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Chapter 11

Measurement error

Let Q = (R, B,G) and O = (R, B, F) be respectively a crisp W*-observable (i.e., quantity) and a
W*-observable in a W*-algebra N such that Q and O commute. Under the assumption that O is
regarded as the approximation of Q, we define the measurement error A (MN (Q x 6,?(?))) by

A(Mx(@ % 0.5(7))) = [//R M= MPR((G x F)(dhdh)] 2 (11.1)

This is also called the distance between Q and O concerning p. The purpose of this chapter is to
investigate the measurement error. Readers will see that the A(MN (Q x 67§(ﬁ))) is superior

77‘

to the “conventional definition” such as |“true value” —“measured value

11.1 Approximate measurements for quantities

Let N be a W*-algebra. Let Q = (R, B, G) be a crisp W*-observable (i.e., quantity)
in N. Let O = (R, B, F) be a W*-observable in N such that Q and O commute. Let Q x
O = (R?, B2, G x F) be the product observable of Q and O. Consider the simultaneous
measurement My (Qx O, S(p)). According to Proclaim™ "1 (9.9), the probability that the
measured value (A1, A\g) ( € R?) belong to 21 x =5 ( € B?) is given by p((G x F)(Z1 x Zy)).

Thus, the variance of |A\; — Ag| is given by

2= 2eal(@ x Fyanan) (112)

Here we have the following definition.
Definition 11.1. [Error (or precisely, Measurement error), cf. [44]]. Assume the above

notations. And assume the situation that we hope to approximate Q ( = (R, B,G)) by
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276 CHAPTER 11. MEASUREMENT ERROR

O (= (R, B, F)), that is, O is the approximation of Q. Then the measurement error,
A(MN(Q x O, ?(ﬁ))), is defined by

A(My(@ x 0.5(7))) = [//R A — Aof?((G x F)(dAld)\g))]l/Q. (11.3)

This is also called the distance between Q and O concerning p (or, the error of O for Q

concerning p).
|

It should be noted that every measurement is exact. Thus the above definition is based

on the following assumption:

() We want to take a measurement My (Q, S(p)). But it is impossible for some reason.
Thus, instead of the Mx(Q, S(p)), we take a measurement My(O, S(p)). In this
sense, we regard My(O, S(p)) as the approximation of Mx(Q, S(p)).

The following examples will promote the understanding of Definition 11.1.
Example 11.2. [(i): Gaussian observables]. Consider the exact observable Opx, =

(R, Br, X,,) and Gaussian observable O¢ = (R, Bg,G%) in N = L>®(R, du) such that:

— 1 _(@—w)? _
G (2)](un) = W[e 207 dx (Vu € RVE € Bgr), (11.4)

(where 02 is a variance). Then we see, for each density function p ( € L (R, dp)),
S . ) 1/2
A(MN(OEXA x Og, S(p))) _ [// A1 — A25((G x GO)(dAldAQ))}
R

_[/ A — A \2</ (1) ! / e—<z;‘%)2dg;><—( )d )]1/2
N V=l pLan
=0, (11.5)

which is independent of p.
[(ii): Triangle observable, c¢f. Example 2.19]. Let € be any positive number. Define the
membership function (i.e., triangle function) Z. : R — R such that:

1-92 0<w<e

+1 —e<w<0 (11.6)

Z(w)=4q %
0 otherwise .

Put Z, = {ek : k€ Z={0,+1,42,..}}. Define the W*-observable Or = (R, BR,T(E,))
in the commutative 1W*-algebra L*(R, dw) such that To(w) = > 2y Z.(w —1x) (VE €
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Br, Vw € R). This W*-observable O7 is called a triangle observable in L>®(R,dw).

