EfEAXFZZHMBHRI NI U
Keio Associated Repository of Academic resouces

Title Chapter 7 : Practical logic
Sub Title
Author &), £ BB(Ishikawa, Shiro)
Publisher Keio University Press Inc.
Publication year |2006
Jtitle Mathematical Foundations of Measurement Theory (BIZEE 5 O BF M E#). (2006. ) ,p.149- 173
JaLC DOI
Abstract
Notes
Genre Book
URL https://koara.lib.keio.ac.jp/xoonips/modules/xoonips/detail.php?koara_id=K052003001-00000000-

0149

BREZBAEZMERRD NJ(KOARA)ICEBREATVA IV TV OEFIER., ThThOEEE, FRFTLRERLRTECREL. TOEMNGEHEEECLST
REENTVET, 5|ALCHLE> TR, BEELZEETLTIRALEEL,

The copyrights of content available on the KeiO Associated Repository of Academic resources (KOARA) belong to the respective authors, academic societies, or
publishers/issuers, and these rights are protected by the Japanese Copyright Act. When quoting the content, please follow the Japanese copyright act.



http://www.tcpdf.org

Chapter 7

Practical logic

It is certain that pure logic (cf. [89]) is merely a kind of rule in mathematics (or meta-mathematics).
However, if it is so, the logic is not guaranteed to be applicable to our world. For instance, (pure)
logic does not assure the following famous statement:

[f] Since Socrates is a man and all men are mortal, it follows that Socrates is mortal.

That is, we think that the problem: “Is the [4] true or not?” should be answered. Thus, the purpose
of this chapter is to prove the statement [f], or more generally, to propose “practical logic”, i.e.,

“logic with an interpretation”, ! which is formulated in the framework of the measurement theory:

PMT = measurement + the relation among systems in C*-algebra (7.1)
[Axiom 1 (2.37)] [Axiom 2 (3.26)] ' (=(1.4))

Firstly, the symbol “A = B” (i.e., “implication” ) is defined in terms of measurements. And we
prove the standard syllogism for classical systems:

“A= B, B= C” implies “A = C” ? (7.2)

(This is not trivial, because the (7.2) does not necessarily hold in quantum systems.) We can
assert, by “Declaration (1.11)” in §1.4, that this theorem (7.2) guarantees that the above (7.2) (or,
the statement [f]) is “theoretical true” Several variants may be interesting. For example, under
the condition that “A = B, B = C”, we can assert a kind of conclusion such as “C = A For
completeness, “pure logic” and “practical logic” must not be confused. The former is a basic rule
on which mathematics is founded. On the other hand, the latter is a collection of theorems (whose
forms are similar to that of “pure logic” ) in MT. All results in this chapter are due to [41]. Also,
this chapter can be skipped if readers want to study statistics in the framework of SMT firstly (cf.
Chapters 8).

1'We have no confidence for the naming “practical logic. We may choose the other namings: “empirical
logic”, “applied logic”, “usual logic” etc.
2It is said that the syllogism is said to be, for the first time, introduced by Aristotle (B.C.384-B.C.322)
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150 CHAPTER 7. PRACTICAL LOGIC

7.1 Measurement, inference, control and
practical logic

The PMT has various aspects. For example, we believe that three concepts:
“measurement”, “inference”, and “control” are different aspects of the same thing.
Let us explain it as follows: Let My (O =(X,5,F), S[pp}) be a measurement formulated
in a C*-algebra A. Note that Axiom 1 can be regarded as the answer to the following

problem:
(M) What kind of measured value is obtained by a measurement My (O, Sj))?

As mentioned in Chapter 5, the measurement M A(O, S[pp]) is often denoted by M, (O,
S[*]), if we want to stress that we do not know the state pP. Using this notation, we can

respectively characterize “inference (I)” and “control (C)” as follows:

(I) Assume that we get a measured value z( € X) by a measurement My (O, S)).
Then, infer the state [ * ],

and

(C) Assume that we want to get a measured value z( € X) by a measurement My (O,

Si)). Then, settle the state [ ].

Of course, Fisher’s maximum likelihood method is one of the answers of the above prob-
lems (I) and (C).
Also, we think that

(L) “Practical logic” is characterized as “a qualitative theory concerning conditional

probability (cf. §2.5 (IV)) in PMT"

Thus “practical logic” is also one of the aspects of Axiom 1. Also, since “(practical)
logic” is a qualitative aspect of “inference”, we can say that “(practical) logic” [resp.
“Inference”] is used in rough [resp. precise| arguments. For completeness, “pure logic” and
“practical logic” must not be confused. The former is a basic rule on which mathematics is
built. And thus it is not related to our world. On the other hand, the latter is a collection

of theorems (whose forms are similar to that of “pure logic” ) in PMT. Since practical logic



7.2. QUASI-PRODUCT OBSERVABLES WITH DEPENDENCE 151

is regarded as a theorem in PMT, it automatically possesses the measurement theoretical

interpretation. That is, we think that
“practical logic” = “theorems (whose forms are similar to (pure) logic) in MT”.

Recall, throughout this book, that the measured value set (or, label set) X is assumed
to be finite if we write (X, 2%, F) (or, (X, P(X), F) and not (X, F, F). In this chapter we

always assume that X is finite.

7.2 Quasi-product observables with dependence

We begin with the following definition.
Definition 7.1. [Marginal observable, quasi-product observable, consistency. (cf. Defi-
nition 2.10.)]. Let A be a C*-algebras. Let K = {1,2,...,|K|}.
(i). Consider an observable O = ( X per X, 2><k’6KX’f, F) (with a label set X pex Xi)
in A. Let D be D C K. An observable Op = ( X ep Xk, 2><k6DXk, Fp) in A is called
a D-marginal observable of O if it satisfies that
Fp( X Ek):F<( X ) X( X Xk)>,
keD keD k€K\D
for all =5, € 2%k, k € D. Also this Op is denoted by O‘D. Here note that the marginal
observable O p IS equal to the image observable O[QD] where X ex Xi 3 (Tk)kex SN
(xr)kep € Xpep X
(ii). For each k € K, consider an observable Oy = (Xj,2%*, F}) in A. If there exists an
observable O = ( XkeKXk,QXkGKXk,F) in A such that OK}{k} = Oy, forall k € K,

then [Oy : k € K] is called consistent. Also, this O is called a quasi-product observable of

