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Chapter 5

Fisher’s statistics I (under Axiom 1)

As mentioned in Chapters 2 and 3, measurement theory is formulated as follows:

PMT = measurement + the relation among systems in C*-algebra (5.1)
[Axiom 1 (2.37)] [Axiom 2 (3.26)] ' (=(1.4))

In this chapter we intend to understand Fisher’s statistics in Axiom 1. The reader will see that
Fisher’s maximum likelihood method is a direct consequence of Axiom 1! And further, we discuss
“inference interval” and “testing statistical hypothesis” in Axiom 1. By the results obtained in
this chapter (and in the next chapter), we conclude that Fisher’s statistics is theoretically true.
(Cf. “Declaration (1.11)” in §1.4.)

5.1 Introduction

The first attempt of the measurement theoretical approach to statistics was proposed
n [44]. Although the argument in [44] is not deep, at least it convinces us of the good
possibility of the axiomatic formulation (i.e., the measurement theoretical formulation) of
statistics.

Most statisticians consider that statistics is closely related to “measurements’”, or,
statistics is the study to analyze “measured data” for some purpose. Therefore, PMT
should be immediately examined in comparison with statistics. The purpose of this chap-
ter is to execute it, in other words, to propose a measurement theoretical formulation of
statistics. We think that statistics is mainly related to the following aspect of measure-

ment theory:

'Readers are not required to have much knowledge of statistics.

ZWe believe that the philosophy of statistics should be more discussed in statistics, (Cf. [61]). That is
because it is indispensable for the understanding of “statistics (= mathematics + something)” It should
be noted that “to formulate statistics in the framework of MT” implies “to introduce the philosophy of
MT into statistics”
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92 CHAPTER 5. FISHER’S STATISTICS I (UNDER AXIOM 1)

(#) how to derive some useful information from the measured data obtained by a mea-

surement.

Let My (O = (X,F, F), S[pp]) be a measurement formulated in a C*-algebra A. Recall
the (III) in §2.5 [Remarks|, that is, the measurement M, (O = (X, 5, F), S,r) always
determines the sample space <X,§'", e <pp, F(- )>A). Here note that the mathemati-

cal structure of the sample space {A* <p”, F(E)>A} _ is the same as that of the
pPEGP(A*),EET

conventional formulation of statistics (i.e, {P(E, 0)} _, where, for each # in a pa-
0c0,ZeF

rameter space O, P(-,#) is a probability measure on a measurable space (X, F), cf. [86]).
Therefore, there is good hope that statistics can be described in terms of measurements.
Also, this is precisely our motivation in this chapter. Following the common knowledge
of quantum mechanics, we believe that any scientific statement including the term “prob-
ability” is not meaningful without the concept of “measurement”. (¢f. §2.5. Remarks).
As mentioned in the above, the term “state” in measurement theory corresponds to the
term “parameter” in statistics. The reason that we use the term “state” is due to that

we want to stress that PMT is constructed modeled on mechanics3

5.2 Fisher’s maximum likelihood method

The purpose of this section is to study and understand “Fisher’s maximum likelihood
method” completely under Axiom 1 (of measurement theory). The following Problem 5.1

is the most typical in all examples of “Fisher’s maximum likelihood method”.

5.2.1 Fisher’s maximum likelihood method

Problem 5.1. [The urn problem by Fisher’s maximum likelihood method]. There are
two urns U; and U,. The urn U; [resp. Us] contains 8 white and 2 black balls [resp. 4
white and 6 black balls].

3This means that we study statistics by an analogy of “mechanics” Note the following correspondence:

system Sj,r) (in PMT) <= population (in the conventional statistics)

[represented by pure state] [represented by parameter]
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Here consider the following procedures (P;) and (P3).

(P1) One of the two (i.e., Uy or Us) is chosen and is settled behind a curtain. Note, for

completeness, that you do not know whether it is U; or Us.

(Py) Pick up a ball out of the urn chosen by the procedure (P;). And you find that the
ball is white.

You do not know which the urn behind the curtain is, Uy or Us.
Assume that you pick up a white ball from the urn.
The urn is U; or Uy? Which do you think?

U

C000e
o000 e

Now we have the following question:
(Q) Which is the chosen urn (behind the curtain), Uy or Us?

This is quite easy. That is, everyone will immediately infer “the urn behind the curtain =
U,” However, it is just “Fisher’s maximum likelihood method”. Cf. Example 5.8.
|
We begin with the following definition.
Notation 5.2. [My(O, S,)]. Consider a measurement M4(O = (X,F, F), Sy»)) for-
mulated in a C*-algebra A. In most measurements, it is usual to think that the state

PP (€ GP(A*)) is unknown. That is because the measurement M (O, S») may be taken
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in order to know the state p”. Thus, when we want to stress that we do not know the
state pP, the measurement M4 (O, Sj») is often denoted by My (O, S}y).
[

By using this notation, we can state our present problem as follows:

(I) Infer the unknown state [x| (€ &P(A*)) from the measured data obtained by the
measurement My (O = (X, J, F), Sp).

In order to answer this problem, in [44] we introduced Fisher’s method (precisely,

Fisher’s max mum likelihood method) as follows: (Strictly speaking, Theorem 5.3 should
not be called “theorem” but “assertion”, since it is not a purely mathematical result but
a consequence of Axiom 1.)
Theorem 5.3. [Fisher’'s maximum likelihood method in classical and quantum mea-
surements, cf. [44]]. Consider a measurement M4 (O = (X, T, F'), S},y) formulated in a
C*-algebra A. When we know that the measured value obtained by the measurement
M (O, S}y) belongs to = (€ ), there is a reason to infer that the state [*] of the system
S is equal to ph (€ &P(A*)) such that:

w00, F(2)0 = max . (p F(T)),. (5-2)

Here, note, for completeness, that the state [*| (in M4 (O, Sy,)) is the state before the
measurement My (O, Sp,). (Cf. Corollary 5.6 ]ater.) Although the pf) in (5.2) is not

generally determined uniquely, in this book we usually assume the uniqueness.

Proof (or, Ezplanation). Let p{ and ph be elements in GP(A*). Assume that “[*] =
pl 7 or “[x] = ph 7 And assume that p{(F(Z)) < p5(F(Z)). Then, Axiom 1 says
that the fact that the measured value obtained by the M4(O, Sy,»)) belongs to = happens
more rarely than the fact that the measured value obtained by the M 4(O, S[pg]) belongs
to = happens. Thus, there is a reason to regard the unknown state [%] as the state ph
and not as the state p]. Also, examining this proof, we can easily see that the state [x]
(in M4(O, Spy)) is the state before the measurement My(O, Sp). This completes the
proof. O

Remark 5.4. [Radon-Nikodym derivative]. Assume that there exists a measure v on
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(X,F) (c¢f (II) in §2.5) and f(-, pP) € LY(Q,v) (VpP € GP(A*)) such that:

PP (F(Z)) Z/:f(SE,Pp)V(da?) (VE € F,Vp" € G"(A)). (5-3)

Then, even if = = {z} and p?(F({xo}) = 0 (Vp? € &P(A*) ) in Theorem 5.3, we may

calculate as follows:

AFUzd) . AFE) _ [ pl) o)
AE(a0}) ==t} AEE)  flao )