Consider the exact observable Ouxy = (R, Br, X<»>) and the triangle observable Oy =

(R, Br, T;)) in N = L*(R, dw). Then we see, for each density function 7 ( € L},(R, dw)),
1/2

A(MOcs 2 02, 5(0) = | [ (= )1 = el +lpte)ts] "< §

where [w], is the integer such that [w], <w < [w], + 1. |

G
Example 11.3. [Self-adjoint operators]. Let A; and A; be commutative self-adjoint
operators on a Hilbert space H. For each i ( = 1,2), consider the crisp observable O; =
(R, Br, E4,) in B(H) which is the spectral measure of A;, i.e., A; = [g AE4,(d)). Then,

we see that

A (MO x 0o S([u)ul))) = [/R A= a2, By (dA) Eay (dAo)u)] 2
= [|(A1 — Az)ul*. (11.7)

11.2 The estimation under loss function in statistics

Let Q = (R,B,G) and O = (X, J, F) be a quantity (i.e., a crisp observable on R)
and a W*-observable in a W*-algebra N respectively. Consider the measurable map
h: X — R, and the image observable Oy = (R, B, F(h~'(+)) ) in N. This measurable
map h : X — R is called a statistic. Also assume that Q and 6[;4 commute. Thus, the
distance between Q and Oy, (concerning p € &"(N,)) is defined by A(Mx(Q x Oy, S(p)) )
as in the above definition.

Now we have the following problem:

Problem 11.4. [The estimation under loss function in statistics]. Assume the above
notations. Then our present problem is as follows:

(#) how to choose a proper image observable Oy (e, O (=(X,F,F))and h: X = R)
as the approximation of a quantity Q (= (R, B, G)).

Our interest is concentrated on the problem (#), which is regarded as a kind of “inference’
Note that this (f) is entirely different from Fisher’s spirit in Chapter 5, that is, how to

infer the unknown state from the measured data obtained by a measurement.
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Of course, it is desirable that O and & in the above (#) satisfy the following (A;) and
(A2).

(A1) (unbias condition). There exists a dense set D ( € &"(N,)) such that:

/R A G = [N U @), (Ve D)

R
(A2) A(Mx(Q x Oy, S(p)) ) is small (where Q and Oy, commute ).

In what follows, we shall study Problem 11.4 in Example 11.5 and Problem 11.6.
Example 11.5. [Heisenberg’s uncertainty relation, cf. [31], [36], Chapter 12]. Let A;
and Ay be a position quantity and a momentum quantity respectively (i.e. A; and A,
are self-adjoint operators on a Hilbert space H satisfying that A;As — Ay Ay = ih, h is
“Plank constant” /(27)). As mentioned before, we identify A; with the spectral measure
A, = (R,B,G)) in B(H), ie., A; = fR AG;(dN). Since A; and Ay do not commute, the
product observable does not exist. Therefore, consider an observable O = (X, 7, F) in
B(H) and measurable maps h; : X — R, (i = 1,2), and define the image observables
Op, = (R,B,F(h;'(-)) = Fy(+)) in B(H). And furthermore, assume the conditions:

(i) There exists a set D ( C H) such that D (=“closure on D)= {u € H | |Ju| = 1}
and it holds that (u, A;u)y = [g Mu, Fi(d\))u)y (Vu € D, i=1,2

(ii) Q; and Oy, commute (i = 1,2).
Then we get the following inequality:

A(MB(H) (Q, x 6[,“],?@))) : A(MB(H) @, x 6[h2],§(ﬁ))> > 1/2  for all p € Troy(H).

(11.8)

This is just Heisenberg’s uncertainty relation, of which non-mathematical representation

was proposed by W. Heisenberg in the famous thought experiment of v-rays microscope
(cf. [31]). This will be discussed in Chapter 12.

|

The following problem is a main part of this section. The reader should find “estima-
tion under loss function in statistics” in the following problem.
Problem 11.6. [= Example 5.9 (Urn problem)]. Let U;, j = 1,2, 3, be urns that contain

sufficiently many colored balls as follows:
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\ H blue balls \ green balls \ red balls \ yellow balls \
urn U, 60% 20% 10% 10%
urn Us 40% 20% 30% 10%
urn Us 20% 20% 40% 20%

Put U = {U,, U,, Us}. By the same argument in Example 5.9, we consider the state space
Q ( = {w1, wo, w3} ) with the discrete topology, which is identified with U, that is, U 3 U;

U1%w1

Us =~ wo U3%W3

®OOB®O®
®OBO®OQY

OBOORE®
OB®O®Y)

