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Dissertation Abstract
Visual Simulation of Opal

Using Voronoi Tessellation and Ewald Construction
Used as a gemstone, opal exhibits an optical phenomenon known as “play of color,”

a type of structural color caused by the fine regular structure within the opal. Because

of this optical property, opal has been used as jewelry since ancient times and has been

valued as a cultural treasure from both historical and artistic perspectives. Opal is also

classified as a material called colloidal crystal, and this property in particular gives it its

high engineering value, with potential applications in quantum information processing

and structural color displays. Thus, opal is an important material in the fields of industry,

the humanities, and the natural sciences.

In contrast, few studies have focused on realistic representations of representing opal

using computer graphics. Opal consists of numerous aggregates of colloids, with di-

ameters on the scale of several hundred nanometers, resulting in an extremely complex

internal structure. However, opals used for jewelry are usually several tens of millimeters

in size, making their scale roughly 105 times larger than individual colloidal particles.

This significant size disparity poses a challenge, as modeling the stacking information

of each colloidal particle is impractical on current computers due to memory limitations.

Thus, a method for modeling the internal structure at an appropriate scale is required. In

addition, an efficient rendering approach is required for accurate tracking of the complex

diffraction of visible light within the opal.

This study investigates the physical properties of opals, identifies four key factors that

contribute to their visual characteristics, and proposes a method for the realistic visual

simulation of opals. First, the internal structure of opal is represented using a three-

dimensional Voronoi diagram, where both a signed distance function and a voxel-based

approach are utilized to represent the Voronoi diagram, with a comparison between the

advantages of each method. Next, spectral rendering using Monte Carlo path tracing is

performed to obtain images of these models. A method inspired by Ewald construction

from X-ray crystallography is also proposed to compute diffraction.

This study demonstrates that the combination of the seven parameter values enables

the visual simulation of a wide variety of opals. The parameter values of real opal were

applied, and it was shown that it is possible to reproduce play of color in accordance with

a real opal.
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Computer graphics; visual simulation; appearance modeling; structural color; opal.
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Chapter 1. Introduction 2

This chapter serves as an introduction to the dissertation, outlining its scope, objectives,

and structure. Sections 1.1 and 1.2 provide the background of the study, while Secs. 1.3
and 1.4 outline the objectives and contributions of the study. Finally, Sec. 1.5 presents the

structure of the dissertation.

1.1 Visual Simulation
Visual simulation is one of the most fundamental and important fields in computer

graphics (CG), and it aims to represent natural phenomena in a visually plausible manner.

Unlike numerically accurate simulations, used primarily in engineering, visual simulation

is tailored for applications in the filmmaking and gaming industries. First, it is character-

ized by the importance of fast feedback to the user. For example, the rendering equation

proposed by Kajiya [48] represents optical phenomena as integral equations based on ge-

ometric optics. Although light inherently exhibits wave-like properties, from the perspec-

tive of obtaining visually plausible images, geometric optics offers an effective scale for

approximating and reproducing optical phenomena in everyday life. This approach has

become a standard in the field of CG for obtaining photorealistic images. Another defin-

ing feature of visual simulation is its emphasis on robustness. Stam’s seminal work [80]

sets the foundational direction for fluid simulation in CG. Fluid behavior is represented as

a continuum by the Navier–Stokes equations. This paper introduces the semi-Lagrangian

method for numerically updating the equation values, allowing for stable solutions, even

with large time steps. This method not only provides quick user feedback, but it also

maintains robustness under extreme conditions that would not occur in reality. Stam’s

work remains highly cited as the cornerstone of fluid simulation in CG.

With the growing interest in differentiable rendering [69], this technology has been

advancing rapidly. As a result, visual simulation is expected to be applied beyond en-

tertainment to real-world domains, such as spatial design in architecture and fabrication.

With the advent of differentiable rendering, the importance of realistic rendering methods

in visual simulation is intensifying.

The pursuit of rendering methods in CG that are indistinguishable from photographs

requires the modeling of natural phenomena at appropriate scales, while ensuring vi-

sual plausibility. To enable computationally complex natural phenomena while satisfying

the demands of visual simulation, models are often constructed using a combination of

three principal approaches: physical, phenomenological, and artificial [55]. The physi-

cal approach represents phenomena using mathematical expressions derived from phys-

ical laws; the phenomenological approach relies on actual measurements to represent

the model, and the artificial approach uses noise or procedural models to create repre-
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sentations artificially. To illustrate the phenomenological and artificial approaches, cloth

rendering serves as an example. Sattler et al. employed instrumentation to capture the

bidirectional texture function of a cloth [73], representing both a data-driven and phe-

nomenological approach. Conversely, Zhao et al. proposed a method that fits procedu-

ral fiber representations to fiber data acquired through CT scanning [102]. This method

exemplifies a phenomenological approach via the utilization of real-world measurement

data, as well as an artificial approach via the procedural generation of fibers.

It is important to note that the appropriate scale for modeling natural phenomena varies

depending on the required application. In cloth rendering, beyond the data acquisition

methods described above, determining the scale at which to represent the data is critical,

and various approaches have been proposed. These include explicit modeling of fiber

geometry at the yarn level [30], treating fabric as participating media [41], and abstract-

ing fabric as a surface represented by a mesh with geometric details and approximated

using a shading model [92]. Explicit modeling provides a realistic appearance, particu-

larly when observed at close range, but it requires significant memory to store the model,

and simulating its optical properties requires a high computational load. In contrast, ab-

stract modeling reduces computational requirements and memory usage but may result in

unnatural visual artifacts when viewed closely. This highlights the absence of a univer-

sal solution for approximating natural phenomena in visual simulation. Instead, different

methods should be applied based on the specific requirements of the intended application.

1.2 Visual Simulation of Opal
Used as gemstones, opals exhibit a shimmering iridescent pattern within, an optical

phenomenon is known as “play of color.” Figure 1.1 shows images of an actual opal that

demonstrates this phenomenon. Opals are composed of stacked colloids that resemble

a polycrystalline structure, and this structure is referred to as a colloidal polycrystalline.

Because a colloidal polycrystalline has optical properties that diffract visible light, re-

search and development are being conducted in the field of materials engineering for

practical applications, such as quantum information processing [51] and electrophoretic

color displays [2].

Opals have been used as jewelry since ancient times and are highly valuable, not only

in industrial contexts but also as cultural assets from historical and artistic viewpoints.

Realistic visual simulations of opals are useful for preserving digital archives of cultural

properties; consequently, the realistic visual simulation of the optical phenomena inher-

ent to opals is important across diverse fields, including entertainment, natural science,

industry, and the humanities.
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(a) 2 sec (b) 4 sec

(c) 6 sec (d) 8 sec

Fig. 1.1 A real opal. Courtesy of Yamanashi Gem Museum. The opal, placed on
a sheet of paper, was illuminated from above using a spotlight. A video was cap-
tured while the pedestal holding the opal was rotated. The sample predominantly
displays green play of color, but some yellow or orange can be seen from specific
angles. Note that the internal pattern of the same sample changes in complexity
depending on the viewpoint

On the other hand, due to the complexity of its internal structure, a method to repre-

sent opal by computer graphics has not yet been established. Opal is a material classified

as amorphous, so it does not have a regular atomic arrangement. As a result, a realistic

visual simulation of opal cannot be achieved by merely computing diffraction occurring

at the boundary between material and air, as in Stam’s method [79]. The smallest unit

of an opal is a colloid with a grain size of only a few hundred nanometers. Considering

that opals used in jewelry are approximately 10 mm in size, modeling the stacking ar-

rangement of individual particles is infeasible with today’s computer memory capabilities.

Furthermore, the optical phenomena within opals, such as light diffraction, scattering, and

absorption, introduce significant computing demands.

To address these challenges, it is essential to develop a model that simplifies the internal

structure to the extent that the visual characteristics of play of color are not retained and

that performs efficient optical computations.
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1.3 Research Purpose and Objectives
This study aims to propose a method for a photorealistic visual simulation of opals

grounded in their physical characteristics. To achieve this, the physical properties of real

opals are first clarified through a combination of archival research and direct observation.

Based on the information obtained, a method for representing and rendering the internal

structure of opals for visual simulation is introduced.

Specifically, the complex internal structure of opal is modeled using three-dimensional

(3D) Voronoi tessellation, and the output image is obtained thorough spectral render-

ing [14] using the path tracing method [48]. The study demonstrates that the geometric

properties of the Voronoi diagram can be used to achieve highly efficient information

compression to determine the complex internal structure of an opal. In addition, it is

shown that the weighted Voronoi diagram enables intuitive modeling of the polycrys-

talline growth direction.

To represent the structural color of colloidal crystals within the internal structure mod-

els, a local illumination model is proposed. This approach enables the computation of ray

diffraction directions on the fly by applying the Ewald construction used in X-ray struc-

tural analysis to the path tracing method. Furthermore, an intuitive method for modeling

the base color of opal is proposed, using a combination of three physics-based parameters.

1.4 Contributions
The contributions of this study are summarized in three key points:

1. Research and organization of physical background of opal. The the physical

characteristics necessary for the visual simulation of opals were identified and or-

ganized. This clarified the foundational elements required to represent the optical

properties unique to opals.

2. Proposal for crystallography-based internal structure model. By employing

a Voronoi diagram, the study demonstrates that the complex internal structure of

opals can be represented at a scale suitable for visual simulation.

3. Proposal for local illumination model of 3D structure of colloidal polycrys-
talline. The study introduces a method to simulate light diffraction in a 3D regular

structure, adapting the Ewald construction from X-ray structural analysis for use

within a path tracing framework.

The first contribution was published as [M1], the second as [M1, R1, R2, R3], and the

third as [M2, R4].
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1.5 Dissertation Structure
The remainder of this dissertation is organized as follows:

Chapter 2: Related Work
This chapter reviews advancements in photorealistic image synthesis within CG,

followed by an introduction to research in three key areas: visual simulation of

gemstones, aggregate materials, and structural colors. It concludes by situating the

current study within these research domains.

Chapter 3: Research Overview
This chapter describes the internal structure of real opals and the principles behind

their play of color. Observations made using a digital microscope are reported, and

the elements necessary for the visual simulation of opals are discussed based on

these findings.

Chapter 4: Modeling
This chapter describes a method for modeling the internal structure of opals us-

ing Voronoi diagrams. Two approaches are proposed: one representing the Voronoi

diagram using only sites and another storing the diagram in voxel form, with a com-

parison of their advantages. In addition, the chapter outlines a method for modeling

the base color of an opal.

Chapter 5: Rendering
This chapter explains the method of global illumination computation employed in

the study and highlights the significance of spectral rendering. It details the render-

ing method used to represent play of color (described in Chap. 4) for the internal

structure model (defined in Chap. 3). Methods for rendering light scattering and

absorption related to the base color of opals are also discussed.

Chapter 6: Results and Discussions
This chapter presents the results of visual simulations using the proposed method

and confirms that play of color is realized by the internal structure model and ren-

dering approach proposed in this study. The validity of these results and the di-

rection of the research are discussed. Future prospects of this research are also

explored.

Chapter 7: Conclusion
This chapter provides a summary and concludes the study.
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This study investigates a realistic rendering method of opals using CG. To achieve this,

the study reviews the development of realistic image synthesis methods in CG and then

reviews how materials related to opals have been simulated.

Section 2.1 introduces techniques for obtaining realistic images in CG. Sections 2.2,

2.3, and 2.4 review related works from the perspective of three of opal’s characteristics: as

a gemstone, as an aggregate material, and as having structural color, in that order. Further,

Sec. 2.5 places the proposed method within the context of prior studies.

2.1 Approaches to Realistic Image Synthesis
CG involves defining a shape on a computer and then rendering it to obtain an output

image. Realistic images are achieved by performing global illumination computations,

which simulate the propagation of light within a scene according to physical laws. The

radiosity method [28, 66] computes global illumination by analyzing the energy distri-

bution of light emitted by light sources using a thermodynamic framework. Kajiya [48]

unified previously attempted theories for global illumination by proposing the rendering

equation, an integral equation that models optical phenomena using geometric optics. In

the same work, based on ray tracing using the Monte Carlo method [11], Kajiya proposed

the path tracing method, which computes global illumination effects by tracing rays with

the Monte Carlo method. Other notable techniques include the Metropolis light transport

method [87], which employs Markov chain Monte Carlo sampling for path generation,

and photon mapping [44], where photons are emitted from light sources, tracked, and

later collected from the viewpoint to render the image.

More recently, advancements in radiance field representations have been used for gen-

erating realistic images. These methods include representing radiance fields with multi-

layer perceptrons [60] or using sets of 3D Gaussians and spherical harmonics [50]. Such

approaches enable rendering of realistic images from a specific viewpoint when provided

with real-world image datasets. However, because the focus of this study is on visual

simulation, these methods for generating novel view synthesis and 3D reconstructions

fall outside its scope.

Polygons are the most commonly used primitive in CG for defining shapes. However,

because objects in the real world have various shapes at various scales, representing all

shapes explicitly with polygonal meshes is not always optimal. In general, there are a

variety of representation formats in CG, depending on the scale of the object to be rep-

resented. For example, bump mapping [8] uses textures to represent an uneven surface

and is suitable for reproducing unevenness on a scale of 0.1 to several tens of millime-

ters. Finer-scale irregularities are often represented statistically, as in the bidirectional
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reflectance distribution function (BRDF) [65]. For example, microfacet theory [86] mod-

els the scattering distribution of light on a set of small irregular surfaces with specular

reflection properties, within the constraints of the geometric optics. There is also mi-

croflake theory [41], which describes the distribution of small objects in space in terms

of volume. In the visual simulation of opal, it is necessary to represent the shape at an

appropriate scale based on these previous studies.

