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Chapter 1

Introduction

In number theory, the ideal class group of a number field is one of the most
important arithmetic objects. The ideal class group Cl(K) of a number field
K is the quotient group Cl(K) = I(K)/P (K), where I(K) is the group of
fractional ideals of K and P (K) is the group of principal ideals of K. It is
well known that Cl(K) is a finite abelian group. However, it is difficult in
general to compute the order of it.

Iwasawa theory studies a relationship between arithmetic objects and
special values of the zeta functions. The analytic class number formula is a
famous theorem which relates the ideal class groups to the Dedekind zeta
functions. More precisely, let K be a number field, ζK(s) the Dedekind
zeta function of K, and hK the order of Cl(K). The analytic class number
formula says that

lim
s→0

ζK(s)

sr1+r2−1
= −

hKRegK
]W (K)

,

where r1 is the number of real places of K, r2 is the number of complex places
of K, RegK is the regulator of K and W (K) is the group of roots of unity in
K. This formula means that the special value of the Dedekind zeta function
knows the class number of K. In Iwasawa theory, the famous Iwasawa main
conjecture is a refinement of the analytic class number formula (see §1.2.2).

1.1 Iwasawa theory for class groups

In this section, we introduce Iwasawa theory for class groups. Let p be a
prime, k a totally real field and K/k a finite abelian extension such that K
is a CM-field. Assume that for any number field N , we denote by N∞/N
the cyclotomic Zp-extension of N . Assume that k∞ ∩K = k. We consider
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the unramified Iwasawa module XK∞ which is defined as the Galois group
of the maximal unramified abelian pro-p extension of K∞. By class field
theory, we have

XK∞ ' lim←−AKn ,
where Kn is the n-th layer of K∞/K and AKn is the p-Sylow subgroup of
the ideal class group of Kn. The projective limit is taken with respect to
the relative norms. Since the Galois group Gal(K∞/k) naturally acts on
XK∞ , it becomes a Zp[[Gal(K∞/k)]]-module. Iwasawa proved that XK∞ is
a finitely generated torsion Zp[[Gal(K∞/K)]]-module.

The Iwasawa main conjecture claims that the characteristic ideal of the
χ-component of XK∞ coincides with the projective limit of the Stickelberger
element for any odd character χ of Gal(K/k) (see Conjecture 2.4.1). This
conjecture is proved when k = Q and p = 2 by Mazur-Wiles [23], and for
general totally real field k and p 6= 2 by Wiles [34] (see Theorem 2.4.4).

As an application of the Iwasawa main conjecture, we get the information
of the ideal class group of K by descent theory. When k = Q, Kurihara and
Miura [21] proved that the Fitting ideal of the minus component of the ideal
class group of K coincides with the Stickelberger ideal (see Theorem 2.5.7)
except for the 2-component. Also when k = Q and the 2-Sylow subgroup of
Gal(K/Q) is cyclic, Greither [13] determined the Fitting ideal of the minus
component of the 2-part of the ideal class group of K (see Theorem 2.5.8)
under certain assumptions.

To study the Fitting ideal of the ideal class group, they firstly consider
the Fitting ideal of the unramified Iwasawa module XK∞ . For any finitely
generated torsion Zp[[Gal(K∞/K)]]-module M , if M has no non-trivial finite
Zp[[Gal(K∞/K)]]-submodule, the characteristic ideal of M coincides with
the Fitting ideal of M (see Proposition 2.5.3). Therefore, a question of
whether the Iwasawa module has non-trivial finite submodules or not is
important in Iwasawa theory. If p is an odd prime, Iwasawa proved that
the minus component of XK∞ has no non-trivial finite Zp[[Gal(K∞/K)]]-
submodule (see Theorem 2.2.2). However, it sometimes has non-trivial finite
submodules when p = 2. For p = 2, Ferrero [6] proved that if K is an
imaginary quadratic field that is not Q(

√
−1), Q(

√
−2) and the prime above

2 ramifies in K∞/Q∞, the maximal finite Z2[[Gal(K∞/K)]]-module of XK∞

is isomorphic to Z/2Z.

In Iwasawa theory, one often assumes p 6= 2. The case for p = 2 is
totally different from the case that p is an odd prime. For example, the
Iwasawa main conjecture has not completely proved for p = 2. Also, as we
mentioned above, the minus component of XK∞ sometimes has non-trivial
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finite submodules for p = 2. In this thesis, we study Iwasawa theory and
the p-components of ideal class groups for p = 2.

1.2 Main results

In this section, we state the main results in this thesis. Our main results
are the following 3 theorems.

The first main result (Theorem 1.2.1) is on finite submodules of the
minus quotient of the unramified Iwasawa module of a CM-field. This is a
generalization of Fererro’s result (see Theorem 2.2.3).

The second main result (Theorem 1.2.4) is on the Iwasawa main conjec-
ture for p = 2. Wiles [34] proved the Iwasawa main conjecture for p = 2
only in the case where there is no trivial zero in the p-adic L-function (see
Theorem 2.4.5). We remove this condition.

The third main result (Theorem 1.2.6) is on the Fitting ideals of ideal
class groups. We determine the Fitting ideal of the minus quotient of the
2-component of the ideal class group of a CM-field which is cyclic over a
totally real field. This is a generalization of Greither’s result (see Theorem
2.5.8).

1.2.1 The maximal finite submodules of Iwasawa modules

In this subsection, we introduce the first main theorem.
For any number fieldK, we denote byK∞/K the cyclotomic Z2-extension

of K, Kn the n-th layer of K∞/K, and Cl(K) the ideal class group of K.
We denote by S2(K), S∞(K) the set of primes of K lying above 2, ∞, re-
spectively. Let F be a CM-field and F+ the maximal real subfield of F . Put
Λ := Z2[[Gal(F∞/F )]]. We define the subset S2(F+) of S2(F+) ∪ S∞(F+)
by

S2(F+) = {v ∈ S2(F+) | v ramifies in F∞/F
+
∞} ∪ S∞(F+).

For any extension K/F+, we denote by S2(K) the set of primes of K lying
above S2(F+). We put

d = ]
(
S2(F∞) ∩S2(F∞)

)
.

Using this particular S2(K), we define ClS2(K) by the S2(K)-ideal class
group of K, i.e

ClS2(K) = coker(K×
⊕ordv−→

⊕
v/∈S2(K)

Z).
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We denote by AK (resp. AK,S2) the 2-Sylow subgroup of the ideal class
group Cl(K) (resp. ClS2(K)). By definition, we have XF∞

∼= lim←−AFn .
There are several ways to define the minus quotient, but we adopt the fol-
lowing. Let j be the complex conjugation. We define the minus quotient
X−F∞ by

X−F∞ = XF∞/(1 + j)XF∞ .

We denote by FΛ(X−F∞) the maximal finite Λ-submodule of X−F∞ . We define

XF∞,S2 , X
−
F∞,S2

by

XF∞,S2 = lim←−AFn,S2 , X−F∞,S2
= XF∞,S2/(1 + j)XF∞,S2 ,

where the projective limit is taken with respect to the norm maps.
We define

Dn,S2 = ker(AFn −→ AFn,S2), D+
n,S2

= ker(AF+
n
−→ AF+

n ,S2
),

δ1 = rank2

(
lim←−
(
(O×Fn,S2

)1−j/(O×Fn)1−j)),
δ2 = rank2

(
lim←− ker(D+

n,S2
→ Dn,S2)

)
,

where O×Fn,S2
is the S2(Fn)-unit group of Fn, O×Fn the unit group of Fn, both

projective limits are taken with respect to the norm maps, and rank2(A) is
the 2-rank, namely the dimension of A/2A as an F2-vector space. We note
that 0 ≤ δ2 ≤ δ1 ≤ 1 and the 2-rank of lim←−Dn,S2/(1 + j)Dn,S2 is d or
d− 1 (see Remark 3.3.5), where d is defined in the previous paragraph (the
number of certain 2-adic primes). The first main theorem is the following.

Theorem 1.2.1. (Theorem 3.2.1, Theorem 3.3.1) ( i ) X−F∞,S2
has no non-

trivial finite Λ-submodule.
(ii) Assume that Leopoldt’s conjecture is valid for F+ and the lifting

maps AF+
n ,S2

−→ AFn,S2 are injective for all sufficiently large n� 0. Then
we have

FΛ(X−F∞) = lim←−Dn,S2/(1+j)Dn,S2
∼=

{
(Z/2Z)⊕d (if µ2∞ 6⊂ F∞)

(Z/2Z)⊕d−δ1+δ2 (if µ2∞ ⊂ F∞),

where d is the number of primes of F∞ above 2 which ramify in F∞/F
+
∞ and

µ2∞ is the group of all 2 power roots of unity.

This is a generalization of the Ferrero’s result (see Example 3.3.8). If all
primes above 2 are unramified in F∞/F

+
∞, the set S2(F+) coincides with

S∞(F+) by definition. Therefore, we have AFn,S2 = AFn , and X−F∞,S2
=

X−F∞ . Thus Theorem 1.2.1 ( i ) implies the following result.
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Corollary 1.2.2. Assume that all primes above 2 are unramified in F∞/F
+
∞.

Then, X−F∞ has no non-trivial finite Λ-submodule.

Concerning the injectivity of the lifting map AF+
n ,S2

−→ AFn,S2 for an
imaginary abelian field F , we get lemma 3.3.7. Theorem 1.2.1 and lemma
3.3.7 imply the following result.

Corollary 1.2.3. Assume that F is an imaginary abelian field and all
primes above 2 ramify in F∞/F

+
∞. If F∞ contains µ2∞ or Hasse’s unit

index [O×Fn : µ(Fn)O×
F+
n

] = 2 for all sufficiently large n� 0, we have

FΛ(X−F∞) = lim←−Dn,S2/(1+j)Dn,S2
∼=

{
(Z/2Z)⊕d (if µ2∞ 6⊂ F∞)

(Z/2Z)⊕d−δ1+δ2 (if µ2∞ ⊂ F∞),

where d was defined on page 5 and in this case, it is the number of primes
of F∞ above 2, µ(Fn) is the group of roots of unity contained in Fn.

If F is an imaginary abelian field and
√
−1 ∈ F , we can determine the

maximal finite Λ-submodule of X−K∞ by Corollary 1.2.2 and Corollary 1.2.3.
For example, let F+ be a real abelian field which is unramified at 2, and

F = F+(
√
−1). Then, we have

FΛ(X−F∞) ∼= (Z/2Z)⊕d−1,

and in this case, d is the number of primes of F lying above 2 (see Example
3.3.9).

1.2.2 Iwasawa main conjecture

In this subsection, we introduce the second main theorem. Let k be a totally
real field. We take a one-dimensional Artin character χ for k and denote
by kχ the extension of k attached to χ, i.e., Gal(kχ/k) = Im(χ). Assume
that χ is even, so kχ is also totally real. We denote by kχ∞ the cyclotomic
Zp-extension of kχ. Let S be a set of primes of k, which contains all primes
which ramify in kχ∞/k. We consider the Iwasawa module Xkχ∞,S which is
defined by the Galois group of the maximal abelian pro-p extension over kχ∞
unramified outside S. Put Λχ = Zp[Im(χ)][[Gal(kχ∞/kχ)]]. We consider the
χ-component X χ

kχ∞,S
= Xkχ∞,S ⊗Zp[[Gal(kχ∞/k)]] Λχ, which is a Λχ-module.

The Iwasawa main conjecture (IMC) claims that the characteristic ideal
of X χ

kχ∞,S
coincides with the p-adic L-function (for more precise statement of

(IMC), see Conjecture 2.4.2). If p is an odd prime, Wiles (and Greenberg)
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proved that (IMC) is valid in [34] (see Theorem 2.4.4 ). But for p = 2, Wiles
proved (IMC) only in the case that there is no trivial zero in the p-adic L-
function (see Theorem 2.4.5 ). We can prove (IMC) for p = 2 only assuming
that the µ-invariant vanishes and Leopoldt’s conjecture is valid.

The second main theorem is the following result.

Theorem 1.2.4. ( i ) If the µ-invariant of kχ∞ vanishes, then (IMC) for
p = 2 is valid for χ 6= 1.

(ii) If the µ-invariant of kχ∞ vanishes and Leopoldt’s conjecture is valid
for k, then (IMC) for p = 2 is valid for χ = 1.

Remark 1.2.5. In Iwasawa theory, one often assumes p 6= 2. One of the
reasons is that the Iwasawa main conjecture (IMC) is not proved for the
case p = 2. Here, we give two applications of Theorem 1.2.4.

( i ) An equivariant Iwasawa main conjecture has been formulated and
proved by Ritter and Weiss for odd primes under the assumption µ = 0 in
[27]. In [31], [32], Taleb extended this conjecture of Ritter and Weiss to all
prime numbers (see Conjecture 5.1 in [32]) and proved it for p = 2 assuming
that the classical Iwasawa main conjecture (IMC) is valid (see Theorem 5.7
in [32]). Therefore, Theorem 1.2.4 implies that the equivariant Iwasawa
main conjecture for p = 2 holds by assuming that the µ-invariant vanishes
and Leopoldt’s conjecture is valid.

(ii) Greither and Kurihara also proved an equivariant Iwasawa main con-
jecture which treats classical Iwasawa modules. Let K/k be a finite abelian
extension such that both k and K are totally real fields. We denote by K∞
the cyclotomic Zp-extension of K. When p is an odd prime, Greither and
Kurihara obtained the exact description of the Fitting ideal of the Iwasawa
module XK∞,S as a Zp[[Gal(K∞/k)]]-module using the p-adic L-function
under the assumption µ = 0 (see Theorem 4.1 in [15], see also Remark 0.4
(6) in [16]). In their theorem, the assumption p 6= 2 is used only for using
(IMC). Using (IMC) for p = 2, we get the same theorem for p = 2 by the
same method in [15]. Therefore, Theorem 1.2.4 implies that we can deter-
mine the Fitting ideal of the Iwasawa module XK∞,S , assuming that µ = 0
and Leopoldt’s conjecture is valid.

1.2.3 Fitting ideal of the ideal class group

Let k be a totally real number field, and K a CM-field such that K/k is
a finite abelian extension. We denote by K∞ the cyclotomic Z2-extension
of K. We consider the unramified Iwasawa module XK∞ which is defined
by the Galois group of the maximal unramified abelian pro-2 extension of
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K∞. We denote by AK the 2-Sylow subgroup of the ideal class group of
K. For any Z2[Gal(K/k)]-module M , we define the minus quotient of M
by M− = M ⊗Z2[Gal(K/k)]/(1 + j), where j is the complex conjugation in
Gal(K/k). We put d = [k : Q]. We write G = Gal(K/k) = G′ ×∆, where
G′ is a 2-group and the order of ∆ is odd. We assume that G′ is cyclic. Put
Z2[G]− = Z2[G]/(1 + j). Let ψ be a faithful character of G′. Since G′ is
cyclic, we have

Z2[G]− '
⊕

χ∈∆̂/∼

Z2[Im(χψ)].

Therefore, Z2[G]− is a direct product of discrete valuation rings. In this
situation, we will define the Stickelberger ideal Θ−K/k ⊂ Z2[G]− in Definition

5.1.2 . The definition of Θ−K/k is similar to the definition of the Stickelberger

ideal in Kurihara [19]. We denote by KG′ the fixed field G′ in K, and by
kcl the Galois closure of k over Q. Let K+ be the maximal real subfield of
K. The third main theorem is the following.

Theorem 1.2.6. Assume that the following assumptions are satisfied.
(1) The µ-invariant of K∞ vanishes.
(2) K ∩ k∞ = k.
(3) At least one of the following assumptions is satisfied.
(3a) No prime above 2 splits in K/K+.
(3b) No prime above 2 ramifies in K/K+ and kcl ∩KG′ = k.
Then we have

FittZ2[G]−(A−K) = Θ−K/k.

If k = Q and 2 is unramified in K/Q, Theorem 1.2.6 was proved by
Greither [13] (see Theorem 2.5.8). Greither proved this using the Iwasawa
main conjecture and descent theory. In this paper, we also prove Theorem
1.2.6 by a similar method as in Greither [13]. However, there are some diffi-
culties in our general case. For example, if all primes above 2 are unramified
in K/k, the minus quotient of XK∞ has no non-trivial finite submodule
(see Corollary 1.2.2). But, as we mentioned above, the minus quotient of
XK∞ sometimes has non-trivial finite submodules in general. In this case,
the characteristic ideal does not coincide with the Fitting ideal of the χψ-
component of XK∞ .

If k = Q, the assumption (3) in Theorem 1.2.6 is always satisfied and
the µ-invariant of K∞ vanishes by the theorem of Ferrero and Washington
[7]. Therefore, Theorem 1.2.6 implies the following result.
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Corollary 1.2.7. Assume that K is an imaginary abelian field over Q and
that the 2-Sylow subgroup of Gal(K/Q) is cyclic. Then, we have

FittZ2[G]−(A−K) = Θ−K/Q.

For a general totally real field, Brumer gave a conjecture which gen-
eralizes the Stickelberger’s theorem (cf. Conjecture 1 in [35]). Theorem
1.2.6 implies some affirmative result for the 2-component of the conjecture
of Brumer (cf. [35]) under the assumptions in Theorem 1.2.6.

Corollary 1.2.8. Assume that the assumptions (1), (2), (3) in Theorem
1.2.6 are satisfied. Then, we have

2a1,KQ(K)AnnZ2[G](W (K)⊗ Z2)
1

2d−1
θK/k ⊂ AnnZ2[G](AK),

where 2a1,K = ] ker(AK+ → AK), d = [k : Q] and Q(K) is Hasse’s unit
index of K.

We note that both 2a1,K and Q(K) are 1 or 2. Therefore, if d = [k :
Q] ≥ 3, we have

AnnZ2[G](W (K)⊗ Z2)θK/k ⊂ AnnZ2[G](AK)

under the assumptions (1), (2), (3) in Theorem 1.2.6.

1.3 Key points in this thesis

To study the 2-components of ideal class group is difficult. One of the reasons
is that taking a minus component is not an exact functor for p = 2. Let k
be a totally real field and K/k a finite abelian extension. Assume that K is
a CM-field. If p is an odd prime, 2 is invertible in Zp[Gal(K/k)]. Therefore,
1±j

2 are in Zp[Gal(K/k)], and idempotents of the group ring, where j is
the complex conjugation in Gal(K/k). This implies that taking the minus
component is an exact functor for the case p 6= 2. But this is not an exact
functor for p = 2, which makes all the arguments very complicated.

In Iwasawa theory, a question of whether the Iwasawa module has non-
trivial finite submodules or not is important. The minus quotient of the un-
ramified Iwasawa module sometimes has non-trivial finite submodules only
in the case for p = 2. To compute the Fitting ideal of the ideal class group,
we need to determine this. We determine the size of the maximal finite
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submodule of the minus quotient of the unramified Iwasawa module under
some mild assumptions (see Theorem 1.2.1).

To prove Theorem 1.2.1, we use a result of Greenberg [11]. Greenberg
gives sufficient conditions that Selmer groups have no non-trivial finite sub-
modules. We can prove Theorem 1.2.1 ( i ), using Greenberg’s result. How-
ever, as we mentioned above, the minus quotient of the unramified Iwasawa
module sometimes has non-trivial finite submodules only in the case for
p = 2. This means that Selmer groups which have usual local conditions do
not satisfy Greenberg’s conditions in the case for p = 2. Therefore, we need
to choose some appropriate local conditions.