®O®®Y
®O®®Y

Let @ be a quantity in C(Q2), ie., Q : Q (= M",(©2)) — R is a real valued continuous
function on 2. For example we may consider in what follows. Assume that the weight of a
blue ball is given by 10 (gram), and green 20, red 30 and yellow 10. (Thus, we can define
the map W : X — R such that W (b) = 10, W(g) = 20, W(r) = 30 and W(y) = 10.)
Therefore, we can define the quantity @ : 2 — [0, 50] such that the average weight Q(w; ) of
the balls in the urn U is given by 14 (= (10-60+20-20+30-10+10-10)/100), and similarly,
Q(w2) = 18 and Q(ws) = 20. Define the observable O = (X = {b,g,r,y, },2*,F)) in
C(€2) by the usual way. That is,

F{b}(wl) = 6/10
Fipy(w2) = 4/10
F{b}(W3) = 2/10

Figy(wr) = 2/10
Fiyy(ws) = 2/10
Figy(ws) = 2/10

F{T}(wl) = 1/10
Fiy(we) = 3/10
F{T}(OJg) = 4/10

F{y}(wl) = 1/10
F{y}((A)Q> =1/10
F{y}(W3) = 2/10.

Now consider the iterated measurement Me(q)( Xz_; O = (X2, 2X* X3 F), Spy) where

(x2_, F)z,x=,(w) = Fz,(w) - Fg,(w). Also, assume that

e the measured value (b, ) is obtained by the simultaneous measurement Me o) ( X7_;

0, Sy).

Now we have the following problem.
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(8) How do we infer Q(x) from the measured value (b,r) obtained by the simultaneous

measurement Mcq)( X5, O, Suy) ?

[
In what follows, we provide four answers to the above problem.

Answer 1. [Fisher’s method, cf. [44]]. Recall “[II]” in Example 5.8, in which we infer,
by Fisher’s method, that the unknown urn is Us. That is, applying Fisher’s method (cf.
Corollary 5.6), we get the conclusion as follows: Put E(w) = F)(w)Fgy(w). Clearly it
holds that E(w;) = 6-1/10% = 0.06, E(ws) = 4-3/10*> = 0.12 and E(w3) = 4-2/10% = 0.08.
Therefore, there is a very reason to think that [* ] = d,,, that is, the unknown urn is
Us,. Since we inferred that [+ ] = ,, ( <> ws) in Example 5.8(I1), we can immediately

conclude that (or more precisely, Regression analysis 11 (6.48))

Q(x) = Qwz) = 18.

Answer 2. [Moment method] Recall “Remark” in Example 5.8, in which we infer, by the
moment method, that the unknown urn is U;. Thus, we conclude that Q(x) = Q(Us,) = 18.
Answer 3. [Bayes’ method in SMTpgp|. Next study the above problem () in SMTpgp-
method (cf. §8.6.2, and Theorem 11.12 later). Thus, we assume that the [ * ] is chosen
by a fair rule (e.g., a fair coin-tossing, a fair dice-throwing, etc.). Consider a statistical
measurement Meq)( X7_; O, Sp(pf') ), where we assume that pf' = pi,, ie., pli; =
3 Z;’:l 0., on €. When we get the measured value (b, r) by the measurement M q)( X7_,
O, Siy(pi) ), we infer, by Bayes’ method (for example, (B;) in Remark 8.14, or more
precisely, Theorem 8.13), that the new state pl’  is

1
mo_ 0.06-6, +0.12-5, +0.08-4,
Prew = 0706 7 0.12 + 0.08 " ot 2 T 5)
1
= (6-§ 12 -6 -0 ).
6+12+8(6 b F 8 Oug)

Thus there is a very reason to consider that

Q( ) is approximated by [;, Q(w)pi, (dw) = HEHE2HE0E — 1769 ..

Also, the variance o2 is given by

(14 - 17.69)* - 6+ (18 — 17.60)* - 12 4 (20 — 17.69)* -81'> _, o
g = = 2Z2.1Y...
6+12+8
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Answer 4. [The estimation under loss function in statistics, cf. [44]]. Let Mg
(%710, Su(pg) and @ : Q — [0,50] be as in Problem 11.6. Put O = (X = {b,g,7,y},
2%, Fy) in C(Q) ( = C({wi,wz,w3})) and pi* is any mixed state € M7, (). Consider
a measure v on €, for example, v({w;}) = 1 (j = 1,2,3). Define the W*-observable O
in L>=(Q,v) such that O = O, and define the normal state p ( € L1,(Q,v)) such that
Py (B) = [ p(w)r(dw) for all B ( € Q). Then, we can identify Me(q)( X3, O, Sui(pf"))
with Mo, ( x7_; O, S(p)). Note that @Q is equivalent to the crisp observable Q =
(R, B,G?) in L™(Q,v) such that GZ(w) = X weaownes (W) for all = € B and all w € Q.
Define the map h : X2 — R such that:

