 

Feeding Y-stage (X-stage stop), (b) feeding X-stage (Y-stage stop) 

 

(a)

(b)
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resonance frequency of 228 Hz. The estimation result in VMDOB is omitted because it was 

not much different from LDOB. DOB substantially overestimated the tooth-passing 

frequency, which was close to the resonance frequency. Also, LDOB and MEDOB 

significantly overestimated the cutting force, especially at the second harmonic (i.e., high 

frequency dominated by the inertia force induced by vibratory acceleration), although they 

sensitively react to the dynamic cutting forces. This is because the Y-axis has a large 

modeling error, especially in the high-frequency region, as shown in Fig. 2-12(b). When the 

ball-screw-driven system has multiple-inertia dynamics, including flexible structural 

modes, the observer system significantly deteriorates (i.e., overestimates or underestimates 

the cutting force) due to the unmodeled modes even when dual-inertia-mode-based observer 

techniques are used. To realize a reliable cutting force estimation with a sufficient 

bandwidth in this complex situation, the deterioration of disturbance TF induced by the 

machine structure must be compensated, as described in subsection 2.5.2. 

Only a simple current-based method reasonably estimated the cutting force in Fig. 2-19. 

Although the current-based method should be also affected by the flexible structural 

dynamics at the stage side [40,274], the influence of load-side dynamics on the disturbance 

TF for the motor-thrust force was small because of the low inertia ratio. As discussed in Fig. 

2-16, however, the motor current cannot capture the dynamic cutting force at even a higher 

spindle speed, because of the low sensitivity caused by the mechanical transfer 

characteristic of the ball-screw-driven system from the stage to the motor side. 

 

Fig. 2-19 Cutting force in Y direction estimated by each observer technique while feeding the Y-stage 

under 7000 min-1: (a) Overview of time waveform, (b) FFT 
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If the ball-screw-driven systems fit the dual-inertia model relatively well, such as on the 

X-axis, LDOB or VMDOB (i.e., relative motion-based method) has great potential to 

estimate the cutting force most accurately in both feed and cross-feed directions, as 

discussed in Fig. 2-14–Fig. 2-17. In LDOB and VMDOB, the identification of the stiffness 

parameter is especially important, as the restoring force affects the estimation result over 

a wide range of frequency, especially in the low-frequency region (Fig. 2-9(b)(c)). However, 

the axial stiffness of this system depends on the stage position, as discussed in Fig. 2-10, 

which affects the relative motion-based cutting force estimation.  

Fig. 2-20 shows an exemplary result representing the impact of position-dependent 

stiffness on LODB-based cutting force estimation. The cutting conditions are denoted in the 

caption. The cutting force was estimated on the X-axis while feeding the X-stage from an 

absolute position of -40 mm to 40 mm. The center of the stage stroke was defined as the 

zero position. As it approaches the motor side, the dynamic cutting force was 

underestimated because of the changes in axial stiffness depending on the stage position. A 

compensation for position-dependent stiffness to maintain an accurate cutting force 

estimation in LDOB is introduced in subsection 2.5.1.  

 

 
Fig. 2-20 Exemplary result representing the impact of position-dependent stiffness on LDOB-based 

cutting force estimation in X-axis (X-stage is fed from the position of -40 mm to 40 mm. Feed per tooth: 

20 μm, Spindle speed: 6000 min-1, Axial depth of cut: 0.2 mm, Slotting) 
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2.5. Compensation of cutting force estimation system 

2.5.1. Position-dependent stiffness of ball-screw-driven system 

LDOB is a very simple strategy and has great potential to estimate the cutting force 

most accurately in both feed and cross-feed directions, if the ball-screw-driven system fits 

the dual-inertia model relatively well (e.g., as on the X-axis of Fig. 2-12(a)). However, it is 

necessary to carefully focus on the position dependency of machine dynamics, especially the 

position-dependent stiffness term.  

In Fig. 2-12, the model parameters of the dual inertia model are identified from the 

FRFs between the equivalent motor-thrust force and encoder signals obtained by motor 

sweep excitation tests. The physical parameters are extracted by curve fitting to FRFs in 

the frequency method. However, it is difficult to identify the continuous characteristics of 

position-dependent dynamics by using this approach; hence, a direct identification in time 

domain by LSM with a single sinusoidal motor excitation is proposed. During the motor 

excitation, the cutting force does not exist. The friction term is concentrated in the DC and 

low-frequency regions and the high-frequency noise can be eliminated from the obtained 

signals by using a peak/band-pass filter. When a sine wave signal is input as a velocity 

command and the stage is oscillated at a constant frequency, the dynamic components (i.e., 

restore force and damping force) are balanced with the inertia force at the stage side, which 

is expressed as follows: 

𝑀𝑡�̈�𝑡 = 𝐾𝑟𝑋𝑟 − 𝐶𝑡�̇�𝑡 (2-49) 

Here, the sum of squares of the residuals, 𝜖𝑒  [N
2], at a certain window length, 𝑁𝑤 [−], 

is expressed as follows: 

𝜖𝑒 =
1

2
∑{𝑀𝑡�̈�𝑡(ℎ) − (𝐾𝑟𝑋𝑟(ℎ) − 𝐶𝑡�̇�𝑡(ℎ))}

2

𝑁𝑤

ℎ=1

 (2-50) 

If the parameter vector is defined as 𝝀 = {𝐾𝑟 , 𝐶𝑡}
𝑇, the following relation in terms of the 

identified parameters should be satisfied to minimize the residual sum square: 

𝜕𝜖𝑒
𝜕𝝀

= 0 → ∴

{
 
 

 
 𝜕𝜖

𝜕𝐾𝑟
= 𝐾𝑟 ∑𝑋𝑟(ℎ)

2

𝑁𝑤

ℎ=1

− 𝐶𝑡 ∑𝑋𝑟(ℎ)�̇�𝑡(ℎ)

𝑁𝑤

ℎ=1

−𝑀𝑡 ∑𝑋𝑟(ℎ)�̈�𝑡(ℎ)

𝑁𝑤

ℎ=1

= 0

𝜕𝜖

𝜕𝐶𝑡
= −𝐾𝑟 ∑𝑋𝑟(ℎ)�̇�𝑡(ℎ)

𝑁𝑤

ℎ=1

+ 𝐶𝑡 ∑�̇�𝑡(ℎ)
2

𝑁𝑤

ℎ=1

+𝑀𝑡 ∑�̇�𝑡(ℎ)�̈�𝑡(ℎ)

𝑁𝑤

ℎ=1

= 0

 (2-51) 

Thus, the parameters are identified as follows: 
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𝝀 = 𝑨−1𝒃 (2-52) 

𝑨 =

[
 
 
 
 
 
  ∑𝑋𝑟(ℎ)

2

𝑁𝑤

ℎ=1

−∑𝑋𝑟(ℎ)�̇�𝑡(ℎ)

𝑁𝑤

ℎ=1

−∑𝑋𝑟(ℎ)�̇�𝑡(ℎ)

𝑁𝑤

ℎ=1

∑�̇�𝑡(ℎ)
2

𝑁𝑤

ℎ=1 ]
 
 
 
 
 

, 𝒃 = {𝑀𝑡∑𝑋𝑟(ℎ)�̈�𝑡(ℎ)

𝑁𝑤

ℎ=1

−𝑀𝑡 ∑�̇�𝑡(ℎ)�̈�𝑡(ℎ)

𝑁𝑤

ℎ=1

}

𝑇

 (2-53) 

To capture the position-dependent characteristic of stiffness, the above calculation is 

repeated in every sampling period while sliding the calculation window (Fig. 2-21). The 

calculation cycle can be set arbitrarily. Here, the movable mass, 𝑀𝑡, needs to be known to 

employ the proposed method. As a case study, the design value was simply set in this 

dissertation. The identified position-dependent stiffness is subsequently installed in LDOB. 

Note that the damping coefficient of the translational element is also identified 

simultaneously. The identified damping term can also be installed in LDOB, whereas the 

stiffness term is more important. 

Fig. 2-22 shows the position-dependent axial stiffness of the double-anchored ball-

screw-driven system on the X-axis identified by the proposed procedure. A sinusoidal motor 

velocity command with an amplitude of 1.0 mm/s and frequency of 200 Hz was 

superimposed while feeding the X-stage at 4.0 mm/s (i.e., the same speed as that in Fig. 

2-20). The X-stage was fed from -40 mm to 40 mm around the stroke center. The 2nd-order 

IIR peak filter having a peak frequency of 200 Hz was applied, and the calculation window 

length was set to 1000 samples under 10 kHz sampling. As the stage moved from the center 

to the motor side, the identified axial stiffness increased. In contrast, stiffness was 

identified as a nearly constant value in the opposite side of the motor from the center, which 

is almost the same as the value identified by the motor sweep test around the center position 

 

Fig. 2-21 Calculation scheme for time-domain identification while shifting the data window 
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in Fig. 2-12(a). The tendency of Fig. 2-22 is similar to the theoretical analysis shown in Fig. 

2-10, although the absolute value is different. Note that the periodic small fluctuation in 

the identified values was induced by the lead length of the screw shaft, although it was 

relatively small compared to the global variation according to the stage position. 

Fig. 2-23 shows the result of the cutting force estimation in LDOB with position-

dependent axial stiffness. The position dependency can be handled by creating a stiffness 

function according to the stage position based on Fig. 2-22 and recording the absolute stage 

position during the process. Compared to Fig. 2-20, the estimation accuracy on the motor 

side was clearly improved in Fig. 2-23. Fig. 2-24 summarizes the root mean square error 

(RMSE) of the cutting forces estimated by LDOB with or without considering the position-

dependent axial stiffness relative to the reference values measured by the dynamometer. 

The RMSEs were calculated for each 10 mm section. Before calculating the RMSE, the 

signals of the dynamometer and LDOB were synchronized.  

Note that the dynamic characteristics (e.g., stiffness and damping) can also vary 

depending on the amplitude of the exciting disturbance force due to pre-sliding friction, 

known as nonlinear spring characteristics in the microdisplacement region [275,276]. The 

nonlinear spring in the microdisplacement region affects the cutting force estimation by 

LDOB/VMDOB, particularly on the stationary axis, but does not significantly affect the 

estimation when the stage is moving [250]. The force-amplitude-dependent model 

characteristic can be captured by the same methodology while varying not only the stage 

position but also the excitation amplitude of the motor velocity command. LDOB/VMDOB 

can be compensated by a created position and force-amplitude-dependent stiffness/damping 

function according to the absolute stage position and the amplitude of relative displacement 

during the process as arguments [250]. As a moving identification test was conducted in Fig. 

2-22, the motor-excitation amplitude did not change the identification result significantly.  

 In the exemplary results shown in Fig. 2-22–Fig. 2-24, the tooth-passing frequency of 

the end milling test was the same as the excitation frequency in the identification test. It 

was confirmed that the cutting force could be estimated reasonably even if the tooth-pass 

frequency and excitation frequency for the identification tests were different, although the 

best performance was exhibited when the tooth-pass frequency coincided with the excitation 

frequency. However, the excitation frequency for the identification test must not be close to 

the resonance frequency, as the conditions of 𝑨 matrix in Eq. (2-53) will change, and 

consequently, the axial stiffness tends to be underestimated [250]. Empirically, the ratio of 

resonant frequency to excitation frequency should be set as below 0.8 at least. It is expected 

that an approximate resonance frequency will be estimated theoretically. 
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Fig. 2-22 Identified position-dependent axial stiffness in X-axis  

 

 

Fig. 2-23 Cutting force estimation in LDOB when considering the position dependency of axial 

stiffness identified in Fig. 2-22 (Cutting data in Fig. 2-20 are utilized) 

 

 

 

Fig. 2-24 RMSE of cutting force estimated by LDOB with or without considering position-dependent 

axial stiffness, relative to the reference cutting force measured by the dynamometer 
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2.5.2. Disturbance transfer function induced by structural modes  

When the ball-screw-driven system cannot be regarded as dual-inertia dynamics, the 

reliable bandwidth of the sensorless cutting-force-estimation system is substantially 

limited, as discussed in Fig. 2-18 and Fig. 2-19. This is an essential limit of the sensorless 

cutting force estimation by model-based observer techniques. Note that the motor current 

information also becomes more affected by the structural dynamics from the stage side as 

the inertia ratio increases. Although the accuracy can be improved by increasing the order 

of the assumed model, additional encoders/accelerometers corresponding to the assumed 

degree of freedom are required. Additionally, identification of observer parameters has 

become very time-consuming, and the consideration of where to install additional sensors 

has not yet been systematized; hence, this approach is not realistic in industry. 

Recently, Altintas and Aslan [40,94] compensated the disturbance TF for the current-

based cutting force estimation system deteriorated by structural dynamics, by using a 

digital filter that exhibits inverse characteristics of disturbance FRF obtained by the tap 

test. They generated a strictly proper inverse filter by applying Kalman filter theory (Fig. 

2-25). However, the reliable bandwidth of the compensated signal was still limited to 200 

Hz, because it is not easy to accurately measure the disturbance FRF due to the effect of 

pre-sliding friction on the stationary axis as well as the low sensitivity of the motor current 

 
Fig. 2-25 Compensation procedure with Kalman-filter-based inverse digital filter proposed in [40] (The 

figure is used with permission from Elsevier.) 
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in a high-frequency region (e.g., discussion in Fig. 2-14 and Fig. 2-16). 

Alternatively, this subsection presents a novel concept to directly generate a 

compensation filter based on the actual cutting tests for the sensorless cutting-force-

estimation system (Fig. 2-26) [251]. The performance deterioration of the model-based 

observer techniques induced by the modeling error, including structural dynamics, is pre-

compensated through iterative milling tests in the development phase, denoted as the pre-

compensation step. In this step, a digital filter for compensation is directly self-adjusted by 

the proposed optimization loop, referring to the cutting force measured by the dynamometer. 

In particular, observer techniques integrated with linear encoder information offers a good 

opportunity to obtain a reasonable compensation filter, as a high sensitivity to the cutting 

force is maintained over a wide frequency range. If the sensitivity is nearly zero in the high-

frequency range, such as the current-based estimation, an infinite power of filters is 

required to obtain unity gain. This filter becomes unstable, and thus, cannot be realized.  

The proposed approach can reduce the uncertainties and manual operation induced 

from the tap test for measuring the disturbance FRF; hence, it is more reliable. The 

 

Fig. 2-26 Concept of pre-compensation for sensorless cutting force estimation system 
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dynamometer is removed in the actual operation on the shop floor after completing the pre-

compensation step. Consequently, the sensorless cutting force estimation system 

compensated by the self-generated digital filter can accurately sense the cutting force 

without any drawback induced using the dynamometer on the shop floor, such as thermal 

drift, overload, limitations of workpiece size, and machining-space invasion. The concept of 

pre-compensation is inspired from precision measurement instruments such as coordinate 

measuring machine (CMM), which are always calibrated before use. 

The estimated cutting force is compensated by 1D digital filtering, whose general proper 

form (i.e., numerator and denominator have the same order) can be expressed as follows: 

𝐺𝑙(𝑧) =
𝑏0 + 𝑏1𝑧

−1 + 𝑏2𝑧
−2 +⋯𝑏𝑙𝑧

−𝑙

1 + 𝑎1𝑧
−1 + 𝑎2𝑧

−2 +⋯𝑎𝑙𝑧
−𝑙

 (2-54) 

where 𝑎𝑙 [−] and 𝑏𝑙 [−] (𝑙 = 0, 1,2,…) are filter coefficients in denominator and numerator, 

respectively. Consequently, the compensated estimated cutting force at the 𝑘-th sampling 

point can be expressed as a recursive function with the coefficient vector of the 𝑙-th-order 

digital filter as follows: 

�̂�𝑐𝑜𝑚𝑝 = 𝐺𝑙(𝑧)�̂� =
𝑏0 + 𝑏1𝑧

−1 + 𝑏2𝑧
−2 +⋯𝑏𝑙𝑧

−𝑙

1 + 𝑎1𝑧
−1 + 𝑎2𝑧

−2 +⋯𝑎𝑙𝑧
−𝑙

�̂� 

→ �̂�𝑐𝑜𝑚𝑝[𝑘] = 𝒃𝒍 ∙ {�̂�[𝑘], �̂�[𝑘 − 1],… , �̂�[𝑘 − 𝑙]} − 𝒂𝒍 ∙ {�̂�
𝑐𝑜𝑚𝑝[𝑘 − 1],… , �̂�𝑐𝑜𝑚𝑝[𝑘 − 𝑙]}  

where 𝝀 = {𝒂𝒍, 𝒃𝒍} = {[𝑎1, 𝑎2, … , 𝑎𝑙], [𝑏0, 𝑏1, … , 𝑏𝑙]} 

(2-55) 

where �̂�𝑐𝑜𝑚𝑝 [N]  is the compensated signal of the estimated cutting force, �̂� [N] . By 

regarding 𝝀 as a variable tuning vector, the filter coefficients are directly adjusted by 

nonlinear programming so that the compensated force matches the reference cutting force, 

𝐹𝑟𝑒𝑓  [N], measured by the dynamometer.  

Fig. 2-27 shows the self-tuning procedure, which comprises two optimization loops. In 

the inner optimization loop, the filter coefficients at a specific filter order are tuned to 

minimize the set error function. The phase of the compensated force is shifted due to digital 

filtering. In addition, the sensor signals and servo signals are not usually synchronized; 

hence, time-domain tuning may not be suitable. From the above viewpoints, gain-based 

tuning in the frequency domain is applied. The error function, 𝐽𝑒  [N], is defined as 

𝐞 = 𝐑𝐆 − 𝐔𝐆
𝑐𝑜𝑚𝑝

 →  𝐽𝑒 = √𝐞𝐞𝑇  where 𝐑𝐆 = Abs(FFT[𝐫]), 𝐔𝐆
𝑐𝑜𝑚𝑝

= Abs(FFT[𝐮𝑐𝑜𝑚𝑝]) (2-56) 

The gain vectors 𝐑𝐆 and 𝐔𝐆
𝑐𝑜𝑚𝑝

 are obtained by the FFT of the time-series dataset of 

the reference signal and that of the tuning signal (i.e., compensated signal) derived by 

filtering the original estimation signal. The datasets of r, 𝐮𝑐𝑜𝑚𝑝, and u contain signal values 

at each sampling point corresponding to 𝐹𝑟𝑒𝑓  (i.e., cutting force measured by the 
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dynamometer), �̂�𝑐𝑜𝑚𝑝 , and �̂� , respectively. The filter coefficient vector is automatically 

adjusted by the Simplex method to minimize the error function. By restoring the spectrum 

amplitude, including that from DC to the Nyquist frequency in the gain vectors, an 

overfitting that ignores filter stability can be avoided.  

Here, setting the initial conditions is not trivial for nonlinear optimization. In addition, 

an appropriate filter order should be self-determined. An outer optimization loop addresses 

these challenges. In the outer loop, the filter order is increased gradually, and the inner loop 

runs for each order and outputs the filter coefficient vector optimally tuned at that order. 

The outer loop also updates the initial conditions for the inner iteration by reusing the filter-

coefficient vector tuned in the previous order (Fig. 2-28). This procedure can eliminate the 

need to set the initial condition and gradually find a better optimal point with reduced 

iteration time, although the tuned coefficient vector is not necessarily a global optimal 

solution. If the residual error function does not decrease even for an increase in the filter 

order, the filter adjustment is terminated. The outer optimization loop inputs the non-

filtering condition (i.e., 𝐺0 = 𝑏0 = 1) to the inner loop as the first initial condition. Therefore, 

the iteration ends if filtering is not required. In Fig. 2-28, the iterative tuning of the cascade 

optimization loop is completed at the filter order of 4, as the changing rate of the residual 

error function drops below 0.1 %; hence, the 3rd-order digital filter in the previous step and 

the corresponding adjusted filter coefficients are employed. 

 

Fig. 2-27 Dual optimization loop for self-adjustment of digital filter 
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For a reliable optimization in the frequency domain, the steady-state excitation through 

the milling test at a constant spindle speed should be conducted. Therefore, all frequencies 

cannot be excited, like that in the tap test, which makes it impossible to generate the digital 

filter at once to compensate for the entire frequency range. To address this problem, 

iterative experimental tuning for the cascaded compensation filter is conducted based on 

the machine-in-the-loop concept (Fig. 2-29). 

The compensation filter is gradually completed by cascading each filter generated 

through iterative milling tests while discretely varying the spindle speed, as follows: 

𝐺𝑐(𝑧) = 𝐺(1)(𝑧) ∙ 𝐺(2)(𝑧) ∙  ⋯ ∙ 𝐺(𝑛−1)(𝑧) ∙ 𝐺(𝑛)(𝑧) (2-57) 

where 𝐺𝑛(𝑧) is a digital filter generated by passing the dual optimization loop (i.e., Fig. 

2-27) in the 𝑛-th cutting test. If 𝑛 experiments for pre-compensation are performed, total 

𝑛 filters are generated. Note that the filter coefficient vectors behave unlike filter (𝐺0
(𝑛)(𝑧) =

1) if not needed. Consequently, the resultant cascade filter, 𝐺𝑐, represents the compensator 

(compensation TF) for the disturbance TF in the cutting force estimation system. 

When a new filter is generated, all previous experimental datasets and generated 

compensation filters must be considered; hence, the reference and original estimation 

datasets input into the filter-tuning program are extended as 

𝐫 = [𝐫(1), 𝐫(2), … , 𝐫(𝑛−1), 𝐫(𝑛)],   𝐮 = [𝐮(1), 𝐮(2), … , 𝐮(𝑛−1), 𝐮(𝑛)] (2-58) 

where 𝐫𝑛 and 𝐮𝑛 are the reference and original datasets gathered by the 𝑛-th cutting test. 

Before inputting the extended original dataset of the estimated cutting force into the tuning 

 

Fig. 2-28 Update procedure of filter order and initial conditions 
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program, it is filtered by the cascaded filter composed of all previous filters (i.e., 𝐺𝑐(𝑧) =

𝐺(1)(𝑧) ∙ 𝐺(2)(𝑧) ∙  ⋯ ∙ 𝐺(𝑛−1)(𝑧)). Then, a new filter is generated to fill in the insufficient part 

and the total characteristic of the cascaded digital filter is changed. 

Fig. 2-30 shows the concrete recalibration step of each filter. It is also important to 

prevent overfitting at certain frequencies, as the filter is tuned based on the discrete-

frequency excitation through milling tests. In this step, all previous filters are readjusted 

by the Simplex method in order, considering the other filters. During the recalibration of 

one filter, coefficient vectors of the others and its own filter order are fixed. Consequently, 

overall, the total cascaded filter fits better for all input frequencies. Although the next 

spindle speed for learning should be designed within a certain spindle speed range after 

evaluating the frequency-domain distribution of the residual error function, the spindle 

speeds ranging 1000–15000 min-1 with 1000 min-1 increments (i.e., 15-times milling tests) 

are applied in this dissertation as a case study. 

 

Fig. 2-29 Iterative milling test procedure for generating a cascaded compensation digital filter 
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Fig. 2-31 shows the gain characteristic of the cascaded digital filter to compensate for 

the MEDOB system on the Y-axis, self-optimized by the proposed procedure. The iterative 

straight cutting tests were conducted by providing feed in the Y-direction and down-milling 

aluminum alloy 7075 with a two-flute 6-mm-diameter end mill. The feed per tooth, axial 

depth of cut, and radial depth of cut were set as 30 μm, 2.0 mm, and 1.5 mm (quarter 

immersion), respectively. The friction compensation was achieved using the recording 

method, although various friction models can be used. Here, since the disturbance TF in 

the high frequency region deteriorated by unmodelled high-frequency modes can be 

compensated through the proposed method, an LPF with wider cut-off frequency can be 

applied. Therefore, a LPF with 1 kHz cut-off frequency is applied to the MEDOB system in 

this section, although the cut-off frequency of 500 Hz was applied in previous sections (Table 

 

Fig. 2-30 Recalibration procedure of all previous digital filters 

 

 

Fig. 2-31 Gain characteristic of self-optimized cascaded digital filter 
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2-3), to eliminate the influence of high-frequency modes, even for the X-axis. 

The filters are gradually generated and self-adjusted to complement each other through 

15 tests conducted at spindle speeds ranging 1000–15000 min-1 with 1000 min-1 increments. 

The characteristic of the total cascaded filter is modified as the iterative milling tests 

progress. Only the final cascaded compensation filter (i.e., 𝐺𝑐(𝑧) = 𝐺(1)(𝑧) ∙ 𝐺(2)(𝑧) ∙  ⋯ ∙

𝐺(15)(𝑧)) is depicted in Fig. 2-31. Note that the DC gain of the cascaded filter is also modified 

so that the error function, including the friction compensation error, will decrease overall. 

To show the impact of the recalibration step in Fig. 2-30, the total cascaded filter generated 

without the recalibration step is also shown in Fig. 2-31. Some of the training results 

obtained in the pre-compensation step are shown in Appendix B, which verify that the self-

shaping process of the cascaded compensation digital filter is functioning successfully.  

To verify the generated compensation filter, additional straight milling tests in the Y-

direction were conducted with various combinations of spindle speed and cutting depth, 

which were not used in the pre-compensation step. Note that the LPF with 1 kHz cut-off 

frequency was applied to both the compensated and non-compensated signals of the 

estimated cutting force, for a fair comparison. 

Fig. 2-32 compares the compensated and uncompensated MEDOB signals; the 

conventional motor-current-based estimation is also depicted. The cutting condition is 

presented in the caption. The MEDOB-based cutting force estimation system was improved 

by the self-optimized cascaded digital filter with the recalibration step in Fig. 2-31. As 

shown in Fig. 2-32(b), there is no large deviation in all estimation results at the tooth-pass 

frequency of 113 Hz, because of the relatively low-frequency region. However, there is a 

large error in the normal MEDOB at the second harmonic of 226 Hz. This error was 

successfully compensated by the generated digital filter. The time waveform of the current-

based cutting force estimation appears dull. This is because the motor current did not 

sensitively reflect the vibrational state at the third harmonic of 339 Hz. As already 

discussed (Fig. 2-9 and Fig. 2-16), the gain of disturbance TF of the motor-current-based 

estimation can substantially decrease in the high-frequency region over the resonance 

frequency of the ball-screw-driven system (e.g., 228 Hz on the Y-axis). The compensated 

MEDOB system appropriately estimated all frequency components. 

To show the impact of the recalibration step, the estimation result of the compensated 

MEDOB without the recalibration step is shown in Fig. 2-33. The compensation 

performance is generally enhanced by applying the recalibration step sequentially, although 

the time required to tune the filters become longer. In Fig. 2-33, the RMSE in the time 

waveform showed an improvement by ~23% by applying the recalibration step, over the 

RMSE in the compensation without the recalibration step. 
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Fig. 2-34 shows the additional results obtained at higher spindle speeds of 8300 and 

12500 min-1 in both time and frequency domains. In brief, the estimation accuracy of 

MEDOB was substantially improved by the proposed compensation system in both cases. 

The spectrum error at the tooth-passing frequency became ~9% and 17% at 8300 and 12500 

 

Fig. 2-32 Comparison of the cutting force in Y-direction while feeding Y-stage estimated by the motor 

current, uncompensated MEDOB, and compensated MEDOB ( 𝑆 = 3400 min−1, 𝑎𝑝  =  2.5 mm, 𝑎𝑒  =

 1.0 mm, down cut with two-fluted 6-mm-diameter end mill and a feed per tooth of 30 μm): (a) Time 

waveform, (b) enlarged FFT results at tooth-passing frequency as well as 2nd and 3rd harmonics 
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min-1, respectively, whereas ~200% or more errors were induced in the uncompensated 

MEDOB system in both cases.  

Note that the estimation accuracy in high harmonics was still not sufficient. This is 

because the frequency-spectrum distribution in the training dataset concentrated on the 

relatively low-frequency region, since the undesigned 15-times tests with 1000 min-1 

increments ranging from 1000 to 15000 min-1 were simply conducted in the pre-

 

Fig. 2-33 Comparison of the cutting force in Y-direction while feeding Y-stage estimated by the 

compensated MEDOB with or without recalibration step (same data as those used in Fig. 2-32 are used 

here) 
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compensation step. In this case, the compensation accuracy can be enhanced by increasing 

the dataset with a high spindle speed and/or many teeth, so that many high frequencies 

will be included. It is also important to establish a systematic experiment design method 

for the pre-compensation. Furthermore, because of the gain-based tuning for filter 

generation, the phase characteristic of the compensated signal is not considered; hence, the 

time waveform of the saw-like cutting force can be corrupted after compensation due to the 

phase delay of digital filtering. As the frequency response of the force sensing system is 

ideally desired to have a unity gain and low phase delay for the widest frequency range [94], 

this problem must be solved in the future. 

 

2.6. Summary 

This chapter introduced the existing sensorless cutting-force-estimation techniques 

based on disturbance estimation theories or the motor current. In-depth characteristics in 

each technique, as well as challenges and compensations for accurate cutting force 

estimation, were described through simulations (i.e., theoretical aspects) and actual cutting 

tests with the prototype three-axis machine tool having a fully closed ball-screw-driven 

system. The contents are summarized as follows. 

1. In the dual-inertia model of the ball-screw-driven system, estimation by a simple DOB 

(i.e., rigid-body single-inertia model basis) will significantly deteriorate around the 

unmodeled axial resonance frequency. DOB can be useful for the linear-motor-driven 

stage modeled as a rigid body. By applying a dual-inertia-model approach, such as 

MEDOB, LDOB, or VMDOB, the unity gain of the disturbance transfer function can be 

ideally obtained. This means that the estimated cutting force is ideally the same for all 

techniques. Nevertheless, the estimation characteristics differ depending on the 

method, as the component forces contributing to the estimated cutting force are 

different. MEDOB, LDOB, and VMDOB can be implemented in a fully closed ball-

screw-driven system. By integrating the high-resolution load-side linear encoder 

information, the high detectable-force resolution and sensitivity to dynamic cutting 

force in the high-frequency region can be maintained. 

2. Only LDOB and VMDOB can estimate the cutting force regardless of whether the stage 

is moving or not, even when the cutting force is less than the maximum static friction 

force. This is because of the relative motion-based estimation, which directly considers 

the restoring force induced by the axial stiffness of the ball-screw-driven system. In 

case of a low inertia ratio, VMDOB will become almost the same as LDOB. Additionally, 

LDOB does not use the motor current, which has large error factors in some cases. 

LDOB is a more reasonable strategy than VMDOB because of its theoretical simplicity. 
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3. As the observer technique is model-based, the estimation accuracy substantially 

depends on the modeling accuracy. In LDOB/VMDOB, the identification of axial 

stiffness is particularly important. In machine tools, axial stiffness may have position 

dependency depending on the anchor type of the ball-screw-driven system. The 

position-dependent variation from a nominal value in the axial stiffness deteriorates 

the estimation accuracy of LDOB and VMDOB. In this case, the estimation accuracy 

can be improved by handling the stiffness function identified in advance according to 

the absolute stage position during the process. Alternatively, MEDOB is useful because 

there is no need to identify the axial stiffness; however, it cannot estimate the cutting 

force less than the maximum static friction on the stationary axis.  

4. When the ball-screw-driven system cannot be regarded as a dual-inertia model due to 

the complex structural dynamics, the reliable estimation bandwidth is substantially 

limited. This is an essential limit of sensorless cutting force estimation by model-based 

observer techniques. To address this challenge, a practical compensation technique 

with a cutting-data-driven self-optimized compensation digital filter, which is learned 

through iterative milling tests in the pre-compensation step, is proposed.  
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3. Online chatter detection based on phase 

shift monitoring 
 

3.1. Introduction and concept 

In this chapter, a novel online type-assorted chatter detection, based on the concept of 

“phase shift monitoring” and inspired by the PF theory in AC circuits, is proposed.  

The PF is an index used to represent the energy-transmission efficiency in an electrical 

system and varies from −1 to 1. A high PF indicates that the electric power is consumed 

effectively in the electrical devices. Fig. 3-1(a) shows a schematic of a simple AC circuit. A 

complex power, which includes an active and a reactive power, develops after the current 

starts flowing in the circuit. The active power, 𝑃𝑎𝑐𝑡 [W] is consumed at the load, while the 

reactive power, 𝑃𝑟𝑒𝑎𝑐𝑡 [W] is not consumed at the load.  

Fig. 3-1(b) shows the geometric relationship between the active and the reactive powers 

in a complex coordinate system. The complex power, 𝑃𝑐  [W] can be expressed as follows: 

𝑃𝑐 = 𝑃𝑎𝑐𝑡 + 𝑖𝑃𝑟𝑒𝑎𝑐𝑡 (3-1) 

The PF is defined by the ratio of the active power to the norm of the complex power (i.e., 

apparent power, 𝑃𝑎𝑝𝑝 [W]) as follows: 

𝑃𝐹 =
𝑃𝑎𝑐𝑡
𝑃𝑎𝑝𝑝

= cos𝜃𝐼𝐸 (3-2) 

𝑃𝑎𝑝𝑝 ≡ |𝑃𝑐| = √
1

𝑇𝑤
∫ 𝐼𝑒2(𝑡)

𝑡′+𝑇𝑤

𝑡′
𝑑𝑡√

1

𝑇𝑤
∫ 𝐸𝑒

2(𝑡)
𝑡′+𝑇𝑤

𝑡′
𝑑𝑡 (3-3) 

𝑃𝑎𝑐𝑡 =
1

𝑇𝑤
∫ 𝐼𝑒(𝑡)𝐸𝑒(𝑡)

𝑡′+𝑇𝑤

𝑡′
𝑑𝑡 (3-4) 

where 𝐼𝑒  [A] and 𝐸𝑒  [V] are the AC current and voltage, respectively, and 𝜃𝐼𝐸 [rad] is the 

phase angle between 𝐼𝑒(𝑡) and 𝐸𝑒(𝑡).  In addition, 𝑇𝑤  [s] is the calculation window length.  

Focusing on the analogy between electrical and mechanical systems, Mizoguchi et al. 

[248,249] converted the PF into an MPF. They used the MPF as an indicator of motion 

efficiency in a motion-control system [277,278].  

Here, based on Eq. (3-2), the PF can be also interpreted as an indicator of the phase 

shift between the current and voltage. Considering the system analogy, the MPF also 

indicates a phase shift between the velocity and load force in the mechanical system. By 
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extending the MPF concept, a novel index, namely the MEF, which indicates the phase 

difference between the displacement and load force is also proposed in this study.  

In a machining system, the phase shift is a key factor for the onset of chatter (see Fig. 

1-6). Consequently, both the MPF and MEF can be applied to the chatter detection system. 

In the following sections, a detailed methodology for constructing a type-assorted chatter 

detection, with a unique threshold by the MPF and MEF is described. Additionally, the 

construction of a system that integrates sensorless cutting force estimation is also depicted. 

 

3.2. Methodology 

3.2.1. Mechanical power factor for abnormal forced vibration 

detection 

To introduce the MPF, a differential equation of an electrical system is applied to a 

mechanical system. The RLC circuit is the most basic model for the electrical system, which 

corresponds to an SDoF vibration model in the mechanical system (see Fig. 3-2). The circuit 

and motion equations are, respectively shown as follows: 

 

Fig. 3-1 Conceptual figure of PF: (a) electrical AC circuit; (b) vector diagram of power relationship 

 

Fig. 3-2 Analogy between electrical and mechanical systems 
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𝐿𝑒
𝑑

𝑑𝑡
𝐼𝑒(𝑡) + 𝑅𝑒𝐼𝑒(𝑡) +

1

𝐶𝑒
∫𝐼𝑒(𝑡) 𝑑𝑡 = 𝐸𝑒(𝑡) (3-5) 

𝑀
𝑑

𝑑𝑡
𝑣(𝑡) + 𝐶𝑣(𝑡) + 𝐾∫𝑣(𝑡) 𝑑𝑡 = 𝐹𝑙𝑠(𝑡) (3-6) 

where, on one hand, 𝐿𝑒  [H] , 𝑅𝑒  [Ω] , and 𝐶𝑒  [F]  are the inductance, resistance, and 

capacitance in electrical system, respectively. On the other hand,  𝑀 [kg], 𝐶 [N ∙ s/m], and 

𝐾 [N/m] are the mass, damping, and stiffness in mechanical system, respectively. 