[0y, : k € K], and is sometimes denoted by ( X yee Xy, 27 ke Xe X ok Fy), or X ok Oy,

ap ap
(Ofy (X here Xi, 27 ke X0 e ), or xkeKOk>-
[
Note that the consistency of observables [(X}, 2%+, F}) : k € K] in A is not guaranteed

in general. If the commutativity condition:

Fkl (Ek1)Fk2 (Ekz) - Fk2 (EkQ)Fkl (Ek‘1> (VEkl € 2Xk17 VEkQ € 2Xk27 kl 7é k2>
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holds, then we can construct a quasi-product observable O = ( X e Xk, 2 X ke X =

XkoeK F}) such that:
F(E X Ey X -+ X Eig)) = Fi(51) F2(E2) -+ Fii| (Bx))-

It is, of course, the case that the uniqueness is not guaranteed even under the above
commutativity condition.
Remark 7.2. [Only one measurement is permitted (cf. §2.5. Remarks (II))]. If we want
the data concerning both O; and O for the system Sp,», we must take a simultaneous
measurement M,y (O, = O x O 0>, Sw1). Therefore, if a quasi-product observable
01, does not exist (i.e., [0y, O,] is not consistent), the concept of “the data concerning
O, and O; for the system S|,” is nonsense, i.e., it has no reality. This is a prevalent
notion in quantum theory as in the case that the concept “the momentum and position
of a particle” or “the trajectory of a particle” is meaningless in quantum theory. (For the
recent results, see [37, 40].) It should be emphasized that the importance of this spirit
(i.e., “the consistency of [O1, Os]” < “the reality of data”) is essential.

|

As the classical PMT is rather easy, people tend to overlook important facts in classical
systems. Since quantum theory is moderately difficult, it is rather handy compared to
classical theory.

Let X = {z',2% ..., 2'}. Let O = (X, 2%, F) be an observable in a commutative C*-
algebra A (hence by Gelfand theorem, we can assume that A = C'(€2)). We can consider

the following identification:
(X,25, F) > | [F({27D](w) : j=1,2,0.J |
(where F({z7}) = [F({27})] € C(R)), and therefore denote
Rep[O] = Rep[(X, 2%, )] = [[F({#/D)(w) : j=1,2,... T |-

It is clear that

0<[F({z/}P](w) <1 and Fa'Plw) =1  (VweQ),

=1

that is, Rep[(X, 2%, F)] is considered to be the resolution of the identity (cf. §2.3).
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Consider two observables O; = (X1,2%!, F}) and Oy = (X,,2%2, F}) in C(Q) such
that:

Xy ={zl2? 2} and X, = {ax} 22 ..z}

Let Opp = (X; X X, 2% X X p=FF x 012 F,) be a quasi-product observable with the
marginal observables O; and O,. (The existence of Ojs is guaranteed by Theorem 2.11

since C'(Q2) is commutative.) Put

F{et o)D) [FEha)Pw) o [F{(e1,2°) Dlw)

Rep[Oyy] — [F({(x?,f%)})](w) [F({(x?,?sé)})](w) - [F({(x17gfgz)})](w)

FREl DN FEER ) FHal, o)D)

Let X = {a',2%, ....,27}. Let O = (X, 2%, F) be an observable in a C*-algebra A. Put
X ==,U=, (where Z,N =, = 0). Define the map g : X — X9y = {y,n} such that
gx) =y (iftx € ), =n (if v € Z,). Here we can define the two-valued observable
(X2) = {y,n},2%®, F5)) in A as the image observable Oy,. This two-valued observable
is also called yes-no observable or 1 — 0 observable. The following lemma says about the
conditions that a quasi-product observable of yes-no observables should satisfy.
Lemma 7.3. [The existence condition of yes-no quasi-product observable]. Consider yes-
no observables O; = (X,2%1, F}) and Oy = (Xs, 2%2, F}) in a commutative C*-algebra
C(§2) such that:

X, = {ylynl} and X, = {yzﬂlz}-

Let Op5 = (X; X X, 2% X X p=FF X 012 F,) be a quasi-product observable with the
marginal observables O and Os.

Put

Py DIw)  [F{(y,n2) )] (w)
Rep[Oy2] = [[F({(nl,yz)})](w [F ({(nl,na)})](a))]

a(w) [Fi({yi})](w) — a(w)
j (7.3)

)_
L&({y?}](w)—a(w) 1+ a(w) — [A{nD@) - (B >]
where o € C(92). (Note that [F({(y1, 1)) + [F({(yr, n)D)](®) = [Fi({n}))(w) and
P D)) + Fm,m))) = B{m)]e)).

That is,
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| | [B{yeDiw) | [F>({n2})](w) |
[F1 ({1 })](w) a(w) [ ({y DI(w) — afw)
[Fr({naDlw) || [F({yeD)](w) —aw) | 1+ aw) = [F{yiDIw) = [F({y})](w)

Then, it holds that

max{0, [F1({y1})](w) + [F2({z2})](w) — 1} < e(w) < min{[Fi ({1 })](w), [F2({z2})](w)}
(Yw € Q). (7.4)

Conversely, for any « ( € C(QQ)) that satisfies (7.4), the observable Q15 defined by (7.3)

is a quasi-product observable with the marginal observables O, and Q5. Also, note that

[F{(y,n2)D)](w) =0 & aw) = [F{nPlw) = H{nblw) < [Fz({yz})](w2~7 .

Proof. Though this lemma is easy, we add a brief proof for completeness. Since 0 <

[F({(z],23)})] (w) <1, (Vz', 2% € {y,n}), we see, by (7.3), that

O0<a(w) <1 0<[A{nPlw) —aw) <1, 0<[B{gphwW) -aw) <1,
0<1+aWw) - [F{yhlw) - [FR({gr}lw) <1, (7.6)

which clearly implies (7.4). Conversely. if « satisfies (7.4), then we easily see (7.6). Also,
(7.5) is obvious. This completes the proof. O

Next we provide several examples, which will promote a understanding of our theory.

