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Summary

This thesis summarizes research on covariate selection for estimating the population

means of the outcome, and on estimating the treatment effects when the outcome is

missing and the mechanism is Missing Not at Random (MNAR). MNAR is a missing

mechanism that depends not only on the observed values, but also on the missing values

themselves, making proper adjustment more difficult than other missing mechanisms.

This thesis is organized as follows: Chapter 1 provides an introduction, reviewing

studies on missing-data adjustment methods and discussing the limitations of recent

MNAR data adjustment methods.

Chapter 2 describes Sun et al. (2018), which is used for the discussion in this thesis.

We consider the use of instrumental variables (IV) in estimating population means.

IV is a variable conditionally independent of the outcome and related to the missing

mechanism when conditioning on the covariates in estimating the population mean when

the outcome is MNAR. Sun et al. (2018) employ a two-step estimation procedure, first

estimating the extended propensity scores, which are the probability of missingness

conditional on the covariates, followed by the outcome and IV. Finally, the population

mean is estimated using the aforementioned estimates.

In Chapter 3, we propose a strategy of covariate selection for the extended propensity

score model in the population mean estimation using the two-step estimation procedure

described in Chapter 2. First, we show the minimum set of covariates to be included in

the aforementioned model for the consistency of the population mean estimation. Next,

we show a good strategy is to include only the minimum set of covariates in the extended

propensity score model to estimate a small bias and variance in the population mean

estimate.

In Chapter 4, we propose a method to estimate the treatment effects using a two-

step estimation procedure when the outcome is MNAR. As a confounder introduces bias

when estimating treatment effects in observational studies, adjustments for missing and

confounding factors need to be simultaneously considered. We propose a method for
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estimating the average treatment effect, average treatment effect on the treatment and

on the untreated without modeling the outcome in an observational study where the

outcome is MNAR.

Chapter 5 summarizes the discussion on the covariate selection for estimating the

population means and procedures for estimating the treatment effects when the outcome

is MNAR. It also discusses the issues and future challenges of the two-stage estimation

procedure for adjusting for MNAR.
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Chapter 1 Introduction

Many empirical works encounter missing data. However, inferences that ignore missing

data can yield biased results. For example, in cognitive function tests for older adults,

the more cognitively impaired a person is, the more likely they will drop out of the

test. Another example is the clinical trial for a new drug, where a prominent concern is

the drug’s safety. Here, subjects may withdraw from the trial due to worsening health

conditions caused by its side effects. In such cases, inferences about cognitive function

and the new drug’s safety that ignore the missing data are not valid because they yield

an overestimation of the average cognitive function and safety.

Missing mechanisms are generally classified into three types: missing completely at

random (MCAR), missing at random (MAR), and missing not at random (MNAR). In

MCAR, MAR, and MNAR, the missing probability is independent of the data, depends

only on the observed data, and depends on both the observed and missing data, re-

spectively (Little & Rubin, 2002; Tsiatis, 2006). The most typical method to deal with

MCAR data is listwise deletion. This specifically involves removing records with miss-

ing data, even in a single variable. Crucially, this method does not introduce bias with

MCAR data due to missingness. However, it may introduce bias in the cases of MAR

and MNAR data.

Numerous studies have investigated missing-data adjustment methods while assum-

ing MAR, including likelihood models such as the selection and pattern mixture models,

as outlined by Little (2008). However, properly identifying the distributions of both the

outcome and missing data is required for likelihood models. An alternative approach is

using the weighting method (Robins & Gill, 1997), wherein only the missing probability

model must be properly identified. Specifically, the missing probabilities estimated in

the first step are used to estimate the population mean of the outcome in the second

step. Note that this method can be understood in parallel with the weighting method in

causal inference (for example, Hirano, Imbens, & Ridder, 2003), which interprets poten-

tial outcomes as missing owing to assignment because of the similarities between MAR

and assumptions in causal inference. The method of multiple imputation by chained
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equations (MICE, Kennickell (1991); van Buuren & Groothuis-Oudshoorn (2011)) en-

ables the adjustment of the MAR data even with missing data in several variables. MICE

creates multiple imputed datasets, performs the estimation of interest on each imputed

dataset, and merges the results.

Compared with the abundant literature on MAR data, few studies have investigated

how to adjust for MNAR data. However, MNAR data can easily occur, such as in the

aforementioned examples of cognitive function tests and clinical trials. Hereafter, we

consider a case in which only the outcome may be missing, and the missing mechanism

is MNAR. One approach considered in this case is the likelihood method. However, for

this method to work effectively, the distributions of both the missing mechanism and

outcome must be properly specified. In addition, further assumptions must be made to

maintain identifiability (Wang, Shao, & Kim, 2014; Miao, Ding, & Geng, 2016). To solve

this problem, several semiparametric MNAR adjustment and identification methods have

been proposed recently. These methods are characterized by the use of independency

among variables. d’Haultfoeuille (2010) introduced an estimation method using variables

independent of the missing mechanism under conditioning on the outcome but related

to the outcome. Miao & Tchetgen Tchetgen (2016) proposed a method for estimating

the population mean of the outcome using a shadow variable that is independent of

the missing mechanism under the covariates and outcome conditioning but is related

to the outcome when conditioned with the covariates. Sun, Liu, Miao, Wirth, Robins,

& Tchetgen Tchetgen (2018) proposed a method using an instrumental variable (IV)

conditionally independent of the outcome given the covariates and is related to the

missing pattern. The most standard IV method is used in linear regression models to

prevent bias in coefficients when covariates and error terms are correlated (e.g., Angrist

& Krueger, 1999). In this case, the IV is a variable related to the covariates but not

to the outcome, except through the covariates. An example is a physician’s medication

instructions in a drug efficacy trial, wherein some subjects do not comply with the

instructions (Angrist, Imbens, & Rubin, 1996). This is because medication instructions

affect health status only through the actual medication. Let us now return to the

method proposed by Sun et al. (2018). Similar to the MAR weighting method, these

methods utilize a two-step procedure to estimate the population mean. The difference

between the method proposed by Sun et al. (2018) and the MAR weighting method is

that, in the first step, the missing probability conditional on both the covariates and



3

outcome is estimated. Because the outcome is missing with MNAR, estimating the

missing probability conditional on the outcome is not possible using ordinary methods;

therefore, an alternative method, such as that of Sun et al. (2018), is required. The

necessary modeling for adjusting MNAR data is not easy and requires more expertise

and background knowledge because models of missing mechanisms of outcomes include

the outcomes themselves.

Despite the ease with which MNAR data can be generated, some difficulties remain,

such as the limited targets for estimation in extant studies and the difficulty of modeling.

To alleviate this problem and make MNAR data adjustment more accessible, we make

two proposals to the MNAR data adjustment method, in particular, to the method

of Sun et al. (2018). First, we propose a covariate selection strategy for the extended

propensity score model, which is good in terms of bias and precision. Second, we propose

a method to estimate treatment effects when the outcome is MNAR in an observational

study. The treatment effect is the difference between outcomes with and without the

treatment and is one of the major research interests.

The covariate selection strategy not only improves bias and precision but also al-

leviates the difficulty of modeling the extended propensity score, which requires the

qualitative consideration of variables. To our knowledge, no study has focused on co-

variate selection in the case of MNAR. Still, studies have focused on covariate selection

in the case of MAR using a two-step procedure that adjusts the missing outcome and

estimates its population mean (Seaman & White, 2013; Wang & Kim, 2022). These

studies showed that including variables in the model of missing probability that are

related only to missing but not related to the outcome may worsen the precision of es-

timating population means, which are of primary interest. Similar arguments are made

for causal inference. Specifically, the mean of the potential outcome is estimated using

a two-step procedure, which is understood in parallel with the estimation of the popula-

tion mean of the outcome, which is MAR. However, some argue that including variables

unrelated to the outcome in the model of assignment reduces the precision of estimating

the mean of the potential outcome (Brookhart, Schneeweiss, Rothman, Glynn, Avorn,

& Stürmer, 2006; De Luna, Waernbaum, & Richardson, 2011). Yoneyama & Minami

(2024) extended the above discussion to the case of MNAR and proposed a covariate

selection strategy of the extended propensity score model that is better in terms of bias

and precision of the population mean estimates.
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Compared with experimental studies, estimating treatment effects is more difficult

in observational studies as the investigator has no control over the assignment. This is

because differences in outcomes with and without assignment may not depend on the

assignment but on the covariates related to both the assignment and outcome. Therefore,

with the effect of such covariates, the confounder must be removed to identify the effect

of the assignment. Here, we consider the estimation of treatment effects when the

outcome is MNAR. Here, we need to simultaneously consider the adjustment for both

the confounder and missing data. One such method is that of Li & Zhou (2017), who

extended the MNAR adjustment method proposed by Miao & Tchetgen Tchetgen (2016)

to estimate the treatment effects. However, the method of Li & Zhou (2017) requires

outcome modeling, which undermines the advantage of the method proposed by Miao

& Tchetgen Tchetgen (2016), wherein outcome modeling can be avoided. Therefore,

Yoneyama & Minami (2023) proposed a method to simultaneously adjust the MNAR

outcome and confounder without outcome modeling.

The remainder of this thesis is organized as follows: Chapter 2 outlines a method for

estimating the population mean when the outcome data is missing. This includes Sun

et al. (2018)’s extended propensity score method for adjustment in the case of MNAR,

forming the basis of this thesis. Chapter 3 discusses the variables that should be in-

cluded or excluded from the extended propensity score model to obtain an unbiased

estimate of the population mean with small standard errors. First, we show which co-

variates, at a minimum, should be included in this model so that the population mean

estimator of the outcome is consistent. Next, we show that including some covariates

in the missing probability model generates a large variance in the population mean esti-

mates, even if they explain the missing probability well. We verify these arguments using

simulation experiments and argue that to obtain unbiased, small-variance estimates of

the population mean, a desirable strategy is to only include the covariates necessary

for consistency. Chapter 4 proposes a method to estimate the average treatment effect

(ATE), average treatment effect on the treated (ATT), and average treatment effect on

the untreated (ATU) without modeling the outcome when it is MNAR. We demonstrate

that the proposed estimators for ATE, ATT, and ATU are consistent and asymptotically

normal. We also demonstrate that the proposed estimators perform better in terms of

bias and root mean squared error than other commonly used missing-data adjustment
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methods. Moreover, we verify the proposed estimator’s variance formula through sim-

ulated experiments. Chapter 5 provides a conclusion of this thesis. We summarize the

covariate selection in the estimation of the population means and procedure for estimat-

ing treatment effects when the outcome is MNAR, and finally, discuss future research

directions.



Chapter 2 Preliminaries of missing data

adjustment

In preparation for later discussion, this chapter outlines the methods of previous studies

on how to estimate the population mean of a variable of interest when there are missing

data for the variable of interest. The mechanism of missing data is generally categorized

into three types:

1. MCAR (missing completely at random): a missing mechanism that does not de-

pend on either the missing values or the observed values.

2. MAR (missing at random): a missing mechanism that depends only on observed

values, but not on missing values.

3. MNAR (missing not at random): a missing mechanism that depends not only on

observed values but also on missing values.

In the following, we outline methods for estimating the population mean of a variable

of interest when that variable has missing data, in each missing mechanism.

2.1 Estimation of population means in the case of MCAR and MAR

First, we introduce the common notation for the case of MCAR and MAR. Then, we

describe how to estimate the population mean of the variable of interest when the missing

mechanism is MCAR and MAR, respectively.

2.1.1 Notation of the case of MCAR and MAR

The variable of interest for the population mean is referred to here as the outcome.

Let Y be the outcome and ϕ be its population mean, that is, ϕ = E[Y ]. We assume

that the outcome may be missing , and the mechanism is MAR. Let R be the binary

missing indicator for Y , such that R = 1 if Y is observed and R = 0 otherwise. In

the case of MAR, whether the data is missing depends on the observed variables, so we

consider adjusting for missing data by using other observed variables. Let X be a vector

of covariates, variables observed other than the outcome and missing indicator. We

6
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assume that missing data occur only in the outcome and we observe N independent and

identically distributed observations (Y ∗, R,X) where Y ∗ is the actual observed outcome,

and Y ∗ is Y when R = 1 and missing when R = 0.

2.1.2 Estimation of population means in the case of MCAR

Assume that the notation is Section 2.1.1 and that the missing mechanism is MCAR.

From each observation is i.i.d. and the missing mechanism does not depend on either

observed and missing values, the following equation holds:

Pr(R = 1|Y ) = Pr(R = 1),

i.e.,

Y ⊥⊥R.

In the case of MCAR, the population mean can be estimated without bias by the sample

mean ignoring missing data because the outcome and the missing mechanism are inde-

pendent. However, in the case of MAR, because the missing mechanism depend on other

observed variables and these variables might be related to the outcome, the outcome and

the missing mechanism may not be independent as well as in the case of MNAR. Thus,

in the case of MAR and NMAR, ignoring missing data might lead to a bias in the mean

estimate.

2.1.3 Estimation of population means in the case of MAR

More studies have investigated methods for adjusting missing data while assuming MAR

than MNAR. Here we describe one of the MAR adjustment methods, which uses the

propensity score for missingness to estimate the population mean of a variable of interest

when the variable with MAR. The notation remains the same as in Section 2.1.1, and

the missing mechanism is assumed to be MAR. From each observation is i.i.d. and the

missing mechanism depends only on observed value, so the following equation holds:

Pr(R = 1|Y,X) = Pr(R = 1|X),

i.e.,

Y ⊥⊥R|X. (2.1)
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This implies that the covariate vectorX includes all variables related to both the outcome

Y and the missing indicator R. Also, the assumed relationship between variables in the

case of MAR can be expressed in directed acyclic graph (DAG) as follows.

Figure 1: DAG illustrating the relationship of variables in the case of MAR.

The absence of an arrow between Y and R indicates that there is no direct relation-

ship between Y and R.

One way to adjust for missing data in the case of MAR is to use a propensity score

for missingness (c.f. Tsiatis (2006)). The propensity score for missingness πR=1(x) is

the conditional probability that the outcome is observed given covariates x,

πR=1(x) = Pr(R = 1|X = x).

Here we assume that πR=1(x) > 0 for all x ∈ Supp(X). Using the propensity score

for missingness, the population mean of the outcome can be expressed as E[Y ] =

E[RY/πR=1(X)], because

E
[

RY

πR=1(X)

]
= E

[
E
[

RY

πR=1(X)

∣∣∣∣X]] (by the law of iterated expectaions)

= E
[
E[R|X]E[Y |X]

πR=1(X)

]
(by MAR (2.1))

= E
[
πR=1(X)E[Y |X]

πR=1(X)

]
= E[Y ].

Using this property, we can define the following inverse probability weighted (IPW)

estimator for the population mean ϕ = E[Y ],

ϕ̂MAR =
1

N

N∑
i=1

RiY
∗
i

π̂R=1(Xi)
,
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where π̂R=1(x) is the estimator of the propensity score for missingness. Note that

ϕ̂MAR can be computed even if Yi is missing since RiY
∗
i /π̂R=1(Xi) = 0 when Yi is

missing. Suppose πR=1(x) can be represented as πR=1(x; θ) with a parameter vector

θ, and π̂R=1(x) can be represented as πR=1(x; θ̂) with an estimator θ̂ for θ. Assume

N−1
∑N

i=1RiY
∗
i /πR=1(Xi; θ) converges in probability to E[RY ∗/πR=1(X; θ)] uniformly

in an open neighborhood of θ0, the true value of θ, and E[RY ∗/πR=1(X; θ)] is contin-

uous at θ0. Then, if π̂R=1(x) is a consistent estimator for πR=1(x), i.e., θ̂
p−→ θ0, ϕ̂MAR

is a consistent estimator for ϕ by Lemma A.1 in Appendix A. As such, the method of

estimating once what is not of direct interest and then using that estimate to estimate

what is of original interest is referred to as a two-step procedure. Note that while other

adjustment methods for missing data require modeling of the outcome, however, the

method using the propensity scores does not require modeling of the outcome. Related

to this, we state the two advantages of using the propensity score. The first is that

modeling the propensity score is easier than directly modeling the outcome, including

missing data. The second is that the propensity score is empirically robust to model

misspecification (Drake, 1993; Cepeda, Boston, Farrar, & Strom, 2003).

2.2 Estimation of population mean in the case of MNAR

Next, we consider the case where the missing mechanism is MNAR. For this case, Sun

et al. (2018) proposed the MNAR missing adjustment method to estimate the population

mean. In this thesis, we base our discussion on their method. Here we outline the

population estimation method of Sun et al. (2018).

2.2.1 Problem setting in the case of MNAR

We continue to consider the estimation of the population mean of the outcome ϕ = E[Y ].

First, assume that the actual outcome Y ∗ and the missing indicator R are obtained

and the missing mechanism is MNAR. In the case of MNAR, we additionally use an

instrumental variable (IV) for adjustment. Let Z be an IV and here X be the covariates

vector, observed variables other than the outcome, the missing indicator and the IV.

Assume that the following two assumptions hold for Y , R, X, and Z.

Assumption 2.1 (exclusion restriction (Sun et al., 2018)). Conditioning on covariates

X, the outcome Y and the IV Z are independent, that is,

Y ⊥⊥Z|X.
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Assumption 2.2 (IV relevance (Sun et al., 2018)). For any x, z, and z′ (z ̸= z′), the

following holds:

Pr(R = 1|X = x, Z = z) ̸= Pr(R = 1|X = x, Z = z′).