2.2 Visual Simulation of Gemstones
As introduced in Chap. 1, the distinct play of color observed in opals makes them a

popular choice as gemstones. However, the realistic visual simulation of gemstones has

been a longstanding research challenge in CG.

When rendering single-crystal gemstones, dispersion [84] and polarization [94] play

crucial roles due to their visual impact. For instance, Guy and Soler [33] interactively

simulated single-crystal gemstones in consideration of these phenomena, as well as of

absorption and birefringence. Though this method was applied to relatively simple facet-

cut shapes, Hui et al. [38] extended the approach to incorporate more complex geome-

tries. Even further, some studies have been able to reproduce the optical phenomena

observed in specific minerals, including asterism or chatoyancy [100], birefringence in

uniaxial crystals like calcite [90], aventurescence [89] found in sunstone and aventurine,

and labradorescence [91] in labradorite.

Regarding opal simulation, Imura et al. [40] attempted to render opals; however, de-

spite successfully reproducing play of color, the physical basis for modeling and rendering

remains ambiguous in the paper. In addition, the gaps in this opal model are represented

as being tens of micrometers in size, whereas the actual gaps in real opals measure sev-

eral hundred nanometers, leading to some deviations from the real structure. Meanwhile,

Tabuchi and Kawai [83] modeled the internal structure of opals using hand-drawn vector

images. This study takes an artificial approach to the internal structure, but while the ren-

dering results achieved appear visually plausible, the method lacks physical grounding.

2.3 Rendering Aggregate Materials
Opal is formed by the aggregation of numerous colloidal grains of a visible size. In

general, explicitly modeling each grain of an aggregate demands substantial memory, and

the complex paths of rays traveling through the aggregate further complicate rendering.

To address these challenges, research has focused on strategies to enhance efficiency.
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For example, Soulié et al. [78] attempted to reproduce granite using the 3D Voronoi

diagram, and Meng et al. [58] modeled tens of millions of particles at three different scales

and rendered them using explicit path tracing and approximate computations, depending

on visibility. Such an approach demonstrates that rendering objects of the same scale can

be optimized by combining the explicit intersection of agglomerates with statistical path

construction methods, tailored to the number of ray bounces. This combination balances

computational accuracy and efficiency. Müller et al. [63] expanded this method to a model

capable of rendering different particle distributions in different spaces.

2.4 Structural Color in Computer Graphics
Play of color is classified as a kind of structural color. As such, this section presents

studies on the visual simulation of structural color, categorized according to the optical

phenomenon responsible. Structural colors arise from the interference of light, neces-

sitating the use of wave optics for accurate computations. However, in CG, methods

for rendering structural colors rely on local illumination models that operate within the

framework of the rendering equation. These models avoid the computationally intensive

electromagnetic field analysis of the entire scene, providing a more practical approach

while achieving visually plausible results.

2.4.1 Diffraction due to Microscopic Irregularities on the Object
Surface

The diffraction of light on the fine, uneven structure at the scale of visible light, such

as those found on the recording surface of a compact disc, produces structural color.

He et al. [34] and Stam [79] computed diffracted light using the Beckmann–Kirchhoff

equation. Thereafter, Cuypers et al. [12] extended Stam’s theory to propose a wave-based

BRDF utilizing the Wigner distribution function. Meanwhile, Wu and Zheng [97] in-

tegrated the Wigner distribution function into microfacet theory, resulting in a BRDF

capable of computing light diffraction, absorption, and attenuation simultaneously. Fur-

ther, Dhillon et al. [15] developed a method of interactively reproducing the diffraction

of organisms using a measured model, and Toisoul and Ghosh [85] proposed an efficient

data-driven method for rendering diffraction. Finally, Holzschush and Pacanowski [36]

presented a method to compute diffraction due to microstructures on microfacets.
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2.4.2 Thin-film Interference

On the surface and inside thin films with a thickness comparable to the wavelength of

visible light, such as soap bubbles, repeated reflections and refractions cause light wave

interference.

Smits and Meyer [77] introduced an optical model for thin-film interference in CG.

Subsequently, Gondek et al. [27] proposed a BRDF to represent thin-film interference for

spectral rendering. Icart and Arqués [39] attempted to integrate thin-film interference the-

ory into a diffraction model, whereas Belcour and Barla [4] proposed a method for the

computational RGB rendering of multiple reflections in a thin film on microfacets. Al-

though the accuracy of this model degrades with coarser microfacets, Kneiphof et al. [53]

initiated successful improvements.

2.4.3 Other Structural Colors

Various structural colors observed in nature often arise from the interaction of diffrac-

tion and thin-film interference caused by microstructures on the surfaces of objects. In

addition, structural colors can also result from 3D microstructures.

Nagata et al. [64] proposed a method for multilayer thin-film interference in pearl, while

Sun [82] introduced a model that considers both diffraction by microstructures and in-

terference by multilayer thin films to reproduce the structural colors found on insects.

Guillen et al. [31] presented a generic model to reproduce pearlescent materials, and Be-

namira and Sumanta [5] focused on diffraction-aware hair rendering. Further, Huang et

al. [37] developed a model to compute the structural color of the feathers on pigeon necks,

and Guo et al. [32] proposed a light-scattering model that pre-computes and considers

diffraction and interference by nearby particles in participating media. Finally, Xia et

al. [99] reproduced Quetelet scattering, which is the interference between light scattered

by particles and light reflected on a water surface. In 2024, a method was introduced for

computing Bragg reflections in one-dimensional (1D) photonic crystals [22], such as mul-

tilayer thin films. This method accounts for such factors as the layer thickness, refractive

index, and surface roughness.

2.5 Summary of Key Differences
In this study, a method focusing on opals is proposed, diverging from a comprehen-

sive gemstone representation approach, as in Guy et al. [33]. Similar to Weidlich and

Wilkie [89], the approach in this study explicitly models the internal structure of a gem.
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However, while aventurescence occurs near the surface of gemstones, play of color occurs

deep inside opal, so it is necessary to define the internal structure in 3D.

Because opal has fewer clusters than granular materials, each cluster is explicitly ren-

dered individually, instead of applying statistical volume rendering. The microscopic

structure of opal resembles that described by Guo et al. [32] in that neighboring particles

diffract. However, the distinct microscopic regularity of opal results in sharp diffraction

peaks, like specular reflection. Consequently, diffraction intensities are computed online

rather than via the look-up of pre-computed results, as in Guo et al. [32].
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The objective of this chapter is to cover the physical properties of real opals comprehen-

sibly.

Section 3.1 provides a classification of opals and identifies the specific types of opals

covered by this study. Section 3.2 describes the internal structure of real opals, and

Sec. 3.3 explains the principle of play of color in opals. Subsequently, Sec. 3.4 reports

the results of observing an opal using a digital microscope. Finally, Sec. 3.5 summarizes

the key findings of this chapter and discusses the essential elements required for the visual

simulation of opals.

3.1 Classification of Opal and Research Subject
Opals are classified to clarify the specific type of opal considered in this study. The

classification result is shown in Fig. 3.1. The chemical composition of opal is SiO2·nH2O,

which consists of silica containing water. According to [47], opals are categorized into

three main types: opal-A (A: amorphous), opal-CT (CT: cristobalite-tridymite), and opal-

C (C: cristobalite). Opal-A is an aggregate of amorphous silica spheres and is generally

used as a gemstone. Opal-CT was previously believed to contain both cristobalite and

tridymite, but recent research by Fröhlich [23] has shown that it is actually a mixture of

amorphous silica and tridymite. Opal-C contains poorly crystalline cristobalite.

In addition, opal-A is further classified into opal-AG (AG: amorphous-gel) and opal-

AN (AN: amorphous-network) [29]. Opal-AG, which forms through a slow agglomer-

ation process from a solution, exhibits play of color. Opals exhibiting play of color are

referred to as precious opals [46] and are highly prized as gemstones. Australia, Brazil,

and Ethiopia are renowned for their opal production. In contrast, opal-AN forms through

the rapid cooling of high-temperature silica fluid and does not exhibit play of color. Opals

Fig. 3.1 Classification of opals and the subject of this study. Because there are
opals with various properties other than Opal-AG, it is important not to confuse
these properties when constructing a visual simulation model. The present study
is based on Opal-AG
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that do not exhibit play of color are referred to as common opals [46], while those with

a milky white appearance are prized as hyalites. Lee et al. [56] found that opal-AG con-

tains a regular arrangement of silica spheres with diameters of less than 400 nm, whereas

opal-AN consists of randomly aggregated silica spheres of varying sizes, typically less

than 5 nm in diameter.

In this study, the visual simulation focuses on opal-AN, modeling its internal struc-

ture and optical phenomena to represent the play of color characteristic of opal. Unless

otherwise specified, opal-AG will be referred to simply as ‘opal’ in this dissertation.

3.2 Internal Structure of Real Opals
Macroscopically, opal is an amorphous quasi-mineral primarily composed of silicon

dioxide. Figure 3.2 presents images of real opals, the smallest unit of which is a silica

sphere (Fig. 3.3a) with a particle diameter of 400 nm or less [46]. Due to their size, silica

spheres in opal are classified as colloids, amorphous spheres that lack a regular atomic

arrangement. Opals also contain impurities [25] within the silica spheres and in the gaps

between them, so the scattering and absorption of light due to these impurities determine

the opal’s base color, which is primarily white (Fig. 3.2a), with black [57] and red [75]

being the next-most well-known. Opals with a black base color are referred to as black

opals (Fig. 3.2b) and those with a reddish base color are called fire opals (Fig. 3.2c).

Black opal consists of silica spheres where some Si4+ are replaced by Al3+, while fire

opal contains Fe3+ instead.

Silica spheres are aligned inside an opal, forming a face-centered cubic (fcc) lattice

or hexagonal close-packed (hcp) structure. The term “crystal” traditionally refers to the

arrangement of atoms and molecules, and the arrangement of colloids similar to a crystal

(a) White opal (b) Black opal (c) Fire opal

Fig. 3.2 Photographs of real opals, which show play of color. Base color is typ-
ically white (a), while color variations include black (b) and red (c). These color
variations result from the absorption and scattering of light by impurities present
in the opal. Black opal contains aluminum ions, whereas fire opal contains iron ions
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Fig. 3.3 Internal structure of opal. The smallest unit of an opal is a silica sphere
(a) with a diameter of several hundred nanometers, and impurities are contained
within the silica spheres and in the gaps between them. Many silica spheres stack to
form a colloidal crystal (b). These colloidal crystals randomly organize into colloidal
polycrystalline structures (c), collectively constituting an opal (d)

structure is called a colloidal crystal (Fig. 3.3b). The tone of the play of color arises from

the 3D diffraction of light due to the colloidal crystal structure.

Colloidal crystals, aggregates of silica spheres, form a polycrystalline structure over

extended distances (Fig. 3.3c), known as a colloidal polycrystalline structure. The indi-

vidual colloidal crystal structures forming colloidal polycrystalline structures are termed

colloidal crystal grains. As such, the play of color observed in opals is not simply a shift

in structural color; rather, it is characterized by a complex varying pattern dependent on

the direction of light sources and the viewpoint. Meanwhile, the pattern of the play of

color is attributed to the colloidal polycrystalline structure.

3.3 Principle of Play of Color Among Opals
The short-range regular structure of an opal is responsible for the coloring in its play

of color, while the long-range random structure contributes to the overall pattern. When

focusing on a particular grain, it has a colloidal crystal structure, where colloids of the

same size are aligned. Although colloidal crystals in opals have been known to mimic an

fcc or an hcp structure, for simplicity, it is assumed that all silica spheres exhibit an fcc

structure. A schematic diagram of fcc is shown in Fig. 3.4a, where the colloids constitut-

ing the opal are approximately the size of visible light and the regular arrangement in the

colloidal crystal structure causes the diffraction of visible light, resulting in the appear-

ance of structural color. When light enters the colloidal crystal from the air, the condition
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(a) fcc structure (b) Parameters of the Bragg–Snell condition

(c) Examples of diffraction planes in fcc structure

Fig. 3.4 Diffraction via the periodic structure within an opal. A colloidal crys-
tal with a face-centered cubic (fcc) structure (a) diffracts visible light due to its
periodic structure (b). The diffraction mechanism is similar to that of multilayer
reflection, but opal is characterized by the presence of many diffraction planes in
three-dimensional directions (c)

for the wavelength λ of diffraction is known as the Bragg–Snell condition:

mλ = 2D
(
n2 − sin2 θ

) 1
2 , (3.1)

where m denotes the diffraction order, D the lattice spacing, n the average refractive

index of the colloidal crystal, and θ the incidence angle. In the case of an fcc structure,

the relationship between D and the diameter of a silica sphere d, illustrated in Fig. 3.4b,

is given by:

D =

√
2

3
d.

Because colloidal crystals are 3D microstructures, there are multiple methods of forming

a lattice plane in a single colloidal crystal (Fig. 3.4c). Opal exhibits a colloidal polycrys-

talline structure, with each grain having a distinct crystal lattice tilt. Consequently, the

normal of the diffraction plane varies from region to region, resulting in complex patterns

within a single opal.
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3.4 Observation of Opals Using a Digital Microscope
When modeling the internal structure of opals, it is necessary to determine the sizes

of colloidal grains. However, to the best of current knowledge, no reports exist with

measurements of colloidal crystal grain sizes in natural opals. Therefore, colloidal grain

sizes in real opals were observed using a Leica DVM6 digital microscope.

The results are presented in Fig. 3.5, where the sizes were found to be around 1–3 mm.