Example 7.4. [Tomatoes’ example]. Let = {wy,ws,....,wn} be a set of tomatoes,
which is regarded as a compact Hausdorft space with the discrete topology. Consider
yes-no observables Ogp = (Xgp, 2570, Fip) and Ogy = (Xgw, 255V, Fyy) in C(Q) such
that:

Xep = {yRDa nRD} and Xgyw = {ysvw nSW}7

where we consider that “yrp” and “ngp” respectively mean “RED” and “NOT RED”.
Similarly, “ysw” and “ngy” respectively mean “SWEET” and “NOT SWEET".

For example, the w; is red and not sweet, the wy is red and sweet, etc. as follows.
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Yrp YrD Nrp s Nrp

Ngw Ysw Ysw te Nsw
We see that

(%) the probability that xpp ( € Xpp = {Yrp, rp}), the measured value by the mea-
surement Mc(q)(Ogp, Sps.,, 1), belongs to Zxp ( € Xap = {Yros Nro}) is given by

O, (Frp(Zrp)) (= [Fro(Zrp)](wn) ) -

That is, the probability that the tomato w, is observed as “RED” [ resp. “NOT RED”}
is given by [Fip({yro})] (wn) [ resp. [Fuo({nan})] (wn) | (Continued to Ezample 7.5).

[ |
Example 7.5. [Tomatoes’ example; continued from Example 7.4]. Consider the quasi-

product observable as follows:

O
O = (Xnp X Xy, 2500 X Xow p = f X Fl),

that is,
TE{ o 5o D@ F{ (G ) D)
ReplO] = [[F({mm,ysw})]w) F({ (o, new) )] (@)
B [ a(w) Fao ({10 D)) — ()
Faw ({gew D) — o) 1+ (@) — Fan( {40 D)) — [Favs ({10 )] (@)

where a(w) satisfies (7.4). Hence by Axiom 1, when we observe that the tomato w,, is

“RED” we can see that the probability that the tomato w, is “SWEET” is given by

[F({(yro, ysw) 1)l (wn)
[F({ (gm0, ysw) Dl (wn) + [F({ (yr, nsw) Dl (wn)

(For the conditional probability, see §2.5(IV).) Here note that (7.7) implies ;

(7.7)

“UE{ (Yo new) D] (we) = 07 if and only if “RED” = “SWEET” | (7.8)
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which is also clearly equivalent to “NOT SWEET” = “NOT RED”.
|

Being motivated by the above (7.8), we introduce the following definition of “implica-
tion” as a general form which is applicable to classical and quantum systems.
Definition 7.6. [Implication]. Let O, = (X1,2%, [}) and O, = (Xy, 2%2, F3) be observ-
ables (not necessarily two-valued observables ) in a C*-algebra A. Let O3 = (X7 X X,
2%1 X X2 [ X % [ be a quasi-product observable of O, and O,. Let pP € &P(A*).
Let 21 € P(X;) and =, € P(X;). Then, the condition

O12
(B X B)(E X (X:\5)))=0 (7.9)
is denoted by
= = 03 7.10
U M@y O (7.10)

|
Remark 7.7. [Contraposition|. Assume that we get a measured value (z1,x2) ( €
X1 X X,) by the measurement My (O12, Sir)). And assume the condition (7.10). If we

know that z; € =, then we can assure that xo € Z5. Also, (7.9) is of course also equal to

Ofl\El — 05(2\32 since O12 = Oy 2y = Oy (i.e., K = {1,2} is not regarded as
M4 (O12,5|,p])

an ordered set). That is, «QF\= — 0:22\%2” i5 the contraposition of (7.10).
1 2
M 4 (O12,5[,p1)

7.3 Consistency and syllogism

In this section we study the consistent condition for observables. We show several
theorems of practical syllogisms (i.e., theorems concerning “implication” in Definition

7.6).

7.3.1 Consistent condition

Though we are not concerned with quantum theory in this chapter, our investigations

for classical systems become clearer in comparison with quantum theory. Therefore, the
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following definitions (Definitions 7.8 and 7.9) are common in both classical and quantum
theory.

Definition 7.8. [Covering family]. Let A be a C*-algebra. For each k € K =
{1,2,...,|K|—1,|K|}, consider a label set X},. Consider D (C 2%) such that |Jp.q, D = K.
Then, § = [ Op = ( Xrep Xi, 2><k€DXk, Fp) : D € D] is called a covering family of

observables in A, if it satisfies the following condition:

OD1 (VDl,VDQ € D such that D; N Dy 7é (Z))

‘DlﬂDQZ OD2 ‘DlﬂDQ

Note that, if G is a covering family, it holds that Op, for any k € K and any

‘{k} = O,y
Dy, Dy € D such that k € Dy () Ds. Thus, a covering family of observables G determines
a unique {k}-marginal observable Oy = (X, 2%* F},) for each k € K.
[
The following definition is a generalization of Definition 7.1 (i.e., the case that D =
{1}, {2}, . {IK1}}).
Definition 7.9. [Consistent condition]. Let A be a C*-algebra. A covering family of
observable G = [ Op = ( Xjep Xz, 27X +ep X Fp) : D e D (C 25 | in A is called

consistent, if there exists an observable Ok = ( X pex X, 2 X ke Xk F) in A such that:
Ok|,=Op (VD e D). (7.11)

Also, the above relation (7.11) is denoted by
[Op : D € D] C Ok. (7.12)

|
Remark 7.10. [Consistent condition]. Under the condition (7.12), the data concerning
G = [Op : D € D] for the system Sp,» is obtained by the simultaneous measurement
My (Ok, Sipry). Thus, a covering family G has no reality, if it is not consistent. Recall
the arguments in Remark 7.2, which correspond to the above definition for the case that
D = ({1} {2}

[
Lemma 7.11. [Consistent condition]. Let A be a C*-algebra. Let §; = [ Op, : Dy € Dy
( € 2%) ] be a covering family of observables in A. And let G = [ 0%, : Dy € Dy ( C 25)

| be a consistent covering family of observables in A. Assume that for any Dy € D, there
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exists an Dy ( € Dy) such that:
DiC D, and Op =O03,|,. (7.13)

Then, G, is consistent.