These assumptions characterize the IV. Assumption 2.1 implies that the IV is not

related to the outcome except through covariates. Assumption 2.2 implies that missing

mechanism is related to the IV in the sense that the missing probability is different for

different values of z with x fixed. Note that the IVs can be multidimensional. From the

assumption that the missing mechanism is MNAR, the following conditional indepen-

dence holds for Y , R, X, and Z:

Y ⊥/⊥R|X,Z.

Also, the assumed relationship between variables can be expressed in DAG as follows.

Figure 2: DAG illustrating the relationship of variables in the case of MNAR.

Again, we assume that missing data occur only in the outcome and we observe N

independent and identically distributed observations (Y ∗, R,X,Z).

2.2.2 Extended propensity score

Here, we outline the two-step population mean estimation method of Sun et al. (2018).

It can be summarized as follows.

• At the first step, we estimate the extended propensity score, which is the probabil-

ity that the outcome is observed conditional on the covariates, the outcome, and

the IV.

• At the second step, we estimate the population mean with the IPW estimator

using the extended propensity score estimates.

The extended propensity score is defined as follows.
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Definition 2.1 (the extended propensity score (Sun et al., 2018)). The extended propen-

sity score π(X,Y, Z) is defined as the probability that the outcome is observed conditional

on X,Y , and Z:

π(X,Y, Z) = Pr(R = 1|X,Y, Z).

We assume that the extended propensity score follows a logistic regression model

with parameter vectors
(
θT , νT

)T
in which the linear predictor does not include the

product term of Z and Y so that the model can be expressed as

π(X,Y, Z; θ, ν) = expit
(
θTh(X,Z) + νT g(X,Y )

)
(2.2)

where expit(a) = (1 + exp(−a))−1, h and g are vector functions, and θ and ν are their

coefficients. To uniquely decompose the linear predictor into h and g, we assume that

g(X,Y ) consists only of elements associated with Y . We also assume that h and g are

differentiable in Z and Y , respectively. These constraints on the model are necessary to

guarantee the identifiability of the extended propensity score model (Sun et al., 2018,

Example 2).

Let us first consider the estimation of the extended propensity score. Note that the

extended propensity score cannot be directly estimated using a logistic regression model

because variable Y contains missing values. To solve this problem, we use an IV. First,

let f(X; ξ) denote the expectation of an IV, Z, given X with parameter vector ξ:

f(X; ξ) = E[Z|X; ξ]. (2.3)

We assume that we can obtain an m-estimator (Newey & McFadden, 1994; van der

Vaart, 1998; Tsiatis, 2006) ξ̂ for ξ, such as the maximum likelihood estimator.

For estimation of θ and ν in the extended propensity score model (2.2), we define an

estimating function U for θ and ν given ξ̂ as:

U(O; θ, ν, ξ = ξ̂) =

(
U1(O; θ, ν)

U2(O; θ, ν, ξ = ξ̂)

)
, (2.4)
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where O = (Y ∗, R,X,Z),

U1(O; θ, ν) =

{
R

π(X,Y ∗, Z; θ, ν)
− 1

}
h∗(X,Z);

U2(O; θ, ν, ξ) =
R

π(X,Y ∗, Z; θ, ν)
(Z − f(X; ξ))⊗ g∗(X,Y ∗);

h∗ and g∗ are vector-valued functions which are of the same sizes as θ and ν, respectively,

such that the estimating functions satisfy the conditions 1) and 2) of the Lemma A.2

and conditions 2) – 4) of Lemma A.3; and ⊗ denotes the Kronecker product. Note that

h∗ and g∗ need not necessarily be the same as h and g in the model (2.2) because how

h∗ and g∗ are chosen does not affect the consistency for θ and ν as discussed Sun et al.

(2018). In this chapter, we set h∗ and g∗ to be h and g, respectively.

Let θ̂, ν̂ be the solution of the following estimating equation for θ, ν under given ξ̂:

1

N

N∑
i=1

U(Oi; θ, ν, ξ = ξ̂) = 0. (2.5)

Given that E[U(O; θ0, ν0, ξ0)] = 0 holds, θ̂ and ν̂ are m-estimators under suitable regu-

larity conditions as shown in the proof of the Proposition 1 of Sun et al. (2018).

When the IVs are multidimensional, θ and ν can be estimated using the generalized

method of moment (GMM, Newey & McFadden (1994)). Even in this case, the following

arguments still hold with the GMM estimates θ̂, ν̂ for θ, ν.

Plugging θ̂, ν̂ obtained above into θ, ν of the extended propensity score model (2.2)

yields an estimator for the extended propensity score. Note that estimates of the ex-

tended propensity score are obtained only if Y is observed.

In the second step, we employ the following IPW estimator ϕ̂MNAR for the population

mean ϕ = E[Y ]:

ϕ̂MNAR =
1

N

N∑
i=1

RiY
∗
i

π(Xi, Y ∗
i , Zi; θ̂, ν̂)

. (2.6)

For each term in the summation in ϕ̂MNAR, if Yi is missing, Ri is zero and the term is

zero, so this estimator can be computed. The following property holds for ϕ̂MNAR.

Proposition 2.1 (consistency and asymptotic normality (Sun et al., 2018)). Suppose

that Assumption 2.1 and 2.2 hold. Assume conditions of Lemma A.2 and Lemma A.3

hold when the IV is one-dimensional, or conditions of Lemma A.4 and Lemma A.5 hold
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when the IVs are multidimensional. Then, the IPW estimator ϕ̂MNAR is consistent and

asymptotically normal for the population mean ϕ.

Using the extended propensity score estimator from the first step, we are able to

estimate the population mean in the second step.



Chapter 3 Covariate selection strategy for

the extended propensity score

In the method for estimating the population mean of the outcome in the case of MAR,

which had been described in Section 2.1.3, there has been some discussion recently on

the covariate selection of the propensity score model for missingness (Seaman & White,

2013; Wang & Kim, 2022). A similar argument is also made in the estimation using

a two-step procedure for the mean of the potential outcome in causal inference, which

is understood as a parallel to the adjustment of the MAR (Brookhart et al., 2006;

De Luna et al., 2011). These studies showed that including covariates in the model

of missing or assignment probabilities that are related only to missing or assignment

but not related to the outcome may worsen the precision of estimating the outcome

or potential outcome means, which are of primary interest. In the context of causal

inference, Shortreed & Ertefaie (2017) and Zhou & Jia (2021) proposed methods for

variable selection in the model of assignment probabilities by extending the adaptive

lasso (Zou, 2006). Nonetheless, the abovementioned discussion has not taken place

regarding the MNAR case.

In response to this issue, Yoneyama & Minami (2024) investigated which covariates

should be included in or excluded from the extended propensity score model to obtain

estimates with lower bias and variance for the population mean when the outcome is

MNAR and the missing data is adjusted using Sun et al. (2018)’s method. First, we show

which covariates, at a minimum, should be included in the extended propensity score

model in order for the population mean estimator of the outcome to be consistent. Next,

we show that inclusion of some covariates in the extended propensity score model results

in a large variance of the population mean estimates even if they explain the extended

propensity score well. Then, we verify these arguments using simulation experiments

and argue that, in terms of bias and variance of the estimates, it is better to include

in the extended propensity score model only those covariates that should be minimally

included for consistency.

This chapter is organized as follows. First, we discuss the minimal set of covariates

14
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that should be included in the extended propensity score to obtain a consistent and

asymptotically normal estimator of the population mean (Section 3.1.1). We also discuss

the existence of covariates whose inclusion in the extended propensity score model would

inadvertently worsen the precision of estimating the population mean of the outcome

(Section 3.1.2). We then verify the claims of Section 3.1 through simulations and further

argue that including only the minimal set of covariates in the extended propensity score

model is a good strategy for variable selection in terms of bias and precision (Section

3.2). Finally, we conclude with the discussion (Section 3.3).

3.1 Covariates for Estimating the Extended Propensity Score

This chapter continues to discuss estimating population means using extended propensity

scores under the problem setting for the case of MNAR discussed in Section 2.2. In

this section, we first discuss the minimal set of covariates that should be included in the

extended propensity score model for the consistent and asymptotically normal estimation

of the population mean of the outcome. Then, we argue that inclusion of some covariates

in the extended propensity score model would worsen the precision of the mean estimate

of the outcome even if the covariates improve the estimation of the propensity score.

3.1.1 Minimal sets of covariates

In this subsection we discuss the sets of covariates that must be included in the extended

propensity score model to obtain a consistent and asymptotically normal estimator for

the population mean. We first define the sets of covariates XIV and XPS as follows.

Definition 3.1 (Minimal sets of covariates XIV and XPS). We define the minimal sets

of covariates XIV and XPS as follows.

• XIV is a set of covariates that satisfies the following.

– When conditioning XIV , the outcome and the IV become conditionally inde-

pendent. That is,

Y ⊥⊥Z|XIV . (3.1)

– If any covariate is removed from XIV , the above conditional independence

(3.1) does not hold.

• XPS is a set of covariates that satisfies the following.
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– When conditioning XPS, Y , and Z, XIV and the missing indicator become

conditionally independent. That is,

XIV ⊥⊥R|XPS , Y, Z. (3.2)

– If any covariate is removed from XPS, the above conditional independence

(3.2) does not hold.

Here, “minimal” means that each conditional independence is no longer valid if any

covariate is removed from XIV or XPS . The assumed relationship between variables can

be expressed in DAG as Figure 3.

Figure 3: DAG illustrating the relationship among Y , Z, R, XIV and XPS . Dashed
arrows indicate that there may or may not be a relationship between the variables
connected by it.

If XIV is not an empty set and there is no arrow from XIV to R (Figure 4), then

XPS is an empty set. If XIV is an empty set, then XPS is also an empty set by its

definition.

Figure 4: DAG illustrating the relationship among Y , Z, R and XIV when XIV is not
an empty set but XPS is an empty set.

In the following, we show that models for the IV and the extended propensity score

should include XIV and XPS , respectively, to obtain the unbiased population mean

estimate. Note that XIV and XPS may not be unique, but this does not affect the
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consistency and asymptotic normality of estimation. We assume that IV relevance also

holds for XPS .

Assumption 3.1 (IV relevance withXPS). For any xps, z, and z′ (z ̸= z′), the following

holds.

Pr(R = 1|XPS = xps, Z = z) ̸= Pr(R = 1|XPS = xps, Z = z′).

Here, we show that the consistency and asymptotic normality of the IPW estimator

can be maintained by using XIV and XPS in the model (2.3) and (2.2), respectively,

instead of using the same X in both models. Allowing different covariate sets to be used

in the two models differs from the approach of Sun et al. (2018).

We now consider the case where only the minimal sets of covariates XIV and XPS

are used as covariates in the model (2.3) and (2.2), respectively. That is, let

f(XIV ; ξ) = E[Z|XIV ; ξ] (3.3)

be the model (2.3) for the conditional mean of the IV given XIV , and let

π(XPS , Y, Z; θ, ν) = expit
(
θTh(XPS , Z) + νT g(XPS , Y )

)
, (3.4)

be the model for the extended propensity score (2.2). We estimate ξ̂ and θ̂, ν̂ by using

models (3.3) and (3.4). Then, we employ the following IPW estimator ϕ̂MS for the mean

ϕ of the outcome Y using the extended propensity score with a minimal set of covariates,

ϕ̂MS :=
1

N

N∑
i=1

RiY
∗
i

π(XPSi, Y
∗
i , Zi; θ̂, ν̂)

. (3.5)

For this IPW estimator ϕ̂MS , the following proposition holds.

Proposition 3.1. Suppose that Assumption 3.1 holds. Assume conditions of Lemma

A.2 and Lemma A.3 hold when the IV is one-dimensional, or conditions of Lemma A.4

and Lemma A.5 hold when the IVs are multidimensional. Then, the IPW estimator ϕ̂MS

using the extended propensity score with the minimal set of covariates is consistent and

asymptotically normal for the population mean ϕ.

The proof and the asymptotic variance matrix is shown in Appendix B.1.
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3.1.2 Covariates that should not be included in the extended propensity

score model

For the case that the missing mechanism is MAR rather than MNAR in the same setting

as we are considering, Robins, Rotnitzky, & Zhao (1994) proposed a two-step method

to estimate the population mean of the outcome. Seaman & White (2013) and Wang

& Kim (2022) reported that including covariates that are associated with the missing

mechanism but not with the outcome in the model of the missing probability reduces

the precision of the estimation of the population mean, even if the missing probability

can be estimated with good precision.

We argue that also in the case with the MNAR, there are covariates whose inclusion in

the extended propensity score estimation model reduces the precision of the population

mean estimates. For example, covariates that are associated with missing but not with

the outcome are likely to worsen the precision of the estimation of the population mean

in the case of MNAR, as well as in the case of MAR. Furthermore, there may be other

covariates that negatively affect the precision of the estimation, as they differ from

MAR in some ways, such as estimating the model of the IV. To verify this, we conduct

simulation experiments and check the following.

• The population mean can be estimated without bias when the minimal set of co-

variatesXIV andXPS are used in the models of the IV and the extended propensity

score, respectively.

• Removing even one covariate from the minimal set of covariates XPS for the model

(3.4) will cause a bias in the estimation of the population mean.

• The existence of covariates whose inclusion in the model of the extended propensity

score reduces the precision of the estimation of the population mean.

3.2 Simulation experiments

In this section, we investigate the bias, standard deviation (SD), and root-mean-squared

error (RMSE) of the mean estimates through simulation experiments using various set-

tings for the extended propensity score model.
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3.2.1 Simulation scenarios

We generated datasets for 3× 3 = 9 scenarios with the following model:

X = (X1, X2, X3)
T ∼ N (0, I) ,

Z|X = 1 + α1X1 + α2X2 + εz, εz ∼ N(0, σ2),

Y |X = 1 + β1X1 + β2X2 + εy, εy ∼ N (0, 1) , and

R|X,Y, Z ∼ Bernoulli [expit (−1 + 0.35X1 + γX3 + 0.5Z + 0.5Y )] ,

where (α1, α2, σ) and (β1, β2, γ) were set to be all combinations of the following patterns:

(α1, α2, σ) A1: (0, 0, 1) A2: (0.7, 0, 0.7) A3: (0, 0.7, 0.7)

(β1, β2, γ) B1: (0.07, 0.07, 0.35) B2: (0.21, 0.21, 0.35) B3: (0.07, 0.07, 0.7).

We denote by Scenario i-j (i, j = 1, 2, 3) the scenario conducted with values of the

pattern Ai and the pattern Bj for the conditional distribution model of Z and Y given

X, and R given X, Y , and Z.

In all scenarios, X1 is related to both the missing mechanism and the outcome, that

is, the confounder; X2 is related to the outcome but not directly related to the missing

mechanism; and X3 is related to the missing mechanism but not related to the outcome.

In this model, the minimal sets of covariates XIV and XPS depend only on the values

of (α1, α2, σ) in the conditional distribution model of Z given X. The DAGs for X, Y ,

Z, and R for A1, A2 and A3 are described as follows (these do not depend on the choice

of pattern B).

シナリオ3（  ）シナリオ2（ ）シナリオ1（ ）

Figure 5: Left: DAG of pattern A1. Middle: DAG of pattern A2. Right: DAG of
pattern A3.

For these DAGs, XIV = XPS = ∅ for A1, XIV = XPS = {X1} for A2, and

XIV = {X2} and XPS = ∅ for A3. As for the setting of (β1, β2, γ) in the conditional
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distribution model of Y given X, and R given X, Y , and Z, we consider B1 as baseline.

B2 has a stronger association between the covariates and the outcome than B1 has.

With B3, X3 is more relevant to missingness.

For each of the combinations of the 3×3 scenarios, we generated 10000 datasets with

sample sizes N = 5000 and 10000 of observation vectors O = (Y ∗, R,X,Z).

3.2.2 Models for estimation

For each dataset of all scenarios, we estimated the population mean of the outcome ϕ

using the following models:

1. Linear regression models with XIV as covariates for model (2.3) of the IV, Z to

estimate regression coefficients ξ (when XIV is empty, ξ̂ is the sample mean of Z).

2. The following eight models as the extended propensity score model (2.2). These

models correspond to all possible combinations of X = (X1, X2, X3).

Model 1: expit(θ1 + θ2Z + νY ) (no covariate)

Model 2: expit(θ1 + θ2X1 + θ3Z + νY ) (covariate with confounder)

Model 3: expit(θ1 + θ2X2 + θ3Z + νY ) (covariate not related missing)

Model 4: expit(θ1 + θ2X3 + θ3Z + νY ) (covariate not related outcome)

Model 5: expit(θ1 + θ2X1 + θ3X2 + θ4Z + νY ) (covariates related outcome)

Model 6: expit(θ1 + θ2X1 + θ3X3 + θ4Z + νY ) (true model)

Model 7: expit(θ1 + θ2X2 + θ3X3 + θ4Z + νY ) (covariates without confounder)

Model 8: expit(θ1 + θ2X1 + θ3X2 + θ4X3 + θ5Z + νY ) (full model)

We included Y and Z in all eight models because they clearly play an essential

role in adjusting for the MNAR outcome. We solved the estimating equation (2.5)

for θ, ν with ξ̂ obtained in 1 using R package GMM (Chaussé, 2010).

3. The IPW estimator (2.6) to estimate the population mean with the extended

propensity score estimates obtained in 2.