In this sense (or, in the sense of “Radon-Nikodym derivative”), we can compare pi(F ({zo}))
with ph(F({zo})), even when p}(F({zo})) = p5(F({zo})) = 0. When we know that the
measured value zo ( € X) is obtained by the measurement M4 (O, Sp,)), by the same reason
in Theorem 5.3, we can infer that the state [%] of the system S is equal to pf (€ &GP(A*))
such that:
flwopy) = max f(zo,0").
Here, the map E : X — GP(A*), (e, X 3 x¢ — pf € GP(A*)), is called “Fisher’s
estimator’,
|

We begin with the following corollary, which is used in the proof of Corollary 5.6 and
our main assertion (i.e., Regression Analysis II (in Chapter 6))
Corollary 5.5. [The conditional probability representation of Fisher’s method, cf. [55]].
Let O = (X,F,F) and O' = (Y,§,G) be observables in A. Let O be a quasi-product
observable of O and O’, that is, 0=0 X O=XxY,FQRG,F X G). Assume that we
know that the measured value (z,y) (€ X x Y) obtained by a measurement M4 (O, S)
belongs to Zx Y (€ FQG). Then, there is a reason to infer that the unknown measured
value y (€ Y') is distributed under the conditional probability P=(-), where

qp ap

pr) - B FEX GO, [ AFEXGN  h e )

{00, F(2)) 4 P(F(E)

where pfy (€ GP(A*)) is defined by

preGP(A*

Proof. Since we know that the measured value (z,y) (€ X x Y) obtained by a
measurement My (O, Sp) belongs to 2 x Y (€ F@Y), we can infer, by Theorem 5.3
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(Fisher’s method) and the equality F(Z) = F(Z)X G(Y), that the [+] (in M4 (O, Si,))) is
equal to pj (€ &7(A*)). Thus, the conditional probability that P=(-) under the condition
that we know that (z,y) € = x Y is given by
. ap _.ap
Py - APEIXGD) _ APE) X G -
= - _.ap - F(= ) )
AFEXGr)  AEED

This completes the proof. O]

The following corollary is the most essential in classical measurements. That is because
what we want to infer is usually the state after the measurement (c¢f. Theorem 5.3).
Corollary 5.6. [Fisher’s maximum likelihood method in classical measurements, cf.
[55]]. Let O = (X, 5, F) be an observable in a commutative C*-algebra C(2). Assume
that we know that the measured value obtained by a measurement Mc(q) (O, S}y) belongs

to Z (€ F). Then, we can assert the following (i) and (ii):

(i) there is a reason to infer that the state [*| of the system S (i.e., “the state before
the measurement Me(q)(O, Siy)” cf. Fisher’s method in classical and quantum

measurements)) is equal to d,, (€ M%,(R2)), where

[F'(Z)](wo) = max[F(Z)](w), (5-8)

weN

and,

(ii) there is a reason to infer that the state after the measurement M¢(q) (O, S}y) is also

regarded as the same ¢, (€ M%(Q)).
Summing up the above (i) and (ii), we see that
(iii) there is a reason to infer that

[%] = C“the state after the measurement M¢(q)(O, S)” = 0. (5.9)

wo
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Proof. The (i) is the special case of Fisher’s maximum likelihood method (c¢f. Theorem
5.3), i.e., A = C(Q). Thus it suffices to prove (ii) as follows: <This (ii) will be, under
the definition of “S-state” (c¢f. Definition 6.7), proved in Remark 6.12 as a special case
of Lemma 6.11 later. In this sense, the proof mentioned here is temporary.) Let O =
(Y,G,G) be any observable in C(2). Let O be the product observable of O and O/,
that is, O0=0x0 = (X xY,FQYG,F x G). Consider a measurement MC(Q)(G
= (X xY,TQG, FxG), Su). And assume

(A) we know that the measured value (z,y) (€ X x Y') obtained by the measurement

~

Me)(O = (X xY,TQG, Fx G), S) belongs to = x Y.

Corollary 5.5 says that there is a reason to infer that the unknown measured value y (€ Y)

is distributed under the conditional probability P=(-), where

P(D)[F(E))(wo) = [GD)](wn) (VT € 9, (5.10)

where wy (€ ) is defined in (5.8). Also note that the above (A) can be represented by
the following two steps (A4;) and (Asg) (i.e., (A) = (A1) + (A2)>:

(A1) we know that the measured value by a measurement Mc) (O = (X, T, F), Sy)
belongs to = (€ F).

and

(A2) And successively, we take a measurement of the observable O’ = (Y, g, ), and get

a measured value y ( € Y).

(The above is somewhat metaphorical since “two measurements” seem to appear (cf.

§2.5[Remarks (II)])) Comparing (A) and “(A;) + (A2)”, we see, by (5.10), that
“the probability that y belongs to I' ( € §) in (42)” = [G(D)](wy) (V' €G) (5.11)

That is, we get the sample space (Y, 3, [G(-)](wo)). Therefore, we say, from the arbitrari-
ness of O’ = (Y, G, G), that

(Ag) the state after the (A;) (i.e., the state after the measurement Me(q)(O, S)) is

equal to 4.
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This completes the proof. (This corollary does not hold in quantum measurements, since
the product observable O = Ox O’ = (X x Y, F® G, F X G) does not always exist. That
is, the concept of “the state after a measurement” is not always meaningful in quantum

theory.) O]

The “Bayes operator (in the following Remark 5.7)” is hidden in the above proof. This
will be more clarified in Remark 6.12 later.
Remark 5.7. [Bayes operator]. Let O = (X, J, F') be an observable in C(2). For each
= ( € F), define the continuous linear operator Béo’o) (or, B2, BS’(O’O)) : C(2) —» C(Q)
such that:

BOg) (= B2(9) = B (9)) = F(E) - g (VgeC(Q),  (512)

which is called the Bayes operator (or, the simplest Bayes operator). Note that it clearly
holds that

(i) for any observable O; = (Y, G, @), there exists an observable O = (X x Y,F® G,
F) in C() such that:

FExT)=BM@GT) (EeFrey).
That is because it suffices to define O by the product observable O x O;. Define the map
R(EO o M7 (Q) = M () (called “normalized Bayes dual operator”) such that:
(BS](v)
1BE 1 @)y
where [Béo’o)]* s M(Q2) — M(9) is the dual operator of [Béo’o)], that is,
_ I [FE)w)r(dw)
JolF(E)](w)v(dw)

Thus, we can describe the well known Bayes theorem (cf. [86]) such as

s

RV (v) =

(Vy < MTl (Q)>

M () 2 v (= pretest state) — (posttest state :)R(O’O)(V) e M7 (Q)* (5.14)

Note that this says that (i)=-(ii) in Corollary 5.6. That is because a simple calculation
shows that R(EO ’0)(§w0) = 0y, in the case of Corollary 5.6. In §6.2, the reader will again

4The pretest state [resp. posttest state] may be usually called “priori state” [resp. “posterior state”].
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study the Bayes operator in more general situations.
|

Example 5.8. [Continued from Problem 5.1 (Urn problem)?]. Recall Example 5.1. That

is, consider the following procedures (P;) and (Ps).

(P1) One of the two (i.e., Uy or Us) is chosen and is settled behind a curtain. Note, for

completeness, that you do not know whether it is U; or Us®

(P2) Pick up a ball out of the urn chosen by the procedure (P;). And you find that the
ball is white.

You do not know which the urn behind the curtain is, Uy or Us.
Assume that you pick up a white ball from the urn.
The urn is U; or Uy? Which do you think?