The Iwasawa main conjecture (IMC) claims that the characteristic ideal
of the χ-component of the Iwasawa module coincides with the p-adic L-
function (see Conjecture 2.4.1, 2.4.2). If p is an odd prime, Wiles proved
that (IMC) is valid in [34]. But for p = 2, Wiles proved (IMC) only in
the case that there is no trivial zero in the p-adic L-function (see Theorem
11.1 in [34]). In this thesis, we prove (IMC) for p = 2 assuming that the
µ-invariant vanishes and Leopoldt’s conjecture is valid (see Theorem 1.2.4).

We show that the argument of Wiles to avoid the trivial zeros in [34] can
be applied for p = 2. The key lemmas of avoiding the trivial zeros by Wiles
are Lemmas 10.1, 10.2 in [34]. Instead of these lemmas, assuming µ = 0, we
prove Lemma 4.1.6 which is a similar statement of Lemma 10.1 in [34], and
Lemma 4.1.1 which is the p = 2 version of Wiles [34] Lemma 10.2.

Using Theorem 1.2.1, Theorem 1.2.4 and descent theory, we can get the
information of the 2-component of the ideal class group of a number field of
finite degree. We determine the Fitting ideal of the minus quotient of the
2-component of the ideal class group of a CM-field K which is cyclic over a
totally real field k.

If k = Q, the p-adic L-function has at most one trivial zero, by which
we can use the value of the first derivative of the p-adic L-function. But,
in general, the p-adic L-function sometimes has more than two trivial zeros.
In this case, we need the technical descent argument in Wiles [35].

To prove Theorem 1.2.6, we have to determine the order of the χ-
component of the ideal class group since Z2[G]− is a direct product of dis-
crete valuation rings. It might look easy to determine the order, but it is
quite difficult in general. Even if we use the analytic class number formula,
2-power factors appear in several places. For example, Hasse’s unit index in
the class number formula is always 1 or 2. We note that if k = Q and the
2-Sylow subgroup of Gal(K/Q) is cyclic, Hasse’s unit index is always 1 but
we can use this fact only for k = Q (see [22]). Also, the number of roots
of unity of K is always divided by 2 since −1 ∈ K. To study the order of
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the χ-component of the ideal class group, we need to consider these terms.
We need to study these complicated factors to get the exact order of the
χ-component of the ideal class group.

1.4 Outline

The outline of this thesis is as follows. In Chapter 2, we introduce known
results in Iwasawa theory. Also we state the Iwasawa main conjecture. In
chapter 3, we study finite submodules of the minus quotient of the unramified
Iwasawa modules of a CM-field for p = 2 and prove Theorem 1.2.1. In
chapter 4, we prove the Iwasawa main conjecture for p = 2 (Theoren 1.2.4).
In chapter 5, we study the Fitting ideal of the 2-component of the ideal class
group of a CM-field and prove Theorem 1.2.6.
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Chapter 2

Preliminary

2.1 Algebraic preliminary

Let p be a prime number. Suppose that O is the integer ring of a finite
extension of Qp and put Λ = O[[T ]]. We denote by π a uniformizer of O.

Theorem 2.1.1. ( Theorem 7.3 in [33], p-adic Weierstrass preparation the-
orem) For any 0 6= f(T ) ∈ Λ, we can write it (in a unique way) in the
form

f(T ) = πµ(f(T ))f∗(T )U(T ),

where µ(f(T )) ∈ Z≥0, f∗(T ) is a distinguished polynomial and U(T ) is a
unit power series.

Definition 2.1.2. (pseudo-isomorphic) Let M1 and M2 be finitely gener-
ated Λ-modules. We call M1 and M2 pseudo-isomorphic if there is a Λ-
homomorphism f : M1 →M2 such that both ker f and cokerf are finite.

We note that this is not an equivalence relation in the category of finitely
generated Λ-modules. However, this is an equivalence relation in the cate-
gory of finitely generated torsion Λ-modules.

Theorem 2.1.3. (Theorem 13.12 in [33], Structure theorem for torsion Λ-
modules) Let M be a finitely generated torsion Λ-module. Then there exists
a pseudo-isomorphism

M −→
s⊕
i=1

Λ/(πmi)⊕
t⊕

j=1

Λ/(fj(T )nj ),
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where s, t are non-negative integers, mi, nj are positive integers and fj(T )
is an irreducible distinguished polynomial. The integers s, t,mi, nj and the
irreducible distinguished polynomial fj(T ) are determined uniquely by M .

This theorem guarantees the following quantities are well-defined.

Definition 2.1.4. (Iwasawa invariants, characteristic ideal) With the no-
tation of Theorem 2.1.3, we define

µ(M) =
s∑
i=1

mi,

λ(M) =

t∑
j=1

njdeg(fj(T )),

charΛ(M) =
(
πµ(M)

t∏
j=1

fj(T )nj
)
.

Let Γ be a topological group which is isomorphic to the additive group
Zp. For any n ∈ Z≥0, we denote by Γn the subgroup of Γ of index pn.

Theorem 2.1.5. (Serre, Theorem 7.1 in [33]) Let γ be a topological gener-
ator of Γ. Then there is a non-canonical isomorphism

Zp[[T ]] ' Zp[[Γ]] := lim←−
n

Zp[Γ/Γn],

T 7→ γ − 1,

of topological rings.

2.2 Iwasawa module

In this section, we mention some properties of Iwasawa modules.

2.2.1 unramified Iwasawa module

First of all, we consider the unramified Iwasawa module. Let p be a prime
number, K a number field and K∞/K the cyclotomic Zp-extension. Put
Γ = Gal(K∞/K) and Λ = Zp[[Γ]]. We consider L∞ the maximal unramified
abelian pro-p extension of K∞. Put XK∞ = Gal(L∞/K∞). Then Γ acts on
XK∞ by

xγ = γ̃xγ̃−1 x ∈ XK∞ , γ ∈ Γ,

where γ̃ is an extension of γ to Gal(L∞/K). Since XK∞ is an abelian, this
action is well-defined. Therefore, XK∞ becomes a Λ-module.
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Theorem 2.2.1. (Iwasawa) XK∞ is a finitely generated torsion Λ-module.

Assume that K is a CM-field and K+ is the maximal real subfield of K.
Let j be the complex conjugation in Gal(K/K+). We consider the minus
quotient of Iwasawa module defined by

X−K∞ = XK∞/(1 + j)XK∞ .

Theorem 2.2.2. (Iwasawa, Proposition 13.28 in [33]) If p is an odd prime,
X−K∞ has no non-trivial finite Λ-module.

However, when p = 2, X−K∞ sometimes has non-trivial finite submodule.
Ferrero proved the following result.

Theorem 2.2.3. (Ferrero, Theorem 5 in [6]) Let K be an imaginary quadratic
field. Assume that the prime above 2 ramifies in K∞/K

+
∞. If p = 2, the

maximal finite Λ-submodule of XK∞ is isomorphic to Z/2Z.

2.2.2 S-ramified Iwasawa module

Next, we consider the S-ramified Iwasawa module. Let k be a totally
real field and k∞/k the cyclotomic Zp-extension. We take S a finite set
of prime of k, which contains all primes above p. We denote by Mk∞,S

the maximal abelian pro-p extension of k∞ unramified outside S. Put
Xk∞,S = Gal(Mk∞,S/k∞). Since Xk∞,S is abelian, Gal(k∞/k) acts on Xk∞,S
by conjugation as above.

Theorem 2.2.4. (Iwasawa, Theorem 13.31 in [33]) Xk∞,S is a finitely gen-
erated torsion Zp[[Gal(k∞/k)]]-module.

2.3 p-adic L-function

In this section, we introduce the p-adic L-function of Deligne-Ribet.
Let k be a totally real field, F/k a finite abelian extension. We define in

the usual way the partial zeta function for σ ∈ Gal(F/k) by

ζ(s, σ) =
∑

(a,F/k)=σ

N(a)−s

for Re(s) > 1 where the sum is taken over integral ideals a of k which are
prime to the conductor ideal fF/k such that the Artin symbol (a, F/k) is

16



equal to σ (N(a) is the norm of a). The partial zeta functions are mero-
morphically continued to the whole complex plane, and holomorphic except
s = 1. We consider the Stickelberger element defined by

θF/k =
∑

σ∈Gal(F/k)

ζ(0, σ)σ−1.

By Klingen and Siegel, we know that θF/k ∈ Q[Gal(F/k)].

Lemma 2.3.1. (cf. Lemma 2.1 in [19]) Let M be a field such that k ⊂M ⊂
F . We denote by SF (resp. SM ) the set of primes of k ramifying in F/k
(resp. M/k). Let

cF/M : Q[Gal(F/k)] −→ Q[Gal(M/k)]

denote the natural homomorphism. Then we have

cF/M (θF/k) =
( ∏
v∈SF \SM

(1− Frob−1
v )
)
θM/k,

where Frobv is the Frobenius of v in Gal(M/k).

Let p be a prime number and K/k a finite abelian extension. For any
number field N , we denote by N∞ the cyclotomic Zp-extension of N and
Nn the n-th layer of N∞/N . Assume that K is also a totally real field and
K ∩ k∞ = k. Put L = K(µp) (L = K(µ4) if p = 2), G = Gal(L∞/k).

Theorem 2.3.2. (Deligne-Ribet [4]) For any integral ideal c of k which is
prime to conductor of Ln/k,

(Nc− Frobc)θLn/k ∈ 2d−1(1− j)Z[Gal(Ln/k)]

for all sufficiently large n � 0. Where d = [k : Q], Nc = ](Ok/c) and j is
the complex conjugation.

We consider the restriction maps

cLn+1/Ln : Qp[Gal(Ln+1/k)]→ Qp[Gal(Ln/k)]

for all n ≥ 0. Lemma 2.3.1 implies that the Stickelberger elements θLn/k
satisfy cLn+1/Ln(θLn+1/k) = θLn/k for all sufficiently large n � 0. Theorem
2.3.2 implies that the existence θL∞/k ∈ Q(Zp[[G]]) which is the following
properties, where Q(Zp[[G]]) is the totally quotient ring of Zp[[G]].
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(1) θL∞/k ∈ {λ ∈ Q(Zp[[G]]) | (κ(σ)−σ)λ ∈ 2d−1(1−j)Zp[[G]] for all σ ∈
G}, where κ is the cyclotomic character.

(2) The canonical map cL∞/Ln : Zp[[G]] → Zp[Gal(Ln/k)] extends to
cL∞/Ln : Zp[[G]]θL∞/k → Qp[Gal(Ln/k)], and cL∞/Ln(θL∞/k) = θLn/k for all
sufficiently large n� 0.

We denote by i the involution map i : Q(Zp[[G]]) → Q(Zp[[G]]) induced
by σ → σ−1 for all σ ∈ G and by jκ the twist map jκ : Q(Zp[[G]]) →
Q(Zp[[G]]) induced by σ → κ(σ)σ for all σ ∈ G. Put ΦL∞/k = i ◦ jκ(θL∞/k).
The property (1) implies the following result.

ΦL∞/k ∈ {λ ∈ Q(Zp[[G]]) | (σ − 1)λ ∈ 2d−1(1 + j)Zp[[G]] for all σ ∈ G}.

Let χ be a character of Gal(L/k). We consider the classical L-function
defined by

L(χ, s) =
∑
a

χ(a)

Nas
,

for Re(s) > 1 where the sum is taken over non-zero integral ideals a of k.
This is meromorphically continued to the complex plane, and holomorphic
except χ = 1 and s = 1. We have

L(χ, s) =
∏
p

(1− χ(p)N(p)−s)−1,

where p ranges over prime ideals of k. Let S be a finite set of finite prime of
k, which contains all primes which ramify in L∞/k. Let LS(χ, s) be defined
by

LS(χ, s) =
∏
p∈S

(1− χ(p)N(p)−s)L(χ, s).

Theorem 2.3.3. (Deligne-Ribet [4]) There is an unique element ΦL∞/k,S ∈
Q(Zp[[G]]) such that

χκn(ΦL∞/k,S) = LS(1− n, χ)

for all n ∈ Z>0 and all characters χ of Gal(L/k). In particular, if S is the
set of finite primes of k, which ramify in L∞/k, we have

ΦL∞/k,S = ΦL∞/k.

Put G+ = Gal(K∞/k), Γ = Gal(K∞/K). The canonical map cL∞/K∞ :
Zp[[G]]→ Zp[[G+]] extends to cL∞/K∞ : Q(Zp[[G]])→ Q(Zp[[G+]]). We con-
sider ΦK∞/k = cL∞/K∞(ΦL∞/k) ∈ Q(Zp[[G+]]). The above inclusion implies
that the following result.
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Proposition 2.3.4. Put IK∞/k is the augmentation ideal of Zp[[G+]], i.e.,
IK∞/k = ker(Zp[[G+]]→ Zp). Then we have

1

2d
IK∞/kΦK∞/k ⊂ Zp[[G+]].

We write G = Gal(K/k) = G′×∆ where G′ is a p-group and the order of
∆ is prime to p. We say two Q̄p-valued character χ1 and χ2 are Qp-conjugate
if σχ1 = χ2 for some σ ∈ Gal(Q̄p/Qp). We consider this equivalence relation
on ∆̂. Then we have

Zp[[G+]] = Zp[[G× Γ]] '
⊕

χ′∈∆̂/∼

Zp[Im(χ′)][[G′ × Γ]].

For any element x ∈ Zp[[G+]], we denote by xχ
′ ∈ Zp[Im(χ′)][[G′ × Γ]] the

χ′-component of x. Proposition 2.3.4 implies the following result.

Corollary 2.3.5. If χ′ is a non-trivial character of ∆, we have

1

2d
Φχ′

K∞/k
∈ Zp[Im(χ′)][[G′ × Γ]].

If χ′ is the trivial character of ∆, we have

1

2d
(σ − 1)Φχ′

K∞/k
∈ Zp[Im(χ′)][[G′ × Γ]],

for all σ ∈ G′ × Γ.

Let χ be a character of G. We consider the map fχ : Zp[[G+]] →
Zp[Im(χ)][[Γ]] induced by χ. For any element x ∈ Zp[[G+]], we write xχ =
fχ(x).

Theorem 2.3.6. ([4], Theorem 1.15 in [28]) If χ is a non-trivial character
of G, we have

1

2d
Φχ
K∞/k

∈ Zp[Im(χ)][[Γ]].

Assume that Leopoldt’s conjecture is valid for k. Then we have

1

2d
Φ1
K∞/k

/∈ Zp[[Γ]],

where 1 is the trivial character of G.
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2.4 Iwasawa main conjecture

In this section, we state the classical Iwasawa main conjecture (IMC).
Let p be a prime number and k a totally real field. We take a one-

dimensional Artin character χ for all k and denote by kχ the extension of k
attached to χ. For any number field N , we denote by N∞/N the cyclotomic
Zp-extension. Assume that k∞ ∩ kχ = k. Put Γ = Gal(kχ∞/kχ). We fix
a topological generator γ of Γ and put T = γ − 1. By Theorem 2.1.5, we
have Zp[[Gal(kχ∞/k)]] ' Zp[Gal(kχ/k)][[T ]]. Put Λχ = Zp[Im(χ)][[T ]] on
which Gal(kχ/k) acts via χ. For any element x ∈ Q(Zp[[Gal(kχ∞/k)]]), we
write xχ ∈ Q(Λχ) the image of x of the map Q(Zp[[Gal(kχ∞/k)]])→ Q(Λχ)
induced by χ. For any Zp[[Gal(kχ∞/k)]]-module M , we define the χ-quotient
by Mχ = M ⊗Zp[[Gal(kχ∞/k)]] Λχ.

2.4.1 (IMC) for unramified Iwasawa module

First of all, we introduce (IMC) for the unramified Iwasawa module. As-
sume that χ is an odd character (i.e., kχ is a CM-field). We consider the
unramified Iwasawa module Xkχ∞ which is defined by the Galois group of the
maximal unramified abelian pro-p extension of kχ∞ (see section 2.2). We de-
note by θkχ∞/k ∈ Q(Zp[[Gal(kχ∞/k)]]) the projective limit of the Stickelberger
elements defined in section 2.3. By Theorem 2.3.2, we have

1

2d
θχ
kχ∞/k

∈ Λχ (χ 6= ω)

(κ(γ)− γ)
1

2d
θχ
kχ∞/k

∈ Λχ (χ = ω),

where d = [k : Q], ω is the Teichmüller character and

κ : Γ ' Gal(kχ(µp∞)/kχ(µp))→ Z×p

is the cyclotomic character.

Conjecture 2.4.1. (IMC, first form)

charΛχ(Xχ
kχ∞

) =

{(
1
2d
θχ
kχ∞/k

)
(χ 6= ω)(

(κ(γ)− γ) 1
2d
θχ
kχ∞/k

)
(χ = ω).

2.4.2 (IMC) for S-ramified Iwasawa module

Next we introduce (IMC) for S-ramified Iwasawa modules. Assume that χ
is an even character (i.e., kχ is a totally real field). Let S be a finite set
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of finite primes of k which contains all ramifying primes in kχ∞/k. We con-
sider the S-ramified Iwasawa module Xkχ∞,S which is defined by the Galois
group of the maximal abelian pro-p extension of kχ∞ unramified outside S
(see section 2.2). Put Lχ = kχ(µp). Let ΦLχ∞/k,S ∈ Q(Zp[[Gal(Lχ∞/k)]])
be the p-adic L-function of Deligne-Ribet in Theorem 2.3.3. We write
Φkχ∞/k,S ∈ Q(Zp[[Gal(kχ∞/k)]]) the image of ΦLχ∞/k,S of the natural restric-
tion map Q(Zp[[Gal(Lχ∞/k)]]) → Q(Zp[[Gal(kχ∞/k)]]). By Corollary 2.3.5
and Theorem 2.3.6, we have

1

2d
Φχ
kχ∞/k,S

∈ Λχ (χ 6= 1)

T
1

2d
Φχ
kχ∞/k,S

∈ Λχ (χ = 1),

where 1 is the trivial character.

Conjecture 2.4.2. (IMC, second form)

charΛχ(X χ
kχ∞,S

) =

{(
1
2d

Φχ
kχ∞/k,S

)
(χ 6= 1)(

T 1
2d

Φχ
kχ∞/k,S

)
(χ = 1).

Remark 2.4.3. (1) Greenberg proved that the validity of (IMC, second
form) for one S implies the validity for others. Therefore, we can take S
minimal when we prove (IMC) for p = 2 in chapter 4.

(2) Let ψ be an even character for k. Iwasawa proved that Conjecture
2.4.1 for ψ−1ω is equivalent to Conjecture 2.4.2 for ψ.

Theorem 2.4.4. (Mazur-Wiles [23], Wiles [34], Greenberg [12]) If p is an
odd prime, (IMC) is valid.

When p = 2, Wiles proved the partial result as following.

Theorem 2.4.5. (Wiles, Theorem 11.1 in [34]) Suppose that χ is an odd
character for k such that kχ ∩ k∞ = k and p = 2. If χψ(p) 6= 1 for all
characters ψ of Gal(k∞/k) and all primes p above 2 and the µ-invariant of
kχ∞ vanishes, (IMC, first form) is valid.

2.5 A refinement of Iwasawa theory

In this section, we discuss a refinement of Iwasawa theory.
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2.5.1 Fitting ideal

Let R be a commutative ring and M a finitely presented R-module M such

that Rm
φ→ Rn →M → 0 is exact.

Definition 2.5.1. (Fitting ideal) The (initial) Fitting ideal of M is defined
to be the ideal of R generated by all n × n minors of the matrix which
corresponds to φ.

This does not depend on the choice of this exact sequence. We denote
the Fitting ideal of M over R by FittR(M).

It is well known the following results about the Fitting ideal.