Proof. Since a covering family G, is consistent, there exists an observable Og =
(X ger X, 27 kex X6, Fie) in A such that 0%, = O/, (¥Ds € Dy). Let Dy be any
element in D;. Then, by choosing Dy( € D) satisfying (7.13), we see that O}, = 0%, |,
= (OK|D2)|D1 = OK‘Dl‘ This completes the proof. O

Lemma 7.12. [Consistent condition and quasi-product observables|. Let A be a com-
mutative C*-algebra (i.e., A = C(R2)). Let D15 and Dsg be subsets of K. Put Dig3 =
D12 UD23 = (D12 \ Dgg) ﬂ (D12 N Dgg) m (D23 \ D12> = D1 UD2 UD3 Consider the
following observables in C(12) :

OD12 E( X Xkaﬂ)< X Xk)7FD12) and OD23 E( X kaip< X Xk>7FD23>

k€D12 k€D12 k€Do3 k€Do3

such that ODm‘DQZ OD23‘D2' Then, there exists an observable Op,,, = ( X reD,ps Xks
P( X kenias Xi)s Fpis) such that Op,,, |, = Op,, and Opy,, |, = Opy,.

Proof. Assume that Do) Das # 0. (If Dia() Doz = 0, this lemma is trivial.  Put
Y, = Xiep,, Xi = {yb %, . oyim, o yMm} m = 1,2,3. (So, M,, = erDm | X%|.)
Thus, we can put, by Y7 X Yy = Xyep,, X and Yy X Y5 = Xycp,, Xy, that

OD12 = (Yi X }/27?(1/1 X Yv2)7F12 = FD12)
and

Op,, = (Y2 X Y3, P(Ys X Y3), Fos = Fp,,).

3
m=1

3

Define the observable Op,,, = ( X Yo, P( X0 1 Yin), Fia3) in C(Q2) such that:

[Fuos({(ul', 93, v3") D] (@)
[Fa((61" ) DI@) [Fas (0 3O 3 [ (1,92

= { F({P D) 1 Pl Dl #
0 if [F>({y2" )l(w)

for 1 <Vy < My, 1 <Vjy < My, 1 <Vj3 < Ms. Therefore, it is clear that this lemma

0
0

holds. For example, O D123| Dag = Op,, is easily seen as follows:
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Fras¥ X {2 NI = 3 Fras{o v 93 DI @)
5~ Fal{6d )] Pl ) DI
et Fa{u D)

[P Xy Pl() - [Fs({8 ) Dlw) _ By D) - [Fs{es, v D)

[F>({y3* )](w) [Fo({y3* ()
= [Fs({(13, 5" D)(w)  (VweQ, 1<Vjy < My, 1 <Vijs < My).

This completes the proof. O

The following theorem is a kind of generalization of Theorem 2.11 <Which essentially

corresponds to the result for D = {{1}, {2},...,{|K|}} in the following theorem). Here
note that a covering family [Op : D € D] is equivalent to [Op : D' € {D’: D" C D for
some D € D}] where Op = Op|, for any D’ such that D’ C D.

Theorem 7.13. [Consistent condition and quasi-product observables]. Let D = {{1, 2},
{2,3}, . {IK|—1,|K|}} (C25). Let G = [Op = ( XkeDXk,2><k6DXk,FD) : D € D] be
a covering family of observables in a commutative C*-algebra C({2). (Here we can put G
= [ Oppr1 = (X X Xir1, P(Xe X Xesr), Fopsr = Fr XOM Fuy)  k=1,2, ., |K| -1
]) Then, § = [ Opp1 : k=1,2,....|K| — 1] is consistent.

Proof. Put Diy = {1,2} and Doy = {2,3}. By Lemma 7.12, we get O125 ( = Op,,,)
such that G3 = [O193, O34, Ous, ..., Ojx|—1,k|] is a covering family in C(Q2) where Oy =
0123|{172} and Qg3 = 0123‘{273}. Iteratively, we get Gixj—-1 = [O123../k|-1, O|k|-1,/k|] and
Sik) = [O123.k]-1,)x|] = [Ok], which is clearly consistent. So, by Lemma 7.11, we see

that Gjx—1 C Og. Therefore, we iteratively get § C Og. This completes the proof. [

Remark 7.14. [Quantum PMT]. This theorem is due to the commutativity of a C*-
algebra C'(Q2). In general (particularly in quantum systems, i.e., A = C(V')), there exists
no Ojo3 such that [O12, Og3] T Oq23 (i-e., [O12, O3] is not consistent in general). Thus,
we have no simultaneous measurement M 4(O123, S[pp]). Therefore, in general, we can not
get information (i.e., data) concerning the covering family [O1z, Q93] for the quantum
system Sp,»). That is, in general, the covering family [O12, O23] has no reality in quantum
mechanics.
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The following notation is the preparation for Theorems 7.19 and 7.23.
Notation 7.15. [Preparation for Theorems 7.19 and 7.23]. Let G = [O12, Ogs, ...O k|1, k]
= [ (X X Xjs1, P(Xp X Xpi1), Fopr = Fe X" F ) 1 k=12, |[K|—1] bea
covering family of observables in a commutative C*-algebra C(€2). (So, G is consistent as

in Theorem 7.13). Suppose that Xy = {yg,ng} for each k € K. As in Definition 7.8, put
Rep[O4] = Rep[(Xi, 2%, Fi)] = |[Fu({yD](@), [Fil{m))()]] = [ph(w), ph(w)]
for all k =1,2,3,...,|K|. And put

Rep[Oy 111] = Rep[(Xy X Xjeyq, 2% X Xt Fyoen)]
Fkern({ue} X {we D) [Frr ({ue} X {nk+1})](w)]
[ Frprr({ne} Xy DIW)  [Frp({ne} X g Hl(w)
_pllc,lk+1<w) pllﬁ(,)k—&-l (w)

_pg,lk+1<w) pg?k-s—l (w)

[ . pllc,lk—f—l((l"i) Hp}g(w) _plli,lk-i-l(w) , }
_Pk+1(w) - pk,kJrl(w) 1 +pk,k+1(w) —piw) — pk+1(w)

(7.14)

for all k = 1,2,...,|K| — 1, where pi},,(w) satisfies (7.4). Let Og = ( Xpeg X,
P( Xpex Xi), Fi) be any observable in C(2) such that:

[012, 023, '--O|K|71,\K\] C Og. (715)

(The existence of Ok is guaranteed by Theorem 7.13.) Put

Kl
[FK(k>_<1{xggk )](w) : j17j27"'7j|K| = 170 )

pjltéj,Q’,|[’%7|‘Kl(w) : j17j27-"7j|K| - 1,0:| =

(7.16)

where xﬁf =y (if jy = 1) and xﬁf = ny (if j, = 0 ). Define Ok = (X1 X Xix),
:P(Xl X X|K‘), F1,|K|) such that 01,‘[(‘ = OK|{1,|K\} Put

Rep[ol’uq] = Rep[(Xl X X|K|, 2X1 X X\KI’F1’|K|)]

_ [[F1,|K({y1} X{yxDlw)  [Frg({y} X ng bl (w)
[k ({na ) Xy DIw) - [Freg ({ma b Xy ] (w)
_ {pﬁm(w) pi?K(w)} _ { Py (W) Pi(w) = pilg @)
N p(1),1|K|(W) pg?‘m(w) N p|1K|(w> _pi,l\m(w) 1 +p%,l|K|(W) —pi(w) _Pﬂx\(w) .