As expressed in Eqs. (3-5) and (3-6), the current and voltage in the electrical system 

correspond to the velocity, 𝑣 [m s⁄ ]  and load force, 𝐹𝑙𝑠  [N] in the mechanical system, 

respectively. As a result, the MPF can be defined with active and apparent mechanical 

powers, 𝑊𝑎𝑐𝑡 [W] and 𝑊𝑎𝑝𝑝 [W] by employing Eqs. (3-2)–(3-4), as follows: 

𝑀𝑃𝐹 =
𝑊𝑎𝑐𝑡

𝑊𝑎𝑝𝑝
= cos𝜃𝑣𝐹 (3-7) 

𝑊𝑎𝑝𝑝 = √
1

𝑇𝑤
∫ 𝑣2(𝑡)

𝑡′+𝑇𝑤

𝑡′
𝑑𝑡√

1

𝑇𝑤
∫ 𝐹𝑙𝑠

2(𝑡)
𝑡′+𝑇𝑤

𝑡′
𝑑𝑡 (3-8) 

𝑊𝑎𝑐𝑡 =
1

𝑇𝑤
∫ 𝑣(𝑡)𝐹𝑙𝑠(𝑡)

𝑡′+𝑇𝑤

𝑡′
𝑑𝑡 (3-9) 

 

Fig. 3-3 Schematic diagram of mobility in an SDoF system  
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where 𝜃𝑣𝐹 [rad] is the phase difference between 𝑣(𝑡) and 𝐹𝑙𝑠(𝑡). 

Here, the abnormal forced vibration is a type of a resonance phenomenon. If the 

frequency of the cutting force components corresponds to the resonance frequency of the 

machine, the machine will vibrate significantly because of the resonance phenomenon. If 

the CWS can be modeled as an SDoF system, the resultant phase of the vibrational tool 

displacement is delayed by 𝜋 2⁄  rad compared that of the dynamic force at the resonance 

frequency. In other words, as the phase of the velocity leads by 𝜋 2⁄  rad compared to the 

displacement, the phase shift of mobility under an abnormal forced-vibration condition 

should be close to 0 as shown below (see Fig. 3-3):  

∠ 
𝑣(𝑖𝜔𝑟)

𝐹𝑙𝑠(𝑖𝜔𝑟)
= 𝜃𝑣𝐹 = 0 (3-10) 

As an MPF value of close to 1 indicates that the phase difference between the velocity 

and load force is almost 0 rad, it is expected that the MPF can be used to detect abnormal 

forced vibration. Note that the actual information that can be obtained during the 

machining is a discrete-time value, sampled in each sampling period. Therefore, the 

continuous expressions in Eqs. (3-7)–(3-9) are discretized as follows: 

𝑀𝑃𝐹[𝑘] =
𝑊𝑎𝑐𝑡[𝑘]

𝑊𝑎𝑝𝑝[𝑘]
 (3-11) 

𝑊𝑎𝑝𝑝[𝑘] = √
1

𝑁𝑤
∑ 𝑣2[𝑘 − ℎ]

𝑁𝑤−1

ℎ=0

√
1

𝑁𝑤
∑ 𝐹𝑙𝑠

2[𝑘 − ℎ]

𝑁𝑤−1

ℎ=0

 (3-12) 

𝑊𝑎𝑐𝑡[𝑘] =
1

𝑁𝑤
∑ 𝑣[𝑘 − ℎ]𝐹𝑙𝑠[𝑘 − ℎ]

𝑁𝑤−1

ℎ=0

 (3-13) 

Table 3-1 Number of calculations required to obtain the MPF 

 Addition/subtraction Multiplication/division 

1. Square of each velocity and force ― 2𝑁𝑤 

2. Each average calculation of ① 2(𝑁𝑤 − 1) 2 

3. Each root value of ② ― 2 

4. Multiplication of each RMS value of ③ ― 1 

5. Multiplication of velocity and force ― 𝑁𝑤 

6. Average calculation of ⑤ 𝑁𝑤 − 1 1 

7. Division of ⑥ by ④ ― 1 

Total number of MPF calculations  3𝑁𝑤 − 3 3𝑁𝑤 + 7 
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where 𝑁𝑤 [−] is the corresponding number of sample data: 𝑁𝑤 = Floor(𝑇𝑤 sampling period⁄ ). 

If the MPF is calculated using Eqs. (3-11)– (3-13), the total number of calculation steps 

increases in proportion to 𝑁𝑤, as given in Table 3-1. Nevertheless, the calculation steps of 

both the apparent and active mechanical powers include calculation of an average, which 

suggests that the average value is continuously calculated with a small calculation load, 

when the moving average (MA) algorithm is used in the discrete-time system. The MA 

algorithm is expressed as: 

�̅�[𝑘] = �̅�[𝑘 − 1] + (𝑢[𝑘] − 𝑢[𝑘 − 𝑁𝑤]) 𝑁𝑤⁄  (3-14) 

where 𝑢[𝑘]  and �̅�[𝑘]  are the analyzed signal and its average value, at 𝑘 -th sample 

number, respectively. 

Consequently, if �̅�[𝑘 − 1], 𝑢[𝑘], and 𝑢[𝑘 − 𝑁𝑤] are known, the new average value �̅�[𝑘] 

can be calculated by adding/subtracting twice and multiplying/dividing once. The total 

number of MA calculations will not change even if the number of samples increases. The 

MA algorithm can be implemented easily by retaining the signals past 𝑁𝑤 samples using 

a ring buffer. By applying the MA algorithm to determine the MPF and MEF, the apparent 

and active mechanical powers can be obtained with a low computation cost independent of 

the size of the sampling as follows: 

𝑊𝑎𝑝𝑝[𝑘] = √𝑣2̅̅ ̅[𝑘]𝐹𝑙𝑠
2̅̅̅̅ [𝑘] = √𝑣2̅̅ ̅[𝑘 − 1] +

𝑣2[𝑘]−𝑣2[𝑘−𝑁𝑤]

𝑁𝑤
√𝐹𝑙𝑠

2̅̅̅̅ [𝑘 − 1] +
𝐹𝑙𝑠
2[𝑘]−𝐹𝑙𝑠

2[𝑘−𝑁𝑤]

𝑁𝑤
 (3-15) 

𝑊𝑎𝑐𝑡[𝑘] = 𝑣𝐹𝑙𝑠̅̅ ̅̅ ̅[𝑘] = 𝑣𝐹𝑙𝑠̅̅ ̅̅ ̅[𝑘 − 1] +
𝑣[𝑘]𝐹𝑙𝑠[𝑘] − 𝑣[𝑘 − 𝑁𝑤]𝐹𝑙𝑠[𝑘 − 𝑁𝑤]

𝑁𝑤
 (3-16) 

As a result, 𝑀𝑃𝐹[𝑘]  can continue to be computed at every sampling period by 

adding/subtracting six times and multiplying/dividing ten times as shown in Table 3-2. 

Table 3-2 Number of calculations required to obtain the MPF by emplying the MA algorithm 

 Addition/subtraction Multiplication/division 

1. Square of each velocity and force at the 

sample number 𝑘 
0 2 

2. Each moving average calculation of ① 4 2 

3. Each root value of ② ― 2 

4. Multiplication of each RMS value of ③ ― 1 

5. Multiplication of velocity and force at the 

sample number 𝑘 
― 1 

6. Moving average calculation of ⑤ 2 1 

7. Division of ⑥ by ④ ― 1 

Total number of MPF calculations  6 10 
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3.2.2. Mechanical energy factor for chatter detection 

As described in Eq. (1-2), the unstable region owing to the regenerative chatter can be 

represented in terms of a phase shift, 𝜀𝑐  [rad] , as 𝜋 < 𝜀𝑐 < 2𝜋 . According to [25], the 

relationship between the phase shift, 𝜀𝑐  and the phase angle of the compliance TF, 

𝜃𝑥𝐹 [rad] in the SDoF system can be related as follows: 

𝜀𝑐 = 3𝜋 + 2𝜃𝑥𝐹 (3-17) 

Consequently, the chatter condition can be determined by employing the phase 

difference between the tool displacement and dynamic cutting force as follows: 

−𝜋 < 𝜃𝑥𝐹 = ∠
𝑥(𝑖𝜔𝑐)

𝐹𝑙𝑠(𝑖𝜔𝑐)
< −

𝜋

2
 (3-18) 

where 𝜔𝑐 [rad] is the chatter frequency. The chatter vibration has a strong relationship 

with 𝜃𝑥𝐹. As the range of 𝜃𝑥𝐹 is between −𝜋 and –𝜋/2, the range of cosine value of 𝜃𝑥𝐹 

under the chatter condition is as follows:  

−1 < cos𝜃𝑥𝐹 < 0 (3-19) 

For detecting chatter vibration, based on Eq. (3-19), a novel index, namely MEF is 

proposed. In the MPF, the cosine value of 𝜃𝑣𝐹 is derived from the velocity and dynamic force 

by introducing the apparent and active mechanical powers. In other words, the velocity and 

force are correlated to the power dimension. Similarly, the cosine value of 𝜃𝑥𝐹  can be 

obtained by employing the displacement and dynamic force. As the multiplication of 

displacement and force has the dimensions of energy, a new indicator for self-excited chatter 

detection is preferable to be defined in relation to the energy. From this viewpoint, the 

apparent and active mechanical energy, 𝐸𝑎𝑝𝑝 [J] and 𝐸𝑎𝑐𝑡  [J] can be defined as follows: 

𝐸𝑎𝑝𝑝 = √
1

𝑇𝑤
∫ 𝑥(𝑡)2

𝑡′+𝑇𝑤

𝑡′
𝑑𝑡√

1

𝑇𝑤
∫ 𝐹𝑙𝑠(𝑡)2

𝑡′+𝑇𝑤

𝑡′
𝑑𝑡 (3-20) 

𝐸𝑎𝑐𝑡 =
1

𝑇𝑤
∫ 𝑥(𝑡)𝐹𝑙𝑠(𝑡)

𝑡′+𝑇𝑤

𝑡′
𝑑𝑡 (3-21) 

Then, the MEF indicating the phase difference between the displacement and the load 

force is defined as follow:  

𝑀𝐸𝐹 =
𝐸𝑎𝑐𝑡

𝐸𝑎𝑝𝑝
= cos𝜃𝑥𝐹 (3-22) 
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Owing to the nature of Eq. (3-19), the value of MEF is less than 0 when the chatter 

vibration occurs, i.e., the chatter detection is possible based on the phase shift monitoring 

without setting a threshold for the vibration magnitude. Consequently, the threshold will 

be determined uniquely, independent of the cutting condition or workpiece material.  

Similar to the MPF, the MEF is also discretized as follows: 

𝑀𝐸𝐹[𝑘] =
𝐸𝑎𝑐𝑡[𝑘]

𝐸𝑎𝑝𝑝[𝑘]
 (3-23) 

𝐸𝑎𝑝𝑝[𝑘] = √𝑥2̅̅ ̅[𝑘]𝐹𝑙𝑠
2̅̅ ̅̅ [𝑘] = √𝑥2̅̅ ̅[𝑘 − 1]+

𝑥2[𝑘]−𝑥2[𝑘−𝑁𝑤]

𝑁𝑤
√𝐹𝑙𝑠

2̅̅ ̅̅ [𝑘 − 1]+
𝐹𝑙𝑠
2 [𝑘]−𝐹𝑙𝑠

2 [𝑘−𝑁𝑤]

𝑁𝑤
 (3-24) 

𝐸𝑎𝑐𝑡[𝑘] = 𝑥𝐹𝑙𝑠̅̅ ̅̅ ̅[𝑘] = 𝑥𝐹𝑙𝑠̅̅ ̅̅ ̅[𝑘 − 1] +
𝑥[𝑘]𝐹𝑙𝑠[𝑘] − 𝑥[𝑘 − 𝑁𝑤]𝐹𝑙𝑠[𝑘 − 𝑁𝑤]

𝑁𝑤
 (3-25) 

Based on Eqs. (3-23)–(3-25), the MEF is also computed at every sampling period with 

six iterations of addition/subtraction, and ten iterations of multiplication/division, 

independent of the number of data samples. Finally, a type-discrimination chatter detection 

can be constructed by monitoring both the MPF and MEF, as shown in Fig. 3-4. The MPF 

and MEF are continuously computed with a low computation cost, and the thresholds for 

detecting forced and chatter vibration can be set uniquely as follows: 

{
MPF ≈ 1  if forced vibration occurs
MEF < 0  if chatter vibration occurs

 (3-26) 

 

 

 

Fig. 3-4 Flowchart of the proposed chatter detection system 
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3.3. Experimental system configurations 

3.3.1. Experimental setup and procedure 

Fig. 3-5(a) shows the prototype precision lathe, including a work spindle supported by 

an aerostatic bearing and an XZ-stage driven by shaft-type linear motors along two linear 

ball guideways. Fig. 3-5(b) also depicts the schematic of CWS where the tool approach angle 

was approximately 90°. Optical linear encoders with a resolution of 10 nm were attached to 

the stage in each direction. The detailed specifications of the developed linear motor-driven 

high-precision lathe are also summarized in Appendix A. 

 

Fig. 3-5 Experimental setup: (a) prototype linear motor-driven high-precision lathe; (b) schematic of 

corresponding CWS 
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Fig. 3-6 shows the experimental compliance FRF from the tool tip to the Z-stage, 

obtained by a preliminary tap test under the fixed-position control. It agreed well with that 

from the tooltip to the Z-stage and can be regarded as an SDoF system. Here, the resonant 

frequency of 32.5 Hz was slightly different from the frequency of 35. 0 Hz, where the phase 

difference was -90 degree owing to influence of the controller. Because the MEF/MPF follows 

the phase characteristic, this difference would influence the reliability of the phase shift 

monitoring, especially for the MPF. It should be compensated to achieve a more accurate 

monitoring. However, it was not practical to set the threshold to “exactly” 1. Furthermore, 

the forced vibration would pose a problem when the disturbance frequency was “around” 

the resonant frequency, as the magnitude of compliance was already high around the 

resonance. In fact, the amplitude of compliance was still high at 35.0 Hz. As the phase of 

mobility at 32.5 Hz should be 23  (i.e., the cosine value was 0.92), the threshold of the MPF 

for forced vibration detection was set to 0.90 in this study. Empirically, an approximate 

value of 0.8 – 0.9 may be a reasonable threshold for the MPF for detecting forced vibration.  

3.3.2. MPF/MEF monitoring system applying a DOB 

In machining process, the dynamic load force corresponds to the cutting force (i.e., 𝐹𝑙𝑠 →

𝐹); hence, the dynamic cutting force must be monitored to apply the MPF and MEF for 

chatter detection. In this study, the dynamic cutting force is estimated by applying a DOB 

to the control system of the linear motor-driven stage. The shaft-type linear motor in the 

developed lathe is suitable for estimating the high-precision force because of its friction-less 

and cogging-less structure. The cutting force estimation manner of the DOB in a linear 

 
Fig. 3-6 Compliance FRF from the tool-tip to the jig under the fixed-position control 
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motor-driven system has been described in Eq. (2-15). 

To compute the MPF/MEF, the tool vibrational displacement and velocity are also 

needed. In this study, the tool displacement is directly obtained from the linear encoder, as 

the developed high-precision lathe has an SDoF characteristic from the tool-tip to the linear 

encoder (see Fig. 3-6). The velocity response is calculated by numerically differentiating the 

obtained position information. 

Fig. 3-7 shows a block diagram of the MPF/MEF monitoring system, integrated with the 

DOB-based cutting force estimation. Note that the same LPF as the cutting force observer 

was inserted into the velocity and displacement information before the MPF/MEF 

calculation to eliminate the relative phase lag caused by the LPF. In addition, a high-pass 

filter (HPF) was applied to all the information to cut off the DC components, because only 

the dynamic component, essential for the chatter as well as the PF is originally defined in 

the AC circuit. Consequently, the compensation of the friction force in the DOB became 

unnecessary. Note that the pass-through filters cause an additional phase shift of the 

 
Fig. 3-7 Block diagram of the MPF/MEF monitoring system 
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signals. However, they do not pose a problem for chatter detection by the MPF/MEF, if the 

same type and number of filters are inserted in all the signals, as the MPF/MEF captures 

the “relative” phase shift between the signals. Therefore, the phase lag compensations are 

also important if needed. After the filtering process, the MEF and MPF were calculated at 

every servo cycle. 

Table 3-3 lists the parameters for the monitoring systems. A second order LPF and a bi-

quad HPF were employed. Phase lag compensations were not applied in this system. Note 

that the bandwidth of the LPF must be higher than the expected chatter frequency so that 

the chatter component was not eliminated. The nominal movable masses and thrust-force 

coefficients in the X- and Z- stages were simply determined from the design values. As 

shown in Fig. 3-5(b), the vibration direction of the width of cut corresponded to the feed 

direction (i.e., the Z-direction), and the process force in the Z-direction fluctuated 

dynamically. Therefore, the proposed chatter-detection method was applied to the Z-stage. 

 

3.4. Experimental results 

Using the above experimental setup, three types of experiments were conducted. In the 

first experiment, the oscillation test was conducted to evaluate the influence of the 

calculation window length, 𝑇𝑤, on the calculation accuracy of the MPF and MEF (see Fig. 

3-8). The calculation window length was varied from 1 to 200 ms under several oscillation 

frequencies. The obtained results were evaluated with the peak-to-peak (P-P) values of the 

resultant MPF and MEF. In the second and third experiments, outside turning tests were 

conducted, while gradually increasing the radial depth of the cut and spindle speed during 

the process, respectively. The performance of the proposed method was evaluated by 

comparing the results of the machined surface quality and frequency analyses. 

3.4.1. Oscillation test 

The oscillator applied a vibration of approximately 9.25 Hz as the low-frequency and 40 

Hz as the high-frequency to the Z-stage in the Z-direction. Fig. 3-9(a) shows the results of 

the estimated force and velocity during the oscillation. The phase difference between the 

Table 3-3 Parameters for the monitoring system 

 X-stage Z-stage 

Sampling time [μs] 80 

Nominal movable mass, 𝑀𝑡𝑛 [kg] 7.2 3.0 

Nominal thrust-force coefficient, 𝐾𝑡𝑛 [N/A] 18.5 20.5 

Cutoff frequency of LPF, 𝑔𝐿𝑃𝐹 [rad/s] 500 1000 

Cutoff frequency of HPF, 𝑔𝐻𝑃𝐹 [rad/s] ― 4π 
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force and velocity was approximately 132° (2.31 rad) at 9.25-Hz excitation and –58° (–1.01 

rad) at 40-Hz excitation, respectively; hence, the MPF values were expected to become 

approximately –0.67 and 0.53 at each frequency. Similarly, Fig. 3-9(b) shows the result of 

the estimated force and displacement response. The phase difference between the force and 

displacement was approximately 45° (0.79 rad) at 9.25-Hz excitation and –135° (–0.70 rad) 

at 40 Hz; hence the MEF values should be 0.70 and −0.70 at each frequency. 

Fig. 3-10 shows the behavior of the MEF with window lengths of 10 and 200 ms. The 

MPF calculation exhibited a similar tendency. As shown in Fig. 3-10, the accuracy of the 

 

Fig. 3-8 Experimental setup for the oscillation test 

 

Fig. 3-9 Response of the estimated force, and (a) velocity, (b) displacement in the oscillation test 
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MEF/MPF calculation depended on the window length according to the input frequency.  

Fig. 3-11 summarizes the P-P values of the MEF and MPF at every calculation window 

length, and shows that the calculation accuracy tended to reduce every half period of the 

input oscillation (i.e., 1 (2 × 9.25 Hz) = 54 ms⁄ , 1 (2 × 40 Hz) = 12.5 ms⁄ ). It suggests that 

the ratio of the window length to the input oscillation period was important. In particular, 

it was preferable to set the window length to an integer multiple of half of the input 

 

Fig. 3-10 Representative results of MEF monitoring with different window lengths and input 

frequencies 

 

 

Fig. 3-11 Summary of the P-P value of the resultant MPF/MEF for each window length 
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oscillation period. In AC electrical circuits, 𝑇𝑤 is set to correspond to the frequency of the 

AC current/voltage, and is usually known in advance. However, the optimal window length 

is unclear in the machining process because the chatter frequency is usually unknown. Here, 

as seen in Fig. 3-10, the MPF/MEF value fluctuated significantly with a low-frequency input 

with the same window length; hence, the window length should be set considering the lower 

frequency component of the analytical object rather than the higher frequency component.  

From the above analysis, the window length was set to the same period of the spindle 

speed in the outside turning tests, as the rotational frequency was generally lower than the 

chatter/resonance frequency. The integer number of waves generated in the spindle period 

should be sufficiently large to alleviate the calculation error. Consequently, the chatter can 

be detected at least after one spindle rotation, when the chatter occurs, because all the data 

in each sliding window was updated after one spindle rotation. 

3.4.2. Turning test increasing the depth of cut 

To verify the performance of the proposed chatter detection method, an outside turning 

test was conducted, while increasing the depth of the cut, in the second experiment. The 

cutting conditions are summarized in Table 3-4. The calculation window length was set to 

67 ms (i.e., 𝑇𝑤 = 67 ms → 𝑁𝑤 = Round(67 ms 80 μs⁄ ) = 838 samples) so that it coincided with 

the spindle-rotation frequency, as discussed in the previous subsection. 

Fig. 3-12(a) shows the machined surface quality evaluated along with its roughness 

curve measured using the stylus profiling instrument (Surfcom Flex-50A; Tokyo Seimitsu 

Co., Ltd, see Fig. 3-13). The machining time according to the feed length during the turning 

is also shown in Fig. 3-12(b). The chatter mark (i.e., the deteriorated surface) can be clearly 

observed after a machining time of 22 s.  

Fig. 3-14 shows the off-line STFT analysis of the estimated cutting force. Before 22 s, 

the component of 15 Hz corresponding to a spindle rotation of 900 min-1 was dominant, 

while the 41-Hz component could be observed after 17 s. From 17 to 22 s, the cutting process 

might be in a transition region from being stable to unstable. After 22 s, chatter was 

generated with a peak frequency of 41 Hz, which corresponded to neither the spindle 

rotational frequency nor the resonance frequency; hence, it could be considered to be a 

chatter vibration, and not an abnormal forced vibration.  

Table 3-4 Cutting conditions for outside truning, while increasing the depth of cut 

Cutting tool Carbide 

Workpiece A5056B (𝜙 20 mm × 30 mm) 

Feed rate in Z-direction [μm/rev] 36.0 

Feed rate in X-direction [nm/rev] 67.0 

Spindle speed [min-1] 900 

Calculation window length [ms] 67 

Depth of cut [μm] 150 – 178 
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Fig. 3-12 Results in outside turning, while increasing the depth of the cut: (a) picture and roughness 

curve of the machined surface, (b) machining time along feed length 

 

Fig. 3-13 Measurement instrument for surface topography (e.g., surface roughness/waviness) 
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 Based on Fig. 3-14, it may be inferred that chatter detection is feasible if a real-time 

implementation of STFT is possible. However, it may be difficult to detect the chatter 

quickly because of the computational cost as well as the relatively long analysis section to 

ensure the frequency resolution. Additionally, an appropriate threshold must be considered 

carefully for robust autonomous detection, and may be reconsidered if the experimental 

conditions are changed, as the spectrum amplitude depends on the cutting conditions. 

 Fig. 3-15 shows the results of the online MPF and MEF monitoring. Both the MEF and 

MPF began to fluctuate from 17 s (i.e., the transition area determined from the STFT 

 

Fig. 3-14 STFT of the cutting force estimated by DOB in outside turning, while increasing the depth of 

the cut 

 

Fig. 3-15 Monitoring MPF and MEF in outside turning, while increasing the depth of cut 
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analysis). This is because the chatter component and the spindle rotational component were 

mixed in this area. However, each factor remained in a stable area, as the stable component 

was still dominant. After 22 s, the MEF value suddenly become negative and remained 

negative during the self-excited chatter. In this area, the MPF was not close to 1 (i.e., lower 

than the threshold of 0.9, as discussed in Fig. 3-6), although it approached 1. As a result, it 

can be considered that the resonance did not occur, which corresponded to the analysis 

presented in the machined surface and STFT. The results show that the chatter could be 

detected, while distinguishing it from the abnormal forced vibration by comprehensively 

monitoring the MPF and MEF. 

Here, the PF originally indicated the energy-transmission efficiency in the AC circuit, 

i.e., how much energy supplied from the power supply was consumed at the load. 

Considering the analogy between the electrical and mechanical systems, to sum up, the 

MPF suggested how much energy supplied from the cutting force was consumed as the 

vibration of the machine took place. Under the (regenerative) chatter condition, the energy 

flowed into the tool side continuously and was consumed as the vibration continued (refer 

Fig. 1-6). That is why the MPF also approached 1 when the chatter occurred. When the 

MPF was equal to 1, the energy supplied from the cutting force was converted into vibration 

energy most efficiently, which implied that a resonance occurred.  

3.4.3. Turning test increasing the spindle rotational speed 

Another outside turning test was conducted, while increasing the spindle speed under 

a constant depth of cut, as the third experiment. Table 3-5 lists the cutting conditions. Here, 

the calculation window length was adaptively changed during the process, in response to 

the changes in the spindle speed. 

Fig. 3-16 shows the machined surface quality with its roughness and waviness curve 

(Fig. 3-16(a)) measured by the stylus profiling instrument similar to the second experiment 

(see Fig. 3-13) as well as the machining time according to the feed length(Fig. 3-16(b)). As 

seen in Fig. 3-16, the surface roughness deteriorated in the feed length from 4.3 to 7.9 mm, 

and after 12.3 mm. From 7.9 to 12.3 mm, the waviness deteriorated, whereas the 

deterioration of the surface roughness could not be observed in this area. 

Table 3-5 Cutting conditions for outside truning while increasing the spindle speed 

Cutting tool Carbide 

Workpiece A5056B (𝜙 20 mm × 30 mm) 

Feed rate in Z-direction [μm/rev] 36.0 

Feed rate in X-direction [nm/rev) 0.0 

Spindle speed [min-1] 500 – 2290 (100 min-1/s) 

Calculation window length [ms] 60 Spindle speed⁄ × 103 

Depth of cut [μm] 180 
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Fig. 3-17 shows the estimated cutting force after the HPF in the Z-direction and its off-

line STFT result. As soon as the machining started, a vibration with a frequency of 8.4 Hz 

caused by the spindle rotation of 500 min-1 was generated. Subsequently, the frequency 

component gradually increased in response to an increase in the spindle speed. The 

frequencies of about 38 and 76 Hz were excited suddenly from 7.5 s (a spindle speed of 1240 

min-1), and dominated the frequency component in the cutting force until 12.0 s (a spindle 

speed of 1690 min-1). The vibration amplitude of the estimated cutting force also increased 

in this area. Because these frequencies were in discord with the higher harmonics of the 

 

Fig. 3-16 Results in the outside turning, while the spindle speed was increased: (a) picture, roughness 

curve, and waviness curve of the machined surface, (b) machining time along feed length 
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spindle rotational frequency, it can be concluded that the (regenerative) chatter occurred 

from 7.5 to 12.0 s (i.e., between the spindle speeds of 1240 to 1690 min-1).  

The amplitude of the estimated cutting force decreased and the chatter seemed to 

disappear from 12.0 s. On the other hand, the spectrum of the spindle-rotation frequency 

around the resonance appeared to be excited (i.e., an abnormal forced vibration occurred). 

Instead of the surface roughness, the waviness began to deteriorate from 12.0 s. 

 In the turning process, surface roughness resulted from the cusp height. However, the 

cusp height might not increase when the spindle-rotation frequency was sufficiently close 

to the resonant frequency, as the tool displacement per spindle rotation was approximately 

the same in each cycle (Fig. 3-18). As a result, the waviness deteriorated when the abnormal 

forced vibration occurred, whereas the surface roughness did not worsen in this experiment. 

 

Fig. 3-17 The cutting force estimated by DOB in outside turning, while increasing the spindle speed: 

(a) time waveform, (b) STFT analysis 
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In general, an increase in the waviness causes a deterioration in the form accuracy of the 

machined parts; therefore, detecting the abnormal forced vibration is also critical in 

practical applications.  

Here, it appears that the chatter of approximately 65 Hz occurred again at the same 

time. The amplitude of the estimated cutting force also increased in this area. As 

synchronization between the tool vibration and spindle rotation collapsed due to the chatter 

 

Fig. 3-18 Tool displacement and cusp height in resonance 

 

Fig. 3-19 Monitoring results of MPF and MEF in the outside turning, while increasing the spindle 

speed 
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vibration, it could be considered that the surface roughness, and not the surface waviness, 

deteriorated again from 15.6 s (i.e., a spindle speed of 2050 min-1), as shown in Fig. 3-16.  

Fig. 3-19 shows the online MPF and MEF monitoring results. The MEF value suddenly 

became negative when the first chatter vibration occurred, although the MPF remained 

approximately at 0.5; hence the first chatter from 7.5 s was clearly detected by the MEF. 

According to the result in Fig. 3-15, the MEF was expected to continue displaying a negative 

value during the chatter vibration. However, the MEF remained approximately zero after 

10 s, and finally transitioned to a positive value before 12.0 s. In the STFT analysis of Fig. 

3-17(b), it can be seen that the spindle-rotation frequency began to be slightly excited from 

approximately 10.0 s. Consequently, it changed the MEF to a positive value. At the same 

time, the MPF began to approach 1.0. From 12.0 to 15.6 s, when only the abnormal forced 

vibration occurred, the MPF evidently tended to stay close to 1. Assuming a threshold of 0.9 

for the MPF, the abnormal forced vibration was successfully monitored by the MPF.  

Shortly before 15.6 s, both the MPF and MEF fluctuated largely, which was similar to 

the transition phenomenon seen in Fig. 3-15. In fact, the chatter reoccurred after 15.6 s in 

this experiment. As the chatter and forced vibrations occurred (or the chatter occurred very 

close to the resonant frequency) after 15.6 s, the MEF transitioned to a negative value. 

However, the MEF already showed a negative value at 13.8 s, and the MPF gradually 

decreased by a small extent owing to the influence of the chatter frequency of 65 Hz. When 

either the chatter or the abnormal forced vibration occurred individually, the type-assorted 

detection of abnormal vibration was feasible by the monitoring of both the MPF and MEF. 

However, if some dominant components existed, the reliability of the proposed chatter 

detection system would deteriorate, although the tendency of the cutting state could be 

captured.  

 

3.5. Summary 

This chapter describes a chatter detection methodology based on two novel indices, 

namely the MPF and MEF. The findings from this chapter can be summarized as follows: 

1. In machining processes, MPF and MEF represent the phase differences between the 

dynamic cutting force on the one hand, and the velocity or displacement on the other 

hand, in the CWS, respectively. Based on the onset mechanism of abnormal vibrations, 

the MPF and MEF could be utilized to monitor the forced and chatter vibration, 

respectively. 

2. The MPF and MEF could be calculated during the process with a low computational 

cost, independent of the calculation window length, by employing the MA algorithm. 

Based on the results of the oscillation tests, the window length was set to the spindle-
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rotation period in the turning process. Consequently, a fast chatter/forced detection 

could be achieved, at least after one spindle rotation. 

3. By combining with the observer-based cutting-force estimation, the MPF and MEF 

were successfully obtained without using any additional sensors. Note that the 

proposed method has the potential to be developed on a sensor-based system, such as a 

dynamometer, displacement sensor, and accelerometer.  

4. In the outside turning tests, the MEF rapidly became negative as soon as the 

(regenerative) chatter occurred, and remained negative during the chatter condition. 

In addition, the MPF was fairly close to 1 during the abnormal forced vibration (i.e., 

resonance), whereas it did not become 1 during the stable cutting or only the 

regenerative-chatter generation. However, when some dominant frequency components 

existed, the reliability of the proposed method could deteriorate. 

The proposed method could help distinguish between a stable cutting, chatter, and 

forced vibration using unique thresholds. The threshold of the MEF was clear (i.e., MEF < 

0). Although the exact threshold of the MPF was 1, a range of 0.8–0.9 is reasonable in 

practice. Because the aforementioned thresholds were determined from the chatter 

mechanism, they were expected to be independent of the workpiece materials or the cutting 

conditions; hence, there is ideally no need to reconsider the thresholds for each experiment. 

Here, the concept of proposed method can be applied to a ball-screw-driven stage, 

wherein a sensorless detection system with an observer-based cutting force estimation can 

also be achieved if the chatter-induced process force can be estimated accurately. Note that, 

in this study, the stage displacement measured by linear encoder were simply used for the 

calculation of MPF and MEF, as the tool and stage vibrated together as a SDoF system (see 

Fig. 3-6). However, when chatter results from a local mode of tool/workpiece/spindle, 

MPF/MEF calculation considering a transfer function from the vibration element and stage 

must be achieved. Another option is sensor-based direct measurement of vibration and 

cutting force near the cutting point. In particular, system integration to the adaptronic 

machine components (fifth functionality of SOMS in Fig. 1-1), such as intelligent/sensory 

spindle unit [36,37] integrating sensors and monitoring functions, may be effective. For 

chatter in a rotating flexible tool/workpiece, the sensorless phase shift monitoring by 

MPF/MEF in angular domain (with or without coordinate transformation), calculated from 

the estimated cutting torque and angular velocity/displacement of spindle, is also 

interesting. Additionally, further improvements to the detection algorithm may be 

necessary, especially in processes with intermittent cutting and/or 2DoF system. 
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4. Chatter suppression with spindle speed 

variation 
 

4.1. Assumptions and concepts 

In this chapter, a practical design methodology for optimal sinusoidal SSV (SSSV), 

oriented towards SOMS is proposed that can be simply integrated into machine tools to 

realize autonomous chatter suppression with an in-situ optimal design. As described in Fig. 

1-6, the regenerative chatter mechanism can be interpreted from the viewpoint of the 

internal process energy balance as follows (same formula as Eq. (1-1)): 

𝐸𝑓 = 𝐸𝑝 − 𝐸𝑛 > 𝐸𝑑 (4-1) 

As the total inflow energy in the SSV cycle is changed by a phase shift perturbation 

owing to the spindle speed variation, the optimal design methodology for SSSV is proposed 

to properly control the process energy balance [279]. The net inflow of energy, 𝐸𝑓  [J] in a 

section [𝑡𝑏, 𝑡𝑒] can be defined kinematically with the resultant dynamic cutting force vector, 

𝑭𝒄  and vibration vector, 𝒒𝒄 as follows: 

𝐸𝑓 = ∫ 𝑭𝒄(𝑡) ∙ �̇�𝒄(𝑡)
𝑡𝑒

𝑡𝑏

𝑑𝑡 (4-2) 

Note that this study only considers the net inflow of energy to be minimized because the 

damping capacity should always work positively for process stabilization. To estimate 𝐸𝑑, 

the machine dynamics must be identified, as was done in the SLD approach [70]. 

By only considering the minimization of Eq. (4-2), the self-acting selection of proper SSV 

parameters can be achieved, based on the observable chatter frequency during the process. 

For analytically calculating Eq. (4-2), the cutting force and vibration have to be modeled 

first. In the next subsection, the details of the process modeling for obtaining the internal 

process energy is described. Fig. 4-1 shows a general SDoF turning process, assuming that 

the tool vibrates in a flexible manner in a particular vibration direction in a 3D space. 

Through chatter modeling, a novel interpretation of the SSSV process is provided, using the 

analogy of frequency modulation (FM) techniques used in radio communication engineering. 

 

4.2. Process modeling 

4.2.1. Vibration model and novel interpretation of SSSV 

In many machining applications, only one dominant elastic mode usually becomes 

unstable and yields a single dominant chatter frequency. This hypothesis, known as ZOA, 
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is widely used even in the milling process. Especially, this should be true in non-periodic 

processes, such as turning and boring processes. The chatter vibration is expressed as a 

simple harmonic motion with a unit vector in the vibration direction 𝐞𝐪, as follows: 

𝒒𝒄(𝑡) = 𝑞𝑐(𝑡)𝐞𝐪 = 𝐴𝑐 cos(𝜔𝑐𝑡 + 𝜓𝑐) 𝐞𝐪 (4-3) 

∴ 𝒒𝒄(𝑡 − 𝜏) = 𝑞𝑐(𝑡 − 𝜏)𝐞𝐪 = 𝐴𝑐 cos(𝜔𝑐𝑡 − 𝜔𝑐𝜏 + 𝜓𝑐) 𝐞𝐪 (4-4) 

where 𝑞𝑐(𝑡) [m] is a present chatter vibration in a certain direction, and 𝐴𝑐  [m], 𝜔𝑐 [rad s⁄ ], 

and 𝜓𝑐 [rad] are its amplitude, frequency, and initial phase, respectively.    

