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Thesis Summary

In number theory, the study on relationship between ideal class groups defined algebraically and zeta
functions defined analytically is a very important subject. In late 20th century, Kenkichi Iwasawa
constructed a new method which is now called “lwasawa theory” by which one finds out deeper
relationship between ideal class groups and special values of zeta functions. In lwasawa theory, we fix a
prime number p and consider the lwasawa modules for Zp extensions of a number field, which are
defined as the projective limits of the p-Sylow subgroups of ideal class groups. Using the lwasawa
module, we can study ideal class groups of the subfields uniformly. When p=2, the theory is so difficult
that it has usually been regarded as an exception. In this thesis, we study lwasawa theory for p=2. The
main 3 results in this thesis are as follows.

Firstly, we study finite submodules of lwasawa modules. If p is an odd prime, lwasawa proved that the
minus component of the lwasawa module for a CM field has no non-trivial finite submodule. However, in
the case for p=2, this is not true. Ferrero proved that the Iwasawa module for an imaginary quadratic
field sometimes has non-trivial finite submodules. In this thesis, we determine generators of the maximal
finite submodule of the minus quotient of the Iwasawa module for a CM field and compute its structure
under certain assumptions. This result is a generalization of Ferrero’s result which we mentioned above.

Next we study the lwasawa main conjecture for p=2. The lwasawa main conjecture claims that the
characteristic ideal of the Iwasawa module coincides with the p-adic L-function, and this is one of the
most important theorems in Iwasawa theory. If p is an odd prime, Wiles proved the lwasawa main
conjecture over a totally real field completely. But for p=2, Wiles proved it assuming the non existence of
trivial zeros for the p-adic L-function and lwasawa’s conjecture on the vanishing of the p-invariant. In this
thesis, we prove the Iwasawa main conjecture for p=2 only assuming p=0 which we mentioned above.
Consequently, we can prove many theorems for p=2 as in the case where p is odd.

Using the lwasawa main conjecture and the descent theory, we study the ideal class group of a CM
field. More precisely, we prove that the Fitting ideal of the minus quotient of the 2-component of the ideal
class group of a CM field which is cyclic over a totally real field, coincides with the Stickelberger ideal
which is defined by special values of partial zeta functions. This is a generalization of Greither’s result for

an imaginary abelian field over a rational number field.