Note that in Scenario 2-1 with sample size 5000, there was one dataset out of 10000 for

which the program for solving estimating equation (2.5) of the R package GMM did not

converge. This case was excluded from the evaluation of the results.

We also computed simple sample averages of the outcomes as a naive method.
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3.2.3 Simulation results

Here, we review the simulation results from the following three aspects:

1) Relationship between covariates included in the extended propensity score model

and bias in the population mean estimates of the outcome,

2) Existence of covariates that increase the SD of the population mean estimate when

included in the extended propensity score model,

3) Which of the extended propensity score models 1-8 is best in terms of the RMSE

of the population mean estimates

Figures 6, 7, and 8 show boxplots representing the results for scenarios A1, A2 and

A3, respectively. First, let us point out that simple sample averages are biased in all

cases.

Regarding the first aspect, let us confirm that when XPS is included in the covariates

of the extended propensity score models, the population mean estimates do not have bias.

Figures 6 and 8 show that when XPS is an empty set (scenarios A1 and A3), there is no

bias in the population mean estimates with all extended propensity score models (i.e.,

1-8). Also, the estimates of extended propensity score models 2, 5, 6, and 8 for scenario

A2 are unbiased. However, the estimates of extended propensity score models 1, 3, 4

and 7 for scenario A2 are clearly biased. For scenarios A2, XPS = {X1} and the models

with biased estimates do not include X1 as a covariate. This presence or absence of bias

corresponds to whether all covariates in XPS are included in the extended propensity

score models, or not. This can be confirmed numerically from Table 1.

Next, for the second aspect, we examine how including a covariate that is not related

to the outcome into the extended propensity score model can increase the SD of the

population mean estimates. In this simulation setting, X3 corresponds to this covariate,

that is, it is related to the missing mechanism, but not related to the outcome. Table

1 shows that for all scenarios and sample sizes, both SD and RMSE increased when X3

was additionally included. For all scenarios, the estimates of model 4 had larger SD and

RMSE than those of model 1 where model 4 includes one more explanatory variable (i.e.,

X3) than model 1 does. The same results are observed for the estimates of models 6, 7,

and 8 compared to those of models 2, 3, and 5, respectively, where models 6, 7, and 8

include one more explanatory variable (i.e., X3) than models 2, 3, and 5, respectively, do.

In scenario B3, the increase in both SD and RMSE owing to the addition of X3 stands
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Figure 6: Boxplots of the population mean estimates for scenario A1 (XIV = XPS = ∅)
with B1, B2, and B3 (vertically), and with sample sizes 5000 and 10000 (horizontally).
In each plot, the results by eight extended propensity models and simple sample average
are placed side by side.
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Figure 7: Boxplots of the population mean estimates for scenario A2 (XIV = XPS =
{X1}) with B1, B2, and B3 (vertically), and with sample sizes 5000 and 10000 (horizon-
tally). In each plot, the results by eight extended propensity models and simple sample
average are placed side by side.
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Figure 8: Boxplots of the population mean estimates for scenario A3 (XIV =
{X2}, XPS = ∅) with B1, B2, and B3 (vertically), and with sample sizes 5000 and
10000 (horizontally). In each plot, the results by eight extended propensity models and
simple sample average are placed side by side.
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Table 1: Bias, standard deviation (SD), and root-mean-squared error (RMSE) of the
population mean estimates for the simulation study using eight estimation models with
a combination of covariates and simple sample averages.

Model 1 2 3 4 5 6 7 8 Average

Scenarios A1 (XIV = XPS = ∅)
Scenario 1-1 (B1)
N = 5000 Bias −0.0160 −0.0168 −0.0163 −0.0174 −0.0173 −0.0185 −0.0180 −0.0191 0.2268

SD 0.1211 0.1268 0.1228 0.1276 0.1273 0.1320 0.1286 0.1329 0.0195
RMSE 0.1222 0.1279 0.1239 0.1288 0.1285 0.1333 0.1298 0.1342 0.2277

N = 10000 Bias −0.0076 −0.0075 −0.0077 −0.0077 −0.0077 −0.0073 −0.0079 −0.0074 0.2267
SD 0.0784 0.0803 0.0785 0.0804 0.0806 0.0830 0.0804 0.0829 0.0137
RMSE 0.0788 0.0807 0.0789 0.0808 0.0810 0.0833 0.0808 0.0833 0.2271

Scenario 1-2 (B2)
N = 5000 Bias −0.0202 −0.0210 −0.0205 −0.0208 −0.0215 −0.0212 −0.0215 −0.0215 0.2614

SD 0.1334 0.1354 0.1334 0.1364 0.1361 0.1396 0.1379 0.1411 0.0201
RMSE 0.1349 0.1370 0.1350 0.1380 0.1378 0.1412 0.1396 0.1427 0.2622

N = 10000 Bias −0.0108 −0.0109 −0.0109 −0.0114 −0.0111 −0.0111 −0.0115 −0.0114 0.2618
SD 0.0873 0.0893 0.0869 0.0902 0.0895 0.0926 0.0896 0.0934 0.0141
RMSE 0.0880 0.0900 0.0876 0.0909 0.0902 0.0932 0.0904 0.0940 0.2622

Scenario 1-3 (B3)
N = 5000 Bias −0.0138 −0.0149 −0.0140 −0.0157 −0.0156 −0.0158 −0.0168 −0.0170 0.2144

SD 0.1300 0.1324 0.1298 0.1478 0.1339 0.1495 0.1483 0.1515 0.0196
RMSE 0.1307 0.1332 0.1306 0.1486 0.1348 0.1503 0.1492 0.1524 0.2153

N = 10000 Bias −0.0101 −0.0109 −0.0102 −0.0124 −0.0110 −0.0121 −0.0126 −0.0122 0.2143
SD 0.0834 0.0863 0.0834 0.0958 0.0862 0.1002 0.0961 0.0996 0.0141
RMSE 0.0840 0.0870 0.0840 0.0966 0.0869 0.1009 0.0969 0.1003 0.2148

Scenarios A2 (XIV = XPS = {X1})
Scenario 2-1 (B1)
N = 5000 Bias −0.2293 −0.0001 −0.2306 −0.2338 0.0005 0.0050 −0.2351 0.0053 0.2275

SD 0.1151 0.2218 0.1174 0.1206 0.2238 0.2260 0.1224 0.2272 0.0198
RMSE 0.2566 0.2218 0.2588 0.2631 0.2238 0.2261 0.2651 0.2273 0.2284

N = 10000 Bias −0.2176 −0.0155 −0.2180 −0.2209 −0.0163 −0.0143 −0.2213 −0.0142 0.2277
SD 0.0802 0.1439 0.0803 0.0835 0.1438 0.1504 0.0833 0.1511 0.0140
RMSE 0.2319 0.1447 0.2323 0.2361 0.1447 0.1511 0.2365 0.1517 0.2281

Scenario 2-2 (B2)
N = 5000 Bias −0.2041 0.0129 −0.2043 −0.2078 0.0101 0.0229 −0.2083 0.0219 0.2795

SD 0.1193 0.2475 0.1204 0.1218 0.2418 0.2567 0.1242 0.2545 0.0199
RMSE 0.2364 0.2479 0.2371 0.2408 0.2420 0.2577 0.2426 0.2554 0.2802

N = 10000 Bias −0.1928 −0.0154 −0.1924 −0.1964 −0.0166 −0.0144 −0.1962 −0.0155 0.2792
SD 0.0835 0.1538 0.0839 0.0867 0.1543 0.1652 0.0872 0.1626 0.0145
RMSE 0.2102 0.1545 0.2099 0.2147 0.1551 0.1658 0.2147 0.1633 0.2796

Scenario 2-3 (B3)
N = 5000 Bias −0.2278 0.0033 −0.2287 −0.2427 0.0021 0.0329 −0.2436 0.0327 0.2163

SD 0.1169 0.2199 0.1174 0.1320 0.2189 0.2544 0.1329 0.2565 0.0197
RMSE 0.2561 0.2199 0.2570 0.2762 0.2189 0.2565 0.2775 0.2586 0.2172

N = 10000 Bias −0.2181 −0.0141 −0.2184 −0.2316 −0.0145 −0.0083 −0.2323 −0.0086 0.2164
SD 0.0808 0.1419 0.0809 0.0928 0.1434 0.1692 0.0938 0.1691 0.0136
RMSE 0.2326 0.1426 0.2329 0.2495 0.1442 0.1694 0.2505 0.1693 0.2169

Scenarios A3 (XIV = {X2}, XPS = ∅)
Scenario 3-1 (B1)
N = 5000 Bias −0.0149 −0.0170 −0.0109 −0.0156 −0.0101 −0.0171 −0.0086 −0.0071 0.2366

SD 0.1518 0.1559 0.1903 0.1556 0.1982 0.1589 0.2012 0.2074 0.0195
RMSE 0.1525 0.1568 0.1906 0.1564 0.1984 0.1598 0.2013 0.2075 0.2374

N = 10000 Bias −0.0074 −0.0095 −0.0129 −0.0077 −0.0133 −0.0094 −0.0141 −0.0135 0.2365
SD 0.1023 0.1047 0.1218 0.1048 0.1257 0.1066 0.1259 0.1307 0.0139
RMSE 0.1026 0.1051 0.1225 0.1051 0.1264 0.1070 0.1267 0.1314 0.2369

Scenario 3-2 (B2)
N = 5000 Bias −0.0089 −0.0208 −0.0024 −0.0087 −0.0014 −0.0207 0.0034 0.0050 0.2896

SD 0.1257 0.1263 0.2144 0.1271 0.2173 0.1281 0.2268 0.2326 0.0199
RMSE 0.1260 0.1280 0.2144 0.1274 0.2173 0.1298 0.2268 0.2326 0.2903

N = 10000 Bias −0.0024 −0.0144 −0.0186 −0.0022 −0.0180 −0.0141 −0.0188 −0.0176 0.2893
SD 0.0883 0.0896 0.1372 0.0904 0.1414 0.0916 0.1437 0.1487 0.0141
RMSE 0.0883 0.0907 0.1384 0.0904 0.1425 0.0927 0.1449 0.1497 0.2897

Scenario 3-3 (B3)
N = 5000 Bias −0.0134 −0.0157 −0.0065 −0.0151 −0.0058 −0.0164 0.0075 0.0132 0.2236

SD 0.1573 0.1600 0.2004 0.1709 0.2037 0.1781 0.2326 0.2391 0.0199
RMSE 0.1579 0.1608 0.2005 0.1716 0.2038 0.1788 0.2328 0.2395 0.2245

N = 10000 Bias −0.0081 −0.0108 −0.0130 −0.0107 −0.0141 −0.0123 −0.0152 −0.0140 0.2236
SD 0.1078 0.1102 0.1300 0.1212 0.1340 0.1243 0.1498 0.1556 0.0138
RMSE 0.1081 0.1107 0.1307 0.1217 0.1348 0.1249 0.1506 0.1562 0.2240
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out at about 10%, whereas the increase in other cases is only a small percentage. This

may be related to the fact that the association between X3 and the missing mechanism

in scenario B3 is stronger than in the other scenarios. In conclusion, it can be said that

if a covariate is not related to the outcome, it should not be included in the missing

model, even if it explains the missing mechanism well because it may increase the SD of

the estimates for the mean of the outcome.

Continuing with the second aspect, we also considered that there might be other types

of covariates whose inclusion in the extended propensity score model would increase the

SD of the mean estimate for the outcome. We found them to be the covariates in XIV .

For scenario A2, XIV = XPS = {X1}. The corresponding Figure 7 shows that models

2, 5, 6, and 8, which include X1 in the extended propensity score model, are unbiased,

but have large variations in their estimates. For scenario A3, XIV = {X2}, XPS = ∅.

The corresponding Figure 8 shows that the estimates by all models are unbiased, but

models 3, 5, 7, and 8, which include X2 in the extended propensity score model, clearly

have larger variations in their estimates than other models have. These results lead us

to think that the inclusion of a covariate from XIV into the extended propensity score

model may increase the SD of the estimates. If the variable is included in both XIV

and XPS , then it becomes a problem of a trade-off between bias and SD. However, if a

covariate is in XIV , but not in XPS , then we think that it should not be included in the

extended propensity score model.

Finally, we discuss the third aspect: which of the extended propensity score models

1-8 is the best in terms of RMSE of the population mean estimate. Table 1 shows that

among the 18 data generation patterns for the 9 scenarios, each with 2 sample sizes, 14

patterns had the smallest RMSE when only XPS was included in the extended propensity

score model. The four exceptions were scenarios 1-2 (N = 10000), 1-3 (N = 5000), 2-2

(N = 5000), and 2-3 (N = 5000). The difference between the model with the smallest

RMSE and the one including only XPS in the extended propensity score model was at

most about 5 % in these four patterns. The RMSE minimum models for these four

patterns included those with a bias in the estimates of the population mean. When the

comparison was made only with the RMSE minimum model with small bias, that is,

XPS was included, the difference from the case in which only XPS was included in the

extended propensity score was quite small, at most about 2 %.

Based on the above, we argue that including only XPS as covariates in the extended
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propensity score model is a good variable selection strategy. There are mainly two

reasons for this. The first is that including only XPS in the extended propensity score

model has theoretical validity in terms of consistency and asymptotic normality, as shown

in the proposition3.1. Second, in the simulation experiments, including only XPS in the

extended propensity score model was not biased, and in many cases, the RMSE values

were the best, and even when they were not, they were close to the best. Including only

XPS in the extended propensity score model is not necessarily the best strategy, but

it is the next best strategy available. Therefore, we argue that the variable selection

strategy of including only XPS as a covariate in the extended propensity score model is

a good available method to estimate the population mean of the outcome at or near the

minimum RMSE without bias.

3.3 Conclusion of Chapter 3

3.3.1 Summary

In this paper, we discussed which variables should be included in the extended propensity

score model to obtain an unbiased estimate with small RMSE values for the population

mean using the method of Sun et al. (2018) that adjusts for the MNAR outcome. First,

we defined the minimal sets of covariates, XIV and XPS , and showed that including the

variables from XPS only as covariates in the extended propensity score model yields the

asymptotically normal estimation for the population mean. This holds even if XPS are

not equal to XIV , that is, the covariates to be included in the IV mean model; this is the

difference in methodology from Sun et al. (2018), who treat covariates in the IV mean

model and the extended propensity score model as the same X.

Through simulation experiments, we confirmed the following three points: 1) in-

cluding XPS in the extended propensity score model provides unbiased estimates for the

population mean; 2) if a covariate is not related to the outcome or is included in XIV , but

not in XPS , then the covariate should not be included in the extended propensity score

model because including it in the model increases the standard error without decreasing

the bias; and 3) including only XPS in the extended propensity score as covariates is

a good covariate selection strategy because it allows estimating the population mean

of the outcome with the best or almost the best RMSE. Further, when XIV and XPS

are different, our covariate selection strategy can avoid the loss of estimation precision,

whereas this is not possible with Sun et al. (2018)’s study, which uses the same X in
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the IV mean model and the extended propensity score model. In addition, we were able

to reduce the difficulty experienced when modeling the extended propensity score that

includes variables with missing data by providing a strategy for covariate selection.

3.3.2 Discussion on the IVs

Let us now discuss the IVs. Using multiple IVs may reduce the variance in the estimates.

For example, when a variable is associated only with the missing mechanism, it reduces

estimation precision if it is included in the extended propensity score model, but it

may improve estimation precision if it is used as an additional IV, as it satisfies the

condition for the IV. However, IVs need to be carefully judged for their eligibility, as it

cannot be determined from the data whether the exclusion restriction is satisfied or not

(Heckman, 1997). In particular, bias might occur even if one ineligible variable is used

as the IV. Thus, whether a variable is included in the model as an IV, or not, should be

carefully considered. Note that identifying XPS is as difficult as determining whether

the exclusion constraint holds.

We argue that a useful solution to the problems in finding an appropriate IV and to

identify XPS is to obtain a variable Z satisfying Y ⊥⊥Z by means of a trial design and

use it as an IV, as proposed by Sajons (2020) and Section 7 of Yoneyama & Minami

(2023). This is because it not only gives us a highly accurate IV, but also eliminates the

need for the mean model of the IV (2.3) and the identification of XPS , as XIV and XPS

are empty from Y ⊥⊥Z. Therefore, as long as the necessary assumptions are met, only

the IV and the outcome need to be included in the extended propensity score model to

obtain a consistent and asymptotically normal estimator for the population mean of the

outcome. It should also be noted that the fact that XIV is empty avoids the phenomenon

that the inclusion of XIV in the extended propensity score model reduces the precision

of the population mean estimate of the outcome. However, when conducting an analysis

using existing data, it is not possible to obtain an IV that is guaranteed to satisfy the

conditions. In such cases, we need to carefully examine the properties and relationships

among variables to obtain IVs and identify XPS to reduce bias and improve estimation

precision.

3.3.3 Limitation of this study and future work

Finally, we discuss a limitation of the study and the resulting scope for future work. As

seen in Figures 6-8 and Table 1, the method using the extended propensity score results
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in no bias, but causes a larger SD than the method using simple sample averages does.

Population mean estimates of outcomes using sample means have bias and can lead to

erroneous judgments; however, adjustments using the extended propensity score, which

includes XPS as a covariate, has no bias and does not cause such erroneous judgments,

even if the variance is large. However, the method using the extended propensity score

has low power owing to its large variance. Therefore, in future, we would like to consider

an estimation method of the population mean of the outcome that has smaller variance

without bias; we would also like to include a theoretical discussion on why including

covariates related only to the missing mechanism and XIV covariates in the extended

propensity score model reduces the precision of the estimation.