Here, 𝑞𝑐(𝑡 − 𝜏) is the previous vibration (i.e., regeneration), and the time delay, 𝜏 [s] is 

constant (i.e., 𝜏 = 𝜏𝑛) in a constant spindle speed (CSS). In CSS, it matches the tooth-pass 

 

Fig. 4-1 Schematic illustration of general SDoF turning process (for example, the tool is fed in the X- 

direction and it vibrates flexibly in a certain vibration direction in a 3D space): (a) overview; (b) enlarged 

view of the cutting edge   
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period as follows: 

𝜏𝑛 =
60

𝑁𝑐𝑆𝑛
 (4-5) 

where 𝑆𝑛  [min-1] is a nominal spindle speed, and 𝑁𝑐  [−]  is the number of teeth. The 

nominal delay term matches the spindle rotational period in a single-point cutter, such as 

turning and boring process (i.e., 𝑁𝑐 = 1 ). Note that the number of teeth is explicitly 

indicated to retain the general expression. 

In SSV, the delay term continuously varies with time because of time-varying spindle 

speed, 𝑆(𝑡). The variation profile of SSSV around the nominal value is defined as follows: 

𝑆(𝑡) = 𝑆𝑛(1 + 𝑅𝐴 sin(𝜔𝑠𝑡)) (4-6) 

where 𝑅𝐴 [−] and 𝜔𝑠 [rad/s] (or 𝑓𝑠 [Hz]) are the relative variation amplitude (RVA) and 

frequency of the spindle speed variation, respectively. These are design parameters for the 

SSSV. 𝑅𝐴 = 0 implies an ordinary CSS process.  

In SSV, the time-varying delay term cannot be usually expressed in a straightforward 

manner, as in Eq. (4-5) (i.e., the reciprocal of the tooth-passing frequency). However, by 

assuming that the relative variation frequency of the spindle speed over the tooth-pass 

frequency (i.e., RVF) is small, it can be approximated as follows [240]: 

𝜏(𝑡) ≈ �̃�(𝑡) =
60

𝑁𝑐𝑆(𝑡)
=

60

𝑁𝑐𝑆𝑛(1 + 𝑅𝐴 sin(𝜔𝑠𝑡))
=

𝜏𝑛
1 + 𝑅𝐴 sin(𝜔𝑠𝑡)

 (4-7) 

where ( ̃ ) indicates the approximated value, and nominal values in SSSV denotes the 

“center” values (e.g., 𝑆𝑛 and 𝜏𝑛 denote the center spindle speed and center delay time, in 

the SSSV process, respectively). Here, the RVF, 𝑅𝐹 [−] is generally defined as follows: 

𝑅𝐹 =
60𝑓𝑠
𝑁𝑐𝑆𝑛

= 𝑓𝑠𝜏𝑛 =
𝜔𝑠𝜏𝑛
2𝜋

 (4-8) 

Eq. (4-7) has a sine function in its denominator. This expression is still inconvenient 

because it is a non-closed form for the integral in Eq. (4-2). In [240] and here, Eq. (4-7) is 

transformed to a simpler expression with the sine function in the numerator, considering 

the absolute amplitude of the delay variation as follows:  

𝜏(𝑡) ≈ �̃�(𝑡) ≈ �̃̃�(𝑡) = 𝜏𝑛 −
max(�̃�(𝑡)) − min(�̃�(𝑡))

2
sin(𝜔𝑠𝑡) 

→ �̃̃�(𝑡) = 𝜏𝑛 (1 −
𝑅𝐴

1 − 𝑅𝐴
2 sin(𝜔𝑠𝑡)) 

(4-9) 

By employing Eq. (4-9), the regenerative vibration in Eq. (4-4) with a time-varying delay 
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owing to the SSSV effect, can be expressed as follows: 

𝑞𝑐(𝑡 − 𝜏(𝑡)) ≈ 𝐴𝑐 cos(𝜔𝑐𝑛𝑡 − 𝜀𝑐𝑛 +
𝑅𝐴(2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛)

1 − 𝑅𝐴
2 sin(𝜔𝑠𝑡) + 𝜓𝑐) (4-10) 

Here, 𝑘𝑐𝑛 [−] and 𝜀𝑐𝑛 [rad] are the nominal chatter lobe number (kc ∈ ℕ0) and nominal 

phase shift between the present and previous vibrations over the center spindle speed of 

𝑆𝑛, respectively. These parameters can be obtained using the following relationship as: 

60𝑓𝑐𝑛
𝑁𝑐𝑆𝑛

= 𝑘𝑐𝑛 +
𝜀𝑐𝑛
2𝜋

 →  𝜔𝑐𝑛𝜏𝑛 = 2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛 (4-11) 

Note that the chatter frequency in the CSS process with 𝑆𝑛 explicitly shown as 𝜔𝑐𝑛. 

Eq. (4-10) indicates that the relative phase between the present and previous vibrations 

fluctuates with time when SSSV is applied. Interestingly, it is equivalent to the phase 

modulation (PM) principle defined in radio communication engineering. PM is a type of 

frequency modulation (FM); hence, the chatter vibration in the SSSV process, represented 

by Eq. (4-10), can be reinterpreted based on the analogy with FM technology. In short, the 

spindle speed corresponds to the information signal in FM. In addition, the regenerative 

chatter vibration before the SSSV, and chatter after the SSSV correspond to the carrier 

signal and modulated signal, respectively (see Fig. 4-2). Based on Eq. (4-10), the 

instantaneous frequency of the modulated chatter in SSSV is derived as follows:  

𝜔𝑐(𝑡) = 𝜔𝑐𝑛 + ∆𝜔𝑐 cos(𝜔𝑠𝑡) , where  ∆𝜔𝑐 = 𝜔𝑠

𝑅𝐴(2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛)

1 − 𝑅𝐴
2  (4-12) 

 

Fig. 4-2 Schematic diagram of the technological analogy between SSSV and FM (The chatter frequency 

as carrier signal is modulated by the spindle speed variation as the input message wave). 
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In the FM technology, the ratio of the maximum shifted frequency, ∆𝜔𝑐 [rad s⁄ ] to the 

information signal frequency, 𝜔𝑠 is defined as the modulation index (MI), which represents 

the degree of modulation. In this study, MI, 𝑚𝑓 [−] is redefined for the SSSV process as a 

novel design index, utilizing the analogy, as follows: 

𝑀𝐼 ≡ 𝑚𝑓 =
∆𝜔𝑐

𝜔𝑠
=

𝑅𝐴(2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛)

1 − 𝑅𝐴
2  (4-13) 

Consequently, Eq. (4-10) can be further rewritten as follows: 

𝑞𝑐(𝑡 − 𝜏(𝑡)) ≈ 𝐴𝑐 cos(𝜔𝑐𝑛𝑡 − 𝜀𝑐𝑛 +𝑚𝑓 sin(𝜔𝑠𝑡) + 𝜓𝑐) 

= 𝐴𝑐 cos(𝜔𝑐𝑛𝑡 − 𝜀𝑐𝑛 + 𝜓𝑐) cos(𝑚𝑓 sin(𝜔𝑠𝑡)) − 𝐴𝑐 sin(𝜔𝑐𝑛𝑡 − 𝜀𝑐𝑛 +𝜓𝑐) sin(𝑚𝑓 sin(𝜔𝑠𝑡)) 
(4-14) 

Note that this model represents that the previous vibration appears to be modulated, 

whereas the present vibration is not modulated, assuming that the chatter frequency is 

constant. This assumption is similar to the analytical model in some of the previous studies 

[68,73,230,240]. However, the resultant present vibration is also modulated by the SSSV. 

Recently, Nam et al. [232] empirically discussed the chatter frequency shift during the SSV. 

A comprehensive discussion for the FM phenomenon in Eq. (4-12), associated with [232], is 

given in Appendix C. Here, the special form in Eq. (4-14) can be further expanded by using 

a Bessel function of the first kind as follows: 

cos(𝑚𝑓 sin(𝜔𝑠𝑡)) = 𝐽0(𝑚𝑓) + 2∑𝐽2𝑙(𝑚𝑓) cos(2𝑙𝜔𝑠𝑡)

∞

𝑙=1

 

sin(𝑚𝑓 sin(𝜔𝑠𝑡)) = 2∑𝐽2𝑙−1(𝑚𝑓) sin((2𝑙 − 1)𝜔𝑠𝑡)

∞

𝑙=1

 

(4-15) 

where 𝐽𝑙(𝑚𝑓) is the 𝑙-th order Bessel function of the first kind, with MI as an argument 

(see Fig. 4-3). By substituting Eq. (4-15) for Eq. (4-14) and rearranging the resultant 

equation, the infinite order expression of the approximated regenerative chatter vibration 

with modulation can be finally derived as follows: 

𝑞𝑐(𝑡 − 𝜏(𝑡)) ≈ 𝐴𝑐 ∑ 𝐽𝑙(𝑚𝑓) cos((𝜔𝑐𝑛 + 𝑙𝜔𝑠)𝑡 − 𝜀𝑐𝑛 + 𝜓𝑐)

∞

𝑙=−∞

 (4-16) 

where 

𝐽−𝑙(𝑚𝑓) = (−1)𝑙𝐽𝑙(𝑚𝑓) (4-17) 

According to Eq. (4-16), an infinite number of side-band frequencies, ωcn ± 𝑙𝜔𝑠 (𝑙 =

1,2,… ,∞), are generated in SSSV in accordance with its frequency. This is also pointed out 

in [151,230]. Eq. (4-16) includes the CSS process, as 𝐽0(𝑚𝑓) is 1 and all other order Bessel 

functions are zero under 𝑅𝐴 = 0 (i.e., 𝑚𝑓 = 0). 
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4.2.2. Derivation of analytical net inflow of process energy 

The regenerative chatter model with Eq. (4-7) is a non-closed form, which means that 

the energy calculation in Eq. (4-2) is not integrable. Therefore, Al-Regib et al. [68] solved 

Eq. (4-2) using numerical integration. They plotted the corresponding energy minimum 

point based on the results obtained in numerous energy simulations, while varying the 

combination of SSSV design parameters and the nominal spindle speed. Then, they 

heuristically derived the optimal design criteria for SSSV to attain an effective chatter 

energy dissipation. On the other hand, Eq. (4-2) can be solved analytically with an 

approximation of Eq. (4-16). Here, a dynamic cutting force vector, 𝑭𝒄 can be defined with a 

dynamic cutting area, 𝐴𝑠 [m
2], and a specific cutting force vector, 𝐊𝐜, as follows: 

𝑭𝒄(𝑡) = 𝐴𝑠(𝑡) ∙ 𝐊𝐜 (4-18) 

By utilizing the well-known Colwell’s empirical chip flow rule (i.e., the chip flows along 

the cutting width vector), the specific cutting force vector can be expressed as: 

𝐊𝐜 = {𝜇𝑓𝐾𝑡𝑐sin𝜂 𝐾𝑡𝑐 𝜇𝑓𝐾𝑡𝑐cos𝜂}T (4-19) 

where 𝐾𝑡𝑐 [Pa] and 𝜇𝑓  [−] are a cutting force constant in principal force and a constant 

ratio of the force in the chip flow direction to the principal force, respectively, and 𝜂 [rad] is 

a chip flow angle. Note that the components of 𝐊𝐜 are generally positive, as the forces act 

on the tool along the positive directions in the XYZ-coordinate system, as shown in Fig. 4-1. 

Furthermore, the cutting width vector is defined as: 

𝐛𝐜 = {𝑎𝑤 0 𝑏𝑤}
T (4-20) 

 

Fig. 4-3 Bessel function of the first kind with the modulation index as an argument 
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where 𝑎𝑤 [m] and 𝑏𝑤  [m] are the cutting chord lengths projected onto the Z- and X-axis, 

in Fig. 4-1, respectively.  

In a general turning process, the vibration before one rotation is not always regenerated 

over the entire cutting width, and the regenerative width vector, 𝐫𝐜 is defined as follows: 

𝐫𝐜 = {𝑎𝑤 0 𝑏𝑤 − 𝑐}T (4-21) 

where 𝑐 [m] is a feed per tooth. Note that the Y-direction component of each width vector 

is always zero because it does not change the cutting area. The dynamic cutting area can 

be obtained by the inner product of vibration and each width vector as follows: 

𝐴𝑠(𝑡) = −𝐛𝐜 ∙ 𝒒𝒄(𝑡) + 𝐫𝐜 ∙ 𝒒𝒄(𝑡 − 𝜏) 

          = −𝑏𝑐𝑞𝑐(𝑡) + 𝑏𝑟𝑞𝑐(𝑡 − 𝜏) = 𝑏𝑐(−𝑞𝑐(𝑡) + 𝜇𝑐𝑞𝑐(𝑡 − 𝜏)) 
(4-22) 

where 𝑏𝑐  [m] (= 𝐛𝐜 ∙ 𝐞𝐪)  and 𝑏𝑟 [m] (= 𝐫𝐜 ∙ 𝐞𝐪)  are the cutting width and regenerative 

width in the vibration direction, respectively, and 𝜇𝑐(= 𝑏𝑟 𝑏𝑐⁄ ;  0 ≤ 𝜇𝑐 ≤ 1) is known as the 

overlap factor. The unit direction vector of vibration, 𝐞𝐪 is defined with 𝛾 [rad] and 𝛽 [rad] 

(i.e., vibration-direction angles on the XZ- and XY-plane in Fig. 4-1, respectively), as follows: 

𝐞𝐪 = {sin 𝛾 cos 𝛽 sin𝛽 cos 𝛾 cos 𝛽}T (4-23) 

Consequently, the process energy balance can be obtained from Eqs. (4-2), (4-18), (4-19), 

(4-22), and (4-23) as follows: 

𝐸𝑓 = ∫ −𝐾𝑡𝑐𝑏𝑐𝑑𝑓𝑞𝑐(𝑡)�̇�𝑐(𝑡)
𝑡𝑒

𝑡𝑏

𝑑𝑡 + ∫ 𝜇𝑐𝐾𝑡𝑐𝑏𝑐𝑑𝑓𝑞𝑐(𝑡 − 𝜏)�̇�𝑐(𝑡)
𝑡𝑒

𝑡𝑏

𝑑𝑡 (4-24) 

 𝑑𝑓 = 𝜇𝑓 sin 𝜂 sin 𝛾 cos𝛽 + sin𝛽 + 𝜇𝑓 cos 𝜂 cos 𝛾 cos𝛽 (4-25) 

Note that the energy related to the static cutting force is dropped from Eq. (4-24), as it 

does not affect the chatter stability. Furthermore, the first term of Eq. (4-24) can be 

neglected, as it is not related to the regenerative effect. In fact, it can be easily shown that 

the first term becomes zero in every chatter vibration cycle. This is understandable, as the 

process becomes unstable owing to the regenerative effect. As a result, the approximated 

solution of Eq. (4-24), with Eq. (4-3) and Eq. (4-16), can be finally obtained as follows: 

𝐸𝑓 = ∫ 𝜇𝑐𝐾𝑡𝑐𝑏𝑐𝑑𝑓𝑞𝑐(𝑡 − 𝜏(𝑡))�̇�𝑐(𝑡)
𝑡𝑒

𝑡𝑏

𝑑𝑡z 

      ≈ −
1

2
𝜇𝑐𝐾𝑡𝑐𝑏𝑐𝑑𝑓𝐴𝑐

2𝜔𝑐𝑛 × ∑ 𝐽𝑙(𝑚𝑓)

∞

𝑙=−∞

{
 
 

 
 ∫ sin((2𝜔𝑐𝑛 + 𝑙𝜔𝑠)𝑡 − 𝜀𝑐𝑛 + 2𝜓𝑐)

𝑡𝑒

𝑡𝑏

𝑑𝑡

−∫ sin(𝑙𝜔𝑠𝑡 − 𝜀𝑐𝑛)
𝑡𝑒

𝑡𝑏

𝑑𝑡
}
 
 

 
 

 

(4-26) 
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where 

∫ sin((2𝜔𝑐𝑛 + 𝑙𝜔𝑠)𝑡 − 𝜀𝑐𝑛 + 2𝜓𝑐)
𝑡𝑒

𝑡𝑏

𝑑𝑡 =
−1

(2𝜔𝑐𝑛 + 𝑙𝜔𝑠)
[cos((2𝜔𝑐𝑛 + 𝑙𝜔𝑠)𝑡 − 𝜀𝑐𝑛 + 2𝜓𝑐)]𝑡𝑏

𝑡𝑒  (4-27) 

∫ sin(𝑙𝜔𝑠𝑡 − 𝜀𝑐𝑛)
𝑡𝑒

𝑡𝑏

𝑑𝑡 = {

−1

𝑙𝜔𝑠

[cos(𝑙𝜔𝑠𝑡 − 𝜀𝑐𝑛)]𝑡𝑏
𝑡𝑒 𝑛 ≠ 0

−sin 𝜀𝑐𝑛 [𝑡]𝑡𝑏
𝑡𝑒 𝑛 = 0

 (4-28) 

Here, Eq. (4-27) should be negligibly small compared to Eq. (4-28), as the chatter 

frequency is usually much higher than the SSSV frequency; hence, Eq. (4-26) should be 

regarded as a simpler form as follows: 

𝐸𝑓 ≈
1

2
𝜇𝑐𝐾𝑡𝑐𝑏𝑐𝑑𝑓𝐴𝑐

2𝜔𝑐𝑛 ∑ 𝐽𝑙(𝑚𝑓)

∞

𝑙=−∞

∫ sin(𝑙𝜔𝑠𝑡 − 𝜀𝑐𝑛)
𝑡𝑒

𝑡𝑏

𝑑𝑡 (4-29) 

 

4.3. Self-acting optimal design for SSSV 

To realize a self-acting optimal design that can be online or integrable in CNC machine 

tools, the information required for the design procedure should be known from the cutting 

conditions or can be observed unmanned. This section proposes a novel design for SSSV 

based on MI to attain an effective chatter energy dissipation, by selecting a proper RVA. 

Furthermore, the novel criteria in terms of the limitations of the SSSV frequency are 

proposed for preventing the beat vibration and ensuring an expected SSSV effect. The 

proposed method requires only the chatter frequency and a nominal spindle speed similar 

to the DSST. Additionally, the proposed method presents some candidates for a proper 

design, thus enabling a flexible design, considering the constraints of the machines and 

cutting conditions. 

4.3.1. Design criterion for selecting a proper RVA 

In the CSS process, the integral section for Eq. (4-29) should be set to the chatter 

vibration cycle (i.e., [𝑡𝑏, 𝑡𝑒] = [0, 2𝜋 𝜔𝑐𝑛⁄ ]) or an integer multiple of it. In the SSSV process, 

however, a long-term energy cycle is generated according to the variation frequency of the 

spindle speed. Therefore, the integral section is set to coincide with the SSSV cycle as 

[𝑡𝑏, 𝑡𝑒] = [0, 2𝜋 𝜔𝑠⁄ ], even though Al-Regib et al. [68] used [0, 1 𝜔𝑠⁄ ] in an earlier study. If the 

integral section is not equal to the SSSV cycle, the result of the energy balance changes 

depending on the integral section, as the system is constantly changing in certain time 

portions of the SSSV cycle. By setting [𝑡𝑏, 𝑡𝑒] = [0, 2𝜋 𝜔𝑠⁄ ], it can be found that all the terms 

related to the sideband components become zero in Eq. (4-29), and the process energy 
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balance in the SSSV cycle can be derived as follows: 

𝐸𝑓 → −
𝜋𝜇𝑐𝐾𝑡𝑐𝑏𝑐𝑑𝑓𝐴𝑐

2𝜔𝑐𝑛𝐽0(𝑚𝑓)

𝜔𝑠
sin 𝜀𝑐𝑛 (4-30) 

Eq. (4-30) indicates that only the original chatter component is related to the total 

energy balance in the SSSV cycle, i.e., the corresponding 0-th order Bessel function of the 

first kind with the MI is dominant. In the CSS process, 𝐽0(𝑚𝑓) = 𝐽0(0) = 1, 𝜔𝑠 → 𝜔𝑐𝑛, and 

the chatter happens in 𝜋 ≤ 𝜀𝑐𝑛 < 2𝜋 (i.e., Eq. (1-2)); hence, the energy balance of Eq. (4-30) 

is positive under the chatter condition, considering that the other coefficients are positive. 

It should be stated that the directional factor 𝑑𝑓  [−], can be negative depending on the 

vibration direction. In this case, the chatter frequencies are lower than the natural 

frequency [209], which implies that the unstable phase shift range becomes 0 < 𝜀𝑐𝑛 ≤ 𝜋 in 

the SDoF system. To sum up, the process energy balance of Eq. (4-30) is always positive in 

the CSS at least in a state of regenerative chatter.  

However, the overall energy inflow in the SSSV cycle can be controlled by utilizing the 

 

Fig. 4-4 Zeroth order Bessel function of the first kind with the MI and its local minimum points 

Table 4-1 List of modulation indices corresponding to the local minimum point of 𝐽0(𝑚𝑓) 

# Modulation index # Modulation index  Modulation index 

1 3.832 6 35.332 11 66.753 

2 10.173 7 41.617 12 73.037 

3 16.471 8 47.901 13 79.320 

4 22.760 9 54.186 14 85.604 

5 29.047 10 60.469 ⋮ ⋮ 
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MI, through the 0-th order Bessel function of the first kind, shown in Fig. 4-4. From Fig. 

4-4, it can be noticed that the chatter energy can be effectively dissipated by setting the MI 

corresponding to the local minimum points of the 0-th order Bessel function of the first kind, 

a part of which is listed in Table 4-1. As a result, the optimal design criterion of RVA (𝑅𝐴 >

0) can be proposed from the relational expression of Eq. (4-13) as follows: 

𝑅𝐴 =

−(2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛) + √(2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛)2 + 4𝑚𝑓
2

2𝑚𝑓
, 𝑚𝑓 = 3.832, 10.173, 16.471,… 

(4-31) 

This proposed design criterion for RVA has two important features of practical use. 

Firstly, the RVA is designed only from the observable chatter frequency using Eq. (4-5) and 

(4-11), as the nominal spindle speed is known from the cutting conditions. Secondly, Eq. 

(4-31) presents multiple proper design candidates of RVA, which indicates that a proper 

flexible design is feasible, considering the machine constraints of the spindle drive motor. 

As a result, the practicality and realization of effective chatter suppression by SSSV is 

significantly enhanced. 

Here, the RVA design criterion is heuristically derived following Al-Regib et al. [68] as: 

𝑅𝐴 =
𝜀𝑐𝑛

2𝜋𝑘𝑐𝑛
 (4-32) 

where measuring the chatter frequency as well as Eq. (4-31) are the only requirements. Eq. 

(4-32) roughly corresponds to the first local minimum point in Eq. (4-31) (i.e., 𝑚𝑓 = 3.832), 

although the energy integral section considered for Eqs. (4-31) and (4-32) is originally 

different (i.e., 𝑡𝑒 = 1 𝜔𝑠⁄  in Eq. (4-32); 𝑡𝑒 = 2𝜋 𝜔𝑠⁄  in Eq. (4-31)).  

The comparison of Eq. (4-31) corresponding to 𝑚𝑓 = 3.832 and Eq. (4-32) proposed by 

Al-Regib et al. is shown in Fig. 4-5. The black lines show the boundaries of the RVA and the 

corresponding negative energy balance around 𝑚𝑓 = 3.832 (see Fig. 4-4), i.e., over a range 

of 2.405 < 𝑚𝑓 < 5.502. In Eq. (4-32), the recommended RVA increases monotonically as the 

nominal phase shift approaches 2𝜋 from 𝜋 at a certain lobe number. This is because Eq. 

(4-32) is inspired from the DSST, even though Al-Regib et al. derived it in terms of the 

minimum energy balance. In fact, the maximum spindle speed, 𝑆𝑚, of SSSV with the RVA 

in Eq. (4-32) is itself a part of the strategy of DSST, shown in Eq. (1-3), as follows: 

𝑆𝑚𝑎𝑥 = 𝑆𝑛 (1 +
𝜀𝑐𝑛

2𝜋𝑘𝑐𝑛
) = 𝑆𝑛

𝜔𝑐𝑛𝜏𝑛
2𝜋𝑘𝑐𝑛

=
60𝑓𝑐𝑛
𝑍𝑘𝑐𝑛

 (4-33) 

As a result, the variation of the optimal RVA in Eq. (4-32) is sensitive to the nominal 

phase shift, especially in cases involving a low lobe number (i.e., relatively high spindle 

speed over the chatter frequency). The above points can also be comprehended visually from 



Chapter 4 Chatter suppression with spindle speed variation 

113 

 

a correspondence with the SLD, as shown in Fig. 4-6. Even though the energy integral 

sections considered for Eqs. (4-31) and (4-32) are different, the RVA recommended by Eq. 

(4-32) is close to the one suggested by Eq. (4-31), having 𝑚𝑓 = 3.832, especially, in the case 

of 𝜀𝑐𝑛 < 3𝜋 2⁄ . Note that, as Eq. (4-32) gives only one option for selecting the RVA, there is 

no opportunity to consider the machine constraints for the users.  

 

Fig. 4-5 Comparison of the design criteria for RVA corresponding to first minimum point of 𝐽0(𝑚𝑓) (i.e., 

𝑚𝑓 = 3.832) and the one proposed by Al-Regib et al. (the black lines are the boundary for the negative 

energy balance around 𝐽0(3.832), i.e., 2.405 < 𝑚𝑓 < 5.520) 

 

 

Fig. 4-6 SLD-based comprehension of the design criterion for RVA proposed by Al-Regib et al. [68] 
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4.3.2. Lower limit criterion for variation frequency of spindle speed 

In general SSV techniques, the RVA affects the chatter stability more significantly than 

the RVF [151,280]. Nevertheless, some studies, based on simulations and/or experiments 

suggested the existence of a lower limit value of the SSV frequency for an effective chatter 

suppression [68,73,230,238,281]. Unless the SSV frequency exceeds a specific value, an 

effective SSV process cannot be obtained.  

According to Al-Regib et al. [68], the SSV frequency represents how fast the energy is 

dissipated from the CWS (i.e., how fast the energy cycle can rotate in the SSV to dissipate 

the energy). From this perspective, they also proposed the criterion in terms of a lower limit 

of the SSV frequency, so that the chatter energy will begin to be dissipated (i.e., the process 

enters a stable phase region ranging from 0 to 𝜋) within at most one tooth path after 

applying the SSV. In summary, the lower limit criterion for the SSSV frequency, 

𝜔𝑠(𝑚𝑖𝑛)
𝐴𝐵  [rad] was proposed so that the time-varying phase shift will pass through the section 

AB in Fig. 4-7, within one tooth pass as suggested in [68]: 

 

Fig. 4-7 Schematic diagram of the spindle speed and corresponding time-varying phase shift profile in 

the SSSV process (instantaneous phase shift varies with time owing to the spindle speed variation). 
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60𝜔𝑐𝑛

𝑁𝑐𝑆𝐵
= 2𝜋𝑘𝑐𝑛 + 𝜋, 𝑆𝐵 = 𝑆𝑛 (1 + 𝑅𝐴 sin (𝜔𝑠

60

𝑁𝑐𝑆𝑛
)) 

→ 𝜔𝑠(𝑚𝑖𝑛)
𝐴𝐵 =

𝑍𝑆𝑛
60

sin−1 (
2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛

𝑅𝐴(2𝜋𝑘𝑐𝑛 + 𝜋)
−

1

𝑅𝐴
) 

(4-34) 

However, the existence of the lower limit of the SSV frequency may be related to the 

beat vibration; hence, Eq. (4-34) may not be robust, considering that the beat vibration 

tends to occur around the extrema of the spindle speed [232,236]. From this viewpoint, the 

unstable transition regions are newly regarded as sections CD and EF in Fig. 4-7 after 

reaching the extremum values of the spindle speed. It is necessary to pass through an 

unstable transition region as soon as possible. As the phase shift becomes 2𝜋 with the 

spindle speed, 𝑆𝐷  [min−1], at point D, the following equation holds good: 

60𝑓𝑐𝑛
𝑍𝑆𝐷

= 𝑘𝑐
𝑆  𝑥 +

2𝜋

2𝜋
 → ∴ 𝑆𝐷 =

60𝑓𝑐𝑛

𝑁𝑐(𝑘𝑐
𝑆  𝑥 + 1)

 (4-35) 

where 𝑘𝑐
𝑆  𝑥  [−]  is the instantaneous lobe number at the maximum spindle speed, 

𝑆𝑚𝑎𝑥 [min−1] and can be expressed as follows: 

𝑘𝑐
𝑆  𝑥 = Int (

60𝑓𝑐𝑛
𝑁𝑐𝑆𝑚𝑎𝑥

) = ⌊
60𝑓𝑐𝑛

𝑁𝑐𝑆𝑛(1 + 𝑅𝐴)
⌋ = ⌊

𝑘𝑐𝑛 +
𝜀𝑛
2𝜋

1 + 𝑅𝐴
⌋ (4-36) 

Note that the chatter frequency is assumed to be constant here (i.e., 𝑓𝑐𝑛 in the CSS process). 

Considering that the spindle speed reaches 𝑆𝐷 after 𝑁𝑟  number of teeth passes from 

𝑆𝑚𝑎𝑥, the following equation also holds good: 

𝑆𝐷 = 𝑆𝑛 (1 + 𝑅𝐴 cos (𝜔𝑠

60𝑁𝑟

𝑁𝑐𝑆𝑚𝑎𝑥
)) (4-37) 

By combining Eqs. (4-35) and (4-37), a novel criterion, 𝜔𝑠(𝑚𝑖𝑛)
𝐶𝐷  [rad] can be proposed as: 

𝜔𝑠(𝑚𝑖𝑛)
𝐶𝐷 =

𝑁𝑐𝑆𝑚𝑎𝑥

60𝑁𝑟
cos−1 (

2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛

𝑅𝐴(2𝜋𝑘𝑐
𝑆  𝑥 + 2𝜋)

−
1

𝑅𝐴
) (4-38) 

Similarly, another criterion for the SSSV frequency for section EF, 𝜔𝑠(𝑚𝑖𝑛)
𝐸𝐹  [rad] can be 

obtained as follows: 

𝜔𝑠(𝑚𝑖𝑛)
𝐸𝐹 =

𝑁𝑐𝑆𝑚𝑖𝑛

60𝑁𝑟
cos−1 (

1

𝑅𝐴
−

2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛

𝑅𝐴(2𝜋𝑘𝑐
𝑆 𝑖𝑛 − 𝜋)

) (4-39) 

where 𝑆𝑚𝑖𝑛 [min−1]  is the minimum spindle speed; 𝑘𝑐
𝑆 𝑖𝑛  [−]  is the phase shift at the 

minimum spindle speed and can be written as: 
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𝑘𝑐
𝑆 𝑖𝑛 = Int (

60𝑓𝑐𝑛
𝑁𝑐𝑆𝑚𝑖𝑛

) = ⌊
60𝑓𝑐𝑛

𝑁𝑐𝑆𝑛(1 − 𝑅𝐴)
⌋ = ⌊

𝑘𝑐𝑛 +
𝜀𝑐𝑛
2𝜋

1 − 𝑅𝐴
⌋ (4-40) 

The larger of the results of Eqs. (4-38) and (4-39) is utilized as the lower limit for the 

SSSV frequency, which is generally more restrictive than that suggested by Eq. (4-34). The 

chatter amplitude grows exponentially every tooth pass or spindle rotation when the 

instantaneous phase shift enters the unstable region. The instantaneous phase shift should 

pass out of the unstable region before the momentary chatter grows significantly to avoid 

the beat vibration. Note that 𝑁𝑟 = 𝑁𝑐 may be reasonable, as 𝑁𝑟 = 1 in multi-point tool (i.e., 

the phase shift will pass through the defined section within one tooth pass) is very 

restrictive in Eqs. (4-38) and (4-39). 

Here, Assuming an SDoF system of CWS, the damping dissipated energy, 𝐸𝑑 [J], in a 

chatter cycle is as follows [70]:  

𝐸𝑑 = ∫ 𝐶�̇�𝑐
2(𝑡)

2𝜋
𝜔𝑐𝑛

0

𝑑𝑡 = 2𝜋𝐴𝑐
2𝜔𝑐𝑛𝜁𝑟

𝐾

𝜔𝑟
 (4-41) 

where 𝐶 [N ∙ s m⁄ ] , 𝐾 [N m⁄ ] , 𝜁𝑟 [−] , and 𝜔𝑟 [rad s⁄ ]  are the modal damping coefficient, 

modal stiffness, modal damping ratio, and modal frequency, respectively. This suggests that 

when the flexible part has a low modal damping and/or a high resonance with a low modal 

mass, the chatter vibration momentarily grows very quickly owing to a low inherent 

damping capacity. In that case, Eqs. (4-38) and (4-39) should be satisfied to avoid the beat 

vibration by an adequate margin. 

4.3.3. Upper limit criterion for variation frequency of spindle speed 

As mentioned in Eq. (4-7), the time-varying delay, 𝜏(𝑡) cannot be generally expressed 

in a straightforward manner, as in Eq. (4-5) in the SSV process; hence, Eqs. (4-7) and (4-9) 

are derived under the assumption of a low RVF. To be precise, the following equation in in 

terms of 𝜏(𝑡) must hold [240]: 

∫
2𝜋𝑆(𝑡)

60

𝑡′

𝑡′−𝜏(𝑡)

𝑑𝑡 =
2𝜋

60
∫ 𝑆𝑛(1 + 𝑅𝐴 sin(𝜔𝑠𝑡))

𝑡′

𝑡′−𝜏(𝑡)

𝑑𝑡 =
2𝜋

𝑁𝑐
 (4-42) 

Eq. (4-42) can be solved in terms of 𝜏(𝑡) using numerical methods, such as the Newton–

Raphson method, once the time-varying profile of the spindle speed is determined. 

Fig. 4-8 shows the example results of the time delay terms, calculated from Eqs. (4-7), 

(4-9), and (4-42) according to the RVF under a commanded spindle speed of 1200 min-1 and 

an RVA of 10%. As seen in Fig. 4-8(a), all time-delay terms have almost the same behavior 

in case of a small RVF of 10%. However, the actual value deviates from the expected 
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expression, as RVF increases, as shown in Fig. 4-8 (b). 

 Fig. 4-9(a) shows the ratio of the expected and the exact variation amplitude of the 

time delay terms (�̃�𝜏 [s] and 𝐴𝜏 [s]), which is defined as follows: 

𝜌 =
{max(𝜏(𝑡)) − min(𝜏(𝑡))}/2

{max (�̃̃�(𝑡)) − min (�̃̃�(𝑡))} /2
=

𝐴𝜏

�̃�𝜏

 (4-43) 

The amplitude ratio, 𝜌 [−], can be utilized as an index for the efficiency of the SSSV 

process, as the real amplitude becomes 𝜌�̃�𝜏, whereas the expected one is �̃�𝜏. The SSSV 

efficiency decreases as the RVF increases, and becomes zero when the RVF is 100% (i.e., the 

SSSV frequency is equal to the tooth-passing frequency). This means that the apparent 

delay does not vary, and the process appears similar to the CSS even though the SSSV is 

applied. Therefore, the SSSV frequency should be applied where 𝜌 is close to 100%. This 

area become narrows as the RVA increases. Note that the approximate delay of �̃�(𝑡) and 

�̃̃�(𝑡) have the same behavior in terms of Eq. (4-43), as Eq. (4-9) is derived by taking the 

peak to peak value of Eq. (4-7). 