Ui

o000e
o000 e -

Now we have the following question:

(Q) Which is the chosen urn (behind the curtain), Uy or Us?

[Answer]. Put Q = {w;,ws}. Here,

Wy s the state that the urn U; is behind the curtain (5.15)
Wy wrrens the state that the urn U, is behind the curtain. '

In this sense, we frequently use the following identification:

U1 ~ Wi, U2%w2. (516)

5 As mentioned in Example 2.16, we believe that “urn problem” is the most fundamental in all examples

of statistics.
6Here we are not concerned with SMTpgp (i.e., the principle of equal probability, cf. §11.4)
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And define the observable O( = (X = {w, b}, 2t F)) in C(Q) where

[F({w})](w1) = 0.8, [F({b})](w1) = 0.2,
[F({w})](w2) = 0.4, [F({b})](w2) = 0.6.

Since we do not know whether the state is w; or ws, we have the measurement M (q) (O, S[*]).

Thus, out situation is
e a measured value “w” is obtained by the measurement Me(q)(O, Sp).
Then, we conclude, by Fisher’s maximum likelihood method, that

e the urn behind the curtain is Uj.

That is because

[E({w})](wi) = 0.8 = max{[F({w})](w), [F({w})](ws)}.

|
Example 5.9. [Urn problem]. Let U;, j = 1,2, 3, be urns that contain sufficiently many

colored balls as follows:

’ H blue balls ‘ green balls ‘ red balls ‘ yellow balls ‘
urn U, 60% 20% 10% 10%
urn U, 40% 20% 30% 10%
urn Us 20% 20% 40% 20%

(5.17)

Put U = {U;,U,,Us}. We consider the state space Q2 ( = {wy,wq, w3} ) with the

discrete topology, which is identified with U, that is, U 3 U; <> w; € Q@ ~ M%(Q)T
U, =~ w; U; =~ wo Us ~ ws

®O®®Y
®O®®QY

OOOO®
®OBOB®OY

OOOO®
®OOO®QY

"Strictly speaking, we must consider the identification as (5.15).
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Define the observable O = (X = {b,g,7,y},P(X), F{,)) in C(2) by the usual way. That
is,

Fuy(w) =6/10  Fg(wi) =2/10  Fuy(w) =1/10  Fpy(wi) = 1/10

F{b}(w2) = 4/10 F{g}(ng) = 2/10 F{T}(WQ) = 3/10 F{y}(wz) = 1/10

F{b}(W3) = 2/10 F{g}<w3) = 2/10 F{T}(wg) = 4/10 F{y}(wg) = 2/10. (5.18)

Then we have the measurement M (o) (O, Spy).
I} Now we consider the measurement Mc(q)(O, Si). And assume that we get the mea-
sured value ‘b’ by the measurement Me (o) (O, Sp,j). Then Fisher’s maximum likelihood

method (i.e., Corollary 5.6) says that there is a reason to infer that
[] = w1
since
Fay(wi) = 0.6 = max Fy(w) = max{0.6, 0.4, 0.2}.

That is, the unknown urn [x] is Uj.
[I1]  Also, consider the (iterated) measurement Me(q)( Xi:l O = (X2 P(X?), Xi:l F),

Sp) where ( Xzzl F)_ « - (w) = Fg,(w) - F=,(w). Also, assume that

e the measured value (b, r) is obtained by the iterated measurement M¢q)( X i=1 O, S).

Applying Fisher’s method (= Corollary 5.6), we get the conclusion as follows: Put

E(w) = Fy (w) Firy (w).

Clearly it holds that F(w;) = 6-1/10? = 0.06, E(wy) = 4-3/10? = 0.12 and E(w3) =
2 -4/10% = 0.08. Therefore, there is a very reason to think that [*] = d,,, that is, the
unknown urn [#] is Us.

[IIT; Remark (moment method)]. Here, let us consider the above [II] by the moment

method (cf. Definition 2.27). Define the distance A on M7 (X') such that:

A= Y In({z}) —w{e})]

reX={b,g,ry}

=l ({0}) = ({b)| + [ ({g}) — ra({g})| + [ ({r}) —o({r D] + 1 ({y}) — vo({y})].
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Note that M(Q)<5w1, F{b}>C(Q) = Ou, (F{b}) = F{b}(wl) = 6/10, and similarly (Cf (5.18)),

O (Fipp) = 6/10 0y, (Figy) = 2/10 6y, (Fiiy) = 1/10 6, (Fiyy) = 1/10
Ouy (Froy) = 4/10  0u,(Figy) = 2/10 00y (Fiy) = 3/10 du, (Fyy) = 1/10
Ouy (Floy) =2/10 0wy (Figy) = 2/10 b0y (Fiy) =4/10 buy (Fyy) = 2/10.

Since the measured value (b, 7) is obtained, we have the sample space (X, 2%, ) such that

v({b}) = 1/2, v({g}) =0, v({r}) = 1/2, v({y}) = 0.

Then, we see that

A(b, (Fpy),v) =16/10 — 1/2| + |2/10 — 0] + |1/10 — 1/2| + [1/10 — 0] = 8/10
A(0uy (Fry),v) = [4/10 — 1/2] + |2/10 — 0] + [3/10 — 1/2| 4 [1/10 — 0| = 6/10
A(buy(Fry),v) =12/10 — 1/2| +]2/10 — 0] + [4/10 — 1/2| + |2/10 — 0] = 8/10.

Thus, the moment method says that the unknown urn [| is Us.

|
Example 5.10. [At a gun shop, [44]]. Let G = {Gy,...,G50} be a set of guns in a gun
shop. Assume that
80% if 1<75 <30,

the percentage of “hits of a gun G,;” =< 70% if 31 <j <40, (5.19)
10% if 41<j < 50.

F °
Gun Gy, Mark

Assume the following situation (i)4(ii):

(i) Some one picks up a certain gun G, from G. He does not know the information

concerning the j.

(ii) He shoots the gun G, three times. First and second he hits the mark, and third he

misses the mark.
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Our present problem is to formulate the measurement (i)+(ii).

The above example is solved in what follows. Let {2 be a state space, which is identified
with the set G. That is, we have the identification: G > G; < w; € Q. Define the
observable O = (X = {0,1}, P(X), F{,y) in C(€2) such that:

0.8 if 1<7<30,

Fay(w)) =4 0.7 if 31 < <40, (5.20)
01 if 41<j<50

and Fioy(w;) = 1 — Fiy(wj). Of course we think that

(f) “hit the mark by a gun G,,” < “get the measured value 1 by the measurement
M) (O, Sp,, 1)

Here, consider the (three times) iterated measurement Me g ( Xzzl O = (X3, P(X?),

X0 F), Sp.,1) in C(Q) such that:

(X F)_ X = X = (W) = Fg, (w) Fz, (w) F=, (w) (V2; X Zy X 23 € P(X?),Vw € Q).
k=1 =1 =2 =3

(5.21)

Clearly, the above statement (ii) implies that the measured value (1,1, 0) is obtained by
MC(Q)( Xi:1 0, S[*]). ( The observer does not know that [] = Oy - ) By a simple
calculation, we see
0.128 if 1< j <30,
Fy(w;) Froy () Foy (wy) = {0147 if 31 < j < 40, (5.22)
0.009 if 41 <j <50.
Therefore, by Fisher’s method (= Corollary 5.6), there is a very reason to consider that
31 < jy < 40.
[
Example 5.11. [(i): Gaussian observable]. Consider a commutative C*-algebra Cy(R).
And define the Gaussian observable O,2 = (R, BY, F("; ) in Cy(R) such that:

1 1 —
FZ'(p) = /Hexp[ — Tﬂ(m — p)*dx (V2 € BY, VYucR). (5.23)

2o

Further, consider the product observable xizlo (or in short, O3%,) = (R?, By, F(‘T)Z’S) in

Co(R) such that:



104 CHAPTER 5. FISHER’S STATISTICS I (UNDER AXIOM 1)

2

Fgl ngXE;; (Iu) = Fgl (Iu) ’ FEUQ (/"L) ’ FEUg (/’L)

1 N2 Y N2
:m/ exp| = — +($2202,u) +{gs = 4] Jdx1dzods
1 XZ2XE3

(VE=ke By k=1,2,3, VYucR). (5.24)

Here consider the measurement Me,(r)(O2.,

Spy). And assume that
e the measured value (29,29, 29) (€ R?) is obtained by the Mc,yr) (022, Sp).