(a) Ethiopian opal

(b) Australian opal

Fig. 3.5 Observation of opals using a digital microscope. Grain size is around 1
mm to 3 mm
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3.5 Research Direction
This chapter detailed the physical properties of opals based on findings from a literature

review and observation. In summary, opals consist of aggregates of silica spheres, which

have a regular structure on short-range scales and a random structure on long-range scales.

The primary optical property of interest in opals is play of color, wherein the short-range

regular structure determines the color and the long-range random structure influences the

observed pattern. Another distinguishing feature of opals is their base color, which is

influenced by impurities within the material.

To represent the visual characteristics of opals accurately, the following three elements

must be addressed:

1. Modeling the stacking structure of silica spheres. The stacking arrangement of

silica spheres determines the pattern of play of color. Therefore, it is necessary to

model the stacking structure appropriately.

2. Light diffraction modeling for colloidal crystal grains. The color of play of color

is caused by the diffraction of light when light enters the colloidal crystal grains.

A model to determine the diffraction direction and intensity of the incident light is

required.

3. Base color representation．The base color is governed by impurities in the opal.

Consequently, it is necessary to define the spatial distribution of these impurities

and implement a model to evaluate their optical properties.

The following sections will outline the modeling strategies employed to address each of

these elements.

3.5.1 Internal Structure for Representing Play of Color

The fundamental structural unit of an opal is a silica sphere, which has a diameter of

several hundred nanometers. However, opals used as gemstones typically measure several

centimeters in size. Accurate modeling of this stacking structure is impractical, at least in

the context of visual simulation, given current computational limitations. Consequently,

it is necessary to propose a model that abstracts the stacking structure while preserving

the visual properties responsible for play of color.

Focusing on the short-range arrangement of silica spheres, specifically within colloidal

grains, the silica spheres are regularly aligned. Thus, this direction can be represented

by defining only the basis vectors that determine the orientation of the colloidal grains,
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effectively recovering the direction of silica sphere alignment. Conversely, the random

stacking structure of the colloidal grains must be retained because it determines the pattern

of play of color. As noted in Sec. 3.4, The scale of colloidal grains is approximately

several millimeters. This is a scale that can be modeled on a computer, even compared

to the size of an opal. Therefore, the internal structure of the opal is determined at the

colloidal grain level to reproduce play of color.

This study addresses this issue in Secs. 4.1–4.4.

3.5.2 Diffraction Model for the Periodic Structure

As described in Sec. 3.3, the color of play of color arises from the diffraction of incident

light on the colloidal grains, which exhibit a regular internal structure. To simulate play

of color, it is essential to develop a model capable of determining the diffraction direction

and intensity of the outgoing light.

For colloidal aggregates with a size of several hundred nanometers, one approach to

computing the scattering distribution of outgoing light involves precomputing a scattering

distribution function, storing it in a table, and referencing it during rendering to determine

the diffraction direction, as demonstrated in Guo et al. [32]. However, diffraction from ag-

gregates with a regular structure is expected to have a highly sharply peaked scattering

distribution function, which occurs when the conditions described in Eq. (3.1) are satis-

fied. In such cases, the resolution of the table must be high, and it is also inefficient in

terms of searching for the outgoing direction of light. To address these issues, this study

proposes a method to determine whether the conditions of Eq. (3.1) are satisfied on the

fly and to determine the outgoing direction of light.

This study addresses this issue as discussed in Sec. 5.3.

3.5.3 Representation of Base Color

Impurities within silica spheres and in the gaps between them cannot be modeled ex-

plicitly due to their microscopic size, as discussed in Sec. 3.5.1. Usually, substances of

such small dimensions are typically represented on such a scale as participating media in

visual simulation.

In this study, impurities are likewise treated as participating media, with their distribu-

tion defined and statistically processed using techniques of volume rendering. This study

addresses this issue as discussed in Secs. 4.5 and 5.4.
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This chapter proposes a method for modeling the internal structure of opals and describes

how to represent the proposed model on a computer.

Opals are commercially valuable gemstones, but it is challenging to access details of

their production methods. In this study, the synthesis process of opals is described with

reference to a report on the synthesis of synthetic opals [21]. According to this report, the

synthesis of opals can be outlined in three major steps:

1. Synthesis of silica spheres. Silica spheres of uniform size are chemically synthe-

sized. Artificial opals are produced using solutions containing these spheres.

2. Formation of colloidal grains through aggregation. The solution is left under

gravity or in an artificial environment, such as a centrifuge. Silica spheres aggregate

in the solution to form numerous colloidal grains. These colloidal grains settle and

stack due to gravity.

3. Grain growth through sintering. The sedimented grains are heated to increase

their strength. During this process, some colloidal grains fuse with adjacent grains.

This study models the internal structure of opals at the colloidal grain level by mimicking

these three steps. Specifically, this study focuses on the fact that the formation process

of opal closely resembles the Voronoi diagram-drawing algorithm and approximates the

internal structure using the Voronoi tessellation. The Voronoi tessellation is weighted to

represent the growth direction of colloidal grains. In addition, the percolation of the graph

constructed by the sites of the Voronoi diagram is computed to simulate the sintering

process. A schematic diagram of the opal modeling method proposed in this chapter is

presented in Fig. 4.2.

Section 4.1 describes the definition of a Voronoi tessellation, the drawing method of a

Voronoi diagram, and its relationship to the opal generation process. Section 4.2 intro-

duces percolation theory and explains its application in mimicking the sintering process

of opals. Based on the contents of Secs. 4.1 and 4.2, Sec. 4.3 describes the internal struc-

tural model of the opal proposed in this study. Section 4.4 compares two methods for

representing the internal structure of opals on a computer: one storing only sites and the

other using voxel-based representation. The advantages of each method are discussed.

Section 4.5 outlines a method for modeling the base color of opals, while Sec. 4.6 de-

scribes a method for defining the external outline of an opal. Section 4.7 summarizes the

contents of this chapter and organizes the parameters that can be adjusted in the proposed

model and the corresponding internal structure elements.
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4.1 Voronoi Tessellation
This section defines Voronoi tessellation and explains how to draw a Voronoi diagram

and an additively weighted Voronoi diagram. The relationship between Voronoi tessella-

tion and colloidal aggregation is also explained.

4.1.1 Definition of Voronoi Tessellation and Voronoi Diagram

According to Aurenhammer [1], a Voronoi diagram is defined as follows. Let S be a

set of points along the plane, where p, q ∈ S. The leading domain of p with respect to

q, denoted as dom(p, q), is the set of points in the plane that is closer to p than to q or is

equidistant from both. Formally, dom(p, q) can be expressed as:

dom(p, q) = {x ∈ R2 | δ(x, p) ≤ δ(x, q)}, (4.1)

where δ(x, p) represents the Euclidean distance from point x to p. For a given p, q ∈ S,

dom(p, q) is a half-plane bounded by the perpendicular bisector of p and q. The domain

of a specific point p ∈ S, referred to as reg(p), is defined as:

reg(p) =
∩

q∈S−{p}

dom(p, q). (4.2)

The regions reg(p) form a polygonal partition of the plane, which is called a Voronoi

tessellation. Each partitioned region is referred to as a Voronoi region or Voronoi cell,

while the boundaries of these regions are called Voronoi boundaries. Voronoi tessellations

can be extended to n-dimensional spaces. A Voronoi diagram on a 2D plane is shown in

Fig. 4.2. Note that the distance field shown in Fig. 4.2b is visualized in black color as it

gets closer to the sites.

A notable property of Voronoi diagrams is that each Voronoi region is convex. In a

Voronoi diagram, the Voronoi boundary corresponds to segments of the perpendicular

bisectors of the two sites.

4.1.2 Weighted Voronoi Diagram

Voronoi diagrams can exhibit various properties depending on the definition of δ(x, p)

in Eq. (4.1). For instance, an additively weighted Voronoi diagram [1] modifies δ(x, p)

by incorporating a weight w(p) ∈ R associated with each site p. The weighted distance

function δa(x, p) is defined as:

δa(x, p) = δ(x, p)− w(p). (4.3)
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(a) Sites (b) Ditance from sites

(c) Voronoi diagram (d) Voronoi region and boundary

Fig. 4.2 A 2D Voronoi diagram. A Voronoi diagram (c) is constructed as follows:
(a) given a set of sites, (b) the distance field from these sites is computed, and (c) the
Voronoi diagram is obtained by partitioning the space based on the closest site. This
process of dividing the space is known as Voronoi tessellation. (d) Each partitioned
region is referred to as a Voronoi region or Voronoi cell

(a) Ditance from sites (b) Voronoi diagram

Fig. 4.3 The visualization of a distance field using additively weighted distances
and the corresponding 2D Voronoi diagram. The boundaries are characterized by a
hyperbolic surface
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Figure 4.3 shows the additively weighted distance field and additively weighted Voronoi

diagram on a two-dimensional (2D) plane.

The Voronoi boundary of an additively weighted Voronoi diagram is known to be hyper-

bolic in the 2D case and a bimodal hyperbolic surface in the 3D case. Refer to Appendix
A.1 for the definition and appearance of other Voronoi diagrams.

4.1.3 Creation of Voronoi Diagram

This section introduces the method for drawing Voronoi diagrams, specifically the

wavefront method, named for the way waves appear to radiate outward from the site.

It is often used to explain the concept of Voronoi diagrams because it is intuitively easy to

understand. The method for constructing a Voronoi diagram using the wavefront method

involves the following steps:

1. Initialize the wavefront. Place the sites in space and generate circular waves from

each point in the 2D case or spherical waves in the 3D case.

2. Wavefront expansion. The wavefronts generated from each site expand at a con-

stant velocity. Intuitively, this can be seen as a circular wave spreading out from the

site. The area covered by each wavefront corresponds to the region of influence for

each site.

3. Stopping the wavefront. When a wavefront from one site collides with a wavefront

from another, the expansion stops at the point of collision. This collision point

forms the Voronoi boundary.

4. End condition. The construction of the Voronoi diagram is complete when the

waves have expanded throughout the entire space and all regions have been deter-

mined.

Figure 4.4 illustrates the process of plotting a Voronoi diagram using the wavefront

method. Algorithm4.1 presents a pseudo-algorithm for constructing a discrete Voronoi

diagram using this approach. The wavefront method can also be extended to additively

weighted Voronoi diagrams, as shown in Fig. 4.5. In the context of the wavefront method,

additive weights intuitively represent differences in the timing of wave propagation from

the sites.

Although the wavefront method provides an intuitive and straightforward approach to

constructing Voronoi diagrams, it is computationally expensive when applied to the con-

struction of discrete Voronoi diagrams. For practical applications, the jump flooding al-

gorithm [72] is employed, as it allows for efficient computation on a GPU.



Chapter 4. Modeling 27

(a) (b) (c) (d)

Fig. 4.4 The process of constructing a Voronoi diagram using the wavefront
method. Wavefronts are expanded in the order of (a) to (d)

(a) (b) (c) (d)

Fig. 4.5 The process of drawing an additivelyweightedVoronoi diagramusing the
wavefront method. The wavefronts are expanded in the order of (a) to (d). When
additively weighted, the expansion speed is the same for all wavefronts, but the
timing at which the wavefronts begin to expand differs depending on their weights

4.1.4 Similarity Between Colloidal Agglomeration and Voronoi
Diagram Drawing Algorithms

The wavefront method for drawing Voronoi diagrams involves generating wavefronts

from each site and designating the regions nearest each point as respective domains in

sequence. Similarly, in the natural formation of opals, colloidal grains are created as

silica spheres in solution aggregate to form a nucleus, which subsequently incorporates

surrounding silica spheres. This similarity forms the basis for adopting Voronoi diagrams

to model the colloidal grains of opals in this study. In the proposed internal structure

model, each Voronoi region corresponds to a colloidal grain. Notably, Voronoi diagrams

are utilized in materials engineering to represent the polycrystalline structures of met-

als [70]. Furthermore, visual simulations employing Voronoi diagrams to approximate

polycrystalline structures have also been reported [78].

The process of constructing an additively weighted Voronoi diagram using the wave-
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Algorithm 4.1 Compute the wavefront method

Require: grid (2D array initialized with UNASSIGNED), sites (list of site positions

and IDs)

Ensure: grid with each cell labeled by the nearest ID

1: Initialize an empty queue

2: for each site in sites do
3: Set grid[site.x][site.y] = site.id

4: Add site to queue

5: end for
6: while
7: do cell = Dequeue(queue)

8: for each neighbor of cell do
9: if grid[site.x][site.y] == UNASSIGNED then

10: set grid[site.x][site.y] = cell.id

11: Enqueue(queue, neighbor)

12: end if
13: end for
14: end while
15: return grid

front method, as depicted in Fig. 4.5, illustrates that additive weights serve as parameters

that adjust the timing of wavefront expansion. In the context of colloidal grain formation,

where the timing of nucleation can vary based on solution concentration and gravitational

effects, these additive weights are employed as parameters to represent the direction of

grain growth. Figure 4.6 demonstrates how additively weighted Voronoi diagrams are

generated using vertically and concentrically weighted sites.