Chapter 4 Treatment effects estimation with

MNAR data

Up to Chapter 3, we were interested in the estimation of the population mean when there

are missing data in the outcome. In practice, on the other hand, we are often interested

in estimating other than the population mean. One of the major interests, other than

the population mean, is the estimation of the treatment effects, which is the difference

of the outcomes with and without the treatment. In observational studies, where the

investigator cannot experimentally assign, estimating the mean by assignment group and

taking the difference does not necessarily indicate a difference due to assignment. This

is because there are confounders that affect both the assignment and the outcome.

Let us consider an example, suppose we are interested in whether a regular exercise

routine has a positive effect on cognitive ability in the elderly, and questionnaires and

tests to measure cognitive ability have been administered to randomly selected elderly

people. Suppose we do not intervene in the exercise routine, but ask about it in the

questionnaires. In this case, even if we compare cognitive performance between people

with and without regular exercise routine, we cannot say that this difference is an effect

of regular exercise routine. This is because preference for regular exercise routine is

also associated with other covariates that affect cognitive ability, such as obesity and

hypertension (Barnes & Yaffe, 2011). Therefore, it is natural to assume that confounding

occurs, and a simple comparison would also include the effects of covariates other than

regular exercise routine. At the same time, cognitive testing in the older aged people

may result in missing data about cognitive function because they may drop out during

testing due to fatigue. In this chapter, we consider how to simultaneously adjust for

the confounder and the missing data in response to make appropriate inferences in cases

such as the above.

For confounder adjustment, an orthodox procedure is to specify a model that ex-

presses outcomes in terms of treatments and covariates, find the estimates for all pa-

rameters, and express the treatment effects with the estimates. However, in many cases,

identifying the exact relationship between the variables is not an easy task. To overcome

30



31

this difficulty, the propensity score for the assignment was introduced by Rosenbaum &

Rubin (1983), and methods for estimating treatment effects without specifying an out-

come model have been proposed, including matching (Rosenbaum & Rubin, 1985), sub-

classification (Rosenbaum & Rubin, 1984) and weighting (Horvitz & Thompson, 1952;

Rosenbaum, 1987; Hirano et al., 2003). The propensity score for the assignment is the

probability of receiving an assignment when conditioning on covariates. As for assign-

ment, the methods using the propensity score still have the advantage of avoiding direct

modeling of the outcome and of being resistant to misidentification of the propensity

score model.

Here, we consider the estimation of the treatment effects when the outcome has

MNAR data. However, the MNAR adjustment methods described in the previous chap-

ters were to estimate the population mean, and cannot be used directly to estimate

treatment effects in data with MNAR. Li & Zhou (2017) extended the method of the

Miao & Tchetgen Tchetgen (2016)’s shadow variable to causal inference and proposed a

method to estimate the mediation effect and the average treatment effect when the out-

come is MNAR. However, their method requires the identification of the mean structure

of the outcome.

Yoneyama & Minami (2023) proposed a method to estimate treatment effects with-

out specifying the model of the outcome using IVs when the outcome is MNAR. The

proposing method is an extension of Sun et al. (2018) for causal inferences. We intro-

duce the concept of potential missingness in the situation of MNAR and an extended

dual propensity score, which is the conditional probability that the assignment is a given

status, and that the potential outcome is observed given the values of covariates, the po-

tential outcome for the given status, and IVs. Then, we propose estimators defined with

the extended dual propensity score for the average treatment effect (ATE), the average

treatment effect on the treated (ATT), and the average treatment effect on the untreated

(ATU). We show that these estimators are consistent and asymptotically normal under

regularity conditions.

The remainder of this chapter is presented as follows. We begin by outlining the ba-

sic ideas and methods of causal inference in Section 4.1. In Section 4.2, we describe the

notation and assumptions about the relationships between variables. In Section 4.3, we

introduce an extended dual propensity score. We propose an estimator of the extended

dual propensity score using the IV in Section 4.4.1. In Section 4.4.2, we propose inverse
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probability weighted (IPW) estimators for ATE, ATT, and ATU with estimators of ex-

tended dual propensity scores. We show that these IPW estimators are consistent and

asymptotically normal when the outcome is MNAR. In Section 4.5, we report the sim-

ulation experiments conducted to investigate the performance of the proposed method

and to compare it with other commonly used methods for the adjustment of missing

data. In Section 4.6, we further compare the proposed method with other methods for

adjusting for missing data using real data. In Section 4.7, we conclude with a discussion

and present an example of a data collection strategy to obtain the IV.

4.1 Basic method of causal inference

Here we first outline the basic method of causal inference, especially that based on Rubin

causal model (Holland, 1986).

4.1.1 Rubin causal model

Let W be the assignment indicator, where W is binary such that W = 1 if the individual

is treated and W = 0 otherwise. Rubin causal model assumes that for each individual

there is a potential outcome for either receiving or not receiving the treatment, but

that only one case is actually observed and the other is missing due to assignment.

Let Y 1 be the potential outcome if the treatment is received and Y 0 be the potential

outcome if the treatment is not received. Then, the outcome Y can then be expressed

as Y = WY 1 + (1−W )Y 0. The following three types of treatment effects are:

Definition 4.1. The average treatment effect (ATE) ϕATE, the average treatment effect

on the treated (ATT) ϕATT , and the average treatment effect on the untreated (ATU)

ϕATU are defined respectively as:

ϕATE = E[Y 1 − Y 0], ϕATT = E[Y 1 − Y 0|W = 1], and ϕATU = E[Y 1 − Y 0|W = 0].

The ATE represents an average over the population for the difference that occurred

with and without the treatment. The ATT and ATU represent averages over the sub-

populations of treated and untreated people for the difference, respectively. The ATT is

an important measure of whether an intervention is effective for the recipients of the in-

tervention. The ATU is an indicator of the effect of an intervention on people who would

not normally receive such an intervention and plays an important role when considering

whether to implement a more aggressive intervention.
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4.1.2 Estimation of treatment effects

In estimating these treatment effects, the following formula is often assumed to hold

(e.g. Rosenbaum & Rubin, 1983; Hirano et al., 2003):

(
Y 1, Y 0

)
⊥⊥W |X, (4.1)

where X is a vector of covariates. This assumption is called unconfoundedness and

indicates that there are no unobserved confounder. The Rubin causality model is based

on regarding assignment as a missing potential outcome. Since the assumption on the

potential outcome in unconfoundedness (4.1) is parallel to the expression of MAR (2.1)

when the outcome has MAR data, treatment effects can be estimated by using the

conditional assignment probability as in the case of MAR data for the outcome. Let

πW=1(x) be the propensity score for the assignment, i.e.,

πW=1(x) = Pr(W = 1|X = x).

Assume that 0 < πW=1(x) < 1 for all x ∈ Supp(X). Under appropriate regularity

conditions, the following IPW estimator Φ̂ATE for the ATE ϕATE is consistent (Hirano

et al., 2003),

Φ̂ATE =
1

N

N∑
i=1

WiYi
π̂W=1(Xi)

− 1

N

N∑
i=1

(1−Wi)Yi
1− π̂W=1(Xi)

,

where π̂W=1(x) is the consistent estimator of the propensity score for assignment. The

first and second terms on the right-hand side correspond to the estimators of E[Y 1]

and E[Y 0], respectively. Similarly, Hirano et al. (2003) showed that weighted estimators

can be constructed for ATT and ATU estimation, and these are consistent under the

regularity conditions. Hirano et al. (2003) defined Φ̂ATT , the estimator for the ATT

ϕATT and Φ̂ATU , the estimator for the ATU ϕATU as follows:

Φ̂ATT =

∑N
i=1WiYi∑N

i=1 π̂W=1(Xi)
−

∑N
i=1

π̂W=1(Xi)(1−Wi)Yi

1− π̂W=1(Xi)∑N
i=1 π̂W=1(Xi)

,

Φ̂ATU =

∑N
i=1

(1− π̂W=1(Xi))WiYi

π̂W=1(Xi)∑N
i=1 (1− π̂W=1(Xi))

−
∑N

i=1(1−Wi)Yi∑N
i=1(1− π̂W=1(Xi))

.
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4.2 Problem setting for estimating treatment effects with MNAR data

From here, we consider estimating treatment effects when an outcome is missing not at

random (MNAR), but all other variables are observed. Let Y be the outcome, X be a

vector of covariates, and R be the missing indicator for Y , where R is binary such that

R = 1 if Y is observed and R = 0 otherwise. Let W be the assignment indicator, where

W is binary such that W = 1 if the individual is treated and W = 0 otherwise.

To formulate the effect of the treatment, we introduce the potential outcomes Y 1 and

Y 0 where Y w represents the potential outcome under the assignment status w ∈ {1, 0}.
The outcome Y can be expressed as

Y = WY 1 + (1−W )Y 0.

Further, taking into account missing of the outcome, we define Y ∗ as the actual observed

outcome,

Y ∗ =


Y 1 if W = 1 and R = 1

Y 0 if W = 0 and R = 1

missing if R = 0.

(4.2)

The table below summarizes the observed status of the potential outcomes according to

the assignment and missing indicator.

Table 2: Observed status of potential outcome
W = 1 W = 0

R = 1 R = 0 R = 1 R = 0

Y 1: Potential outcome if treated observed missing missing missing
Y 0: Potential outcome if not treated missing missing observed missing

We consider estimating the ATE ϕATE , the ATT ϕATT , and the ATU ϕATU defined in

Definition 4.1. In the following discussion, we further introduce the potential variables

for the missing indicator R. Let R1 be the potential missing indicator when treated

and let R0 be the potential missing indicator when not treated. We can represent the

relationship of R,R1 and R0 as follows:

R = WR1 + (1−W )R0. (4.3)
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Note that Zhao & Ding (2022) also introduced the concept of potential missing; however,

they discussed missing covariates, whereas we examine them for the outcome, which is

a different setting.

The MNAR can be interpreted as the occurrence of the potential missingness in

a counterfactual world depending on the potential outcome, conditioning the observed

variables, and the assignment determines which counterfactual world will be observed

(Y w ⊥/⊥Rw|X,W ).

To find consistent estimators for treatment effects under MNAR outcomes, we adopt

an IV instead of specifying the model for the outcome. We define Z as a p-dimensional

(p ≥ 1) random vector of IVs that satisfies the following Assumptions 4.1 and 4.2. Note

that this IV is used to adjust for MNAR in the outcome, and its assumptions are different

from the customary one aimed at adjusting for unobserved confounding.

Assumption 4.1 (exclusion restriction (Yoneyama & Minami, 2023)).

(
Y 1, Y 0

)
⊥⊥Z|X

Assumption 4.2 (IV relevance (Yoneyama & Minami, 2023)). Let us denote Z−k =

(Z1 . . . Zk−1 Zk+1 . . . Zp)
T (k ∈ {1, . . . , p} and z−k likewise). Then, for all x, z−k, zk,

and z′k (zk ̸= z′k),

Pr(Rw = 1|X = x, Z−k = z−k, Zk = zk) ̸= Pr(Rw = 1|X = x, Z−k = z−k, Zk = z′k)

holds for all k ∈ {1, . . . , p} and w ∈ {1, 0}.

Assumption 4.1 (exclusion restriction) means that the IVs and the potential outcomes

are conditionally independent given X, i.e., the IVs do not have a direct effect on the

potential outcomes, and indirect effects exist only through covariates X. Assumption

4.2 states that each element of the IVs remains relevant to the missing mechanism when

other elements of IV and X are fixed. Including the IV, MNAR can be represented as

follows:

Y w ⊥/⊥Rw|X,Z,W (4.4)

In addition, we make the following assumptions on assignments and missing data.
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Assumption 4.3 (unconfoundedness (Yoneyama & Minami, 2023)).

(Y 1, Y 0)⊥⊥W |X,Z

Assumption 4.4. The following conditional independence holds for any of the assign-

ments w ∈ {1, 0}.
Rw ⊥⊥W |X,Y w, Z

Assumption 4.3 is the common assumption in causal inference, which means that all

variables that affect both the outcome and the assignment are included in the covariates

or IVs. Assumption 4.4 states that in each counterfactual world, whether the potential

outcome is observed or not, and the assignment are conditionally independent given

covariates, a potential outcome, and IVs. From MNAR (4.4) and Assumption 4.1 – 4.4,

the relationship between the variables can be expressed as a single world intervention

graph (c.f. Richardson (2013)) shown in Figure 9.

Figure 9: Single world intervention graph illustrating the relationship of variables.

We assume that N observation vectors Oi = (Y ∗
i , Xi,Wi, Ri, Zi) (i = 1, . . . , N) are

independent and identically distributed under the above assumptions.

4.3 Extended dual propensity score

In this section, we propose an extended dual propensity score to adjust for confounders

and missing data simultaneously. We also show that the average treatment effect can

be estimated consistently when we can obtain the consistent estimator of this extended

dual propensity score.
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We consider estimating the treatment effects with MNAR outcome. We first define

an extended dual propensity score as follows:

Definition 4.2 (extended dual propensity score). For assignment w ∈ {1, 0}, let us de-
fine an extended dual propensity score πW=w,Rw=1(x, y

w, z) as the conditional probability

that the assignment is w and the outcome is observed (i.e., Rw = 1) given the values of

covariates, the potential outcome for assignment w and IVs, that is,

πW=w,Rw=1(x, y
w, z) = Pr(W = w,Rw = 1|X = x, Y w = yw, Z = z).

When a consistent estimator is obtained for this extended dual propensity score,

the average treatment effect can be estimated consistently using the inverse probabil-

ity weighting approach, as follows. The specific method of obtaining this consistent

estimator will be discussed later.

Proposition 4.1. Assume that we have consistent estimators π̂W=1,R1=1(x, y
1, z) and

π̂W=0,R0=1(x, y
0, z) for the extended dual propensity scores for assignments 1 and 0,

respectively. Then, the inverse probability weighted (IPW) estimator φ̂ATE defined by

φ̂ATE =
1

N

N∑
i=1

A1
iY

∗
i − 1

N

N∑
i=1

A0
iY

∗
i (4.5)

is a consistent estimator for ϕATE = E[Y 1 − Y 0] under conditions 1) and 3) of Lemma

A.1 in Appendix A, where

Aw
i =

1{Wi=w}Ri

π̂W=w,Rw=1(Xi, Y ∗
i , Zi)

,

and 1{W=w} is an indicator function,

1{W=w} =

 1 if W = w

0 if W ̸= w.
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Proof: First, we have

1

N

N∑
i=1

1{Wi=w}RiY
∗
i

πW=w,Rw=1(Xi, Y ∗
i , Zi)

p−→ E
[

1{W=w}RY ∗

πW=w,Rw=1(X,Y ∗, Z)

]
(by the law of large numbers)

= E
[

1{W=w}R
wY w

πW=w,Rw=1(X,Y w, Z)

]
(by (4.2) and (4.3))

= E

[
Y wE

[
1{W=w}R

w|X,Y w, Z
]

πW=w,Rw=1(X,Y w, Z)

]
(by the law of iterated expectations)

= E[Y w], (since E[1{W=w}R
w|X,Y w, Z] = πW=w,Rw=1(X,Y w, Z)).

Suppose πW=w,Rw=1(X,Y w, Z) can be represented as πW=w,Rw=1(X,Y w, Z; θw) with

a parameter vector θw (w ∈ {1, 0}), and π̂W=w,Rw=1(X,Y w, Z) can be represented as

πW=w,Rw=1(X,Y w, Z; θ̂w) with an estimator θ̂ for θw. Assume conditions 1) and 3) of

Lemma A.1 hold, that is,

sup
θ∈N

∥∥∥∥∥ 1

N

N∑
i=1

1{Wi=w}R
w
i Y

∗
i

πW=w,Rw=1(X,Y w, Z; θw)
− E

[
1{W=w}R

wY ∗

πW=w,Rw=1(X,Y w, Z; θw)

]∥∥∥∥∥ p−→ 0,

where N is an open neighborhood of the tule value θ0 of θ, and E
[

1{W=w}R
wY ∗

πW=w,Rw=1(X,Y w,Z;θw)

]
is continuous at θw0 . By Lemma A.1, if the estimator of the extended dual propensity

score is consistent, i.e., θ̂w
p−→ θw0 , then,

1

N

N∑
i=1

1{Wi=w}RiY
∗
i

π̂W=w,Rw=1(Xi, Y ∗
i , Zi)

=
1

N

N∑
i=1

Aw
i Y

∗
i

p−→ E[Y w]. (4.6)

Therfore,

φ̂ATE =
1

N

N∑
i=1

A1
iY

∗
i − 1

N

N∑
i=1

A0
iY

∗
i

p−→ E[Y 1]− E[Y 0] = ϕATE .

Hence, φ̂ATE is a consistent estimator for the ATE. □

The first term on the right-hand side of (4.5) is an estimator of E[Y 1], and the second

term is an estimator of E[Y 0]. Note that this proposition does not require Assumptions
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1 – 4.

One might wonder whether a consistent estimator for the extended dual propensity

score can be obtained even when Y ∗ has MNAR missing; however, it is possible. We

propose a method to obtain them by using IVs.