(7.17)
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(Continued to Lemmas 7.16 and 7.17 and Theorem 7.19 for K = {1,2,3}, and to Theorem
7.23 for general case).

|
Lemma 7.16. [Continued from Notation 7.15]. Under Notation 7.15 for K = {1, 2, 3},
we see, (putting p5;”* = piy’*(w) in (7.16), pis; = A and pi3; = B),
plth = A). Pt = 9l A).
Pisg = pis — Aw), Plag = Py — P1s — Paz + A(w),
pios = B(w), Pias = P3 — Pyz — B(w),
pios =pr—pis — Bw),  plg=1-pi—py—p3+pi+ o+ Bw),  (T.18)
where
max{0, —p3(w) + p1z(w) + py3(w)} < A(w) < min{pry(w), p3(w)} (7.19)
and

max{0, pj (w) + py(w) + p3(w) — pra(w) — prs(w) — 1}
< B(w) < min{p}(w) — p13(w), p3(w) — pas(w)}. (7.20)

Proof. From (7.16), (7.15) and (7.14) for K = {1, 2,3}, we see

P13 + Pias = Pia, pigs + 1% = pis = pi — Pia,
plas + phae = P = p3 — pibs P93 + plog = Pl = 1+ p1y — p1 — Py,
Pizs + P23 = Das, P133 + DY3e = P33 = D3 — P
pios + P9 = P33 = p3 — pas, pio3 + P53 = po3 = 1 — phy — py — .

After a small computation, we get (7.18). Since 0 < p/¥27(w) < 1, we see, from (7.18),
that

0<A<L, pi—1<A<pl, pli-1<A<pl

— Py 4+ D1g + Pz <A< —py+ prs + Do,

0<B<1, py—py—1<B<ps—py, p—pis—1<B<p—pp,
Pi+ Py + 05— piy — iy — 1 < B < pj + ph+ ps — pis — pas-

This implies (7.19) and (7.20). This completes the proof. O
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Lemma 7.17. [Continued from Notation 7.15]. Under Notation 7.15 for K = {1,2,3},

max{0, —py(w) + p13(w) + paz(w)}
+ max{0, p; (w) + py(w) + p3(w) — pra(w) — paz(w) — 1}
< pi3(w) (7.21)
< min{pi3(w), pa3(w)} + min{p}(w) — pis(w), py(w) — p3(w)}. (7.22)

Proof. Since pi3(w) = piss(w)+ pios(w) = A(w) + B(w) in Lemma 7.16, by (7.19) and
(7.20) we can easily get (7.21) and (7.22). This completes the proof. O

Remark 7.18. [Comparison]. Let us compare the result in Lemma 7.17 with the result

(7.4) in Lemma 7.3 (i.e., the result without consistent condition). Note that (7.4) implies
C1 = max{0, p; (w) + p3(w) — 1} < piz(w) < min{p}(w), p3(w)} = Cs.
Here we can easily see that ¢ < (7.21) and (7.22) < Cy from the following trivial
inequalities:
max{0, a; + as} < max{0, max{0, a1} + max{0, as}} = max{0, oy} + max{0, as}

and

min{ay, as} + min{as, ay} = min{ a3 + az, a1 + ay, as + ag, as + a4 }

<min{ oy +ag, as +ay } .

Therefore, we see in Lemma 7.17 that the value pil(w) is restricted under the consistent
condition of [O12, Og;].
[

7.3.2 Practical syllogism

Now we show several theorems of practical syllogisms (i.e., theorems concerning “im-
plication” in Definition 7.6) as the consequences of our arguments.
Theorem 7.19. [Practical syllogism, [41]]. Assume Notation 7.15 for K = {1,2,3}.

That is, [O12, O3] is a covering family of observables in a commutative C*-algebra C(£2).
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Let 0, € M%,(Q2) for any fixed wy € Q. Let O193 (= Og) be any observable such that
(012, 093] T Oj93 and let O3 = 0123|{173}. (The existence of Qa3 is guaranteed by
Theorem 7.13.) Then we have the following statements [1] ~ [3]:

[1]. Assume that

o) = = o), o = o (7.23)
C(Q)(OIZ’S[(S[MO]]) Mc () (023,5(5,,])
Then, we see that
[p%%(u)()) p%g(wo)] — |: . p%(wo)l 01 (724)
P (wo)  pi3(wo) p3(wo) — pi(wo) 1 —p3(wo)|’

hence, we see that

olv — ol (7.25)
M () (013,5(5,,,1)

[2]. Assume that

O*l{yl} — OéyQ}, Oéw} — Ogys}_ (7.26)
Me (@) (012,5(5,,1) Me (@) (023,5(5,,1)

Then, we see that

{Pﬁ(wo) P%g(wo)} _ { a(wo) pi(wo) — afwo)
p%(wo) P?g(wo) lea(wo) —a(wy) 1+ a(w) — P%(Wo) - pé(wo)

where
max{p;(wo), p1(wo) + p3(wo) — 1} < afwo) < min{py (wo), p3(wo)}- (7.27)
Also (7.26) is equivalent to

O{y2} — O{gyl’yS)}. (7.28)
2 Me () (0123,575,,1) !