Then, Fisher’s method (=Corollary 5.6) and Remark 5.4 say that there is a reason to

think that the unknown state [ *] = 1, where
1 exp| — (29 = po)® + (25 — 50)2 + (2§ — M0)2]
(V2mo)? 20
1 0_ )2 0 _ )2 0_ )2
. pl - GG Gy gy
neR L(y/270)3 202
which is equivalent to
(2] = p0)? + (25 — p0)* + (w3 — o)’
=min[(z] — p)° + (5 — p)” + (23— p)°] (5.26)
m
and moreover, equivalently,
o = (2§ + 25 + 23) /3. (5.27)

[(ii): Gaussian observable]. Consider a commutative C*-algebra C'([0,100]), where [0, 100]
={peR|0<pu<100}. And define the Gaussian observable O, = (R, B%d,F(‘T;) in
C'([0,100]) such that:

1
\2mo

Further, consider the product observable O?, = (R?, B3, F(‘T)2 %Y in Cy([0, 100]) such that:

Fo* () = /:exp[ _ 2%2(:5 _pdr (VEEBM. Vue[0,100).  (5.28)

0.2
F51552><53(1u)
1 A Y] 2 N2
:—/ exp| — (w1 — @) + (22 — p)* + (w3 — p) day dadirs
( 27TU)3 Elengg 202
(VE=kec Bl k=1,2,3, VYucl0,100)). (5.29)

Here consider the measurement MC([OJOOD(OE‘;Q, S[*]). And assume that



5.2. FISHER’S MAXIMUM LIKELIHOOD METHOD 105

e the measured value (29,29, 29) (€ R?) is obtained by the Mc((o,100]) (022, Sp)

Then, Fisher’s method and Remark 5.4 say that there is a reason to think that the

unknown state [ * | = ug, where [ | = uo, where
1 GXp[ o (xcl) B M0)2 + ($8 — 50)2 + (l‘g B /LO)2]
(vV2mo)? 20
1 0_ )2 0 _ )2 0 _ )2
— max —exp[_ (xl :u) + (xQ 2:“) + (ZL‘3 lj’) ]] (53())
nel0,100] L(/27o)3 20
which is equivalent to
(2} = p10)? + (25 — p0)* + (23 — o)’
= min [(2} — p)* + (23 — p)* + (23 — )] (5.31)
1£€[0,100]
and moreover, equivalently,
0 if 20 4+ 25 +29 <0
po =1 (@¥+29+2%)/3 if 0 < 2?4+ 25+ 25 <100 (5.32)
100 if 29 4+ 25 + 29 > 100.
[

5.2.2 Monty Hall problem in PMT

Problem 5.12. [Monty Hall problem, cf.[33]].
The Monty Hall problem is as follows:

(P) Suppose you are on a game show, and you are given the choice of three doors (i.e.,
“number 17, “number 2”7, “number 3”7 ). Behind one door is a car, behind the

others, goats.

You pick a door, say number 1, and the host, who knows what’s behind the doors,
opens another door, say “number 3”7, which has a goat. He says to you, “Do you

want to pick door number 27” Is it to your advantage to switch your choice of doors?
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|
|
|
Door Door Door \/ I
|

Number 1 Number 2 Number 3 @\ gp\
]

[Answer]. Put Q = {wy,wq, w3}, where

Wy eeeens the state that the car is behind the door number 1
Wy = vene the state that the car is behind the door number 2
Wy veeree the state that the car is behind the door number 3.

[F({1D)](w1) =00,  [F({2P)(w1) =05,  [F({3}](w1) = 0.5,
[F({1D)](w2) = 0.0, [F{2}D)}(w2) =00,  [F({3})]/(w2) = 1.0,
[F({1D](ws) = 0.0, [F{2}))(ws) = 1.0,  [F({3})](ws) = 0.0.

Thus we have a measurement M¢ ) (O, Sp,j). Here, note that

(1) :“measured value 1 is obtained” <= The host says “Door (number 1) has a goat”,
(2) :“measured value 2 is obtained” <= The host says “Door (number 2) has a goat”,

(3) :“measured value 3 is obtained” <= The host says “Door (number 3) has a goat”.

The host said “Door (number 3) has a goat”. This implies that you get the measured
value “3” by the measurement M¢(q)(O, Sp). Therefore, Fisher’s maximum likelihood

method says that you should pick door number 2. That is because we see that

[F({3})](w2) = 1.0 = max{0.5, 1.0, 0.0}
= max{[F({3})](w1), [F({3})](w2), [F({3})](ws)},

and thus, [*] = d,,. However, this is not all of the Monty Hall problem. See Remark 5.13,
Problem 8.8 and Problem 11.13 later.

8Strictly speaking, F({1})(w1) = 0.5 and F({2})(w1) = 0.5 should be assumed in the problem (P).
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Remark 5.13. [Monty Hall problem by the moment method (¢f. Definition 2.27)].

Here, consider Problem 5.12 by the moment method. Since you get measured value 3,
you get the sample space ({1,2,3},2{123} 1,) such that v,({1}) = 0, v,({2}) = 0 and
vs({3}) = 1. For example define the distance A such that: for any v, 15 € M7, ({1,2,3}),

Ay, ve) = [i({1}) = v2({11)[ + 11 ({2}) — 2({2H)] + [ ({3}) — 2({3})].
Then, we see

AW [F())(w1) = 0= 0] +]0 = 0.5 + 1 — 0.5 = 1,
A, [F(-))(wn) = [0 = 0] + 10— 0] + 1= 1] = 0

and
Ae, [F(-))(ws)) = 10— 0] + [0 — 1] +]1 — 0 = 2.

Thus, we can, by the moment method, infer that wy is most possible, that is, the car is
behind the door number 2.
|

5.3 Inference interval

Let O( = (X, 3, F)) be an observable formulated in a C*-algebra A. Assume that
X has a metric dx. And assume that the state space G(A*) has the metric dg, which
induces the weak* topology o(A*, A). Let £ : X — GP(A*) be a continuous map, which
is called “estimator?” Let ~y be a real number such that 0 < v < 1, for example, v = 0.95.
For any p?( € &P(A*)), define the positive number 7}, (> 0) such that:

my = inf{n > 01, (@ F(E7(B(o5m)), = 7) (5.33)
whete B(p?51) = {ph( € &¥(A")) : de (g}, p?) < n}. For any o ( € X), put
D) = {p'(€ &(A") : de(E(x). ") < s} (5.34)

The D] is called the (vy)-inference interval of the measured value x.