4.4 Estimation of the extended dual propensity score and treatment

effects

The extended dual propensity score includes the outcome, which is MNAR; hence, it

cannot be estimated properly by naive regression methods. In response to this, we

propose a consistent estimator for the extended dual propensity score using the IVs in

Section 4.4.1.

In Section 4.4.2, we show that the IPW estimator for the ATE using the extended

dual propensity score estimates by the method in Section 4.4.1 is not only consistent

but also asymptotically normal. We also propose estimators for the ATT and the ATU

that are consistent and asymptotically normal.

4.4.1 Modeling and estimation of extended dual propensity score

To express the extended dual propensity score in a simple form, we define a propensity

score for the assignment and an extended propensity score for missingness.

Definition 4.3 (propensity score for assignment). We define a propensity score πW=w(x, z)

for assignment w ∈ {1, 0} as a conditional probability that the assignment is w given co-

variates x and IVs z, that is,

πW=w(x, z) = Pr(W = w|X = x, Z = z).

Note here that πW=0(x, z) = 1 − πW=1(x, z), but we employ the above notation for

simplicity.

Intuitively, we can assume that missing proportions of outcome and relationship

between missingness and covariates are different between the treatment and control

groups. Thus, we define an extended propensity score for missingness for each assignment

as follows:

Definition 4.4 (extended propensity score for missingness). We define an extended

propensity score πRw=1(x, y
w, z) for missingness for assignment w ∈ {1, 0} as the condi-

tional probability that the outcome is observed in a counterfactual world with assignment
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w given covariate x, potential outcome yw, and IVs z,

πRw=1(x, y
w, z) = Pr(Rw = 1|X = x, Y w = yw, Z = z).

Under Assumptions 4.3 and 4.4, the extended dual propensity score can be expressed

as the product of the propensity score for assignment and the extended propensity score

for missingness as follows.

πW=w,Rw=1(X,Y w, Z) = Pr(W = w,Rw = 1|X,Y w, Z)

= Pr(W = w|X,Y w, Z)Pr(Rw = 1|X,Y w, Z)

= Pr(W = w|X,Z)Pr(Rw = 1|X,Y w, Z)

= πW=w(X,Z)πRw=1(X,Y w, Z)

This expression implies that we can consistently estimate the extended dual propensity

score if we have consistent estimators for the propensity score for assignment and the

extended propensity score for missingness.

Let γ be the parameter vector in a model for the propensity score for assign-

ment w = 1 and denote the propensity score for assignment w = 1 as πW=1(X,Z; γ).

The propensity score for assignment w = 0 is then expressed as πW=0(X,Z; γ) = 1−
πW=1(X,Z; γ). Here, we assume that a consistent m-estimator (for example, Newey &

McFadden (1994); van der Vaart (1998); Tsiatis (2006)) γ̂ such as the maximum likeli-

hood estimator is available for γ. This is a reasonable assumption because we assume

MNAR for only the outcome and no missing data in variables related to the assignment

W , covariates X, and IVs Z.

For the extended propensity score for missingness, we assume, for ease of discussion,

the following logistic regression model with parameter vectors θw and νw:

πRw=1(X,Y w, Z; θw, νw) = Pr(Rw = 1|X,Y w, Z)

=
1

1 + exp
{
−θwThw(X,Z)− νwT gw(X,Y w)

} (4.7)

where hw(X,Z) is the vector of functions of X and Z, and gw(X,Y w) is that of X,Y w.

To uniquely decompose the linear predictor into hw and gw, we assume that gw(X,Y w)

consists only of elements associated with Y w. Note that in the linear predictor of the
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logistic regression model (4.7), no term depends on both the IV and the outcome, and

this model is identifiable. Proof of this identifiablity is given in the Appendix B.2.

Next, we consider the estimation method of parameters θw and νw in model (4.7)

for the extended propensity score. For the estimation of θw, we focus on the fact that

the following equation holds:

E
[

1{W=w}R

πW=w(X,Z; γ0)πRw=1(X,Y w, Z; θw0 , ν
w
0 )

− 1
∣∣∣X,Y w, Z

]

=
E[1{W=w} | X,Y w, Z]E[Rw | X,Y w, Z]

πW=w(X,Z; γ0)πRw=1(X,Y w, Z; θw0 , ν
w
0 )

− 1

=
πW=w(X,Z; γ0)πRw=1(X,Y w, Z; θw0 , ν

w
0 )

πW=w(X,Z; γ0)πRw=1(X,Y w, Z; θw0 , ν
w
0 )

− 1

= 0, (4.8)

where γ0, θ
w
0 and νw0 are true values of γ, θw and νw, respectively. The first equality

holds by Assumption 4.4 and the second equality holds by Assumption 4.3. Using the

equation (4.8), we construct the following estimating equation Uw
1 :

Uw
1 (O; γ, θw, νw) =

{
1{W=w}R

πW=w(X,Z; γ)πRw=1(X,Y ∗, Z; θw, νw)
− 1

}
h̃(X,Z) (4.9)

where h̃(X,Z) is a vector-valued function for X,Z with the same size as θw, for example

hw(X,Z). Note that we assume h̃(X,Z) is a function such that Uw
1 satisfies conditions

1) and 2) of the Lemma A.2 and 2) – 4) of Lemma A.3 in the one-dimensional IV case,

or conditions 1), 3) and 4) of the Lemma A.4 and 2) – 6) of Lemma A.5 in the case of

multidimensional IVs. Because 1{W=w}R is 0 when Y ∗ is missing, Uw
1 (O; γ, θw, νw) can

always be evaluated using the observed values. The proof of E[Uw
1 (O; γ0, θ

w
0 , ν

w
0 )] = 0 is

given in appendix B.3.

For the estimation of νw, the same procedure as that of θw cannot be adopted because

even if (1{W=w}R/{πW=w(X,Z)πRw=1(X,Y w, Z)} − 1) is multiplied by the function of

Y w, calculating it from the observed values may not be possible due to the MNAR

missing in Y w. Here, we utilize the IV to estimate νw. The IVs are variables that

are conditionally independent of the potential outcomes given covariates and related

to the missing data, as explained in Assumptions 4.1 and 4.2. These assumptions are
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modifications of Sun et al. (2018)’s IV assumptions for causal inference. Unlike general

IVs (for example, Angrist & Krueger (1999)), these assumptions are not representative

of the orthogonality for IVs and unobserved confounding. We discuss in the following

how to estimate νw using the IV.

Let us consider the modeling of the expectation of Z given X with parameter ξ,

that is, Eξ[Z|X] = f(X; ξ), where f(x; ξ) is a function of the mean structure of Z given

X = x, parameterized by ξ. Because no data is assumed to be missing, in both X and

Z, we assume that we have an m-estimator ξ̂ for ξ. For example, if Z is a continuous

variable, the maximum likelihood estimator for a linear regression model explaining Z

by X is applicable. Because the IVs Z and the potential outcome Y w are conditionally

independent of the covariates X by the exclusion restriction (Assumption 4.1), it holds

for the true value ξ0 of ξ that

E
[
(Z − f(X; ξ0))⊗ g̃(X,Y w)

]
= E

[
E
[
(Z − f(X; ξ0))⊗ g̃(X,Y w)

∣∣∣X]]
= E

[
E
[
Z − f(X; ξ0)

∣∣∣X]⊗ E
[
g̃(X,Y w)

∣∣∣X]]
= E

[(
E[Z|X]− f(X; ξ0)

)
⊗ E

[
g̃(X,Y w)

∣∣∣X]]
= E

[(
f(X; ξ0)− f(X; ξ0)

)
⊗ E

[
g̃(X,Y w)

∣∣∣X]]
= 0, (4.10)

where ⊗ is the Kronecker product and g̃(X,Y w) is a vector-valued function for X,Y w

of the same dimension as νw. Here, using this orthogonality, we consider the following

estimating function Uw
2 (O; ξ, γ, θw, νw),

Uw
2 (O; ξ, γ, θw, νw)

=
1{W=w}R

πW=w(X,Z; γ)πRw=1(X,Y ∗, Z; θw, νw)
(Z − f(X; ξ))⊗ g̃(X,Y ∗). (4.11)

This Uw
2 can be calculated regardless of the missing Y w, since the formula is multiplied

by 1{W=w}R. Note that we also assume g̃(X,Y w) is a function such that Uw
2 satisfies
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conditions 1) and 2) of the Lemma A.2 and 2) – 4) of Lemma A.3 in the one-dimensional

IV case, or conditions 1), 3) and 4) of the Lemma A.4 and 2) – 6) of Lemma A.5 in the

multidimensional IVs case.

The proof of E[Uw
2 (O; ξ0, γ0, θ

w
0 , ν

w
0 )] = 0 is given in supplemental appendix B.3. Note

that the size of Uw
2 is the product of the number of IVs and the size of the parameter

vector νw. In the case of multidimensional IVs, the dimension of equation (4.11) is higher

than the parameter νw, but this is not a problem. We describe the specific estimation

method later.

We let

Uw(O; ξ, γ, θw, νw) =

(
Uw
1 (O; γ, θw, νw)

Uw
2 (O; ξ, γ, θw, νw)

)
. (4.12)

For the one-dimensional IV case, the size of Uw(O; ξ, γ, θw, νw) is equal to the number

of elements in the parameter vectors θw and νw. Thus, we define the solutions θ̂w and

ν̂w for θw and νw of the estimating equations under given m-estimators ξ̂ and γ̂ for ξ

and γ:

1

N

N∑
i=1

Uw(Oi; θ
w, νw|ξ = ξ̂, γ = γ̂) = 0 (4.13)

as our estimators for θw and νw, respectively. These θ̂w and ν̂w are m-estimators, they

are consistent under the conditions of Lemma A.2 and A.3.

In the case of the multidimensional IVs, the size of the moment condition (4.12) is

larger than that of parameters in Uw(O; θw, νw|ξ = ξ̂, γ = γ̂). For such a case, we can

employ the generalized method of moments (GMM, Newey & McFadden (1994)) to find

consistent estimators for θw and νw under the conditions of Lemma A.4 and A.5.

We can obtain consistent estimators of the extended dual propensity score for as-

signment w ∈ {1, 0} by plugging the estimators obtained above into the parameters as

follows.

π̂W=w,Rw=1(X,Y w, Z) = πW=w,Rw=1(X,Y w, Z; γ̂, θ̂w, ν̂w)

= πW=w(X,Z; γ̂)πRw=1(X,Y w, Z; θ̂w, ν̂w).
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4.4.2 Estimation of treatment effects

We now consider the IPW estimator ϕ̂ATE for the ATE with specific extended dual

propensity score estimates in Section 4.4.1, that is,

ϕ̂ATE =
1

N

N∑
i=1

Ā1
iY

∗
i − 1

N

N∑
i=1

Ā0
iY

∗
i (4.14)

where Āw
i is

Āw
i =

1{Wi=w}Ri

πW=w(Xi, Zi; γ̂)πRw=1(Xi, Y ∗
i , Zi; θ̂w, ν̂w)

, (4.15)

γ̂ is an m-estimator of γ, the parameter of the propensity score for assignment such as

logistic regression coefficients, and θ̂1, θ̂0, ν̂1 and ν̂0 are consistent estimators of θ1, θ0, ν1

and ν0 discussed in Section 4.4.1.

Note that
∑N

i=1 Ā
w
i = N when the linear predictor of the missing model contains a

constant term since

1

N

N∑
i=1

{
Āw

i − 1
}
× 1 = 0

holds as part of the estimating equation (4.13). Although it is often preferable to divide

by the sum of the weights rather than N when using the IPW estimator (c.f. Hernán &

Robins (2020)), dividing by N and by the sum of the weights are usually equal in our

setting.

We also propose the following IPW estimators for the ATT ϕATT = E[Y 1−Y 0|W = 1]

and the ATU ϕATU = E[Y 1 − Y 0|W = 0]:

ϕ̂ATT =

∑N
i=1 πW=1(Xi, Zi; γ̂)Ā

1
iY

∗
i∑N

i=1 πW=1(Xi, Zi; γ̂)
−
∑N

i=1 πW=1(Xi, Zi; γ̂)Ā
0
iY

∗
i∑N

i=1 πW=1(Xi, Zi; γ̂)
, (4.16)

ϕ̂ATU =

∑N
i=1 πW=0(Xi, Zi; γ̂)Ā

1
iY

∗
i∑N

i=1 πW=0(Xi, Zi; γ̂)
−
∑N

i=1 πW=0(Xi, Zi; γ̂)Ā
0
iY

∗
i∑N

i=1 πW=0(Xi, Zi; γ̂)
. (4.17)

For ϕ̂ATT , each term on the right-hand side of (4.16) is an estimator of E[Y 1|W = 1]

and E[Y 0|W = 1], respectively. These are extensions of Hirano et al. (2003)’s estimators

for E[Y 1|W = 1] and E[Y 0|W = 1] discussed in Section 4.1.2, to the cases with MNAR

outcome.

For these proposed IPW estimators for ATE ϕ̂ATE , ATT ϕ̂ATT and ATU ϕ̂ATU , the

following theorem holds.
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Theorem 4.1 (consistency and asymptotic normality (Yoneyama & Minami, 2023)).

Suppose that Assumptions 1 – 4 hold. Assume conditions of Lemma A.2 and Lemma

A.3 hold when the IV is one-dimensional, or conditions of Lemma A.4 and Lemma

A.5 hold when the IVs are multidimensional. Then, the IPW estimators for treatment

effects ϕ̂ATE, ϕ̂ATT , and ϕ̂ATU given by (4.15), (4.16) and (4.17) are consistent and

asymptotically normal.

Proof and asymptotic variances are given in the supplemental appendix B.4.

We also provide the sandwich variance estimator for the asymptotic variance of ϕ̂ATE ,

ϕ̂ATT , and ϕ̂ATU in the appendix B.4. Another method to evaluate the variability of an

estimator is to use the bootstrap method (Efron & Tibshirani, 1994). The bootstrap

method has the advantage of not requiring the theoretical computation of the sandwich

variance estimator. In the simulation study described in the next section, variances of

estimates were calculated using both the asymptotic variance and bootstrap methods.

4.5 Simulation studies

In this section, we report the simulation studies conducted to evaluate the performance

of the IPW estimator using the extended dual propensity score for the average treatment

effect. In this experiment, we focused on the following points.

(i) Whether the bias of the estimates is sufficiently small, particularly when the sample

size is large.

(ii) Whether the variability of the proposed estimators for the average treatment effect

can be appropriately evaluated by the sandwich variance estimates ϕ̂ATE given by

formula (B.5) in the supplemental appendix B.4.

(iii) Whether the bootstrap estimates for the variance can be used to assess the vari-

ability of the estimates.

(iv) How the strength of the association between the IV and the missing variable makes

a difference in the estimates by the proposed method.

(v) Differences in performance between the proposed method and other commonly

used methods to adjust for missing data, specifically the listwise-deletion method

and the multiple imputation method.
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4.5.1 Data generation

Simulation was conducted in three scenarios, changing the influence of the IV on miss-

ing and increasing the variance of the covariates. For each scenario, we generated 1000

independent datasets with sample sizes N = 3000, 5000, and 10000, with different pa-

rameter values for the missing model. Each dataset consists of observation vectors

O = (Y ∗, X,W,R,Z), where the covariate vector is bivariate, X = (X1, X2), and the IV

Z is univariate.

The specific models were as follows,

(X1, X2)
T ∼ N

(
0, σ2

xI
)

Z|X ∼ N (0.7 + 0.3X1, 0.3)

W |X,Z ∼ Bernoulli
{
expit(γT (1, X1, X2, Z)T )

}
Y 1|X ∼ N (2.1 + 1.5X1 + 1.2X2, 0.2)

Y 0|X ∼ N (1.6 +X1 + 0.7X2, 0.2)

R1|X,Y 1, Z ∼ Bernoulli
{
expit(θ1

T
(1, X2, Z)T + ν1Y 1)

}
and

R0|X,Y 0, Z ∼ Bernoulli
{
expit(θ0

T
(1, X2, Z)T + ν0Y 0)

}
,

where expit(x) = (1 + exp(−x))−1 and θ1, ν1, θ0 and ν0 are parameters that took

different values depending on the scenario. These parameters were set as follows.

Scenario 1

σ2
x = 0.1, γ = (−0.7, 0.7, 0.6, 0.9)T

θ1 = (−1.6, 0, 1.4)T , ν1 = 0.6, θ0 = (1.3, 0, 1.1)T , ν0 = −1

Scenario 2

σ2
x = 0.1, γ = (−0.7, 0.7, 0.6, 0.9)T

θ1 = (−2.4, 0.8, 1.4)T , ν1 = 1, θ0 = (2,−0.6, 1.1)T , ν0 = −1.4

Scenario 3

σ2
x = 0.5, γ = (−0.4, 0.35, 0.3, 0.45)T

θ1 = (−0.9, 0.4, 0.7)T , ν1 = 0.5, θ0 = (1.2,−0.3, 0.55)T , ν0 = −0.7

The difference between scenarios 1 and 2 is the strength of the association between

the IV and the missing with the association being stronger in scenario 1 than in scenario
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2. In the linear predictors of the logistic regression models for missing, although the

coefficients of the IV Z are the same at 1.4 in both scenarios, the coefficients of X2 are

zero in scenario 1, while they are 0.8 and −0.6 for R1 and R0, respectively, in scenario

2. The absolute values of the coefficients of Y w are also larger in scenario 2. The

correlations of Z and the linear predictors of the logistic regression models for R1 and

R0 are 0.88 and 0.69 in scenario 1, and 0.69 and 0.51 in scenario 2. Thus, the relative

association between the IV Z and the missing is stronger in scenario 1 than in scenario

2.