4.2 Percolation Theory and Sintering Process
Broadbent and Hammersley [9] first proposed a model called Bernoulli percolation, and

since then, percolation theory has been studied primarily in the fields of mathematics and

physics. Concerning the history of the development of percolation models, see a thorough

survey by Duminil-Copin [18]. Percolation is a model that explores the properties of a

graph by removing edges or nodes probabilistically, where the model for removing edges

is known as bond percolation, and the model for removing nodes is referred to as site

percolation. This concept can be applied to problems concerning material conductivity

and information propagation.
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(a) Weight (b) Growth of the Voronoi region with respect to the weights of (a)

(c) Weight (d) Growth of the Voronoi region with respect to the weights of (c)

Fig. 4.6 Additively weighted Voronoi diagrams created with (a) vertically
weighted sites and concentrically weighted sites using the wavefront method. In
(b), the Voronoi region expands from the bottom to the top, while in (d), it grows
from the outside toward the center

In this study, the Bernoulli percolation model, a type of bond percolation, was em-

ployed to approximate colloidal grain growth, and this model randomly determines edge

existence probabilities following a Bernoulli distribution. Implementation involves as-

signing a uniformly random value in [0, 1] to each graph edge, removing edges when their

values exceed the threshold p ∈ [0, 1], and retaining edges when they are below the thresh-

old. An example of Bernoulli percolation on an orthogonal grid is illustrated in Fig. 4.2,

computed on the graph comprising the sites of a Voronoi diagram to represent the merg-

ing of adjacent grains according to grain growth (Fig. 4.2c bottom). The graph formed

by the sites can be easily obtained by considering a Delaunay triangulation, which is the

dual of the Voronoi diagram. In the graph obtained after the percolation computation, the

adjacent nodes are considered a single grain bounded by grain growth.

4.3 Modeling Internal Structure of Opal
Based on the contents of Secs. 4.1 and 4.2, the internal structure model of opals pro-

posed in this study is presented. Table 4.1 summarizes the correspondence between real

opals and the proposed internal structure model. The procedure for generating the model

is outlined in the following sequence: arrangement of the sites, assignment of weights to

the sites, definition of grain size, and specification of the orientation of the lattice planes

within each grain.



Chapter 4. Modeling 30

(a) Initial state (b) p = 0.25 (c) p = 0.5

Fig. 4.7 Examples of Bernoulli percolation on a 4 × 4 grid. First, the edges of the
graph are assigned values [0, 1] using uniformly random numbers (a). Then, edges
with a value greater than the threshold p are removed. The results for p, set to 0.25
and 0.5, are shown in (b) and (c), respectively

Table 4.1 Correspondence between real opal and the proposed internal structure
model. Representation of the physical properties and formation process of opals at
a computable scale for enabling visual simulation

A real opal The proposed method

Silica sphere No explicit modeling

(using grain size and average refractive index

as constants)

Colloidal grain Voronoi region in a 3D Voronoi diagram

Tilt of a colloidal grain Quaternion

Concentration distribution Perlin noise

of colloidal solution

Colloidal grain formation 3D Voronoi tessellation

Direction of colloidal grain deposition Additive weights of Voronoi diagram

Binding of colloidal grains by sintering Bernoulli percolation

4.3.1 Internal Structure Model

In this study, the internal structure of an opal is modeled using a Voronoi diagram,

where each Voronoi region corresponds to a colloidal grain. The silica spheres compris-

ing the colloidal grains are not explicitly represented; instead, only the inclination of the

grains is preserved for each Voronoi region. This approach is justified because the diffrac-
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tion equation for colloidal grains in Eq. (3.1) requires the parameter D, which is derived

from the grain diameter d in Eq. (3.2), and the angle of incidence θ, which can be deter-

mined based on the grain tilt and direction of incident light. In addition, the diffraction

of light depends solely on the average refractive index n of the colloidal crystal, which

remains consistent across the structure. Because the grain sizes of silica spheres in opals

are typically uniform and the average refractive index is constant, these parameters are

sufficient and can be treated as constants. Therefore, the model conserves only the grain

tilt for each colloidal grain, expressed in this study using quaternions to represent 3D

rotations.

The formation process of colloidal grains is simulated using a 3D Voronoi tessellation.

Meanwhile, the process of colloidal sedimentation and deposition and the growth of opal

are represented using the additive weights of the Voronoi diagram, as shown in Fig. 4.6.

This process is modeled by incorporating additive weights in the Voronoi diagram to

simulate the vertical settling and deposition of colloids. Finally, the partial binding of

colloidal grains through sintering is represented using Bernoulli percolation.

4.3.2 Generation of Internal Structure Model

A method is proposed to generate the internal structure of an opal based on its formation

process.

(1) Field initialization. A colloidal solution concentration field is defined within a 3D

space representing the opal. In this method, the concentration distribution of the colloidal

solution is assumed to follow Perlin noise [68], which is used for initialization. As shown

in Fig. 4.8, Perlin noise is used to represent the concentration distribution of the solution

in this study, due to its continuous variation with randomness. However, simplex noise or

power noise, both of which exhibit similar characteristics, can be used as alternatives.

(2) Placement of sites. Sites are placed in the field using Poisson disk sampling [10].

Poisson disk sampling is a technique that ensures sampled points are no closer than a

specified radius r to each other while maintaining randomness. This approach allows

partial control over the size of the colloidal grains by adjusting r.

(3) Assignment of weights to sites. Weights are assigned to the placed sites using meth-

ods such as a signed distance field. Smaller weights correspond to earlier initiation times

for the growth of the Voronoi regions. When modeling a real opal, the weights must

satisfy the condition:

|w(pi)− w(pj)| < r,

for all sites, where w(pi) represents the weight at a site pi and r is the sampling radius

used in Poisson disk sampling, derived from Eq. (4.3).
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(a) (b) (c)

Fig. 4.8 Visualization of Perlin noise. Perlin noise exhibits continuous variation
with randomness (a). By modifying the scale (b) and applying layering (c), varia-
tions can be introduced to the pattern, making it widely used in computer graphics
modeling

(4) Specification of grain size and average refractive index. The grain size of the silica

spheres and the average refractive index of the colloidal crystals are specified. The silica

spheres forming the opal that exhibits the play of color typically range in size from 100

to 300 nm. The average refractive index n is computed using the following equation:

n = fns + (1− f)nw,

where ns is the refractive index of silica spheres, nw is the refractive index of water, and

f is the filling factor of the colloidal crystal. The colloidal crystal forms a face-centered

cubic (fcc) structure, which is known to have a filling factor of approximately 74%, with

the remaining voids filled with water.

(5) Determination of the lattice plane tilt in each grain. The orientation of uniformly

random grains is generated by Shoemake’s algorithm [74] and stored as quaternions.

(6) Voronoi tessellation. Voronoi tessellation is performed based on the sites and their

weights, generating an additively weighted Voronoi diagram.

(7) Computation of percolation. To compute percolation, a Delaunay triangulation is

constructed based on the Voronoi diagram, and each edge is assigned a value in [0, 1] using

a uniformly generated random number. Thereafter, the threshold is set appropriately, and

the percolation process is applied to the network of sites.

4.4 Data Structure to Represent Opal
This section introduces two data structures for representing the generated data: one that

stores only the sites and reconstructs the Voronoi diagram dynamically during rendering

and another that represents the internal structure using voxels and a codebook.
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(a) Voronoi diagram (b) Distance from boundaries

Fig. 4.9 A distance field derived from the Voronoi boundary, generated based on
the positional information of the sites. When the Voronoi boundary is obtained
through ray marching, the distance field must have a value of zero precisely at the
Voronoi boundary

4.4.1 Method for Storing Only Sites

In a 3D Voronoi diagram, the Voronoi boundary is a segment of the perpendicular bi-

sector between two sites. By combining planar distance functions to define a distance

field with a zero value at the Voronoi boundary, sphere tracing can be employed to deter-

mine intersections at the Voronoi boundary. For more details on sphere tracing, refer to

AppendixA.2.

At a point x in 3D space, let p0 represent the coordinate of the site nearest x, and let p

denote a site whose Voronoi region shares a boundary with the Voronoi region dominated

by p0. The distance function sdfplane(x, p0, p) describing the plane forming the Voronoi

boundary can be defined as follows:

sdfplane(x, p0, p) =
(p0 − p) · (x−m)

|p0 − p|
,

m =
p0 + p

2
.

If this computation is performed for all p and the resulting field is constructed using

their minimum values, a distance field that defines the Voronoi boundary is obtained, as

illustrated in Fig. 4.9(b). It is important to note that the distance field required for sphere

tracing is zero at the surface, differing from the distance field shown in Fig. 4.2(b), where

it is zero at the sites.

For the Voronoi boundary in an additively weighted Voronoi diagram, hyperbolic sur-

faces and their intersections can be determined based on the locations and weights of

the sites following the method proposed by Wood et al [95]. If the Euclidean distance

between two sites is 2c and the difference in their weights is 2a, the distance t from the
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origin of the ray x to the hyperbolic surface can be computed as a solution to the quadratic

equation:

vTQvt2 + 2vTQxt+ xQx = 0, (4.4)

where v is the ray’s direction vector and the matrix Q is defined as:

Q =


a2 − c2 0 0 0

0 a2 0 0

0 0 a2 0

0 0 0 a2(c2 − a2)

 . (4.5)

Let D be the discriminant from Eq. (4.4). If D < 0, there is no intersection. If D = 0,

the intersection distance is given by t if t > 0; otherwise, no intersection is assumed. In

cases where two values of t satisfy this condition, the smaller t represents the intersection

distance.

These methods are memory-efficient because the entire Voronoi diagram can be recon-

structed solely from the positions and weights of the sites. Consequently, the required

memory usage increases linearly with the number of sites. However, a notable drawback

of these methods is the frequent memory access required to search the neighborhood of

the sites, which can lead to performance overhead.

4.4.2 Method for Using Voxels

The implicit method reconstructs the Voronoi diagram on the fly based on the posi-

tional information and weights of the sites, requiring computation for each queried point.

In contrast, the explicit method using voxels retrieves the current Voronoi diagram and

boundaries directly from the voxel data. As such, this study employs the explicit method.

Because the proposed model maintains a consistent crystal tilt within the same Voronoi

region, a codebook is used to minimize memory usage, as illustrated in Fig. 4.10. After

representing the internal structure following the procedure described in Sec. 4.3.1, only

the Voronoi region IDs are stored in the voxel data. Subsequently, a codebook is created to

map each ID to its corresponding grain tilt. When retrieving the grain tilt, the information

from the codebook linked to the voxel-stored ID is accessed. To enhance spatial locality

during access, the solid textures containing the IDs are reorganized into a 1D array using

Morton ordering [61].
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Fig. 4.10 Data structure representing the internal structure. A solid texture de-
picting the colloidal polycrystalline structure is represented by code string and a
codebook

4.5 Modeling the Base Color
To represent the base color of opal, it is essential to analyze the phenomena of light ab-

sorption and scattering that occur within the opal. As described in Sec. 3.2, opals consist

of silica spheres in which Si4+ is partially substituted with impurities, such as Al3+ and

Fe3+[26]. For instance, an increased concentration of Fe3+ causes the opal’s base color

to appear browner due to light absorption by Fe3+. Impurities in the interstitial spaces of

colloidal crystals contribute to both light absorption and scattering, while colloidal defects

primarily cause light scattering.

In this study, the absorption and scattering of light within opals are represented using

three parameters: the absorption coefficient σa, the Rayleigh scattering coefficient σs, r,

and the Mie scattering coefficient σs, m.

The absorption coefficient σa accounts for light absorption by substituting ions or im-

purities within the colloidal crystal gaps. When light with an initial spectral radiance

Lλ at a specific wavelength λ travels a distance t through a medium with an absorption

coefficient σa,λ, the resulting spectral radiance L′
λ is given by:

L′
λ = Lλexp(−σa,λt). (4.6)

Absorption coefficients for various materials are readily available in research and pub-

lic databases. However, the data cannot be used directly because the sampling interval

in the wavelength direction is not standardized according to the measurement method.

Therefore, the given absorption coefficient data are used by resampling using cubic spline

interpolation.

The Rayleigh scattering coefficient models scattering caused by impurities in the gaps

of colloidal crystals. Rayleigh scattering occurs when the particle size is significantly

smaller than the wavelength of light, resulting in a scattering intensity that is highly
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wavelength-dependent. The scattering coefficient for Rayleigh scattering σs, r,λ at wave-

length λ is expressed in the following equation:

σs, r,λ ∝ 1

λ4
. (4.7)

Although σs, r,λ can be computed from the number of particles per unit volume, in this

study, the user specifies the scattering coefficient σs, r,λ=400 for λ = 400 nanometers, and

σs, r,λ are obtained at rendering by the following equation:

σs, r,λ = σs, r,λ=400 ·
(
400

λ

)4

. (4.8)

The Mie scattering coefficient σs, m represents scattering by colloidal defects where the

particle size is comparable to the wavelength of light. Unlike Rayleigh scattering, Mie

scattering is not wavelength-dependent. Both scattering phenomena can be described un-

der Lorenz-Mie theory. However, while the scattering distribution function for Rayleigh

scattering is straightforward, Mie scattering involves complex approximations [7, 35, 17,

43], and no universally accepted formulation exists. In this study, the scattering coeffi-

cients for Rayleigh and Mie scattering are treated separately, with each type of scattering

modeled as an independent medium.

For most opals, the medium’s properties are assumed uniform, and the parameters σa,

σs, r, and σs, m are treated as constants. To introduce spatial variation in medium proper-

ties, these coefficients can be embedded into the voxels of the internal structure data and

rendered using such techniques as Woodcock tracing [96].

4.6 Definition of External Shape
The external shape of the opal is defined using either a polygonal mesh or a patch of

hyper-cubic Bézier surfaces [6]. A hyper-cubic Bézier surface S (u, v) is constructed

using Bernstein basis functions:

B3
i (u) =

(
3

i

)
ui(1− u)3−i,

B3
j (v) =

(
3

j

)
vj(1− v)3−j,

(4.9)

where i and j are indices, and u, v ∈ [0, 1]. The surface is determined by 16 control points

P00,P01, ...,P33 and is expressed as:

S (u, v) =
3∑

i=0

3∑
j=0

PijB
3
i (u)B

3
j (v). (4.10)



Chapter 4. Modeling 37

In this study, the external shape of the opal is represented using eight bi-cubic Bézier

surface patches. The positions of the endpoints of these patches are carefully adjusted to

ensure differentiability at the boundaries between adjacent patches, maintaining a smooth

and continuous surface.