Proposition 2.5.2. (see [25])
(1) AnnR(M) ⊂ FittR(M).
(2) Let M1,M2 and M3 be finitely presented R-modules and there is an

exact sequence M1 →M2 →M3 → 0. Then we have

FittR(M1)FittR(M3) ⊂ FittR(M2).

(3) Let M1,M2 and M3 be finitely presented R-modules and there is an
exact sequence 0→M1 →M2 →M3 → 0. If there exists an exact sequence
Rn → Rn →M → 0 for some integer n > 0, we have

FittR(M1)FittR(M3) = FittR(M2).

Suppose that O is the integer ring of a finite extension of Qp with a
prime p.

Proposition 2.5.3. (Corollary 2.8 in [26]) Let R = O[[T ]] and M a finitely
generated torsion R-module. We denote the maximal finite R-submodule of
M by Mfin. Then we have

FittR(M) = charR(M)FittR(Mfin).

In particular, if M has no non-trivial finite R-submodule, we have

FittR(M) = charR(M).

2.5.2 Stickelberger ideal

Let K/Q be a finite imaginary abelian extension. For any subfield F ⊂ K,
we consider the canonical homomorphism

cK/F : Q[Gal(K/Q)] −→ Q[Gal(F/Q)]
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induced by the natural restriction map. In this situation,

νK/F : Q[Gal(F/Q)] −→ Q[Gal(K/Q)]

denotes the homomorphism defined by

σ 7→
∑

cK/F (τ)=σ

τ

for σ ∈ Gal(F/Q) where τ ranges over elements of Gal(F/Q) such that
cK/F (τ) = σ.

Let p1, p2, ..., pr be all primes ramifying in K/Q. We denote by Ipi the
inertia subgroup of pi in Gal(K/Q). If K/Q satisfies the following condition

(A) Gal(K/Q) = Ip1 × · · · × Ipr ,

we say that K/Q satisfies the condition (A).

Lemma 2.5.4. (Lemma 2.3 in [19]) Let K/Q be a finite abelian extension.
Then, there exists a unique abelian extension K ′/Q such that K ⊂ K ′, K ′/K
is unramified at all finite primes, and that K ′/Q satisfies the condition (A).

Definition 2.5.5. (Stickelberger ideal, Kurihara [19] ) Let K/Q be a finite
imaginary abelian extension which satisfies the condition (A). We define a
Z[Gal(K/Q)]-module Θ′K/Q by

Θ′K/Q = 〈νK/F (θF/Q) | Q ⊂ F ⊂ K〉Z[Gal(K/Q)] ⊂ Q[Gal(K/Q)],

where θF/Q is the Stickelberger element defined in §2.3. In this situation, we
define the Stickelberger ideal ΘK/Q by

ΘK/Q = ΘK/Q ∩ Z[Gal(K/Q)].

Next, we consider a finite imaginary abelian extension K/Q which does
not satisfy the condition (A). By Lemma 2.5.4, there exists a unique abelian
extension K ′/Q such that K ⊂ K ′, K ′/K is unramified at all finite primes,
and that K ′/Q satisfies the condition (A). In this situation, we define the
Stickelberger ideal ΘK/Q by

ΘK/Q = cK′/K
(
ΘK′/Q

)
.

Remark 2.5.6. If K is a cyclotomic field, the Stickelberger ideal defined
by Kurihara coincides with the Stickelberger ideal defined by Iwasawa and
Sinnott in [29].
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2.5.3 Fitting ideal of class groups

Let p be a prime number, K/Q a finite imaginary abelian extension. Let
j denote the complex conjugation in Gal(K/Q). Put Zp[Gal(K/Q)]− =
Zp[Gal(K/Q)]/(1 + j). For any Zp[Gal(K/Q)]-module M , we define the
±-component M± by

M± = M/(1± j)M.

If p is an odd prime, we note that M = M+ ⊕M−. Let Cl(K) be the ideal
class group of K. Let

f : Zp[Gal(K/Q)] −→ Zp[Gal(K/Q)]−

denote the natural homomorphism.

Theorem 2.5.7. (Kurihara-Miura, Theorem 0.1 in [21]) For any odd prime
p, we have

FittZp[Gal(K/Q)]−
(
(Cl(K)⊗ Zp)−

)
= f

(
ΘK/Q ⊗ Zp

)
.

Theorem 2.5.8. (Greither, Theorem A in [13]) Assume that 2 is unramified
in K/Q and the 2-Sylow subgroup of Gal(K/Q) is cyclic. Then, we have

FittZ2[Gal(K/Q)]−
(
(Cl(K)⊗ Z2)−

)
=

1

2
f
(
ΘK/Q ⊗ Z2

)
.
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Chapter 3

Finite submodules of
Iwasawa modules for p = 2

3.1 A result of Greenberg

In this section, we introduce the result of Greenberg. Greenberg describes
his theorems in a much more general setting in [11]. However, we describe
it in a restricted setting here.

Let p be a prime. Suppose that K is a finite extension of Q and that
Σ is a finite set of primes of K. Let KΣ be the maximal extension of K
unramified outside Σ. We assume that Σ contains all archimedean primes
and all primes lying above p. Put Λ := Zp[[T ]] and let T be a Gal(KΣ/K)-
module such that T ∼= Λ as a group and Gal(KΣ/K) acts on T continuously.
We define D = T ⊗Λ Λ̂, where Λ̂ = Hom(Λ,Qp/Zp) is the Pontryagin dual of
Λ. The Galois group Gal(KΣ/K) acts on D through its action on the first
factor T .

We note that D is a discrete abelian group and the Galois cohomology
groupH1(KΣ/K,D) is a discrete Λ-module. Let L(Kv,D) be a Λ-submodule
of H1(Kv,D) for each v ∈ Σ, where Kv is the completion of K at v. Put
Q(K,D) :=

∏
v∈ΣH

1(Kv,D)/L(Kv,D). The natural global-to-local maps
induce a map

φ : H1(KΣ/K,D) −→ Q(K,D).

The kernel of φ is denoted by S(K,D). We define T ∗ = Hom(D, µp∞), and

X2(K,Σ,D) = ker
(
H2(KΣ/K,D) −→

∏
v∈Σ

H2(Kv,D)
)
.
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We say that a finitely generated Λ-module M is reflexive if the map

M −→ HomΛ

(
HomΛ(M,Λ),Λ

)
m 7−→ [α 7→ α(m)].

is an isomorphism. Suppose that N is a discrete Λ-module and that its
Pontryagin dual is finitely generated. We say that N is almost Λ-divisible if
there is a nonzero element f(T ) ∈ Λ such that g(T )N = N for all irreducible
elements g(T ) ∈ Λ not dividing f(T ).

Theorem 3.1.1. (Greenberg [11] Proposition 4.1.1) Suppose that the fol-
lowing assumptions are satisfied.

(a) The Λ-module X2(K,Σ,D) is Λ-cotorsion,

(b) The Λ-module T ∗/(T ∗)GKv is reflexive for all v ∈ Σ,

(c) There exists a non-archimedean prime v ∈ Σ such that (T ∗)GKv = 0,

(d)
∏
v∈Σ L(Kv,D) is almost Λ-divisible,

(e) corankΛ

(
H1(KΣ/K,D)

)
= corankΛ

(
S(K,D)

)
+ corankΛ

(
Q(K,D)

)
,

(f) At least one of the following additional assumptions is satisfied.

• D[m] has no subquotient isomorphic to µp for the action of GK =
Gal(K̄/K).

• D is a cofree Λ-module and D[m] has no quotient isomorphic to µp for
the action of GK .

• There is a prime v ∈ Σ which satisfies (c) and such that
H1(Kv,D)/L(Kv,D) is coreflexive as a Λ-module.

Then S(K,D) is almost Λ-divisible.

In section 3.4, 3.5 in [11], Greenberg discussed the case that the as-
sumption (f) is not satisfied. We can replace the assumption (f) to (f*) as
following.

Theorem 3.1.2. (Greenberg [11] Proposition 4.1.1 and section 3.4, 3.5)
Suppose that the following assumptions are satisfied.

(a) The Λ-module X2(K,Σ,D) is Λ-cotorsion,

(b) The Λ-module T ∗/(T ∗)GKv is reflexive for all v ∈ Σ,

(c) There exists a non-archimedean prime v ∈ Σ such that (T ∗)GKv = 0,
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(d)
∏
v∈Σ L(Kv,D) is almost Λ-divisible,

(e) corankΛ

(
H1(KΣ/K,D)

)
= corankΛ

(
S(K,D)

)
+ corankΛ

(
Q(K,D)

)
,

(f*) L(Kv,D) ⊂ H1(Kv,D)Λ−div for all v ∈ Σ.

Then S(K,D) is almost Λ-divisible.

Remark 3.1.3. Let M be a finitely generated Λ-module, and N the Pon-
tryagin dual of M (i.e., N = Hom(M,Qp/Zp)). Then, the following two
statements are equivalent:

• M has no non-trivial finite Λ-submodule.

• N is almost Λ-divisible.

The proof of this fact can be found in Proposition 2.4 in Greenberg [10]

3.2 S2-modified Iwasawa module XF∞,S2

For any number field N , we denote by N∞/N the cyclotomic Z2-extension
of N and Nn the n-th layer of N∞/N . We denote by S2(N), S∞(N) the set
of primes of N lying above 2, ∞, respectively. Let F be a CM-field and F+

the maximal real subfield of F . Put Λ := Z2[[Gal(F∞/F )]]. We define the
subset S2(F+) of S2(F+) ∪ S∞(F+) by

S2(F+) = {v ∈ S2(F+) | v ramifies in F∞/F
+
∞} ∪ S∞(F+).

For any extension K/F+, we denote by S2(K) the set of primes of K lying
above S2(F+). Using this particular S2(K), we define ClS2(K) by the
S2(K)-ideal class group of K, i.e

ClS2(K) = coker(K×
⊕ordv−→

⊕
v/∈S2(K)

Z).

We denote by AK,S2 the 2-Sylow subgroup of the S2(K)-ideal class group
ClS2(K). We define XF∞,S2 , X

−
F∞,S2

by

XF∞,S2 = lim←−AFn,S2 , X−F∞,S2
= XF∞,S2/(1 + j)XF∞,S2 ,

where the projective limit is taken with respect to the norm maps. In this
section, we prove the following result.

Theorem 3.2.1. X−F∞,S2
has no non-trivial finite Λ-submodule.
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We prove Theorem 3.2.1, using Theorem 3.1.2 and taking K = F+, p =
2. We may assume that all primes above 2 are totally ramified in F∞/F
and F+

∞/F
+. We define

Σ = Sram(F/F+) ∪ S∞(F+) ∪ S2(F+),

where Sram(F/F+) is the set of primes of F+ which ramify in F/F+. Let
F+

Σ be the maximal extension of F+ unramified outside Σ. By definition,
F∞ ⊂ F+

Σ . Put Γ := Gal(F+
∞/F

+), and Λ := Z2[[Γ]] ∼= Z2[[T ]]. Let j be
the complex conjugation. By definition, Gal(F/F+) = {1, j}. We take T
to be a Gal(F+

Σ /F
+)-module such that T ∼= Λ as a Λ-module, for which j

acts as −1, and the group Gal(F+
Σ /F

+) acts on T through the natural map
Gal(F+

Σ /F
+) � Gal(F∞/F

+) ∼= Gal(F/F+)×Gal(F+
∞/F

+). We define

D = T ⊗Λ Λ̂, T ∗ = Hom(D, µ2∞),

where Λ̂ = Hom(Λ,Q2/Z2) is the Pontryagin dual of Λ. We define the
Λ-submodule L(F+

v ,D) of H1(F+
v ,D) for each v ∈ Σ

L(F+
v ,D)

=

{
ker
(
H1(F+

v ,D) −→ H1(F+
v

unr
,D)

) (
if v /∈ S2(F+) ∩ Sram(F∞/F

+
∞)
)

0
(
if v ∈ S2(F+) ∩ Sram(F∞/F

+
∞)
)
,

where F+
v

unr
is the maximal unramified extension of F+

v and Sram(F∞/F
+
∞)

is the set of primes of F+ which ramify in F∞/F
+
∞. Put Q(F+,D) :=∏

v∈ΣH
1(F+

v ,D)/L(F+
v ,D). The natural global-to-local maps induce a map

φ : H1(F+
Σ /F

+,D) −→ Q(F+,D).

The kernel of φ is denoted by S(F+,D). In this situation, we check the
assumptions (a), (b), (c), (d), (e), (f*) in Theorem 3.1.2.

Proof of Theorem 3.2.1 (c) T ∗ = Hom(D, µ2∞) = Hom(D,Q2/Z2) ⊗
Z2(1) = Λ(1) as Λ-modules. Since no prime splits completely in the cyclo-
tomic Z2-extension in F+

∞/F
+, GKv acts on Λ(1) nontrivially for each v.

Therefore, (T ∗)GF+
v = 0 for any non-archimedean prime v ∈ Σ.

(b) If v is non-archimedean, T ∗/(T ∗)GF+
v ∼= Λ(1). This Λ-module Λ(1)

is reflexive. If v is archimedean, GF+
v

= {1, j}. Since

(jf)(x) = j
(
f(j−1x)

)
= j
(
f(−x)

)
= j
(
f(x)−1

)
= f(x)
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for any f ∈ T ∗ and x ∈ D, j acts trivially on T ∗. Thus, T ∗/(T ∗)GF+
v = 0.

(d) We claim that

L(F+
v ,D) ∼=

{
Q2/Z2 (if v ∈ S2(F+) and v splits in F∞/F

+
∞)

0 (otherwise)

for each v ∈ Σ. This fact implies that
∏
v∈Σ L(Kv,D) is almost Λ-divisible.

If v ∈ S2(F+) ∩ Sram(F∞/F
+
∞), this is trivial by definition. Thus, we

consider the case v /∈ S2(F+) ∩ Sram(F∞/F
+
∞). The inflation-restriction

sequence shows that

L(F+
v ,D) ∼= H1(F+

v
unr
/F+

v ,D
G
F+
v

unr
).

If v is archimedean, Gal(F+
v

unr
/F+

v ) = 1 implies L(F+
v ,D) = 0.

If v is non-archimedean and v /∈ S2(F+), then v is unramified in F+
∞/F

+

and hence F+
v,∞ ⊂ F+

v
unr

, where F+
v,∞ is the cyclotomic Z2-extension of F+

v .
Thus, Gal(F+

v
unr
/F+

v ) contains the unique subgroup Pv which is isomorphic
to Z2 and the restriction map Pv → Γv = Gal(F+

v,∞/F
+
v ) is an isomorphism.

The inflation-restriction sequence shows that the restriction map

H1(F+
v

unr
/F+

v ,D
G
F+
v

unr
) −→ H1(Pv,D

G
F+
v

unr
)

is injective. Hence, it suffices to show that H1(Pv,D
G
F+
v

unr
) = 0. The action

of GF+
v

unr on D factors through GF+
v

unr � Gal(Fw/F
+
v ) = {1, j}, where w

is a prime of F lying above v. Since j acts on D as −1 and D is a divisible
group, we get an exact sequence

0 −→ DGF+
v

unr −→ D 1−j−→ D −→ 0.

Taking Galois cohomology, we get an exact sequence

DPv ×2−→ DPv −→ H1(Pv,D
G
F+
v

unr
) −→ H1(Pv,D).

Let γv be a topological generator of Γv. Then,

DPv ∼= HomΓv(Λ,Q2/Z2) ∼= Hom(Λ/(1− γv),Q2/Z2) ∼= (Q2/Z2)⊕n

where, n = [Γ : Γv]. Thus, DPv is a divisible group and the map DPv ×2−→
DPv is surjective. Therefore, the map H1(Pv,D

G
F+
v

unr
) −→ H1(Pv,D) is

injective. Here, H1(Pv,D) ∼= D/(1− γv)D = 0 because 1− γv acts on D as
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the multiplication by a nonzero element of Λ and D is Λ-divisible. Thus,

H1(Pv,D
G
F+
v

unr
) = 0 for each non-archimedean prime v /∈ S2(F+).

We consider the case that v ∈ S2(F+) and v is inert in F∞/F
+
∞. Let Pv

be the maximal subgroup of Gal(F+
v

unr
/F+

v ) which is isomorphic to Z2, and
γv a topological generator of Pv. The action of Gal(F+

v
unr
/F+

v ) on D factors
through Gal(F+

v
unr
/F+

v ) � Gal(Fw/F
+
v ) = {1, j}, where w is the prime of

F lying above v. Therefore, γv acts on D as −1. Thus,

H1(F+
v

unr
/F+

v ,D
G
F+
v

unr
) = H1(F+

v
unr
/F+

v , A)

= H1(Pv, A)

= A/(1− γv)A = 0,

where A is a Gal(F+
v

unr
/F+

v )-module such that A is isomorphic to Q2/Z2 as
a group, for which j acts as −1, and Gal(F+

v
unr
/F+

v ) acts via Gal(Fw/F
+
v ) =

{1, j}.
If v ∈ S2(F+) and v splits in F∞/F

+
∞, the action of Gal(F+

v
unr
/F+

v ) on
D is trivial since we assumed that all primes above 2 are totally ramified in
F+
∞/F

+. Therefore,

H1(F+
v

unr
/F+

v ,D
G
F+
v

unr
) = H1(F+

v
unr
/F+

v ,Q2/Z2)

= Hom(Z2,Q2/Z2)
∼= Q2/Z2.

(f*) Let γ be a topological generator of Γ. We know that L(F+
v ,D) is

a divisible group and annihilated by the ideal (1 − γ) for each v ∈ Σ. By
Remark 3.5.2 in [11], we have the inclusion L(F+

v ,D) ⊂ H1(F+
v ,D)Λ−div.

Before we check the assumptions (a) and (e), we prove the following
lemma.

Lemma 3.2.2. We have

S(F+,D) = Hom
(
X−F∞,S2

,Q2/Z2

)
,

where X−F∞,S2
is the Λ-module defined on page 2.

Proof. For each w lying above v ∈ Σ, we define L(Fw,D) by

L(Fw,D) = ker
(
H1(Fw,D)Gal(Fw/F

+
v ) → H1(Fw

unr,D)
)

if v /∈ S2(F+) ∩ Sram(F∞/F
+
∞), and

L(Fw,D) = 0
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if v ∈ S2(F+) ∩ Sram(F∞/F
+
∞).

At first, we claim that the map

H1(F+
v ,D)

L(F+
v ,D)

−→
H1(Fw,D)Gal(Fw/F

+
v )

L(Fw,D)
(3.1)

induced by the restriction map is injective for each w lying above v ∈ Σ.
If v /∈ S2(F+) or v ∈ S2(F+) ∩ Sram(F∞/F

+
∞), we have L(F+

v ,D) = 0.
Similarly, we have L(Fw,D) = 0. Since DGFw is a divisible group and j acts
on DGFw as −1, we have

H1(Fw/F
+
v ,DGFw ) =

ker(DGFw 1+j→ DGFw )

(DGFw )1−j = 0.

Therefore the inflation-restriction sequence

0 −→ H1(Fw/F
+
v ,DGFw ) −→ H1(F+

v ,D) −→ H1(Fw,D)Gal(Fw/F
+
v )

implies the above map (2) is injective.
If v ∈ S2(F+) and v is unramified in F∞/F

+
∞, then F unr

w = F+
v

unr
. We

consider the commutative diagram

0 0y y
H1(Fw/F

+
v ,DGFw ) H1(Fw/F

+
v ,DGFw )yinf

yinf

0 −−−−→ H1(F+
v

unr
/F+

v ,DGF
unr
w ) −−−−→

inf
H1(F+

v ,D)yres

yres

0 −−−−→ H1(F+
v

unr
/Fw,DGFunr

w )Gal(Fw/F
+
v ) −−−−→

inf
H1(Fw,D)Gal(Fw/F

+
v )y y

H2(Fw/F
+
v ,DGFw ) H2(Fw/F

+
v ,DGFw ) .