h(z1, s) = %(W(fm + W(x2)> (V(x1, 22) € X2 = {b, 9,7, y}?) (11.9)

where W (b) = 10, W(g) = 20, W (r) = 30 and W (y) = 10. Consider the image observable
(x3,0)n = (R, B, F = (x3_, F)y1y). Then, A(Mye(0,(@Q x (x3_,0)1, 5(7))) the
distance between Q and (x?_,0); concerning p, is calculated as
— _ o - 1/2
A (Mm@ (<3000 50)) = [ [ =262 x Fiandn)

3

[N e)I@e) — Al ) F ) Frey )]

J=1 (z1,2)€X?

- [22p(w1) + 385(ws) + 38p(w3)} v (11.10)

Therefore, we see that (11.10) < /38 = 6.17 for all p € L1,(Q,v). Now we can also

answer the problem () in Problem 11.6. That is, we see,
Q(*) = LW (r) + W (b)) = (30 + 10)/2 = 20,

though it of course includes the error 6.17.

The map h : X™ — R, (n = 2), in (11.9) may be chosen by the hint of “the law of large
numbers”. That is, if n is sufficiently large, the map h : X™ — R (defined by h(x, ..., z,)
= L3 W(a)) has a proper property, i.e., lim, A(MLM(Q,V) (Qx (x?_,0)p, g(ﬁ)))
=0 for all p € L},(Q,r). However, there are several ideas for the choice of h.
Definition 11.7. [Admissible]. Let Q = (R, B,G) and O = (X, J, F) be a quantity and

W*-observable in a W*-algebra N respectively. For each 1 = 1,2, consider a measurable
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map h; : X — R, and the image observable Oy, = (R, B, F(h;*(-)) ) in N. Also assume
that Q and Oy, commute.

(i) When it holds that
AMx(Q x O, 5(p) ) < AMn(Q x Oy, S(p)) ) Vp€ &"(N,),  (11.11)
we say that Oy, is better than Oy, as the approximation of Q.

(i) Also, Oy, is called admissible as the approximation of Q, if there exists no hy that

satisfies (11.11) and the following condition:

A(Mx(Q x Oy, S(70) ) < A(Mx(Q x Oy,, S(py)) ) for some p, € &"(N,).
(11.12)
|
As a well known result concerning “admissibility’, we mention the following example.
Example 11.8. [Gaussian observable and admissibility]. Let O = (R, Br,G?) be the
Gaussian observable in N = L*(R, du), that is,

. 1 _wmw? —
GZ(p) = \/W/Ee 207 du (Vu, € R, V= € Bgr). (11.13)

Consider the quantity @ : R — R such that Q(un) = p (Ve € R), which is identified with
the observable Q = (R, Bg, F, (Q)) where FZ (1) = x.(u). Consider the product observable
xp_,0 = (R", Bgrn, X}_;G?) in L>®(R,du). Define the map h : R* — R such that
R" > (A1, .., \n) KA Adetdn e R, Then, it is well known (cf. [86]) that ( x}_; O), is
admissible as the approximation of Q.

|

11.3 Random observable

Recall the probabilistic measurement Me(q) (O, Sp([0w,; P] @ [0wy; 1 — p])) in Example
8.1 (8.8). Here, the symbol [d,,;p] ® [0w,; 1 — p] is called a “probabilistic state” The
concept of “probabilistic state” urges us to propose the “random observable” as follows:

For simplicity, in this section we devote ourselves to the classical case (i.e., C'(Q2) and
L2, ).

Let O = (X, F, F1), O = (X, T, F), ---, Oy = (X, F, Fy) be observables in C'().