Note that,
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(A) for any ph( € GP(A*)), the probability, that the measured value x obtained by the
measurement MA(O = (X,F,F), S[pg]) satisfies the following condition (b), is larger
than v (e.g., v =0.95).

(b) E(x) € B(ph; 77;,5) or equivalently d(E(z), pf) < 7738.
Assume that
(B) we get a measured value z by the measurement My (O = (X, 7, F), S[pg]).

Then, we see the following equivalences:

0) = de(B)h) <y > D>

X &P (A”)

4 ) 4 )

Summing the above argument, we have the following theorem.
Theorem 5.14. [Inference interval]. Let O = (X, J, F) be an observable in A. Let ph
be any fixed state, i.e., py € &P(A*), Consider a measurement MA(O =(X,3,F), S[pg]).
Let E : X — G&P(A*) be an estimator. Let v be such as 0 < v < 1 (e.g., v = 0.95). For
any x( € X), define D) as in (5.34). Then, we see,

(#) the probability that the measured value xo( € X) obtained by the measurement
MA(O =(X,3,F), S[pg]) satisfies the condition that

D3, > 6f (5.35)

is larger than .
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Example 5.15. [The urn problem]. Put Q = [0, 1], i.e., the closed interval in R. We
assume that each w ( € 2 = [0, 1]) represents an urn that contains a lot of red balls and
white balls such that:

the number of white balls in the urn w ~w (Vwel0,1]=9Q). (5.36)

the total number of red and white balls in the urn w

Define the observable O = (X = {r,w}, 2"} F) in C(Q) such that where

F)(w)=0, F{r}Hw)=w, F{w})w) =1-w, F{rw})(w) =1
(Vw € [0,1] = Q). (5.37)

Here, consider the following measurement M,,:
M, := “Pick out one ball from the urn w, and recognize the color of the ball” (5.38)
That is, we consider
M. = Moo)(0, S.))- (5.39)
Moreover we define the product observable OY = (X~ P(X¥), FV), such that:
[FN(E, X Ey X - X En_; X En)|(w)

=[FE)W) - [FE)W) - [FEN-)Iw) - [F(EN)](W)

Vwe Q=10,1], VZ,,Z,--,2y CX ={r,w}). (5.40)
As mentioned in Definition 2.27, we think that

“take a measurement M, N times” < “take a measurement MC’(Q)(ON ,516.1)”

(5.41)
Define the estimator E : XV ( = {r,w}") — Q( = [0,1])
ned{l,2,--- N} |x,=r
E(x1, 29, ,xn-1,7N) = il { N ) J
(Vo = (z1, 29, ,on_1,2n) € XN = {r,w}?). (5.42)
For each w( € [0,1] = ), define the positive number 7 such that:
s
:inf{n >0 ‘ [FN({(z1, 29, -+ ,on5) |w—n < E(z1, 29, ,2n) <w +1})](w) > 0.95}
= inf . (5.43)

[FN({(z1,22, 2 N)|lw—n<E(x1,02, ,ocN)gw—i-77})](o.1)>0.9577
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Put
Dy = {w(€Q): |B(x) - w| <} (5.44)

For example, assume that N is sufficiently large and v = 0.95. Then we see, by (2.58),

that
0% 1.96\/—“’(1]; )
and
Dy = [E(z) = n-, E(x) + 1] (5.45)
where
N =) n s T+ = N eyt (5.46)

Under the assumption that NV is sufficiently large, we can consider that

FE(z)(1—- E(zx
17_%17+%17%?5)%1.96\/ ( )(N ( ))

Then we can conclude that

o foranyurnw( € Q =|0,1])), the probability, that the measured value x = (x1, xa, - ,
xy) obtained by the measurement My (ON, S[(;w}) satisfies the following condition

(8), is larger than v (e.g., v = 0.95).

() B(z) — 1.96y/Z20-E@) < ) < B(z) 4 1.96,/ E@0_E@)

where E is defined by (5.42).

5.4 Testing statistical hypothesis

Now we study “testing statistical hypothesis”, that is, answer the following question.
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Problem 5.16. [Testing statistical hypothesis|. Consider a measurement M¢(q)(O =
(X,3,F),Sy) formulated in C(§2). Let £ : X — Q be Fisher’s estimator. Assume the
following hypothesis:

(H) the unknown state [x] belongs to a closed set Cy ( C Q).
And further assume that we see the following fact:
(F) a measured value xo( € X) is obtained by measurement M¢ ) (O = (X, J, F), Siy).

Here, our present purpose is to propose an algorithm that decides whether the above hy-
pothesis (H) can be denied by the fact (F). This algorithm is called “the testing statistical
hypothesis”

In the above problem, it is usually expected that the hypothesis (H) is not true. In
this sense, the above (H) is called the null hypothesis.

Now we provide two answers (i.e., Answer 1 and Answer 2). Answer 1 (likelihood ratio
test) is, of course, well-known and authorized. Also, in order to solve the question: “Is
there another answer?”, we add Answer 2 after Answer 1.

Answer 1. [Likelihood ratio test]. Consider a measurement M¢(q)(O = (X, T, F), Siy)
formulated in C(Q2). Let £ : X — Q be Fisher’s estimator, i.e., it is defined by
E(z)= lim w, (Vz € X),

En—{z}
where w,, (€ Q) is chosen such that it satisfies

FEN)

(For the exact argument, see Remark 5.4 (Radon-Nikodym derivative). ) Assume
both (H) and (F) in Problem 5.16. Consider a real number a such that 0 < o < 1
(e.g. a = 0.05, which may be called a significance level. Let w be in Q. Then, by
Axiom 1, we have a sample probability measure P, on X (of the measurement M¢ ) (O

= (X,T,F),Sp.)) such that:
P,(2)=[FE)(w) (VE2e9F). (5.47)

Here define the function Ag,, : X — [0, 1] such that:

P,(=
ACH(ZE): lim SuprCH ( )

— Vo e X). 5.48
E—+{z} SUPycq Pu(E) ( ) ( )
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Also, for any € (0 < e < 1), define [D];, ( € F) such that:

D], ={z € X | Acy(z) <€} (5.49)
1
ACH (ZE)
0

Thus we can define %% such that:

0.05

Emax = SUp{e | sup P ([D]g,) < 0.05}. (5.50)

max
woeCy

Now we can conclude that

Answer 1

if xo € [D]ngi, then the hypothesis (H) can be denied
(5.51)

£0.05 . .
if 7o ¢ [D]&e, then the hypothesis (H) can not be denied

]

Next we shall propose “Answer 2”7 Before this, we must prepare the following well-
known lemma.
Lemma 5.17. [Neyman-Pearson theorem, a-influential domain of vy for vy, cf. [59]]. Let
(X,F) be a measurable space. Let v, and vy be probability measures on X. Define the