By the snake lemma, the map
H1(F+

v ,D)

L(F+
v ,D)

−→
H1(Fw,D)Gal(Fw/F

+
v )

L(Fw,D)
is in-

jective. This completes the proof of the injectivity of (2).
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Put

Q(F,D) =
∏
w∈ΣF

H1(Fw,D)Gal(Fw/F
+
v )

L(Fw,D)
,

where ΣF is the set of primes of F lying above Σ. We consider the commu-
tative diagram

H1(F/F+,DGal(F+
Σ /F ))yinf

0 −−−−→ S(F+,D) −−−−→ H1(F+
Σ /F

+,D)
φ−−−−→ Q(F+,D)y res

yg1

yg2

0 −−−−→ ker f −−−−→ H1(F+
Σ /F,D)Gal(F/F+) f−−−−→ Q(F,D)y y

cokerg1 −−−−→ cokerg2 .

Here, we defined g1 to be the restriction map H1(F+
Σ /F

+,D) −→
H1(F+

Σ /F,D)Gal(F/F+) and g2 the map Q(F+,D)→ Q(F,D) induced by the
restriction map. Next, we show that the map cokerg1 → cokerg2 is injective.

By definition, we have

cokerg2 =
∏
v∈Σ

coker
(H1(F+

v ,D)

L(F+
v ,D)

→
⊕
w|v

H1(Fw,D)Gal(Fw/F
+
v )

L(Fw,D)

)
.

For any prime v ∈ Σ, put

(cokerg2)v = coker
(H1(F+

v ,D)

L(F+
v ,D)

→
⊕
w|v

H1(Fw,D)Gal(Fw/F
+
v )

L(Fw,D)

)
.

It is sufficiently to show that the map cokerg1 → (cokerg2)v is injective for
any v ∈ S∞(F+). Since L(F+

v ,D) = 0, L(Fw,D) = 0 for any v ∈ S∞(F+),
the inflation-restriction sequence implies the commutative diagram

0 −−−−→ cokerg1 −−−−→ H2(F/F+,DGal(F+
Σ /F ))y yg3

0 −−−−→ (cokerg2)v −−−−→ H2(Fw/F
+
v ,DGFw ) .
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We show that the map g3 is injective. We know that H2(Fw/F
+
v ,DGFw ) =

H2(F/F+,D). Put D′ = coker(DGal(F+
Σ /F ) → D). Since both DGal(F+

Σ /F )

and D are divisible groups, D′ is also divisible. We consider the exact
sequence

H1(F/F+,D′) −→ H2(F/F+,DGal(F+
Σ /F ))

g3−→ H2(F/F+,D).

Since D′ is divisible, we have

H1(F/F+,D′) =
ker(D′ 1+j→ D′)
D′1−j

=
D′

2D′
= 0.

Therefore the map g3 is injective. This implies that the map cokerg1 →
cokerg2 is injective.

The map g2 is injective by the injectivity of (2). And we have

H1(F/F+,DGal(F+
Σ /F )) = 0. Thus, S(F+,D) is isomorphic to ker f by

the snake lemma. We also have D = Ind
Gal(F+

Σ /F∞)

Gal(F+
Σ /F )

(A), where A is a

Gal(F+
Σ /F

+)-module such that A is isomorphic to Q2/Z2 as a group, for
which j acts as −1, and Gal(F+

Σ /F
+) acts on A via Gal(F/F+) = {1, j}.

Thus, we have

H1(F+
Σ /F,D)Gal(F/F+) ∼= H1(F+

Σ /F∞, A)Gal(F/F+)

= HomGal(F/F+)(Gal(F ab
Σ /F∞), A)

by Shapiro’s lemma, where F ab
Σ is the maximal abelian pro-2-extension of F

unramified outside ΣF . We may assume that all primes in ΣF does not split
in F∞/F . We denote by Fw,∞ the cyclotomic Z2-extension of Fw. Similarly,
we have

H1(Fw,D)Gal(Fw/F
+
v )

L(Fw,D)

=

{
HomGal(Fw/F

+
v )(IFw,∞ , A)

(
v /∈ S2(F+) ∩ Sram(F∞/F

+
∞)
)

HomGal(Fw/F
+
v )(GFw,∞ , A)

(
v ∈ S2(F+) ∩ Sram(F∞/F

+
∞)
)
,

for each w|v, where IFw,∞ is the inertia group in GFw,∞. Therefore we have

ker f ∼= HomGal(F/F+)

(
Gal(L′∞/F∞), A

)
,

where L′∞ is the maximal unramified abelian pro-2-extension of F∞ in which
the primes of F∞ lying above S2(F ) ∩ Sram(F∞/F

+
∞) split completely. By

class field theory, Gal(L′∞/F∞) is isomorphic to XF∞,S2 . Thus, we have

S(F+,D) ∼= HomGal(F/F+)

(
Gal(L′∞/F∞), A

)
= Hom

(
X−F∞,S2

,Q2/Z2

)
.
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This completes the proof of Lemma 3.2.2.

Finally, we check the assumptions (a) and (e) to complete the proof of
Theorem 3.2.1.

(e) One has the following obvious inequality:

corankΛ

(
S(F+,D)

)
≥ corankΛ

(
H1(F+

Σ /F
+,D)

)
− corankΛ

(
Q(F+,D)

)
.

The formulae in section 2.3 in [11] show that the Λ-corank of H1(F+
Σ /F

+,D)
is at least [F+ : Q] and the Λ-corank of Q(F+,D) is equal to [F+ : Q].
Iwasawa proved that S(F+,D) is cotorsion Λ-module(Theorem 5 in [18]).
This implies that the Λ-corank of H1(F+

Σ /F
+,D) is equal to [F+ : Q] and

(e) is satisfied.
(a) The formulae in section 2.3 in [11] also show that

corankΛ

(
H1(F+

Σ /F
+,D)

)
= corankΛ

(
H2(F+

Σ /F
+,D)

)
+ [F+ : Q].

This implies that H2(F+
Σ /F

+,D) is a cotorsion Λ-module and hence
X2(K,Σ,D) is also Λ-cotorsion.

Thus Theorem 3.1.2 implies that S(F+,D) is almost Λ-divisible. Since
S(F+,D) = Hom

(
X−F∞,S2

,Q2/Z2

)
by Lemma 3.2.2, this is equivalent that

X−F∞,S2
has no non-trivial finite Λ-submodule (see Remark 3.1.3). This

completes the proof of Theorem 3.2.1.

�

3.3 The maximal finite Λ-submodule of X−F∞

We use the same notation as in the previous section. For any number field
N , we denote by AN the 2-Sylow subgroup of the ideal class group Cl(N).
We consider the unramified Iwasawa module XF∞ defined by the Galois
group of the maximal unramified abelian pro-2 extension over F∞. By class
field theory, we have XF∞

∼= lim←−AFn . Put X−F∞ = XF∞/(1 + j)XF∞ . We

denote by FΛ(X−F∞) the maximal finite Λ-submodule of X−F∞ . We define

Dn,S2 = ker(AFn −→ AFn,S2), D+
n,S2

= ker(AF+
n
−→ AF+

n ,S2
),

δ1 = rank2

(
lim←−
(
(O×Fn,S2

)1−j/(O×Fn)1−j)),
δ2 = rank2

(
lim←− ker(D+

n,S2
→ Dn,S2)

)
,
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where O×Fn,S2
is the S2(Fn)-unit group of Fn, O×Fn the unit group of Fn, both

projective limits are taken with respect to the norm maps, and rank2(A) is
the 2-rank, namely the dimension of A/2A as an F2-vector space. In this
section, we prove the following result.

Theorem 3.3.1. Assume that Leopoldt’s conjecture is valid for F+ and the
lifting maps AF+

n ,S2
−→ AFn,S2 are injective for all sufficiently large n� 0.

Then we have

FΛ(X−F∞) = lim←−Dn,S2/(1+j)Dn,S2
∼=

{
(Z/2Z)⊕d (if µ2∞ 6⊂ F∞)

(Z/2Z)⊕d−δ1+δ2 (if µ2∞ ⊂ F∞),

where d is the number of primes of F∞ above 2 which ramify in F∞/F
+
∞ and

µ2∞ is the group of all 2 power roots of unity.

We note that 0 ≤ δ2 ≤ δ1 ≤ 1 and the 2-rank of lim←−Dn,S2/(1 + j)Dn,S2

is d or d− 1 (see Remark 3.3.5 in this paper).

Lemma 3.3.2. We have an exact sequence

0 −→ ker(D+
n,S2

→ Dn,S2) −→ (O×Fn,S2
)1−j/(O×Fn)1−j

−→
⊕

w∈S2(Fn)∩S2(Fn)

Z/2Z −→ Dn,S2/(1 + j)Dn,S2 −→ 0

of F2-vector spaces for all sufficiently large n � 0, where j is the complex
conjugation and (O×Fn,S2

)1−j = {(1− j)x | x ∈ O×Fn,S2
}.

Proof. For any extension K/F+, put S2f (K) = S2(K)∩S2(K). We take n
sufficiently large such that the primes above 2 are totally ramified in F∞/Fn
and F+

∞/F
+
n . We consider the following commutative diagram

0 −−−−→ O×
F+
n ,S2

/O×
F+
n
⊗ Z2 −−−−→

⊕
v∈S2f (F+

n )

Z2 −−−−→ D+
n,S2

−−−−→ 0

yf1

y×2

yf2

0 −−−−→ O×Fn,S2
/O×Fn ⊗ Z2 −−−−→

⊕
w∈S2f (Fn)

Z2 −−−−→ Dn,S2 −−−−→ 0,

where f1, f2 are homomorphisms induced by the natural maps O×
F+
n ,S2

−→
O×Fn,S2

and ClS2(F+
n ) −→ ClS2(Fn). By the snake lemma, we get an exact

sequence

0 −→ ker f2 −→ cokerf1 −→
⊕

w∈S2f (Fn)

Z/2Z −→ cokerf2 −→ 0.
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Therefore, it suffices to show that cokerf1
∼= (O×Fn,S2

)1−j/(O×Fn)1−j and
cokerf2

∼= Dn,S2/(1 + j)Dn,S2 . We consider the following diagram

0 −−−−→ O×
F+
n

−−−−→ O×
F+
n ,S2

−−−−→ O×
F+
n ,S2

/O×
F+
n
−−−−→ 0y y yf ′1

0 −−−−→ O×Fn −−−−→ O×Fn,S2
−−−−→ O×Fn,S2

/O×Fn −−−−→ 0y1−J
y1−J

(O×Fn)1−j −−−−→ (O×Fn,S2
)1−j .

Since the map f ′1 is injective and (O×Fn,S2
)1−j/(O×Fn)1−j is a 2-group (see

Remark 3.3.5 in this paper), we have

cokerf1 = cokerf ′1 ⊗ Z2
∼= (O×Fn,S2

)1−j/(O×Fn)1−j

by the snake lemma.
Next we show that cokerf2

∼= Dn,S2/(1 + j)Dn,S2 . Since Dn,S2 is equal
to ker

(
Cl(Fn) → ClS2(Fn)

)
⊗ Z2, we have cokerf2

∼= Dn,S2/D
+
n,S2

. We
consider the following diagram,

Dn,S2

1+j−−−−→ Dn,S2yNFn/F+
n

xf2

D+
n,S2

D+
n,S2

.

Since all primes above 2 which are contained in S2(Fn) ramify in Fn/F
+
n ,

the norm map NFn/F
+
n

: Dn,S2 −→ D+
n,S2

is surjective. This implies that

cokerf2
∼= Dn,S2/(1 + j)Dn,S2 .

Lemma 3.3.3. (Corollary in [9]) Assume that Leopoldt’s conjecture is valid
for F+. Then the order of D+

n,S2
remains bounded as n→∞.

Proof. Put Γn = Gal(F+
n /F

+). If Leopoldt’s conjecture is valid for F+,
the order of the Galois invariant AΓn

F+
n

remains bounded as n → ∞ (see

proposition 1 in [9]). This implies that the order of D+
n,S2

remains bounded
as n→∞.
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Proposition 3.3.4. Assume that Leopoldt’s conjecture is valid for F+.
Then,

lim←−Dn,S2/(1 + j)Dn,S2
∼=

{
(Z/2Z)⊕d (µ2∞ 6⊂ F∞)

(Z/2Z)⊕d−δ1+δ2 (µ2∞ ⊂ F∞),

where d is the number of primes of F∞ above 2 which ramify in F∞/F
+
∞,

and δ1, δ2 are defined just before Theorem 3.3.1.

Proof. Put Bn = (O×Fn,S2
)1−j/(O×Fn)1−j for any n ∈ Z≥0. We consider

the following commutative diagram which is obtained by Lemma 3.3.2 for
n ≥ m� 0,

Bn −−−−→
⊕

v∈S2(Fn)∩S2(Fn)

Z/2Z −−−−→ Dn,S2/(1 + j)Dn,S2 −−−−→ 0yNFn/Fm ∥∥∥ yNFn/Fm
Bm −−−−→

⊕
w∈S2(Fm)∩S2(Fm)

Z/2Z −−−−→ Dm,S2/(1 + j)Dm,S2 −−−−→ 0.

Since the action of j on S2(Fn) is trivial, we have (O×Fn,S2
)1−j ⊂ µ(Fn) for

all n ≥ 0, where µ(Fn) is the set of roots of unity which contains in Fn (see
Lemma 1.6 in [33] ).

If F∞ does not contain µ2∞ , the 2-Sylow subgroup of µ(Fn) is {±1}
for all n ≥ 0. Therefore the norm map µ(Fn) ⊗ Z2 → µ(Fm) ⊗ Z2 is the
0-map. This fact and (O×Fn,S2

)1−j ⊂ µ(Fn) imply that Bn → Bm is the
0-map for all n ≥ m ≥ 0. Therefore we have

⊕
v∈S2(Fn)∩S2(Fn) Z/2Z ∼=

Dn,S2/(1 + j)Dn,S2 for all sufficiently large n � 0. Taking the projective
limit, we have

lim←−Dn,S2/(1 + j)Dn,S2
∼= (Z/2Z)⊕d.

If F∞ contains µ2∞ , we have (O×Fn,S2
)1−j = µ(Fn) or µ(Fn)2 (see The-

orem 4.12 in [33] ). Since the norm map µ(Fn) → µ(Fm) is surjective, the
norm map Bn → Bm is surjective for all sufficiently large n ≥ m� 0.

We claim that the norm map

NF+
n /F

+
m

: ker(D+
n,S2

→ Dn,S2) −→ ker(D+
m.S2

→ Dm,S2)

is also surjective for all sufficiently large n ≥ m � 0. We consider the
commutative diagram

0 −−−−→ ker(D+
n,S2

→ Dn,S2) −−−−→ D+
n,S2yNF+

n /F
+
m

yNF+
n /F

+
m

0 −−−−→ ker(D+
m,S2

→ Dm,S2) −−−−→ D+
m,S2

.
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Lemma 3.3.3 implies that the norm map NF+
n /F

+
m

: D+
n,S2

→ D+
m,S2

is an
isomorphism for all sufficiently large n ≥ m � 0. Therefore the norm map
NF+

n /F
+
m

: ker(D+
n,S2

→ Dn,S2) −→ ker(D+
m,S2

→ Dm,S2) is injective for all

sufficiently large n ≥ m � 0. Since the order of ker(D+
n,S2

→ Dn,S2) is
1 or 2 for all n ≥ 0 (see Theorem 10.3 in [33]), the norm map NF+

n /F
+
m

:

ker(D+
n,S2

→ Dn,S2) −→ ker(D+
m,S2

→ Dm,S2) is surjective for all suffi-
ciently large n ≥ m� 0. Therefore, taking the projective limit of the exact
sequences obtained from in Lemma 3.3.2, we get an exact sequence

0 −→ lim←−
(

ker(D+
n,S2

→ Dn,S2)
)
−→ lim←−

(
(O×Fn,S2

)1−j/(O×Fn)1−j)
−→ (Z/2Z)⊕d −→ lim←−Dn,S2/(1 + j)Dn,S2 −→ 0

of F2-vector spaces. Proposition is obtained by considering the 2-rank of
this exact sequence.

Remark 3.3.5. Since (O×Fn)1−j = µ(Fn) or µ(Fn)2, (O×Fn,S2
)1−j/(O×Fn)1−j

is isomorphic to 0 or Z/2Z for all n ≥ 0. Thus we have 0 ≤ δ2 ≤ δ1 ≤ 1 and
the 2-rank of lim←−Dn,S2/(1 + j)Dn,S2 is d or d− 1.

Lemma 3.3.6. We have

lim←−Dn,S2/(1 + j)Dn,S2
∼= (lim←−Dn,S2)/(1 + j)(lim←−Dn,S2).

Proof. Put D′n,S2
:= ker(Dn,S2

1−j−→ Dn,S2). We consider the commutative
diagram

0 −−−−→ D′n,S2
−−−−→ Dn,S2

1+j−−−−→ (1 + j)Dn,S2 −−−−→ 0yNFn/Fm yNFn/Fm yNFn/Fm
0 −−−−→ D′m,S2

−−−−→ Dm,S2

1+j−−−−→ (1 + j)Dm,S2 −−−−→ 0.

Since D′n,S2
is finite for any n ≥ 0, the system (D′n,S2

, NFn/Fn−1
) satisfies

the Mittag-Leffler property (see chapter 2, § 7 in [24] ). Therefore taking
projective limits, we get an exact sequence

0 −→ lim←−D
′
n,S2

−→ lim←−Dn,S2

1+j−→ lim←−(1 + j)Dn,S2 −→ 0.

Thus we have lim←−(1 + j)Dn,S2
∼= (1 + j) lim←−Dn,S2 . This implies that

lim←−Dn,S2/(1 + j)Dn,S2
∼= (lim←−Dn,S2)/(1 + j)(lim←−Dn,S2).
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Now we proceed to the proof of Theorem 3.3.1.
Proof of Theorem 3.3.1. We consider the commutative diagram

0 −−−−→ lim←−Dn,S2 −−−−→ XF∞ −−−−→ XF∞,S2 −−−−→ 0yf1

yf2

yf3

0 −−−−→ lim←−Dn,S2 −−−−→ XF∞ −−−−→ XF∞,S2 −−−−→ 0,

where f1, f2, f3 are induced by 1 + j, and XF∞,S2 = lim←−AFn,S2 . By the
snake lemma, we get an exact sequence

ker f2 −→ ker f3 −→ (lim←−Dn,S2)/(1 + j)(lim←−Dn,S2) (3.2)

−→ X−F∞ −→ X−F∞,S2
−→ 0,

where X−F∞,S2
= XF∞,S2/(1 + j)XF∞,S2 . We claim that the map ker f2 −→

ker f3 is surjective if AF+
n ,S2

−→ AFn,S2 is injective for sufficiently large
n� 0. We define

A′Fn = ker(AFn
1+j−→ AFn),

A′Fn,S2
= ker(AFn,S2

1+j−→ AFn,S2),

D′n,S2
= ker(Dn,S2

1+j−→ Dn,S2).

By definition, ker f2 = lim←−A
′
Fn

and ker f3 = lim←−A
′
Fn,S2

. We consider the
commutative diagram

0 −−−−→ Dn,S2 −−−−→ AFn −−−−→ AFn,S2 −−−−→ 0yNFn/F+
n

yNFn/F+
n

yNFn/F+
n

0 −−−−→ D+
n,S2

−−−−→ AF+
n
−−−−→ AF+

n ,S2
−−−−→ 0.