4.7 Summary
The modeling method of the opal proposed in this chapter is summarized. First, the

external shape of the opal is modeled using Bézier patches or polygon meshes. Subse-

quently, the following seven parameters are specified, and the internal structure of the

opal is modeled by combining these parameters:

1. Grain size of silica spheres constituting the opal: d [nm]. The grain size of the

silica spheres forming the opal is specified as a constant value. It is known that

these spheres produce red at approximately 350 nm, green at around 250 nm, and

blue at around 210 nm.

2. Number of sites in the Voronoi diagram: nums. The number of sites, denoted

as nums, specifies the number of colloidal grains within the opal and is given as a

constant integer. For an opal of the same volume, increasing the number of sites

results in a finer pattern.

3. Weight field of the Voronoi diagram: W . The weight field W defines the tim-

ing of nucleation for colloidal grains and is represented as a 3D scalar field. The

gradient of this field indicates the direction of crystal growth.

4. Percolation threshold: p. This parameter describes the likelihood of adjacent col-

loidal grains joining through sintering. It is specified as a constant value between 0

and 1, where higher threshold values increase the probability of grain combination.

5. Absorption coefficient of impurities: σa[m−1]. This parameter influences the base

of the opal. If the absorption coefficient is assumed uniform across the opal, it

is defined as a 1D array of values for each wavelength. If it varies spatially, it is

expressed as a 3D vector field. Because determining the distribution of absorption

coefficients for impurities requires specialized knowledge, these values are obtained

from a database.

6. Scattering coefficient of Rayleigh scattering by impurities: σs,r,λ=400[m−1]. This

coefficient, specified at λ = 400nm, represents Rayleigh scattering caused by impu-

rities in the gaps between colloidal grains. If the coefficient is uniform throughout
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the opal, it is given as a constant; if it varies spatially, it is expressed as a 3D scalar

field. Larger coefficients indicate stronger wavelength-dependent scattering, result-

ing in a murkier base color.

7. Scattering coefficient of Mie scattering by impurities: σs, m[m−1]. This parame-

ter reflects the degree of turbidity in the base color. When the scattering coefficient

is uniform across the opal, it is defined as a constant. If spatial variation exists, it is

expressed as a 3D scalar field. Higher values suggest more pronounced wavelength-

independent scattering, contributing to a murkier appearance.



Chapter 5

Rendering
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This study conducts a global illumination computation using the opal model defined in

Chap. 4 to achieve realistic visual simulation results. In this chapter, a global illumination

model is selected for rendering, and a local illumination model is proposed to represent

the optical properties of colloidal grains. In addition, a method for rendering the base

color is discussed.

Section 5.1 introduces the path tracing method, and Sec. 5.2 explains spectral render-

ing. Sections 5.3 and 5.4 propose a local illumination model to capture the optical prop-

erties of opals. Section 5.5 presents a method for utilizing RGB environment maps in

spectral space, and Sec. 5.6 discusses the importance sampling of wavelengths in spectral

rendering. Finally, Sec. 5.7 summarizes the contents of this chapter.

5.1 Path Tracing
The rendering equation [48] serves as the foundation for the global illumination com-

putation:

Lo(x, ω⃗o) = Le(x, ω⃗o) + Ls(x, ω⃗o),

where x represents the position on the object surface in the model, ω⃗o is the direction of

light emission, Lo is the emitted radiance, Le is the self-emitted radiance, and Ls denotes

the sum of reflected and transmitted radiance. The rendering equation can be expressed

as an integral over the spherical surface S2, incorporating the bidirectional scattering

distribution function (BSDF, fs), which characterizes the local illumination model at the

object surface:

Lo(x, ω⃗o) = Le(x, ω⃗o) +

∫
S2

fs(x, ω⃗i, ω⃗o)Li(x, ω⃗i) |ω⃗i · n⃗| dωi.

Here, n⃗ is the surface normal, and ω⃗i is the direction of incident light. This equation

expresses radiance using an integral term and can be expanded as a Neumann series to

include successive reflections. The path tracing method [48], a widely used Monte Carlo

(MC) approach, is employed to evaluate this series. Details on the MC method, numerical

computation of integrals using MC, and importance sampling in MC can be found in

AppendicesA.3.1, A.3.2, and A.3.3, respectively.

In the path tracing method, a ray is traced starting from the camera, following its path

until it reaches a light source. In practical applications, an upper limit is set for the

maximum number of reflections or transmissions. This process constructs a path with

a finite number of reflections and transmissions. In this study, the number of reflections

or transmissions of rays is referred to as the “bounces,” while the maximum permissible

number of bounces is termed the “total maximum bounces.”
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5.2 Spectral Rendering
Spectral rendering [14] is a method used to solve the rendering equations. In spectral

rendering, the rendering equation is computed for each wavelength λ:

Lo,λ(x, ω⃗o, λ) = Le,λ(x, ω⃗o, λ) +

∫
S2

fs,λ(x, ω⃗i, ω⃗o, λ)Li,λ(x, ω⃗i, λ)(ω⃗i, n⃗)dωi.

The term Lo,λ(x, ω⃗o, λ), obtained by solving this equation, represents the spectral radiance—

the radiance at a specific wavelength λ. To obtain an RGB image, the acquired spectral

radiance distribution must be converted from spectral space to RGB space. This con-

version is typically performed via the XYZ color space, and this study follows the same

procedure. First, the spectral radiance Lo(λ) is transformed into the XYZ color system

by multiplying with the XYZ color matching functions x̄, ȳ, and z̄, and then integrating

over the wavelength range from λmin to λmax:

X =
1∫ λmax

λmin
ȳ(λ)dλ

∫ λmax

λmin

x̄(λ)Lo(λ)dλ,

Y =
1∫ λmax

λmin
ȳ(λ)dλ

∫ λmax

λmin

ȳ(λ)Lo(λ)dλ,

Z =
1∫ λmax

λmin
ȳ(λ)dλ

∫ λmax

λmin

z̄(λ)Lo(λ)dλ.

The resulting XYZ values are then converted to RGB values to obtain the final image. In

this study, the conversion was applied to the D65 sRGB color space:R

G

B

 =

 3.2409 −1.5374 −4.9861× 10−1

−9.6924× 10−1 1.8760 4.1555× 10−2

5.5630× 10−2 −2.0398× 10−1 1.0570


X

Y

Z

 .

Spectral rendering is well-suited for computing wavelength-dependent optical phenomena

because it traces a path for each wavelength. This method was adopted for rendering

the opal in this study due to its ability to handle wavelength-dependent effects, such as

diffraction in colloidal crystals and Rayleigh scattering by fine particles.

Recent studies [4, 53] have explored rendering structural colors directly in RGB space.

For example, Fig. 5.1 shows results from implementing the method proposed by Belcour

and Barla to compute thin-film interference in RGB space. These results demonstrate

that structural coloring due to thin-film interference can be accurately observed and that

wavelength-dependent optical phenomena can be computed without using spectral ren-

dering.
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Fig. 5.1 Thin-film interference computed with RGB rendering using Belcour and
Barla’s method [4]. In some cases, wavelength-dependent optical phenomena can
be rendered without employing spectral rendering

However, it is known that when RGB rendering is used, errors in luminance occur as the

number of bounces increases, compared to spectral rendering [20]. To verify this, a simple

comparison experiment was conducted. For further details, refer to AppendixA.4. Due

to the complex structure of the opal, the subject of this study, and the large number of

reflections expected within it, rendering in RGB space was not attempted.

5.3 Rendering Play of Color
As demonstrated in Sec. 3.3, when light enters a colloidal crystal, it diffracts in a spe-

cific direction due to its periodic structure. This study adapts X-ray diffraction (XRD)

theory, commonly used for the structural analysis of crystals, to the context of colloidal

crystals. This adaptation enables the integration of the theory into the path tracing frame-

work.

5.3.1 Ewald Construction

When a ray penetrates a colloidal crystal, multiple diffraction directions are considered,

as depicted in Fig. 3.4c. To identify these directions efficiently, the Ewald construction, a

technique rooted in XRD theory, was employed.
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A point in the crystal with identical surroundings is referred to as a lattice point R,

whose expression can be represented by:

R = la+mb+ nc,

where a, b, and c denote the basis vectors, and l, m, and n ∈ Z. The basis vectors in fcc

can be expressed by:

a =
d√
2
(1, 1, 0), b =

d√
2
(0, 1, 1), c =

d√
2
(1, 0, 1),

where d denotes the diameter of the particles (Fig. 5.2a).

The reciprocal lattice fundamental vectors a∗, b∗, and c∗ are defined as follows for the

basis vectors:

a∗ =
b× c

a · b× c
, b∗ =

c× a

b · c× a
, c∗ =

a× b

c · a× b
.

Using the reciprocal basis vectors and h, k, and l ∈ Z, the reciprocal lattice vector G is

expressed as:

Ghkl = ha∗ + kb∗ + lc∗.

The absolute value of the reciprocal lattice vector is related to the lattice spacing Dhkl of

the lattice plane passing through a/h, b/k, and c/l, as follows:

|Ghkl| =
1

Dhkl

. (5.1)

Next, the scattering vector q is defined as the vector that directs the wave vector of the

incident wave k0 to the wave vector of the scattered wave k (Fig. 5.2b):

q = k − k0. (5.2)

Note that the magnitude of the wave vector is 1/λ. In XRD, it is known that crystal

diffraction reaches its maximum [52] when:

q = Ghkl. (5.3)

If the particles constituting the crystal are stacked in the a, b, and c directions with Na,

Nb, and Nc layers, respectively, it is known that in XRD, the scattering intensity I of the

light incident on this crystal can be expressed as follows using the atomic scattering factor

f :

I(q) = |f(q)|2 |La(q)|2 |Lb(q)|2 |Lc(q)|2 .

Note that the individual terms La(q), Lb(q), and Lc(q) can be written as:

|La(q)|2 =
sin2 Na(q · a) π
sin2 (q · a) π

,

|Lb(q)|2 =
sin2 Nb(q · b) π
sin2 (q · b) π

,

|Lb(q)|2 =
sin2 Nc(q · c) π
sin2 (q · c) π

.

(5.4)
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(a) (b)

Fig. 5.2 Vectors used in X-ray diffraction (XRD) theory. The basis vectors define
the structure of a lattice and are used to describe the crystal structure (a). The
scattering vector is defined as the vector that directs the wave vector k0 of the
incident wave to the wave vector k of the scattered wave (b). The angle between
k0 and k is referred to as the scattering angle, denoted by 2θ

The function expressed in the form sin2 Nx/ sin2 x, as in Eq. (5.4), is called the Laue

function, and it exhibits a sharp peak as N increases. Figure 5.3 shows the difference in

the shape of the Laue function depending on the number of crystal layers. As the number

of crystal layers increases, the spread of scattering intensity around the reciprocal lattice

point becomes narrower, and the scattering peak can be regarded as a sharp node.

The Ewald construction [19] is an efficient method for identifying reciprocal lattice

points that satisfy the conditions of Eq. (5.3) (Fig. 5.4a). Initially, the starting point of

q is placed at the origin of the reciprocal lattice. Subsequently, in accordance with the

definition of scattering vectors, q is drawn as a vector toward the origin of the reciprocal

lattice, and k is represented as a vector that shares its starting point with k0 and its end

point with q. Then, a sphere is drawn with origin −k and radius 1/λ, called the Ewald

sphere. Because the wave vector has a magnitude 1/λ, any point on the Ewald sphere

surface can be the endpoint of q. The diffraction maximum occurs when the conditions

of Eq. (5.3) are satisfied, i.e., when a reciprocal lattice point exists on the surface of the

Ewald sphere.

A sphere of radius 2/λ centered at the origin of the reciprocal lattice is referred to as

a limiting sphere, and the geometrical properties of the Ewald sphere guarantee that the

reciprocal points giving the diffraction maxima are within the limiting sphere. Therefore,

the reciprocal lattice points satisfying Eq. (5.3) can only be found on the Ewald sphere

surface among the reciprocal lattice points within the limiting sphere.
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Fig. 5.3 Change in the shape of the Laue function as the number of layers N
changes. The Laue function changes to a sharp-peaked shape as the number of
layers increases

5.3.2 Computation of Diffraction

The Ewald sphere is used in path tracing to simulate the diffraction of light within

colloidal crystals. In X-ray structure analysis, k0 and k are given, allowing analysis of

the crystal’s internal structure using Eqs. (5.2) and (5.3).
In contrast, because the direction of the incident light ωi of a ray toward a colloidal

crystal and the internal structure of a colloidal crystal is already given, the outgoing direc-

tion ωo of the ray is determined based on the conditions specified in Eqs. (5.2) and (5.3).
The wave vector k0 of the incident ray is derived from the given ωi, and whether the sum

with the reciprocal lattice vector Ghkl exists on the Ewald sphere surface will determine

whether the incident ray diffracts.

The wave vector k0 is derived from the given ωi and the sum involving the reciprocal

lattice vector Ghkl is evaluated to determine whether it lies on the Ewald sphere sur-

face. This assessment establishes whether the incident ray diffracts. First, note that the

wavelength is multiplied by 1/neff because the colloidal crystal travels in a medium with

an effective refractive index of neff . Equation (5.2) is reformulated with ωi and ωo to

produce:

q =
neff

λ
ωo −

neff

λ
ωi. (5.5)
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(a) Ewald sphere (b) Limiting sphere

Fig. 5.4 The Ewald construction. If a sphere of radius 1/λ is drawn in lattice
space with the starting point of the wave vector at its center, the reciprocal lattice
points with diffraction maxima always exist on the sphere surface (a). If a sphere of
radius 2/λ is drawn with the origin at its center, the observable diffraction maxima
are restricted to reciprocal lattice points that lie within this sphere (b)

Substituting Eq. (5.3) for Eq. (5.5), the following expression is obtained:

Ghkl =
neff

λ
ωo −

neff

λ
ωi, (5.6)

ωo = ωi +
λ

neff

Ghkl. (5.7)

Incident light diffracts when ωo, computed by Eq. (5.7), satisfies the following:

|ωo| = 1 (5.8)

and its direction is ωo.