In a similar way in the procedures (FP;) and (P%) of Example 8.1, define the “random
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observable” ®&_,[0,,; p,], where 25:1 m=10<p,<1(n=1,2,..,N)). That is, we

assume that:

e To take a measurement Mc(o) (@2, [On; pnl, Sps.))- (This measurement is called a

“random measurement’f)
<

e To take one of {M¢(q)(On, Sps.1) | n = 1,2, ..., N} according to the probabilistic rule
(p1, D2, -, pn). That is, to take the measurement Mc(q)(Oy, Sps,]) with probability
Pn.

Here, it should be noted that

e the statistical property of Mc(q)(®2_1[O0n; pnl, Sis.)) is equal to that of MC(Q)(G,
Sis.), where O = (X.F,F) is defined by F(Z) = SN puF,(Z). That is, for each
E(eF)andw (€ Q),

“the probability that a measured value obtained by Mc(q)(BY_1[O0n; pnl, Ss.)

belongs to =”

=) palF(E)|(w) (11.14)

= “the probability that a measured value obtained by MC(Q)(6, Ss.)) belongs

7
to =7,

which is easily seen by a similar argument such as stated in Example 8.1.

Again note that

(1) to take a random measurement Mcq)(DY_1[O0n; pnl, Sps.) (11.15)
—
to take a measurement Mc(q)(On, Sps,1) with probability p, (n =1,2,...,N).
(2) to take a probabilistic measurement Mc(o) (O, Sp( @5, [0w,;Pn))) (11.16)
<~

to take a measurement M) (O, S5, 1) with probability p, (n =1,2,...,N).
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In the case that N = co. it suffices to prepare a probability space (A, F(A),r). And,
for each A( € A), consider an observable O, ( = (X, J, F))) in C(£2). Then, the random
observable ®2_,[0,,; p,] is generalized as §, O,v/(d\) ( = (X, 5§, F,\I/(d)\))>.

The following example is typical (though the description is due to the W*-algebraic
formulation).

Example 11.9. [Gaussian observable as a random observable]. For each \( € R( = A)),
consider an observable O, ( = (R( = X),Br, F))) in L*(R( = Q),dw) such that

F\E)]w) = xa(w —A) (VE€ Br( C2%),Vw € R(=Q),VA € R( = A)).

Define the probability space (R( = A), Br, v) such that:

1 2
Nore Se?a?dA (VS € Br). (11.17)

Thus, we have the random observable:

v(S) =

jiow(cu)( — (R( = X), Br(= ?),fFAy(d/\)D (11.18)

A
which the probabilistic form of the Gaussian observable (R( = X),Br( = ¥),G7) in
L*(R( =), dw) such that:
1
G (= w:/FE wvd)\:/ S(w—=A
[G7(E)](w) A[A()]()() AX_( )W

1 z—w)2
= - /_6_(202)dx (Vw € R(= Q) V= € Br( C2Y)), (11.19)

(Cf. Example 11.8.)

_ A%
e 202d\

|

Although the following problem is easy, its measurement theoretical answer is quite
important.

Problem 11.10. [Which hand is the coin under?]. The following problems (P;) and (F)

are essentially the same.

(P1) A coin is, intentionally or unintentionally, put under my right hand or my left hand.
Suppose that you do not know which hand the coin is under, and you choose one
of my hands which you guess that the coin is under. Is it reasonable to believe that
the probability that the ball is under the hand you choose is equal to 1/2. How do
you think about it?
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my right hand my left hand

P @

Table

(P,) There are three boxes (i.e., Box 1, Box 2 and Box 3) and a ball. A ball is, intention-
ally or unintentionally, put in one box (i.e., Box 1 or Box 2 or Box 3). Suppose that
you do not know which box contains the ball, and you choose one of three boxes
which you guess the ball is in. In this case, it is often believed that the probability
that the ball is in Box 1 [resp. in Box 2; in Box 3] is 1/3 [resp. 1/3; 1/3]. How do
you think about it?

Ball
. & Box 1 Box 2 Box 3

o[The experimental answer to Problem (P;)]. We can easily say “Yes”, that is,
(A7) the probability that the ball is under the hand you choose is equal to 1/2.