Since infinite primes ramify in Fn/F
+
n , all norm maps NFn/F

+
n

are surjective
by class field theory. Since we assumed that AF+

n ,S2
−→ AFn,S2 is injective,

A′Fn,S2
= ker(AFn,S2

N
Fn/F

+
n−→ AF+

n ,S2
). Put D′′n,S2

= ker(Dn,S2

N
Fn/F

+
n−→

D+
n,S2

), A′′Fn = ker(AFn
N
Fn/F

+
n−→ AF+

n
). By the snake lemma, we get an exact

sequence,
0 −→ D′′n,S2

−→ A′′Fn −→ A′Fn,S2
−→ 0
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for all sufficiently large n� 0. We consider the commutative diagram

0 −−−−→ D′′n,S2
−−−−→ D′n,S2

−−−−→ ker(D+
n,S2

→ Dn,S2) −−−−→ 0y y yf4

0 −−−−→ A′′Fn −−−−→ A′Fn −−−−→ ker(AF+
n
→ AFn) −−−−→ 0.

Since the map AF+
n ,S2

−→ AFn,S2 is injective, the map f4 is an isomorphism.
Therefore we get an exact sequence,

0 −→ D′n,S2
−→ A′Fn −→ A′Fn,S2

−→ 0

for all sufficiently large n� 0. Lemma 3.3.3 implies that the map D′n,S2

NFn/Fn−1−→ D′n−1,S2
is surjective for sufficiently n � 0. Therefore, taking the

projective limit, we get an exact sequence

0 −→ lim←−D
′
n,S2

−→ lim←−A
′
Fn −→ lim←−A

′
Fn,S2

−→ 0.

This implies that ker f2 −→ ker f3 is surjective. Therefore, it follows from
(1) that we have an exact sequence

0 −→ (lim←−Dn,S2)/(1 + j)(lim←−Dn,S2) −→ X−F∞ −→ X−F∞,S2
−→ 0.

If X−F∞,S2
has no non-trivial finite Λ-submodule, we have

FΛ(X−F∞) = (lim←−Dn,S2)/(1 + j)(lim←−Dn,S2).

Proposition 3.3.4, Lemma 3.3.6 and the above equality imply that

FΛ(X−F∞) = lim←−Dn,S2/(1 + j)Dn,S2
∼=

{
(Z/2Z)⊕d (if µ2∞ 6⊂ F∞)

(Z/2Z)⊕d−δ1+δ2 (if µ2∞ ⊂ F∞),

if X−F∞,S2
has no non-trivial finite Λ-submodule. This completes the proof

of Theorem 3.3.1. �
Next we study certain conditions on the injectivity of the mapAF+

n ,S2
−→

AFn,S2 for an imaginary abelian field F . Leopoldt’s conjecture is valid for
a real abelian field. Hence the following result implies Corollary 1.2.3.

Lemma 3.3.7. Assume that F is an imaginary abelian field and all primes
above 2 ramify in F∞/F

+
∞. If F∞ contains µ2∞ or Hasse’s unit index [O×Fn :

µ(Fn)O×
F+
n

] = 2 for all sufficiently large n � 0, the lifting map AF+
n ,S2

−→
AFn,S2 is injective for all sufficiently large n� 0.
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Proof. It is well known that the kernel of the map AF+
n ,S2

−→ AFn,S2

coincides with the kernel of the map

H1(Fn/F
+
n ,O×Fn,S2

) −→ H1(Fn/F
+
n ,

∏
v/∈S2(Fn)

O×Fn,v),

where O×Fn,v is the unit group of the completion of Fn at v. Therefore it

suffices to show that H1(Fn/F
+
n ,O×Fn,S2

) = 0 for all sufficiently large n� 0.
If F∞ contains µ2∞ , since all primes above 2 are contained in S2(Fn),

O×Fn,S2
contains 1−ζ2m for all 2mth roots of unity ζ2m in µ(Fn). This implies

that (O×Fn,S2
)1−j = µ(Fn) for all sufficiently large n� 0.

If Hasse’s unit index [O×Fn : µ(Fn)O×
F+
n

] = 2, we also have (O×Fn,S2
)1−j =

µ(Fn) (see Satz 14 in [17]).
Therefore, we get an exact sequence for all sufficiently large n� 0,

0 −→ O×
F+
n ,S2

−→ O×Fn,S2

1−j−→ µ(Fn)→ 0.

Put G = Gal(Fn/F
+
n ). Taking Galois cohomology, we get an exact sequence

0 −→ O×
F+
n ,S2

f1−→ O×
F+
n ,S2

f2−→ {±1} f3−→ H1(G, O×
F+
n ,S2

)
f4−→ H1(G, O×Fn,S2

)

f5−→ H1(G, µ(Fn))
f6−→ H2(G, O×

F+
n ,S2

)
f7−→ H2(G, O×Fn,S2

).

Since f1 is an isomorphism, f2 is the 0-map. Therefore f3 is injective. Since
Fn/F

+
n is a cyclic extension,

H1(G, O×
F+
n ,S2

) =
ker
(
1 + j : O×

F+
n ,S2

→ O×
F+
n ,S2

)
(
O×
F+
n ,S2

)1−j = {±1}.

Thus f3 is also an isomorphism and f4 is the 0-map. Therefore f5 is injective.
Since

H1(G, µ(Fn)) =
ker(1 + j : µ(Fn)→ µ(Fn))

µ(Fn)1−j =
µ(Fn)

µ(Fn)2
= {±1},

we get an exact sequence

0 −→ H1(G, O×Fn,S2
)

f5−→ {±1} f6−→ H2(G, O×
F+
n ,S2

)
f7−→ H2(G, O×Fn,S2

).
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If f7 is not injective, f6 is not the 0-map. This implies that H1(G, O×Fn,S2
) =

0. We show that f7 is not injective. Since Fn/F
+
n is a cyclic extension,

H2(G, O×
F+
n ,S2

) = Ĥ0(G, O×
F+
n ,S2

) =
(O×

F+
n ,S2

)G

NFn/F
+
n

(O×
F+
n ,S2

)
=
O×
F+
n ,S2

(O×
F+
n ,S2

)2
,

H2(G, O×Fn,S2
) =

O×
F+
n ,S2

NFn/F
+
n

(O×Fn,S2
)
.

If Hasse’s unit index [O×Fn : µ(Fn)O×
F+
n

] = 2, Satz 14 in [17] shows that

[
(
O×Fn

)1+j
:
(
O×
F+
n

)2
] = 2. This implies that f7 is not injective.

If F∞ contains µ2∞ , O×Fn,S2
contains 1 + ζ2l , where 2l is the order of the

2-Sylow subgroup of µ(Fn). Thus we have

NFn/F
+
n

(1 + ζ2l) = 2 + ζ2l + ζ−1
2l
∈ NFn/F

+
n

(O×Fn,S2
).

Since
√

2 + ζ2l + ζ−1
2l

= ±(ζ2l+1 + ζ−1
2l+1) /∈ F×n , we have

2 + ζ2l+1 + ζ−1
2l+1 /∈ (O×

F+
n ,S2

)2.

This implies that f7 is not injective. This completes the proof of Lemma
3.3.7.

We give some examples here.

Example 3.3.8. Let F be an imaginary quadratic field that is not Q(
√
−1),

Q(
√
−2) and the prime above 2 ramifies in F∞/F

+
∞. Then, Leopoldt’s con-

jecture is valid for F+ = Q. Since the class numbers of F+
n are odd for all

n ≥ 0 (see Satz 6 in [17]), the lifting maps AF+
n ,S2

−→ AFn,S2 are injective
for all n ≥ 0. Since F∞ does not contain all 2nth roots of unity for n ≥ 1,
Theorem 3.3.1 implies that

FΛ(X−F∞) ∼= Z/2Z.

This was proved by Ferrero in [6] (see Theorem 2.2.3).

Example 3.3.9. Let F+ be a real abelian field which is unramified at 2,
and F = F+(

√
−1). Then, we have

FΛ(X−F∞) ∼= (Z/2Z)⊕d−1,

42



where d is the number of primes of F lying above 2. In fact, Theorem 1
in [22] implies that (O×Fn)1−j = µ(Fn)2 for all n ≥ 0. Since 1 − ζ2n+2 ∈
O×Fn,S2

, we have (O×Fn,S2
)1−j = µ(Fn) for all n ≥ 0. Therefore we have

(O×Fn,S2
)1−j/(O×Fn)1−j ∼= Z/2Z for all n ≥ 0 and δ1 = 1. Theorem 1 in [22]

also implies that δ2 = 0.
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Chapter 4

Iwasawa main conjecture for
p = 2

In this section, we prove Theorem 1.2.4.

4.1 Proof of Iwasawa main conjecture for p = 2

If l is a prime number and l ≡ 1 mod 2n+1, let Qn,l denote the cyclic
extension of Q of degree 2n contained in Q(µl) and let Nn,l = NQn,l for any
finite extension N of Q. We note that Qn,l is a real abelian field since l ≡ 1
mod 2n+1.

Lemma 4.1.1. Let N be a finite abelian extension of k. There exists an
r ∈ Z≥2 depending only on N such that for any n > r we can find infinitely
many l satisfying the following conditions.

(a) l is unramified in N/Q.
(b) l ≡ 1 mod 2n+1.

(c) For any character χ1 ∈ ̂Gal(N∞/k) and any character χ2 ∈ ̂Gal(kn,l/k)
of order > 2r, we have χ1χ2(v) 6= 1 for any prime v of k above 2.

Proof. The proof of this lemma goes by the same method of the proof of
Lemma 10.2 in Wiles [34]. Let r = max{m ∈ Z≥1 | 2m|[Nv : Q2] for all v above 2}+
1, where Nv is the completion of N at v. For any n > r, we can find in-
finitely many l such that l splits completely in Q(µ2n+1)/Q and is inert in
Q(µ2n+1 , 4

√
2)/Q(µ2n+1) by Chebotarev’s density theorem. We can choose

that l is unramified in N/Q since the number of primes which ramify in
N/Q is finite. Any such l satisfies the conditions (a), (b). We show that any
such l satisfies the condition (c). Since l is inert in Q(µ2n+1 , 4

√
2)/Q(µ2n+1),
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we have 4
√

2 /∈ Fl, 2 /∈ (F×l )4. This implies that the order of Frob2 in
Gal(Qn,l/Q) is equal to 2n−1, where Frob2 is the Frobenius map of 2. Since
the restriction map Gal(kn,l/k)→ Gal(Qn,l/Q) is an isomorphism, the order
of Frobv ∈ Gal(kn.l/k) is 2n−1 for all v above 2. This implies that any such
l satisfies the condition (c).

Let χ be a one-dimensional Artin character for k and kχ the extension of
k attached to χ, i.e., kχ = k̄kerχ. Assume that kχ is a totally real field and
kχ ∩ k∞ = k. Let S be the finite set of primes of k which ramify in kχ∞/k.
We consider N = kχ in Lemma 4.1.1 and take r, n, l. Put H = kχQn,l. Let
Sl be the finite set of primes of k above l.

We denote by XH∞,S∪Sl the Galois group of the maximal abelian pro-2-
extension over H∞ unramified outside S ∪ Sl. Put Γ = Gal(H∞/H). We
write G = Gal(H/k) = G′ ×∆ where G′ is a 2-group and the order of ∆ is
odd. Then, we have

Z2[[Gal(H∞/k)]] = Z2[[G× Γ]] '
⊕

χ′∈∆̂/∼

Z2[Im(χ′)][[G′ × Γ]].

We write χ = χ′ψ where χ′ ∈ ∆̂ and ψ ∈ Ĝ′. Put Λχ
′

G′ = Z2[Im(χ′)][[G′×
Γ]]. For any Z2[[Gal(H∞/k)]]-module M , we put Mχ′ = M ⊗Z2[[Gal(H∞/k)]]

Λχ
′

G′ . We take τ a generator of Gal(H∞/k
χ
∞) and put ξn,l = τn−1

τr−1 ∈ Λχ
′

G′ . We

denote by P the prime ideal of Λχ
′

G′ which is generated by 2 and σ− 1 for all
σ ∈ G′. We note that ξn,l ∈ P . We consider the mapQ

(
Z2[[Gal(H∞/k)]]

)
→

Q
(
Z2[Im(χ′)][[G′ × Γ]]

)
induced by χ′ and denote by Φχ′

H∞/k
the image of

ΦH∞/k ∈ Q
(
Z2[[Gal(H∞/k)]]

)
, where ΦH∞/k is defined in section 1.

Proposition 4.1.2. ( i ) Assume that χ′ 6= 1. If

Fitt
Λχ
′
G′,P

(X χ
′

H∞,S∪Sl) ⊂ (
1

2d
Φχ′

H∞/k
, ξn,l), (4.1)

we have

Fitt
Λχ
′
G′

(X χ
′

H∞,S∪Sl) ⊂ (
1

2d
Φχ′

H∞/k
, ξn,l),

where Λχ
′

G′,P is the localization of Λχ
′

G′ at P .
(ii) Assume that χ′ = 1. If

(γ − 1)Fitt
Λχ
′
G′,P

(X χ
′

H∞,S∪Sl) ⊂
(
(γ − 1)

1

2d
Φχ′

H∞/k
, ξn,l

)
, (4.2)
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we have

(γ − 1)Fitt
Λχ
′
G′

(X χ
′

H∞,S∪Sl) ⊂
(
(γ − 1)

1

2d
Φχ′

H∞/k
, ξn,l

)
,

where γ is a topological generator of Γ.

Proof. At first, we consider the case χ′ 6= 1, this is equivalent to saying that
the order of χ is not 2-power. In this case, Corollary 2.3.5 implies that

1

2d
Φχ′

H∞/k
∈ Λχ

′

G′ .

Let φ be a character of Gal(kn,l/k) of order > 2r. Then Lemma 4.1.1
(c) implies that χφχ1(v) 6= 1 for any prime v above 2 and any character

χ1 ∈ ̂Gal(kχ∞/k). Thus Theorem 2.4.5 implies that

FittZ2[Imχφ][[Γ]]⊗Q2
(X χ

′

H∞,S∪Sl ⊗ Z2[Imχφ][[Γ]]⊗Q2) = (
1

2d
Φχφ
H∞/k

)

for any character φ of Gal(kn,l/k) of order > 2r. This implies that

Fitt
Λχ
′
G′⊗Q2

(X χ
′

H∞,S∪Sl ⊗Q2) ⊂ (
1

2d
Φχ′

H∞/k
, ξn,l).

This inclusion and (4.1) imply that for any a ∈ Fitt
Λχ
′
G′

(X χ
′

H∞,S∪Sl), there

exist ja ∈ Z≥0 and f ∈ Λχ
′

G′ \ P such that

(f, 2ja)a ⊂ (
1

2d
Φχ′

H∞/k
, ξn,l).

Put A = ( 1
2d

Φχ′

H∞/k
, ξn,l) ⊂ Λχ

′

G′ . Since 2 ∈ P and f /∈ P , this inclusion

implies that Λχ
′

G′a + A
/
A is a finite submodule of Λχ

′

G′/A. If Λχ
′

G′/A has no

non-trivial finite Λχ
′

G′-submodule, we have a ∈ A and complete the proof of
this proposition for χ′ 6= 1.

We claim that Λχ
′

G′/A has no non-trivial finite Λχ
′

G′-submodule. Since all
primes above l totally ramify in H/kχ and l is unramified in kχ/Q, we have
Gal(H/k) ' Gal(H/kχ)×Gal(kχ/k). Put n′ = ord2

(
]Gal(kχ/k)

)
. Then we

have

Λχ
′

G′/(ξn,l) ' Z2[Im(χ′)][[X1, X2, T ]]/(
X2n

1 − 1

X2r
1 − 1

, X2n
′

2 − 1).

We note that Z2[Im(χ′)][[X1, X2, T ]] is a regular local ring of dimension

4. Since 1
2d

Φχ′

H∞/k
is the 2-adic L-function, we have φ( 1

2d
Φχ′

H∞/k
) 6= 0
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in Z2[Im(φχ′)][[Γ]] for any character φ ∈ G′. Therefore, (
X2n

1 −1

X2r
1 −1

, X2n
′

2 −

1, 1
2d

Φχ′

H∞/k
) is a regular sequence in Λχ

′

G′ . Thus Λχ
′

G′/A has depth one and

there exists a non-unit x ∈ Λχ
′

G′ such that the map

Λχ
′

G′/A
×x−→ Λχ

′

G′/A

is injective. For any finite submodule M of Λχ
′

G′/A, the map M
×x→ M is an

isomorphism. By Nakayama’s lemma, we have M = 0. Therefore, Λχ
′

G′/A

has no non-trivial finite Λχ
′

G′-submodule.
Next, we consider the case χ′ = 1. In this case, Corollary 2.3.5 implies

that

(γ − 1)
1

2d
Φχ′

H∞/k
∈ Λχ

′

G′ .

By a similar method, Lemma 4.1.1 (c) and Theorem 2.4.5 imply that

(γ − 1)Fitt
Λχ
′
G′⊗Q2

(X χ
′

H∞,S∪Sl ⊗Q2) ⊂ (γ − 1)(
1

2d
Φχ′

H∞/k
, ξn,l).

We can also prove that Λχ
′

G′
/

(γ − 1)( 1
2d

Φχ′

H∞/k
, ξn,l) has no non-trivial finite

Λχ
′

G′-submodule similarly. Therefore, these fact and (4.2) imply the state-
ment of Proposition 4.1.2.

We write Gal(kχ/k) = ∆ × G′′ where G′′ is the 2-Sylow subgroup of

Gal(kχ/k). We know thatG′ = G′′×Gal(H/kχ). Put Λχ
′

G′′ = Z2[Im(χ′)][[G′′×
Γ]]. For any prime λ of k above l, we define Eλ ∈ Z2[[Gal(kχ∞/k)]] by

Eλ = 1−Nλ−1Frobλ,

where Frobλ is the Frobenius map of λ in Gal(kχ∞/k). We consider the

natural map Z2[[Gal(kχ∞/k)]] → Λχ
′

G′′ induced by χ′ and denote by Eχ
′

λ the
image of Eλ.

Corollary 4.1.3. ( i ) Assume that χ′ 6= 1 and (4.1) is valid. Then we have

Fitt
Λχ
′
G′′

(X χ
′

H∞,S∪Sl/(τ − 1)X χ
′

H∞,S∪Sl) ⊂ (
∏
λ∈Sl

Eχ
′

λ

1

2d
Φχ′

kχ∞/k
, 2n−r).

(ii) Assume that χ′ = 1 and (4.2) is valid. Then we have

(γ−1)Fitt
Λχ
′
G′′

(X χ
′

H∞,S∪Sl/(τ−1)X χ
′

H∞,S∪Sl) ⊂
(
(γ−1)

∏
λ∈Sl

Eχ
′

λ

1

2d
Φχ′

kχ∞/k
, 2n−r

)
.
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Proof. We consider the restriction map cH∞/kχ∞ : Λχ
′

G′ → Λχ
′

G′′ . By the
property of p-adic L-function, we have

cH∞/kχ∞
( 1

2d
Φχ′

H∞/k

)
=
∏
λ∈Sl

Eχ
′

λ

1

2d
Φχ′

kχ∞/k
.

Therefore, Proposition 4.1.2 and Remark 2.2 in [26] imply these inclusions.

Let Xkχ∞,S (resp. Xkχ∞,S∪Sl) be the Galois group of the maximal abelian
pro-2-extension over kχ∞ unramified outside S (resp. S ∪ Sl). We consider
the restriction map Xkχ∞,S∪Sl → Xkχ∞,S and denote by Jl the kernel of this
map. Put Λχ = Z2[Imχ][[Γ]]. Gal(kχ/k) acts on Λχ via χ. We consider
the natural map Z2[[Gal(kχ∞/k)]]→ Λχ induced by χ and denote by Eχλ the
image of Eλ.