[3]. Assume that

O‘l{yl} _— 03312}7 Oé?ﬂ} — Ogys}_ (729)
Me (@) (012,5(5,,1) Mc () (023,55,

Then, we see that

i) o)

_ { a(wo) pi(wo) — a(wo)
pi(wo) — a(wy) 1+ alwy) — pi(wo) — p3(wo)
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where

max{0, pj(wo) + p3(wo) — p3(wo)} < alw) < min{pj(wo), p3(wo)}- (7.30)
Also (7.29) is equivalent to

O%yl’%)’(yl’ns)’(m’ys)} y — 0392}_ (7.31)
o) (0123,575,,1)

Proof. [1]. By (7.23) and (7.5), we see that pi3 = pi = 0, so, pis = pl < p} = pil <
p3. Therefore, we see that (7.21) = pi} + max{0,p} — 1} = pi. And (7.22) = p{ +0 = pl.
This implies that pii = pi, i.e., (7.24). Also, (7.25) follows from p}3 = 0.
2]. By (7.26) and (7.5), we see that pi} = pi3 = 0, so, pls = pd < pi and pli = p} < pl.
Therefore, we see that (7.21) = pii+ max{0,p} —pi+pi—1} = max{p}, p} +ps —1}. And
(7.22) = min{p}, pi} + min{p} — p}, pi —pi} = min{pl, pi}. This implies (7.27). Also, we
see that (7.26) < ply = py3 = 0 & plig = pla; = pisg = 0 & (7.28).
[3]. By (7.29) and (7.5), we see that pj5 = pJi = 0, so, pis = pi < ps and pii = pi < pi.
Therefore, we see that (7.21) = max{0, p} —ps+pi} + max{0, p}—1} = max{0, pj —pi+pi}.
And (7.22) = min{p},pi}. This implies (7.30). Also, (7.29) < pi5 = pli = 0 & pid =
p199 = pi9i = 0 < (7.31). This completes the proof. O

Remark 7.20. [Practical logic and pure logic]. The reader must not confuse the result
(for example, (7.23)=-(7.25)) in Theorem 7.19 with pure logic (i.e., mathematical logic).
Theorem 7.19 is a consequence of Axiom 1. Note that Theorem 7.19 is due to Theorem
7.13, i.e., the commutativity of C*-algebra C'(€2). That means the results in Theorem 7.19
can not be expected in quantum systems. In comparison with quantum theory, Theorem
7.19 becomes clearer. For example, in general, the syllogism is meaningless in quantum

systems. This is easily shown as follows. Put V = C?, and A = B(C®). And

1 0 0 0 0
0 1 0 0 0
51: 0 5 52: 0 ; _)3: 1 5 54: 0 5 55: 0 ;
0 0 0 1 0
0 0 0 0 1

and put ﬁ: = \e} ﬁ, f5 = 5 Define the three observables O; = (X; =
{al,bl,cl},QXl, Fl), 02 = (XQ = {Clg, bQ,CQ}, 2X2,F2) and 03 = (X3 = {a3,63,63},2X3, Fg)
such that

Fi({ar}) = len)(el, Fi({bi}) = |ea) (] + |ez)(es] + [ex)(es], Fi({ci}) = [é5)(e5],
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Fy({az}) = [en) (e + [e2) (e,  Fa({b2}) = |es)(es], Fa({ca}) = |ex) (€] + |€5)(e5],

Fy({as}) = @)@ + &) (@] + @)@l Fa({bs}) = 1) (fal,  Fa({es}) = /) {fsl:

Note that O; and Oy [resp. O, and O3] commute. Let Oy = (X x Xy, 2% X X2 [y X Fy)
be the product observable of O; and Oy. And let Oy = (X3 x X3, 252 X X3 Fy X F3) be
the product observable of Oy and Oz. Let pP be any pure state ( i.e., p? € &?(B(C?)*)).

Then, we have

Oial} y — Oéaz}7 Ogaz} — Ogalﬂ}'
A(O12,5),p)) M4 (023,5(,p))

since we see

o (R X B)({a} X ({bo,e}) =0, (R X B)({axh X ({bs,ea}))) = 0.

However, it should be noted that we have no product observable of O, Oy and Os. Thus,

the implication:

Oi{al} N — Ogaa}
A(013,5(,1)

is nonsense since O3 can not be defined.

Example 7.21. [Continued from Example 7.4, [41]]. Let Q, C(2), Oy = Ogw = (Xsw,
25w Fyw) and O3 = Opp = (Xpp, 2570, Fyp) be as in Example 7.4. Let Oy = Ogp =
(Xgp, 257 Fp) be an observable in C'(€2) such that:

Xpp = {pr, nRP}7

where “yrp” and “ngp” respectively mean “RIPE” and “NOT RIPE”. Put

Rep[O4] = :[st({ysw})](w), [FSW({nsw})](W)} )
Rep|O3] = | [Fie ({yne D)), [Fro ({rne DI )]

Rep[Os] = | [Fio ({310 D) (@), [Fro ({rmo})] ().

For example,
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Nsw Ysw Ysw T Nsw

Yrp Ngp Yrp Tt Ngrp

YrDp YrD Ngrp Tt Ngrp

Consider the following quasi-product observables:
X O12
Oz = (Xow X Xgp, 255V 2 X0 [y = Fyw X Frp)

and

X O23
Os3 = (Xpp X Xpp, 2500 N Xm0 pro= B X ).

Let 6., € M, () for any fixed w,, € 2. Assume that

Oiyl} _— OéyZ}, 053/2} = OL{{))ZJB}‘ (732)
Me () (012,5(5,,1) Me () (023,5(5,,1)

Then, we see, by Theorem 7.19 [1], that
Reptonl = [[Ff) Xl [lln) X)) (7

[Fia({nsw} X {yno P)](wn)  [Fis({nsw} X {nep})](wn)

_ { [Fow({ysw})](wn) 0 }
[Fro ({Yro })](wn) = [Fsw({yswHl(wn) 1= [Fap({yro H)](wn) |

So, when we observe that the tomato w, is “RED’; we can infer, by the fuzzy inference
Me¢ o) (013, Sps,,,.1) (equivalently, Mc(q)(Osi, S, 1)), the probability that the tomato w,
is “SWEET” is given by

[Fis({ysw} X{yro})](wn) _ Fsw{ysw)](wn)
[F1i3({ysw ) X {yno D] (wn) + [Fiz({nsw} X{yro})](wn) [Fro ({Yro 1)) (wn) -

Also, when we observe that the tomato w, is “SWEET", we can infer, by the fuzzy

(7.34)

inference M¢(q)(O13, Sjs,,1), the probability that the tomato w, is “RED” is given by