 

Fig. 4-8 Comparison of time-varying time delay terms in SSSV (i.e., Eqs. (4-7), (4-9), and (4-42)) under 

𝑆𝑛 = 1200 min-1 and 𝑅𝑉𝐴 = 10%: (a) 𝑅𝑉𝐹 = 10%; (b) 𝑅𝑉𝐹 = 50% 

 

Fig. 4-9 Upper limit criterion for SSSV frequency: (a) ratio of the expected and exact variation 

amplitude in terms of the process time delay (Eq. (4-43)); (b) RVF limit curves according to RVA 

 

(a) (b)

98 % 95 % 90 %
(a) (b)
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Fig. 4-9(b) shows the limit curves of RVF according to RVA for ensuring efficiencies of 

98%, 95%, and 90%, respectively. The strict constraint on SSSV efficiency ensures the 

expected SSV effect, whereas the limit curve of RVF becomes smaller. It should be 

determined, as required by the user. By applying a polynomial curve fitting to Fig. 4-9(b), 

the upper limit for the RVF according to RVA, 𝑅𝐹(𝑚𝑎𝑥) [−]  can be made regardless of 𝑆𝑛, 

since the RVA and RVF are the normalized design parameters, e.g., a 95% limit curve can 

be made as:  

𝑅𝐹(𝑚𝑎𝑥) = −0.5243𝑅𝐴
4 + 1.2404𝑅𝐴

3 − 0.9219𝑅𝐴
2 + 0.0147𝑅𝐴 + 0.1755 (4-44) 

Next, the corresponding upper limit of SSSV frequency, 𝜔𝑠(𝑚𝑎𝑥)  [rad s⁄ ] (or 𝑓𝑠(𝑚𝑎𝑥)  [Hz]) 

can be calculated as follows: 

𝜔𝑠(𝑚𝑎𝑥) =
2𝜋𝑅𝐹(𝑚𝑎𝑥)

𝜏𝑛
 → 𝑓𝑠(𝑚𝑎𝑥) =

𝑅𝐹(𝑚𝑎𝑥)

𝜏𝑛
 (4-45) 

4.3.4. Priority of design candidates 

The proper RVA candidates are derived from the perspective of the energy minimum 

points in long term SSSV cycle. They have the potential to effectively dissipate the chatter 

vibration energy. However, the negative energy balance in the SSSV cycle does not always 

make the process stable. Conversely, the process does not always become unstable even if 

the energy balance is positive. This is because a positive energy balance simply suggests 

that effect of the unstable region is larger than that of the stable one in an SSSV cycle. 

In general, for SSV, a large RVA value can robustly suppress the chatter vibration [282], 

as it results in a quick passage through the unstable region with a high spindle acceleration. 

In addition, a larger RVA yields a larger modulation index; hence, the chatter vibration is 

modulated in a wider range of frequency band. As the chatter tends to occur near the 

resonance, the vibration frequency moves further away from the resonance at a certain time 

portion when a larger RVA is applied. It may moderate the momentary growth of chatter 

vibration in the unstable portion. As a result, the SSV with a large RVA has chance to 

robustly suppress the chatter even in case of fast growth rate of the chatter with high depth 

of cut. Furthermore, a large RVF generally yields a stable process owing to a faster passage 

through the unstable region [73], although too high an RVF is counterproductive. 

From the above perspective, the RV factor is introduced for considering the priority of 

the parameter candidates. The RV factor, 𝑅𝑉 [−] is defined as follows [242]: 

𝑅𝑉 ≡ 𝑅𝐴 ∙ 𝑅𝐹 = 𝑅𝐴𝑓𝑠𝜏𝑛 =
𝑅𝐴𝜔𝑠𝜏𝑛

2𝜋
 (4-46) 

Here, the maximum acceleration and also maximum jerk of the SSSV trajectory are 
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proportional to RV factor as follows: 

�̇�(𝑡)|
𝑚𝑎𝑥

= 𝑆𝑛𝑅𝐴𝜔𝑠 =
2𝜋𝑆𝑛
𝜏𝑛

∙
𝑅𝐴𝜔𝑠𝜏𝑛

2𝜋
=

2𝜋𝑁𝑐𝑆𝑛
2

60
∙ 𝑅𝑉 (4-47) 

�̈�(𝑡)|
𝑚𝑎𝑥

= 𝑆𝑛𝑅𝐴𝜔𝑠
2 =

4𝜋2𝑆𝑛
𝜏𝑛2

∙
𝜔𝑠𝜏𝑛
2𝜋

∙
𝑅𝐴𝜔𝑠𝜏𝑛

2𝜋
=

4𝜋2𝑁𝑐
2𝑆𝑛

3

3600
∙ 𝑅𝐹 ∙ 𝑅𝑉 (4-48) 

In summary, the RV factor is an indicator of the spindle speed acceleration/jerk. A larger 

RV factor will induce a larger spindle acceleration and also a spindle jerk. Referring to 

[232,236], the larger acceleration rate of the spindle speed tends to robustly suppress the 

chatter. On the other hand, the maximum allowable acceleration of the spindle system will 

be restricted by the machine. Some studies imposed constraint on the maximum spindle 

acceleration or the RV factor as a machine limitation [231,242]. For instance, the RV was 

kept below 1.35% in [242]. It was recommended that a candidate with as high an RV factor 

as possible be selected for robust chatter suppression, considering the machine constraints. 

Note that the maximum acceleration in the triangular SSV (TSSV) would be smaller 

than that indicated in Eq. (4-47). However, the maximum jerk in TSSV would be infinite, 

which may cause a much larger instantaneous torque in TSSV than that in SSSV [238,241], 

although the spindle jerk perspective is often overlooked. 

4.3.5. Summary of the design procedure for an optimal SSSV 

process 

The procedure for the proposed SSSV design methodology is summarized below: 

(1) The chatter frequency, 𝜔𝑐, is measured during the process. 

(2) The nominal lobe number, 𝑘𝑐𝑛, and the nominal phase shift, 𝜀𝑐𝑛, are calculated from 

the measured chatter frequency and the commanded spindle speed, 𝑆𝑛, using Eq. (4-11). 

(3) RVA candidates corresponding to the MI in Table 4-1 are obtained using Eq. (4-31). The 

RVA candidates are constrained by a maximum value that the users set according to 

the machine specification or the machinability limitations (e.g., cutting speed), 

depending on the workpiece material. Empirically, the RVA is often set to less than 20% 

to avoid the adverse effects of SSSV, such as excessive amount of motor energy and 

undesirable tear of the workpiece [242]. 

(4) The lower limit of the SSSV frequency at each RVA candidate is calculated using Eqs. 

(4-38) and (4-39). The higher of the two values is utilized for the limitation. Additionally, 

the upper limit of the SSSV frequency is calculated based on the fitted limit curve. The 

95% limit curve is employed in this study (e.g., Eq. (4-44)). The candidates, whose lower 

limit of frequency exceeds the spindle bandwidth or the upper limit value, are excluded. 
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(5) Based on the combination of the remaining RVA candidates and the corresponding 

lower-limit frequency, a possible candidate with the highest RV factor is selected, 

considering the acceptable maximum spindle acceleration. Finally, the applied SSSV 

frequency is determined so that all the limit criteria will be satisfied.  

 

4.4. Time-domain process simulation 

4.4.1. Simulation conditions 

To evaluate the proposed design method, a series of time-domain plunge turning 

simulations were carried out. In the plunge turning process, the cutting edge was assumed 

to be ideally sharp and furthermore, it was assumed that the vibration direction was 

entirely the same as the chip flow direction; hence, 𝜂 = 𝛾 = 90°, 𝛽 = 0°; and 𝑏𝑐 = 𝑏𝑟 = 𝑎𝑝 =

𝑎𝑝𝑛 (i.e., 𝜇𝑐 = 1) in Fig. 4-1. Referring to [232], the modal mass, damping coefficient, and 

stiffness were set to 0.1247 kg, 45.97 N ∙ s m⁄ , and 1.063 × 107 N/m, respectively (i.e., the 

resonant frequency was 1469 Hz). Additionally, the specific cutting force of 𝐾𝑡𝑐  and 𝜇𝑓 

were set to 1284 MPa and 0.5537 (i.e., 𝜇𝑓𝐾𝑡𝑐 = 711 MPa), respectively. Following [232], the 

process was considered stable when the vibration amplitude of the maximum frequency 

spectrum, |𝑞𝑐(𝑖𝜔) |𝑚𝑎𝑥, was less than 1.5 μm0−p. The process was determined as chatter in 

the case of |𝑞𝑐(𝑖𝜔) |𝑚𝑎𝑥 ≥ 1.5 μm0−p. Each simulation lasted 30 s with a sampling frequency 

of 10 kHz. Nonlinearities [283], such as the jumping effect of CWS were considered (i.e., the 

cutting forces would become zero when the negative uncut chip thickness was calculated). 

Note that the multiple regenerative effect [284] was not considered, although it was 

confirmed that the trends of the results did not change even when it was considered. As the 

cutting conditions, the nominal spindle speed of 𝑆𝑛 = 1393 min−1 and a feed rate of 𝑐 =

0.080 mm/rev  were used in all the simulations. The spindle-rotation frequency was 

significantly smaller than the resonance frequency and the predicted asymptotic stability 

limit was 0.61 mm. The time delay was accurately calculated based on Eq. (4-42) in the 

simulation. The static displacement was eliminated by HPF with a 50-Hz cut-off frequency 

in the displayed results. 

4.4.2. Comprehensive description of beat vibration 

Fig. 4-10 shows the results of the CSS and SSSV processes with 𝑅𝐴 = 5.5% and 𝑓𝑠 =

1.0 Hz, when the cutting width 𝑏𝑐  was set to 0.915 mm (i.e., 1.5 times the asymptotic 

stability limit). Chatter was observed at 1500 Hz in the CSS process (Fig. 4-10(c)).  

In the example SSSV process, the vibration was significantly amplified periodically (i.e., 

the beat vibration). Its enlarged view is shown in Fig. 4-10(b), where the profiles of the 

spindle speed and time-varying phase shift are also depicted. It can be confirmed that the 
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beat vibration tended to be amplified around the defined unstable transition region (refer 

Fig. 4-7); hence it is reasonable to pass through these regions as fast as possible before the 

chatter develops significantly. As seen in Fig. 4-10(c), the spectrum peak often looked 

 

Fig. 4-10 Typical chatter results in CSS and SSSV (𝑏𝑐 = 0.915 mm, 𝑆𝑛 = 1393 min−1, 𝑅𝐴 = 5.5 %, and 𝑓𝑠 =

1.0 Hz): (a) overview; (b) enlarged view associated with the time-varying spindle speed and phase shift 

(refer Fig. 4-7); (c) FFT analysis 
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significantly small in the SSSV process even when a large beat vibration occurred in the 

time-domain. This is because the spectrum energy was distributed by the frequency 

modulation of the SSV process. The frequency spacing of each spectrum (i.e., side-band 

frequency) coincided with the SSSV frequency as predicted by Eq. (4-16).  

Based on 𝑓𝑐 = 1500 Hz and 𝑆𝑛 = 1393 min−1, the nominal chatter lobe number and the 

phase shift were calculated as 64 and 219°, respectively. Then, the SSSV would be designed 

by the proposed design procedure. 

4.4.3. Results of the design candidates 

Fig. 4-11 shows the behavior of the energy balance in the SSSV cycle according to the 

RVA. The energy was normalized by constant coefficients. Both the analytical energy model 

of Eq. (4-30) and the numerical one with the non-closed-form integration are depicted for 

comparison. As seen in Fig. 4-11, the analytical model predicted the energy behavior well 

in the low RVA (i.e., MI) region, whereas there was a discrepancy in the higher RVA/MI 

region owing to the approximations from Eqs. (4-7) – (4-9). Nevertheless, the notable point 

is that the locations of the extrema in the approximated and exact energy were very well 

matched, although the correspondence of the extrema was opposite in some RVA values. 

This suggests that the local minimum/maximum energy points in SSSV cycle were strongly 

dominated by 𝐽0(𝑚𝑓). 

 

Fig. 4-11 Comparison of the analytical energy (i.e., Eq. (4-30)) and numerical models with non-closed 

form integration under 𝑘𝑐𝑛 = 64, 𝜀𝑐𝑛 = 219°  and 𝑓𝑠 = 1.0 Hz  (the categorized phase shift stability 

based on Eq. (4-49) is also depicted) 
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Considering that the beat vibration would emerge especially around the extrema of the 

spindle speed, the instantaneous phase stability at 𝑆𝑚𝑎𝑥 and 𝑆𝑚𝑖𝑛 were investigated. The 

phase shift at the maximum and minimum spindle speeds 𝜀𝑐
𝑆  𝑥  [rad]  and 𝜀𝑐

𝑆 𝑖𝑛 [rad] , 

respectively, can be obtained as follows: 

𝜀𝑐
𝑆  𝑥 = 2𝜋 ∙ Frac (

60𝑓𝑐𝑛
𝑁𝑐𝑆𝑚𝑎𝑥

) = 2𝜋(
𝑘𝑐𝑛 +

𝜀𝑐𝑛
2𝜋

1 + 𝑅𝐴
− 𝑘𝑐

𝑆  𝑥),  

𝜀𝑐
𝑆 𝑖𝑛 = 2𝜋 ∙ Frac (

60𝑓𝑐𝑛
𝑁𝑐𝑆𝑚𝑖𝑛

) = 2𝜋(
𝑘0 +

𝜀0
2𝜋

1 − 𝑅𝐴
− 𝑘𝑐

𝑆 𝑖𝑛) 

(4-49) 

If 𝜀𝑐
𝑆  𝑥  and/or 𝜀𝑐

𝑆 𝑖𝑛  fall into the unstable phase region, the beat vibration may be 

aggravated instantaneously. The phase stability is categorized into three levels, highly 

stable (HS), moderately stable (MS), and unstable (US). In case of HS phase stability, both 

𝜀𝑐
𝑆  𝑥  and 𝜀𝑐

𝑆 𝑖𝑛  remain in the stable phase region (i.e., 0 ≤ 𝜀𝑐 < 𝜋). On the other hand, if 

both of them remain in the unstable region (i.e., 𝜋 ≤ 𝜀𝑐 < 2𝜋) the phase is regarded as a US 

phase. If only either 𝜀𝑐
𝑆  𝑥  or 𝜀𝑐

𝑆 𝑖𝑛  is unstable, while the other is stable, then it is 

considered as an MS phase. Fig. 4-11 also shows the results of phase stability for the RVA 

candidates corresponding to MI in Table 4-1. The good correlation between the energy 

stability and phase stability can be observed. In the US condition, the energy balance tends 

to be positive in spite of a local minimum point of 𝐽0(𝑚𝑓). On the other hand, a large 

negative energy balance tends to exist in case of HS stability. The energy balance tends to 

approach zero in under MS stability.  

Table 4-2 summarizes the design criteria calculated by following the proposed design 

procedure. Note that 𝑁𝑟 = 𝑁𝑐 = 1 was assumed in Eqs. (4-38) and (4-39). The upper limits 

for the variation of the frequency were calculated based on the polynomial fitting to the 95% 

upper limit curve in Eq. (4-44). In the first and second candidates, the lower limit value of 

SSSV frequency exceeded the upper limit value; hence, the expected SSSV effect could not 

be secured. Furthermore, the 14th candidate was excluded, as its RVA value exceeded 20% 

[242]. Therefore, a series of SSSV turning simulations using the third to 13th candidates 

were conducted. In each simulation, the SSSV frequency was set to the corresponding lower 

limit value (i.e., 𝜔𝑠 = 𝜔𝑠(𝑚𝑖𝑛)).  

4.4.4. Verification of design candidates 

 Fig. 4-12(a) shows the result of the stability map for 𝑏𝑐 = 0.915 mm . The origin 

represents the CSS process. The SSSV with 𝑅𝐴 = 4.051% and 𝑅𝐹 = 14.718% was still in a 

state of chatter in spite of the large negative energy balance, as seen in Fig. 4-11. This is 

because of the low RV factor which could not stabilize the process under a cutting width of 
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0.915 mm; hence, it is recommended to select a combination of parameters with the highest 

RV possible. Here, the case of 𝑅𝐴 = 11.640% with 𝑅𝐹 = 5.094% was defined as a stable 

process in spite of having almost the same RV as #3. This is because the RVA had a much 

more stabilizing effect on the chatter, in general. However, a larger beat vibration emerged 

in the case of #8 than in the other conditions (Fig. 4-12(b)), as the RVF is alternatively low. 

However, excessively high RVF values must be avoided for securing the expected SSSV 

effect (Fig. 4-12(c)). In the case of 𝑅𝐴 = 5.589%, the chatter occurred again under a high 

RVF of 30.151% (𝑓𝑠 = 7.000 Hz), whereas the process was stable under an RVF of 12.073% 

(𝑓𝑠 = 2.803 Hz). In summary, it is important to set an upper bound constraint on the RVF. 

Based on the RV factor, the highest priority candidate was #12. Next, the candidates of 

#13 and #9 were recommended in that order. In fact, these candidates had either HS or MS 

phase stability and relatively good energy balance. Note that the lower limit value of the 

SSSV frequency tended to become more secure, especially, in the HS condition. 

Consequently, the priority of HS candidates became relatively high. As already mentioned, 

there is a correlation between the phase stability and energy balance in the SSSV cycle. 

Therefore, the proper candidates actually having good energy balance are automatically 

sorted, based on the RV factor. 

Fig. 4-13(a) shows the result of the stability map for a larger cutting width of 𝑏𝑐 =

1.525 mm (2.5 times the asymptotic stability limit). The design candidates, #12 and #13 

were stable because of their high RV. However, a large beat vibration was observed at some 

time portion in the case of #13, as shown in Fig. 4-13(b). Therefore, #12 could be regarded 

as the most stable candidate.  

Table 4-2 Design candidates where 𝑓𝑐𝑛 = 1500 Hz, 𝑆𝑛 = 1393 min−1, and 𝑁𝑟 = 1 (𝑘𝑐𝑛 = 64, 𝜀𝑐𝑛 = 219°) 

# 1 2 3 4 5 6 7 

𝑚𝑓 [–] 3.832 10.173 16.471 22.760 29.047 35.332 41.617 

𝑅𝐴 [%] 0.944 2.504 4.051 5.589 7.119 8.639 10.146 

Phase stability HS HS HS HS MS MS US 

𝑓𝑠(𝑚𝑎𝑥) [Hz] 4.076 4.070 4.055 4.032 4.000 3.962 3.918 

𝑓𝑠(𝑚𝑖𝑛) [Hz] 8.438 4.474 3.417 2.803 2.335 2.088 2.002 

𝑅𝐹(𝑚𝑖𝑛) (𝜏𝑛𝑓𝑠(𝑚𝑖𝑛)) [%] 36.347 19.270 14.718 12.073 10.057 8.995 8.625 

𝑅𝑉 [%] 0.343 0.483 0.596 0.675 0.716 0.777 0.875 

Priority N/A N/A 10 9 8 7 6 

# 8 9 10 11 12 13 14 

𝑚𝑓 [–] 47.901 54.186 60.469 66.753 73.037 79.320 85.604 

𝑅𝐴 [%] 11.640 13.118 14.579 16.022 17.444 18.846 20.225 

Phase stability US HS MS US HS MS MS 

𝑓𝑠(𝑚𝑎𝑥) [Hz] 3.867 3.812 3.753 3.690 3.624 3.556 3.486 

𝑓𝑠(𝑚𝑖𝑛) [Hz] 1.183 2.167 1.752 1.397 2.136 1.688 1.066 

𝑅𝐹(𝑚𝑖𝑛) (𝜏𝑛𝑓𝑠(𝑚𝑖𝑛)) [%] 5.094 9.334 7.546 6.017 9.202 7.270 4.589 

𝑅𝑉 [%] 0.593 1.224 1.100 0.964 1.605 1.370 0.9282 

Priority 11 3 4 5 1 2 N/A 
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Note that as the vibration appeared to be small at some time instances and its frequency 

spectra were distributed, the determination of the process stability was difficult in the time-

domain simulation [151]. In such a case, it is necessary to be careful, as it may not be 

possible to sufficiently improve the machined surface quality. 

 

Fig. 4-12 Results for 𝑏𝑐 = 0.915 mm: (a) stability map for each design candidate in Table 4-2; (b) 

comparison of design candidates, #4 and #8; (c) excessive RVF value in the candidate of #4 
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The RVA and/or RV factor in #12 and #13 may be relatively large for practical use, and 

the next proper candidate, namely #9 could be a reasonable solution. In fact, the process 

became stable for this candidate (i.e., 𝑅𝐴 = 13.118% and 𝑅𝐹 = 9.334%) in the case of 𝑏𝑑 =

1.495 mm (i.e., 2.45 times the asymptotic stability limit), as shown in Fig. 4-14.  

Here, an additional simulation was performed for each RVA value, while changing the 

SSSV frequency so that the same RV of 1.224% was maintained. Its stability map is shown 

in Fig. 4-15(a). With a smaller RVA value, the process could not be stabilized even for the 

same RV value. This also substantiates that the RVA affected the chatter stability more 

significantly. The process was considered stable at the four RVA values, indicated by P1 – 

P4. However, as can be clearly seen in Fig. 4-15(b), the chatter vibration was most effectively 

suppressed at P1 and P3, whose RVA values were 13.118% and 17.444%, respectively. This 

result demonstrates the good correlation with the energy behavior in Fig. 4-11. 

 

Fig. 4-13 Results for 𝑏𝑐 = 1.525 mm: (a) stability map for each design candidate in Table 4-2; (b) time 

waveform in the candidates, #12 and #13 
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Fig. 4-16 shows some additional results of stability map with a lower cutting width. The 

degree of stability improvement of the design candidates matched well with the priority 

based on the RV factor. 

From the simulation results, it can be stated that the SSSV could be optimally designed 

with only the chatter frequency by the proposed design method, while considering the 

machine constraints. In particular, the candidates with good energy balance and high RV 

factor had the potential to robustly suppress the chatter vibration with less beat vibration. 

The actual behavior of the energy balance for the design candidates could be discriminated 

based on the phase shift stability at the extrema of the spindle speed. Note that good energy 

balance was also observed at some RVA values corresponding to local maxima of 𝐽0(𝑚𝑓) 

(e.g., 9.4% and 15.4% in Fig. 4-11). Those points can be utilized by expanding the design 

candidates of Table 4-1 to include the local maxima of 𝐽0(𝑚𝑓). 

 

Fig. 4-14 Stability map of each design candidate in Table 4-2 for 𝑏𝑐 = 1.495 mm 

 

Fig. 4-15 Results for 𝑏𝑐 = 1.495 mm at each RVA with a constant RV of 1.224%: (a) stability map; (b) 

vibration severity represented by standard deviation at stable conditions 
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4.5. Experimental verification  

4.5.1. Experimental setup 

A series of boring tests were carried out for verification. Note that the cutting mechanics 

of the boring process are essentially the same as those of a general turning process [285]. 

Fig. 4-17 shows a large-scale double-column machining center (MPF-2614FS; Shibaura 

Machine Co., Ltd), having full-closed ball-screw-driven stages in XYZ-axes. The boring bar, 

having a single point cutter was fed in the Z-direction with rotation and then the inside of 

hole was machined. The common conditions of the boring tests are summarized in Table 4-3. 

In most cases of the boring process, chatter is induced from a flexible boring bar. Using 

preliminary tap tests and modal analysis, the most flexibility was confirmed at the first 

bending mode of the boring bar at approximately 1480 Hz. The 3-axes accelerometers were 

attached on the non-rotational parts of both the spindle and workpiece, although only the 

acceleration results at the workpiece side are shown, as the vibration was clearly observed 

without the non-process vibration induced by spindle rotation. Note that MEDOB was 

implemented on all stages, and it was confirmed that chatter frequency can sensitively 

 

Fig. 4-16 Stability map for each design candidate in Table 4-2 for cutting widths of 1.342–1.464 mm: 

(a) 𝑏𝑐 = 1.464 mm; (b) 𝑏𝑐 = 1.434 mm; (c) 𝑏𝑐 = 1.403 mm; (d) 𝑏𝑐 = 1.342 mm 
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extracted without additional sensors even in this large-scale machine tool.  

4.5.2. Experimental results and discussion 

Fig. 4-18(a) and (b) show the measured vibration and its FFT analysis of the CSS boring, 

respectively. Only the X-axis vibration is shown as a representative result because a similar 

trend was confirmed along the other axes. In the CSS process, the chatter vibration was 

clearly observed at approximately 1500 Hz (near the first bending mode of the boring bar), 

whereas two dominant chatter frequencies appeared to be excited (at 1503 and 1549 Hz). 

The chatter originated from the rotating boring part and was measured by an accelerometer 

at a stationary place. In this case, it was known that the vibration spectrum split into two 

peaks, which were located at ±𝑛𝑚 × (𝑆0 60⁄ ) from the actual frequency [173]. Here, 𝑛𝑚 is 

the number of waves in the vibration mode, and it equaled 1 for the first bending mode; 

hence, the actual chatter frequency should be 1526 Hz. The chatter onset could be observed 

form the machined surface of Fig. 4-18(c). 

The typical results of the SSSV process with 𝑅𝐴 = 16.0%  and 𝑓𝑠 = 1.0 Hz (𝑅𝐹 =

4.3% and 𝑅𝑉 = 0.69%), which were empirically defined by the operator, are also shown in 

Fig. 4-18(a) and (b). The beat vibration corresponding to the SSSV cycle was obviously 

observed in the time waveform. On the contrary, no noticeable spectral peaks were observed 

in the FFT result, unlike in a stable process because of the spectrum energy distribution by 

the FM, as discussed in Fig. 4-10(c). However, the machined surface appeared like a striped 

pattern, with alternating stable surfaces and chatter marks owing to the beat vibration (see 

Fig. 4-18(d)). Note that it was confirmed that the frequency distribution was wider than 

that suggested by Eq. (4-12) (i.e., 𝑓𝑐𝑛 ± 𝑓𝑠𝑚𝑓), which is discussed in Appendix C with the 

corresponding spectrogram of the unstable SSSV. 

 

Fig. 4-17 Experimental setup for boring tests 

 

 

Table 4-3 Common experimental conditions 

Nominal spindle speed [min-1]  1393 

Length of boring bar [mm] 99 

Diameter of boring bar [mm] 16 

Insert nose radius [mm] 0.4 

Workpiece material S55C 

Radial depth of cut [mm] 0.1 

Feed rate [mm/rev] 0.08 

Data sampling frequency [kHz] 10 
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Based on the measured chatter frequency, the SSSV was designed by the proposed 

design procedure. As the chatter frequency and the commanded spindle speed were 1526 

Hz and 1393 min-1, respectively, the nominal chatter lobe number and the phase shift were 

 

Fig. 4-18 Experimental results from CSS boring and typical SSSV (𝑅𝐴 = 16.0% and 𝑓𝑠 = 1.0 Hz): (a) 

measured acceleration; (b) FFT analysis; (c) and (d) appearance of the machined surface in the CSS 

and the typical SSSV process, respectively 
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65 and 262°. Table 4-4 shows the seven design candidates with the highest priority. Note 

that 𝑁𝑟 = 𝑁𝑐 = 1 for calculating the lower limit SSSV frequency and only the candidates in 

Table 4-1 were considered. In addition, Eq. (4-44) (i.e., 95% limit curve) was used to 

calculate the upper limit frequency.  

In this experimental verification, the candidate with 𝑅𝐴 = 12.9% was applied as a 

reasonably optimal solution, considering the machine and process limitations. This 

Table 4-4 Design candidates for the optimal SSSV in the experiment  

Priority 7 5 3 4 1 2 6 

𝑚𝑓 [–] 29.05 35.33 54.19 60.47 73.04 79.32 85.60 

𝑅𝐴 [%] 7.0 8.5 12.9 14.3 17.2 18.5 19.9 

Phase stability MS MS HS MS HS MS MS 

𝑓𝑠(𝑚𝑎𝑥) [Hz] 4.00 3.97 3.82 3.76 3.64 3.57 3.50 

𝑓𝑠(𝑚𝑖𝑛) [Hz] 2.35 2.19 2.03 1.60 2.03 1.57 0.89 

𝑅𝐹(𝑚𝑖𝑛) [%] 10.11 9.45 8.75 6.90 8.74 6.75 3.84 

𝑅𝑉 [%] 0.71 0.80 1.13 0.99 1.50 1.25 0.76 

 

Fig. 4-19 Optimal SSSV designed by the proposed methodology (𝑅𝐴 = 12.9% and 𝑓𝑠 = 2.2 Hz) 
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corresponded to the nineth local minimum point of 𝐽0(𝑚𝑓) and 𝑚𝑓 = 54.186. In addition, it 

possessed the HS phase stability. In fact, it had a large negative energy balance, which was 

confirmed by a numerical energy calculation. The SSSV frequency was set to 2.2 Hz for 

satisfying the lower limit criterion of 2.03 Hz. 

 Fig. 4-19 shows the experimental results for the optimal SSSV under 𝑅𝐴 = 12.9% and 

𝑓𝑠 = 2.2 Hz . As can be seen clearly in Fig. 4-19, the chatter vibration was completely 

diminished without the large beat vibration after the SSSV was applied. As a result, the 

surface quality of machined surface was significantly improved. Note that the optimal RVA 

in accordance with Eq. (4-32) proposed by Al-Regib et al. [68] was 1.1%, which was close to 

the first local minimum point of 𝐽0(𝑚𝑓). Furthermore, the corresponding lower limit value 

for the SSSV frequency, based on the existing criterion of Eq. (4-34) was 1.17 Hz. However, 

it was also confirmed that the chatter was not at all suppressed by the SSSV designed by 

existing method, as the values of the RVA and SSSV frequency were very small in this case. 

 

Fig. 4-20 Verification of lower limit criterion of the SSSV frequency under an optimal RVA of 12.9% for 

𝑆𝑛 = 1393 min−1: (a) time waveform; (b) enlarged view of the FFT results (𝑓𝑠 = 1.0 and 2.0 Hz) 

 

(X-axis vibration measured at the workpiece side)

FFT section (217 samples)

2.0 Hz
1.0 Hz

(a)

(b)
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To verify its optimality, additional boring tests were also carried out. Fig. 4-20(a) shows 

the experimental results obtained by varying the SSSV frequency under an RVA of 12.9%. 

For 𝑓𝑠 = 1.0 Hz, which was significantly smaller than the lower limit value, a vigorous beat 

vibration occurred immediately after the boring process was started, as in the case of the 

typical SSSV; this is depicted in Fig. 4-18(a). For 𝑓𝑠 = 2.0 Hz, which was slightly smaller 

than the lower limit value, the chatter vibration was suppressed in the first half of the 

process, whereas the large beat vibration began to emerge in the latter half. It can be stated 

that the proposed lower limit criterion for the SSSV frequency was reasonable.  

Additionally, the FFT results for 𝑓𝑠 = 1.0 2.0 Hz are shown in Fig. 4-20(b), which was 

enlarged at approximately 1526 Hz. The side-band frequencies at intervals of SSSV 

frequency could be also observed in the experiment. Note that the corresponding results of 

the time-frequency analysis are also included in Appendix C to discuss the chatter 

frequency shift during the SSSV process.  

Here, the proposed design method was directly affected by the measurement error of 

the chatter frequency. Assuming a simple strategy for chatter detection during the process 

(e.g., the maximum spectrum peak was regarded as the chatter frequency [103]), an online 

system would detect the chatter frequency as 1503 Hz in Fig. 4-18(b) (i.e., 𝑘𝑐𝑛 = 64 and 

𝜀𝑐𝑛 = 266°). Fig. 4-21 depicts the variation in the energy balance owing to the chatter 

identification error (i.e., 1526 vs 1503 Hz). As 𝑘𝑐𝑛 was one less in 𝑓𝑐𝑛 = 1503 Hz, the same 

modulation index computed a larger RVA than for 𝑓𝑐𝑛 = 1526 Hz. Focusing on 𝑚𝑓 = 54.19, 

 

Fig. 4-21 Variation in the energy balance in the SSSV process owing to the identification error of the 

chatter frequency (1526 vs 1503 Hz; the energy was numerically calculated with the non-closed form 

model and the phase stability for 𝑓𝑐𝑛 = 1526 Hz was also depicted) 
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the corresponding RVA value became 13.1% for 𝑓𝑐𝑛 = 1503 Hz. In addition, 𝑓𝑠(𝑚𝑖𝑛) was 

calculated as 2.00 Hz. These were not large deviations from the case of 𝑓𝑐 = 1526 Hz; hence, 

this identification error would not cause any issues in this case (i.e., a high lobe number). 

However, it could cause a relatively large deviation of the design values in a low lobe-

number case. 

Finally, Fig. 4-22 shows an additional comparison of three different RVAs (7.0%, 12.9%, 

and 14.3%, which are respectively, the third, fourth, and seventh priority candidates in 

Table 4-4). To sufficiently satisfy 𝑓𝑠(𝑚𝑖𝑛) for each RVA, the frequency was set to 2.5, 2.2, and 

2.0 Hz (corresponding to RV values of 0.75, 1.22%, and 1.23%, respectively). As seen in Fig. 

4-22(a), the chatter was suppressed without an excessive beat vibration for all the 

combinations of the design parameters in the 0.1-mm radial depth of cut. However, the 

performance of chatter reduction was slightly different according to the design parameters. 

From Fig. 4-22(b) and (c), the slight beating vibration in accordance with the SSSV period 

and its harmonics remained, which was inevitable even in the stable SSV process. The 

reduction rates of the vibration severity over the chatter condition in the CSS were 79.2%, 

82.0%, and 76.7% for RVA values of 7.0%, 12.9%, and 14.3%, respectively.  

This shows a good correlation with the process energy behavior in the SSSV cycle, as 

the normalized energy balance at these RVA values were 0.15, –0.29, and 0.21, respectively 

(see Fig. 4-21). In fact, the RVA candidate of 12.9% had HS phase stability; hence the best 

performance of the chatter suppression was observed at this condition. Note that it was 

observed that the repeatability fluctuated at the RVA of 7.0% with 𝑓𝑠 = 2.5 Hz  (i.e., 

reproduced tests sometimes became unstable), whereas a high repeatability was confirmed 

in the other conditions. This might be because the candidate with the seventh priority was 

close to the stability boundary and consequently not robust. 

Here, in the case of 𝑅𝐴 = 12.9% and 𝑓𝑠 = 2.0 Hz (i.e., 𝑅𝑉 = 1.11%), the process became 

unstable in spite of a much higher RV value than that employed in the case of 𝑅𝐴 = 7.0% 

and 𝑓𝑠 = 2.5 Hz  (i.e., 𝑅𝑉 = 0.75% ). This was contrary to the trend observed in the 

simulation depicted in Fig. 4-15(b), in which the same RV value with a larger RVA tended 

to be still stable (i.e., 𝑅𝐴 = 12.9% and 𝑓𝑠 = 1.35 Hz is expected to be stable). It suggests that 

the lower limit criterion for the SSSV frequency significantly impacted the process 

stabilization in this experiment. As pointed out in [151,239], many times, the expected 

process improvement cannot be achieved in the real experimental system of an SSV, owing 

to the large influence of the beat vibration. In such cases, it may be essential to conform 

with the lower limit criterion of the SSSV frequency for each RVA value. Nevertheless, the 

chatter can be properly suppressed by following the proposed design methodology, as 

demonstrated by both the simulations and experimental results. Especially, candidates 

with larger RV values and stable energy balance (i.e., HS phase stability) have the potential 

to effectively suppress the chatter vibration. 
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Fig. 4-22 Experimental results in three different combinations of proper design parameters (#3, #4, 

and #6 in Table 4-4): (a) time waveform; (b) moving variance (the window length was set to 0.1024 s, 

i.e., 210 samples); (c) FFT of the moving variance 
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4.6. Summary 

This chapter has proposed a novel programmable optimal design for the sinusoidal 

spindle speed variation (SSSV). The contents of this chapter can be summarized as follows: 

1. Based on a technological analogy between frequency modulation (FM) and SSSV, a 

modulation index was introduced into the SSSV process as a novel design index. The 

optimum SSSV design candidates for the relative variation amplitude (RVA) were 

selected, so that the modulation index coincided with the extreme points of the 0-th 

order Bessel function of the first kind. In particular, the candidates having a stable 

phase stability at the maximum and minimum spindle speeds secured a large negative 

energy balance in the SSSV cycle. 

2. Considering that the beat vibration tended to develop around the extrema of the spindle 

speed, a novel lower limit criterion for the SSSV frequency according to the RVA was 

proposed. In addition, an upper limit criterion for the relative frequency of the spindle 

speed variation (RVF) according to the RVA was also proposed for achieving the 

expected SSSV effect. 

3. A series of time-domain simulations and boring tests were carried out to verify the 

proposed design methodology. It was confirmed that the design candidates with a good 

energy balance and a high RV (= RVA×RVF) value, identified through the proposed 

design procedure, could robustly dissipate the chatter vibration with a small beat 

vibration. 

4. The requirement of the proposed design methodology is only the measurement of the 

chatter frequency, as in the case of discrete spindle speed tuning; hence it can 

contribute to autonomous chatter suppression integrated with chatter monitoring for 

the SOMS. Additionally, it is possible to incorporate the machine constraints into the 

design procedure in a flexible manner. As a result, a practical design of an SSSV 

becomes feasible on an actual shop floor.  