In scenario 3, the variance of the covariates was changed from 0.1 to 0.5 based on

scenario 2. Simply setting the variance of the covariate to 0.5 makes it easier to obtain

the extended dual propensity scores close to 0. Therefore, the coefficients other than

the constant term of the (extended) propensity scores for assignment and missing were

halved, and the constant term was set so that the treatment and missing probabilities

were about the same as in scenario 2. The correlations of Z and linear predictors of the

logistic regression models for R1 and R0 are 0.56 and 0.18, respectively, in scenario 3.

In this setting, the missing mechanism of the outcome is MNAR and Assumptions 1

– 4 are satisfied. The true value of ATE ϕATE is 0.5. In scenarios 1 and 2, the probability

of treatment Pr(W = 1) is 0.484 and Pr(W = 1) is 0.480 in scenario 3. The probabilities

of the non-missing outcome P (R = 1) are 0.632 in scenario 1, 0.628 in scenario 2 and

0.627 in scenario 3.

4.5.2 Estimating methods for the ATE

For the generated datasets, we computed the proposed IPW estimates for MNAR miss-

ing ϕ̂ATE for the average treatment effect ϕATE . For comparison, we also computed

the estimates for ϕATE using the listwise deletion method and the multiple imputation

method.

We briefly describe the estimation procedure for the IPW estimates ϕ̂ATE . We

started by finding the estimate ξ̂ for ξ in the model of E[Z|X; ξ] by a simple linear

regression model of Z on X1, and the estimate γ̂ for γ in the model of πW=w(X,Z; γ)

using a logistic regression model of W on X and Z. Then, we estimated θw and νw in

the model of πRw=1(X,Y w, Z; θw, νw) by solving the estimating equations (4.13) with ξ̂

and γ̂ as given. Finally, ϕ̂ATE was computed using these estimates by (4.14). To solve

the estimating equations (4.13), we first used the Nelder–Mead method with zeros as

initial values for all the parameters, then switched to the Newton’s method because the
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Nelder–Mead method tends to have a broad convergence region and Newton’s method

has the property of quadratic convergence. For the Nelder–Mead method, we have used

the R package GMM (Chaussé, 2010). The Nelder–Mead iterations were repeated until

the relative convergence tolerance condition with r = 1.490 × 10−8 was satisfied, and

then, the Newton iterations were repeated until the squared norm of the estimating

function values ∥Uw∥2 became less than 10−24 and the sum of the squares of the changes

in the parameters θw and νw in one step was less than 10−8.

In the listwise-deletion method, all the observations of items with missing outcome Y ∗

were excluded from analysis and the ATE was estimated by the ordinary IPW method

using the dataset without the missing data by listwise-deletion. The listwise-deletion

method is often used because of its ease of procedure. The estimator by this method is

guaranteed to be unbiased only if the missing type is MCAR.

For the multiple imputation method, we used predictive mean matching (PMM,

(Rubin, 1986; Little, 1988)). We generated 100 complete datasets by imputing the

missing data using PMM and computed the ATE estimates using the ordinary IPW

method with the obtained complete datasets. The average of 100 estimates was then

used as the multiple imputation estimate. The PMM method requires modeling of the

outcome. We used linear regression models with covariates X1 and X2, which are the

correctly identified models. The size of the donor pool required for PMM was set to five.

The R package mice (van Buuren & Groothuis-Oudshoorn, 2011) was used to perform

these calculations for the multiple imputation estimation method. In the case of MAR

and missing data of less than 50%, multiple imputation with PMM is often used because

it is known to give good results in terms of bias and coverage rate through simulation

experiments (Marshall, Altman, Royston, & Holder, 2010).

Note that the Nelder–Mead sequences satisfied the given condition before the max-

imum iteration number in all datasets, but Newton’s sequences did not satisfy the ter-

mination condition in some datasets. For scenario 1, there were eight datasets where

the sequence did not converge when N = 3000 and one dataset did not converge when

N = 5000, but it converged in all the datasets with N = 10000. For scenario 2, there were

fifteen datasets where the sequence did not converge when N = 3000, four datasets when

N = 5000, and two datasets when N = 10000. For scenario 3, there were 83 datasets

where the sequence did not converge when N = 3000, 60 datasets when N = 5000,

and 15 datasets when N = 10000. The difference in convergence between the scenarios
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may be due to the strength of the association between the instrumental and missing

variables, and it can be inferred that the stronger the association, the more stable is the

convergence of the algorithm. A large variance in the covariates may also have made it

easier for the extended dual propensity scores to take a value close to zero, which may

lead to differences in convergence. Hereinafter, unless otherwise noted, the results of the

proposed IPW method using the extended dual propensity score do not include those of

the datasets in which Newton’s method did not converge.

4.5.3 Comparison of estimation results

Figure 10 shows boxplots of the ATE estimates for 1000 datasets with sample size 3000,

5000 and 10000 by the three methods; the extended dual propensity score (ext. dual

p.s.), multiple imputation (mi) and listwise-deletion (listwise) methods. Bias, standard

deviation (SD), and root mean squared error (RMSE) of the ATE estimates are reported

in Table 3. As the probability of not missing outcomes was approximately 60% in all

scenarios, the approximate numbers of observed outcomes are 1800 when N = 3000,

3000 when N = 5000, and 6000 when N = 10000, respectively. The probability of

the assignment Pr(W = 1) was approximately 0.5; thus, the effective sample size for

estimating the population average of each treatment group were approximately 900, 1500,

and 3000 for N = 3000, 5000, and 10000, respectively.

As shown in Figure 10 and Table 3, for each case, the proposed IPW estimator using

the extended dual propensity score had the smallest absolute bias. The multiple im-

putation estimator and the estimator with the listwise-deletion were apparently biased.

Conversely, the proposed IPW estimator had the largest standard deviation in all cases.

We can also see that there were outliers of estimates in N = 3000 in scenario 1 and

all sample size cases of scenario 2 and 3 in Figure 10. This is because the outcomes in

the tail of the distribution were heavily weighted. However, overall, the proposed IPW

estimator had the smallest RMSE in all cases.

When the results for the datasets for which Newton’s method did not converge were

included, the absolute biases were approximately from 5 to 15%, and the RMSE was

approximately 3% larger than those without these datasets in scenario 1 and 2. In

Scenario 3, conversely, there were many cases where the algorithm did not converge,

and the bias in the estimates was large in those cases, so the bias was at most three

times larger when the datasets of algorithm nonconvergence were considered. The RMSE

increased by approximately 18% for N = 3000 and N = 5000, and by 7% for N = 10000,
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Figure 10: Boxplots of the ATE estimates for the simulation study computed by three
methods: (i) proposed IPW estimator using extended dual propensity score (ext. dual
p.s.), (ii) multiple imputation (mi) and (iii) listwise-deletion (listwise). The horizontal
line represents the true value, E[Y 1 − Y 0] = 0.5. Whiskers extend to the most extreme
data points, less than twice the interquartile range from the box.



Section 4.5. Simulation studies 51

T
ab

le
3:

B
ia
s,

st
an

d
ar
d

d
ev
ia
ti
on

(S
D
)
an

d
ro
ot

m
ea
n

sq
u
ar
ed

er
ro
r
(R

M
S
E
)
o
f
th
e
A
T
E

es
ti
m
a
te
s
fo
r
th
e
si
m
u
la
ti
o
n

st
u
d
y
b
y
th
re
e
m
et
h
o
d
s:

(i
)
th
e
p
ro
p
os
ed

IP
W

es
ti
m
at
or

u
si
n
g
ex
te
n
d
ed

d
u
a
l
p
ro
p
en
si
ty

sc
o
re

(e
x
t.

d
u
a
l
p
.s
.)
,
(i
i)
m
u
lt
ip
le

im
p
u
ta
ti
on

(m
i)
an

d
(i
ii
)
li
st
w
is
e-
d
el
et
io
n
(l
is
tw

is
e)
.

ex
t.

d
u
al

p
.s
.

m
i

li
st
w
is
e

N
B
ia
s

S
D

R
M
S
E

B
ia
s

S
D

R
M
S
E

B
ia
s

S
D

R
M
S
E

S
ce
n
ar
io

1
30
00

−
0.
00
96

0
.0
71
5

0.
07
21

0
.1
10
0

0
.0
2
2
6

0
.1
1
2
2

0
.1
1
6
8

0
.0
2
4
1

0
.1
1
9
2

(P
r(
R

=
1)

=
0
.6
32
)

50
00

−
0.
00
88

0
.0
54
3

0.
05
50

0
.1
09
6

0
.0
1
7
8

0
.1
1
1
1

0
.1
1
6
0

0
.0
1
9
3

0
.1
1
7
6

10
00
0

−
0.
00
56

0
.0
37
9

0.
03
83

0
.1
09
8

0
.0
1
1
9

0
.1
1
0
4

0
.1
1
6
2

0
.0
1
3
0

0
.1
1
7
0

S
ce
n
ar
io

2
30
00

−
0.
02
48

0
.0
78
6

0.
08
24

0
.1
60
2

0
.0
2
2
1

0
.1
6
1
7

0
.1
7
1
9

0
.0
2
6
1

0
.1
7
3
8

(P
r(
R

=
1)

=
0
.6
28
)

50
00

−
0.
01
58

0
.0
61
5

0.
06
34

0
.1
60
4

0
.0
1
7
0

0
.1
6
1
2

0
.1
7
2
4

0
.0
2
0
5

0
.1
7
3
7

10
00
0

−
0.
00
56

0
.0
40
4

0.
04
08

0
.1
60
9

0
.0
1
2
0

0
.1
6
1
3

0
.1
7
2
9

0
.0
1
4
0

0
.1
7
3
5

S
ce
n
ar
io

3
30
00

−
0.
00
80

0
.1
10
6

0.
11
08

0
.1
09
3

0
.0
2
7
1

0
.1
1
2
6

0
.1
2
6
8

0
.0
4
3
7

0
.1
3
4
1

(P
r(
R

=
1)

=
0
.6
27
)

50
00

−
0.
01
58

0
.0
89
7

0
.0
91
0

0
.1
07
2

0
.0
2
1
4

0
.1
0
9
4

0
.1
2
2
7

0
.0
3
4
1

0
.1
2
7
3

10
00
0

−
0.
01
05

0
.0
67
4

0
.0
68
1

0
.1
07
2

0
.0
1
4
2

0
.1
0
8
2

0
.1
2
3
5

0
.0
2
2
3

0
.1
2
5
5



Section 4.5. Simulation studies 52

including the case of algorithm nonconvergence. However, the extended dual propensity

score method still had the smallest absolute bias and RMSE was also the smallest except

for the case of N = 3000 in scenario 3.

4.5.4 Assessment of confidence interval estimation

Next, we examine the performance of two confidence interval estimation methods: the

sandwich variance estimation and the bootstrap method for the proposed IPW estimator

for MNAR outcome. For each dataset, we computed confidence intervals using these two

methods. With the sandwich variance estimate σ̂2
ATE , we constructed the Wald 95%

confidence interval for ϕATE by formula (B.5) in appendix B.4.

ϕ̂ATE ± Φ−1(0.975)
√

σ̂2
ATE/N (4.18)

where ϕ̂ATE is the estimate for the ATE and Φ−1(x) is the inverse function of the

distribution function of the standard normal distribution.

In the bootstrap procedure, the number of items in the treatment and control groups

for resampling were fixed to be the same as those for each dataset. In addition, the

number of missing outcomes for resampling was fixed to be the same as that for each

dataset. This is an extension of the bootstrap in two-sample data (Tu & Zhou, 2002)

to the case of two groups of data with missing values to avoid extreme ratios during

resampling. The bootstrap size was B = 1000, and bootstrap replications of ϕ̂ATE were

computed for each resampling. When Newton’s method did not converge, we discarded

this bootstrap sample and generated another one. Based on the obtained bootstrap

replications, we computed the bootstrap estimate of the standard error ŝeB (Efron &

Tibshirani, 1994). Bootstrap confidence intervals for ϕATE were computed by (4.18)

using ŝeB instead of
√
σ̂2
ATE/N . We report the empirical coverage rates of the confidence

intervals for the ATE computed by the sandwich variance estimation method and the

bootstrap method in Table 4.

On examining the results from Table 4, we observe that the empirical coverage rates of

confidence intervals for the ATE computed by the sandwich variance estimation method

are close to the nominal level (95%) except for the sandwich variance estimation method

in scenario 3. The reasons for are as follows. The sandwich method uses the parameter

estimates to estimate the asymptotic variance; hence, if the parameter estimate itself

has a bias, the asymptotic variance estimate will also have a bias. As can be seen from
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Figure 10, scenario 3 has greater variability in ATE estimates than the other methods.

Similarly, the variability of the parameter estimates for the extended dual propensity

score is also expected to be greater in scenario 3 than in the other scenarios. Therefore,

as the parameter estimates are often far from the true values in scenario 3, confidence

intervals by the sandwich estimator method have not been correctly estimated.

Conversely, the bootstrap method evaluates variation by resampling, making it less

affected by bias in the parameter estimates. In fact, the empirical coverage rates by the

bootstrap method are close to the nominal level even in scenario 3. Judging from these

results, we recommend bootstrap method for the variance estimation of ϕ̂ATE other than

the sandwich variance estimation method to avoid permissiveness.

Table 4: Empirical coverage rates of 95% confidence intervals for the ATE for the sim-
ulation study by sandwich variance estimation method and bootstrap method with the
proposed IPW estimator using the extended dual propensity score.

N sandwich bootstrap

Scenario 1 3000 94.2 95.1
5000 94.7 95.6
10000 95.2 94.8

Scenario 2 3000 94.0 94.2
5000 92.4 94.7
10000 94.2 96.2

Scenario 3 3000 89.7 94.8
5000 88.7 95.0
10000 86.1 95.1

4.6 Evaluation of the proposed method using the real data

In this section, we evaluate the proposed method by the analysis for the data in which

an IV and missing are generated artificially for the real data. We describe below the

real data used, the artificial data generation method, and the evaluation method of the

proposed estimator.

4.6.1 Used Real Data

We used Framingham Heart Study data from sashelp library of SAS 9.4. This study

is a follow-up epidemiological study of cardiovascular disease that has been ongoing in

Framingham, Massachusetts, USA, since 1948. These data contain 5209 records (one

record per person) with following variables: status (dead/alive), cause of death, age
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coronary heart disease diagnosed, sex, age at start of this study, height, weight, dias-

tolic blood pressure, systolic blood pressure, Metropolitan Relative Weight, number of

cigarettes smoked per day, age at death, cholesterol value, cholesterol status (border-

line/desirable/high), blood pressure status (normal/optimal/high), weight status (un-

derweight/normal/overweight), smoking status (non-smoker/light/moderate/heavy/very

heavy).

Using these data, we will consider estimating the impact of smoking on mortality. As

we are interested in binary assignment here, we group all but non-smokers as smokers

and consider the estimation of the difference in death rates between smokers and non-

smokers. According to this definition of smoking status, the percentage of smokers is

51.7%. The naive percentage of deaths by group is 40.3% in the smoker group and 35.6%

in the non-smoker group.

4.6.2 Missing data generation

There were no missing values for the status and there were 166 records with missing

values for any one variable, except for cause of death, age coronary heart disease di-

agnosed, and age at death, which are variables whose values occur only when an event

occurs. Here, cause of death and age at death were removed from the data, and age

coronary heart disease diagnosed was replaced by a two-level variable, diagnosed if value

was present and non-diagnosed if value was absent. We call the 5043 records obtained

by listwise deleting these 166 records the “original data”. Note that the original data is

complete data.

To evaluate the proposed method, we generated an IV Z and MNAR missing for the

outcome of the original data R as the following model:

Z ∼ N(0, 1),

R | Y, Z,W ∼

{
Bernoulli(expit(0.4Z − 1.3Y + 1.1)) (W = smoker)

Bernoulli(expit(0.4Z − 1.4Y + 1.2)) (W = non-smoker)
,

where W is the assignment and Y is the binary variable which takes 1 when the status

is dead and 0 when the status is alive. This missing mechanism assumes that “when a

person is dead, the response to the survey is lost and is likely to be missing”. According

to this model of the IV and missing for the outcome, 1000 datasets were generated. The

missing outcome percentage was 36.1% on average for the 1000 datasets.
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4.6.3 ATE estimation and comparison of results

As in Section 4.5.2, we estimated the ATE by the proposed method, multiple imputation,

and listwise-deletion, for 1000 datasets generated in Section 4.6.2. For comparison, we

also estimated the ATE using the IPW estimation method with the propensity score for

assignment to the original data.

The propensity score for assignment was estimated by fitting a logistic regression

model with smoking status (smoker/non-smoker) as the explained variable and sex, age

at start, cholesterol status, blood pressure status, weight status and coronary heart

disease diagnosis status (diagnosed/non-diagnosed), as the explanatory variables. The

models for the extended propensity scores for missingness were assumed as the logistic

regression model with missing indicator as the explained variable and IV Z and the

outcome, status for dead or alive Y as explanatory variables. The estimates of the IV

were their sample mean.

Figure 11 presents boxplots of the estimates for the ATE, and E[Y 1] and E[Y 0],

which were obtained in the ATE estimation process by the proposed method, multiple

imputation, and listwise-deletion. Table 5 shows bias, SD, RMSE for ATE, E[Y 1], E[Y 0]

by three methods. For the calculation of bias and RMSE, the estimates of each target

by the original data were used instead of the true values.