[Fia({yon} X (o))l (en) _ ()l 7
Frolmnd X (o D)) + Fus({oswd X (oo D) ol D)

Note that (7.32) implies (and is implied by)

“SWEET” = “RIPE” and “RIPE” = “RED” . (7.36)
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(Recall (7.8)). So, it is “reasonable” to reach the conclusion:
“SWEET" = “RED” , (7.37)

which is implied by the above (7.35). <Here we are afraid that the most important fact
may be overlooked. For completeness, note that the conclusion “(7.36) = (7.37)” is a
consequence of Theorem 7.19 (and therefore, our axiom).) However, the result (7.34) is
due to the peculiarity of fuzzy inferences. That is, in spite of the fact (7.36), we get the

conclusion (7.34) that is somewhat like
“RED” —> “SWEET” . (7.38)

Note that the conclusion (7.37) is not valuable in the market. What we want in the
market is the conclusion such as (7.38) (or (7.34)).

|
Example 7.22. [Continued from Example 7.21, [41]]. Instead of (7.32), assume that

O‘l{yl} — Oém}’ Oéw} _— Ogys}_ (739)
Mc (o) (012,505,,,]) Mc () (023,50,,,1)

Assume the notation (7.33). When we observe that the tomato w, is “RED” we can
infer, by the fuzzy inference M¢(q)(O13, S5, 1), the probability that the tomato w, is
“SWEET” is given by

[F13({ysw} X {yrp })](wn)
[Fis({ysw} X{yro })](wn) + [Fis({nsw} X{yro})](wn) (7.40)

which is, by (7.27), estimated as follows:

rnax{ [Fre({Yre })](wn)  [Fsw({ysw})] + [Fro({yro})] — 1}
[Fro({Yso })](wn)’ [Fro({yro )] (wn)

[Fow ({ysw 1)) (wn)
[Fro({yro })](wn) 1} (7.41)

Note that (7.39) implies (and is implied by)

Q=

< @ < min{

“RIPE" = “SWEET” and “RIPE” = “RED” . (7.42)
And note that the conclusion (7.41) is somewhat like

“RED” = “SWEET” . (7.43)
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Therefore, this conclusion is peculiar to “fuzziness”.
|
The following theorem is a generalization of the first part of Theorem 7.19.
Theorem 7.23. [Standard syllogism, cf. [41]]. Assume Notation 7.15. Let d,,, € M% ().
Assume that
o'} — oWt vk =1,2,...,|K| - 1), 7.44
" Mo OrmSian ) F ( K[ —1) (7.44)
Let Ok be any observable as in Notation 7.15, i.e.; § = [O12, Qa3, Osy, ..., O‘K‘_17|K|] C
Og. Put Oy g = OK‘{L\K\}' Then, we see that

pi(wo) 0
[#KWM—me)l—p}Q%) (7:45)

?

11 10
p (wo) p (Wo)
Rep[Ovilatw, = | 01" !

p?}uq (wo) p??uq (wo)

hence, we see that

ol — oy, 7.46
! Mc () (01, xS 6u,1) I ( )

Proof. Let O be any observable such that § = [O12, Os3, O3y, ..., Ojg|-1,x|] C Ok-.
Thus, we see that [OK‘{LB}’ Os4, ..., Oix-1, k| T OK‘K\{2}' Note that (OK‘{LB}
O,,, m = 1,3. Also note, by (7.24), that

1
p1(wo) 0
Rep|O = ,
PIOKlwalateo = |phan) — plen) 1 phea)
and therefore O} — O Hence, by induction, we see that Rep[Oy k]
Mc () (Ok (1,3} 5501
= Rep[OK|{1 |K|}] = (7.45) at w = wp. This completes the proof. O

7.4 Conclusion

It is certain that (pure) logic is merely a kind of rule in mathematics. However, if it
is so, the logic is not guaranteed to be applicable to our world. For instance, (pure) logic

does not assure the truth of the following famous statement:

[8] Since Socrates is a man and all men are mortal, it follows that Socrates is mortal.
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That is, we think that the problem: “Is this [f] (theoretical) true or not?” is unsolved.
Thus, the purpose of this chapter was to prove the [f], or more generally, to propose
“practical logic”, i.e., a collection of theorems (whose forms are similar to that of “pure
logic” ) in PMT.

Firstly, the symbol “A = B” (i.e., “implication” ) is defined in terms of measurements

(cf. Definition 7.6). And we prove the standard syllogism for classical systems:
“A= B, B= C” implies “A = C”, (7.47)

which is the same as the above (f). (This (7.47) is not trivial since it does not necessarily
hold in quantum systems.) We can assert, by “Declaration (1.11)” in §1.4, that PMT
guarantees that the above statement [f] is true.

Several variants may be interesting. For example, under the condition that “A = B,

B = C”, we can assert a kind of conclusion such as “C' = A7 That is,
“A= B, B= C” implies “C = A”  in some sense. (7.48)

For completeness, “pure logic” and “practical logic” must not be confused. The former is
a basic rule on which mathematics is founded. On the other hand, the latter is a collection

of theorems (whose forms are similar to that of “pure logic” ) in PMT.

7.5 Appendix (Zadeh’s fuzzy sets theory)

7.5.1 What is Zadeh’s fuzzy sets theory?

As mentioned in Chapter 1 (i.e., the footnote below Problem 1.2), one of motivations
of our research is motivated by Zadeh’s fuzzy sets theory. In 1965, L.A. Zadeh proposed
a certain system theory, in which a membership function f :Q — [0, 1], which is asserted
to represent “fuzziness”, plays an important role. The membership function is considered
as a kind of generalization of a characteristic function. Here, the characteristic function

Xp of D ( C ) is defined by x,, : 2 — {0, 1} such that:

1 (we D)
Xp (@) :{ 0 (w¢D).
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Consider the identification:

“characteristic function x,” <+—  “set D",

which gives us the question “What is the following [f]?”