Lemma 4.1.4.

Jl ⊗Z2[[Gal(kχ∞/k)]] Λχ '
⊕
λ∈Sl

Λχ/(E
χ
λ ).

Proof. For any m ∈ Z≥0, let kχm be the m-th layer of kχ∞/kχ, Sm (resp.
Sm,l) the set of primes of kχm above S (resp. Sl). We denote Mm(Sm) (resp.
Mm(Sm∪Sm,l)) by the maximal abelian pro-2 extension over kχm unramified
outside Sm (resp. Sm ∪ Sm,l). There is an exact sequence

0 → Gal
(
Mm(Sm ∪ Sm,l)/Mm(Sm)

)
→ Gal

(
Mm(Sm ∪ Sm,l)/kχm

)
→ Gal

(
Mm(Sm)/kχm

)
→ 0.

By class field theory, we have

Gal
(
Mm(Sm ∪ Sm,l)/kχm

)
' Jkχm

/
kχm

∏
v/∈Sm∪Sm,l

Ekχm,v ⊗ Z2,

Gal
(
Mm(Sm)/kχm

)
' Jkχm

/
kχm

∏
v/∈Sm

Ekχm,v ⊗ Z2,

where Jkχm is the idele group of kχm, Ekχm,v is the local unit group of kχm at
v. Therefore, we have

Gal
(
Mm(Sm ∪ Sm,l)/Mm(Sm)

)
'

∏
v∈Sm,l

Ekχm,v
/(
kχm ∩

∏
v∈Sm,l

Ekχm,v
)
⊗ Z2.
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Lemma 4.1.1 (b) implies that all 2-power roots of unity are contained in
kχ∞,v for any prime v above l. Since Ekχm,v ⊗Z2 = µ2∞(kχm,v) for all v ∈ Sm,l
and Jl ' lim←−

m

Gal
(
Mm(Sm ∪ Sm,l)/Mm(Sm)

)
, we have

0→ lim←−
m

µ2∞(kχm) −→ lim←−
m

⊕
v∈Sm,l

(µ2∞(kχm,v)) −→ Jl −→ 0,

where µ2∞(kχm,v) (resp. µ2∞(kχm)) is the all 2-power roots of unity contained
in kχm,v (resp. kχm). Since χ is an even character, µ2∞(kχm) = {±1} for all
m. Since

lim←−
m

⊕
v∈Sm,l

(µ2∞(kχm,v))⊗ Λχ '
⊕
λ∈Sl

Λχ/(E
χ
λ )

has no non-trivial finite Λχ-submodule, we have Jl ⊗Z2[[Gal(kχ∞/k)]] Λχ '⊕
λ∈Sl Λχ/(E

χ
λ ). This completes the proof of Lemma 4.1.4.

Put M∞(S) =
∞⋃
m=1

(Mm(Sm)) and M∞(S ∪ Sl) =
∞⋃
m=1

(Mm(Sm ∪ Sm,l)).

By definition, we have

Xkχ∞,S ' Gal
(
M∞(S)/kχ∞

)
, Xkχ∞,S∪Sl ' Gal

(
M∞(S ∪ Sl)/kχ∞

)
.

Since only primes above l ramify in H∞/k
χ
∞, we know that H∞M∞(S) ⊂

M∞(S ∪ Sl). Put Il = Gal
(
M∞(S ∪ Sl)/H∞M∞(S)

)
.

Lemma 4.1.5. There exists an a ∈ Z≥0 independent of l, n in Lemma 4.1.1,
we have

2a
∏
λ∈Sl

Eχλ ∈ FittΛχ(Il ⊗ Λχ).

Proof. By definition, we get an exact sequence

0 −→ Il −→ Jl −→ Gal
(
H∞M∞(S)/M∞(S)

)
−→ 0.

Since Gal(H∞/k∞) acts on Gal
(
H∞M∞(S)/M∞(S)

)
' Z/2nZ trivially,

we have
Gal
(
H∞M∞(S)/M∞(S)

)
⊗ Λχ

′

G′′ = 0

if χ′ 6= 1. Therefore, Lemma 4.1.4 implies that

Il ⊗Z2[[Gal(kχ∞/k)]] Λχ '
⊕
λ∈Sl

Λχ/(E
χ
λ )
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if χ′ 6= 1. Therefore, we consider only the case for χ′ = 1.

If ψ = 1(i.e., χ = 1 and kχ = k), we have Λχ
′

G′′ = Λχ and we get an exact
sequence

0 −→ Il ⊗ Λχ −→ Jl ⊗ Λχ −→ Z/2nZ −→ 0.

Since Jl⊗Λχ has no non-trivial finite Λχ-submodule by Lemma 4.1.4, Il⊗Λχ
has too. Therefore, we have

FittΛχ(Il ⊗ Λχ) = charΛχ(Il ⊗ Λχ)

= charΛχ(Jl ⊗ Λχ)

=
( ∏
λ∈Sl

Eχλ
)
.

We consider the case ψ 6= 1. Put a is an ideal of Λχ
′

G′′ generated by 2n

and σ − 1 for all σ ∈ G′′ × Γ. Then we have,

Gal
(
H∞M∞(S)/M∞(S)

)
' Λχ

′

G′′/a ' Z/2nZ.

Consider the map Λχ
′

G′′
χ→ Λχ and we denote by q the kernel of this map.

Consider ⊗
Λχ
′
G′′

Λχ, we get an exact sequence

Tor
Λχ
′
G′′

1 (Λ/a,Λχ) −→ Il ⊗ Λχ −→ Jl ⊗ Λχ −→ Λχ/a + q −→ 0.

Since ψ 6= 1, ψ is a faithful character of G′′. Therefore, we have Λχ/a+ q '

Z/2Z. We note that Tor
Λχ
′
G′′

1 (Λ/a,Λχ) ' a ∩ q/aq is annihilated by a and

q. Since the number of generators of a ∩ q as Λχ
′

G′′-module is independent
of l, there is an a ∈ Z≥0 independent of l, n in Lemma 4.1.1 such that

(Z/2Z)a → Tor
Λχ
′
G′′

1 (Λ/a,Λχ) is surjective. Since Jl ⊗ Λχ has no non-trivial
finite Λχ-submodule by Lemma 4.1.4, we get an exact sequence

(Z/2Z)a −→ Il ⊗ Λχ −→ Il ⊗ Λχ/FΛχ(Il ⊗ Λχ) −→ 0,

where FΛχ(Il ⊗ Λχ) is the maximal finite Λχ-submodule of Il ⊗ Λχ. The
term on the right has Fitting ideal equal to

∏
λ∈Sl E

χ
λ . By Lemma 7.1 in

[19], we have

2a
∏
λ∈Sl

Eχλ ∈ FittΛχ(Il ⊗ Λχ).

This completes the proof of Lemma 4.1.5.
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Finally, we prove the Iwasawa main conjecture for p = 2 assuming (4.1)
and (4.2) in Proposition 4.1.2 for any n, l.

Proof. We consider the following exact sequence

0 −→ Il −→ XH∞,S∪Sl/(τ − 1)XH∞,S∪Sl −→ Xkχ∞,S −→ 0.

Considering ⊗Z2[[kχ∞/k]]Λχ, we get an exact sequence

Il ⊗ Λχ −→ XH∞,S∪Sl/(τ − 1)XH∞,S∪Sl ⊗ Λχ −→ Xkχ∞,S ⊗ Λχ −→ 0.

We consider the case χ′ 6= 1. Corollary 4.1.3 and Lemma 4.1.5 imply that

2a
∏
λ∈Sl

EχλFittΛχ(Xkχ∞,S ⊗ Λχ) ⊂
( ∏
λ∈Sl

Eχλ
1

2d
Φχ
kχ∞/k

, 2n−r
)
.

Since
∏
λ∈Sl E

χ
λ is not a zero divisor, we have

2aFittΛχ(Xkχ∞,S ⊗ Λχ) ⊂
( 1

2d
Φχ
kχ∞/k

, 2n−r
)

for all n > r. Consider n→∞, we have

2aFittΛχ(Xkχ∞,S ⊗ Λχ) ⊂
( 1

2d
Φχ
kχ∞/k

)
.

Since there is a b ∈ Z≥1 such that

2bcharΛχ(Xkχ∞,S ⊗ Λχ) ⊂ FittΛχ(Xkχ∞,S ⊗ Λχ),

we have

2a+bcharΛχ(Xkχ∞,S ⊗ Λχ) ⊂
( 1

2d
Φχ
kχ∞/k

)
(4.3)

for χ′ 6= 1.
Next, we consider the case χ′ = 1. By a similar method, we have

2a+b(γ − 1)charΛχ(Xkχ∞,S ⊗ Λχ) ⊂ (γ − 1)
( 1

2d
Φχ
kχ∞/k

)
.

If χ 6= 1, Theorem 2.3.6 implies that

2a+bcharΛχ(Xkχ∞,S ⊗ Λχ) ⊂
( 1

2d
Φχ
kχ∞/k

)
. (4.4)

We consider the case χ = 1. Assume that Leopoldt’s conjecture is valid.
Then Theorem 2.3.6 implies that 1

2d
Φχ
kχ∞/k

/∈ Λχ. Therefore, (γ − 1) does
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not divide 1
2d

Φχ
kχ∞/k

in Λχ. Since both 2a+b(γ − 1)charΛχ(Xkχ∞,S ⊗ Λχ) and

(γ − 1)
(

1
2d

Φχ
kχ∞/k

)
are principal ideals and Λχ is UFD, we have

2a+bcharΛχ(Xkχ∞,S ⊗ Λχ) ⊂ (γ − 1)
( 1

2d
Φχ
kχ∞/k

)
(4.5)

for χ = 1.
For any finitely generated torsion Λχ-module M , we denote by λ(M)

(resp. µ(M)) the λ-invariant (resp. µ-invariant) of M . Similarly, for any
element f ∈ Λχ, we denote by λ(f) (resp. µ(f)) the λ-invariant (resp. µ-
invariant) of f . For any finite abelian extension K/k such that K is a totally
real field, we have∑

χ∈ ̂Gal(K/k)
λ(Xkχ∞,S ⊗ Λχ)

=
∑

χ∈ ̂Gal(K/k)
χ6=1

λ
( 1

2d
Φχ
kχ∞/k

)
+ λ
(
(γ − 1)

1

2d
Φ1
k∞/k

)
and ∑

χ∈ ̂Gal(K/k)
µ(Xkχ∞,S ⊗ Λχ)

=
∑

χ∈ ̂Gal(K/k)
χ6=1

µ
( 1

2d
Φχ
kχ∞/k

)
+ µ

(
(γ − 1)

1

2d
Φ1
k∞/k

)
.

by the analytic class number formula. (see [5]). Therefore, (4.3), (4.4) and
(4.5) imply that

charΛχ(Xkχ∞,S ⊗ Λχ) =
( 1

2d
Φχ
kχ∞/k

)
(χ 6= 1),

charΛχ(Xkχ∞,S ⊗ Λχ) = (γ − 1)
( 1

2d
Φχ
kχ∞/k

)
(χ = 1).

This completes the proof of the Iwasawa main conjecture for p = 2 assuming
(4.1) and (4.2) in Proposition 4.1.2 for any n, l in Lemma 4.1.1.

Lemma 4.1.6. ( i ) Assume that χ′ 6= 1. If µ
(

1
2d

Φχ
kχ∞/k

)
= 0, then the

conditions (4.1) in Proposition 4.1.2 is valid for any n, l in Lemma 4.1.1.
(ii) Assume that χ′ = 1. If µ

(
(γ − 1) 1

2d
Φχ
kχ∞/k

)
= 0, then the conditions

(4.2) in Proposition 4.1.2 is valid for any n, l in Lemma 4.1.1.
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Proof. We denote P ′ by the prime ideal of Z2[Im(χ′)][[G′′ × Γ]] generated
by 2 and σ − 1 for all σ ∈ G′′. By the assumptions, we have

1

2d
Φχ′

kχ∞/k
/∈ P ′ ( if χ′ 6= 1),

(γ − 1)
1

2d
Φχ′

kχ∞/k
/∈ P ′ ( if χ′ = 1).

We consider the restriction map cH∞/kχ∞ : Λχ
′

G′ → Z2[Im(χ′)][[G′′×Γ]]. Then,
we have

cH∞/kχ∞
( 1

2d
Φχ′

H∞/k

)
=
∏
λ∈Sl

Eχ
′

λ

1

2d
Φχ′

kχ∞/k
,

and cH∞/kχ∞(P ) ⊂ P ′. Since
∏
λ∈Sl E

χ′

λ /∈ P ′, we have

1

2d
Φχ′

H∞/k
/∈ P ( if χ′ 6= 1)

(γ − 1)
1

2d
Φχ′

H∞/k
/∈ P ( if χ′ = 1).

These imply that the conditions (4.1), (4.2) in Proposition 4.1.2 are valid
for any n, l in Lemma 4.1.1 for the simple reason that the right hand sides
in (4.1), (4.2) are then the unit ideals.
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Chapter 5

Fitting ideal of the 2-part of
the ideal class group

5.1 Stickelberger ideal

In this section, we define the Stickelberger ideal Θ−K/k, which is in fact similar

to the Stickelberger ideal defined by Kurihara in [19]. Let k be a totally real
field, and K/k a finite abelian extension. Assume that K is a CM-field. Put
G = Gal(K/k). For any subfield k ⊂M ⊂ K and any ring R, we denote by
cK/M the map cK/M : R[Gal(K/k)]→ R[Gal(M/k)] induced by the natural
restriction map Gal(K/k)→ Gal(M/k). In this situation,

νK/M : R[Gal(M/k)] −→ R[G]

denotes the R-linear homomorphism defined by

σ 7−→
∑

cK/M (τ)=σ

τ

for σ ∈ Gal(M/k) where τ ranges over the elements ofG such that cK/M (τ) =
σ. Let j be the complex conjugation in G.

Definition 5.1.1. We define

Θ′K/k =
〈 1

2d−1
νK/M (θM/k) | k ⊂M ⊂ K,M is a CM field

〉
⊂ (1− j)Q2[G],

where d = [k : Q], θM/K is the Stickelberger element defined in section 1.
We note that Θ′K/k is a Z2[G]-submodule of Q2[G].
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We write G = Gal(K/k) = G′ ×∆ where G′ is a 2-group and the order
of ∆ is odd. Assume that G′ is cyclic. We denote by W (K) all roots of
unity contained in K. Let K+ be the maximal real subfield of K. For any
number field N , we denote by AN the 2-part of the ideal class group of N .
Let a1,K = 0 (resp., 1) if the ideal extension map AK+ → AK is injective
(resp., not injective), and a2,K = 0 (resp., 1) if Hasse’s unit index Q(K)
is equal to 1 (resp., 2). Put Z2[G]− = Z2[G]/(1 + j). For any element
a ∈ Z2[G], we denote by ā the image of a of the natural surjective map
Z2[G] → Z2[G]−. We denote by IG the ideal of Z2[G] generated by 2 and
σ − 1 for all σ ∈ G. We consider the map f

f : (1− j)Z2[G] −→ Z2[G]−

(1− j)a 7−→ ā.

This map is well defined and an isomorphism of Z2[G]-modules. We define

ΘK/k = I
a1,K+a2,K

G AnnZ2[G](W (K)⊗ Z2)Θ′K/k.

By Deligne and Ribet [4], we know that ΘK/k ⊂ (1− j)Z2[G].

Definition 5.1.2. We define

Θ−K/k = f(ΘK/k).

Remark 5.1.3. If k = Q and a1,K = 0 (i.e., the map AK+ → AK is
injective), ΘK/Q coincides with the Stickelberger ideal defined by Kurihara
(see section 2 in [19]).

We fix a faithful character ψ of G′. Since G′ is cyclic, we have

Z2[G]− '
⊕

χ∈∆̂/∼

Z2[Im(χψ)].

For any χ ∈ ∆̂ = Hom(∆, Q̄p), we denote by fχ the map

fχ : Z2[G]− −→ Z2[Im(χψ)]

induced by χψ. For any χ ∈ ∆̂, put Kχψ = Kkerχψ. We consider the value
of L-function at s = 0 as the following

L(0, χ−1ψ−1) =
∑

σ∈Gal(Kχψ/k)

ζ(0, σ)χ−1ψ−1(σ),

where ζ(0, σ) is the partial zeta function defined in section 1.
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Lemma 5.1.4. If χ 6= 1, we have

fχ
(
Θ−K/k

)
=
( 1

2d
L(0, χ−1ψ−1)

)
.

If χ = 1, we have

fχ
(
Θ−K/k

)
=
(
πa1,K+a2,K+ord2(]WK) 1

2d
L(0, χ−1ψ−1)

)
,

where π is a uniformizer of Z2[Im(χψ)].

Proof. The maps f and fχ extend respectively to f : (1 − j)Q2[G] −→
Q2[G]/(1 + j) and fχ : Q2[G]/(1 + j) −→ Q2(Im(χψ)). Since ψ is a faithful
character of G′, we know that Kχψ is a CM-field. Therefore, we have

1

2d−1
νK/Kχψ(θKχψ/k) ∈ Θ′K/k

by definition. Since [K : Kχψ] is odd, we have(
fχ ◦ f

( 1

2d−1
νK/Kχψ(θKχψ/k)

))
=
( 1

2d
L(0, χ−1ψ−1)

)
.

We denote by g the natural map g : Z2[G]→ Z2[G]−. If χ 6= 1, we have

fχ ◦ g
(
I
a1,K+a2,K

G AnnZ2[G](W (K)⊗ Z2)
)

= (1).

Thus we have

fχ
(
Θ−K/k

)
⊃
( 1

2d
L(0, χ−1ψ−1)

)
.

If χ = 1, we have

fχ◦g(I
a1,K+a2,K

G ) = (πa1,K+a2,K ), fχ◦g
(
AnnZ2[G](W (K)⊗Z2)

)
= (πord2(]W (K))).

Therefore, we have

fχ
(
Θ−K/k

)
⊃
(
πa1,K+a2,K+ord2(]WK) 1

2d
L(0, χ−1ψ−1)

)
.

For any CM-field M such that k ⊂M ⊂ K, Lemma 2.3.1 implies that

fχ ◦ f
( 1

2d−1
νK/M (θM/k)

)
∈
( 1

2d
L(0, χ−1ψ−1)

)
.

Therefore, we have

fχ
(
Θ−K/k

)
=

{(
1
2d
L(0, χ−1ψ−1)

)
(χ 6= 1)(

πa1,K+a2,K+ord2(]WK) 1
2d
L(0, χ−1ψ−1)

)
(χ = 1).

This completes the proof of Lemma 5.1.4.
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Put A−K = AK ⊗ Z2[G]−.

Corollary 5.1.5. We have[
Z2[G]− : FittZ2[G]−(A−K)

]
=
[
Z2[G]− : Θ−K/k

]
.

Proof. We consider the following exact sequence

0 −→ ker(AK+ → AK) −→ AK+ −→ AK −→ A−K −→ 0.

Since G′ is cyclic, Z2[G]− is a direct product of discrete valuation rings.
Therefore, we have[

Z2[G]− : FittZ2[G]−(A−K)
]

= 2a1,K
]AK
]AK+

.

The analytic class number formula implies that

]AK
]AK+

= 2
ord2

(∏
χ∈∆̂

1

2d
L(0,χ−1ψ−1)

)
+a2,K+ord2(]W (K))

.