Figure 11 and Table 5 show that the proposed method can estimate ATE, E[Y 1],

and E[Y 0] without bias, although there is a larger variation in the estimates than the

other two methods. For the multiple imputation method, the biases are large for E[Y 1]

and E[Y 0] but shows a small bias for ATE. This can be thought to be because by taking

the difference between E[Y 1] and E[Y 0], the respective biases cancel each other out and

the ATE bias becomes smaller. The listwise-deletion method produced large biases for

ATE and E[Y 1], and a slightly smaller bias for E[Y 0].

For RMSE, multiple imputation method is the smallest for the ATE estimates. How-

ever, for E[Y 1] and E[Y 0], the proposed method has smaller RMSEs. In the listwise-

deletion method, the RMSE for E[Y 0], is smaller than the proposed method, but the

RMSEs for ATE, which is of primary estimation interest, and E[Y 1] are larger than that

of the proposed method.

From the above, the proposed method is considered to have consistently small sys-

tematic biases for ATE, E[Y 1] and E[Y 0]. Indeed, there are many situations where

the evaluation of E[Y 1] and E[Y 0] is also needed in the evaluation of treatment effects.



Section 4.6. Evaluation of the proposed method using the real data 56

−0
.1

0.
0

0.
1

0.
2

0.
3

ATE

Ext. dual p.s. Mi Listwise

0.
30

0.
35

0.
40

0.
45

0.
50

0.
55

E[Y1]

Ext. dual p.s. Mi Listwise

0.
20

0.
25

0.
30

0.
35

0.
40

0.
45

E[Y0]

Ext. dual p.s. Mi Listwise

Figure 11: Boxplots of the ATE estimates, E[Y 1] estimates and E[Y 0] estimates for the
datasets generated in Section 4.6.2 by three methods: (i) proposed IPW estimator using
extended dual propensity score (ext. dual p.s.), (ii) multiple imputation (mi) and (iii)
listwise-deletion (listwise). The horizontal line represents the estimates for original data.
Whiskers extend to the most extreme data points, less than twice the interquartile range
from the box.
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Therefore, the proposed method is useful for evaluating treatment effects.

4.7 Discussion of Chapter 4

In this study, we proposed an estimating method for the ATE, ATT, and ATU when

the outcome has MNAR missing. The estimators by this method are consistent and

asymptotically normal even though the method does not require specifying the outcome

model. With simulation experiments, we showed that the proposed method performs

better than the conventional method and confirmed that the empirical coverage rates

for the ATE computed by the sandwich variance estimator and the bootstrap method

were close to the nominal level, particularly, the latter is better in our settings.

The existence of IVs is often discussed about methods that use these variables. Here,

we describe an example of obtaining an IV. Let us assume that a researcher is interested

in the effect of regular gym usage on physical strength. Here, as participation in the

survey is voluntary and it is easy to gather people who are confident in their physical

strength, MNAR is expected to occur. To properly estimate the treatment effects, we

consider a set of pre-survey covariates and an invitation to a physical fitness test to

obtain the IV, as elaborated below. First, the researcher administers a questionnaire

for pre-survey covariates such as age, sex, financial situation, health awareness, treat-

ment status, and whether the participant uses the gym regularly. After completion of

the questionnaire, the researcher invites the participants to a central location test to

measure their physical fitness. When inviting them, the researcher tells them that they

will be given an honorarium for participating in the central location test, along with

an honorarium amount that is randomly determined by the researcher for each survey

participant. Then, the amount of honorarium can be considered as an IV because the

amount is not directly related to the survey participant’s health status, but it does

influence whether the participant will attend the central location test.

Our future work will focus on introducing robust estimation methods to tackle the

challenges of misspecification of the extended dual propensity score model such as doubly

robust estimation (Scharfstein, Rotnitzky, & Robins, 1999), and instability of estimates

due to enormous IPWs. Additionally, we hope to develop approaches to avoid any model

identification, such as causal forests (Wager & Athey, 2018).



Chapter 5 Conclusion and future work

Missing data are often encountered in empirical studies. In particular, the MNAR case

can easily arise, wherein both the observed and missing values affect the missing mech-

anism. However, MNAR has not been studied as much as other missing mechanisms.

Additionally, certain issues remain, such as the difficulty of modeling outcomes and miss-

ing mechanisms, and limitation of the parameters that can be estimated. To address

these gaps, this thesis focused on the case in which the outcome is MNAR and offered the

following two proposals: First, we provided a strategy for covariate selection, wherein

covariates should be included in the extended propensity score model when estimating

the population mean of the outcome using the two-step estimation procedure with the

extended propensity score. Second, we proposed the method used to estimate ATE,

ATT, and ATU as treatment effects without modeling the outcome.

Chapter 3 proposed a strategy for selecting covariates to be included in the extended

propensity score model to estimate the population mean of the outcome using a two-step

estimation procedure with the extended propensity score. First, we showed the minimum

set of covariates to be included in the model to establish consistency and asymptotic

normality when estimating the population mean of the outcome. Next, we discussed the

existence of covariates whose inclusion in the model would worsen the precision of the

population mean estimation. The simulation results showed that a good strategy is to

include only the minimum set of covariates in the model to establish consistency and

asymptotic normality and reduce both the bias and variance of the estimated values.

Chapter 4 considered the case of an observational study with MNAR in the outcome

and proposed a method to estimate the ATE, ATT, and ATU without modeling the

outcome by using an IV when the outcome is MNAR. We showed that the resulting

estimators are consistent and asymptotically normal. The simulation results also showed

that the proposed method performs better in terms of RMSE than other commonly used

methods for adjusting missing. Through the simulations, we also verified that we can

properly estimate the confidence intervals for the proposed estimator.

These two proposals ensure the adjustment for missing data accessible, even when

the outcome is MNAR.

59
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Next, we describe the directions for future research. First, although we proposed a

procedure for estimating the treatment effects and the covariate selection strategy in the

extended propensity score model for estimating the population mean of the outcome,

we have not discussed the covariate selection in the extended dual propensity score

model estimating the treatment effects. Therefore, we would like to investigate the

covariate selection using the extended dual propensity score model. In particular, we

aimed to verify whether a combination of good covariate selection strategies for the

propensity score for assignment and extended propensity score for missingness is a good

covariate selection strategy for the extended dual propensity score as a whole. Second,

as mentioned in previous chapters, both methods have a smaller bias but a larger SD in

the estimates than the method that ignores missing data. Therefore, we would like to

find a method to improve the precision of the estimation under MNAR other than the

covariate selection.

Actively obtaining an IV through the data collection design solves the uncertainty of

its existence and makes the adjustment of the MNAR more reliable, such as the popu-

lation means estimation by Sun et al. (2018) and treatment effects estimation proposed

in Chapter 4. Moreover, to use the IV thus obtained, the covariates in the extended

propensity score model need not be included. Furthermore, the variance of the esti-

mates decreases, as discussed in Section 3.3.2. Future work can focus on applying the

proposed methods to real problems with MNAR by being involved from the data collec-

tion stage.
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Appendix A Definition and properties of

estimators

A.1 Consistency of plug-in estimator

Lemma A.1 (Consistency of plug-in estimator (Theorem 4.5.1 of Amemiya (1985))).

Let gN (τ) be a nonnegative sequence of random variables depending on a parameter

vector τ . Assume that following conditions hold:

1) gN (τ) converges in probability to a nonstochastic function g(τ) uniformly in an

open neighborhood of τ0 as N → ∞,

2) τ̂N
p−→ τ0 as N → ∞,

3) g(τ) is continuous at τ0.

Then gN (τ̂N )
p−→ g(τ0) as N → ∞.

A.2 Definition and properties of m-estimator

Consider a p-dimensional function m(O, τ) of observation vector O and parameter τ .

The m-estimator τ̂N is defined as the solution of

1

N

N∑
i=1

m(Oi, τ) = 0, (A.1)

from a sample O1, . . . , ON
iid∼ pO(·, τ), τ ∈ T ⊂ Rp.

Lemma A.2 (consistency of m-estimator (Theorem 5.9 of van der Vaart (1998))). As-

sume that following conditions hold:

1) supτ∈T ∥ 1
N

∑N
i=1m(Oi, τ)− E[m(O, τ)]∥ p−→ 0,

2) infτ :∥τ,τ0∥≥ε ∥E[m(O, τ)]∥ > 0 = ∥E[m(O, τ0)]∥ for every ε > 0

Then, the any sequence of estimators τ̂N such that 1
N

∑N
i=1m(Oi, τ̂N ) = op(1) converges

in probability to τ0.

67



Section A.3. Definition and properties of generalized method of moments 68

Lemma A.3 (asymptotic normality of m-estimator (Theorem 5.21 of van der Vaart

(1998))). Assume that following conditions hold:

1) Each τ is in an open subset of Euclidean space,

2) m(o, τ) is a measurable vector-valued function such that, for every τ1 and τ2 in a

neighborhood of τ0 and a measurable function ṁ(o) with E[ṁ2(O)] < ∞,

∥m(o, τ1)−m(o, τ2)∥ ≤ ṁ(o)∥τ1 − τ2∥,

3) E[∥m(O, τ0)∥2] < ∞,

4) E[m(O, τ)] is differentiable at a zero τ0, with nonsingular derivative matrix E
[
∂m(O,τ0)

∂τT

]
,

5) 1
N

∑N
i=1m(Oi, τ̂N ) = op(N

−1/2),

6) τ̂N
p−→ τ0 as N → ∞.

Then
√
N(τ̂N − τ0) = −

{
E
[
∂m(O, τ0)

∂τT

]}−1 1√
N

N∑
i=1

m(Oi, τ0) + op(1).

In particular, the sequence
√
N(τ̂N − τ0) is asymptotically normal with mean zero and

asymptotic variance
{
E
[
∂m(O,τ0)

∂τT

]}−1
E[m(O, τ0)m

T (O, τ0)]
{
E
[
∂m(O,τ0)

∂τT

]}−1T

.

A.3 Definition and properties of generalized method of moments

Suppose that O1, . . . , ON
iid∼ pO(·, τ), τ ∈ T ⊂ Rp. Let g be a q-dimensional function of

observation O and parameter τ such that q ≥ p and E[g(O, τ0)] = 0. The generalized

method of moments (GMM) estimator τ̂N is defined as follows:

τ̂N = argmax
τ∈T

QN (τ)

where QN (τ) = −gTN (τ)WNgN (τ), gN (τ) = 1
N

∑N
i=1 g(Oi, τ) and WN is a q × q positive

semi-definite matrix that converges in probability to a nonstochastic matrix W .

As long as WN satisfies the conditions of the following theorems, the choice of WN

does not affect the consistency, but it does affect the asymptotic variance.

Lemma A.4 (consistency of the GMM estimator (Theorem 2.6 of Newey & McFadden

(1994))). Assume that following conditions hold:
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1) W is positive semi-definite and WE[g(O, τ)] = 0 only if τ = τ0,

2) τ0 ∈ T where T is compact,

3) g(O, τ) is continuous at each τ ∈ T with probability one,

4) E[supτ∈T ∥g(O, τ)∥] < ∞.

Then τ̂N
p−→ τ0 as N → ∞.

Lemma A.5 (asymptotic normality of the GMM estimator (Theorem 3.4 of Newey &

McFadden (1994))). Assume that in addition to the conditions in Lemma A.4, following

conditions hold:

1) τ0 is interior of T ,

2) g(O, τ) is continuously differentiable in a neighborhood N of τ0, with probability

approaching one,

3) E[∥g(O, τ0)∥2] < ∞,

4) E
[
supτ∈N

∥∥∥∂g(O,τ)
∂τT

∥∥∥] < ∞,

5) GTWG is nonsingular for G = E
[
∂g(O,τ0)

∂τT

]
,

6) Ω = E[g(O, τ0)g
T (O, τ0)] exist.

Then,
√
N(τ̂N − τ0)

D−→ N(0, (GTWG)−1GTWΩWG(GTWG)−1).

With regard to W , it is optimal in terms of the asymptotic variance of the estimator

to take W = Ω−1 if Ω is nonsingular. Then, the asymptotic variance of the GMM

estimator is (GTΩ−1G)−1.



Appendix B Proofs of Propositions, Properties

and Theorems

B.1 Proof of proposition 3.1

As in Sun et al. (2018), we prove Proposition 3.1 by showing that the expectation of the

estimating function is equal to the zero vector. Let us first consider the case where the

IV is one-dimensional.

Assume that we employ an estimating function S(XIV , Z; ξ) with the corresponding

m-estimator ξ̂ for ξ and it holds E [S(XIV , Z; ξ0)] = 0 for the true value ξ0. Then,

the combined estimating function ξ̂, θ̂, ν̂, and ϕ̂ defined in section 3.1 for ξ, θ, ν, and ϕ,

respectively, is expressed as

m(O; ξ, θ, ν, ϕ) =


S(XIV , Z; ξ)

U(O; θ, ν, ξ)

RY

π(XPS , Y, Z; θ, ν)
− ϕ

 ,

where U(O; θ, ν, ξ) is the estimating function given by (2.4), but now it is expressed as

U(O; θ, ν, ξ) = [U1(O; θ, ν, ξ), U2(O; θ, ν, ξ)]T

U1(O; θ, ν) =

{
R

π(XPS , Y, Z; θ, ν)
− 1

}
h∗(XPS , Z)

U2(O; θ, ν, ξ) =
R

πR(XPS , Y, Z; θ, ν)
(Z − f(XIV ; ξ))⊗ g∗(XPS , Y ).

Note that Y ∗ and Y in U(O; θ, ν, ξ) are interchangeable because the functions containing

Y ∗ are multiplied by R. If R = 1, then Y ∗ = Y from the definition of Y ∗, and if R = 0,

then the parts multiplied by R are zero, regardless of Y . The estimating equation for

ξ, θ, ν, and ϕ is given by

1

N

N∑
i=1

m(Oi; ξ, θ, ν, ϕ) = 0.
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Let ξ0, θ0, ν0, and ϕ0 denote the true values of the parameters ξ, θ, ν, and ϕ, respec-

tively. We show that E[m(O; ξ0, θ0, ν0, ϕ0)] = 0 component by component. For the first

component, we assumed the equation holds.

We first show that E[U(O; ξ0, θ0, ν0)] = 0. For U1(O; θ0, ν0), we have the following

by the law of iterated expectations,

E [U1(O; θ0, ν0)]

= E
[
E
[{

R

π(XPS , Y, Z; θ0, ν0)
− 1

}
h∗(XPS , Z)

∣∣∣∣XPS , Y, Z

]]
= E

[{
E[R|XPS , Y, Z]

π(XPS , Y, Z; θ0, ν0)
− 1

}
h∗(XPS , Z)

]
= E

[{
π(XPS , Y, Z; θ0, ν0)

π(XPS , Y, Z; θ0, ν0)
− 1

}
h∗(XPS , Z)

]
= 0.

Similarly, the expectation of function U2 is shown to be zero as

E [U2(O; θ0, ν0, ξ0)]

= E
[
E
[

R

πR(XPS , Y, Z; θ0, ν0)
(Z − f(XIV ; ξ0))⊗ g∗(XPS , Y )

∣∣∣∣XIV ∪XPS , Y, Z

]]
= E

[
E[R|XIV ∪XPS , Y, Z]

πR(XPS , Y, Z; θ0, ν0)
(Z − f(XIV ; ξ0))⊗ g∗(XPS , Y )

]
= E

[
E[R|XPS , Y, Z]

πR(XPS , Y, Z; θ0, ν0)
(Z − f(XIV ; ξ0))⊗ g∗(XPS , Y )

]
(∵ (3.2))

= E
[
πR(XPS , Y, Z; θ0, ν0)

πR(XPS , Y, Z; θ0, ν0)
(Z − f(XIV ; ξ0))⊗ g∗(XPS , Y )

]
= E [(Z − f(XIV ; ξ0))⊗ g∗(XPS , Y )]

= E [E [(Z − f(XIV ; ξ0))⊗ g∗(XPS , Y )|XIV ]]

= E [E [Z − f(XIV ; ξ0)|XIV ]⊗ E[g∗(XPS , Y )|XIV ]] (∵ (3.1))

= E [(E[Z|XIV ; ξ0]− f(XIV ; ξ0))⊗ E[g∗(XPS , Y )|XIV ]]

= E [(f(XIV ; ξ0)− f(XIV ; ξ0))⊗ E[g∗(XPS , Y )|XIV ]] = 0.
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Similarly, the expectation of RY/π(XPS , Y, Z; θ0, ν0)− ϕ is shown to be zero as

E
[

RY

πR(XPS , Y, Z; θ0, ν0)
− ϕ0

]
= E

[
E
[

RY

πR(XPS , Y, Z; θ0, ν0)

∣∣∣∣XPS , Y, Z

]]
− ϕ0

= E
[

E [R|XPS , Y, Z]

πR(XPS , Y, Z; θ0, ν0)
Y

]
− ϕ0

= E[Y ]− ϕ0 = 0.

Therefore, it holds that E[m(O; ξ0, θ0, ν0, ϕ0)] = 0. Here, assume that the parameter

domain is a compact set, that E[m(O; ξ, θ, ν, ϕ)] is continuous with respect to the param-

eters, and that (ξT0 , θ
T
0 , ν

T
0 , ϕ0)

T is the only point satisfying E[m(O; ξ0, θ0, ν0, ϕ0)] = 0.