Radon-Nikodym derivative 24 : X — [0, 00) such that:

dV1 o Vl(E)
d—VQ(x) = élg; ) (x € X). (5.52)
Put
dV1 dV1
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Thus we can define é%9%° such that:

max

d
omn( = eme®) = supfe | n([D](e, 52)) < 0.05}. (5.54)
1)
Now we have the
dv
D)(&0 L 5.55
[D](€naxs dVQ), (5.55)

which is called “the 0.05-influential domain of vy for vy”

|
Answer 2. [A test using Neyman-Pearson theorem|. Consider a measurement M¢ ) (O
= (X,TJ,F),S) formulated in C(2). Let E : X — € be Fisher’s estimator. Assume
both (H) and (F) in Problem 5.16. Consider a real number « such that 0 < a < 1
(e.g. a = 0.05 which may be also called a significance level. Let w be in Cy. Consider
a measurement Mc) (O = (X, 3, F), Sj5,1) - Let « be in X. Then, we have two sample
probability measures I, and Pg(,) on X such that:

vu(E) = Pu(E) = [F(E)](w) (VE€T)
and
Vi = Ppw)(2) = [F(E)](E(x)) (V= e F). (5.56)
Thus, we have “the 0.05-influential domain of v for v5” such that:
dv,,
[D] (& ). (5.57)
duE(m)
Put
e 2005 W
[D]CH,z = mWECH [D](Ema)m d ) (558)
VE(I)
Lastly, we put
e Ehion
Now we can conclude that
Answer 2
if xo € [D]ig“}gi, then the hypothesis (H) can be denied
(5.60)
if o ¢ [D]gnj’s‘, then the hypothesis (H) can not be denied
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Remark 5.18. [Answers 1 and 2]. We believe that the above two answers 1 and 2
are proper though the meanings of “significant level” is different in each answer (c¢f. [II;
Cy = [0,00)] in Examples 5.16 and 5.17). We do not know whether there is another

proper answer.

|
Example 5.19. [Likelihood ratio test for the Gaussian observable]. Put @ = R, A =
Co(Q), 0,2 = (R, BRL, Fy) in Co(€2) such that:
o2 1 (z — w)? = bd
FZ(w) = o /Eexp[ - T,z]du (V=2 € B, YweQ=R). (5.61)

And thus. consider the product observable O2 = (R?, B, F(‘_’)2 ) X F("; ) in Co(Q2). That

is,

o2 o2 . 1 oxpl — (iL‘l — w)2 + (l’z — w)2 1 de
(FE) X FE)) = s /] el \dr1dzs

202
(VZp € BR(k=1,2), YweQ=R). (5.62)

[Case(I): Two sided test, i.e., Cyg = {wp}]. Assume that Cy = {wo}, wo € 2 = R. Then,

Supwe{wo} Pw(El X EQ)

im =
=1 XEQ—}{(.’El,.’Eg)} Supweﬂ Pw(:1 X :2)

Aoy (21, 72) =

_ (z1—w0)?+(w2—wo)?

exp| 52 ]
exp| — (xl—($1+0€2)/2)221-2(I2—(I1+9€2)/2)2]
-9 2 2 _ 2
— exp| — [(z1 +$2)2 wo) ] = exp| — [(z1 +22)/2 — wy] ]
1o 20/ V2)?
(V(z1,72) € R?). (5.63)

Also, for any €( > 0), define [D]{,, ( € F) such that:
[D]Ewo} = {(x1,75) € R?| Aoy (1, 22) < €} (5.64)

Thus we can define %% such that:

€man = sup{e | sup P,([D]f,;) < 0.05}. (5.65)

max
UJE{OJ()}
Now we can conclude that

0.05
[ ]Emax

{wo}
—{(x1,22) € R? | (@14 22)/2 < wp — 1.960/V2}

{21, 22) € R? | (21 + 22)/2 > wy + 1.960/v/2}

=“Slash part in the following figure”
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y

X2

X

2(wo + 1.960/v/2)

115

2(Lo 960 //2) 2(wo 9697 V2

[Case(II): One sided test, i.e., Cy = [wp, 00)]. Assume that Cy = [wg, 00), wp € 2 = R.

Then,

su we|wo,00 Pw E X E
A[o,oo)(xl,xg) = lim Puelwo,00) H( 1 < 2)
E1xEz—{(z1,22)} SUP,ecq Pw(:q « :2>

_ { exp[ — [(MHZ)*QWO]Q] (B2 < w)

402
1 ( otherwise )

Also, for any e( > 0), define [D]¢ ( € F) such that:

[wo,oo)

[D]EO,OO

) = {(x1,22) € R?* | Ao o0y (w1, 22) < €}
= {(z1,22) € R?| 331-;-1'2 —wp < y/4o?loge}.

Thus we can define €295 such that:

max = Sup{e | sup Py ([Dlfy o)) < 0.05}.

wo€[0,00)

€

Therefore, we can conclude that

an
[‘D] [0,00)

={(x1,22) € R? | (214 22)/2 < wy — 1.650 /V/2}. (cf. (2.58)).

=“Slash part in the following figure”

(5.66)

(5.67)

(5.68)
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X2

2060 1.650/x/2)

2o A 1.080 /V/2) T

|
Example 5.20. [The test using Neyman-Pearson theorem for the Gaussian observable].
Put @ =R, A = Cy(Q), O,z = (R, BRL, F¢)) and 02, = (R?, By, Foy X FY)) in Co(9)
are as in the above.

[Case(I): Two sided test, i.e., Cy = {wp}]. Assume that Cy = {wo}, wy € @ = R. Then,
V(2] X Zy) = P,y (21 X Z9) = [F(Z1 X Zp)](wo) (VZ; X 25 € Bpd)
and
vy ") = Ppioy (B0 X Zy) = [F(E1 X Z)](E(x)) (V2L X 25 € B, (5.69)

Thus, we have “the 0.05-influential domain of v; for v5” such that:

£0.05 A, 22) | (31 +22)/2 <wp — 1.650/v2}  (E(zo) < wo)
(D] (Ema: @0, Bite1.220) = { {(x1,22) | (x1422)/2 > wo + 1.650 /2% (E(x0) > wo).

Put

~0.05

(DI (a1 e = Neoefeo} D) (G P 0, B(G1,22)) = [D](éans 00, Braan)  (V(@1,22) € R?).
(5.70)
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Therefore, we can conclude that

~0.05 ~0.05

(D] ={(z1,22) € R? | (1,22) € D5 (2100}
={(z1,22) | (21 +22)/2 < wy— 1.650/V2}
(@1 22) | (21 +22)/2 > wo + 1.650/v/2}.

[Case(II): One sided test, i.e., Cy = [wp, 00)]. Assume that Cy = [wp, 00), wp € 2 = R.
Then,

V(21 X Ey) = Py (B1 X Z3) = [F(E; X Zy)](wo) (VZ, X Z5 € BR)
and

vy (B X By) = Py (B1 X Za) = [F(Z1 X B)](E(x)) (V21 X Zy € BRY).
(5.71)
Thus, we have “the 0.05-influential domain of v; for v,” such that:

[D](8% 6 o ) bierenn) = {(z1,22) | (21 +22)/2 Swp — 1.650/v2}  (E(wo) < wo)
max? Fp 0 [y, T {(z1,29) | (z1422)/2 > wo + 1.650/v/2}  (E(x0) > wp).
Put
Enax 0.
[D]6:55).(1.02) = Nesoel.00) [P (Eniaes B0 ) (V(1, 22) € R?). (5.72)
Therefore, we can conclude that

=0.05

D) ={(w1,22) € R? | (21,2) € [D]i5 }

[0,00 [0,00),(z1,x2)

={(z1,2) | (21 + 22)/2 < wy — 1.650/v/2}.