Lemma 5.1.4 implies that[
Z2[G]− : Θ−K/k

]
= 2

ord2

(∏
χ∈∆̂

1

2d
L(0,χ−1ψ−1)

)
+a1,K+a2,K+ord2(]W (K))

= 2a1,K
]AK
]AK+

.

Proposition 5.1.6. Assume that G′ is cyclic. Let 1 be the trivial character
of ∆. Then we have

f1
(
FittZ2[G]−(A−K)

)
= f1

(
Θ−K/k

)
.

Proof. Since Z2[Im(ψ)] is a discrete valuation ring, it is sufficiently to show
that [

Z2[Im(ψ)] : f1
(
Θ−K/k

)]
=
[
Z2[Im(ψ)] : f1

(
FittZ2[G]−(A−K)

)]
.

Since ]∆ is odd, we have (A−K)∆ ' A−K∆ by the norm argument, where K∆

is the subfield of K fixed by ∆. Therefore, we have

f1
(
FittZ2[G]−(A−K)

)
= FittZ2[Im(ψ)](A

−
K∆).
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Since Z2[Im(ψ)] is a discrete valuation ring, we have[
Z2[Im(ψ)] : FittZ2[Im(ψ)](A

−
K∆)

]
= ]A−

K∆ .

Let K∆,+ be the maximal real subfield of K∆ and hK∆(resp. hK∆,+) the
class number of K∆(resp. K∆,+). By the analytic class number formula,
we have

hK∆

hK∆,+

= Q(K∆)]W (K∆)
∏
ψ∈G′
ψ:odd

1

2d
L(0, ψ),

where Q(K∆) is Hasse’s unit index of K∆ and W (K∆) is the group of all
roots of unity contained in K∆. Since ]∆ is odd, we have W (K∆) ⊗ Z2 =
W (K)⊗ Z2, Q(K∆) = Q(K) by Proposition 1 (f) in [22] and

ker(AK+ → AK) ' ker(AK∆,+ → AK∆)

by the norm argument. Thus Lemma 5.1.4 implies that[
Z2[Im(ψ)] : f1

(
Θ−K/k

)]
= 2

ord2

(
Q(K∆)]W (K∆)

∏
ψ∈G′
ψ:odd

1

2d
L(0,ψ)] ker(A

K∆,+→AK∆ )
)

=
hK∆

hK∆,+

] ker(AK∆,+ → AK∆)

= ]A−
K∆

=
[
Z2[Im(ψ)] : f1

(
FittZ2[G]−(A−K)

)]
.

5.2 Descent theory

In this section, we prove Theorem 1.2.6 in the case (3a). As we mentioned
in chapter 1, we prove Theorem 1.2.6 in the case (3a) by a similar method
as in Greither [13]. For any number field N , let N∞ be the cyclotomic Z2-
extension, Nn the n-th layer. Let k be a totally real field, and K/k a finite
abelian extension. We assume that K is a CM-field and K ∩ k∞ = k. We
write G = Gal(K/k) = G′ × ∆ where G′ is a 2-group and the order of ∆
is odd. In this section, we do not assume that G′ is cyclic. Let L/k be
a finite abelian extension such that L is a CM-field, K ⊂ L, and L/K is
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a 2-extension. Let L+ be the maximal real subfield of L. We denote by
Gal(L/k)2 the 2-Sylow subgroup of Gal(L/k). Then we have

Z2[Gal(L/k)] '
⊕

χ∈∆̂/∼

Z2[Imχ][Gal(L/k)2],

Z2[Gal(L/k)]/(1 + j) '
⊕

χ∈∆̂/∼

Z2[Imχ][Gal(L/k)2]/(1 + j).

For any Z2[Gal(L/k)]-module M and any character χ of ∆, put Mχ =
M⊗Z2[Gal(L/k)]Z2[Imχ][Gal(L/k)2], M− = M⊗Z2[Gal(L/k)]Z2[Gal(L/k)]/(1+
j) and M−,χ = M ⊗Z2[Gal(L/k)] Z2[Imχ][Gal(L/k)2]/(1 + j).

Lemma 5.2.1. Let χ be a non-trivial character of ∆. Then the norm map
of the ideal class group

AχLn −→ AχL

is surjective for all n ≥ 0.

Proof. To prove this Lemma, it is sufficient to show that the norm map
AχLn+1

→ AχLn is surjective for all n ∈ Z≥0. Let Hn be the unramified
extension of Ln corresponding to ALn .

If there is a prime of Ln which ramifies in Ln+1/Ln, we have Hn∩Ln+1 =
Ln. Therefore, we see that the norm map ALn+1 → ALn is surjective.

If Ln+1/Ln is an unramified extension, we have Ln+1 ⊂ Hn. Therefore,
we get an exact sequence

ALn+1 −→ ALn −→ Gal(Ln+1/Ln) −→ 0.

Since Ln+1/k is an abelian extension, ∆ acts on Gal(Ln+1/Ln) trivially.
Therefore, we have Gal(Ln+1/Ln)χ = 0 for any non-trivial character χ of
∆. This implies that the norm map AχLn → AχL is surjective for any non-
trivial character χ of ∆.

For any number field N , we denote by PN (resp. PN,fin) the set of primes
(resp. finite primes) of N .

Consider the map

iL/K : Ĥ0
(
L+/K+,

∏
w+∈PL+

EL+,w+

)
−→ Ĥ0

(
L/K,

∏
w∈PL

EL,w
)
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induced by the natural injective map∏
w+∈PL+

EL+,w+ −→
∏

wn∈PL

EL,w,

where EL,w (resp. EL+,w+) is the local unit group of L at w (resp. L+ at
w+). For any Z2[Gal(L/K)]-module M , we denote by MGal(L/K) the Galois
coinvariant of M .

Proposition 5.2.2. For any non-trivial character χ of ∆, we get an exact
sequence

0 −→ cokeriχL/K −→ (A−,χL )Gal(L/K) −→ A−,χK −→ 0.

Proof. We consider the following commutative diagram

0 −−−−→ Ĥ−1(L/K,Cl(L)) −−−−→ Cl(L)Gal(L/K)

NGal(L/K)−−−−−−→ Cl(L)y yNL/K ∥∥∥
0 −−−−→ ker

(
Cl(K)→ Cl(L)

)
−−−−→ Cl(K) −−−−→ Cl(L),

where the map NL/K is the norm map of ideal class group and NGal(L/K) :
Cl(Kn)Gal(L/K) → Cl(L) is the map defined by a 7→

∑
σ∈Gal(L/K) σa. This

implies that there is an exact sequence

0→ ker
(
Cl(L)Gal(L/K)

NGal(L/K)→ Cl(K)
)

−→ Ĥ−1(L/K, Cl(L)) −→ ker
(
Cl(K)→ Cl(L)

)
.

It is well known that

ker
(
Cl(K)→ Cl(L)

)
' ker

(
H1(L/K,EKn)→ H1(L/K,

∏
w∈PL

EL,w)
)
,

where EL is the unit group of L. Therefore, we have

ker
(
Cl(L)Gal(L/K)

NGal(L/K)→ Cl(K)
)

' ker
(
Ĥ−1(L/K,Cl(L))→ H1(L/K,EL)

)
. (5.1)

We consider the following exact sequence

0 −→ EL −→
∏
w∈PL

EL,w −→ CL −→ Cl(L) −→ 0,
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where CL is the idele class group of L. Put M = ker
(
CL → Cl(L)

)
. By

Tate-Nakayama’s theorem, we have

Ĥ−1(L/K,CL) = Ĥ−3(L/K,Z) = H2(L/K,Z) = ∧2Gal(L/K).

By class field theory, we have Ĥ0(L/K,CKn) ' Gal(L/K). Thus taking Tate
cohomology of A = Gal(L/K), we get the following commutative diagram,

Ĥ0(L/K,EL)y
0 −−−−→ ker f −−−−→ Ĥ0(L/K,

∏
w∈PL

EL,w)
f−−−−→ Ay y ∥∥∥

∧2A −−−−→ Ĥ−1(L/K,Cl(L)) −−−−→ Ĥ0(L/K,M) −−−−→ Ay
H1(L/K,EL) .

Since G = Gal(K/k) acts on A = Gal(L/K) trivially, we have Aχ =
Gal(L/K)χ = 0 and ∧2Aχ = 0 for any non-trivial character χ of ∆. There-
fore, we get an exact sequence

Ĥ0(L/K,EL ⊗ Z2)χ −→ Ĥ0(L/K,
∏
w∈PL

EL,w ⊗ Z2)χ −→

Ĥ−1(L/K,AL)χ −→ H1(L/K,EL ⊗ Z2)χ

for any non-trivial character χ of ∆.
By this exact sequence, (5.1) and Lemma 5.2.1, we get an exact sequence,

Ĥ0(L/K,EL ⊗ Z2)χ −→ Ĥ0(L/K,
∏
w∈PL

EL,w ⊗ Z2)χ

−→ (AχL)Gal(L/K)

NGal(L/K)−→ AχK −→ 0.

Put
SL = Ĥ0(L/K,EL ⊗ Z2),

SL+ = Ĥ0(L+/K+, EL+ ⊗ Z2),
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TL = Ĥ0(L/K,
∏
w∈PL

EL,w ⊗ Z2),

TL+ = Ĥ0(L+/K+,
∏

w+∈PL+

EL+,w+ ⊗ Z2).

By the same argument, we get an exact sequence for L+/K+. Therefore,
we get the following commutative diagram,

Sχ
L+ −−−−→ Tχ

L+ −−−−→ (Aχ
L+)Gal(L+/K+) −−−−→ Aχ

K+ −−−−→ 0y iL/K

y y y
SχL −−−−→ TχL −−−−→ (AχL)Gal(L/K) −−−−→ AχK −−−−→ 0

for any non-trivial character χ of ∆. Since ker(AK+ → AK) is isomorphic
to 0 or Z/2Z, G = Gal(K/k) acts on ker(AK+ → AK) trivially. This implies
that Aχ

K+ → AχK is injective for any non-trivial character χ of ∆. We
consider an exact sequence

0 −→ EL+ ⊗ Z2 −→ EL ⊗ Z2
1−j−→ E1−j

L ⊗ Z2 −→ 0.

Since E1−j
L ⊂W (L), we have (E1−j

L ⊗Z2)χ = 0 for any non-trivial character

χ of ∆. Therefore, we have Sχ
L+ = Ĥ0(L+/K+, EL+⊗Z2)χ ' Ĥ0(L/K,EL⊗

Z2)χ = SχL. These imply that we get the following exact sequence by the
snake lemma,

0 −→ cokeriχL/K −→ (A−L )χΓn −→ A−,χK −→ 0.

Put Γn = Gal(Kn/K), Γ+
n = Gal(K+

n /K
+). We consider the set of

primes S ′
2(k) of k lying above 2 which ramify in K/K+ but do not ramify

in K∞/K
+
∞. For any prime v of k above 2, we take nv ≥ 0 such that all

primes above v totally ramify in K∞/Knv and are unramified in Knv/K.

Lemma 5.2.3. For all sufficiently large n� 0, we have

cokeriKn/K '
⊕

v/∈S ′2(k)
v|2, prime of k

(
Z/2n−nvZ[G/Dv]

)−
,

where Dv is the decomposition group of v in G = Gal(K/k).
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Proof. Since only primes above 2 ramify in K∞/K and K+
∞/K

+, we have

Ĥ0
(
Γn,

∏
wn∈PKn

EKn,wn
)
'

∏
v|2

prime of k

Ĥ0
(
Γn,

∏
wn|v

EKn,wn
)
,

Ĥ0
(
Γ+
n ,

∏
w+
n ∈PK+

n

EK+
n ,w

+
n

)
'

∏
v|2

prime of k

Ĥ0
(
Γ+
n ,
∏
w+
n |v

EK+
n ,w

+
n

)
.

By local class field theory, we have

Ĥ0
(
Γn,

∏
wn|v

EKn,wn
)
'

⊕
w|v

prime of K

Gal(Kn/Knv),

for any n ≥ nv.
If v /∈ S ′

2(k), we know that all primes above v totally ramify in K+
∞/K

+
nv

and are unramified in K+
nv/K

+. Therefore, by local class field theory, we
have

Ĥ0
(
Γ+
n ,
∏
w+
n |v

EK+
n ,w

+
n

)
'

⊕
w+|v

prime of K+

Gal(K+
n /K

+
nv),

for any n ≥ nv. Consider the map

jKn/K : Ĥ0
(
Γn,

∏
wn∈PKn

EKn,wn
)
−→ Ĥ0

(
Γ+
n ,

∏
w+
n ∈PK+

n

EK+
n ,w

+
n

)
induced by the norm map∏

wn∈PKn

EKn,wn −→
∏

w+
n ∈PK+

n

EK+
n ,w

+
n
.

By local class field theory, the map jKn/K is the restriction map. Therefore,
jKn/K is an isomorphism for all n ≥ nv. Since iKn/K ◦ jKn/K(x) = (1 + j)x
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for any x ∈ Ĥ0
(
Γn,

∏
wn|v EKn,wn

)
, we have

coker
(
iKn/K : Ĥ0

(
Γ+
n ,
∏
w+
n |v

EK+
n ,w

+
n

)
−→ Ĥ0

(
Γn,

∏
wn|v

EKn,wn
))

= coker
(
iKn/K ◦ jKn/K : Ĥ0

(
Γn,

∏
wn|v

EKn,wn
)
−→

(
Ĥ0
(
Γn,

∏
wn|v

EKn,wn
))

= Ĥ0
(
Γn,

∏
wn|v

EKn,wn
)/

(1 + j)Ĥ0
(
Γn,

∏
wn|v

EKn,wn
)

'
⊕

prime of K
w|v

Gal(Kn/Knv)
/

(1 + j)
⊕

prime of K
w|v

Gal(Kn/Knv)

'
(
Z/2n−nvZ[G/Dv]

)−
for all n ≥ nv.

If v ∈ S ′
2(k), all primes above v totally ramify in K+

∞/K
+
nv−1 and are

unramified in K+
nv−1/K

+. By local class field theory, we have

Ĥ0
(
Γ+
n ,
∏
w+
n |v

EK+
n ,w

+
n

)
'

⊕
w+|v

prime of K+

Gal(K+
n /K

+
nv−1),

for any n ≥ nv. In this case, the map

iKn/K : Ĥ0
(
Γ+
n ,
∏
w+
n |v

EK+
n ,w

+
n

)
−→ Ĥ0

(
Γn,

∏
wn|v

EKn,wn
)

is surjective. This completes the proof of Lemma 5.2.3.

Put Γ = Gal(K∞/K), G = Gal(K∞/k), Ω = Z2[[G]], Ω− = Ω/(1 + j).
Then we have

Ω '
⊕

χ∈∆̂/∼

Z2[Imχ][[Γ×G′]].

For any Ω-moduleM and any character χ of ∆, putMχ = M⊗ΩZ2[Imχ][[Γ×
G′]], M− = M ⊗Ω Ω− and M−,χ = M ⊗Ω Z2[Imχ][[Γ×G′]]/(1+ j). We con-
sider the unramified Iwasawa module XK∞ = lim←−An, where the projective
limit is taken by the norm map of the ideal class group.

Corollary 5.2.4. For any non-trivial character χ of ∆, there is an exact
sequence

0 −→
⊕

v/∈S ′2(k)
v|2,prime of k

Z2[G/Dv]
−,χ −→ (X−,χK∞

)Γ −→ A−,χK −→ 0.
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Proof. By Proposition 5.2.2 for L = Kn, we get an exact sequence

0 −→ cokeriχKn/K −→ (A−,χKn
)Γn −→ A−,χK −→ 0.

Taking the projective limit of this exact sequence and Lemma 5.2.3, we get
the exact sequence in Corollary 5.2.4.

Let S2(k) be the set of primes of k above 2, which ramify in K∞/K
+
∞.

We denote by X−,χK∞,fin the maximal finite Z2[Im(χ)][[G′ × Γ]]-submodule of

X−,χK∞
.

Lemma 5.2.5. For any non-trivial character χ of ∆, we have

X−,χK∞,fin '
⊕

v∈S2(k)

Z/2Z[G/Dv,∞]χ,

where Dv,∞ is the decomposition group of v in G.

Proof. For any extension N/k, we denote by S2(N) the set of prime of N
lying above S2(k). Put

AKn,S2 = coker
(
K×n

⊕ordwn−→
⊕

wn /∈S2(Kn)∪S∞(Kn)

Z
)
⊗ Z2,

AK+
n ,S2

= coker
(
K+
n
× ⊕ord

w+
n−→

⊕
w+
n /∈S2(K+

n )∪S∞(K+
n )

Z
)
⊗ Z2,

Dn,S2 = ker(AKn → AKn,S2), D+
n,S2

= ker(AK+
n
→ AK+

n ,S2
),

where S∞(Kn) (resp. S∞(K+
n )) is the set of infinity primes of Kn (resp.

K+
n ).

It is well known that the kernel of the map AK+
n ,S2

→ AKn,S2 coincides
with the kernel of the map

H1(Kn/K
+
n , EKn,S2) −→ H1(Kn/K

+
n ,

∏
w/∈S2(Kn)∪S∞(Kn)

EKn,wn),

where EKn,S2 is the S2(Kn)∪S∞(Kn)-unit group of Kn. Since Gal(Kn/K
+
n )

acts on S2(Kn) trivially, we have E1−j
Kn,S2

⊂ W (Kn). We consider the fol-
lowing exact sequence,

0 −→ EK+
n ,S2

−→ EKn,S2 −→ E1−j
Kn,S2

−→ 0.
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Taking Galois cohomology of Gal(Kn/K
+
n ), we get an exact sequence

H1(Kn/K
+
n , EK+

n ,S2
) −→ H1(Kn/K

+
n , EKn,S2) −→ H1(Kn/K

+
n , E

1−j
Kn,S2

).

Since Kn/K
+
n is a cyclic extension, we have

H1(Kn/K
+
n , EK+

n ,S2
) =

ker(1 + j : EK+
n ,S2

→ EK+
n ,S2

)

E1−j
K+
n ,S2

.

Since ker(1 + j : EK+
n ,S2

→ EK+
n ,S2

) = {±1} and E1−j
Kn,S2

⊂ W (Kn), we
have

H1(Kn/K
+
n , EK+

n ,S2
)χ = H1(Kn/K

+
n , EKn,S2)χ = H1(Kn/K

+
n , E

1−j
Kn,S2

)χ = 0

for any non-trivial character χ of ∆. Therefore, the map Aχ
K+
n ,S2

→ AχKn,S2

is injective.
We consider the following commutative diagram,

0 −−−−→ D+,χ
n,S2

−−−−→ Aχ
K+
n
−−−−→ Aχ

K+
n ,S2

−−−−→ 0y y y
0 −−−−→ Dχ

n,S2
−−−−→ AχKn −−−−→ AχKn,S2

−−−−→ 0.

By the snake lemma, we get an exact sequence

0 −→ D−,χn,S2
−→ A−,χKn

−→ A−,χKn,S2
−→ 0

for any non-trivial character χ of ∆. Taking the projective limit, we get an
exact sequence

0 −→ lim←−D
−,χ
n,S2

−→ X−,χK∞
−→ lim←−A

−,χ
Kn,S2

−→ 0.

Theorem 1.2.1 ( i ) implies that lim←−A
−,χ
Kn,S2

has no non-trivial finite Z2[Im(χ)][[G′×
Γ]]-submodule. Therefore, we have

X−,χK∞,fin ' lim←−D
−,χ
n,S2

.

Lemma 2.1 and Remark 2.4 in [1] imply that

lim←−D
−,χ
n,S2

'
⊕

v∈S2(k)

Z/2Z[G/Dv,∞]χ

for any non-trivial character χ of ∆. This completes the proof of lemma
5.2.5
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Now we prove Theorem 1.2.6 in the case (3a).