In fact, it can be easily tested experimentally. For example, it suffices to ask to 1000
persons “Which hand is the coin under?”. About 500 persons will say “Right hand”,
and the other persons will say “Left hand” In either case, about 500 persons’ guess is
hit. Thus the above (A;) is true. Although this (P;) is the easiest problem throughout
this book, what I want to say is the measurement theoretical answer mentioned in what
follows.

o[The measurement theoretical answer to Problem (P,)]. Since the two (P;) and (P») are
essentially the same, it suffices to answer Problem (P,) from the measurement theoretical

point of view. When the conclusion is said first, we can say that:

(As) the probability that the ball is in your chosen box is equal to 1/3.
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In what follows we shall explain it. Put 2 = {w;,ws, w3}, where w; [resp. wa, ws] means
the state that the ball is in Box 1 [resp. Box 2; Box 3]. First we consider the case wy,
that is, the ball is in Box 1.

[(i): The case wy, that is, the ball is in Box 1]. Define three observables Of ( =
(10,1}, 2101 " Fe)), O (= ({0,1},208 ) F5)), O5 (= ({0, 1},2{% F¥)) such that:

[FY({0P](w1) =0, [FT({0})](w2) = 1, [FY({0})](ws) = 1,
[Er{1)1(wn) =1, [Fr({1D))(w2) = 0,  [FT({1})](ws) =0, (11.20)
[Fr({0P](wr) =1, [F5({0})](w2) = 0, [F5({0})](ws) = 1,
[F5({1D)](w1) = 0, [FE({1D))(w2) = 1, [F({1})](ws) =0, (11.21)
[F5({OD](wr) = 1, [FE({0D)](w2) = 1, [F5({0})](ws) = 0,
[E5({1)](wn) = 0, [F5({1D))(w2) = 0,  [F5({1})](ws) = 1. (11.22)

Note that we identify the following (S7) and (S3):

(S7) We take a measurement M¢(q)(Of, Sps,,,1). And we obtain a measured value 1. (Or,

we obtain a measured value 0.) (11.23)
(S3) We open Box 1. And we find the ball. (Or, we do not find the ball.) (11.24)
Similarly, we see the following identification:

(SF*) We take a measurement Mc(q) (O3, Sps,,,1) [resp. Mca) (05, Sps,,,1)]. And we obtain

a measured value 1. (Or, we obtain a measured value 0.)
(523) We open Box 2. [resp. Box 3.]. And we find the ball. (Or, we do not find the ball.)
Since “the state w;” = “the case that the ball is in Box 17, we can assume that

e the measured value obtained by M¢(q) (0¥, Sjs,,1) [resp. Mc(a) (05, Sps.,,1); Mc() (05,
Sis,,1)] 18 1 [resp. 0; 0].

Since you have no information about the [*], your choice is the same as the choice by a

fair coin-tossing. That is, we assume that

“decision without having information” <= “decision by a fair coin-tossing”, (11.25)
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which is the fundamental spirit of “the principle of equal probability” in the following

section. Thus, it is reasonable to consider that

the probability that Box 1 is opened = the probability that Box 2 is opened
=the probability that Box 3 is opened = 1/3. (11.26)

Therefore, we see that

(a) the probability that the measured value obtained by Meq)( @i_, [0f;1/3], Ss,,1)
is 1 [resp. 0] is given by 1/3 [resp. 2/3].

[(ii): The case wy, that is, the ball is in Box 2]. Similarly we see that

(b) the probability that the measured value obtained by the “measurement”

M) ( @3-, [0f;1/3], Sps,,,1) is 1 [resp. 0] is given by 1/3. [resp. 2/3].
[(iii): The case ws, that is, the ball is in Box 3]. Similarly we see that

(c) the probability that the measured value obtained by the “measurement”

M) ( @3-, [0f;1/3], Sps,,,)) is 1 [resp. 0] is given by 1/3. [resp. 2/3].

[(iv): The case that we do not know which box contains the ball]. By the above (a), (b)

and (c), we see that

e the probability that the measured value obtained by the “measurement”

Mc o) @;_; [0f;1/3], Spy) is 1 [resp. 0] is given by 1/3 [resp. 2/3].

Note that “measured value 1 is obtained” < “open the box that contains the ball” Thus,
we can believe that the probability that the ball is in Box 1 [resp. in Box 2; in Box 3] is
1/3 [resp. 1/3;1/3].