5.5 Measurement error model in PMT

Although we have several kinds of measurement error models in statistics (c¢f. Fuller
[25], Cheng, etc. [16]), the following may be the simplest one (i.e., with normal distribu-
tions (= Gaussian distributions)):

gn = 90 + elxn + €n,

Tp = Ty + Up (5.73)

(€n, un) ~ Nl[average(0, 0), variance(c?2,, o2,)],°

(n=1,2,...,N),
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which, of course, corresponds to the conventional statistics (i.e., the measurement equa-

tion in the dynamical system theory (1.2)). The first equation is a classical regression
specification, but the true explanatory variable x,, is not observed directly. The observed
measure of x,, denoted by x,,, may be obtained by a certain measurement. Our present
concern is how to infer the unknown parameters 6, and 6; from the measured value
{(Z,,Un) }_,. Precisely speaking, the purpose of this section is to study this problem in
general situations (i.e., without the assumption of normal distributions).

Put Ay = C(Q) and A; = C(€2;). Let © be a compact space, which may be called
an index state space (or parameter space). Consider a parameterized continuous map v :
Qo — 4, 6 € ©, which induces the parameterized homomorphism ¥? : C(Q;) — C(£y)
such that (c¢f. (3.14))

(P7f1)(w) = L[ (W) (Vi € C(Q),Yw € Q).

Consider observables Oy = (X, J, F) in C(€) and O; = (Y, 5§, G) in C(€;). And recall
that WO, can be identified with the observable in C(£) (¢f. Remark 3.6 (i)). Thus, we
can consider the product observable Of = (X XY, Fx G, Fx U?G) in C(Qp). Thus, we get
the measurement MC(QO)(f)@, Sps.1), (w € €). Consider the N times repeated measure-
ment of MC(QO)(éa, Sts.)), which is represented by M g ( ®nN:1 o°, Sien_s,,1)- Here,
DN 100 = Oniomncon) (€ ML) and @, O = (XN x YN, FV x 6N QN (F x
v0@)) in @Y, C(Q) = C(Q), that is,

(RF x WG))(Es x -+ x Ey x Ty x -+ x Ty)J(wi, ..., wy)
:[;; VG(E x T))](wy) - [Fx WG(Zy x Ty)|(wa) - - - [F x VG(Ex x Ty)](wy)
(VE,—L € ?, VFn € S,V(wl, ...,(A)N) S Qév) (574)

Our present problem is as follows:

(£) Consider the measurement Mg ( RN, o’ SieN_s,,1) Where it is assumed that

@1, @9, ...,y and O (€ O) are unknown. Assume that we know that the mea-

sured value (Zq,..., Tn,J1,-., yn) (€ XV x YV) obtained by the measurement
Mg o) QY o’ SieN_s,,]) belongs to [1)_,(Z, x I,). Then, infer the unknown

@1, @, ...,y and @ (particularly, 6).

9Independent random variables with normal distributions
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That is, for simplicity under the assumption that 2y = X, 21 =Y, we can illustrate this

problem () as follows:
O

— .0
o

From the measured data
(fla ceey 557@17 ceey g5) (E Qg X Q?) ’

infer the reasonable 6.

— /02
wr = ¥"(wo) “Probably 63 !”

wy = ¥ (wp)

Qo

This problem is solved as follows: Define the observable O = (XN x YN FN x N, H ) in
C(Q) x ©) such that [H(Z, x - x ZEy x Ty x -+« x D)) (w1, ..., wn, 0) = (5.74). Note
that we have the following identification:

~

N
Moy x6)(O: Si@i_ s, e50) = Moy () O Siga_s.,.)-

n=1

Consider the measurement Mc(Q(J)VXe)(a, Si@N_s

=1%n

Jes,) Where it is assumed that we
do not know @y, @s, ..., @x, . Then, we can, by Fisher’s maximum likelihood method (cf.

Corollary 5.6), infer the unknown state (®2_ 8, ) ® d; such that:

[H(Z, X -+ x Ey x Ty x -+ x Tp)|(@1, ..., oy, 0)
= ﬁ?féggyxe[ﬁ(al XX Zy X Ty X o x D)) (wi, ..., wy, 0). (5.75)
This is the answer to the above problem (f). It should be noted that the problem (£) is
stated under the very general situations (i.e., Qo, €5, X and Y are not necessarily the
real lines R).
In the following example, we apply our result (5.75) to the simple measurement error
model (5.73) with normal distributions.
Example 5.21. [The simple example of measurement error model (the case that 6y, 6,

wy , ..., wy are unknown)]. Let L be a sufficiently large number. Put Qo = [ — L, L],

O =[-L*—L,L*+ L], =-L,L]*, and define the map %) : Qy — Q; such that:

WO ) = O 8y (Y € 20 V(00,01 € O
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Also, put (X,F,F) = (R,Bgr,G) in C()) and (v,5,G) = (R,Bgr,G?) in C({)
(c¢f. Example 2.17). Thus, we define the product observable O0d1) = (X xY,FxG,HY,
where H? = F x UG, in C(Qy) such that:

z—w)?  (y— (hw+6))’

1 (
HY(Z x D)|(w) = (———— 2// — - dxd
[HY(E x I')](w) (W) EXF@XP[ 207 202 Jdzdy
(V= € Bg, VI € Bgr,Vw € Q).

Thus, we have the observable O = (R2Y, Brav, H) in C(Q) x ©) such that:

[ﬁ(El X oo X ZEy x 'y x oo x Ty)](wy, ...y wn, 0o, 01)

2N @n—wn)? SN (yn—(019n+60))2
20’% 20%

1
V2ro oo N (EnxT'y)

(5.76)
Assume the conditions in the problem (#), and further add that

=y =T, — €T, +e€|, I =I[Un—€7n+el (for sufficiently small positive €).

Then, our main result (5.75) says that

max [H(ZS x - x B X T x -+ x T (wis .., wn, 0)
(W1 yeeey wN,Go,Gl)GQéVXQ
Y F, w Y, bhoyw, 0
= min Z(—" -4 In _ (ATLEn )] (since e is small)
(W1 yeney wN,G(),O]_)EQ(J)VXe —1 01 01 n—1 02 02 01 02

(Here, note that the distance between a point (2= %) and a line y = %% 4 g—g is equal

o1’ g2
to [Yn—017n—00|

Jorron Then, we see)
ZnN:1<@“n - elfn - 60)2

DT S g (5.77)
— Z,gzl@n: O —bf)=0 (< 2(5.77) =0),
> et (017007 + Tn03 = 000107) (G — 01T, — o) =0 (&= 55:(5.77) = 0).

(5.78)

Thus, the unknown parameters 6, and 6y are inferred by the solution of this equation
(5.78). Note that this is a direct consequence of our main result (5.75).

[ |
Example 5.22. [The case that 6y, 0y, 07, 02, w; , ..., wy are unknown|. Assume that 6,
01, 0%, 02, wy , ..., wy are unknown. The log-likelihood is

L(007 91) U%? U%’wh ,WN) = 10g[(576)]
__Nlog of _ Nlogad -~ Zg:1<xn — wp)? 25:1(5% — by — 1w,)?