Even though SSV is specifically effective in high lobe number scenarios, the proposed 

design procedure should be, in principle, applicable to low/middle lobe number scenarios as 

well. It is important that the proposed design method be applied to many real industrial 

applications and subjected to more verification for further development. Additionally, 

establishing a simple optimal design procedure for more general periodic spindle variation 

manner, where high-order multiple sinusoidal harmonics are superposed, is a research 

challenge, since special periodic shapes involving multiple harmonics inherently have 

potential to further improve the process stability [152,237,286]. 
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5. Chatter suppression in parallel turning 

assisted with tool swing motion 
 

5.1. Assumptions and concepts 

This chapter proposes a novel concept for chatter suppression assisted with tool swing 

motion (TSM) in parallel turning [287,288]. To verify the proposed TSM process, it is 

assumed that rigid tools having the same insert geometries cut a flexible workpiece while 

sharing the machined surface with the same depth of cut. For chatter suppression under 

the same assumption, an effective methodology, known as unequal-pitch turning, has been 

proposed, where the optimal pitch angle is deduced based on the chatter frequency with a 

similar design methodology as VPCs [227,228]. As the pitch difference is given by turret 

position control, the unequal-pitch turning can flexibly respond to changes in the cutting 

state. However, the unequal pitch turning can cause the eccentricity of a flexible workpiece 

due to the unbalanced cutting forces (see Fig. 1-15). Therefore, the chatter stabilization 

performance and workpiece runout in the TSM process are experimentally evaluated and 

compared with conventional equal and unequal pitch turning. 

In the TSM process, the two tools are swung in the circumferential direction of the 

workpiece sinusoidally while maintaining an equal pitch, as shown in Fig. 5-1; hence, the 

imbalance of the force vector is not caused ideally. The delay term between two consecutive 

cuts varies with time by applying TSM, as in the case of SSV. Based on the analogy between 

TSM and SSSV, the design procedure for SSSV discussed in Chapter 4 is extended for the 

TSM process. Consequently, TSM can be appropriately designed based solely on the chatter 

frequency. Similar to unequal pitch turning, TSM is also flexibly provided by the feed-drive 

system with turret position control. As the bandwidth of the position-control system is 

 
Fig. 5-1 Schematic of tool swing process in parallel turning  
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generally much higher than that of the spindle system, the high-frequency modulation, 

which cannot be realized by the spindle system, is feasible. For instance, the bandwidth of 

the position control loop in the feed drive system is usually on the order of 25–30 Hz, even 

for a typical CNC machine [2,289]. This is an advantage for the TSM process, as the 

limitation of the SSV process often results from the machine, such as the bandwidth of the 

spindle system [240,242]. 

 

5.2. Process modeling of shared-surface parallel turning 

First, the process model for shared-surface parallel turning with a flexible workpiece is 

developed to understand, in detail, the process dynamics and mechanism of unequal pitch 

turning and TSM process for chatter suppression.  

Fig. 5-2 shows a schematic of shared-surface parallel turning with a slender workpiece. 

The local Cartesian coordinate system XYZ is defined in each tool and workpiece. It is 

 

Fig. 5-2 Schematic of shared-surface parallel turning with flexible workpiece 
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assumed that the vibration direction of the workpiece coincides with the X-direction for the 

intuitiveness, although the slender workpiece should also be flexible in the Y-direction (i.e., 

2DoF system in XY-plane). In particular, the workpiece will elliptically vibrate in the XY-

plane and the vibration direction can be defined as the long axis of the ellipse [290]. 

The general turning process model has already been shown in Chapter 4 (see Fig. 4-1). 

The parallel tuning model will be established by expanding the aforementioned process 

model of general single turning. Assuming the complete shared surface with the same tool 

geometries and depth of cut, the cutting force vector, 𝑭𝒄, at each tool in its own coordinate 

system can be defined similarly to the single turning process, as follows:  

𝑭𝒄
t𝑝(𝑡) = 𝐴𝑠

t𝑝(𝑡) ∙ 𝐊𝐜 (5-1) 

where 𝐴𝑠 [m
2] is the dynamic cutting area, ( )t𝑝 indicates value for 𝑝-th tool. 

Here, the specific cutting force vector, 𝐊𝐜, is defined with Colwell’s empirical chip flow 

rule as follows: 

𝐊𝐜 = {𝜇𝑓𝐾𝑡𝑐 cos 𝜂 𝐾𝑡𝑐 𝜇𝑓𝐾𝑡𝑐 sin 𝜂}T = 𝐾𝑡𝑐{𝜇𝑓 cos 𝜂 1 𝜇𝑓 sin 𝜂}T (5-2) 

where 𝐾𝑡𝑐 [N m2⁄ ] is the specific principal force, 𝜇𝑓 [-] is the constant ratio of the force in 

chip flow direction to the principal force, and 𝜂 [rad] is the chip-flow angle. 

Additionally, the cutting width vector, 𝐛𝐜  and regenerative width vector, 𝐫𝐜  which 

constitute the dynamic cutting area, are defined as follows: 

𝐛𝐜 = {𝑏𝑤 0 𝑎𝑤}
T,  (5-3) 

𝐫𝐜 = {𝑏𝑤 − 𝑐 0 𝑎𝑤}
T (5-4) 

where 𝑏𝑤 [m], 𝑎𝑤 [m] (i.e., cutting chord length projected onto Z- and X-axis, respectively), 

and 𝜂 in Fig. 5-2 are geometrically calculated from the insert geometries (i.e., nose radius, 

𝑟𝜀  [m] and approach angle, 𝜅 [rad]) and feed rate, 𝑐 [m tooth⁄ ] as follows [159]: 

𝑏𝑤 =

{
 

  
𝑐

2
+

𝑎𝑝 − 𝑟𝜀(1 − cos𝜅)

tan𝜅
+ 𝑟𝜀sin𝜅 𝑎𝑝 > 𝑟𝜀(1 − cos𝜅)

 
𝑐

2
+ √𝑟𝜀2 − (𝑟𝜀 − 𝑎𝑝)

2
𝑎𝑝 ≤ 𝑟𝜀(1 − cos𝜅)

  (5-5) 

ℎ𝑐𝑢 = 𝑟𝜀 −√𝑟𝜀2 − (
𝑐

2
)
2

≈
𝑐2

8𝑟𝜀
 (
𝑐

𝑟𝜀
≪ 1)  → 𝑎𝑤 = 𝑎𝑝 − ℎ𝑐𝑢 (5-6) 

𝜂 = tan−1(𝑎𝑤 𝑏𝑤⁄ ) (5-7) 

where 𝑎𝑝 [m] is a depth of cut as a cutting condition, and ℎ𝑐𝑢 [m] is a geometric surface 

roughness (e.g., cusp height). 
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The dynamic cutting area is calculated by the inner product of the vibration vector and 

each width vector. Here, considering that the coordinate system for tool 2 is rotated by 180° 

around the Z-axis with respect to the workpiece coordinate system, the unit vibration vector, 

𝐞𝐱, at each CWS is defined as follows: 

𝐞𝐱
t1 = {

1
0
0
} , 𝐞𝐱

t2 = [
cos𝜋 −sin 𝜋 0
sin𝜋 cos𝜋 0
0 0 1

] {
1
0
0
}= {

−1
0
0
}  (5-8) 

where only the workpiece vibration in the X-direction (i.e., 𝑥w(𝑡) [m]) is considered.  

Assuming that the surface machined by tool 1 is regenerated at tool 2, and vice versa, 

the dynamic cutting area at each CWS can be defined as follows: 

𝐴𝑠
t1(𝑡) = 𝐛𝐜 ∙ 𝑥

w(𝑡)𝐞𝐱
t1 − 𝐫𝐜 ∙ 𝑥

w(𝑡 − 𝜏t1)𝐞𝐱
t2 = 𝑏𝑐[𝑥

w(𝑡) + 𝜇𝑐𝑥
w(𝑡 − 𝜏t1)]  

𝐴𝑠
t2(𝑡) = 𝐛𝐜 ∙ 𝑥

w(𝑡)𝐞𝐱
t2 − 𝐫𝐜 ∙ 𝑥

w(𝑡 − 𝜏t2)𝐞𝐱
t1 = −𝑏𝑐[𝑥

w(𝑡) + 𝜇𝑐𝑥
w(𝑡 − 𝜏t2)] 

(5-9) 

where |𝐛𝐜 ∙ 𝐞𝐱
t𝑝
| = 𝑏𝑤 = 𝑏𝑐, |𝐫𝐜 ∙ 𝐞𝐱

t𝑝
| = 𝑏𝑤 − 𝑐 = 𝑏𝑟, and 𝜇𝑐 = 𝑏𝑟 𝑏𝑐⁄  (0 ≤ 𝜇𝑐 ≤ 1). Here, 𝑏𝑐  [m] 

and 𝑏𝑟 [m] are the cutting and regenerative width in the vibration direction, respectively, 

and 𝜇𝑐  [−] is known as overlap factor. ( )w indicates value for workpiece. 

The time delay, 𝜏 [s], in each CWS depends on not only the spindle speed, 𝑆 [min−1] but 

also the pitch angle, 𝜃𝑝 [rad], as follows: 

𝜏t1 =
60𝜃𝑝

t1

2𝜋𝑆
, 𝜏t2 =

60𝜃𝑝
t2

2𝜋𝑆
  (5-10) 

As a result, considering the law of action and reaction in the workpiece coordinate 

system, the cutting force acting on the workpiece can be derived as follows: 

𝑭𝒄
w(𝑡) = {

𝐹𝑥
w

𝐹𝑦
w

𝐹𝑧
w

} = [
−1 0 0
0 −1 0
0 0 −1

]𝐴𝑠
t1(𝑡) ∙ 𝐊𝐜 + [

1 0 0
0 1 0
0 0 −1

]𝐴𝑠
t2(𝑡) ∙ 𝐊𝐜 

= −𝐾𝑡𝑐𝑏𝑐[𝑥
w(𝑡) + 𝜇𝑐𝑥

w(𝑡 − 𝜏t1)] {

𝜇𝑓 cos 𝜂

1
𝜇𝑓 sin 𝜂

} − 𝐾𝑡𝑐𝑏𝑐[𝑥
w(𝑡) + 𝜇𝑐𝑥

w(𝑡 − 𝜏t2)] {

𝜇𝑓 cos 𝜂

1
−𝜇𝑓 sin 𝜂

} 

(5-11) 

where 𝐹𝑥 [N], 𝐹𝑦 [N], and 𝐹𝑧 [N] are the cutting force in X-, Y-, and Z-direction, respectively. 

The dynamic cutting force acting on the workpiece will excite the workpiece and produce 

vibration in the X-direction again. Therefore, considering 𝐹𝑦
w = 𝐹𝑥

w (𝜇𝑓 cos 𝜂)⁄ , the 

workpiece vibration in the X-direction can be described with the workpiece FRF as  

𝑥w(𝑖𝜔𝑐) = 𝛷𝑥𝑥
w (𝑖𝜔𝑐)𝐹𝑥

w(𝑖𝜔𝑐) + 𝛷𝑥𝑦
w (𝑖𝜔𝑐)𝐹𝑦

w(𝑖𝜔𝑐) 

                = [𝛷𝑥𝑥
w (𝑖𝜔𝑐) +

𝛷𝑥𝑦
w (𝑖𝜔𝑐)

𝜇𝑓 cos 𝜂
]𝐹𝑥

w(𝑖𝜔𝑐) = 𝛷𝑥𝑥
w(eq)(𝑖𝜔𝑐)𝐹𝑥

w(𝑖𝜔𝑐) 
(5-12) 
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where 𝛷𝑥𝑥
w(eq)

 [m N⁄ ] is the 1D equivalent TF [171,285] of the workpiece for the X-directional 

cutting force to the X-directional vibration. Because 𝑥w(𝑡 − 𝜏t𝑝)  is represented as 

𝑒−𝑖𝜔𝑐𝜏
t𝑝
𝑥w(𝑖𝜔𝑐) at a certain chatter frequency, 𝜔𝑐 [rad s⁄ ], in the frequency domain, by 

substituting Eqs. (5-10) and (5-12) into Eq. (5-11), the characteristic force equation can be 

derived as follows: 

𝐹𝑥
w(𝑖𝜔𝑐) = −𝐾𝑡𝑐𝑏𝑐𝜇𝑓 cos 𝜂 (2 + 𝜇

𝑐
𝑒−𝑖𝜔𝑐𝜏

t1
+ 𝜇𝑐𝑒

−𝑖𝜔𝑐𝜏
t2
)𝑥w(𝑖𝜔𝑐) 

                 = −𝐾𝑡𝑐𝑏𝑐𝜇𝑓 cos 𝜂 (2 + 𝜇
𝑐
𝑒−𝑖

60𝜔𝑐
2𝜋𝑆

𝜃𝑝
t1

+ 𝜇𝑐𝑒
−𝑖

60𝜔𝑐
2𝜋𝑆

𝜃𝑝
t2

)𝛷𝑥𝑥
w(eq)(𝑖𝜔𝑐)𝐹𝑥

w(𝑖𝜔𝑐) 
(5-13) 

The block diagram of the shared-surface parallel turning process with a flexible 

workpiece, represented as Eq. (5-13), is shown in Fig. 5-3. In equal pitch turning (i.e., 𝜃𝑝
t1 =

𝜃𝑝
t2 = 𝜋), Eq. (5-13) can be further simplified as follows: 

𝐹𝑥
w(𝑖𝜔𝑐) = −2𝐾𝑡𝑐𝑏𝑐𝜇𝑓 cos 𝜂 (1 + 𝜇

𝑐
𝑒−𝑖

60𝜔𝑐
2𝑆 )𝛷𝑥𝑥

w(eq)(𝑖𝜔𝑐)𝐹𝑥
w(𝑖𝜔𝑐) (5-14) 

Here, in the conventional single parallel turning process, the characteristic force 

equation is derived as follows: 

𝐴𝑠
t1(𝑡) = 𝐛𝐜 ∙ 𝑥

w(𝑡)𝐞𝐱
t1 − 𝐫𝐜 ∙ 𝑥

w(𝑡 − 𝜏t1)𝐞𝐱
t1 = 𝑏𝑐[𝑥

w(𝑡) − 𝜇𝑐𝑥
w(𝑡 − 𝜏t1)] (5-15) 

 

Fig. 5-3 Block diagram of shared-surface parallel turning with flexible workpiece 
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𝑭𝒄
w(𝑡) = [

−1 0 0
0 −1 0
0 0 −1

]𝐴𝑠
t1(𝑡) ∙ 𝐊𝐜 = −𝐾𝑡𝑐𝑏𝑐[𝑥

w(𝑡) − 𝜇𝑐𝑥
w(𝑡 − 𝜏t1)] {

𝜇𝑓 cos 𝜂

1
𝜇𝑓 sin 𝜂

} (5-16) 

∴  𝐹𝑥
w(𝑖𝜔𝑐) = −𝐾𝑡𝑐𝑏𝑐𝜇𝑓 cos 𝜂 (1 − 𝜇𝑐𝑒

−𝑖
60𝜔𝑐
𝑆 )𝛷𝑥𝑥

w(eq)(𝑖𝜔𝑐)𝐹𝑥
w(𝑖𝜔𝑐) (5-17) 

Comparing Eqs. (5-14) and (5-17), the regenerative effect is found to work with twice 

the gain in the parallel turning process. In summary, the chatter vibration is more likely to 

occur in the shared-surface parallel turning process than the conventional single turning; 

hence, chatter suppression techniques are more important for maximizing the productivity 

advantage of the simultaneous process. Note that the “static” cutting forces in the XY-

direction can be cancelled out in parallel turning; hence, the workpiece deformation caused 

by the cutting forces (i.e., deterioration of shape accuracy) can be suppressed. 

The sign of the delay term is opposite in Eqs. (5-14) and (5-17), which suggests that the 

range of the chatter phase shift, 𝜀𝑐  [rad], is shifted in the shared-surface parallel turning 

process. In conventional single turning, represented as Eq. (5-17), the following relationship 

holds between the chatter phase shift and the phase angle of the compliance TF [25]: 

𝜀𝑐 = 3𝜋 + 2 tan−1(
Im[Φ𝑥𝑥

w(ep)(𝑖𝜔𝑐)]

Re [Φ𝑥𝑥
w(ep)(𝑖𝜔𝑐)]

) , 𝜔𝑐𝜏 = 2𝜋𝑘𝑐 + 𝜀𝑐 (5-18) 

where 𝑘𝑐 [-] is the chatter lobe number. A similar expression has already been shown in 

Eq. (3-17). Eq. (5-18) means that, when the maximum negative real part of an equivalent 

1D TF exists in the third quadrant in the complex plane (i.e., ranging from −𝜋 2⁄  to −𝜋), 

the chatter vibration will occur in the following phase shift range: 

3𝜋 + 2 × (−𝜋) < 𝜀𝑐 < 3𝜋 + 2 × (−
𝜋

2
)  →  𝜋 < 𝜀𝑐 < 2𝜋  (5-19) 

Eq. (5-19) is also described intuitively in Fig. 1-6. Here, the delay term in Eq. (5-14) can 

be rearranged as follows: 

𝑒−𝑖
60𝜔𝑐
2𝑆 = −𝑒−𝑖𝜋𝑒−𝑖

60𝜔𝑐
2𝑆 = −𝑒

−𝑖𝜔𝑐(
60
2𝑆

+
𝜋
𝜔𝑐

)
≡ −𝑒−𝑖𝜔𝑐𝜏

′
 (5-20) 

From the above, it can be deduced that the chatter phase shift against the tooth-passing 

period in Eq. (5-14) ranges from 0 to 𝜋: 

𝜔𝑐𝑛𝜏
′ =

60𝜔𝑐

2𝑆
+ 𝜋 = 2𝜋𝑘𝑐 + 𝜀𝑐

′  →  
60𝜔𝑐

2𝑆
= 2𝜋𝑘𝑐 + 𝜀𝑐

′ − 𝜋 = 2𝜋𝑘𝑐 + 𝜀𝑐 

(𝜋 < 𝜀𝑐
′ < 2𝜋 →  0 < 𝜀𝑐 < 𝜋)  

(5-21) 
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This point including the model of Fig. 5-3 was first suggested by this study. The validity of 

Eq. (5-21) is confirmed in the after-mentioned experimental results. 

 

5.3. Chatter suppression in unequal pitch parallel turning 

In this section, the existing unequal pitch turning, including its design methodology, is 

outlined based on the described parallel turning model. The performance of unequal pitch 

turning is compared to that of the TSM process in the later section. 

  Fig. 5-4 shows a schematic of shared-surface unequal pitch turning with a slender 

workpiece. The regenerative effect can be eliminated by setting an appropriate shifted pitch 

angle (i.e., ∆𝜃𝑝 2⁄ ). When this angle is zero, it results in pitch parallel turning. The design 

method for unequal parallel turning is inspired from VPCs, where the pitch angle is 

designed such that the regeneration factor (RF) is zero [215]. RF is a quantitative index 

representing the regenerative effect in processes, and can be defined as 

𝑅𝐹 =
1

𝑁𝑐
∑𝑒−𝑖𝜔𝑐𝜏𝑗

𝑁𝑐

𝑗=1

=
1

𝑁𝑐
∑𝑒−𝑖𝜀𝑐 𝑗

𝑁𝑐

𝑗=1

 (5-22) 

where 𝜏𝑗  [s] and 𝜀𝑐 𝑗  [rad] are the delay and the phase shift left on the machined surface, 

at tooth 𝑗, respectively, and 𝑁𝑐  [−] is the number of teeth. 

In Eq. (5-13), the regeneration factor in shared-surface parallel turning can be defined 

similarly as 𝑒−𝑖𝜔𝑐𝜏
t1
+ 𝑒−𝑖𝜔𝑐𝜏

t2
 if the regenerative width is the same on both sides. This is 

because the dynamic cutting area by tool 1 is entirely influenced by the surface pre-

machined by tool 2, and vice versa, similar to the two-flute cutter. Consequently, if the 

difference in the phase shift ∆𝜀𝑐 [rad] between tools 1 and 2 is set as 

 
Fig. 5-4 Schematic of unequal pitch turning 
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∆𝜀𝑐 = 𝜀𝑐
t1 − 𝜀𝑐

t2 = 𝜋(2𝑚𝑝 + 1),𝑚𝑝 ∈ ℤ  →  𝑒−𝑖∆𝜀𝑐 = 𝑒−𝑖𝜋(2𝑚𝑝+1) = −1, (5-23) 

the regenerative effect in the parallel turning process can be canceled out as follows: 

𝑒−𝑖𝜔𝑐𝜏
t1
+ 𝑒−𝑖𝜔𝑐𝜏

t2
= 𝑒−𝑖𝜀𝑐

t1
+ 𝑒−𝑖𝜀𝑐

t2
= +𝑒−𝑖𝜀𝑐

t2
𝑒−𝑖∆𝜀𝑐 + 𝑒−𝑖𝜀𝑐

t2
= 0    (5-24) 

where 𝑚𝑝  is an arbitrary integer number. In an equal pitch cutter, the absolute value of 

the regenerative factor |𝑅𝐹| is equal to 1 because of ∆𝜀𝑐 = 0, i.e., the process is completely 

affected by the regenerative effect. In contrast, |𝑅𝐹| in the equal pitch parallel turning 

becomes 2, and the regeneration affects the process with twice the gain, as mentioned above. 

Here, the total chatter wavelength left within a certain pitch angle 𝜃𝑝
t𝑝

 can be 

expressed as follows:  

2𝜋𝑘𝑐
t𝑝

+ 𝜀𝑐
t𝑝

=
60𝜔𝑐

2𝜋𝑆
𝜃𝑝
t𝑝

=
60𝑓𝑐
𝑆

𝜃𝑝
t𝑝 (5-25) 

From Eqs. (5-23) and (5-25) , the following equation can be derived: 

2𝜋(𝑘𝑐
t1 − 𝑘𝑐

t2) + 2𝜋 (𝑚𝑝 +
1

2
) =

60𝑓𝑐
𝑆

(𝜃𝑝
t1 − 𝜃𝑝

t2) (5-26) 

The number of chatter marks 𝑘c
t1 and 𝑘c

t2 are integers that can be included in 𝑚𝑝. As 

a result, the pitch angle difference 𝛥𝜃𝑝 [rad] (= 𝜃𝑝
t1 − 𝜃𝑝

t2) between two tools should satisfy 

the following equation to cancel out the regenerative effect: 

∆𝜃𝑝 = 2𝜋 (𝑚𝑝 +
1

2
) ∙

𝑆

60𝑓𝑐
  (5-27) 

which can be calculated from only the chatter frequency at a certain spindle speed. Eq. 

(5-27) is exactly the same as the design principle for alternating the pitch variation, which 

is a type of VPC. As the spindle speed and chatter frequency are involved in the optimal 

pitch design, it is necessary to know the cutting conditions and the vibration frequency in 

advance before creating VPCs. In the parallel turning process, however, as the pitch angle 

is adjusted by the turret position control, it can flexibly respond to changes in spindle speed 

and/or chatter frequency [228]. 

Note that Eq. (5-27) is valid only under the assumption of a flexible workpiece (i.e., 

chatter originates from the workpiece) in the parallel turning process. In case of tool-side 

chatter, the corresponding forces act on different bodies; hence, the phase shift neither has 

any effect nor is principally responsible for the process stability [226]. In this case, coupled 

or detuned dynamics of the two tools can substantially influence the process stability, 

although dynamic coupling is sensitive to the radial angle (i.e., pitch angle) between tools 

[206,226].  
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Furthermore, only a small pitch angle variation for unequal pitch turning is valid, 

because the dynamic forces contributing to chatter acting on the cutting edge are not exactly 

tangent and radial to the perimeter of the slender workpiece (Fig. 1-15). In summary, the 

sum of the force vectors cannot cancel out each other in unequal pitch turning, which may 

have a negative effect on process stability and workpiece eccentricity in shared-surface 

parallel turning for a flexible workpiece [163]. Additionally, the shifted pitch angle is 

provided without tool rotation in the radial direction due to mechanical limitation; hence, 

changes in apparent insert geometries, such as the rake angle and clearance angle, also 

help or impede process stabilization [163].  

In addition, the vibration direction of the workpiece observed from tool 1, which is 

related to regenerative width, may change according to the shifted pitch angle: 

𝐞𝐱
t1 = [

cos(∆𝜃𝑝/2) − sin(∆𝜃𝑝/2) 0

sin(∆𝜃𝑝/2) cos(∆𝜃𝑝/2) 0

0 0 1

] {
1
0
0
}  → 𝑏𝑟

t2 = 𝐫𝐜 ∙ 𝐞𝐱
t1  (5-28) 

At a different regenerative width at each side, the regenerative effect cannot be ideally 

cancelled out in the parallel turning process. 

If a relatively small pitch angle variation can be assumed, the above influences will be 

minimized. Therefore, the difference in the phase shift should be kept close to 𝜋 (i.e., 𝑚𝑝 =

0) to prevent a large pitch variation; that is, Eq. (5-27) can be explicitly rewritten as follows: 

∆𝜃𝑝 =
𝜋𝑆

60𝑓𝑐
 (5-29) 

Since the chatter lobe number is usually large in the turning process, the chatter 

vibration can be sufficiently suppressed with a small pitch angle difference. 

 

5.4. Chatter suppression in tool swing parallel turning  

The TSM process comprises the following three design parameters: the swing frequency, 

𝜔𝑠𝑤 [rad/s], maximum swing angle, |𝜃𝑠𝑤(𝑚𝑎𝑥)| [rad], and offset angle, 𝜃0 [rad] (Fig. 5-1). 

Here, TSM is applied sinusoidally like SSSV, as follows: 

𝜃𝑠𝑤(𝑡) = |𝜃𝑠𝑤(𝑚𝑎𝑥)| cos(𝜔𝑠𝑤𝑡) + 𝜃0 (5-30) 

The spindle speed is constant (i.e., 𝑆𝑛 [min−1] ) in swing machining. However, the 

“relative” spindle speed of CWS incurs time variation due to TSM: 

𝑆𝑟(𝑡) = 𝑆𝑛 −
60

2𝜋
�̇�𝑠𝑤(𝑡) = 𝑆𝑛 (1 +

60𝜔𝑠𝑤|𝜃𝑠𝑤(𝑚𝑎𝑥)|

2𝜋𝑆𝑛
sin(𝜔𝑠𝑤𝑡)) (5-31) 
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Consequently, the delay term representing the regenerative effect varies with time 

similar to the SSSV process. Fig. 5-5 indeed shows the time variation of the delay term. In 

shared-surface parallel turning, the following equation holds in terms of 𝜏(𝑡): 

∫
2𝜋𝑆𝑛
60

𝑡

𝑡−𝜏(𝑡)

𝑑𝑡 = 𝜋 + |𝜃𝑠𝑤(𝑚𝑎𝑥)| cos(𝜔𝑠𝑤𝑡) − |𝜃𝑠𝑤(𝑚𝑎𝑥)| cos (𝜔𝑠𝑤(𝑡 − 𝜏(𝑡))) (5-32) 

By solving Eq. (5-32) with the set profile of tool swing motion, the exact time-varying 

delay can be obtained. For comparison, the non-closed form of approximated delay term, i.e., 

�̃�(𝑡) = 60 (2𝑆𝑟(𝑡))⁄  is also shown in Fig. 5-5. The delay term can be represented with time-

varying “relative” spindle speed. Note that the approximated delay term will deviate from 

the exact value as RVF increases, similar to the SSV discussed in Fig. 4-8 and Fig. 4-9. 

Similar to Eq. (4-8), RVF can also be defined in parallel turning as follows:  

𝑅𝐹 =
60𝑓𝑠𝑤
𝑁𝑐𝑆𝑛

 (5-33) 

To sum up, the chatter vibration is suppressed by disrupting the regenerative effect with 

time-varying delay even in the TSM process. The sinusoidal TSM and SSSV process can be 

interpreted in a unified manner; hence, the RVA in the TSM process can be defined based 

on the similarity between Eq. (4-6) and Eq. (5-31) as follows: 

𝑅𝐴 =
60𝜔𝑠𝑤|𝜃𝑠𝑤(𝑚𝑎𝑥)|

2𝜋𝑆𝑛
 (5-34) 

An appropriate selection of the RVA value can be achieved by the criterion proposed in 

Chapter 4 (i.e., Eq. (4-31)). The chatter will occur in the range 0 < 𝜀𝑐𝑛 < 𝜋  in shared-

surface parallel turning, as discussed in Section 5.2, although the unstable range is usually 

 

Fig. 5-5 Time-varying delay in shared-surface parallel turning with TSM (|𝜃𝑠𝑤(𝑚𝑎𝑥)| = 4.5°, 𝑓𝑠𝑤 = 5 Hz, 

and 𝑆𝑛 = 1200 min−1)  

 

(Eq. 5-32)
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𝜋 < 𝜀𝑐𝑛 < 2𝜋 in the conventional turning process. Nonetheless, the local minimum points 

of the 0th order Bessel function of the first kind are suitable options as the sign of energy 

balance is also reversed. Therefore, Eq. (4-31) can be directly used even for the parallel 

turning process. A more detailed discussion about the energy balance is shown in Appendix 

E. Note that only the 1st minimum point of the Bessel function (i.e., 𝐽0(3.832)) is considered 

for a small swing angle, as the tool posture cannot be changed by synchronizing TSM. 

Consequently, the optimal design criterion for TSM can be derived as follows: 

(𝜔𝑠𝑤|𝜃𝑠𝑤(𝑚𝑎𝑥)|)𝑜𝑝𝑡 =
2𝜋𝑆𝑛
60

𝑅𝐴(𝑜𝑝𝑡)  (5-35) 

where 

𝑅𝐴(𝑜𝑝𝑡) =

−(2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛) + √(2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛)
2 + 4𝑚𝑓

2

2𝑚𝑓
, 𝑚𝑓 = 3.832 

(5-36) 

To design the TSM based on Eq. (5-35), either the maximum swing angle or the 

frequency must be set first to determine the other parameter. In Chapter 4, the lower limit 

criteria for SSSV frequency are also proposed (e.g., Eq. (4-38)). However, as the unstable 

phase shift becomes 0 < 𝜀𝑐𝑛 < 𝜋, Eq. (4-38) is slightly modified to secure a robust lower 

limit criterion: 

𝜔𝑠𝑤(𝑚𝑖𝑛) =
𝑁𝑐𝑆𝑟(𝑚𝑎𝑥)

60𝑁𝑟
cos−1 (

2𝜋𝑘𝑐𝑛 + 𝜀𝑐𝑛

𝑅𝐴(2𝜋𝑘𝑐
𝑆  𝑥 + 𝜀𝑐

𝑆  𝑥 + 𝜀𝑐𝑛)
−

1

𝑅𝐴
) (5-37) 

where 

𝑘𝑐
𝑆  𝑥 = Int(

60𝑓𝑐𝑛
𝑁𝑐𝑆𝑟(𝑚𝑎𝑥)

) , 𝜀𝑐
𝑆  𝑥 = 2𝜋 ∙ Frac(

60𝑓𝑐𝑛
𝑁𝑐𝑆𝑟(𝑚𝑎𝑥)

)  (5-38) 

Eq. (5-37) indicates that the instantaneous chatter phase is shifted by 𝜀𝑐𝑛 within 𝑁𝑟 

teeth passes from the maximum relative spindle speed to pass through the unstable region 

around it before the momentary chatter (i.e., beat vibration) grows significantly. 

In terms of the upper limit criterion for the swing frequency, Eq. (4-44) representing a 

95% upper limit curve could be observed even in the TSM simulation with Eqs. (5-32)–

(5-34); hence, Eq. (4-44) can be employed directly, as follows:  

𝑅𝐹(𝑚𝑎𝑥) = −0.5243𝑅𝐴
4 + 1.2404𝑅𝐴

3 − 0.9219𝑅𝐴
2 + 0.0147𝑅𝐴 + 0.1755 (5-39) 

Since the criteria for the frequency can be calculated once the RVA value is extracted 

from Eq.(5-36), the TSM frequency, 𝑓𝑠𝑤  [Hz] (= 𝜔𝑠𝑤 (2𝜋)⁄ ) is determined first to satisfy the 

following relationship: 
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𝑅𝐹(𝑚𝑖𝑛) ≤
60𝑓𝑠𝑤
𝑁𝑐𝑆𝑛

≤ 𝑅𝐹(𝑚𝑎𝑥)  →  
𝑁𝑐𝑆𝑛
60

𝑅𝐹(𝑚𝑖𝑛) ≤ 𝑓𝑠𝑤 ≤
𝑁𝑐𝑆𝑛
60

𝑅𝐹(𝑚𝑎𝑥) (5-40) 

Then, the optimal combination of maximum swing angle is determined from Eq. (5-35). 

In addition, the apparent tool geometry changes according to the TSM, as the machine tool 

is usually incapable of rotating the tool posture to synchronize with the TSM. Consequently, 

the offset angle must be set to avoid excessive contact of the tools and workpiece at the flank 

face when the swing angle exceeds the clearance angle (Fig. 5-6). 

Finally, the design procedure is summarized in Fig. 5-7. The requirements for 

conducting the proposed design procedure are only the commanded nominal spindle speed 

(i.e., cutting conditions) and the chatter frequency at that time. If the relative relationship 

between the nominal lobe number and phase shift is the same, the normalized design 

criteria for RVA and RVF are the same even under different cutting conditions. 

Consequently, the same TSM is recommended. Note that the workpiece diameter must be 

known when the TSM path is generated, although the TSM design can be achieved 

regardless of the workpiece diameter. Practically, the current information about the 

workpiece diameter can be obtained by interlocking with upstream CAM systems.  

 

Fig. 5-6 Variation in apparent tool geometries according to TSM  
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5.5. Experimental verification 

5.5.1. Experimental setup 

Fig. 5-8 shows a prototype multi-tasking machine tool (Super NTY3, Nakamura-Tome 

Precision Industry Co., Ltd., Japan), which was modified to be flexibly controlled by an 

industrial motion controller (Power PMAC, OMRON Corporation, Japan) (Fig. 5-8(a)). It 

comprises three turrets and two work spindles. The cutting tools for parallel turning were 

attached to turrets 1 and 2, each of which can move in three translational directions of XYZ-

axes. A slender cylindrical workpiece (Fig. 5-9) was chucked on a left-side work spindle. 

Then, the workpiece was machined simultaneously from both sides by two tools attached 

on the left-side upper and lower turrets, respectively (Fig. 5-8(b)). The type of driven system 

and encoder specification in the left-side upper and lower turrets and work spindle are 

summarized in Table 5-1. More detailed specifications are summarized in Appendix A.  

Fig. 5-10 shows the system configuration for parallel turning tests. The control signals 

were generated by the motion controller (i.e., power PMAC) at a sampling frequency of 9000 

Hz (i.e., 111 μs). An optimal linear encoder was attached to only the X1- and Y1-axes of 

turret 1, where the fully closed control could be applied. The MEDOB (i.e., Eq. (2-22)) was 

also implemented in X1- and Y1-axes for cutting force estimation. The estimated cutting 

force was employed to evaluate the chatter vibration (i.e., vibration frequency and severity). 

It has been confirmed that the MEDOB can monitor the high-frequency chatter state at the 

 

Fig. 5-7 Design procedure for the proposed TSM process based on analogy with SSSV 
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cutting point even in a high-damping guideway, such as the sliding type (e.g., Y1-axis), by 

integrating the high-resolution linear encoder information [273]. Although the estimated 

cutting force is calculated in each servo cycle of 111 μs inside the machine tool, the data for 

the analysis can be gathered only every 333 μs (i.e., 3 kHz).  

The tool positions are given by the feed drive systems in the translational axes of turret 

1 and/or 2. Therefore, the shifted pitch angle and swing angle can be changed flexibly. The 

swing frequency can be enhanced up to the bandwidth of position control, which is much 

larger than that of the spindle-drive system, regardless of the workpiece mass unlike the 

SSV technique. It was experimentally confirmed that the position response in turrets 1 and 

 

Fig. 5-8 Prototype multi-tasking machine tool: (a) external appearance (b) workspace view 

 
Fig. 5-9 FRFs of flexible workpiece obtained by tap test 
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2 can be controlled within ±1 dB against the command value of up to 20 Hz at least.  

Note that the actual machine axes of each turret are not mutually perpendicular (i.e., 

Y’-axis). The angle between X1- and Y’1-axes is 45°, as is the angle between the X2- and 

Y’2-axes. Turret1/turret2 actually moves in X1/X2 and Y’1/Y’2 directions to provide the 

desired displacement in X1Y1/X2Y2 plane (Fig. 5-11). The tool cannot rotate in the radial 

direction owing to the mechanical limitation; hence, the tool posture did not change 

according to the shifted pitch angle or swing angle. 