In spectral rendering, because λ is limited to the visible light spectrum and the diameter

of colloidal particles d is fixed when searching for the diffraction direction using Eq. (5.7),
it is practical to limit the number of Ghkl values by employing a limiting sphere. Because

the range of the spectrum treated in this study is 360–830 nm, Ghkl values of 15 and 59

are considered sufficient when the opal grain size is 250 nm and 350 nm, respectively. In

cases in which there exist multiple potential ωo values that satisfy Eq. (5.8), one of the

diffraction directions is stochastically selected at random, according to the magnitude of

the Fresnel reflectance computed using half of the scattering angle θ.

Computing the absolute value of Eq. (5.6) and incorporating Eq. (5.1), the following

expression is obtained:
1

Dhkl

= 2
neff

λ

(
1− sin2 θ

) 1
2 , (5.9)
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where θ is half of the scattering angle (Fig. 5.2b). If the angle of incidence of light enter-

ing a medium with an effective refractive index of neff from air is φ, Snell’s law holds:

sinφ = neff sin θ. (5.10)

Derived from Eqs. (5.9) and (5.10) is none other than Eq. (3.1).

5.3.3 Advantages of Using Ewald Construction

The primary advantage of using Eq. (5.7) with Ewald construction, as opposed to

Bragg-Snell’s law Eq. (5.7), is that it requires less spatial computation. There are at

most 59 possible directions in which visible light can diffract due to the regular structure

within the opal. To determine whether light diffracts from these potential directions using

Bragg-Snell’s law, it is necessary to retain information on the lattice spacing D and the

face normals of the diffracted surfaces for each diffraction candidate. In contrast, Ewald

construction represents the candidate directions, i.e., reciprocal lattice points, as the sum

of integer multiples of the reciprocal lattice basis vectors. Therefore, only the three re-

ciprocal fundamental vectors are needed for the computational purpose, regardless of the

number of diffraction candidates.

In a previous study [83], the Bragg-Snell law was used to compute the number of

diffraction candidates. In this study, by employing Ewald construction, the problem is

simplified to finding the intersection of a lattice point and a sphere in reciprocal lattice

space, thus allowing all diffraction direction candidates to be treated efficiently.

5.4 Light Scattering/Absorption
Computation for the participating media is carried out using volume rendering. Sec-

tion 5.4.1 provides an overview of the volume rendering equations. The specific steps re-

quired to solve these equations are detailed as follows: Sec. 5.4.2 discusses the sampling

of distances, Sec. 5.4.3 explains the determination of the media’s behavior, and Sec. 5.4.4
covers the sampling of phase functions.

5.4.1 Volume Rendering

The optical effects of the participating media, which contribute to the base color of the

opal, can be determined by solving the volume rendering equation. The volume rendering
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equation for the interval s is expressed as follows [45]:

L(x, ω⃗) =

∫ s

0

e−τ(x,x′)σaLe(x
′) dx′+∫ s

0

e−τ(x,x′)σs

∫
S2

p(x′, ω⃗in, ω⃗o)Le(x
′, ω⃗i)ωidx

′+

e−τ(x,x+sω⃗o)L(x+ s ω⃗o, ω⃗o),

where σs is the scattering coefficient, σa is the absorption coefficient, σe = σs + σa is the

extinction coefficient, x′ represents the incident position, and p(x′, ω⃗in, ω⃗o) is the phase

function. τ(x,x′) is the optical depth, which can be expressed as:

τ(x,x′) =

∫ x′

x

σe(t) dt.

To compute the volume rendering equations using the path tracing method, paths are

constructed by sampling the distance t through the participating media, determining the

behavior of the media using the scattering coefficient σs and the absorption coefficient σa,

and determining the ray direction based on the phase function p.

5.4.2 Sampling the Distance Through the Participating Media

This study uses woodcock tracing [96] to perform volume rendering of the participating

media. First, the extinction coefficient σe is obtained using the scattering coefficients

σs, r for Rayleigh scattering, σs, m for Mie scattering, and σa for absorption, as defined in

Sec. 4.5:

σe = σs, r + σs, m + σa.

Using the extinction coefficient σe and a uniform random number ξ ∈ [0, 1), the dis-

tance t to the interaction point is sampled:

t = − ln(1− ξ)

σe
.

5.4.3 Determining the Behavior of the Media

Next, the behavior of the media at the interaction point is determined. First, the scat-

tering albedos Λr, Λm for Rayleigh and Mie scattering are computed:

Λr =
σs, r

σe
,

Λm =
σs, m

σe
.

Then, using uniform random numbers ξ ∈ [0, 1), the interaction is processed as follows:
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• Rayleigh scattering if ξ ∈ [0, Λr),

• Mie Scattering if ξ ∈ [Λr, Λr + Λm),

• Absorption if ξ ∈ [Λr + Λm, 1).

In the case of scattering, the next ray direction is determined by sampling the phase func-

tion, as discussed in the next section. In the case of absorption, ray tracing is terminated,

and the ray radiance is set to zero.

5.4.4 Sampling of Phase Function

When scattering occurs, the direction of the next ray is determined by sampling the

phase function. The phase function is sampled using importance sampling.

(1) In the case of Rayleigh scattering. The Rayleigh scattering phase function pR(θ)

can be expressed as follows, where the spherical coordinates (θ, ϕ) in the ray direction ω⃗

define the zenith direction:

pR(θ) =
1

4π

3

4

(
1 + cos2 θ

)
.

When sampling the Rayleigh scattering phase function, Frisvad’s method [24] for impor-

tance sampling is employed. Assuming uniform random numbers ξ1, ξ2 ∈ [0, 1), impor-

tance sampling is performed as follows:

u = −
[
2 (2ξ1 − 1) +

{
4 (2ξ1 − 1)2 + 1

} 1
2

] 1
3

,

(θ, ϕ) =

(
cos−1

(
u− 1

u

)
, 2πξ2

)
.

The necessary information to determine the next direction of travel is the sine and co-

sine of θ and ϕ. Therefore, instead of computing the inverse cosine of θ, the following

approach is used:

cos θ =
u− 1

u
, sin θ =

√
1− cos2 θ,

ω⃗ = (sin θ cosϕ, sin θ sinϕ, cos θ) .

(2) In the case of Mie scattering．The phase function of Mie scattering exhibits a com-

plex shape that depends on the particle diameter. As a result, in CG, it is often approxi-

mated by simpler functions during computations. Models used to approximate Mie scat-

tering include Schlick’s phase function [7]:

p(θ) =
1− k2

4π(1 + k cos θ)2
,
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Henyey-Greenstein’s function [35]:

p(θ) =
1

4π

1− g2

(1 + g2 − 2g cos θ)2/3
,

and Draine’s function [17]:

p(θ) =
1

4π

1− g2

(1 + g2 − 2g cos θ)2/3
1 + α cos2 θ

1 + α(1 + 2g2)/3
,

where k, g, and α are parameters that define the shape of the phase function. Jendersie

and d’Eon proposed a method to approximate phase functions more accurately than those

methods by combining the Draine and Henyey-Greenstein functions [43]. However, this

method was developed for the phase function of water particles in air, which differs from

the phase function of silica spheres addressed in this study. In the present work, the

scattering distribution is pre-computed using Python’s PyMieScatt package [81], stored

as a look-up table, and used as a reference for rendering.

5.5 Upsampling of RGB Environment Map
Light sources used in spectral rendering must be defined in terms of their spectral dis-

tributions. However, creating an environment map from measured data requires special-

ized equipment to capture ambient light, and using such data as an environmental map

demands significant memory. To address this, the environment maps captured as RGB

images are upsampled in the wavelength direction at runtime and used as a light source in

this study.

While methods such as those by Meng et al. [59], Otsu et al. [67], and Jakob and

Hanika [42] are commonly used to upsample from RGB color space to spectral space,

this study adopts the classical approach of Smits [76] due to the minimal computational

overhead it requires during rendering. It is important to note that this method is applied

to texture upsampling rather than light source upsampling.

5.6 Importance Sampling of Wavelengths
Spectral rendering samples wavelengths randomly and converges more slowly than

conventional path tracing. Several methods have been proposed to address this challenge.

For example, Wilkie et al. [93] introduced an efficient method for spectral rendering,

particularly for the volume rendering of participating media, by constructing paths of ap-

propriate wavelengths and computing the contributions of all wavelengths using multiple

importance sampling.
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However, this approach is not well-suited for phenomena whose direction of reflection

is uniquely determined for each wavelength, such as light refraction, and similarly, the

diffraction of light by colloidal crystal grains studied in this research also forms paths

where the contribution of specific wavelengths is dominant.

Consequently, the proposed method performs importance sampling of wavelengths

along the spectral distribution of the environment map. First, the RGB environment map

is upsampled into spectral space using Smits’ method [76] to obtain the spectral distri-

bution. This distribution is then normalized over the visible light range and used as the

probability density function for importance sampling of wavelengths. While the inverse

transform method is a potential approach for focused sampling, it requires O(log n) com-

putations for sampling when there are n wavelength channels. For this reason, the pro-

posed method used Walker’s aliasing method [88] for importance sampling. This method

allows for efficient sampling of n channels in O(1) time using an alias table (in Fig. 5.5)

and two uniform random numbers. However, this method is ineffective for boundaries

described as “Dirac interfaces,” as discussed in that paper, i.e., boundaries where sam-

pling is highly wavelength-dependent, such as in light refraction. This study did not em-

ploy this method because the boundary between air and opal is a Dirac interface, causing

wavelength-dependent refraction of light and because the diffraction of light by colloidal

grains forms light paths where the contribution of a particular wavelength dominates.

5.7 Summary
In this study, spectral rendering via path tracing is employed to generate images of

opals. The light source is represented by an upsampled environment map.

Due to the sharp peaks in diffraction caused by light interacting with colloidal grains,

the diffraction direction is computed dynamically. This involved determining a point on

a sphere based on the Ewald construction, adapted from XRD theory, within the visible

wavelength range. The base color of the opal is modeled using volume rendering of the

participating media, implemented through Woodcock tracing.

Inside the opal, the first step is to determine the intersections of the ray with the Voronoi

boundaries and the intersection of the ray with the involved medium. The material prop-

erties are then computed at the nearest intersection point. If the intersection occurs at a

Voronoi boundary, light diffraction is computed. If the intersection occurs within the in-

volved medium, Mie scattering, Rayleigh scattering, or light absorption is stochastically

selected and computed.
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Fig. 5.5 Example of importance sampling using the Alias table. When one wants
to obtain values according to a certain probability density function, the inverse
transform method is generally used. In contrast, the Alias method creates an Alias
table once, and thereafter, the values can be obtained by O(1) using two indepen-
dent uniform random numbers ξ1, ξ2 ∈ [0, 1). In the case ξ1 = 0.87, ξ2 = 0.43, 5 is
chosen by referring to the Alias table, as shown in the figure
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This chapter presents the results of the study and examines the validity and applicability

of the proposed methodology. Section 6.1 outlines the study’s findings, while Sec. 6.2
provides a detailed discussion.

The proposed method was implemented in C + + and CUDA and executed on a com-

puter with an Intel Core i9-10000X, 128GB of RAM, and an NVIDIA GeForce RTX 3070

graphics card. The resolution of the solid texture is 5123. Refer to Table 6.1 for the other

parameter values used in the modeling of each example. Note that nums denotes the

number of sites of the additively weighted Voronoi diagram initially placed and numG

the number of reciprocal grid points. Spectral rendering was performed using 48 color

channels sampled at 10 nm intervals from 360 nm to 830 nm. The maximum number of

bounces was set to 64. Each example was rendered with 4,096 samples per pixel and a

resolution of 1, 440 × 1, 080. The lighting environment was modeled using an environ-

ment map sourced from a dancing_hall_4k.exr image available under the CC0 license on

Poly Haven [101]. This map was upsampled from an RGB color space to a spectral space

to serve as a light source.

Table 6.1 Parameters and running time of the visual simulation of each image,
where nums denotes the number of sites of the additively weighted Voronoi dia-
gram initially placed, p the probability of the existence of edges when computing
bond percolation, numc the number of clusters at the end of modeling, tm the run-
ning time of modeling, d the diameter of the silica sphere, numG the number of
reciprocal grid points Ghkl in the limiting sphere, and tr the running time of ren-
dering. The resolution of each image is 1, 440 × 1, 080, and the maximum bounce
of each path is 64, sampled in 4, 096 spp

Fig. nums p numc tm [sec] d [nm] numG tr [min]

6.1 (a) 32.42

6.1 (b) 32.37

6.1 (c) 27, 000 0.32 8, 567 17.18 280 27 32.28

6.1 (d) 32.30

6.1 (e) 32.25

6.2 (a) 27, 000 0.22 9, 989 17.51 210 15 27.17

6.2 (b) 27, 000 0.22 9, 907 17.45 250 15 28.68

6.2 (c) 27, 000 0.22 10, 056 17.57 350 59 43.28

6.3 (a) 262, 144 0.26 66, 643 20.69 250 15 4.827

6.3 (b) 27, 000 0.12 21, 018 16.86 260 27 10.87
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6.1 Results
This section presents the execution results of this study; Section 6.1.1 presents the

rendering results and Sec. 6.1.2 reports the execution time.