2 2 20% 20%
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Taking partial derivatives with respect to 6y, 61, o7, 05 and wy, ..., wy, and equating the

results to zero, gives the likelihood equations,

N N
Z(yn — 6o — elwn> =0, Z(yn — 0y — elwn)w =0,
n=1 n=1
nN:1<xnwn)2 2 22;1 (Yn — b — elwn)2 9
N Y N IR
(xnwn)Q (Yn — O — Orwy,)
- = =1,2 N
207 207 % (n=12,..N)

Thus we can easily solve it as follows:

o2 S S,
0 == =%, 207 =Sew— -2, 205 =Sy — Sybh,
1 U% S 1 0, 2 vy yYl
n_g n_in
Oy =1y — 0,7, an:xn+y Ozxn—i—f Y y)
0, 0,
where
j_:1cl+ + N T+ + yn
- N ) y_ N 9
S 7 W e o St SR (7 Sl ) it )t )
T — N ) Yy N 3
(w1 —Z)(y1 —y) + -+ (ony —2)(yn — ¥)

(Cf. Cheng, etc. [16]).
[

5.6 Appendix (Iterative likelihood function method)

In this section we study the “Iterative likelihood function method (cf. [47])”, which
will be related to subjective Bayesian statistics (see §8.6 later).

Consider the “measurement” described in the following “step [1]” and “step [2]",

[1] First we take a measurement Mc(q) (01 = (X, 2%, F), Syy), and we know that the

measured value is equal to z ( € X).

2] And successively, we take a measurement M¢ ) (02 = (Y, 2V, G), S},), and we know
(©) [+]

that the measured value is equal to y ( € Y).
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Note that “[1]+[2]” ie equal to the following [3]' :

3] We take a measurement Mc)(O1 x O = = (X x Y, Fx G, H = F x G) S),
and we know that the measured value obtained by MC(Q)(Ol X Oa, S[*]) is equal to
(z,y) (€ X xY).

<A non-negative (real-valued) continuous function F(Z) in an observable (X, J, F) is

called a likelihood function, or, a likelihood qucmtity.) Then we can say:

[b] By Step [1], we get the likelihood function F'({z}). And further by step [2] (i.e.,
by “[1]4+[2]” (=[3])), we get the new likelihood function F({z})G({y}) ( = [F X

Gl({z} x {y}))-

Using the Bayes operator (cf. the formula (5.12)), this statement [b] can be rewritten as

follows:
Step (1) Step (2) 3
LS Pah) S5 PG o) (5.79)

where I( € C(2)) is the identity element, i.e., the constant function such that I(w) =
1(Vw € Q).

1 T D T D
I FEHG )
Step (1) Step (2)
By N B
0 0 0
Q 0 0

It should be noted that:

(F) the constant likelihood function “I” (or “k x I” where k > 0) is the likelihood

function that represents the fact “we have no information about the system Sy,

Now we introduce the following notation. Cf. [47].
Notation 5.23. [S[(G))i4). The system Sy, (formulated in C(2)) such that we know it
has the likelihood quantity G (G € C(Q2), 0 < G(w) (Vw € Q)) is denoted by Sp(G))g-

0Recall §2.5 (Remarks(II)), that is, “Only one measurement is permitted to be conducted” Thus,
“[1]+[2]” is a methodological explanation.
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Thus, the symbol M¢(q)(O, Sp(kG)),,) means “the measurement M q) (O, Sp,)) under

the condition that we know the likelihood quantity of the system Sy is equal to kG,
where G € C(Q2), 0 < G(w) (Vw € Q)7

[

Under this notation, the conventional Fisher’s maximum likelihood method (i.e., Corol-

lary 5.6) says that:

(F7) Assume that we first have no information about the system Sj,;. And we take a
measurement MC(Q)(O, S[*]), i.e., Mc) (O, S ((k:]))lq). Then, from the fact that
the measured value z ( € X) is obtained by the Mc(q) (O, Syy((k1)),,), we know
that the likelihood quantity of the system Sy is equal to k[F({z})](w). (Thus,

there is a reason to regard the unknown state [ * | as the state wo( € Q) such that

FIE({x})](wo) = maxyeo k[F({x})](w))

However, it is usual to assume that we have a little bit of information before a measure-
ment. Thus, let us start from the measurement M o) (O = (X, 2%, F), Si,(Go)),,). Here

we have the following problem:

(Pg) How to infer the new likelihood quantity of the system Sp,) from the fact that the
measured value z (€ X) is obtained by the Mc(q) (O, Su(Go))y,)-

This is equivalent to the following problem:

(P) How to infer the likelihood quantity of the system Sp, from the fact that the mea-
sured value (yo,z) ( € {yo,y1} x X) is obtained by the iterated measurement
MC’(Q)(OO x O, S[*]((k:l))lq), where Og = ({yo, y1}, 2%0¥1} @) and G({y}) = Go,
G{m}) =1-Go.

Thus, from (F]) and “(Pg)<>(P)" the problem (Pg) is solved as follows:

(F,) (The answer of the (Pg)): We know that the new likelihood quantity G, of the

system Sy, is equal to B?x}(Go)- Here, Bayes operator B{ 1 C(Q) = C(Q) is
defined by B{z} (G) = F({z})G (VG € C(Q)).

Thus we see:

(01, Sp(Mig) Mc(a) (02, Sp(FHz}))ig)

Sp((D)g = > S (FH}))ig

x is obtained y is obtained

» S (FH2HG{Y1) g
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where O; = (X,2X, F) and O, = (Y, 2Y,G).

Summing up, we can symbolically describe it as follows:

[F1] No information quantity +«+— kI( € C(Q)
(5.80)

Mc () (O, S (Gig)

[F2] S (G)ig

 S(B (= S (F{aH )

x is obtained
where O = (X, 2% F).

The following example will promote the understanding of “iterative likelihood function

method”
Example 5.24. [The urn problem|. There are two urns w; and wy. The urn wy [resp.
ws] contains 8 white and 2 black balls [resp. 4 white and 6 black balls]. Assume that they

can not be distinguished in appearance.

e Choose one urn from the two.

Now you sample, randomly, with replacement after each ball.

(i). First, you get “white ball’
(Q1) Which is the chosen urn, wy or we?
(ii). Further, assume that you continuously get “black”.

(Q2) How about the case? Which is the chosen urn, wy or wq?

The illustration of MC(Q)(O, S[*]) (or, MC(Q)(O, S[*] ((k[))lq) )

} t
7 \
/ X
7/ N
y 4 \
y 4 N\
y 4 \,
y 4 \,
y 4 \,
/ N\
/ \
/ r~ > \
O000e — = 7 ]
\ i
\, 7
\, y 4

Ay y 4

N 7

N 7

NS 7
N 7
N >

[Answers]. In what follows this problem is studied in the iterative likelihood function

method. Put Q = {w;,wy}. O = ({w, b}, 2" F) where

[F({wh)](wi) = 0.8, [F({b})](wr) = 0.2, [F({w})](wz) = 0.4, [F({b})](w2) = 0-?-5 )
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The situation of no information in Fisher’s method is represented by kI (k > 0). Thus,

it suffices to consider the measurement Mc(q)(O, Si(KI))y). Since the measured value

(19

w” was obtained, the new likelihood quantity G, is given as follows:

G () (= k1 - [F({w})) () ) = 08k,
Gnew(ch)( — kI [F({w})](w2)>: 0.4k. (5.82)

Thus, by Fisher’s maximum likelihood method, we see that

(Aq) there is a reason to infer that [+ ] = wy.

For the further case, it suffices to consider the measurement Mc(q)(O, Su(Grew));,)-

Thus we similarly calculate that

Chewe (1) (= [Gre (1) - [F({B])] (1)) = 0,16k,
Gow(@2) (= [Guen)(@2) - [F{b])]2)) = 0.24%. (5.83)

Thus we, by Fisher’s maximum likelihood method, see that

(As) there is a reason to infer that [+ ] = ws.