Then the condition 2) of Lemma A.2 is satisfied. Furthermore, we assume condition 1)

of Lemma A.2, i.e., 1
N

∑N
i=1m(Oi; ξ, θ, ν, ϕ) converges to E[m(O; ξ, θ, ν, ϕ)] in probability

uniformly. Then, by Lemma A.2, (ξ̂, θ̂, ν̂, ϕ̂) converges in probability to (ξ0, θ0, ν0, ϕ0),

that is, ξ̂, θ̂, ν̂ and ϕ̂ are consistent estimators for ξ, θ, ν and ϕ.

As for the asymptotic normality, conditions 5), 6) in Lemma A.3 are already as-

sumed or prooved. Assuming conditions 1), 2), 3), 4) additionally, Lemma A.3, which

states asymptotic normality and asymptotic variance, holds. Condition 3) implies the

assumption that the extended propensity score with the minimal set of covariates is

bounded away from 0, that is, π(x, y, z) > σ > 0, for all x ∈ Supp(XPS), y ∈ Supp(Y ),

z ∈ Supp(Z), for some σ.

Asymptotic variances of ξ̂, θ̂, ν̂, and ϕ̂ correspond to the diagonal components of the

following asymptotic variance-covariance matrix:

{
E
[
∂m(O; ξ0, θ0, ν0, ϕ0)

∂τT

]}−1

E
[
m(O; ξ0, θ0, ν0, ϕ0)m

T (O; ξ0, θ0, ν0, ϕ0)
]{

E
[
∂m(O; ξ0, θ0, ν0, ϕ0)

∂τT

]}−1T

,

where τ = (ξT , θT , νT , ϕ)T .

When the IVs are multidimensional, we can consider GMM estimation with

E[m(O; ξ0, θ0, ν0, ϕ0)] = 0 as the moment condition because this holds regardless of

the dimension of the IV. As in the case where IV is one-dimensional, we can show about

the asymptotic properties of the ξ̂, θ̂, ν̂, and ϕ̂, using Lemmas A.4 and A.5. □

B.2 Proof of identifiability of the joint distribution P (z, yw
′
, rw

′
, w)

To discuss identifiability in the model of Section 4.4.1, we first parameterize the distri-

bution. Consider the joint distribution P (z, yw
′
, rw

′
, w) for fixed w′ ∈ {1, 0}. Note that

covariates X is omitted here for simplicity. Without loss of generality, by Assumptions
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4.1, 4.3, and 4.4, we can decompose the conditional distribution as follows:

P (z, yw
′
, rw

′
, w) = P (rw

′
, w | z, yw′

)P (z | yw′
)P (yw

′
)

= P (rw
′ | z, yw′

)P (w | z)P (z)P (yw
′
).

Let us note that θw
′
, γ, ξ and ϕw′

be the parameters for each distribution on the right-

hand side, i.e.,

Pθw
′ ,γ,ξ,ϕw′ (z, yw

′
, rw

′
, w) = Pθw

′ (rw
′ | z, yw′

)Pγ(w | z)Pξ(z)Pϕw′ (yw
′
). (B.1)

Since the modeling of the joint distribution of y1 and y0 is not necessary for the estima-

tion of causal effects, the causal effects can be specified if θw
′
, γ, ξ and ϕw′

are identifiable

for w′ = 1 and 0, respectively. Assume that Pγ(w|z) and Pξ(z) are identifiable because

they have no missing data. Here we show that Pθw
′ ,γ,ξ,ϕw′ (z, yw

′
, rw

′
, w) is identifiable for

fixed w′, that is, for any pair of parameters (θw
′

1 , ϕw′
1 ) and (θw

′
2 , ϕw′

2 ) such that θw
′

1 ̸= θw
′

2

or ϕw′
1 ̸= ϕw′

2 ,

P
θw

′
1 ,γ,ξ,ϕw′

1
(z, yw

′
, rw

′
, w) ̸= P

θw
′

2 ,γ,ξ,ϕw′
2
(z, yw

′
, rw

′
, w)

for some values of z and yw
′
. More specifically, in the following proposition, the potential

variable version of Result 1 of Sun et al. (2018) holds.

Proposition B.1. Suppose that Assumptions 2.1, 4.3 and 4.4 hold, then the joint dis-

tribution P (z, yw
′
, rw

′
, w) is identifiable for w′ ∈ {1, 0} if and only if Pθw′ (Rw′ |Z, Y w′

)

and Pϕw′ (Y w′
) satisfy that for any pair of parameters (θw

′
1 , ϕw′

1 ) and (θw
′

2 , ϕw′
2 ) such that

θw
′

1 ̸= θw
′

2 or ϕw′
1 ̸= ϕw′

2 , it holds

P
θw

′
1
(Rw′

= 1 | z, yw′
)

P
θw

′
2
(Rw′ = 1 | z, yw′)

̸=
P
ϕw′
2
(yw

′
)

P
ϕw′
1
(yw′)

(B.2)

for at least one value of z and yw
′
.

Proof: If the distribution is identifiable, it is obvious the equation (B.2) holds. There-

fore, we show that the distribution is identifiable if the equation (B.2) holds. Assume

that Pγ(w|z) and Pξ(z) are identifiable because they have no missing data. Here we

show the contraposition for the identifiability of Pθw
′ (rw

′ | z, yw′
) and Pϕw′ (yw

′
) when
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the equation (B.2) holds. Suppose that, for a pair of parameters (θw
′

1 , ϕw′
1 ) and (θw

′
2 , ϕw′

2 )

such that θw
′

1 ̸= θw
′

2 or ϕw′
1 ̸= ϕw′

2 . the following equations hold for any z and yw
′

P
θw

′
1 ,γ1,ξ1,ϕw′

1
(z, yw

′
, Rw′

= 1,W = w′) = P
θw

′
2 ,γ1,ξ1,ϕw′

2
(z, yw

′
, Rw′

= 1,W = w′)

Substituting these into (B.1), we obtain

Pθw1
(Rw = 1 | yw, z)

Pθw2
(Rw = 1 | yw, z)

=
Pϕw

2
(yw)

Pϕw
1
(yw)

.

Thus, the contraposition has been shown. □
The same proposition as Result 1 in Sun et al. (2018) can be shown for potential

variables. Therefore, their results can be used in the same way for the parameters of

models that are identifiable or not, and a logistic regression model with no interaction

between the potential outcome and the IV is one of the models, wherein their parameters

can be identified from Example 2 of Sun et al. (2018).

B.3 Proof of E[Uw(O; ξ0, γ0, θ
w
0 , ν

w
0 )] = 0

We show that the moment condition E[Uw(O; ξ0, γ0, θ
w
0 , ν

w
0 )] = 0 discussed in Section

4.4.1 holds for the true parameter values ξ0, γ0, θ
w
0 , and νw0 , where U

w is given by (4.12).

First, we consider the expectation of function Uw
1 given by (4.9). According to the law

of iterated expectations, we have the following:

E [Uw
1 (O; γ0, θ

w
0 , ν

w
0 )]

= E
[{

1{W=w}R

πW=w(X,Z; γ0)πRw=1(X,Y ∗, Z; θw0 , ν
w
0 )

− 1

}
h̃(X,Z)

]
= E

[
E
[{

1{W=w}R
w

πW=w(X,Z; γ0)πRw=1(X,Y w, Z; θw0 , ν
w
0 )

− 1

}
h̃(X,Z)

∣∣∣∣X,Y w, Z

]]
= E

[
E
[{

1{W=w}R
w

πW=w(X,Z; γ0)πRw=1(X,Y w, Z; θw0 , ν
w
0 )

− 1

}∣∣∣∣X,Y w, Z

]
h̃(X,Z)

]
= 0.
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The fourth equality holds by the equation (4.8). Similarly, the expectation of function

Uw
2 given by (4.11) is shown to be zero as follows:

E [Uw
2 (O; ξ0, γ0, θ

w
0 , ν

w
0 )]

= E
[

1{W=w}R

πW=w(X,Z; γ0)πRw=1(X,Y ∗, Z; θw0 , ν
w
0 )

(Z − f(X, ξ0))⊗ g̃(X,Y ∗)

]
= E

[
E
[

1{W=w}R
w

πW=w(X,Z; γ0)πRw=1(X,Y w, Z; θw0 , ν
w
0 )

× (Z − f(X, ξ0))⊗ g̃(X,Y w)

∣∣∣∣X,Y w, Z

]]
= E [(Z − f(X, ξ0))⊗ g̃(X,Y w)]

= 0.

The third equality holds by the equation (4.8) and the last equality holds by the equation

(4.10). □

B.4 Proof of Theorem 4.1

Let τ denote the vector of all the parameters (ξT , γT , θ1
T
, ν1

T
, θ0

T
, ν0

T
, ϕATE)

T . We first

show that for the case of the one-dimensional IV, the proposed estimator ϕ̂ATE for the

ATE has consistency and asymptotic normality using the framework of an m-estimator.

The estimating function m(O; τ) for τ is defined as

m(O; τ)

=



Sξ(X,Z; ξ)

Sγ(X,Z,W ; γ)

U1(O; ξ, γ, θ1, ν1)

U0(O; ξ, γ, θ0, ν0)

1{W=1}RY ∗

πW=1,R1=1(X,Y ∗, Z; γ, θ1, ν1)
−

1{W=0}RY ∗

πW=0,R0=1(X,Y ∗, Z; γ, θ0, ν0)
− ϕATE


(B.3)

where Sξ(X,Z; ξ) and Sγ(X,Z,W ; γ) are estimating functions for m-estimator ξ̂ and γ̂,
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respectively. Let τ̂ = (ξ̂T , γ̂T , θ̂1
T
, ν̂1

T
, θ̂0

T
, ν̂0

T
, ϕ̂ATE)

T be the solution of

1

N

N∑
i=1

m(Oi; τ) = 0.

Then, each element of τ̂ is equal to the corresponding estimator obtained in Sections 4.3

and 4.4.2.

Now, we show that E[m(O; τ0)] = 0 for the true parameter vector τ0 = (ξ0
T , γ0

T ,

θ10
T
, ν10

T
, θ00

T
, ν00

T
, ϕATE0)

T . Because of the property of m-estimators, it holds that

E [Sξ(X,Z; ξ0)] = 0 and E [Sγ(X,Z,W ; γ0)] = 0.

In appendix B.3, it is shown that E [Uw(O; ξ0, γ0, θ
w
0 , ν

w
0 )] = 0 for w = 1, 2.

The expectation of the last element of m(O; τ) is shown to be zero from

E

 1{W=1}RY ∗

πW=1,R1=1(X,Y ∗, Z; γ0, θ10, ν
1
0)

− E

 1{W=0}RY ∗

πW=0,R0=1(X,Y ∗, Z; γ0, θ00, ν
0
0)


= E

[
Y 1
]
− E

[
Y 0
]
= ϕATE0.

From the above, we have E[m(O; τ0)] = 0 for the true parameter value τ0. Here, we

assume that the parameter domain is a compact set, that E[m(O; τ)] is continuous with

respect to the parameters, and that τ0 is the only point satisfying E[m(O; τ0)] = 0. Then

the condition 2) of Lemma A.2 is satisfied. Furthermore, we assume the condition 1)

of Lemma A.2 , i.e., 1
N

∑N
i=1m(Oi; τ) converges to E[m(O; τ)] in probability uniformly.

Then, by Lemma A.2, τ̂ converges in probability to τ0, that is, τ̂ is a consistent estimator

for τ .

As for the asymptotic normality, conditions 5), 6) in Lemma A.3 are already assumed

or proved. Assuming conditions 1), 2), 3), 4) additionally, Lemma A.3, which states

asymptotic normality and asymptotic variance, holds. Condition 3) implies the following

necessary conditions for the IPW estimation (Robins et al., 1994; Sun et al., 2018).

0 < ρ1 <πW=1(x, z) < ρ2 < 1

0 < ρ3 <πR1=1(x, y
1, z), 0 < ρ4 < πR0=1(x, y

0, z)

with probability one for some constants ρ1, . . . , ρ4.
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Therefore, ϕ̂ATE , an element of τ̂ is consistent and asymptotically normal. We can

express the asymptotic normality of τ̂ with the asymptotic variance matrix V as

√
N(τ̂ − τ0)

D−→ N(0, V ),

where

V =

{
E
[
∂m(O; τ0)

∂τT

]}−1

E
[
m(O; τ0)m(O; τ0)

T
]{

E
[
∂m(O; τ0)

∂τT

]}−1T

.

Thus, the asymptotic variance σ2
ATE of ϕ̂ATE is the bottom-right element of V .

The asymptotic variance V can be estimated using the “the sandwich estimator” V̂

as follows:

V̂ =

{
1

N

N∑
i=1

∂m(Oi; τ̂)

∂τ̂T

}−1 [
1

N

N∑
i=1

m(Oi; τ̂)m(Oi; τ̂)
T

]{
1

N

N∑
i=1

∂m(Oi; τ̂)

∂τT

}−1T

(B.4)

The estimator of the asymptotic variance σ̂2
ATE for σ2

ATE can also be obtained from the

bottom-right element of V̂ , i.e.,

σ̂2
ATE = (0 · · · 0 1)V̂ (0 · · · 0 1)T . (B.5)

For a case of multidimensional IVs, we employ the generalized method of moments

(GMM) with the moment conditions E[m(O; τ)] = 0 for the estimation of τ , where

m(O; τ) is the function given by (B.3). Because E[m(O; τ0)] = 0 holds for the true

parameter values τ0, as shown above, the consistency and asymptotic normality of the

corresponding estimator τ̂ ; thus, those of ϕ̂ATE can be established under conditions of

Lemma A.4 and A.5.

Next, we consider the estimation of the average treatment effect on the treated

(ATT). Here, we show that m-estimation or GMM can be applied for ATT in the same

way as for the ATE. Let τ̃ denote the vector of all the parameters for estimating ATT,
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τ̃= (ξT γT θ1
T
ν1

T
θ0

T
ν0

T
ϕATT )

T . We define the function m̃(O; τ̃) as follows:

m̃(O; τ̃)

=



Sξ(X,Z; ξ)

Sγ(X,Z,W ; γ)

U1(O; ξ, γ, θ1, ν1)

U0(O; ξ, γ, θ0, ν0)

1{W=1}RπW=1(X,Z; γ)Y ∗

πW=1,R1=1(X,Y ∗, Z; γ, θ1, ν1)
−

1{W=0}RπW=1(X,Z; γ)Y ∗

πW=0,R0=1(X,Y ∗, Z; γ, θ0, ν0)
− πW=1(X,Z; γ)ϕATT


.

For E[m̃(O; τ̃0)] = 0 to hold, we only need to show that the expectations of the last

elements of m̃(O; τ̃0) is zero, because we have already shown the others.

By the law of iterated expectations, and Assumption 4.4,

E

 1{W=1}RπW=1(X,Z; γ0)Y
∗

πW=1,R1=1(X,Y ∗, Z; γ0, θ10, ν
1
0)


= E

E
 WR1πW=1(X,Z; γ0)Y

∗

πW=1,R1=1(X,Y 1, Z; γ0, θ10, ν
1
0)

∣∣∣∣∣∣X,Y 1, Z,W


= E

 E
[
R1|X,Y 1, Z

]
WY 1πW=1(X,Z; γ0)

πW=1(X,Z; γ0)πR1=1(X,Y 1, Z; θ10, ν
1
0)


= E

[
WY 1

]
Further,

E
[
WY 1

]
= E

[
E
[
E
[
WY 1|X,Z,W

]
|X,Z

]]
= E

[
P (W = 1|X,Z)E

[
1 · Y 1|X,Z,W = 1

]
+P (W = 0|X,Z)E

[
0 · Y 1|X,Z,W = 0

]]
= E

[
P (W = 1|X,Z)E

[
Y 1|X,Z,W = 1

]]
=

∫
X×Z

P (W = 1|X = x, Z = z)E
[
Y 1|X = x, Z = z,W = 1

]
f(x, z)d(x, z)

= P (W = 1)

∫
X×Z

E
[
Y 1|X = x, Z = z,W = 1

]
f(x, z|W = 1)d(x, z)

= P (W = 1)E
[
E
[
Y 1|X,Z,W = 1

]
|W = 1

]
= P (W = 1)E

[
Y 1|W = 1

]
.
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The fifth equality holds by the Bayes’ theorem. Similarly, we can show

E
[

1{W=0}RπW=1(X,Z; γ̂)Y ∗

πW=0,R0=1(X,Y ∗, Z; γ0, θ00, ν
0
0)

]
= E

[
WY 0

]
= P (W = 1)E[Y 0|W = 1],

and E[πW=1(X,Z; γ0)] = P (W = 1); thus,

E

 1{W=1}RπW=1(X,Z; γ0)Y
∗

πW=1,R1=1(X,Y ∗, Z; γ, θ10, ν
1
0)

−
1{W=0}RπW=1(X,Z; γ)Y ∗

πW=0,R0=1(X,Y ∗, Z; γ, θ00ν
0
0)

− πW=1(X,Z; γ0)ϕATT

]
= 0.

As in the case of ATE, the consistency and asymptotic normality for the ATT esti-

mator holds by applying Lemma A.2 and Lemma A.3, or Lemma A.4 and Lemma A.5,

assuming that each of these lemma’s conditions is satisfied. The ATU case can be shown

in the same way as the ATT. □
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