6.1.1 Representation of Opal

Figure 6.1 empirically proves the plausibility of the visual simulation with the pro-

posed method, rotating the display stand in increments of 5◦. As the stand is rotated, the

color and pattern inside the opal change, and it can be confirmed that the opal represents

play of color.

Figure 6.2 shows the results of a visual simulation by changing the grain size of the

silica spheres. According to Gao et al. [26], colloidal crystals show blue, green, and red

color effects when the silica sphere is 207 nm, 249 nm, and 350 nm, respectively. The

visual simulation results are consistent with the report.

Figure 6.3 shows the results of reproducing black opal and fire opal using Al3+ and

Fe3+ ions, respectively, as absorption coefficients for their base color. The opal was

modeled based on Figs. 3.2b and 3.2c, and the results indicate that the base color of opals

is visually plausible.

6.1.2 Performance

Table 6.1 summarizes the runtime required to obtain the results of the visual simu-

lation. Modeling took approximately 17–21 seconds, whereas rendering required about

11–43 minutes. The case in Fig. 6.3a for fire opal using Al3+ deserves special attention:

the nums initially placed is 10 times greater than in the other cases, though tm is not much

different. Conversely, tr is scaled to numG, but it is significantly reduced because σa,λ

is large. This suggests that ray iterations are more likely to be terminated in preliminary

stages.

6.2 Discussions
Based on the results, this section discusses the validity, applicability, and limitations of

the methodology.
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(a) 0◦ (b) 5◦

(c) 10◦ (d) 15◦

(e) 20◦

Fig. 6.1 Results of visual simulation of opal with the proposed method. The dis-
play stand was rotated by 5◦. The color and pattern of the opal changed as the
stand was rotated
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(a) 210 nm

(b) 250 nm

(c) 350 nm

Fig. 6.2 The color change of the emitted play of color: Blue at 210 nm, green at
250 nm, and red at 350 nm, and this agrees with the report by Gao et al. [26]
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(a) Black opal

(b) Fire opal

Fig. 6.3 Representation of black opal and fire opal. Figs. 3.2b and 3.2c were used
as reference. The absorption coefficients of Al3+ ions for black opal and Fe3+ ions
for fire opal were used
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6.2.1 Internal Structure Model

In this study, weighted Voronoi tessellation was employed to reproduce the internal

structure of opals. While Voronoi tessellation is considered effective in approximating the

process of opal formation, it tends to generate simpler patterns compared to real opals.

Because fine fluctuations are observed at the grain boundaries of real opals, incorporating

these fine irregularities into the Voronoi boundaries may enable the reproduction of more

realistic patterns.

A Bernoulli percolation model was employed to approximate colloidal polycrystalline

grain growth from the viewpoint of computational efficiency. However, real grain growth

entails complex parameters, such as temperature, pressure, and grain boundary energy [71],

suggesting the potential re-examination of using a Bernoulli distribution to determine

edge existence probability. In the field of materials engineering, studies have been con-

ducted to simulate the self-organization of colloidal crystals [16], although the computa-

tional scale is currently limited. Advancements in these studies will enhance the accuracy

of internal structure modeling.

Each opal has an inherent complex internal structure, and identifying the internal struc-

ture of a real opal requires the microscopic observation of irreversible cut surfaces. Con-

sequently, it is difficult to verify the validity of the internal structure against real opals.

To assess quantitatively the effectiveness of the method, further detailed investigations

would be imperative through collaboration with experts in the fields of crystallography

and materials engineering.

6.2.2 Computational Model of Diffraction

In this study, the diffraction direction of incident light on a colloidal crystal is computed

online using the Ewald construction, providing an effective approach for materials that

exhibit sharp diffraction peaks, potentially due to crystal structures. However, as indicated

in Table 6.1, the computational time required for rendering increases linearly with the

number of reciprocal grid points in the limiting sphere, leading to decreased efficiency.

For materials with numerous or a wide spread of diffraction peaks, it is more efficient to

research pre-computed results.

In this study, although all internal structures were assumed fcc for simplicity, it is

known that a part of the internal structure of real opal is replaced by hcp. Accounting

for this effect would enable the computation of a more accurate diffraction.
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6.2.3 Improved Efficiency of Global Illumination Computation

This study used Monte Carlo path tracing, which takes longer to converge while re-

quiring less memory at runtime. The goal of this study is the reproduction of the internal

structure of opals and the proposal of a local illumination model within the opal; therefore,

the optimization of global illumination computations is not addressed.

However, reducing runtime is a goal, potentially achievable by incorporating photon

mapping [44], path guiding [62], or more efficient spectral rendering techniques [93].

6.2.4 Evaluation of the Validity of This Study

Visual simulation results are often validated by comparing them with results from an

alternative approach, such as by comparing theoretical values when a measurement-based

model is used or, conversely, by confirming that a theoretically constructed model agrees

with measured values of the actual object. In many cases, the validity of the model is

verified by comparing it with the results of an approach other than that used in the study.

Considering the model proposed in this study, the model of the internal structure is based

on noise-based artificial modeling, the spectrum of the base color is a phenomenological

model, as it uses values directly from a database, and the optical computation is a physical

model derived from XRC theory.

As shown in Sec. 6.2.1, it is difficult to obtain the internal structure of an opal through

measurement or simulation. The validation of this study is limited to the reproduction

of characteristic optical phenomena, as described in Sec. 6.1.1. A user study following

the method of Nagata et al. [64] could further reinforce the plausibility of the rendering

results.

6.2.5 Guidelines for Modeling

As described in Sec. 4.7, seven parameters are used to model opals in this study. How-

ever, rendering with this method takes several tens of minutes per image, and thus, it takes

time to obtain feedback. Therefore, guidelines are provided for adjusting the parameters

proposed in this study to achieve the desired opal model.

Of the seven parameters, one is related to the color of the play of color, three to the

pattern of the play of color, and three to the base color. First, the color of the play of

color can be adjusted by modifying the particle size of the silica spheres, d. As shown

in Eq. (3.1), by determining the grain size, it is possible to identify the color with the

longest wavelength among the play of color emitted by the opal. If the composition of
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Fig. 6.4 The relationship between colloidal grain size and the color change emit-
ted by the colloidal grains is depicted. Using Bragg-Snell’s law, the correspondence
between colloidal grain size and the color with the longest wavelength among the
play of colors emitted by the colloidal grains can be computed. When modeling real
opals on a computer in this study, if the colloidal grain size information is unknown,
this correspondence can be inferred from this relationship

the actual opal is already known, the grain size can be directly used; otherwise, it can be

adjusted visually, as shown in Fig. 6.4, as the grain size and the color of the play of color

are mapped by Eq. (3.1).
Next, the parameters related to the pattern include the number of sites in the Voronoi

diagram nums, the weight field of the Voronoi diagram W , and the percolation threshold

p. The number of sites in the Voronoi diagram is estimated from the size of the col-

loidal crystal grains and the volume of the opal by observing a real opal. The weight

field W of the Voronoi diagram is a parameter related to the timing of the nucleation of

colloidal grains on the opal and consequently determines the sizes of the bends at the

Voronoi boundary. To determine the timing of colloidal grain nucleation accurately, com-

plex computations must be performed on the colloidal motion in solution, which, in this

study, is weighted using appropriate Perlin noise. Finally, the percolation threshold p rep-

resents the ease with which neighboring grains are connected by sintering: at p = 0, no

grains are connected to the surrounding grains, and at p = 1, they are fully connected.

The percolation model has a critical point, beyond which the system’s behavior changes

and infinite clusters form. Based on the findings of this study, plausible results are often

obtained for values of 0 < p < 0.3. Figure 6.5 illustrates the internal structure when

the percolation threshold is varied, while the number of sites and the weight field of the

Voronoi diagram remain fixed.

Finally, three parameters are related to the base color: the absorption coefficient σa of

impurities, the scattering coefficient σs, r for Rayleigh scattering, and the scattering coef-

ficient σs, m for Mie scattering. Because estimating the absorption coefficient spectra is

challenging, a publicly available database of ion absorption spectra from research insti-

tutes is directly used.

The influence of these parameters can be confirmed not through spectral rendering us-

ing the path tracing method employed in this study, but through simple volume rendering,
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(a) p = 0.0 (b) p = 0.1 (c) p = 0.2

(d) p = 0.3 (e) p = 0.4 (f) p = 0.5

Fig. 6.5 Change in internal structure as the percolation threshold p is varied. The
percolation threshold was increased from 0.0 to 0.5, while the number of sites nums

and the weight field W in the Voronoi diagram were kept fixed. As the threshold
increases, the sizes of the clusters change. The Bernoulli percolation on the 3D
Voronoi diagram proposed in this study reaches a critical point for values of p be-
tween 0.2 and 0.3, and for higher values, the formation of infinitely many clusters
becomes apparent

as demonstrated in the application shown in Fig. 6.6. The application obtained rendering

results by assigning the same color to areas within a solid texture that represents the opal’s

internal structure, and then performing volume raycasting on it (Fig. 6.6 a). The intersec-

tions of the ray with the opal’s exterior were determined, and the voxels the ray passed

inside the opal were obtained using Bresenham’s line algorithm. For the visualization of

Perlin noise, the intersection points of the rays with the axis-aligned bounding box sur-

rounding the opal were determined, and Perlin noise values were obtained and rendered

as the rays advanced by small intervals within the section where the rays intersected the

bounding box (Fig. 6.6 b). Therefore, when modeling real opals using this study, the com-

bination of parameter values can be narrowed down by first determining the pattern via

pre-visualization and then determining the color by computing high-load path tracing.

6.2.6 Applicability of the Proposed Method

Guy et al.’s method [33] has been applied to the design of the external shape of single-

crystal gemstones. While this study endeavors to apply the method to texture design using
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(a) (b) (c)

Fig. 6.6 An example of an environment for modeling using the proposed method.
The parameters of the opal’s internal structure can be interactively adjusted effi-
ciently through a simple volume ray-casting before rendering the output image
with the path tracing method. The application in the figure uses simple volume
ray-casting to model the internal structure interactively (a) and then it transfers
the information to the path tracer to obtain the final image (c). The addition of
weight field visualization (b) enables the intuitive manipulation of parameter val-
ues

CAD, enabling external shapes to be defined with Bézier patches, it is difficult to achieve

this at the current frame rate. A fundamental review of the rendering method is thus

necessary to enable interactive, physically-based rendering for jewelry design. Although

designing jewelry interactively using this research is challenging, it may serve as a pre-

rendering tool for jewelry design. For example, Fig. 6.7 shows the result of rendering an

opal combined with a ring base using the proposed method.

Adopting a physically motivated approach to modeling opals is anticipated to enhance

the applicability and impact of this research significantly. This research may also prove

useful for the fabrication of synthetic opals. Because opals are valuable as gemstones,

synthetic opals are manufactured at the product level. In the process of creating synthetic

opals, some companies create brightly colored synthetic opals with blue or pink base

colors, which do not occur naturally, by pouring dye into the gaps between the colloidal

crystals during the fixing process [54]. In addition, because this research is based on

physically motivated modeling, it may be possible to simulate the finished product using

the size of the colloidal crystal grains, the absorption spectrum of the dye, and other

factors. Figure 6.8 shows the results of rendering synthetic opals using the absorption

spectra of light blue and pink dyes. This research is not limited to modeling the internal

structure of a synthetic opal but can also be used to simulate changes in appearance due

to the external shape, as the external shape can be freely defined using polygons and

Bézier patches. Figure 6.9 shows a rendering of an opal with the Bézier patches of the

Utah teapot as the external shape. However, when applying these research results to the
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Fig. 6.7 The result of rendering an opal modeled using the proposed method on
a ring base. This research may be applied as a pre-rendering tool for jewelry design

fabrication of synthetic opals, some correspondence between the actual manufacturing

environment and the parameters of these research results will be necessary, particularly

for those related to the pattern of the play of color.

As a more challenging application that takes advantage of the fact that this research

employs physics-based modeling, it is intriguing to estimate the internal structure of real

opals using the proposed method. Many pairs of internal structure models and their ren-

dering results can be generated, enabling the exploration of the feasibility of utilizing

these datasets as training data for machine learning to estimate the internal structure of

real opals. Furthermore, given that research on optimization using differentiable Voronoi

diagrams [98] has been conducted, combining this research with differentiable rendering

may allow for the estimation of internal structures as well.
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(a) Result using light blue dye data

(b) Result using pink dye data

Fig. 6.8 Rendering of synthetic opals using the absorption spectrum of dye. Some
synthetic opals can be created in colors that do not occur in nature by pouring dye
into the gaps between the colloidal crystal grains during the fixing process
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(a) Result using light blue dye data

(b) Result using pink dye data

Fig. 6.9 Rendering of a synthetic opal with the external shape of the Utah teapot.
The teapot was modeled to fit into a cube with each side measuring 2 cm. This
research is not limited to modeling the internal structure of the synthetic opal but
can also be used to simulate the effect of the external shape on its appearance
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This study proposed a method for achieving a realistic visual simulation of opals. First,

the physical properties of opals were investigated, and the essential elements for visual

simulation were identified. The investigation revealed that modeling the 3D stacking

structure of silica spheres, developing a model to compute light diffraction for colloidal

grains, and reproducing the base color are necessary. Based on these findings, a modeling

method for the internal structure of opals was proposed. The internal structure was ex-

pressed in terms of colloidal grains using weighted Voronoi tessellation and the Bernoulli

percolation model. The base color of the opal was reproduced by computing the absorp-

tion and scattering of impurities within the opal. Finally, a method for modeling opals

was proposed, involving the adjustment of seven parameters: one for the color of the play

of color, three for the pattern, and three for the base color. In Addition, a computation

method for determining the direction in which visible light diffracts from colloidal crys-

tals was proposed using Ewald construction. By utilizing Ewald construction, the problem

of determining whether the Bragg-Snell condition is satisfied is replaced with the simpler

task of finding lattice points on a sphere.