“membership function f”  +— [t].
X (W)
Bl g @y
O HHHHHHHHHHHHH /\ Q
D 2] 7

The [t] is called a fuzzy set by Zadeh. Thus we think that Zadeh’s fuzzy sets theory has

two aspects [A;] and [As] as follows:

[A1] : membership functions (analytic aspect),
Zadeh’s fuzzy sets theory (7.49)
[As] : fuzzy sets (logical aspect).
Zadeh’s fuzzy sets theory acquired a lot of believers. In fact, his paper [93] is one of

the most cited papers in all fields of 20th century science. However, his theory seems

“fuzzy” rather than “difficult” Thus, it is natural that the following problem arises:
(1] Is Zadeh'’s fuzzy sets theory true or not?
When we examine the problem, we are immediately confronted with the following problem:

o] What is “true or not”?  Or, if we want to assert “Zadeh’s fuzzy sets theory is true
y

[or not|”, what do we say?

And when we study the problems [f;] and [f2], we immediately notice the fact that we
have not yet the clear answer to even the question: “Is Fisher’s statistics true or not?” 3
As mentioned in Chapter 1, our research starts from the above questions [f;] and [f#s].

And we conclude “Declaration (1.11)” in §1.4 as follows:

e MT is entitled to check all theories in theoretical informatics. In other words, we
can, by using MT, introduce the criterion: “true or not” into theoretical informatics.

That is, MT can be regarded as “the Construction of theoretical informatics”

3In Chapters 5 and 6, it is proved that Fisher’s statistics is theoretically true.
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Now, consider an observable (X,2%, F) in C(€). Note that, for any = ( C X), F(Z) is a
membership function on Q. Since F'(Z) € C(Q2), the F(Z), of course, has various analytic
aspects. Also, in this chapter we see that the membership function F(Z) has various
logical aspects. Thus, someone may conclude that Zadeh’s fuzzy sets theory (i.e., the
analytic aspect [A;] and the logical aspect [A] in (7.49)) is understood in the framework of
measurement theory, that is, Zadeh’s fuzzy sets theory is true (¢f. “Declaration (1.11)” in
§1.4). We may agree with this opinion. In fact, these kinds of aspects [A;] and [As] can

not be found in the conventional formulation of system theory (cf. (1.2)) such as

’ “dyn. syst. theor.” ‘: (7.50)

y(t) = g(z(t),ua(t),t) ( measurement equation).  (=(1:2))

{ dflff) = f(z(t),u1(t),t), x(0) =x¢ ---(state equation),

That is because the conventional formulation (7.50) does not possess the concept of
“observable in the sense of Definition 2.77

The believers of Zadeh’s fuzzy sets theory say too much (cf. [64]). And thus, we have

no firm answer to the question: “What is the essence of Zadeh’s theory?”. If we can

assume that:

(f) Zadeh wanted to assert that DST (7.50) and “logic” are closely connected (07" pre-

cisely, “logic” is one of the aspects of DST (7.50)) though the two are, in appearance,

independent,

then we can understand his assertion. That is because in this section we study “logic” in
measurement theory, which is a kind of generalization of the system theory (7.50). This is
our opinion for Zadeh’s theory. Of course, there may be another opinion, that is, someone
may assert that Zadeh said something much more than the (f). If it is so, we may not
understand his theory in the framework of measurement theory.

Recall the arguments in Chapter 1 (particularly, “Declaration (1.11)” in §1.4, tables
(1.7) and (1.8)). Now, we have only two options, i.e.,

(i) Zadeh’s fuzzy sets theory is characterized as the theory concerning membership

functions in measurement theory.

(ii) Zadeh’s fuzzy sets theory is not characterized in measurement theory. Thus another

fundamental theory (cf. ’The third mathematical scientific theory‘ in (1.7)) should

be proposed.
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Although there is a possibility that (ii) is reasonable, that is, Zadeh’s fuzzy sets theory may

be understood in another fundamental theory (cf. ‘The third mathematical scientific theory‘

in (1.7)), we should note that the proposal of another fundamental theory is much more
remarkable than the justification of Zadeh’s fuzzy sets theory. Thus we choose the (i) even
if the essential part of Zadeh’s assertion (e.g., the scientific part asserted in [64]) can not
be characterized in M'T. Thus we conclude that Zadeh’s assertion can not be completely

understood in measurement theory, i.e.,

e Zadeh’s assertion is not completely “theoretical true” (c¢f. Declaration 1.11), though

practical logic somewhat has the property like “fuzzy set”

This is our present opinion.

7.5.2 Why is Zadeh’s paper cited frequently?

Although we believe that the above argument in §7.5.1 is proper, it does not explain
the reason why Zadeh’s paper is cited frequently. As mentioned before, Zadeh’s paper [93]
is one of the most cited papers of all scientific papers. This is an established fact. This
fact may imply that there is something interesting behind Zadeh’s assertion. Thus, we
think that the question “Why is Zadeh’s paper cited frequently?” is more important than
the question “What is Zadeh’s fuzzy sets theory?” Thus we shall consider the question:

e Why does the term “fuzzy” look attractive?

We think that the reason is that Zadeh’s spirit is regarded as the antithesis of the myth:
“Science must be exact, clear, strict, etc”’” This myth seems to be due to Newtonian
mechanics (and moreover, theoretical physics), which has been located in the center of all

science. That is, we think that
e many people want another science, which is fuzzy, rough, vague, etc.

If it is so, we should recall Table 1.8 (in Chapter 1), which asserts mathematical science

is classified as follows:

theoretical physics (‘'TOE") .. exact mathematical science

theoretical informatics (measurement theory) ... fuzzy mathematical science.
(7.51)



7.5. APPENDIX (ZADEH’S FUZZY SETS THEORY) 173

If it is true, we can understand the reason why the term “fuzzy” was accepted widely.

Thus we do not deny the following opinion:

(f) “measurement theory” = “fuzzy theory” (Cf. [42].) Or, the attractive parts of

Zadeh’s assertions are mostly included in measurement theory.
That is because we believe that

(b) Measurement theory is the very theory that represents the anti-spirit against the

myth: “Science must be exact, clear, strict, etc”
In fact, the terms

o fuzzy statement (cf. the footnote below Example 2.16), ready-made, useful or not,
subjective, popularity, likes or dislikes, (in “Theoretical informatics of Table (1.8)”)

seem to belong to the category of “fuzziness” On the other hand, the terms

e precise statement (cf. the footnote below Example 2.16), made to order, empirical

true or not, objective, truth, (in “Theoretical informatics of Table (1.8)7)

obviously belong to the category of “exactness”