[Remark]. Recall BMT (in §8.6). Then, the system in Problem (P) is clearly represented
by Su(vu)bw, cf. §8.6.1. Here, v,({wir}) = 1/3 (k = 1,2,3). However, in the above
argument, we conclude that the “probability” that the ball is in Box 1 [resp. in Box 2; in
Box 3] is 1/3 [resp. 1/3; 1/3]. Therefore, we have the following question:

e Is the system represented by Sp(v,) (as well as S (V) pw)?

This will be discussed in the following section. [
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11.4 The principle of equal probability

Consider a measurement Mc()(O = (X, T, F), Spy), where Q is finite, ie., Q =
{w1,ws, ...,wn}. There may be several definitions of “Having no information about the
[*x]”. As mentioned in §8.6, in this book we introduce three definitions of “Having no

information about the [*]” such as:

(a). iterative likelihood function method in §5.6,
(b). SMTpgp in SMT in this section and §11.4,
(c¢). BMT in §8.6.

We want to change Spj((vu)sw (belief weight) to Spy(v.) (statistical state). This will be
done according to the spirit (11.25), that is,

“decision without having information” <= “decision by a fair coin-tossing”,

which assures that the principle of equal probability holds. This is the purpose of this
section.

Let Q be a finite set, i.e., Q = {wy,wo, ...,wn}. A map ¢ : Q — Qis said to be ergodic,
if it is a bijection and if it holds that Q = {¢"(w) | n =0,1,..., N — 1} for any w ( € Q).
Also, a homomorphism ® : C'(2) — C(Q) is said to be ergodic, if there exists an ergodic
bijection ¢ : 2 — Q such that

(®f)(w) = flo(w)) (Vf e C(Q),Vwe Q). (11.27)

Theorem 11.12. [The principle of equal probability (=“PEP”), SMTpgp method].
Consider a measurement Me(q)(O = (X, F, F), Sp), where Q) is finite, i.e., = {wy, wa, ..., wn }.
And consider the measurement Mcoy( ©Y ) [@"O;1/N], Sp) (where @ : C(Q) — C(9)

is ergodic), which is called an unintentional random measurement.! Then we see

M) ( @nZ [@"0;1/N], Spy) == Me)(0, Sp( @52, [0s,;1/N]))  (11.28)

identification

and

probabilistic form
N

Me(0) (O, Spy( @32, [0,; 1/N])) > Mo (0, Sp(va)) (11.29)

statistical form (=(8.9))

L Also, it is called a “completely random measurement”, “coin-tossing measurement”, “no information
measurement”.
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where v,, = % Zgzl 0w, - That is, we can assert that:

Meo)( BN [@"0;1/N], Spy) === Mc@)(0, Si (). (11.30)

identification

Proof. Let w € €). Then we see that:

to take an unintentional random measurement Meq)( @5 [®"O;1/N], S5.))
<~

to take a measurement Mc(q)(®"O, Sps,1)

with probability 1/N, (n =1,2,...,N)

<~

to take a measurement Me ) (O, S[%n(w)]) with probability 1/N

(n=0,1,2,...N — 1)

= (Note that © = {¢"(w) | n=0,1,..., N — 1}.)

to take a measurement M) (O, S5, 1) with probability 1/N, (n =1,2,...,N)
=

to take a probabilistic measurement M) (O, Spy( @n=y [0u,; 1/N]))
=

to take a measurement Mc (o) (O, Sy (vu))-
Thus we see that:

Meo)( @Y [@"0; 1/N], Spy) === Mc@)(O, Si (). (11.31)

identification

O
Problem 11.13. [Monty Hall problem, cf.[33]].
The Monty Hall problem is as follows (¢f. Problem 5.12, Remark 5.13, Problem 8.8) :

(P) Suppose you are on a game show, and you are given the choice of three doors (i.e.,
“number 17, “number 2”7, “number 3”7 ). Behind one door is a car, behind the

others, goats.

(C) The host knows the fact that the probability that the car was set behind the
k-th door (i.e., “number k) is given by py (k = 1,2, 3), for example, p; = 3/7,
po = 1/7, p3 = 3/7. But you do not know this fact.
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You pick a door (strictly speaking, you pick a door at random), say number 1, and
the host, who knows what’s behind the doors, opens another door, say “number 37,
which has a goat. He says to you, “Do you want to pick door number 27” Is it to

your advantage to switch your choice of doors?