The positions of the two tools were identical with the same feed speed, so that the rigid 

tools would share the same surface of the slender workpiece. The most flexible mode was 

Table 5-1 Specification of driven system of left-side upper and lower turret and work spindle 

 Unit X1 Y1 Z1 X2 Y2 Z2 C1 

Type of guideway - Rolling Sliding Rolling Rolling Sliding Rolling - 

Lead length mm 8 6 12 8 6 12 - 

Drive system - 
BS +  

coupling 

BS + 

coupling 

BS + 

coupling 

BS + 

belt 

BS + 

belt 

BS + 

coupling 
Belt 

Reduction ratio - 1 1 1 1 1 1 14/13 

Encoder resolution --------------------------------------------------------------------------------------------------------------- 

Linear encoder nm 1 1 - - - - - 

Rotary encoder count/rev 120000 160000 80000 120000 160000 80000 262144 

 nm 66.7 37.5 150 66.7 37.5 150 - 

Ring encoder count/rev - - - - - - 19660800 

* BS: Ball-screw 

 

Fig. 5-10 System configuration for parallel turning tests 
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confirmed around 625–645 Hz (Fig. 5-9), which is a local first bending mode of the workpiece. 

Based on the conclusion in [163], the same depth of cut was set on both sides to obtain high 

process stability. The common cutting conditions and system conditions for MEDOB are 

summarized in Table 5-2.  

The nominal masses for MEDOB were simply set to the design values. Since only the 

high-frequency chatter component was focused, the static/quasistatic friction compensation 

for MEDOB was not performed. In addition, the estimated force on the X1-axis was used 

 

Fig. 5-11 Angle generation by turret’s movement: (a) unequal pitch process, (b) TSM process 

Table 5-2 Common cutting conditions in parallel milling tests and system conditions for MEDOB 

Cutting conditions 

Spindle speed [min−1] 1200 Nose radius, 𝑟𝜀 [mm] 0.79 

Depth of cut in each tool, 𝑎𝑝 [mm] 0.2 Insert rake angle [°] 15 

Feed speed [mm /s] 

(Feed rate, 𝑐 [mm/tooth]) 

3.0 

(0.075) 

Side/Front clearance angle [°] 

(made by edge inclination) 
6 

Material of workpiece SUS303 Side cutting edge angle [°] 

(Approach angle, 𝜅 [°]) 

5 

(85) Diameter of workpiece, 𝐷w [mm] 25 

Projection length [mm] 130 Cutting edge inclination [°] -6 

System conditions for MEDOB (X1-axis) 

Equivalent rotating mass, 𝑀𝑚𝑛 [kg] 734 Conversion factor, 𝑅𝑟𝑛 [m/rad] 1.27×10-3 

Movable mass, 𝑀𝑡𝑛 [kg] 362 Sampling frequency [Hz] 3000 

Torque coefficient, 𝐾𝑚𝑛 [Nm/A] 0.617 Cutoff frequency of LPF [Hz] 1000 
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for chatter evaluation because of the low-damping rolling guideway, although the results 

did not change substantially even if the Y’1-axis was analyzed. When evaluating the chatter 

severity, HPF with 400 Hz cutoff was additionally applied. 

5.5.2. Results of conventional equal pitch parallel turning process 

First, the conventional parallel turning tests were conducted. Owing to mechanical 

limitations, the tool postures cannot be changed, and the apparent tool geometries are 

varied due to TSM, as shown in Fig. 5-6. This implies that the variation in apparent tool 

geometries can help or impede the chatter suppression effect caused by TSM. In addition, 

the equal pitch turning tests at several offset angles are performed to correctly evaluate the 

chatter suppression effect in unequal pitch and TSM process. 

Fig. 5-12 shows the STFT results for the cutting force estimated by MEDOB on the X1-

axis. In Fig. 5-12(a), the chatter is clearly observed. The maximum PSD components 

regarded as dominant chatter frequency change with time from 813 to 734 Hz at an interval 

of ~40 Hz (i.e., tooth-pass frequency) due to changes in the cutting point along the axial 

direction of the workpiece. In Fig. 5-12(b), the chatter seems to be slightly mitigated, 

 

Fig. 5-12 Spectrogram of the cutting force in X1-axis estimated by MEDOB in equal pitch parallel 

turning with several offset angles: (a) 𝜃0 = 0°, (b) 𝜃0 = −5°, (c) 𝜃0 = 10° 
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especially in the latter half of the 

process. In contrast, violent chatter 

vibration is clearly observed in Fig. 

5-12(c). This may be because of the 

variation in apparent tool geometries. 

The negative offset angle yields a small 

apparent clearance angle and a large 

apparent rake angle. In contrast, the 

large apparent clearance angle and 

small apparent rake angle result from 

the positive offset angle. 

Generally, the low clearance angle 

yields a high process damping effect 

and increases the chatter stability 

[160,223,291,292]. In [160,291], the 

monotonic increases in stability were 

analytically indicated as the clearance 

angle decreases. Liu et al. [292] experimentally observed the high process stability by 

utilizing a low-clearance-angle insert. Similar results were obtained in [223], where cutting-

edge chamfers were fabricated to decrease the apparent clearance angle. Additionally, a 

larger rake angle tends to enhance the process stability [292], whereas a lower rake angle 

makes chatter more likely because a larger thrust force is induced. In [293], it was found 

that a smaller rake angle leads to a larger thrust force, and consequently, induces a larger 

chatter amplitude. For a shared-surface parallel turning process with a flexible workpiece, 

Azvar and Budak [163] suggested that tool geometries that induce a large thrust force will 

shrink the stability region of SLD. Nevertheless, the chatter is not completely mitigated in 

Fig. 5-12(b) despite the small apparent clearance angle and large apparent rake angle, 

which are expect to have a positive effect on process stability.  

Here, the observed chatter frequencies seem to be high, considering that the 

regenerative chatter often occurs near the negative peak of the real part of the frequency 

response function [25,245] (e.g., 652 Hz in 𝛷𝑥𝑥
w(eq)

; Fig. 5-13). This indicates that the 

loop/contact stiffness of the total system increases due to the double-side cutting. Although 

a stationary tap test identifies the resonance in the cantilever-beam state (Fig. 5-9), the real 

system may behave like a double-supported beam in shared-surface parallel turning and be 

sensitive to the boundary condition of CWS as well as the cutting position.  

Note that the phase shift (i.e., Eq. (5-21)) corresponding to the chatter frequencies of 

814, 775, and 735 Hz were 126°, 135°, and 135°, respectively, all of which range within 0 <

𝜀𝑐 < 𝜋. The chatter within 0 < 𝜀𝑐 < 𝜋 can also occur depending on the characteristic of 

 

Fig. 5-13 Vector diagram of equivalent 1D TF (𝜅 =

85°, 𝑟𝜀 = 0.79 mm, 𝑐 = 0.075 mm, 𝑎𝑝 = 0.2 mm, and 𝜇𝑓 is 

assumed as 𝐾𝑟𝑐 𝐾𝑡𝑐⁄ = 0.393  in Appendix D → 𝑏𝑤 =

0.56 mm, 𝑏𝑟 = 0.49 mm, ℎ𝑐𝑢 = 0.89 μm, and 𝜂 = 19.5°) 
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𝛷𝑥𝑥
w(eq)

 even in the conventional turning process. The maximum negative real part of 𝛷𝑥𝑥
w(eq)

 

can be sometimes in the second quadrant in the complex plane, ranging from −𝜋 to −3𝜋 2⁄ . 

Consequently, the phase shift becomes 0 < 𝜀𝑐 < 𝜋 in Eq. (5-19). This phenomenon can be 

treated in the framework of the directional factor. Considering Fig. 5-13, however, the 

results shown in Fig. 5-12 ( i. e. , 0 < 𝜀𝑐 < 𝜋)  are attributable to the inherent process–

machine interaction of the parallel turning model, as shown in Fig. 5-3. 

Fig. 5-14(a) shows the observed machined surface for 𝜃0 = 0°. The machined surface 

has deteriorated due to the chatter vibration. The surface roughness was measured by the 

stylus profiling (Flex-50A form Tokyo Seimitsu Co., Ltd.), and became a value of 6.02 μm. 

Here, observing the chatter marks in detail, the tilt of the chatter marks appears to increase 

to the left. This is a well-known chatter-surface topography corresponding to the phase shift 

 

Fig. 5-14 Appearance of machined surface in equal pitch shared-surface parallel turning (𝜃0 = 0°):  

(a) surface picture, (b) consideration of the relationship between phase shift and chatter mark 

 

Feed direction

Chatter mark
10 mm

10 mm

Cutting direction in tool 2

Cutting direction in tool 1

R
e
g
e
n
e
ra

ti
o
n
 a

t 
to

o
l 
2

Calculated phase shift
( )

R
e
g
e
n
e
ra

ti
o
n
 a

t 
to

o
l 
1

Calculated phase shift
( )

Chatter mark direction

Feed direction

C
u
tt

in
g
 d

ir
e
c
ti
o
n

Feed direction

Chatter mark

Y Z

X

Local phase shift ( )

Local phase shift ( )

Y Z

X

C
u

tt
in

g
 d

ir
e

c
ti
o

n

Feed direction
(a)

(b)



Chapter 5 Chatter suppression in parallel turning assisted with tool swing motion 

156 

 

of 𝜋 < 𝜀𝑐 < 2𝜋 and appears to contradict the experimental results of 0 < 𝜀𝑐 < 𝜋.  

This phenomenon can probably be understood as shown in Fig. 5-14(b). In parallel 

turning, the previous vibration at the opposite tool is regenerated; hence, the resultant 

phase shift between the previous vibration at the opposite side (i.e., dash wave of  

𝑥w,t𝑝(𝑡 − 𝜏)) and the present vibration (i.e., solid wave of 𝑥w,t𝑝(𝑡)) appears to range 0 < 𝜀𝑐 <

𝜋, which is directly calculated by Eq. (5-21). However, the phase shift observed from the 

local view of the CWS system (i.e., between solid waves of 𝑥w,t𝑝(𝑡) and 𝑥w,t𝑝(𝑡 − 𝜏)) may be 

2𝜋 − 𝜀𝑐 in range of 𝜋 < 𝜀𝑐 < 2𝜋. Thus, the resultant chatter marks appear to rise to the left. 

Furthermore, as the actual local phase shift in each CWS ranges from 𝜋 to 2𝜋, similar to 

that shown in Fig. 1-6(d), the energy flows into the workpiece from both sides. In summary, 

the accumulated net inflow energy becomes double, which is consistent with the double 

regeneration gain.    

5.5.3. Results of parallel turning assisted with tool swing motion 

Based on the observed dominant vibration frequencies, the TSM design and verification 

tests were demonstrated.  

Table 5-3 shows the results of design criteria for TSM at three dominant chatter frequencies 

obtained by the proposed design procedure in Fig. 5-7. As 𝑁𝑟 = 1 may be too restrictive, 

𝑁𝑟 = 𝑁𝑐 = 2 (i.e., one spindle rotation) was set for Eq. (5-37). 

To discuss the validity of TSM design criteria, a series of tool swing parallel turning 

were conducted while varying the TSM design parameters. First, the RVA was changed by 

varying the tool swing angle at a certain swing frequency. The swing frequency was set as 

5 Hz (i.e., RVF was set as 12.5%) to fully satisfy the lower-limit criterion at all chatter 

frequencies. Note that the offset angle was set when the swing angle exceeded the nominal 

clearance angle of 6° to avoid excessive contact between the flank face and workpiece. An 

apparent minimum clearance angle of 1° was ensured. The experimental conditions are 

shown in Table 5-4, and the results are summarized in Fig. 5-15. 

Fig. 5-15(a) shows some of the spectrograms (STFT, 𝑁𝑤 = 29 samples) of the estimated 

cutting force on the X1-aixs. The chatter was clearly suppressed from |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 4.0° 

(𝑅𝐴 = 1.75 %). As the chatter vibration is not completely damped out in Fig. 5-12(b), the 

chatter suppression effect is yielded by TSM. Fig. 5-15(b) shows the average chatter 

 

Table 5-3 Criteria for TSM designed by the proposed procedure in Fig. 5-7 

Chatter frequency, 𝑓𝑐𝑛 [Hz]  814 775 735 

Nominal lobe number, 𝑘𝑐𝑛 20 19 18 

Nominal phase shift, 𝜀𝑐𝑛 [°]  117 135 135 

Optimal RVA, 𝑅𝐴(𝑜𝑝𝑡) [%] 2.99 3.14 3.32 

Upper limit frequency, 𝑓𝑠𝑤(𝑚𝑎𝑥) [Hz] 7.01 7.00 7.00 

Lower limit frequency, 𝑓𝑠𝑤(𝑚𝑎𝑥)
95%  [Hz] 3.80 3.96 3.97 
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reduction rate, compared to the normal equal pitch turning in Fig. 5-12(a). Spectrum peaks 

corresponding to the swing frequency were observed in the residual signal of the estimated 

cutting force; hence, Fig. 5-15(c) also summarizes the reduction rates calculated after 

applying a comb filter with the basic frequency of 5 Hz. Although the optimal RVA was 

approximately |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 7.0° (𝑅𝐴 = 3.05 %), no significant differences could be observed. 

However, the chatter was robustly suppressed in a large swing angle with the offset angle, 

where a large thrust force might be induced by a small apparent rake angle. This suggests 

that the design range of the swing angle can be secured.  

The chatter was sufficiently suppressed from 𝑅𝐴 = 1.75 %, which was relatively small 

compared to the predicted optimal value. This may be because 𝑅𝐴 = 1.75 % with 𝑅𝐹 =

12.5% (i.e., 𝑅𝑉 = 0.22 %) was enough to suppress the chatter at a cutting depth of 0.2 mm. 

Here, considering the region of negative energy balance around 𝑚𝑓 = 3.832  ranging 

2.405 < 𝑚𝑓 < 5.502 (see Fig. 4-4), the RVA is 1.97% at 𝑚𝑓 = 2.405 (i.e., the first Bessel null 

point) for 𝑓𝑐 = 775 Hz. This is close to |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 4.5°, where the process starts stabilizing.  

Observing the results of SLD studies for the SSV process [151,152,230], it seems that 

the stability starts to improve after a certain RVA value, and then, the stability limit 

increases or decreases according to the RVA and RVF. Similarly, in the net inflow energy 

behavior of SSV governed by 𝐽0(𝑚𝑓), the energy is extremely high at a very low RVA before 

𝑚𝑓 = 2.405, and then increases and decreases according to 𝑚𝑓; however, its local maximum 

point is small compared to that in the CSS process. Therefore, the boundary for stability 

improvement may exist around 𝑚𝑓 = 2.405, although 𝑅𝐴 = 3.05% is expected to be robust 

in a larger depth of cut (i.e., stronger chatter condition). 

If the RVA design criterion proposed by Al-Regib et al. (Eq. (4-32): 𝑅𝐴(𝑜𝑝𝑡) = 𝜀𝑐𝑛 (2𝜋𝑘𝑐𝑛)⁄ ) 

is employed, the RVA is also 1.97 % for 𝑓𝑐 = 775 Hz and the corresponding lower limit value 

of the swing frequency in Eq. (5-37) becomes 5.1 Hz. This seems reasonable for the 

experimental results. As discussed in Fig. 4-5 and Fig. 4-6, however, Eq. (4-32) is very 

sensitive to the phase shift, because it eventually has the same formula as DSST. For 

example, if the chatter frequency is observed at 771 Hz (deviates by only 4 Hz from 775 Hz), 

the phase shift becomes 99° and the resultant optimal RVA value is 1.45%, which is close 

Table 5-4 TSM conditions for experimental tests while varying maximum swing angle at 𝑓𝑠𝑤 = 5.0 Hz 

Swing frequency, 𝑓𝑠𝑤 [Hz]     5.0     

Corresponding RVF, 𝑅𝐹 [%]     12.5     

Swing angle, |𝜃𝑠𝑤(𝑚𝑎𝑥)| [°] 2.0 3.0 4.0 4.5 5.0 6.0 7.0 8.0 9.0 

Corresponding RVA, 𝑅𝐴 [%] 0.87 1.31 1.75 1.96 2.18 2.61 3.05 3.49 3.93 

RV factor, 𝑅𝑉 = 𝑅𝐴 ∙ 𝑅𝐹 [%] 0.11 0.16 0.22 0.25 0.27 0.33 0.38 0.44 0.49 

Offset angle, 𝜃0 [°] 0.0 0.0 0.0 0.0 0.0 1.0 2.0 3.0 4.0 

Movement in Y’-axis, 𝑋𝑡 𝑦′  [mm] 0.62 0.93 1.2 1.4 1.5 1.8 2.2 2.5 2.8 

Movement in X-axis, 𝑋𝑡 𝑥  [mm] 0.44 0.67 0.90 1.0 1.1 1.4 1.6 1.9 2.1 

* Turrets’ movement in Y’-axis, 𝑋𝑡 𝑦′, and X-axis, 𝑋𝑡 𝑥, are calculated based on |𝜃𝑠𝑤(𝑚𝑎𝑥)|. 
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to |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 3.0°, where chatter occurs. As a phase shift close to 0° is regarded as a 

stability pocket in DSST, the RVA value is calculated to be small (see Fig. 4-6). 

Here, Fig. 5-16 shows the results when no offset angle is applied at |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 9.0°. A 

large vibration occurs because of the excessive impact on the flank face in every swing 

period, rather than the regenerative effect. In fact, the frequency range of the vibration was 

obviously different from that shown in Fig. 5-15(a) and closer to the workpiece resonant 

 

Fig. 5-15 Summary of experiments while varying the maximum swing angle at 𝑓𝑠𝑤 = 5.0 Hz: (a) part 

of STFT results of the estimated cutting force on X-axis (|𝜃𝑠𝑤(𝑚𝑎𝑥)| = 2.0°, 3.0°, and 4.0°), (b) chatter 

reduction rate, (c) chatter reduction rate eliminating swing-frequency-induced spectrum 
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frequency. As the flank face is scraped off around the contact area as the machining 

progresses, the vibration might have gradually disappeared. The excessive progress of the 

flank wear was observed after machining. Thus, it is important to set the offset angle 

properly for a safe process. 

In addition, a series of experimental tests were conducted while changing the swing 

frequency at |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 5.0°. The experimental conditions are shown in Table 5-5, and the 

results are summarized in Fig. 5-17. In short, the results were similar to those shown in 

Fig. 5-15, although RV factor was different in the same RVA. This suggests that the RVA 

tends to affect the chatter stability more substantially than the RVF, similar to the SSV 

process. In addition, the RVA in the TSM process can be controlled by not only the swing 

angle but also the swing frequency, as predicted in Eq. (5-35), although no significant 

differences for the optimal RVA value are observed in these experiments. 

Fig. 5-18 also shows the results of the experimental tests conducted at different swing 

frequencies (𝑓𝑠𝑤 = 3.0 Hz, 𝑓𝑠𝑤 = 4.5 Hz, 𝑓𝑠𝑤 = 20 Hz) under a fixed RVA value (i.e., swing 

angle is also changed). An RVA of 1.96% was employed to avoid an excessively large swing 

angle. In Fig. 5-18(a), the estimated cutting force in each test is shown. Note that the 

frequency components synchronizing the swing frequency were eliminated by the comb 

filter. In addition, Fig. 5-18(b) shows the swing angle response calculated from the turret 

position responses in case of 𝑓𝑠𝑤 = 3.0 Hz. The relative spindle speed calculated from the 

 

Fig. 5-16 Comparison result with or without angle offset in |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 9.0°: (a) 𝜃0 = 4.0°, (b) 𝜃0 = 0.0° 

 

Table 5-5 TSM conditions for experimental tests while varying swing frequency at |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 5.0° 

Swing frequency, 𝑓𝑠𝑤 [Hz] 2.0 3.0 4.0 4.5 5.0 6.0 7.0 8.0 9.0 

Corresponding RVF, 𝑅𝐹 [%] 5.00 7.50 10.0 11.3 12.5 15.0 17.5 20.0 22.5 
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swing angle response is also shown on the right-side vertical axis. At 𝑓𝑠𝑤 = 3.0 Hz, the beat 

vibration was clearly observed around the maximum relative spindle speed similar to the 

SSV process, because of the insufficient swing frequency, whereas the chatter was 

suppressed at 𝑓𝑠𝑤 = 4.5 Hz.  

However, the suppression performance was deteriorated again at 𝑓𝑠𝑤 = 20 Hz (𝑅𝐹 =

50 %). As already discussed in Fig. 4-9, an excessively high RVF can reduce the efficiency 

 

Fig. 5-17 Summary of experiments while varying maximum swing angle at |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 5.0°: (a) part 

of STFT results of the estimated cutting force in X-axis (𝑓𝑠𝑤 = 2.0°, 3.0°, and 4.0°), (b) Chatter reduction 

rate, (c) Chatter reduction rate with eliminating swing-frequency-induced spectrum 
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of the SSV/TSM effect. At 𝑅𝐹 = 50 % with 𝑅𝐴 = 1.96%, it is confirmed that the amplitude 

ratio of the delay terms representing the efficiency (i.e., Eq. (4-43)) has already dropped by 

64%. In short, the delay variation appears as the case of 𝑅𝐴 = 1.25% even at 𝑅𝐴 = 1.96%. 

The chatter reduction rate with the comb filter at 𝑓𝑠𝑤 = 20 Hz is 68.3%.  

From the above results, the swing frequency of ~4 Hz seems to be necessary to 

sufficiently suppress the chatter vibration. Here, a high variation frequency, such as 4 Hz, 

is generally severe for the spindle drive system. Several studies have indicated the practical 

difficulty of a fast SSV due to machine limitations, such as spindle-motor bandwidth and 

power [240,242]. These limitations are attributed to the machine and workpiece 

specification [280]. To maintain a low variation frequency, the RVA is alternatively set to be 

high in the SSV process by allowing a large variation in the cutting speed. However, this 

large variation will reduce the tool life [294]. The machinability limitation originates from 

the tool insert and workpiece material. Nevertheless, the tool life will be substantially 

extended when the process is stabilized from the chatter condition [295].  

 

Fig. 5-18 Experimental results obtained with various swing frequency at 𝑅𝐴 = 1.96 %: (a) enlarged 

view of estimated cutting force in each test, (b) time-varying swing angle and relative spindle speed 

calculated from the actual turret position response at 𝑓𝑠𝑤 = 3.0 Hz, |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 7.5°, and 𝜃0 = 2.5° 
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In contrast, the bandwidth of the position control loop in the feed drive system is usually 

on the order of 25–30 Hz even for typical CNC machines [2,289]; hence, the constraint of 

the frequency bandwidth will not be a big problem for realization. As a result, there is a 

good possibility of using a low RVA (i.e., local minimum point of 𝐽0(𝑚𝑓) with low modulation 

index), especially in the turning process. However, the swing angle can become relatively 

large even at a low RVA value. As the tool posture cannot be changed, a large swing angle 

and offset angle will accelerate the tool wear because of the large thermo-mechanical load 

[294] in the positive-swing-angle region (i.e., small apparent rake angle) or a long contact 

length on the flank face [224] in the negative-swing-angle region (i.e., small apparent 

clearance angle). To minimize such adverse effect of TSM and maintain little turret 

movement, it is preferable to set the swing frequency as large as possible for the same RVA 

to minimize the maximum swing angle. In this case, the upper-frequency-limit curve (e.g., 

Eq. (5-39)) can be directly used to determine the swing frequency, as the recommended RVA 

value is determined first. If this is still not enough for the acceptable maximum swing angle, 

𝑚𝑓 = 2.405, which is the boundary for the negative energy balance around 𝐽0(3.832), may 

be an alternative.  

5.5.4. Comparison of chatter stabilizing performance 

In this subsection, the chatter stabilizing performance is compared with the unequal 

pitch turning. The pitch angle difference, 𝜃𝑝, was designed as 4.6° with Eq. (5-29) based on 

𝑓𝑐 = 775 Hz as a representative value. The corresponding amounts of turret movement on 

the Y’- and X-axes are 0.72 and 0.52 mm, respectively. In tool swing parallel turning, 

|𝜃𝑠𝑤(𝑚𝑎𝑥)| = 4.5°, 𝑓𝑠𝑤 = 5.0 Hz, and 𝜃0 = 0.0° were employed since this combination of TSM 

parameters has been confirmed to sufficiently suppress the chatter. 

Fig. 5-19 shows the results of the moving average (MV) of the estimated cutting force in 

the high-frequency range (i.e., 400–1000 Hz). Note that for a fair comparison, the comb filter 

was not applied to signals in the TSM process. The window length for MV is set to 29 

 

Fig. 5-19 Results of moving variance of the estimated cutting force in each process: (a) Overview, (b) 

enlarged view  
 

(a) (b)
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samples, as in STFT in the previous analysis. Because the variance represents the total 

power spectrum of the whole frequency band, except the DC component, MV shows a 

temporal change in the total power spectrum.  

In the overview of Fig. 5-19(a), on one hand, a high MV is clearly observed in equal pitch 

turning because of the large power spectrum of the chatter vibration. On the other hand, a 

very small MV is confirmed for the unequal pitch and tool swing parallel turning. This 

means that the chatter vibrations were completely suppressed in these processes. As can be 

seen in the enlarged view of Fig. 5-19(b), the MV of the chatter vibration in the TSM process 

is as small as that in the case of unequal pitch turning. In summary, the proposed tool swing 

parallel turning exhibits the same level of chatter stabilizing performance as the unequal 

pitch, and thus, is remarkably effective for chatter suppression. 

However, TSM-induced marks were observed on the machined surface, as shown in Fig. 

5-20. The chatter surface in the conventional equal pitch turning has already been shown 

in Fig. 5-14(a). In the unequal pitch turning of Fig. 5-20(a), the surface quality is 

considerably improved because of chatter suppression. In the TSM process of Fig. 5-20(c), 

periodic vertical marks can be observed, although there are no chatter marks. They are 

marks generated by the tool swing process, as evidenced by the period of the marks 

coinciding with the swing period. A possible reason causing the swing marks is a follow-up 

error of the turret position during TSM. 

 Fig. 5-21 shows an exemplary result of the position responses in the XY-plane of the 

upper and lower turrets in air cutting with TSM. The position trajectories deviated from 

the ideal circumferential locus of the workpiece. This may be because of a tracking error of 

 
Fig. 5-20 Machine surface: (a) unequal pitch parallel turning, (b) tool swing parallel turning 
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the position control system in the prototype machine tool controlled by an open CNC 

controller. As shown in Fig. 5-11, since the actual machine-tool axes of Y’1 and Y’2 are tilted 

(i.e., oblique coordinate system), positions in both X- and Y-axes are changed at the same 

time when a turret moves in Y’-direction; hence, the position responses in XY’-axes of 

machine tool should be synchronized elaborately to obtain the desired displacement in XY-

plane. Therefore, the swing marks would be eliminated by tuning the position 

responsiveness of machine tool axes through changing controller gains or inputting 

compensation signals. Although there were swing marks, because they were not unstable, 

the surface quality was still enhanced compared to the chatter condition. Note that the 

apparent tool geometries also change continuously according to the TSM. This may also 

affect the surface quality of the machined workpiece; hence, it is important to design the 

swing angle as small by increasing the swing frequency from the viewpoint of not only tool 

wear but also surface integrity. As the lobe number is usually large in the turning process, 

there is a high possibility that the maximum swing angle is small.  

5.5.5. Comparison in workpiece runout 

 As mentioned in the first section, one of motivations for tool swing parallel turning is 

the concern that unequal pitch turning would cause the eccentricity of a flexible workpiece 

due to unbalanced cutting forces (see Fig. 1-15). 

Fig. 5-22 shows the experimental setup for measuring the workpiece runout during the 

machining process. A special jig equipped with three eddy current displacement sensors 

(EX-305, from KEYENCE) was fixed to the upper-right turret of the machine tool. The 

 
Fig. 5-21 Follow-up error of turret position control during tool swing motion (𝐷w = 22.1 mm, 𝑓𝑠𝑤 =

5.0 Hz, |𝜃𝑠𝑤(𝑚𝑎𝑥)| = 4.5°, and 𝜃0 = 0.0°) 
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vibration displacement at the test section of the workpiece was measured during process. 

To visualize the vibration trajectory of the workpiece center, the output obtained from the 

three eddy current displacement sensors was reconstructed to illustrate the displacement 

in the XY-plane by using the three-point method.  

Fig. 5-23 shows the vibration locus of the workpiece center in the XY-plane. In the equal 

pitch turning shown in Fig. 5-23(a), the trajectory exhibited a large variation because of the 

chatter onset. Under the stable conditions shown in Fig. 5-23(b) and (c), the variation 

reduced as the chatter was suppressed. However, in the unequal pitch turning shown in Fig. 

5-23(b), the deviation of the locus center from the coordinate center was large despite the 

stable condition. This would be because the static-force vectors cannot cancel each other out, 

as illustrated in Fig. 1-15. The eccentricity of the workpiece in unequal pitch turning may 

increase either when a longer workpiece is machined or when the shifted pitch angle is 

larger. In contrast, Fig. 5-23(c) shows that tool swing parallel turning could suppress the 

chatter vibration without eccentricity of the workpiece.  

 

Fig. 5-22 Experimental setup for measuring workpiece runout 

 

Fig. 5-23 Vibration locus of the workpiece center: (a) equal pitch turning, (b) unequal pitch parallel 

turning, (c) tool swing parallel turning 
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5.6. Summary 

This chapter proposed a chatter suppression technique in parallel turning using the 

TSM provided by a feed drive system of CNC machine tools under the assumption: rigid 

tools under the same cutting conditions machine the shared surface of the flexible workpiece. 

In the TSM process, two tools are swung in the circumferential direction of the workpiece 

sinusoidally while maintaining equal pitch. The contents are summarized as follows: 

1. The essential mechanism for chatter suppression in the TSM process could be 

interpreted in the same way as the SSV process; hence, the systematic monitoring-

based (i.e., chatter frequency basis) design procedure for TSM in a sinusoidal manner 

was also considered based on the analogy with SSSV shown in Chapter 4. As TSM is 

provided by only the feed drive system, not only the design parameters can be flexibly 

adjusted similar to SSV but also there may be a good chance to fulfill the frequency 

threshold for effective chatter suppression due to the bandwidth advantage.  

2. In the TSM process, RVA could be controlled by not only the swing angle but also the 

swing frequency. When the tool posture cannot be changed by synchronizing TSM, the 

combination with a larger swing frequency and a smaller swing angle should be better 

considering the side-effects, such as tool wear. Similar to SSV, however, a too high RVF 

led to a decrease in the efficiency of the TSM effect, and chatter could reoccur. This 

phenomenon can be avoided by introducing the RVF limit boundary, as also discussed 

in subsection 4.3.3. Considering the inevitable side-effects, such as promoting motor-

energy consumption and tool wear, the TSM process should be applied only when the 

chatter onset is confirmed. In that case, the system integration with real-time chatter 

detection/monitoring and automatic in-situ design must be achieved. 

3. The chatter stabilization performance in the TSM process was experimentally 

evaluated and compared with the conventional equal pitch and unequal pitch turning. 

The TSM process exhibited an effective chatter suppression performance at the same 

level as the unequal pitch turning. Instead of the chatter marks, however, swing marks 

were observed on the machined surface. This could be mainly attributed to the follow-

up error of the turret position depending on the tool swing motion in the prototype 

machine tool.  

4. The eccentricity of the workpiece during the TSM process was also compared with the 

conventional equal pitch and unequal pitch turning. In the TSM process, the chatter 

vibration was suppressed without the eccentricity of the workpiece, whereas the 

workpiece runout from the coordinate center was observed in unequal pitch turning. 

This may be because the unbalanced force vectors are not induced in the TSM process.
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6. Chatter suppression in parallel milling 

with adaptive spindle speed control 
 

6.1. Assumptions and concepts 

With regard to parallel milling process, Shamoto et al. [244,245] proposed a simple 

strategy, in which regenerative effect is canceled out comprehensively by a plurality of 

cutters rotating at different speeds. This technique is called the speed difference method 

(SDM). In the SDM, the optimal speed difference is also provided only from the chatter 

frequency based on a design principle similar to that of a VPC tool. Some of the previous 

studies presented the SDM for a flexible thin plate, machined by a double-sided face milling 

machine rotating in the “same” direction, where an SDoF vibration in a 1D space 

perpendicular to the machining surface (i.e., thickness direction of the thin-plate workpiece) 

can be assumed. Considering only the regenerative effect in the thickness direction, the 

effectiveness of the SDM was clarified analytically and experimentally (Fig. 1-11). 

However, if the workpiece is flexible on a plane perpendicular to the tool axis direction, 

two tools should be rotated in opposite directions to avoid the torsional deformation of the 

workpiece by balancing the cutting forces, as shown in Fig. 6-1. Additionally, the dynamic 

variations of the cutting width will dominantly occur on this plane (i.e., ZY-plane, shown in 

Fig. 6-1), and not along the thickness direction (i.e., X-direction); hence, the process–

machine interaction/dynamics on the ZY-plane must be considered. 

In this chapter, the SDM for a flexible workpiece, machined simultaneously by two tools 

rotating in opposite directions is analyzed by developing a process model that focuses on 

the regenerative effect on a plane perpendicular to the tool axis direction. Because the 

effectiveness of the SDM has not been elucidated for this scenario, it is discussed with a 

series of developed process simulations in time- as well as frequency- domains, in addition 

to a set of experiments. Furthermore, an automatic chatter suppression system oriented 

towards an SOMS is also presented in this chapter. By adaptively optimizing the difference 

in the spindle speeds during the process (i.e., an adaptive SDM), the chatter can be 

suppressed more robustly. The adaptive SDM system is achieved by real-time tracking of 

the chatter frequency from the observer-based estimated cutting force. 

 

6.2. Modeling of double-sided parallel milling process 

6.2.1. Time-domain modeling 

Fig. 6-1 shows a schematic of the double-sided parallel end milling process. A local 

Cartesian coordinate system XYZ and a rotating coordinate UV are defined for each tool. 
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The workpiece coordinate system XwYwZw coincides with the global coordinate system of 

the machine (refer to the experimental setup of Fig. 6-10). In the time-domain simulation, 

the minute cutting forces are calculated in all the discrete minute disk elements, which are 

the divisions along the tool axial direction, with ∆𝑎𝑝 = 𝑎𝑝 𝑁𝐿⁄ , where 𝑎𝑝 [m] is an axial 

depth of cut, 𝑁𝐿 [−] is the number of minute disk elements, and therefore ∆𝑎𝑝 [m] is the 

thickness of each minute disk element. 

 

Fig. 6-1 Schematic diagram of a double-sided parallel end milling process 
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Subsequently, the total cutting force is derived by summing up all the directional minute 

cutting forces. Assuming that each minute cutting force acts on a corresponding cutting 

edge, the minute cutting forces in the tangential, radial, and axial directions at tooth 𝑗 (𝑖 =

1,2,… ,𝑁𝑐
t𝑝
) in disk ℎ (ℎ = 1, 2,… ,𝑁𝐿

t𝑝
) of tool 𝑝 (𝑝 = 1,2) can be calculated as follows: 

𝑑𝐹𝑡 𝑗,ℎ
t𝑝

(𝜃𝑗,ℎ 
t𝑝

) = [𝐾𝑡𝑐
t𝑝
ℎ𝑐 𝑗,ℎ
t𝑝

(𝜃𝑗,ℎ
t𝑝
) + 𝐾𝑡𝑒

t𝑝
]𝛿(𝜃𝑗,ℎ

t𝑝
)∆𝑎𝑝

t𝑝
 

𝑑𝐹𝑟 𝑗,ℎ
t𝑝

(𝜃𝑗,ℎ
t𝑝
) = [𝐾𝑟𝑐

t𝑝
ℎ𝑐 𝑗,ℎ
t𝑝

(𝜃𝑗,ℎ
t𝑝
) + 𝐾𝑟𝑒

t𝑝
]𝛿(𝜃𝑗,ℎ

t𝑝
)∆𝑎𝑝

t𝑝
 

𝑑𝐹𝑎 𝑗,ℎ
t𝑝

(𝜃𝑗,ℎ
t𝑝
) = [𝐾𝑎𝑐

t𝑝
ℎ𝑐 𝑗,ℎ
t𝑝

(𝜃𝑗,ℎ
t𝑝
) + 𝐾𝑎𝑒

t𝑝
]𝛿(𝜃𝑗,ℎ

t𝑝
)∆𝑎𝑝

t𝑝 

(6-1) 

where 𝑑𝐹𝑡  [N], 𝑑𝐹𝑟  [N], and 𝑑𝐹𝑎 [N] are the minute tangential, radial, and axial cutting 

forces, respectively, and 𝐾𝑡𝑐  [N m2⁄ ] , 𝐾𝑟𝑐  [N m2⁄ ] , 𝐾𝑎𝑐  [N m2⁄ ] , 𝐾𝑡𝑒  [N m⁄ ] , 𝐾𝑟𝑒  [N m⁄ ] , and 

𝐾𝑎𝑒  [N m⁄ ] are the cutting/edge force coefficients in each corresponding direction. Note that 

( )t𝑝 indicates values for tool 𝑝 (𝑝 = 1,2). 