The results obtained through spectral rendering using the path tracing method show that

both the color and pattern inside the opal change when the viewpoint and light source are

altered. The results of varying the parameters of the grain size of the silica spheres that

constitute the opal are consistent with play of color observed in real opals, demonstrating

the plausibility of the diffraction model. Furthermore, by controlling the parameters of

the base color, opals with characteristic base colors, such as fire opals and black opals,

were successfully represented, showcasing the feasibility of visual simulation for opals in

general.

The time required for rendering remains a bottleneck in this research, and designing the

appearance of gemstones interactively using the proposed method is challenging. How-

ever, the realistic visual simulation results provided by this study may be useful as pre-

rendering tools for jewelry design and as aids in the production of synthetic opals. It is

hoped that the elements necessary for the visual simulation of opals, the internal structure

model, and the diffraction calculation model proposed in this dissertation will be further

developed and contribute to the growth of the jewelry industry in the future.
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Appendix

A.1 Voronoi Diagrams with Various Distances
Voronoi diagrams can be constructed with various characteristics by modifying the

definition of distance. In this section, Voronoi diagrams in the Manhattan metric and mul-

tiplicatively weighted Voronoi diagrams are introduced. Although these types of Voronoi

diagrams are not utilized in this study, they may be applicable in other other procedural

modeling contexts.

A.1.1 Voronoi Diagrams in the Manhattan Metric

Voronoi diagram is generated by defining δ(x,p) in Eq. (4.1) as the Euclidean distance.

This can be replaced by the Manhattan distance δh(x,p):

δh(x,p) =
n∑

k=1

|xk − pk|,

to construct a Voronoi diagram in the Manhattan metric, where x = (x1, x2, ..., xk) and

p = (p1, p2, ..., pk). The distance field created by the Manhattan distance and the corre-

sponding Voronoi diagram is shown in Fig. A.1.

(a) Distance field from sites (b) Voronoi diagram in Manhattan metric

Fig. A.1 Voronoi diagram in theManhattanmetric, which can be drawn by chang-
ing the distance function of the Voronoi diagram to the Manhattan distance



Appendix 83

A.1.2 Multiplicatively Weighted Voronoi Diagram

The multiplicatively weighted Voronoi diagram is obtained by replacing δ(x,p) in

Eq. (4.1) with :

δm(x, p) = w(p)δ(x, p),

where w(p) represents the weight assigned to each site. FigureA.2 illustrates the distance

field created by applying multiplicative weights and the corresponding Voronoi diagram.

FigureA.3 demonstrates the process of constructing a multiplicatively weighted Voronoi

diagram using the wavefront method. Intuitively, the multiplicative weights serve as pa-

rameters that control the spreading of the Voronoi regions.

(a) Distance field from sites (b)Multiplicatively weighted Voronoi diagram

Fig. A.2 Visualization of a distance field using multiplicative weighted distance
and corresponding 2D Voronoi diagram. For multiplicative weighted Voronoi dia-
grams, the boundary is known to be represented by a circle

(a) (b) (c) (d)

Fig. A.3 The process of constituting a multiplicatively weighted Voronoi diagram
using the wavefront method. Wavefronts are expanded in the order of (a) to (d).
With multiplicative weights, all wavefronts begin expanding simultaneously. How-
ever, the expansion speed of each wavefront varies with the weight
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Fig. A.4 The process of reaching an isosurface with Signed Distance Field (SDF)
equals zero at the tip of a ray in sphere tracing. The SDF is queried at the location
of the ray tip, and the ray is advanced by the distance specified by the SDF value.
This operation is repeated, with the length of each ray segment adapting based on
the SDF value. As the process continues, the ray tip converges on the surface where
the SDF indicates 0

A.2 Sphere Tracing
Ray marching involves decomposing a ray into smaller segments and sampling some

function at each point along the ray while ray traversal. For example, NeRF [60] queries

an MLP for color and density at each sampled point.

Sphere tracing is a variant of ray marching that uses signed distance field (SDF) to

obtain the intersection of a ray with a surface, where SDF value at the surface is 0. The

ray is divided into small segments, and the distance at each point is used to adjust the step

size for the next ray segment. As the ray progressed, its tip converges to the point where

SDF is 0. Compared to methods where rays are advanced by fixed-length steps, sphere

tracing allows for more efficient extraction of isosurfaces. A schematic diagram of sphere

tracing is shown in Fig. A.4. While sphere tracing follows this basic procedure, ongoing

researches[49, 3] are focused on improving its accuracy and efficiency.

A.3 TheMonteCarlo Integration and Importance Sam-
pling

In Monte Carlo path tracing, the Monte Carlo method is employed to approximate so-

lutions to the rendering equations. For this reason, a brief introduction to the computation

of Monte Carlo integrals will be provided. Additionally, focused sampling techniques,
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which aims to improve the efficiency of the Monte Carlo integral computation, will be

discussed.

A.3.1 The Monte Carlo Method

Let pX(x) be the probability density function (PDF) of a real-valued random variable

X . The expected value of X , denoted E[X], is given as follows:

E[X] =

∫ +∞

−∞
xpX(x)dx,

and the valiance V[X] is obtained as:

V[X] = E[(X − µ)2],

µ = E[X].

For any function f(x), the expectation of f(X) is given by:

E[f(X)] =

∫ +∞

−∞
f(x)pX(x)dx. (A.1)

Using K values
{
x(1), x(2), ..., x(K)

}
sampled according to pX(x), the following equation

holds:

lim
K→∞

1

K

K∑
k=1

f(x(k)) = E[f(X)], (A.2)

because using independent identically distributed (i.i.d.) random variables {X(1), X(2),

..., X (K)}, the following equation holds:

E

[
1

K

K∑
k=1

f
(
X(k)

)]
=

1

K

K∑
k=1

E
[
f
(
X(k)

)]
= E [f(X)] .

Additionally, as K approaches ∞, the variance of the sample average converges to zero.

Specifically, the variance of the sample average is:

V

[
1

K

K∑
k=1

f
(
X(k)

)]
=

V
[∑K

k=1 f
(
X(k)

)]
K2

=

∑K
k=1 V

[
f
(
X(k)

)]
K2

=
KV [f(X)]

K2

=
E [f 2(X)]− E [f(X)]2

K
.

The variance thus decreases as 1/K, and the error associated with the approximation of

the expectation decreases at a rate of 1/
√
K.
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As an example, consider the pdf pX(x) of a uniform random variable over the interval

[a, b), given by:

pX(x) =
1

b− a
, x ∈ [a, b).

Using Eq. (A.1), the expected value of a function f(X) can be computed as:

E[f(X)] =

∫ +∞

−∞
f(x)pX(x)dx

=

∫ b

a

f(x) · 1

b− a
dx.

For specific values of a = 0, b = π, and f(x) = sin(x), this becomes:

E[f(X)] =

∫ π

0

sin(x) · 1

π − 0
dx

=
2

π
≃ 0.6367.... (A.3)

To verify the result, a Monte Carlo integration can be computed, and the value obtained

is shown in Fig. A.5. The plot illustrates that the Monte Carlo estimate converges to the

analytical result given in Eq. (A.3).

Fig. A.5 Monte Carlo estimation of the expected value using uniform random
numbers. The estimates obtained using five random number sequences with dis-
tinct seed values are shown in blue, while the expected value is shown in red. As
the number of samplesK increases, the estimates converge to the expected values
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A.3.2 The Monte Carlo Integration

Consider the integral of a function f(x) in the range a ≤ x < b. Using the pdf pX(x)

defined in this range, and applying Eqs. (A.1) and (A.2), the integral can be expressed as:∫ b

a

f(x)dx =

∫ b

a

f(x)

pX(x)
pX(x)dx

= E
[
f(X)

pX(x)

]
= lim

K→∞

1

K

K∑
k=1

f
(
x(k)
)

pX (x(k))
.

(A.4)

In this case, it is known that the expected value of f(X)/pX(x) can be found, provided

that pX(x) > 0 for all x where f(x) > 0.

As an example, consider the integration of f(x) = cos(x) over the range −π/2 ≤ x <

π/2. The exact integral value is 2. The corresponding equation is:∫ π
2

−π
2

cos(x)dx = lim
K→∞

1

K

K∑
k=1

cos
(
x(k)
)
·

π
2
−
(
−π

2

)
1

= lim
K→∞

π

K

K∑
k=1

cos
(
x(k)
)
.

When computed using uniform random numbers from −π/2 to π/2, the estimated result

converges to 2, as shown in Fig. A.6.

A.3.3 Importance Sampling

Using the same technique as described in Sec. A.3.2, consider integrating f(x) = ex

over the range 0 ≤ x < 3. The exact integral evaluates to e3 − 1 ≃ 19.06. To achieve

efficient convergence of this estimation, note that for f(x) = ex, the contribution to the

integral increases as x approaches 3. Therefore, to reduce variance and speed up con-

vergence, it is beneficial to sample regions where the integrand contributes more signifi-

cantly. This can be achieved by sampling with a pdf pX(x) that is proportional to f(x),

as outlined in Eq. (A.4). This technique, known as importance sampling, aims to sample

more densely in regions where the integrand is larger.

Any function can be utilized for importance sampling, provided it satisfies the require-

ments of a PDF. In CG, particularly in local illumination models such as BRDFs, it is

often challenging to construct a pdf that is perfectly proportional to an integrand. As a re-

sult, a pdf is commonly designed using a function that allows straightforward application
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Fig. A.6 The results of performing Monte Carlo integration using uniform ran-
dom numbers, with estimates obtained from five random number sequences, with
different seed values shown in blue and the expected value depicted in red. As the
number of samples K increases, the estimates converge to the expected values

of the inverse transform method, as described in the following section. While f(x) = ex

allows for the derivation of an exact proportional pdf, here, a simplified approximation is

considered. Specifically, the pdf will be based on the function:

f(x) = 2x, 0 ≤ x < 3.

To perform focused sampling using this pdf, two conditions must be met:

1. f(x) must satisfy the conditions of a valid pdf,

2. f(x) must be possible to sample according to this pdf.

To satisfy the first condition, the integral of the pdf over its domain must equal 1. The pdf

fX(x) can be expressed as

fX(x) = C 2x,

where C is the normalization factor. The normalization condition requires that:∫ 3

0

C 2x = 1.

The integral is calculated as:

C

∫ 3

0

2x = C

[
2x

ln 2

]3
0

=
C

ln 2
(8− 1) = C

7

ln 2
.
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Solving for C yields:

C =
ln 2

7
.

Thus, the normalized pdf is fully defined:

fX(x) =
ln 2

7
2x,

0 ≤ x < 3.

Next, To make sampling feasible along fX(x), the inverse transform method is em-

ployed. Since pseudorandom numbers generated on a computer are typically uniform

random numbers, this method leverages the inverse function of the cumulative distribu-

tion function (CDF) to transform a uniformly distributed random variable into one that

follows the desired PDF.

First, The CDF F (x) is obtained by integrating the PDF fX(x) from 0 to x:

F (x) =

∫ x

0

ln 2

7
2t dt =

2x − 1

7
,

0 ≤ x < 3.

Thus, the inverse function F−1(x) is:

F−1(x) = log2(7x+ 1),

0 ≤ x < 1.

Using F−1(x) and a uniform random number ξ ∈ [0, 1), sampling along fX(x) can be

performed: ∫ 3

0

2xdx = lim
K→∞

1

K

K∑
k=1

f (F−1(ξ))

pX (F−1(ξ))
. (A.5)

FigureA.7 illustrates the results of focused sampling using Eq. (A.5) compared to uni-

form random number sampling. Even with only 100 samples, importance sampling

achieved convergence to the expected value.

A.4 Errors BetweenRGBand Spectral Renderingwith
Increasing Number of Bounces

In this experiment, the color changes resulting from an increasing number of bounces

in reflection computations were compared between RGB space and spectral space. Using

Python’s colour package [13], five colors were selected from the color checkers avail-

able in the package. The selected colors were “Yellow,” “Red,” “Purplish blue,” “Bluish
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green,” and “Magenta.” These colors were sampled at 5 nm intervals within the wave-

length range of 380 nm to 780 nm. The spectral distributions of these colors are depicted

in Fig. A.8.

Each color was multiplied by the number of bounces in both spectral and RGB space.

The changes in color were analyzed by comparing two cases: one where the multiplication

was calculated in spectral space and the result converted to RGB values through the XYZ

color system, and another where the multiplication was performed in RGB space after the

initial conversion of the colors to RGB values.

The results of these calculations are shown in Fig. A.9. Upon comparison, it was ob-

served that the error for all colors increased as the number of reflections grew. This result

suggests that in scenes involving a high number of ray bounces, significant differences

can arise between spectral rendering and RGB rendering.

Fig. A.7 Result of Monte Carlo integration with importance sampling. Estimates
with importance sampling are shown in yellow-green, estimates with uniform ran-
dom numbers are shown in light blue, and the expected value is shown in red. The
variance is effectively reduced by the focused sampling.
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(a) Yellow (b) Red

(c) Purplish blue (d) Bluish green

(e) Purplish blue

Fig. A.8 Spectral distribution of each color used in the experiment, obtained from
the Colour library
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(a) Yellow

(b) Red

(c) Purplish blue

(d) Bluish green

(e) Magenta

Fig. A.9 Results of color multiplication in spectral and RGB space. As the number
of multiplications increases, there is an error between the two colors. For scenes
with a large number of ray bounces, there can be a significant difference between
spectral and RGB rendering results