Theorem 5.2.6. Assume that the following assumptions are satisfied.
(1) The µ-invariant of K∞ vanishes.
(2) G′ is cyclic.
(3a) No prime above 2 splits in K/K+.
Then we have

fχ
(
FittZ2[G]−(A−K)

)
= fχ

(
Θ−K/k

)
for any non-trivial character χ of ∆, where fχ is the map defined in section
5.1.

Proof. Let ψ be a faithful character of G′, Kχ is the subfield of K attached
to χψ, i.e., Gal(Kχ/k) ' Im(χψ). We consider the projective limit of the
Stickelberger element θKχ

∞/k ∈ Q(Z2[[Gal(Kχ
∞/k)]]) (see section 1).

Put Λχ = Z2[Imχψ][[Gal(Kχ
∞/Kχ)]]. Since χ is a non-trivial character

of ∆, we have 1
2d
θχψ
Kχ
∞/k
∈ Λχ.

Since the µ(K)-invariant vanishes, Theorem 1.2.4 and Proposition 2.5.3
imply that

FittΛχ(X−,χ
Kχ
∞

/
X−,χ
Kχ
∞,fin

) = (
1

2d
θχψ
Kχ
∞/k

).

By Lemma 5.2.5 and Proposition 2.5.3 , we have

FittΛχ(X−,χ
Kχ
∞

) = FittΛχ

( ⊕
v∈S2(k)

Z/2Z[G/Dv,∞]χ
)
(

1

2d
θχψ
Kχ
∞/k

). (5.2)

We consider the natural restriction map cχ : Λχ → Z2[Imχψ] defined by σ 7→
1 for all σ ∈ Gal(Kχ

∞/Kχ). Since [K : Kχ] is odd, we have X−,χ
Kχ
∞
' X−,χK∞

by

the norm argument. Let S2(k) be the set of primes of k lying above 2. For
any v ∈ S2(k), we denote by σv a generator of the decomposition group of v
in Gal(Kχ/k). Since Z2[Imχψ] is a discrete valuation ring, Corollary 5.2.4
implies that

cχ

(
FittΛχ(X−,χ

Kχ
∞

)
)

= FittZ2[Im(χψ)]((X
−,χ
K∞

)Γ)

= FittZ2[Im(χψ)](A
−,χ
K )FittZ2[Im(χψ)]

( ⊕
v∈S2(k)
v/∈S ′2(k)

Z2[G/Dv]
−,χ)

=
∏

v∈S2(k)\S ′2(k)

(
1− χψ(σv)

)
FittZ2[Im(χψ)](A

−,χ
K ).
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We denote by Sχ2,unr the set of primes of k above 2 which are unramified

in Kχ/k. Since cχ(θχψ
Kχ
∞/k

) =
∏

v∈Sχ2,unr

(
1 − χψ(Frob−1

v )
)
θχψKχ/k (see Lemma

2.3.1), (5.2) implies that

cχ

(
FittΛχ(X−,χ

Kχ
∞

)
)

= FittZ2[Im(χψ)]

( ⊕
v∈S2(k)

Z/2Z[G/Dv]
χ
) ∏
v∈Sχ2,unr

(
1− χψ(Frob−1

v )
)
(

1

2d
θχψKχ/k)

=
∏

v∈Sχ2,unr∪S2(k)

(
1− χψ(σv)

)
(

1

2d
θχψKχ/k).

Put
S ′

2(k)
′
= S2(k) \ (Sχ2,unr ∪S2(k) ∪S ′

2(k)).

We note that S ′
2(k)′ is the set of primes of k above 2 which are unramified

in Kχ/K
+
χ but ramify in Kχ/k and (S2(k)∪Sχ2,unr) ⊂ (S2(k)\S ′

2(k)). Since
1− χψ(σv) is not 0 for any v ∈ S2(k) by the assumption (3a), we have

(
1

2d
θχψKχ/k) =

∏
v∈S ′2(k)′

(
1− χψ(σv)

)
FittZ2[Im(χψ)](A

−,χ
K ).

By definition of S ′
2(k)′, the order of the decomposition group of v in Gal(Kχ/k)

is not 2-power for any v in S ′
2(k)′. Since χψ is a faithful character of

Gal(Kχ/k), 1− χψ(σv) is a unit in Z2[Im(χψ)] for any v in S ′
2(k)′. There-

fore, we have

(
1

2d
θχψKχ/k) = FittZ2[Im(χψ)](A

−,χ
K ).

Since 1
2d
θχψKχ/k = 1

2d
L(0, χ−1ψ−1), Lemma 5.1.4 implies that

fχ
(
FittZ2[G]−(A−K)

)
= fχ

(
Θ−K/k

)
.

Theorem 5.2.6, Corollary 5.1.5 and Proposition 5.1.6 imply Theorem
1.2.6 in the case (3a).
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5.3 Avoiding the Trivial Zero

In this section, we prove Theorem 1.2.6 in the case (3b). We use the same
notation as in the previous section. Assume that G′ is cyclic and KG′∩kcl =
k. Let ψ be a faithful character of G′.

If l is an prime number and l ≡ 1 mod 2n+1, let Qn,l denote the cyclic
extension of Q of degree 2n contained in Q(ζl) and let Nn,l = NQn,l for any
finite extension N of Q. We note that Qn,l is a real abelian field since l ≡ 1
mod 2n+1.

Lemma 5.3.1. For any non-trivial character χ of ∆, there exists an r
depending only on K and χ such that for any n > r we can find infinitely
many l satisfying the following conditions.

(a) l is unramified in K/Q.
(b) l ≡ 1 mod 2n+1.

(c) For any character φ ∈ ̂Gal(Kn,l/K) of order > 2r, we have χψφ(v) 6=
1 for any prime v of k above 2.

(d) For any prime λ of k above l, we have χ(λ) 6= 1.

Proof. The proof of this lemma goes by the same method of the proof of the
Lemma 4.1.1. Let r = max{m ∈ Z≥1 | 2m|[Kv : Q2] for all v above 2} + 1,
where Kv is the completion of K at v. Let kχ be the subfield of KG′ attached
to χ and kχ,cl be the Galois closure of kχ over Q. Since KG′ ∩ kcl = k and
kcl is a totally real field, the restriction map

res : Gal
(
kχ,cl(ζ2n+1 ,

4
√

2)
/
kcl(ζ2n+1 ,

4
√

2)
)
−→ Gal

(
kχ(ζ2n+1 ,

4
√

2)/k(ζ2n+1)
)

is surjective for any n > r. Since [kχ : k] is odd and [kχ(ζ2n+1 , 4
√

2) :
k(ζ2n+1)] = 2, we can find infinitely many l such that l splits completely
in kcl(ζ2n+1)/Q and for any prime λ above l, res(Frobλ) is a generator
of Gal(kχ(ζ2n+1 , 4

√
2)/k(ζ2n+1)) by Chebotarev’s density theorem. We can

choose that l is unramified in K/Q since the number of primes which ramify
in K/Q is finite. Any such l satisfies the conditions (a), (b), (c), (d).

Next, we introduce Corollary 4.2 in Kurihara [19].
Let p be a prime number, R a complete discrete valuation ring of mixed

characteristic (0, p) and ΛR = R[[T ]]. Let H be a cyclic p-group. For any
subgroup H ′′ ⊂ H ′ ⊂ H, we consider the canonical map

cH′′,H′ : ΛR[H/H ′′] −→ ΛR[H/H ′]

69



induced by natural restriction map H/H ′′ → H/H ′. We also consider the
map

νH′,H′′ : ΛR[H/H ′] −→ ΛR[H/H ′′]

induced by σ 7→
∑

cH′′,H′ (τ)=σ

τ for any σ ∈ H/H ′. Let φ be a character of H,

namely a homomorphism from H to the multiplicative group of an algebraic
closure of the fractional field of R. We consider the ring homomorphism

φΛR[H] : ΛR[H] −→ ΛR[Im(φ)]

induced by σ 7→ φ(σ) for σ ∈ H.

Lemma 5.3.2. (Kurihara, Corollary 4.2 in [19]) Suppose that for any sub-
group H ′ ⊂ H, two ideals IH/H′ and JH/H′ of ΛR[H/H ′] are given and
satisfy the following properties.

(1) For any subgroup H ′ ⊂ H and any faithful character φ of H/H ′,

φΛR[H/H′](IH/H′) = φΛR[H/H′](JH/H′).

(2) For any subgroup H ′ ⊂ H and any faithful character φ of H/H ′,
φΛR[H/H′](IH/H′) is a free R[Im(φ)]-module of finite rank.

(3) For any subgroup H ′′ ⊂ H ′ ⊂ H, we have

cH′′,H′(IH/H′′) ⊂ IH/H′ , cH′′,H′(JH/H′′) ⊂ JH/H′ .

(4) For any subgroup H ′′ ⊂ H ′ ⊂ H, we have

νH′,H′′(IH/H′) ⊂ IH/H′′ , νH′,H′′(JH/H′) ⊂ JH/H′′ .

Then, we have IH = JH .

For any non-trivial character χ of ∆, we consider r, n, l in Lemma 5.3.1.
Put Lχ = Kχ

n,l, H = Gal(Lχ/Kχ) ' Z/2nZ.

For any subgroup H ′ ⊂ H, we denote by Lχ,H
′

the subfield of Lχ at-

tached to H ′, and put Λχ,H/H′ = Z2[Imχψ][[H/H ′ × Gal(Lχ,H
′

∞ /Lχ,H
′
)]].

We consider the projective limit of the Stickelberger element θ
Lχ,H

′
∞ /k

∈

Q(Z2[[Gal(Lχ,H
′

∞ /k)]]) defined in section 1. Since χ is a non-trivial charac-

ter, we have 1
2d
θχψ
Lχ,H

′
∞ /k

∈ Λχ,H/H′ . For any subgroup H ′′ ⊂ H, we define

Θχψ

Lχ,H
′′

∞ /k
by

Θχψ

Lχ,H
′′

∞ /k
=
(
νH′,H′′(

1

2d
θχψ
Lχ,H

′
∞ /k

) | H ′′ ⊂ H ′ ⊂ H
)
⊂ Λχ,H/H′′ .
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For any Z2[[Gal(Lχ∞/k)]]-module M , put

M−,χ = M ⊗Z2[[Lχ∞/k)]] Λχ,H .

We consider the unramified Iwasawa module XLχ∞ = lim←−ALχn .

Lemma 5.3.3. Assume that all primes above 2 are unramified in K/K+

and the µ-invariant of K∞ vanishes. Then we have

Θχψ
Lχ∞/k

= FittΛχ,H (X−,χ
Lχ∞

)

for any non-trivial character χ of ∆.

Proof. To prove this lemma, we use Lemma 5.3.2 forR = Z2[Im(χψ)],ΛR[H/H ′] =

Λχ,H/H′ , IH/H′ = Θχψ

Lχ,H
′

∞ /k
, JH/H′ = FittΛχ,H/H′ (X

−,χ
LH
′,χ
∞

). We check that the

condisions (1), (2), (3), (4) in Lemma 5.3.2 are satisfied.
For any subgroup H ′ ⊂ H and any faithful character φ of H/H ′, we

denote Lχψφ by the subfield of Lχ,H
′

attached to χψφ and consider the map
φΛχ,H/H′ : Λχ,H/H′ → Z2[Im(χψφ)][[Gal(Lχψφ∞ /Lχψφ)]] induced by φ. Since

all primes are unramified in LH
′
/Lχψφ, we have

φΛχ,H/H′

(
Θχψ

Lχ,H
′

∞ /k

)
= (

1

2d
θχψφ
Lχψφ∞ /k

).

Since the µ-invariant of K is vanished,

Z2[Im(χψφ)][[Gal(Lχψφ∞ /Lχψφ)]]
/

(
1

2d
θχψφ
Lχψφ∞ /k

)

is a free Z2[Im(χψφ)]-module of finite rank. Therefore, the condition (2) is
satisfied.

Since all primes are unramified in LH
′
/Lχψφ, Proposition 5.2.2 implies

that (
X−,χ
Lχ,H

′
∞

)
Gal(Lχ,H′/Lχψφ)

' X−,χ
Lχψφ

.

Since all primes above 2 are unramified in K/K+, Lemma 5.2.5 implies

that X−,χ
Lχψφ

= XLχψφ ⊗Z2[[Gal(Lχψφ∞ /k)]]
Z2[Im(χψφ)][[Gal(Lχψφ∞ /Lχψφ)]] has

no non-trivial finite Z2[Im(χψφ)][[Gal(Lχψφ∞ /Lχψφ)]]-submodule. Therefore,
the Iwasawa main conjecture implies that

φΛχ,H/H′

(
FittΛχ,H/H′ (X

−,χ
Lχ,H

′
∞

)
)

= (
1

2d
θχψ
Lχψφ∞ /k

).
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Therefore, the condition (1) is satisfied.
Since only primes above l ramify in Lχ,H

′′
/Lχ,H

′
and all primes above

l are totally ramified in Lχ,H
′′
/Lχ,H

′
for any subgroup H ′′ ( H ′ ⊂ H, we

have

cH′′,H′(θ
χψ

Lχ,H
′′

∞ /k
) =

θ
χψ

Lχ,H
′

∞ /k
(if H ′ 6= H)∏

λ|l
(
1− χψ(Frob−1

λ )γ−1
λ

)
θχψ
Kχ
∞/k

(if H ′ = H),

where Frobλ (resp. γλ) is the Frobenius map of λ in Gal(Kχ/k) (resp.

Gal(Kχ
∞/Kχ)). This implies that cH′′,H′

(
Θχψ

Lχ,H
′′

∞ /k

)
⊂ Θχψ

Lχ,H
′

∞ /k
. By defini-

tion, we have νH′,H′′
(
Θχψ

Lχ,H
′

∞ /k

)
⊂ Θχψ

Lχ,H
′′

∞ /k
for any subgroup H ′′ ( H ′ ⊂ H.

By Proposition 5.2.2, we get the following exact sequence

0 −→ lim←−
n

(cokeri
Lχ,H

′′
n /Lχ,H

′
n

)χ −→
(
X−,χ
Lχ,H

′′
∞

)
H′/H′′

N
L
χ,H′′
∞ /L

χ,H′
∞−→ X−,χ

Lχ,H
′

∞
−→ 0

for any subgroup H ′′ ( H ′ ⊂ H. Since the only primes above l ramify in

Lχ,H
′′

∞ /Lχ,H
′

∞ , the condition (d) in Lemma 5.3.1 implies that

lim←−
n

(cokeri
Lχ,H

′′
n /Lχ,H

′
n

)χ = 0.

Therefore, we have cH′′,H′
(
FittΛχ,H/H′′ (X

−,χ
Lχ,H

′′
∞

)
)
⊂ FittΛχ,H/H′ (X

−,χ
Lχ,H

′
∞

) and

νH′,H′′
(
FittΛχ,H/H′ (X

−,χ
Lχ,H

′
∞

)
)
⊂ FittΛχ,H/H′′ (X

−,χ
Lχ,H

′′
∞

). Therefore, the condi-

tions (3), (4) are satisfied. This completes the proof of Lemma 5.3.3.

Finally, we prove the case (3b) of Theorem 1.2.6 in chapter 1.

Theorem 5.3.4. Assume that the following assumptions are satisfied.
(1) The µ-invariant of K∞ vanishes.
(2) G′ is cyclic.
(3b) All primes above 2 are unramified in K/K+ and kcl ∩KG′ = k.
Then we have

fχ
(
FittZ2[G]−(A−K)

)
= fχ

(
Θ−K/k

)
for any non-trivial character χ of ∆.

Proof. For any non-trivial character χ of ∆, we define Θ′Lχ/k by

Θ′Lχ/k =
〈 1

2d−1
νLχ/M (θM/k) | k ⊂M ⊂ Lχ,M is a CM field

〉
,
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where d = [k : Q], θM/K is the Stickelberger element defined in section 1,
νLχ/M is the map defined in section 3. We note that Θ′Lχ/k ⊂ Q2[Gal(Lχ/k)].

We consider the map Z2[Gal(Lχ/k)]→ Z2[Im(χψ)][H] induced by χψ. For
any ideal I of Z2[Gal(Lχ/k)], we denote by Iχψ the image of I of this map.

We consider the restriction map cLχ∞/Lχ : Λχ,H → Z2[Im(χψ)][H] defined
by σ 7→ 1 for all σ ∈ Gal(Lχ∞/Lχ). Lemma 5.3.3 implies that

cLχ∞/Lχ
(
FittΛχ,H (X−,χ

Lχ∞
)
)

= cLχ∞/Lχ
(
Θχψ
Lχ∞/k

)
=

( ∏
v∈Sχ2,unr

(1− Frob−1
v )Θ′Lχ/k

)χψ
,

where Sχ2,unr is the set of primes of k lying above 2 which are unramified in
Kχ/k and Frobv is the Frobenius map of v in Gal(Lχ/k). Since all primes
above 2 are unramified in K/K+, we have S ′

2(k) = ∅. Since ramification
index of any prime of k lying above 2 which ramifies in Lχ/k is odd,

FittZ2[Im(χψ)][H]

(
Z2[Gal(Lχ/k)/Dv(L

χ/k)]−,χ
)

= (1)

for any prime v /∈ Sχ2,unr, where Dv(L
χ/k) is the decomposition group of v

in Gal(Lχ/k). Therefore, Corollary 5.2.4 implies that∏
v∈Sχ2,unr

(1− Frob−1
v )χψFittZ2[Im(χψ)][H](A

−,χ
Lχ ) ⊂ cLχ∞/Lχ

(
FittΛχ,H (X−,χ

Lχ∞
)
)
.

Let τ be a generator of H and put ν = τ2n−1
τ2r−1

. The condition (c) in Lemma

5.3.1 implies that (1−Frob−1
v )χψ is not a zero divisor in Z2[Im(χψ)][H]/(ν)

for any v ∈ Sχ2,unr. Therefore, we have

FittZ2[Im(χψ)][H](A
−,χ
Lχ ) ⊂ Θ′χψLχ/k (mod ν).

We consider the map cLχ/Kχ : Z2[Im(χψ)][H]/ν → Z2[Im(χψ)]/(2n−r)
defined by τ 7→ 1. Proposition 5.2.2 implies that∏
λ|l

(
1−χψ(Frob−1

λ )
)
FittZ2[Im(χψ)](A

−,χ
Kχ ) ⊂

∏
λ|l

(
1−χψ(Frob−1

λ )
)
Θ′χψKχ/k (mod 2n−r).

The condition (d) in Lemma 5.3.1 implies that
∏
λ|l
(
1 − χψ(Frob−1

λ ) is a
unit in Z2[Im(χψ)]. Therefore, we have

FittZ2[Im(χψ)](A
−,χ
Kχ ) ⊂ Θ′χψKχ/k (mod 2n−r)
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for all n ≥ r. Since Θ′χψKχ/k =
(

1
2d
L(0, χ−1ψ−1)

)
, we have

FittZ2[Im(χψ)](A
−,χ
Kχ ) ⊂

( 1

2d
L(0, χ−1ψ−1)

)
.

Since [K : Kχ] is odd, (A−,χK )Gal(K/Kχ) ' A−,χKχ by norm argument. This
implies that

FittZ2[Im(χψ)](A
−,χ
K ) = FittZ2[Im(χψ)](A

−,χ
Kχ ).

Therefore, Lemma 5.1.4 implies that

fχ
(
FittZ2[G]−(A−K)

)
⊂ fχ

(
Θ−K/k

)
for any non-trivial character χ of ∆.

Theorem 5.3.4, Corollary 5.1.5 and Proposition 5.1.6 imply Theorem
1.2.6 in the case (3b).
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