Here, 𝜃𝑗,ℎ
t𝑝
 [rad] are a rotation angle at 𝑗-th tooth in ℎ-th disk of 𝑝-th tool, and 𝛿(𝜃𝑗,ℎ

t𝑝
) is 

a unit step function to discriminate whether the corresponding cutting edge is in or out of 

cut, which are defined as follows: 

𝜃𝑗,ℎ
t𝑝

= 𝜃1,1
t𝑝

+ (𝑗 − 1)𝜃𝑝
t𝑝

−
2(ℎ − 1) tan𝛽𝐿

t𝑝

𝐷t𝑝
∆𝑎𝑝

t𝑝
 (6-2) 

𝛿(𝜃𝑗,ℎ
t𝑝
) = {

1 ← 𝜃𝑠𝑡
t𝑝

≤ 𝜃𝑗,ℎ
t𝑝

≤ 𝜃𝑒𝑥
t𝑝

0 ← 𝜃𝑗,ℎ
t𝑝

< 𝜃𝑠𝑡
t𝑝
 or 𝜃𝑗,ℎ

t𝑝
> 𝜃𝑒𝑥

tp (6-3) 

where 𝜃𝑝 [rad], 𝛽𝐿  [rad], and 𝐷t [m] are the pitch angle, helix angle, and diameter of tool, 

respectively. In addition, the start angle, 𝜃𝑠𝑡 [rad], and the exit angle, 𝜃𝑒𝑥  [rad], can be 

basically calculated based on the relationship between the tool diameter and the radial depth 

of the cut, 𝑎𝑒  [m], as follows: 

𝜃𝑠𝑡
t𝑝

= {

                0                  ,     for an up cut

cos−1 (
2𝑎𝑒

t𝑝
− 𝐷t𝑝

𝐷tp
) ,   for a down cut

 

𝜃𝑒𝑥
t𝑝

= {
cos−1 (

𝐷t𝑝 − 2𝑎𝑒

𝐷t𝑝
) ,    for an up cut

                𝜋                 ,     for a down cut

 

(6-4) 

Note that when a cylindrical workpiece is machined as shown in Fig. 6-1, the starting 

and exit angles for the engagement also depend on the height in the tool axis direction; 

hence the engagement angle must be modified at each of the minute disk elements. However, 

Eq. (6-4) is simply used in the simulation to capture the process stability tendency.  

The uncut chip thicknesses, ℎ𝑐 𝑗,ℎ
t1 (𝜃𝑗,ℎ

t1 ) [m]  and ℎ𝑐 𝑗,ℎ
t2 (𝜃𝑗,ℎ

t2 ) [m] , can be derived by 

considering the dynamic vibration of the CWS due to the present and previous vibration 
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(i.e., 𝑞(𝑡) and 𝑞(𝑡 − 𝜏); 𝑞: 𝑦, 𝑧), as follows:  

ℎ𝑐 𝑗,ℎ
t1 (𝜃𝑗,ℎ

t1 ) = 𝑐t1sin𝜃𝑗,ℎ
t1 + (∆𝑧t1 + ∆𝑧w,t1) sin 𝜃𝑗,ℎ

t1 + (∆𝑦t1 − ∆𝑦w,t1) cos 𝜃𝑗,ℎ
t1  

ℎ𝑐 𝑗,ℎ
t2 (𝜃𝑗,ℎ

t2 ) = 𝑐t2sin𝜃𝑗,ℎ
t2 + (∆𝑧t2 + ∆𝑧w,t2) sin 𝜃𝑗,ℎ

t2 + (∆𝑦t2 + ∆𝑦w,t2) cos 𝜃𝑗,ℎ
t2  

(6-5) 

where 

∆𝑞t𝑝 = 𝑞t𝑝(𝑡) − 𝑞t𝑝(𝑡 − 𝜏t𝑝);  ∆𝑞w,t𝑝 = 𝑞w(𝑡) − 𝑞w(𝑡 − 𝜏t𝑝);   𝑞: 𝑦, 𝑧 (6-6) 

Note that ( )w indicates values for the workpiece. 

Next, the minute cutting force in Eq. (6-1) can be converted to a cutting force in the 

Cartesian tool coordinate system (i.e., 𝑑𝐹𝑥 [N], 𝑑𝐹𝑦 [N], and 𝑑𝐹𝑧 [N]) as follows: 

𝑑𝐹𝑥 𝑗,ℎ
t𝑝

(𝜃𝑗,ℎ
t𝑝
) = −𝑑𝐹𝑎 𝑗,ℎ

t𝑝
                                              

𝑑𝐹𝑦 𝑗,ℎ
t𝑝

(𝜃𝑗,ℎ
t𝑝
) = +𝑑𝐹𝑡 𝑗,ℎ

t𝑝
sin 𝜃𝑗,ℎ

t𝑝
− 𝑑𝐹𝑟 𝑗,ℎ

t𝑝
cos𝜃𝑗,ℎ

t𝑝
 

𝑑𝐹𝑧 𝑗,ℎ
t𝑝

(𝜃𝑗,ℎ
t𝑝
) = −𝑑𝐹𝑡 𝑗,ℎ

t𝑝
cos𝜃𝑗,ℎ

t𝑝
− 𝑑𝐹𝑟 𝑗,ℎ

t𝑝
sin 𝜃𝑗,ℎ

t𝑝  

(6-7) 

Subsequently, the total cutting forces of the 𝑝 -th tool in the XYZ-direction, 𝐹𝑞 [N] 

(𝑞: 𝑥, 𝑦, 𝑧) are obtained by summing Eq. (6-7),as follows: 

𝐹𝑞
t𝑝(𝜃t𝑝) = ∑∑𝑑𝐹𝑞 𝑗,ℎ

t𝑝
(𝜃𝑗,ℎ

t𝑝
)

𝑁𝐿
t𝑝

ℎ=1

𝑁𝑐
t𝑝

𝑗=1

, 𝑞: 𝑥, 𝑦, 𝑧 (6-8) 

Finally, the cutting forces acting on the workpiece are defined based on the directional 

cutting forces of each tool by considering the law of action and reaction, as follows: 

𝐹𝑥
w(𝜃t1, 𝜃t2) = +𝐹𝑥

t1(𝜃t1) − 𝐹𝑥
t2(𝜃t2) 

𝐹𝑦
w(𝜃t1, 𝜃t2) = −𝐹𝑦

t1(𝜃t1) + 𝐹𝑦
t2(𝜃t2) 

𝐹𝑧
w(𝜃t1, 𝜃t2) = +𝐹𝑧

t1(𝜃t1) + 𝐹𝑧
t2(𝜃t2) 

(6-9) 

A time-domain chatter simulation can be performed using a coupled calculation of the 

cutting force, the vibration responses of the tools and workpiece based on equations above 

and the modeled machine FRFs. Next, the frequency-domain model is described to discuss 

the stability behavior. 

6.2.2. Frequency-domain modeling 

Fig. 6-2 shows a general block diagram representing the dynamic variation of the 

double-sided parallel end milling process in the ZY-plane, which can be derived from the 

developed process model represented by Eqs. (6-1)–(6-9). Note that the helix angle is not 

considered in Fig. 6-2 and the time-varying directional matrix of the milling process force 

composed of 𝛼𝑞𝑞′ is the same as that in a conventional milling process [24,25,125], which 

is represented as follows: 
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𝛼𝑧𝑧
t𝑝

= ∑ −𝛿(𝜃𝑗
t𝑝
)[sin(2𝜃𝑗

t𝑝
) + 𝑘𝑟

t𝑝
(1 − cos(2𝜃𝑗

t𝑝
))]

𝑁𝑐
t𝑝

𝑗=1
 

𝛼𝑧𝑦
t𝑝

= ∑ −𝛿(𝜃𝑗
t𝑝
)[(1 + cos(2𝜃𝑗

t𝑝
)) + 𝑘𝑟

t𝑝
sin(2𝜃𝑗

t𝑝
)]

𝑁𝑐
t𝑝

𝑗=1
 

𝛼𝑧𝑧
t𝑝

= ∑ −𝛿(𝜃𝑗
t𝑝
)[sin(2𝜃𝑗

t𝑝
) + 𝑘𝑟

t𝑝
(1 − cos(2𝜃𝑗

t𝑝
))]

𝑁𝑐
t𝑝

𝑗=1
 

𝛼𝑧𝑦
t𝑝

= ∑ −𝛿(𝜃𝑗
t𝑝
)[(1 + cos(2𝜃𝑗

t𝑝
)) + 𝑘𝑟

t𝑝
sin(2𝜃𝑗

t𝑝
)]

𝑁𝑐
t𝑝

𝑗=1
 

(6-10) 

 

Fig. 6-2 Block diagram of double-sided parallel end milling process 
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where 𝑘𝑟 [−] is the ratio of radial to tangential cutting force: 𝑘𝑟 = 𝐾𝑟𝑐 𝐾𝑡𝑐⁄ . 

Here, the tool vibration can be neglected, as a flexible workpiece is assumed in this 

dissertation. Additionally, the same cutting conditions on both sides with identical equal-

pitch tools are assumed except for the spindle speed (i.e., 𝑎𝑝
t1 = 𝑎𝑝

t2, 𝐾𝑡𝑐
t1 = 𝐾𝑡𝑐

t2, 𝛼𝑞𝑞′
t1 = 𝛼𝑞𝑞′

t2 , 

and 𝜀𝑐 𝑗
t1 = 𝜀𝑐 𝑗′

t2 ). Consequently, Fig. 6-2 is simplified to Fig. 6-3, where the zeroth order 

approximation (ZOA) (i.e., 𝛼𝑞𝑞′  becomes time-invariant average directional dynamic 

milling force coefficient of 𝛼0 𝑞𝑞′) [125] is also assumed. 

 Based on Fig. 6-3, the characteristic force equation to analyze the process stability can 

be obtained as follows: 

{
𝐹𝑧
w

𝐹𝑦
w} =

1

2
𝑎𝑝𝐾𝑡𝑐 {

[
2𝛼0 𝑧𝑧 0

0 2𝛼0 𝑦𝑦
] − 𝑒−𝑖𝜀𝑐

t1
[
𝛼0 𝑧𝑧 −𝛼0 𝑧𝑦

−𝛼0 𝑦𝑧 𝛼0 𝑦𝑦
]

−𝑒−𝑖𝜀𝑐
t2
[
𝛼0 𝑧𝑧 𝛼0 𝑧𝑦

𝛼0 𝑦𝑧 𝛼0 𝑦𝑦
]

} [
𝛷𝑧𝑧

w 𝛷𝑧𝑦
w

𝛷𝑦𝑧
w 𝛷𝑦𝑦

w ] {
𝐹𝑧
w

𝐹𝑦
w} (6-11) 

where 

𝛼0 𝑧𝑧 = 𝑁𝑐 (4𝜋)⁄ [cos(2𝜃) − 2𝑘𝑟𝜃 + 𝑘𝑟 sin(2𝜃)]𝜃𝑠 
𝜃𝑒𝑥 

𝛼0 𝑧𝑦 = 𝑁𝑐 (4𝜋)⁄ [− sin(2𝜃) − 2𝜃 + 𝑘𝑟 cos(2𝜃)]𝜃𝑠 
𝜃𝑒𝑥 

𝛼0 𝑦𝑧 = 𝑁𝑐 (4𝜋)⁄ [− sin(2𝜃) + 2𝜃 + 𝑘𝑟 cos(2𝜃)]𝜃𝑠 
𝜃𝑒𝑥 

𝛼0 𝑦𝑦 = 𝑁𝑐 (4𝜋)⁄ [−cos(2𝜃) − 2𝑘𝑟𝜃 − 𝑘𝑟 sin(2𝜃)]𝜃𝑠 
𝜃𝑒𝑥 

(6-12) 

 

Fig. 6-3 Block diagram with ZOA of double-side parallel milling with a flexible workpiece (identical 

rigid tool with the same pitch and cutting conditions is assumed, except for the spindle). 

 

Cutting force matrix

Cutting force matrix 

FRF matrix of workpiece

Delay in CWS 2

Delay in CWS 1
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Here, it is assumed that the phase difference between tools 1 and 2, ∆𝜀𝑐  [rad] can be 

controlled by changing the spindle speed as follows: 

𝜀𝑐
t2 = 𝜀𝑐

t1 + ∆𝜀𝑐  →  𝑒−𝑖𝜀𝑐
t2
= 𝑒−𝑖∆𝜀𝑐𝑒−𝑖𝜀𝑐

t1
 (6-13) 

Therefore, Eq. (6-11) can be rearranged as follows: 

{
𝐹𝑧
w

𝐹𝑦
w} =

1

2
𝑎𝑝𝐾𝑡𝑐{[𝑨𝟎] − 𝑒−𝑖𝜀𝑐

t1
[𝑫𝑴𝚫]}[𝑻𝑭] {

𝐹𝑧
𝑤

𝐹𝑦
𝑤} (6-14) 

[𝑨𝟎] = [
2𝛼0 𝑧𝑧 0

0 2𝛼0 𝑦𝑦
] (6-15) 

[𝑫𝑴𝜹] = [
(+1 + 𝑒−𝑖∆𝜀𝑐)𝛼0 𝑧𝑧 (−1 + 𝑒−𝑖∆𝜀𝑐)𝛼0 𝑧𝑦

(−1 + 𝑒−𝑖∆𝜀𝑐)𝛼0 𝑦𝑧 (+1 + 𝑒−𝑖∆𝜀𝑐)𝛼0 𝑦𝑦

] (6-16) 

[𝑻𝑭] = [
𝛷𝑧𝑧

w 𝛷𝑧𝑦
w

𝛷𝑦𝑧
w 𝛷𝑦𝑦

w ] (6-17) 

Note that the helix angle is assumed to be zero when the block diagrams of Fig. 6-2 and 

Fig. 6-3 are derived. Nonetheless, the helix angle does not affect the average milling force 

coefficients in the ZOA, represented by Eq. (6-12); hence, the characteristic force equation 

of Eq. (6-11)/(6-14) (i.e., Fig. 6-3) will be valid for any arbitrary helix angle. The influence of 

the helix angle on the stability may be analyzed by modifying the characteristic equation to 

include the helix angle, as developed in [296].  

Here, a slender cylindrical workpiece is evidently flexible in the X-direction also, and 

can cause chatter as observed in [244,245]. However, the regenerative gain (i.e., the 

dynamic variation of cutting width and resultant dynamic cutting force) should be 

significantly smaller than that in the Y-direction in the case of Fig. 6-1. Therefore, the 

vibration on the ZY-plane (especially in the Y- direction) will become the dominant factor 

for the chatter onset. The corresponding critical axial depth of cut in various conditions can 

be obtained by applying a numerical search, so that Eq. (6-14) is satisfied. 

 

6.3. Proper control strategy for spindle speed 

6.3.1. Principle of SDM for chatter suppression 

In [244,245], the SDM for chatter suppression was used in double-sided face milling of 

flexible thin plates. In the current scenario, the delay term of the total CWS at the 

workpiece is simply expressed as 𝑒−𝑖𝜀𝑐
t1
+ 𝑒−𝑖𝜀𝑐

t2
, if the regenerative widths are almost the 
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same on both the sides. Subsequently, by setting ∆𝜀𝑐 as 

∆𝜀𝑐 = 𝜋(2𝑚𝑝 + 1), 𝑚𝑝 ∈ ℤ (6-18) 

the total delay term ideally becomes zero (i.e., the regenerative effect generally diminishes) 

as follows: 

𝑒−𝑖𝜀𝑐
t1
+ 𝑒−𝑖𝜀𝑐

t2
= 𝑒−𝑖𝜀𝑐

t1
+ 𝑒−𝑖∆𝜀𝑐𝑒−𝑖𝜀t1  →  𝑒−𝑖𝜀𝑐

t1
(1 + 𝑒−𝑖(𝜋+2𝜋𝑚𝑝)) = 0 (6-19) 

As also described in the unequal pitch turning in Section 5.3 of Chapter 5, this is same 

as the design principle for VPC tools. Here, Eq. (6-19) is equivalent to setting the difference 

between the tooth-pass periods of the two tools, ∆𝜏 [s] as follows: 

∆𝜏 =
∆𝜀𝑐
𝜔𝑐

= (
1

2
+𝑚𝑝)

1

𝑓𝑐
 (6-20) 

where 𝜔𝑐 [rad/s] or 𝑓𝑐  [Hz] is a chatter frequency.  

This is the principle of the SDM for chatter suppression, which is inspired from VPCs. 

However, the effectiveness of the SDM has not been elucidated in the process model of Fig. 

6-3. Therefore, it is discussed through both frequency-domain stability analysis and time-

domain process simulations. In the simulations, the cutting conditions (e.g., tool geometries, 

feed speed, and radial depth of cut) have been unified to the experimental ones shown later 

(see Table 6-1). In addition, the experimentally identified values are used for the force 

coefficients and dynamics of the flexible workpiece, which are summarized in Appendix D. 

6.3.2. Stability analysis in the frequency-domain 

Fig. 6-4 shows the SLDs of conventional and parallel milling processes for the same 

spindle speed on both the sides. In this study, the asymptotic axial depth in each tool (𝑎𝑝
t1 =

𝑎𝑝
t2) was 0.23 mm for the parallel milling with the same spindle speed, whereas a more= 

than twice asymptotic borderline of 0.64 mm was predicted for the conventional milling 

process. This shows that parallel milling affected the regenerative effect more significantly 

than the conventional process, and the total material removable rate (MRR) could not be 

increased in this case. However, the process stability could be enhanced by providing an 

appropriate phase difference, via controlling the spindle speed. 

Fig. 6-5 shows the SLDs with some phase shift differences. The stability limit increased 

when different phase shifts were applied by controlling the spindle speed; the maximum 

stability was observed at ∆𝜀 = 𝜋, which was similar to the observations made in some 

previous studies [244,245]. This is because the dominant flexibility existed only in the Y-

direction, where the process could be regarded as an SDoF system. Based on Eq. (6-16), the 

diagonal terms of the delay matrix were cancelled out. However, the nondiagonal terms 

remained, as the average directional force coefficients in the simulated conditions were 
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𝛼0 𝑧𝑧 = −0.39; 𝛼0 𝑧𝑦 = −1.00; 𝛼0 𝑦𝑧 = 1.00; and 𝛼0 𝑦𝑦 = −0.39. 

Fig. 6-6 summarizes the behavior of the average directional force coefficients 

corresponding to various conditions, such as cutting types (i.e., up/down cut), engagement 

angles (i.e., 𝜃𝑠𝑡, 𝜃𝑒𝑥), and component force ratio (i.e., 𝐾𝑟𝑐 𝐾𝑡𝑐⁄ ). As shown in Fig. 6-6, the 

diagonal terms of the delay matrix, 𝛼0 𝑧𝑧 and 𝛼0 𝑦𝑦, could not both become zero at the same 

time in either the up cut or the down cut. Similarly, the nondiagonal terms of the delay 

matrix, 𝛼0 𝑧𝑦 and 𝛼0 𝑦𝑧, could not become zero at the same time.  

 

Fig. 6-4 SLDs of conventional and parallel milling with the same spindle speed on both the sides 

 

Fig. 6-5 SLDs of conventional and parallel milling with a phase shift difference 

 

Conventional single milling

Parallel milling 

(same spindle speed)
Asymptotic borderline
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In summary, it is inherently impossible to completely cancel out the regenerative effect 

as was the case with the previous studies. When the SDM was applied, the regenerative 

effect in the Y-direction was transferred to the Z-direction, and vice versa, owing to the 

nondiagonal regenerative terms. Nevertheless, the stability could be improved, as can be 

observed from Fig. 6-5, as the workpiece in the Z-direction was very rigid in the model case. 

 

Fig. 6-6 Behavior of average directional force coefficients according to the engagement angle (𝜃𝑒𝑥 − 𝜃𝑠𝑡) 

under various force component ratios and cutting types: (a) up cut (𝜃𝑠𝑡 = 0); (b) down cut (𝜃𝑒𝑥 = 𝜋) 
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Generally, the mode coupling chatter is inevitable even in the SDM. Especially, the 

remaining nondiagonal terms may encourage the mode coupling effect. Fig. 6-7 shows the 

SLDs in cases involving symmetric dynamics (i.e., 𝛷𝑧𝑧
w = 𝛷𝑦𝑦

w ) under slotting and quarter-

immersion down cut. Other process conditions were the same as those depicted in Fig. 6-5.  

Fig. 6-7 shows that ∆𝜀𝑐 = 𝜋 decreased the stability in the slotting case. This is because 

the nondiagonal terms of the delay matrix were amplified by the SDM, thus producing a 

large mode-coupling effect. A simple method to eliminate the mode-coupling was through 

regulating the radial depth of the cut [220]. The stability improvement with ∆𝜀 = 𝜋 could, 

in fact, be observed in a quarter immersion down cut, where 𝛼0 𝑧𝑧 = 0.16, 𝛼0 𝑧𝑦 = −0.38, 

𝛼0 𝑦𝑧 = 0.29, and 𝛼0 𝑦𝑦 = −0.42. Thus, the SDM must be carefully applied if the process has 

a 2-DoF system with a mode coupling effect. 

6.3.3. Time-domain process simulation 

Fig. 6-8 shows the simulation results of parallel milling using the same spindle speed 

of 960 min-1 (i.e., ∆𝜀𝑐 = 0), wherein the axial depth of cut in each tool was 0.4 mm. As shown 

in Fig. 6-4, this simulation should be unstable. In the time-domain simulation, the vibration 

responses were calculated by solving the modeled differential equation at each sampling 

period of 100 μs (i.e., 10 kHz) using the fourth order Runge–Kutta method. Nonlinearities 

[283], such as the jumping effect of the CWS were considered (i.e., the cutting forces became 

zero, when the negative uncut chip thickness was calculated), whereas the multiple 

regenerative effect [284] was not considered. Additionally, the forced vibration components 

 

Fig. 6-7 SLDs of parallel milling process having symmetric dynamics (𝛷𝑧𝑧
w = 𝛷𝑦𝑦

w ) 
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yielded by the tooth-pass and its harmonic cutting forces were eliminated by using a comb 

filter [53]; thus, only the chatter components are displayed. 

In Fig. 6-8, chatter vibration is clearly observed, as predicted from Fig. 6-4. Note that 

the ATO (i.e., the offset angle of spindle rotation between the two tools) was set to zero. In 

this case, the chatter would not ideally occur because the cutting force in the Y-direction 

was completely canceled out at both the sides. However, the cross FRFs began to destabilize 

the process because the cutting force in the Z-direction could not be canceled out 

simultaneously. As soon as a slight vibration occurred in the Y-direction, the process would 

be significantly affected by the regenerative effect. Here, it is noteworthy that multiple 

vibration frequencies were excited even in the slotting test, with one dominant mode 

considered. These frequencies were in the neighborhood of the most dominant resonant 

 

Fig. 6-8 Time-domain simulation of parallel milling process with the same spindle speed (𝑆t1 = 𝑆t2 =

960 min−1 and 𝑎𝑝 = 0.4 mm): (a) time waveform; (b) its FFT 
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frequency (i.e., 642 Hz in 𝛷𝑦𝑦), with a frequency spacing of 32 Hz corresponding to the tooth-

pass frequency. This indicates that the ZOA, which assumed a single dominant chatter 

frequency, might not be suitable for accurately analyzing the SLDs, although the process 

stability tendency could be captured. Therefore, the maximum frequency spectrum 

component was simply regarded as the chatter frequency (i.e., 659.2 Hz). 

Fig. 6-9 shows the results of applying the SDM with ∆𝜀𝑐 = 𝜋 2⁄  (𝑆t1 = 972 min−1); ∆𝜀𝑐 =

𝜋 (𝑆t1 = 984 min−1); and ∆𝜀𝑐 = 5𝜋 4⁄  (𝑆t1 = 990 min−1). The other conditions were the same 

as those depicted in Fig. 6-8. Note that the ATO did not affect the process when different 

spindle speeds were assigned for tools 1 and 2, because the rotational angle between the 

tools varied continuously [164]. As shown in Fig. 6-9, the chatter was attenuated in all the 

 

Fig. 6-9 Results of the simulated parallel milling with speed difference (𝑆𝑡2 = 960 min−1 and 𝑎𝑝 =

0.4 mm ): (a) ∆𝜀𝑐 = 𝜋 2⁄  ( 𝑆𝑡1 = 972 min−1 ); (b) ∆𝜀𝑐 = 𝜋  ( 𝑆𝑡1 = 984 min−1 ); (c) ∆𝜀𝑐 = 5𝜋 4⁄  ( 𝑆𝑡1 =

990 min−1) 
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results, with the most effective chatter suppression being observed at ∆𝜀𝑐 = 𝜋 . These 

results were consistent with the stability behavior presented in Fig. 6-5.  

However, it is noteworthy that the vibration increased and decreased periodically 

according to the difference in the tooth-pass frequencies of the two tools. A similar beat 

vibration was often observed in the spindle speed variation process, as discussed in Chapter 

4 (e.g., Fig. 4-18). Generally, this nonlinear beat vibration cannot be analyzed by a 

frequency-domain stability analysis [151]. Consequently, the beat vibration complicated the 

process stability interpretation. For instance, the vibration level was sufficiently low at 

some time points in the case of ∆𝜀𝑐 = 5𝜋 4⁄ , where the corresponding stability limit was 

higher than the applied depth of cut (see Fig. 6-5). However, the vibration was amplified at 

other time points. This beat vibration would pose a problem if the SDM was applied in the 

parallel end milling process; hence, it should be avoided to the extent possible. In a high 

lobe number zone, such as the currently simulated case (𝑘𝑐 = Floor(60 × 659.2 (2 × 960 )⁄ ) =

20), the beat vibration could be very sensitive to a slight difference in the spindle speed (e.g., 

only a 6 min-1 difference between Fig. 6-9(b) and (c)). Therefore, it is crucial to select the 

spindle speed, based on an accurate tracking of the chatter frequency in actual conditions 

during the process.  

 

6.4. Experimental observation of beat vibration in the 

SDM  

6.4.1. Experimental setup 

The effectiveness of the SDM in parallel end milling was verified through experiments 

as well. Fig. 6-10 shows the schematic diagram of the experimental setup and procedure for 

the parallel milling tests. The same multi-tasking machine tool and workpiece as in the 

parallel turning process were used here as well; hence a more detailed system configuration 

and specification could be also obtained in Subsection 5.5.1 of Chapter 5 and Appendix A. 

The same cutting force estimation system as used with the MEDOB was implemented along 

the X1-axis of the upper turret (see Table 5-2), and utilized to evaluate the chatter state in 

the parallel milling tests. 

A slender cylindrical workpiece chucked on the left-side work spindle was machined 

simultaneously from both the sides using tool 1 (upper) and tool 2 (lower). The axial and 

radial depths of the cut were set to be the same at both the sides. In addition, the tool 

positions of the two tools along the Z-direction were identical; hence, the feed speed was 

fixed even if the spindle speed of either of the tools changed. The tools rotated in opposite 

directions when viewed from the same direction to balance the cutting force in the X- and 

Y-directions. The cutting conditions are summarized in Table 6-1. 
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Note that it was confirmed that the dominant local modes of the tools existed at 

approximately 2 kHz, which was much higher than in the workpiece mode. Additionally, 

the corresponding compliance gains of the tools were significantly smaller than those of the 

workpiece; hence the regenerative chatter should be predominantly induced by the 

dynamics of the flexible workpiece. 

6.4.2. Experimental results 

Fig. 6-11(a) shows the experimental results in the parallel milling with the same spindle 

speed on both the sides (i.e., 𝑆t1 = 𝑆t2 = 960 min−1 ). Note that the cutting force was 

overestimated, particularly, in the high-frequency region, owing to modeling errors and 

 

Fig. 6-10 Experimental setup for the parallel milling process 

 

Table 6-1 Common cutting conditions and system conditions for the MEDOB 

Cutting tools HSS square end mill 

Tool geometries 𝐷t𝑝 = 10 mm, 𝑁𝑐
t𝑝

= 2 and 𝛽𝐿
t𝑝

= 30° 

Projection length of tools [mm] 30 

Material of workpiece SUS303 

Diameter of workpiece [mm] 25 

Projection length of workpiece [mm] 130 

Reference spindle speed (Tool 2) [min-1] 960 

Axial depth of cut (Tools 1 and 2) [mm] 2 

Radial depth of cut (Tools 1 and 2) [mm] 10 (slotting) 

Feed speed (Tools 1 and 2) [mm/min] 60 
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numerical differentiation. Nevertheless, the estimated cutting force sensitively reflected 

the vibrational state, including the high-frequency chatter and low-frequency forced 

vibration components, as can be seen in the FFT result. As discussed in the simulation 

result of Fig. 6-8, multiple chatter frequencies were clearly observed in the tooth-pass 

frequency interval (i.e., 32 Hz). In fact, the chatter marks and consequently a deteriorated 

surface roughness of 8.22 μm (measured using Surfcom Flex-50A; Tokyo Seimitsu Co., Ltd) 

were observed.  

Here, the axial depth of cut for the chatter state in the experiment (i.e., 𝑎𝑝 = 2 mm) was 

significantly larger than the analyzed stability limit in the simulation. One possible reason 

 

Fig. 6-11 Experimental results of parallel milling tests (top: time waveform of the estimated cutting 

force; middle: Its FFT; bottom: machined surface): (a) same spindle speed (𝑆t1 = 960 min−1 and 𝑆t2 =

960 min−1); (b) SDM designed offline (𝑆t1 = 1009 min−1 and 𝑆t2 = 960 min−1)  
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was a decrease in the engagement angle along the tool axial direction owing to the 

cylindrical shape of the workpiece, which was not considered to be so in the simulation. 

Additionally, the loop stiffness of the CWS probably increased under actual cutting 

conditions. Because the double-side slotting test was performed at the same position along 

the Z-direction, the system might be assumed to behave similar to a double-supported beam. 

In fact, the measured chatter frequency was significantly higher than the resonant 

frequency obtained by the tap test under the cantilever-beam state. This suggests the 

difficulty of accurate process prediction and importance of automatic and adaptive chatter 

suppression system by tracking the chatter frequency during the actual process conditions. 

Based on Fig. 6-11(a), the maximum spectrum frequency of 984 Hz was regarded as the 

chatter frequency, and the SDM was designed by using Eq. (6-19) with 𝑚𝑝 = 1. As a result, 

the spindle speed of tool 1 (𝑆t1) was changed to 1009 min−1. The spindle speed of tool 2 

remained the same (i.e., 𝑆t2 = 960 min−1). The results are shown in Fig. 6-11(b). The chatter 

vibration was clearly suppressed by the SDM, and the surface roughness was reduced to 

4.73 μm. However, a beat vibration in the time waveform and beat marks on the machined 

surface were observed. Based on the observation of the machined surface, there were five 

beat marks, one after every 3 mm, corresponding to an interval of approximately 1.67 /s, 

considering the feed speed of 60 mm/min. This was approximately the same as the 

difference between the tooth-pass frequencies of the two tools (i.e.,(2 × 49) 60⁄ = 1.63 Hz), 

as suggested in the simulation section as well. 

 

6.5. Adaptive SDM system for reliable chatter suppression 

6.5.1. Methodology with online chatter-frequency extraction 

One of the possible reasons for the large beat vibration in Fig. 6-11(b) was the variation 

in the phase difference from the optimal value. Particularly, it changed sensitively in the 

high-lobe number zone (𝑘𝑐 = Floor(60 × 984 (2 × 960 )⁄ ) = 30) with a slight difference in the 

spindle speed. In a real system, the chatter frequency might vary according to the cutting 

position, material removed, and/or slight variation of the experimental setup (e.g., the 

projection length of the workpiece). Therefore, an automatic chatter suppression system 

with the adaptive SDM based on an in-process monitoring of the chatter state was 

developed. 

To automatically track the chatter frequency in real time during the process, the moving 

Fourier transform (MFT) [55], which is a type of the SDFT [116], was applied to the 

estimated cutting force. In the MFT, the power spectrum at a certain frequency, 𝜔𝑒𝑥𝑡 [rad s⁄ ] 

could be calculated with a low computational cost, while sliding the window, 𝑁𝑤  [−], in a 

similar manner as in the MA algorithm as follows:  
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𝑀𝐹𝑇[𝑘] = 𝑀𝐹𝑇[𝑘 − 1] +
2𝑢[𝑘]

𝑁𝑤
𝑒𝑖𝜔𝑒𝑥 𝑇𝑠𝑘 −

2𝑢[𝑘 − 𝑁𝑤]

𝑁𝑤
𝑒𝑖𝜔𝑒𝑥 𝑇𝑠(𝑘−𝑁𝑤) (6-21) 

where 𝑢[𝑘] and 𝑀𝐹𝑇[𝑘] are the analyzed signal and its MFT value, at the 𝑘-th sample 

data under the sampling frequency of 𝑇𝑠 [s], respectively. 

By applying the MFT to multiple frequencies at an arbitrary frequency interval 

(resolution) within an arbitrary frequency range, the most excited frequency component can 

be determined, which is simply regarded as the chatter frequency [103].  

Fig. 6-12 shows an example result of the in-process chatter frequency extraction from 

the cutting force, estimated in the same-speed parallel milling shown in Fig. 6-11(a). The 

frequency resolution and window length for the MFT were set to 1 Hz and 4000 samples 

(i.e., 444 ms under a 9-kHz servo cycle), respectively. The chatter frequency was updated 

when all the data in the calculation window were updated (i.e., after every 444 ms), as the 

chatter frequency did not change suddenly with each sampling period. Here, as the 

computational power of the PC used in the experiment was not adequate to analyze the 

entire frequency range, the measurement range of the chatter frequency was limited (e.g., 

850–1050 Hz) as a case study. The spindle speed difference was adaptively tuned based on 

the identified chatter frequency in real time. 

6.5.2. Experimental results of the adaptive SDM 

Fig. 6-13 summarizes the results of the adaptive SDM. The spindle control system was 

switched on from 10 s, although it could be automatically started using a chatter detection 

technique. Note that the spindle speed of tool 1 was altered after every 1.0 s. The 

experimental results clearly show that the developed system suppressed the chatter 

vibration by adaptively controlling the spindle speed during the process, based on the 

chatter frequency that was automatically extracted from the estimated cutting force in real 

 

Fig. 6-12 Online extraction of chatter frequency by MFT applied to the estimated cutting force 
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time. Because only the servo information and spindle control system were used for chatter 

monitoring and suppression, this system required no additional equipment or sensors. 

Therefore, it would benefit the next-generation machine tools that integrate the SOMS. 

Fig. 6-14(a) shows the moving variance representing the temporal power spectrum of 

the entire frequency range except for the DC component during each process. The 

experimental data of the conventional parallel milling with the same spindle speed and 

SDM was the same as that depicted in Fig. 6-11. In the SDM designed offline, on one hand, 

 

Fig. 6-13 Experimental results of the adaptive SDM: (a) extracted chatter frequency; (b) spindle speed; 

(c) estimated cutting force; (d) spectrogram (STFT) 
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the beat vibration according to the difference between the tooth-pass frequencies could be 

clearly observed, although the chatter was reduced. On the other hand, the adaptive SDM 

system reduced the chatter vibration more effectively, including the beat vibration, and 

consequently the surface roughness was reduced to 3.17 μm, as seen in Fig. 6-14(b). This 

could be because the speed difference approached the optimal value in the current real 

condition. The experimental results suggested that the adaptive system was highly 

promising in achieving a more effective chatter suppression. 

Note that the slight beat marks remained even in the adaptive SDM system. However, 

the SDM is not suitable for finishing processes because of the forced vibration. In finishing 

processes with a low cutting depth, which is sufficient to avoid the chatter, the forced 

vibration should be cancelled out by perfectly synchronizing the tool rotation angles and 

direction on both the sides [246]. 