Door Door Door \/

Number 1 Number 2 Number 3 @\ QP\
_

[Answer]. Put Q = {wy,ws,ws}, where wy [resp. wo, ws] means the state that the car
is behind the door number 1 [resp. the door number 2, the door number 3]. Define the
observable O = ({1,2,3},2{123 F) in C(Q) such that

[F{1D)w) =00,  [F{2D)(w) =05,  [F{3})](w:) = 0.5,
[F{1)(w2) =0.0,  [F{2})](w2) = 0.0,  [F({3})l(w2) = 1.0,
[F{1H(ws) =00, [F({2D](ws) = 1.0, [F({3})](ws) = 0.0, (11.32)

[y

Thus, we have the unintentional random measurement Me (o) (®2_,[®"0; 1/3], Sp.j) (where

d: C() — C(Q) is ergodic). Theorem 11.12 says that
Me(o)( @ [270;1/3], Suy) <= Moo (0, Sy () (11.33)

where v, ({w1}) = vu({w2}) = vu({ws}) = 1/3. Thus, it suffices to consider the statistical
measurement Mc(q) (O, S(v,)). Here, note that

e By the statistical measurement M¢(q)(O, Sp(vy)), you obtain a measured value 3,

which corresponds to the fact that the host said “Door (number 3) has a goat”. Then,
the posttest state vpos, (€ M7, (Q2)) is given by

P <
(v F({3))

2Strictly speaking, F({1})(w1) = 0.5 and F({2})(w1) = 0.5 should be assumed in the problem (P)

(11.34)
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That is,

Vpost({wl}) =1/3, Vpost({WQ}) =2/3, Vpost({w?)}) =0, (11.35)

and thus, you should pick door number 2.

|
Remark 11.14. [ Four answers to Monty Hall problem]. In this book four answers to the
Monty Hall problem are presented in Problem 5.12, Remark 5.13, Problem 8.8, Problem
11.13. However, I believe that the Monty Hall problem in Problem 11.13 is the most
natural.

|
Problem 11.15. [The problem of three prisoners, ¢f. Problem 8.10 and Remark 8.11].

Consider the following problem:

(P) Three men, A, B, and C were in jail. A knew that one of them was to be set free
and the other two were to be executed. But he did not know who was the one to
be spared. To the jailer who did know, A said, “Since two out of the three will
bee executed, it is certain that either B or C will be, at least. You will give me
no information about my own chances if you give me the name of one man, B or
C, who is going to be executed.” Accepting this argument after some thinking, the
jailer said, “C will be executed.” Thereupon A felt happier because now either he
or C would go free, so his chance had increased from 1/3 to 1/2. This prisoner’s

happiness may or may not be reasonable. What do you think?

“C will be executed

>
>

p—
7

L
=—=C \ (=)

l———\f/ S
N
— ()

— /@)

(Q) (Continued from the above (P)). There is a woman, who was proposed to by the
three prisoners A, B and C. She listened to the conversation between A and the
jailer. Thus, assume that she has the same information as A has. Then, we have

the following problem:
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(#) Whose proposal should she accept?

[Answer to (P)]. Let Q (= {wa,wp, w.}) and O = (X = {x4, 25,20}, 217425:2ct F) be
as in Problem 8.10. Since A has no information, the unintentional random measure-
ment Me (o) (Di_o[*O;1/3], Si (1)) (where @ : C(2) — C(Q) is ergodic) is considered.

Theorem 11.12 asserts the following identification:

identification

where v (€ M7 (€2)) is defined by

vo{wa}) =1/3, wo({wp}) =1/3, wo({w.}) =1/3. (11.37)

Thus, we can assume that the (P) in the above is the same as the (P) in Problem 8.10.

Therefore, we get that

vw({wa})
o) = g y ~ B emliel) = @(ﬁo}g{wm —i
Vpost({we}) = 0. (11.38)
Therefore, we conclude that
e the prisoner’s happiness is not reasonable. That is because vy({w,}) = 1/3 =
Vpost ({wa })-
[Answer to (Q)]. In the above (11.38), we see that
Vpost({wa}) = 1/3,  vpost({wp}) = 2/3,  Vpost ({we}) = 0. (11.39)
Thus, we conclude that
e she should choose the prisoner B. That is because
Vpost ({wet) = 0 < vpost({wa}) = 1/3 < vpost ({ws}) = 2/3. (11.40)