 

6.6. Summary 

In this chapter, the effectiveness of the SDM for the parallel end milling process was 

discussed. It was assumed that a slender and flexible workpiece on a plane perpendicular 

to the tool axis direction, was machined simultaneously by two end mills rotating in 

opposite directions. Based on the obtained findings through the developed process 

simulation, a monitoring-based real-time spindle speed control system (i.e., an adaptive 

SDM) for robust chatter suppression was developed. The contents of this chapter can be 

summarized as follows: 

 

Fig. 6-14 Comparison of processes: (a) Moving variance of the estimated cutting force; (b) FFT of the 

estimated cutting force and machined surface in the adaptive SDM (compared to Fig. 6-11) 
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1. The SDM with ∆𝜀𝑐 = 𝜋(2𝜋𝑚𝑝 + 1); 𝑚𝑝 ∈ ℤ could improve the process stability if the 

mode-coupling effect did not exist. However, in a process with mode-coupling, the SDM 

might exhibit a contrary effect. 

2. When the SDM was applied, the beat vibration occurred according to the difference 

between the tooth-pass frequencies of the two tools, which was also transcribed on the 

machine surface; hence, it is necessary to avoid the beat vibration to the extent possible. 

In cases involving large chatter lobe numbers, the beat vibration would be very 

sensitive to even a slight difference from the optimal value of the spindle speed.  

3. By using the adaptive SDM system with an observer-based chatter state extraction in 

real time, the chatter could be suppressed more effectively with less beat vibration. The 

developed automatic chatter suppression system required no additional equipment or 

sensors. 

In this study, the spindle speed of one side was fixed during process. However, further 

improvement of the stability may be achieved by adaptively optimizing not only the 

difference of tooth-pass period between tools but also the reference speed. Furthermore, 

applying SSV techniques to parallel milling process and/or combination of SSV and SDM 

can also be considered. More comprehensive strategies for adaptive optimal spindle speed 

control for simultaneous milling processes should be further studied in the future. 
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7. Conclusions 
 

This dissertation proposed novel enabling technologies for SOMS, where the machine 

tool can self-actively suppress the chatter vibration according to the monitored chatter state. 

In the chatter vibration, the “phase shift” is a key factor. All methodologies for chatter 

detection and suppression proposed in this dissertation are interpreted from the perspective 

of phase-shift control and monitoring. Additionally, only the internal servo information and 

motors of the machine tool are utilized to monitor and suppress the chatter.   

In Chapter 1, an overview of SOMS functionalities is provided. SOMS is a novel 

intelligent concept to address the recent high-level manufacturing issues, such as 

energy/labor-saving, flexibility, traceability, and reliability. The machining chatter problem 

is a main concern even in SOMS, as it remains a major impediment to productivity. The 

basic categorization and mechanism of machining chatter are also given, followed by the 

state-of-the-art enabling technologies for SOMS in the chatter issue. Based on the problems 

of existing chatter monitoring and suppression techniques, the research direction and 

concrete objective/applications in this dissertation are explicitly defined. 

In Chapter 2, the existing sensorless cutting force estimation techniques using the 

internal servo information of the machine tool are derived with in-depth description of their 

characteristics through a series of exemplary simulations and experiments. On one hand, 

the conventional DOB is useful in the linear-motor-driven stage, where a single-inertia 

model can be assumed. On the other hand, the expanded DOB techniques, such as MEDOB, 

LDOB, and VMDOB, should be used in the ball-screw-driven system. These techniques can 

be applied to machine tools with fully closed ball-screw-driven stages, which have become 

recent mainstream. In case that the ball-screw-driven system can be regarded as a dual-

inertial model, MEDOB, LDOB, and VMDOB can accurately estimate the cutting force with 

a sufficiently reliable bandwidth. Interestingly, although these three techniques should 

produce the same estimation results in ideal cases, their behavior is strongly characterized 

by the internal component forces, contributing to the estimated cutting force. In addition, 

the limitations of the sensorless cutting force estimation system are mentioned. Especially, 

the essential limitation is attributed to the complex structural dynamics that make the 

dual-inertia model ambiguous. To overcome this limitation, the pre-compensation concept 

with a cutting-data-driven self-optimized compensation digital filter is proposed. If the 

proposed compensation techniques can be applied successfully, the accuracy of the 

sensorless cutting force estimation system can be substantially enhanced with sufficient 

bandwidth. Note that the estimated cutting force can capture a very high-frequency chatter 

by integrating linear encoder information (i.e., high sensitivity can be maintained), 
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although the estimation accuracy of the spectrum amplitude depends on the modeling error. 

In this dissertation, the estimated cutting force is consistently used for chatter monitoring.  

In Chapter 3, an online chatter detection method is proposed based on the novel concept 

of phase shift monitoring by using MPF and MEF, which are proposed anew as indices for 

chatter detection, inspired from the power factor in the AC circuit. The MPF and MEF 

during the machining process represent the phase differences between the cutting force and 

tool velocity/displacement, and can be utilized to detect the forced vibration and self-excited 

(regenerative) chatter, respectively. In addition, a concrete algorithm for type-assorted 

online fast chatter detection by MPF/MEF with low computational cost is described. 

Additionally, the system integration with a sensorless cutting estimation technique is 

proposed. Note that, in principle, the chatter detection with MPF/MEF can be applied to 

the sensor-based system with a dynamometer and displacement/acceleration sensor. If 

MEF/MPF can be calculated ideally, on one hand, the MEF becomes rapidly negative when 

the regenerative chatter occurs. On the other hand, the MPF become fairly close to 1 during 

only forced vibration (i.e., resonance). The experimental verification is performed in the 

prototype precision lathe with linear-motor-driven stage, where the SDoF system can be 

ideally assumed and a highly accurate cutting force estimation can be attained. However, 

it is believed that further improvements of the proposed method must be studied 

systemically for ball-screw-driven stage, other machining processes with or without MDoF 

system, and/or local chatter of tool/workpiece/spindle. System Integration to a spindle axis 

and/or adaptronic intelligent machine components is also interesting. Because the 

thresholds for phase-shift monitoring with MEF/MPF are determined from the chatter 

mechanism, it is expected that the chatter can be detected independent of the workpiece 

materials and cutting conditions. If this can be achieved, the adaptability of chatter 

monitoring function to SOMS addressing mass customization will be significantly enhanced. 

It is also thought that the reliability of the system can be improved using MPF/MEF 

together with the existing chatter detection techniques. 

The simple, practical, and optimal design of the SSV process has been an open issue for 

both industry and academia for a long time. Chapter 4 attempted integrating the SSSV 

process in the framework of FM technology and constructing a systematic and 

comprehensive design methodology, which can be online or integrable in CNC machine tools. 

The proposed method stands on the minimization of the net inflow energy in the CWS 

during the SSSV cycle. In the process of deriving the design methodology, the technological 

analogy between the SSSV and PM/FM used in the radio communication engineering is 

found and focused on. This allows the MI to be defined as a novel design index for SSSV. As 

a result, the net inflow energy model can be expressed with the Bessel function having MI 

as an argument. It provides design candidates for selecting the optimal amplitude of SSSV, 
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which will effectively dissipate the chatter energy. Additionally, several limit criteria for 

SSSV frequency according to the variation amplitude are proposed from the viewpoints of 

SSSV efficiency and beat vibration. Note that the requirement of the proposed design 

methodology is to only measure the chatter frequency, similar to DSST; hence, it can 

contribute to self-acting chatter suppression integrated with a chatter monitoring system. 

Additionally, it is possible to flexibly take the machine constraints into the design procedure 

as several recommend design candidates are presented. As a result, the practical design of 

SSSV is feasible on the actual shop floor; hence, it is important that the proposed design 

method be applied to many real industrial applications and subjected to more verification 

for further development. The future SOMS will need to include an effective and flexible 

chatter avoidance system with autonomous spindle control that achieves the appropriate 

use and in-situ optimal design of DSST and CSSV according to the observed chatter lobe 

number, chatter origin, and machining process information. 

In Chapter 5, a novel chatter stabilizing machining method employing TSM was 

proposed in the parallel turning process under the following assumptions: two identical 

rigid tools machine a flexible workpiece sharing the surface with the same depth of cut. In 

the TSM process, the two tools are swung in the circumferential direction of the workpiece 

sinusoidally while maintaining an equal pitch. An appropriate practical design procedure 

for TSM is also discussed considering the technological analogy with the SSSV process and 

the side-effects in the TSM process. In a prototype multi-tasking machine tool modified to 

be flexibly controlled, the chatter stabilization performance and workpiece runout in the 

TSM process are experimentally evaluated and compared with conventional equal and 

unequal pitch turning. The results show that the TSM process can perform an effective 

chatter suppression without the eccentricity of the workpiece, which may be induced by the 

unbalanced cutting forces, although the swing marks due to the follow-up error of the turret 

position are observed. The main advantage of the TSM process compared to the SSV process 

is the bandwidth of the feed drive system, which is independent of the workpiece mass and 

generally much greater than the spindle drive system; hence, the TSM process can provide 

a sufficient variation frequency for effective chatter suppression. There is also a possibility 

that the design range can be further expanded in combination with SSV techniques in the 

future. As TSM is provided by only the feed drive system and the design parameters can be 

flexibly adjusted, as in the case of SSV, the proposed TSM has potential to be a practical 

enabling technology for SOMS addressing the machining chatter issue. 

In Chapter 6, the effectiveness of SDM for the parallel end-milling process was 

discussed. It is assumed that two end mills rotating in opposite directions simultaneously 

machine a slender workpiece having flexibility on a plane perpendicular to the tool axis 

direction. In SDM, the spindle speed difference between two tools is just given to suppress 
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the chatter. In addition, the speed difference is designed based on only chatter frequency; 

hence, SDM is a promising enabling technology for SOMS. Although the concept of SDM 

has already been proposed for the double-sided face milling of an SDoF thin plate where 

tools rotate in the same direction [244,245], the effectiveness of SDM has not been 

elucidated for the scenario mentioned in this dissertation. Therefore, the process model is 

developed first. Based on an analysis with the developed time- and frequency-domain 

simulations, the SDM corresponding to ∆𝜀𝑐 = 𝜋 + 2𝜋𝑚𝑝 can improve the process stability, 

if the mode coupling effect does not exist. However, the SDM may decrease the process 

stability with mode coupling because of non-diagonal regenerative terms that cannot be 

erased. In addition, the beat vibration according to the difference in the tooth-pass 

frequency between two tools is observed in both simulation and experiment when the SDM 

is applied. As it is clearly observed that the beat vibration is transcribed on the machine 

surface, the beat vibration should be avoided to the maximum possible extent. Nonetheless, 

the beat vibration changes sensitively with slight differences from the optimal speed 

difference value, especially in a high-lobe-number scenario. To address this issue, a real-

time adaptive system is a potential solution. By developing an adaptive SDM system with 

the observer-based chatter-frequency extraction in real time, chatter can be suppressed 

more robustly with less beat vibration. In this study, however, the spindle speed of one side 

was fixed during process. Further improvement of the stability may be achieved by 

adaptively optimizing not only the difference of tooth-pass period between tools but also the 

reference speed in the future.  

None of the proposed systems require additional equipment, such as actuators and 

sensors; hence, they can be implemented on machine tools as an add-on and contribute the 

8th and 9th functions for SOMS (Fig. 1-1). Especially, these functionalities (i.e., control-

integrated monitoring and process control) are the fundamental SOMS functions inherently 

possessed by the machine tool. Furthermore, as these two functions exhibit high affinity, a 

highly intelligent cooperation between the two is expected. To achieve this expectation, this 

dissertation is believed to provide valuable enabling techniques and essential information 

for the process interpretation and control. Note that interpretation of process-machine 

interaction with a simple model is essential for adaptive process control in SOMS. It is very 

important to systematically organize the process control strategies involving simple models. 

Particularly, there are no studies of autonomous process control for complex turn-milling 

processes. If further process interpretation with a simpler and essential model progresses 

also in turn-milling process, it is considered that elaborated cooperative process-control 

strategies between a work spindle and single- or multiple milling spindles, involving DSST, 

SSV, and/or SDM techniques, will be established.  
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Not to mention, further research for advanced cooperation and interaction between 

other functionalities is also important. For instance, robustness and reliability of process 

and condition monitoring for a harsh and changeable real machining environment would 

be enhanced by integrating and refurbishing various external and internal sensors through 

a modeling filter with digital simulations and/or machine learning. The hybrid strategies 

with simultaneous adaptive control of several process parameters, in addition to an 

additional adaptronic actuator, would be necessary while considering the process 

characteristics and predicted surface quality. The feedforward process planning based on 

the simulated process results, including the machined surface, is also essential for the dual 

safety system while considering all characteristics of the process, machine, and controller. 

Furthermore, the research on how to incorporate human know-how into SOMS (i.e., 

human–machine interaction) is an interesting new direction for SOMS. 
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Appendices 

A) Specifications of the experimental setup 

Table A-1. Major specifications in the 3-axes double-column-type prototype machine tool 

Ball screw (BSS1505-3E from NSK Ltd.) 

Lead length [mm] 5 

Diameter [mm] 15 

Stroke [mm] 200 (X- and Y-axes); 100 (Z-axis) 

Support type Double anchor 

Preload type Oversized ball 

Guideway type Rolling 

Synchronous AC servomotor (TSM3204N2305E200 from Tamagawa Seiki Co., Ltd.) 

Pole number 10 

Slot number 12 

Torque constant [Nm/A] 0.37 

Rated torque [Nm] 1.27 

Bandwidth of current control loop [rad/s] 5000 

Motor-side rotary encoder (in the AC servo motor) 

Measurement type Absolute method 

Resolution [bit] 23 

Equivalent resolution in translational motion [nm] 0.60 

Signal period [count/rev] 512 (= 29) 

Interpolation times 16384 (= 214) 

Counter-motor-side rotary encoder (TS5667N701 from Tamagawa Seiki Co., Ltd.) 

Measurement type Incremental method 

Resolution [bit] 17 

Equivalent resolution in translational motion [nm] 38 

Signal period [count/rev] 512 (= 29) 

Interpolation times 256 (= 28) 

Linear encoder (LIF481, from HEIDENHAIN Co., Ltd.) 

Measurement type Incremental method 

Signal type Sine wave 

Resolution [nm] 0.24 

Grating period [μm] 8 

Signal period after interpolation at scanning head [μm] 4 

Spindle (BMS-4020RA from Nakanishi Co., Ltd.) 

Rotation deflection accuracy [μm] < 1μm 

Maximum spindle speed [min-1] 20000 

Maximum torque [Nm] 1.0 

Controller (Power PMAC from Delta Tau Data Systems, Inc.) 

Interface board ACC-24E3-2 

Servo cycle [μs] 100 (10 kHz) 

Phase cycle [μs] 100 (10 kHz) 

Servo amplifier (VLASX-012P2-SXM from Toshiba machine Co., Ltd) 

Resolution of A/D conversion [bit] 12 

Piezoelectric dynamometer (Type 9129AA from Kistler Instrumente AG) 

 𝐹𝑥 𝐹𝑦 𝐹𝑦 

Dynamic resolution [N] < 0.01 < 0.01 < 0.01 

Sensitivity [pC/N] 8 4.1 8 

Natural frequency [kHz] ≈ 3.5 ≈ 4.5 ≈ 3.5 

Linearity, all ranges [%FSO] < ±0.3 < ±0.3 < ±0.3 
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Table A-2. Major specifications in the prototype linear motor-driven high-precision lathe  

 X stage Z stage 

Linear motor (S160T from GMC Hillstone) (S160Q from GMC Hillstone) 

Maximum thrust force [N] 58 78  

Thrust-force coefficient [N/A] 18.5 20.5 

Linear encoder  (LIF401R from HEIDENHAIN) (LIP401R from HEIDENHAIN) 

Scale pitch [μm] 4 2 

Resolution [nm] 0.244 0.122 

Linear guide (LSP20100 from THK) (LSP1390 from THK) 

Type Ball slide guide Ball slide guide 

Maximum stroke [mm] 75 50 

Servo amplifier (SVFM2-H3-DSP from Servoland) (SVFM2-H3-DSP from Servoland) 

Rated current [A] 5.5 (max) / 3.9 (rms) 5.5 (max) / 3.9 (rms) 

PWM cycle [μs] 62.5 (16 kHz) 62.5 (16 kHz) 

Work spindle ( 70 mm × 220 mm, steel) with aerostatic bearing 

Flameless motor (B09-13 from SinMaywa Industries) 

Max. rotational speed [min-1] 4400 

Torque coefficient [N・m/A] 0.43 

Max. torque [N・m] 0.83 

Rotor inertia [kg・m2] 0.000060  

Rotary encoder (ERM280 from HEIDENHAIN Co., Ltd.) 

Scale pitch [pulse/rev] 512 

Resolution [pulse/rev] 8388608 

Servo amplifier (S30TA-2-345 from SinMaywa Industries) 

Rated current [A] 13.0 (max) / 9.2 (rms) 

PWM cycle [μs] 62.5 (16 kHz) 

Motion controller (Power PMAC from Delta Tau Data System), common to all axes 

  Interface card ACC-24E3 

  Servo cycle [μs] 80 (12.5 kHz) 

  Phase cycle [μs] 20 (50.0 kHz) 

  Sampling time of position/angle data [μs] 0.32 (3.125 MHz) 

  Position data size [bit] 34 

  Command current data size [bit] 16 

 

Table A-3. Major specifications of the experimental setup in the prototype multi-tasking machine tool  

Work spindle C1(left)-axis  

Mechanical specification ([spindle-side, motor-side]) 

Inertia of rotating element [kg・m2] [0.09003, 0.01758] 

Diameter of belt pulley [mm] [140, 130] 

Conversion factor of spindle and motor side  0.9288 

Servo motor/driver specification (motor: HG-JR903 from Mitsubishi Electric Co., Ltd.; driver: GPL301 

from Delta Tau Co., Ltd.) 

Rated current [A] 41.0 

Rated torque [Nm] 28.6 

Torque constant [Nm/A] 0.6976 

Maximum current [A] 134 

Encoder feedback [cts/rev] 262144 

Encoder resolution [deg] 0.00137 

Specification of ring encoder at the spindle side (AK ERM 280 from HEIDENHAIN Co., Ltd.) 

Encoder feedback [cts/rev] 19660800 

Encoder resolution [deg] 0.00018 
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Rotary axis of upper and lower milling ([M1(up)-axis, M2(low)-axis]) 

Mechanical specification 

Inertia of rotating element [kg・m2] [0.00132, 0.00132] 

Servo motor/driver specification (motor: [HG-JR353, HG-JR353] from Mitsubishi Electric Co., Ltd.; 

driver: [GPL301, GPL301] from Delta Tau Co., Ltd.) 

Rated current [A] [17.0, 17.0] 

Rated torque [Nm] [10.5, 10.5] 

Torque constant [Nm/A] [0.6176, 0.6176] 

Maximum current [A] [51, 51] 

Encoder feedback [cts/rev] [40000, 40000] 

Encoder resolution [deg] [0.009, 0.009] 

Upper left turret ([X1(up)-axis, Y1(up)-axis, Z1(up)-axis]) 

Mechanical specification 

Mass of driven body [kg] [362.24, 233.53, 595.74] 

Diameter [mm] [32, 32, 32] 

Ball screw lead length [mm] [8, 6, 12] 

Stroke [mm] [600, 398, 786] 

Reduction ratio [1:1, 1:1, 1:1] 

Motion conversion factor [m/rad] [0.0080/(2×𝜋), 0.0060/(2×𝜋), 0.0120/(2×𝜋)] 

Inertia of rotating element [kg・m2] [0.001189987, 0.002119255, 0.001228125] 

Equivalent mass of rotating element [kg] [734.04, 2324.02, 336.70] 

Servo motor/driver specification (motor: [HG-JR353B, HG-SR152B, HG-JR353] from Mitsubishi Electric 

Co., Ltd.; driver: [MR-J4-350A, MR-J4-200A, MR-J4-350A] from Mitsubishi Electric Co., Ltd.) 

Rated current [A] [18.0, 9.4, 17.0] 

Rated torque [Nm] [11.1, 7.2, 15.0] 

Torque constant [Nm/A] [0.6167, 0.7660, 0.6176] 

Maximum current [A] [71, 29, 51] 

Rotary encoder resolution [count/rev] [120000, 160000, 80000] 

Linear encoder specification ([LC415-Endat2.2, LC415-Endat2.2, N/A] from HEIDENHAIN Co., Ltd.) 

Accuracy grade [μm] [±3, ±3] 

Resolution [nm] [1, 1] 

Measurement length [mm] [220, 220] 

Lower left turret ([X2(low)-axis, Y2(low)-axis, Z2(low)-axis]) 

Mass of driven body [kg] [364.13，228.13，639.74] 

Diameter [mm] [32, 32, 32] 

Ball screw lead length [mm] [8，6，12] 

Stroke [mm] [600, 398, 1129] 

Reduction ratio [1:1，1:1，1:1] 

Motion conversion factor [m/rad] [0.0080/(2×𝜋), 0.0060/(2×𝜋), 0.012/(2×𝜋)] 

Inertia of rotating element [kg・m2] [0.001189987, 0.002119255, 0.001228125] 

Equivalent mass of rotating element [kg] [734.04, 2324.02, 336.70] 

Servo motor/driver specification (motor: [HG-JR353B, HG-SR152B, HG-JR353] from Mitsubishi Electric 

Co., Ltd.; driver: [MR-J4-350A, MR-J4-200A, MR-J4-350A] from Mitsubishi Electric Co., Ltd.) 

Rated current [A] [18.0, 9.4, 17.0] 

Rated torque [Nm] [11.1, 7.2, 15.0] 

Torque constant [Nm/A] [0.6167, 0.7660, 0.6176] 

Maximum current [A] [71, 29, 51] 

Rotary encoder resolution [count/rev] [120000, 160000, 80000] 
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B) Training results from the pre-compensation step 

 

Fig. B-1 Representative learning results from the pre-compensation step (i.e., confirmation of the fitting 

for the training data): (a) 𝑆 = 2000 min−1; (b) 𝑆 = 5000 min−1; (c) 𝑆 = 8000 min−1; (d)  𝑆 = 10000 min−1; (e) 

𝑆 = 13000 min−1

2nd exp. (2000 min-1)  

5th exp. (5000 min-1)  

8th exp. (8000 min-1)  

10th exp. (10000 min-1)  

13th exp. (13000 min-1)  

(a)

(b)

(c)

(d)

(e)

(red line): Compensated signal (blue line): Reference signal (dynamometer)

(Black line): Uncompensated signal (only time waveform)

2nd exp. (2000 min-1)  67 Hz

5th exp. (5000 min-1)  167 Hz

8th exp. (8000 min-1)  267 Hz

10th exp. (10000 min-1)  333 Hz

13th exp. (13000 min-1)  

433 Hz
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C) Chatter frequency shift in SSSV 

Nam et al. [232] empirically found that the chatter in SSV generally grows at a constant 

spatial frequency and represented the time shift of the chatter frequency as follows: 

𝜔𝑐(𝑡) = (1 + 𝑟𝑎(𝑡))𝜔𝑐(𝑡 − 𝜏(𝑡)), where 𝑟𝑎(𝑡) =
𝑆(𝑡)

𝑆(𝑡 − 𝜏(𝑡))
− 1 (C-1) 

where 𝑟𝑎 is the acceleration rate, as defined by Nam et al. Here, denoting the initial chatter 

frequency in CSS and the modulated frequency in Eq. (4-12) as 𝜔𝑐(0) and 𝜔𝑐(1), Eq. (4-12) 

can be rearranged as follows: 

𝜔𝑐(1)(𝑡) = 𝜔𝑐(0) +𝜔𝑠𝑚𝑓 cos(𝜔𝑠𝑡)  

→ 𝜔𝑐(1)(𝑡) = 𝜔𝑐(0) +𝜔𝑠

𝑅𝐴𝜔𝑐(0)𝜏𝑛

1 − 𝑅𝐴
2 cos(𝜔𝑠𝑡) = (1 +

2𝜋𝑅𝑉

1 − 𝑅𝐴
2 cos(𝜔𝑠𝑡))𝜔𝑐(0) 

(C-2) 

By comparing Eqs. (C-1) and (C-2), it can be deduced that Eq. (4-12) represents the 1-st 

modulation frequency. Therefore, the corresponding vibration models are redefined as: 

𝑞𝑐(0) ≡ 𝑞𝑐(𝑡)  in Eq. (4-3) and 𝑞𝑐(1) ≡ 𝑞𝑐(0)(𝑡 − 𝜏(𝑡))  in Eq. (4-10). Additionally, an 

approximated acceleration rate �̃�𝑎(𝑡)  and its maximum value |𝑟𝑎(𝑚𝑎𝑥)|  in the SSSV 

process can be deduced as follows (see Fig. C-1): 

�̃�𝑎(𝑡) = |𝑟𝑎(𝑚𝑎𝑥)| cos(𝜔𝑠𝑡)  where |𝑟𝑎(𝑚𝑎𝑥)| =
2𝜋𝑅𝑉

1 − 𝑅𝐴
2 =

𝑅𝐴𝜔𝑠𝜏𝑛
1 − 𝑅𝐴

2 =
𝑚𝑓𝜔𝑠

𝜔𝑐(0)
 (C-3) 

Note that the average acceleration rate in the SSV period, which was used in [232] as 

the stability index, is always zero in Eq. (C-3), as �̃�𝑎(𝑡) is simply expressed by a cosine 

function based on the approximation used for deriving Eq. (4-12). A similar relationship 

holds good in the next modulation (i.e., 𝑞𝑐(2) ≡ 𝑞𝑐(1)(𝑡 − �̃�(𝑡))) as follows: 

𝑞𝑐(2) ≡ 𝑞𝑐(1)(𝑡 − �̃�(𝑡)) 

     = 𝐴𝑐 cos(𝜔𝑐(0)𝑡 − 2𝜀𝑐𝑛 +𝑚𝑓 sin(𝜔𝑠𝑡) + 𝑚𝑓 sin(𝜔𝑠𝑡 − 𝜔𝑠𝜏𝑛 + |𝑟𝑎(𝑚𝑎𝑥)| sin(𝜔𝑠𝑡)) + 𝜓𝑐) 

→ 𝜔𝑐(2)(𝑡) = 𝜔𝑐(0) +𝑚𝑓𝜔𝑠 cos(𝜔𝑠𝑡)

+ 𝑚𝑓{𝜔𝑠 + |𝑟𝑎(𝑚𝑎𝑥)|𝜔𝑠 cos(𝜔𝑠𝑡)} cos(𝜔𝑠𝑡 − 𝜔𝑠𝜏𝑛 + |𝑟𝑎(𝑚𝑎𝑥)| sin(𝜔𝑠𝑡)) 

                 = (1 +
𝑚𝑓𝜔𝑠

𝜔𝑐(0)
cos(𝜔𝑠𝑡)) {1 + |𝑟𝑎(𝑚𝑎𝑥)| cos(𝜔𝑠𝑡 − 𝜔𝑠𝜏𝑛 + |𝑟𝑎(𝑚𝑎𝑥)| sin(𝜔𝑠𝑡))}𝜔𝑐(0) 

                 = (1 + �̃�𝑎(𝑡))𝜔𝑐(1)(𝑡 − �̃�(𝑡)) 

(C-4) 

where 

𝜔𝑠�̃�(𝑡) = 𝜔𝑠𝜏𝑛 (1 −
𝑅𝐴

1 − 𝑅𝐴
2 sin(𝜔𝑠𝑡)) = 𝜔𝑠𝜏𝑛 − |𝑟𝑎(𝑚𝑎𝑥)| sin(𝜔𝑠𝑡) (C-5) 
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In summary, the modulation in the previous vibration may emerge as the present 

vibration according to the spindle rotation, via excitation by the cutting force, including the 

regeneration. Consequently, the range of frequency shift becomes broader than that given 

by Eq. (4-12), and appears to approximately range from (1 ± 𝑅𝐴)𝑓𝑐𝑛, as implied in [232] (also 

see Fig. C-3). Although the analytical vibration model and its net energy inflow in that case 

should be further investigated, it is worth noting that the energy balance of the SSV cycle 

with different combinations of the modulation waves does not change, as shown in Fig. C-2. 

In short, the following relationship holds good in Eq. (4-26) as:    

𝐸𝑓
𝜇𝑐𝐾𝑡𝑐𝑏𝑐𝑑𝑓

= ∫ 𝑞𝑐(𝑙+1)(𝑡)�̇�𝑐(𝑙)(𝑡)

1
𝑓𝑠

0

𝑑𝑡 = ∫ 𝑞𝑐(𝑙′+1)�̇�𝑐(𝑙′)(𝑡)

1
𝑓𝑠

0

𝑑𝑡, 𝑙, 𝑙′ ∈ ℕ0 (C-6) 

To show the typical behavior of the frequency shift during SSSV, the spectrograms (i.e., 

STFT) of the unstable SSSV tests described in Section 4.5 are summarized in Fig. C-3.  

  

Fig. C-1 Approximated acceleration rate (analysis 

conditions are same as those shown in Fig. 4-10) 

Fig. C-2 Energy behavior calculated with high 

order modulated waves (Analysis conditions are 

the same as Fig. 4-11 ) 

 

Fig. C-3 Spectrograms of unstable SSSV in the experiment (the common experimental conditions are 

those shown in Table 4-3 and 𝑓𝑐𝑛 = 1526 Hz. The data samples of the analysis sliding window and its 

overlap were set to 1024 and 1009 samples, respectively): (a) 𝑅𝐴 = 16.0%, 𝑓𝑠 = 1.0 Hz (i.e., Fig. 4-18); (b) 

𝑅𝐴 = 12.9%, 𝑓𝑠 = 1.0 Hz (i.e., Fig. 4-20); (c) 𝑅𝐴 = 12.9%,𝑓𝑠 = 2.0 Hz (i.e., Fig. 4-20) 
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D)  Dynamics of the slender workpiece and specific cutting-

force coefficients in the parallel turning/milling process  

Fig. D-1 and Table D-1 summarize the experimental FRFs and identified modal 

parameters of the flexible workpiece used in the experimental setup for the parallel turning 

and milling processes.  

Table D-1 Identified modal parameters of the flexible workpice  

FRF 𝛷𝑥𝑥 𝛷𝑥𝑦 𝛷𝑦𝑦 𝛷𝑦𝑧 𝛷𝑧𝑧 𝛷𝑧𝑦 

Mode # 1 2 1 2 1 2 1 2 1 2 1 2 

𝑀 [kg] 1.51 0.236 3.73 1.45 0.749 0.254 16.2 2.20 129 11.2 6.05 1.15 

𝐶 [Ns/m] 451 45.4 755 143 186 41.6 3.89e3 412 3.69e4 1.95e3 1.49e3 185 

𝐾 [N/μm] 10.5 3.63 31.9 23.8 6.41 4.12 142 36.1 1.13e3 182 51.2 18.4 

 

(a) (b)

(c) (d)

Experiment (tap test) Fitted (MDoF curve fitting with nonlinear LSM)
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 Additionally, a series of ordinal single milling tests (stable slotting) using an SUS303 

plate and a similar tool, used for parallel milling, were performed on a three-axis milling 

center. The specific cutting forces and edge-force coefficients were identified using the 

average cutting force method [297]. The results are summarized in Fig. D-2 and Table D-2. 

 

 

Fig. D-1 Experimental and fitted FRFs of the flexible workpiece in the prototype multi-tasking 

machine tool: (a) 𝛷𝑥𝑥(𝑖𝜔); (b) 𝛷𝑥𝑦(𝑖𝜔); (c) 𝛷𝑦𝑦(𝑖𝜔); (d) 𝛷𝑦𝑧(𝑖𝜔); (e) 𝛷𝑧𝑧(𝑖𝜔); (f) 𝛷𝑧𝑦(𝑖𝜔) 

 

 

Fig. D-2 Results of the stable slotting tests with SUS303 with various feed rates 𝑐 (𝑁𝑐 = 2, 𝑎𝑝 =

2.0 mm, and 𝑆 = 1000 min−1. The cutting force was measured by a Kistler type 9257B piezoelectric 

table dynamometer.) 

 

Table D-2 Identified cutting force coeffcients in the SUS303 plate 

Direction Tangential (𝐾𝑡𝑐 , 𝐾𝑡𝑒) Radial (𝐾𝑟𝑐 , 𝐾𝑟𝑒) Axial (𝐾𝑎𝑐 , 𝐾𝑎𝑒) 

Specific cutting force [MPa] 1831 720 446 

Edge force [N/mm] 24 17 1.2 

 

 

(e) (f)

Workpiece

Feed direction

Y

X
Z

Spindle 

rotation

Tool
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E) Net inflow of energy in the tool swing parallel turning  

As the vibration direction was assumed to coincide with the X-direction, only the net 

inflow of energy owing to the cutting force in the X-direction was considered. From Eq. 

(5-11), the cutting force in the X-direction at the workpiece can be written as follows: 

𝐹𝑥
w(𝑡) = −2𝐾𝑡𝑐𝑏𝑐𝑑𝑓[𝑥

w(𝑡) + 𝜇𝑐𝑥
w(𝑡 − 𝜏)], where 𝑑𝑓 = 𝜇𝑓 cos 𝜂 (E-1) 

Note that an equal pitch was assumed (i.e., 𝜏t1 = 𝜏t2 = 𝜏 = 60 (𝑁𝑐𝑆𝑛)⁄ ; 𝑁𝑐 = 2). Similar to 

Eqs. (4-3) and (4-4), the workpiece vibration is defined as follows: 

𝑥w(𝑡) = 𝐴𝑐 cos(𝜔𝑐𝑡 + 𝜓𝑐)  →  𝑥w(𝑡 − 𝜏) = 𝐴𝑐 cos(𝜔𝑐𝑡 − 𝜔𝑐𝜏 + 𝜓𝑐) (E-2) 

As the TSM with a sinusoidal manner is inherently the same as SSSV, the previous 

vibration with time-varying delay can be expressed as follows, similar to Eq. (4-16): 

𝑥w(𝑡 − 𝜏(𝑡)) ≈ 𝐴𝑐 ∑ 𝐽𝑙(𝑚𝑓) cos((𝜔𝑐𝑛 + 𝑙𝜔𝑠𝑤)𝑡 − 𝜀𝑐𝑛 + 𝜓𝑐)

∞

𝑙=−∞

 (E-3) 

Here, in the TSM process, even the MI is defined in the same way. Consequently, 

focusing only on the terms related to the regeneration, the process energy balance is defined 

as follows: 

𝐸𝑓 = ∫ 𝐹𝑥
w(𝑡) ∙

𝑡𝑒

𝑡𝑏

�̇�w(𝑡)𝑑𝑡 ≈ ∫ −2𝜇
𝑐
𝐾𝑡𝑐𝑏𝑐𝑑𝑓𝑥

w(𝑡 − 𝜏(𝑡))�̇�w(𝑡)
𝑡𝑒

𝑡𝑏

𝑑𝑡 

     ≈ 𝜇𝑐𝐾𝑡𝑐𝑏𝑐𝑑𝑓𝐴𝑐
2𝜔𝑐𝑛 × ∑ 𝐽𝑙(𝑚𝑓)

∞

𝑙=−∞

{
 
 

 
 ∫ sin((2𝜔𝑐𝑛 + 𝑙𝜔𝑠𝑤)𝑡 − 𝜀𝑐𝑛 + 2𝜓𝑐)

𝑡𝑒

𝑡𝑏

𝑑𝑡

−∫ sin(𝑙𝜔𝑠𝑤𝑡 − 𝜀𝑐𝑛)
𝑡𝑒

𝑡𝑏

𝑑𝑡
}
 
 

 
 

 

(E-4) 

By comparing Eqs. (4-26) and (E-4), the process energy balance in the TSM cycle (i.e., 

[𝑡𝑏, 𝑡𝑒] = [0, 2𝜋 𝜔𝑠𝑤⁄ ]) can be easily deduced as follows: 

𝐸𝑓 →
2𝜋𝜇𝑐𝐾𝑡𝑐𝑏𝑐𝑑𝑓𝐴𝑐

2𝜔𝑐𝑛𝐽0(𝑚𝑓)

𝜔𝑠𝑤
sin 𝜀𝑐𝑛   (E-5) 

From the above, Eq. (E-5) become positive in the CSS process (i.e., 𝐽0(0) = 1) under 0 <

𝜀𝑐𝑛 < 𝜋 (Eq. (5-21)), as the other coefficients are generally positive. Therefore, it can be 

interpreted that chatter would occur within 0 < 𝜀𝑐𝑛 < 𝜋 in equal pitch parallel turning. 

Additionally, the accumulated net inflow of energy becomes double in the CSS condition, 

which corresponds to a double regeneration gain. 
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