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Thesis Abstract

A Study on Distributed Dynamic Pricing of Electricity

Considering Economic Efficiency with Power Flow

Dynamic pricing is one of the most effective methods to achieve distributed energy

management in a smart grid. In the dynamic pricing, electricity prices change in a

short time interval according to power supply-demand balances in a power grid. This

study proposes some novel dynamic pricing algorithms to maximize social welfare and

improve its economic efficiency by considering power flow in a power grid. In particular,

the proposed pricing algorithms derive the optimal regional electricity prices or the

optimal incentive prices for consumers in day-ahead and real-time electricity market

trading without any private information of electricity market participants. In addition,

a dynamic pricing algorithm based on the H∞ control is also presented in this study

to deal with real-time market trading including uncertainties in behavior of market

participants.

This thesis is organized as follows. Chapter 1 describes the background and purpose of

this study. Then, behavior models of power consumers and generators in market trading

and a power grid model are explained as the problem formulation in Chapter 2.

Chapter 3 presents a dynamic pricing algorithm in a day-ahead market trading. The

proposed algorithm derives the optimal hourly and regional electricity prices without

any information of private functions of power consumers and generators. This chap-

ter also shows a dynamic pricing algorithm based on an alternating decision making

among market participants to improve its convergence speed. Finally, the validity of the

proposed pricing algorithms are shown with numerical simulation.

In order to reduce the effects of uncertainties in market participants’ behavior in real-

time market trading, Chapter 4 presents a dynamic pricing algorithm based on H∞

control. This chapter constructs a generalized plant of the dynamic pricing problem

and shows how to design the H∞ controller to update locational electricity prices. In

addition, a dynamic pricing algorithm using this designed H∞ controller is shown and

its effectiveness is verified through the numerical simulation results in this Chapter.
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Chapter 5 discusses the power adjustment problem in a real-time market through

negawatt trading. This chapter shows the optimal incentive design method for consumers

to minimize the power adjustment cost including power reduction by consumers. As

a result, the proposed method improves the economic efficiency regarding the power

adjustment problem in real-time market trading. In addition, in order to guarantee

the non-deficiency in the real-time market trading, the penalty price design method is

discussed in this chapter. Finally, this chapter presents the real-time market algorithm

to derive these optimal incentive prices and its numerical simulation results.

Chapter 6 extends the power adjustment problem discussed in Chapter 5 to deal with

the problems caused by both power excess and shortage in a power grid. The proposed

method in this chapter adjusts power imbalances using energy storage systems in a

power network through market trading. This chapter also shows the optimal incentive

design method and its power adjustment algorithm in negawatt trading. Finally, the

effectiveness of the proposed algorithm is verified with numerical simulation results.

Chapter 7 concludes this study and describes its future work.
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L, A = {1, 2, · · · , L}
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Wdi(x, λi)

Wdi(x, λi) = vi(x)− λix, ∀i ∈ A (2.1)

vi(x) i x ( )

[38,69] λi

i , λix x

Fig. 2.2 ISO

λi (2.1)

λi doi

doi = arg max
dmin
i ≤x≤dmax
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Wdi(x, λi), i ∈ A (2.2)

dmax
i , dmin

i i

vi(x)
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θik , V̇ik , ∀k ∈ Ni, Ni := {1, 2, · · · , ni},
∀i ∈ A i j ∈ Ai Pij

[70]

Pij =
∑

(ik,jl)∈Nij

|V̇ik ||V̇jl|Gikjl cos(θik−θjl)

+
∑

(ik,jl)∈Nij

|V̇ik ||V̇jl |Bikjl sin(θik−θjl), i ∈ A (2.5)

Bikjl , Gikjl ik jl

Nij i j

Fig. 2.5 Nij = {(i3, j2), (i4, j3)}
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2.3 (2.5)

Gikjl = 0, |V̇ik | = |V̇jl| = 1, sin(θik − θjl) = θik − θjl , cos(θik − θjl) = 1 (2.6)

(2.5) Pij

Pij =
∑

(ik,jl)∈Nij

Bikjl(θik − θjl) (2.7)

i di i

si i sli

i

si + sli − di =
∑
j∈Ai

Pij

=
∑
j∈Ai

∑
(ik,jl)∈Nij

Bikjl(θik − θjl), i ∈ A (2.8)
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(2.8)

s+ sl + B̄θ = d (2.9)

s = [s1 · · · sL]T ∈ R
L, sl = [sl1 · · · slL ]T ∈ R

L, d =

[d1 · · · dL]T ∈ R
L, θ = [θT

1 · · · θT
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B̄11 · · · B̄1L

...
. . .
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B̄L1 · · · B̄LL

⎤
⎥⎥⎥⎦ (2.10)
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⎧⎪⎪⎪⎨
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B̄ii1 · · · B̄iini
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1×ni (j = i)[
B̄ij1 · · · B̄ijnj

]
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1×nj (j �= i, j ∈ Ai)

01×nj
(j �= i, j /∈ Ai)
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B̄iik := −
∑
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∑
jl∈Nikj

Bikjl (k = 1, 2, · · · , ni) (2.12)
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∑

jl∈Nikj

Bikjl (l = 1, 2, · · · , nj) (2.13)

Nikj i ik j

Fig. 2.5

Nikj =

⎧⎪⎪⎪⎨
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{j2} (k = 3)

{j3} (k = 4)

φ (otherwise)

(2.14)
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ikjl

, Pmin
ikjl

Pmin
ikjl

≤ Bikjl(θik − θjl) ≤ Pmax
ikjl

, (ik, jl)∈Nij (2.15)

2.3

|Bikjl(θik − θjl)| ≤ Pmax
ikjl

, (ik, jl)∈Nij (2.16)
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t ∈ T ,
T :={0, 1, 2, · · · , T−1} W(t)

W(t) =
∑
i∈A

{
vi(di(t)|t)−ci(si(t))−cli(sli(t))−

∑
k∈Ni

fik(θik(t))
}
, t ∈ T (3.1)

vi(·|t)
t ∈ T cli(sli(t))

i fik(θik(t)) i ik

θik(t)

� �
3.1. i ∈ A cli(sli) C2[0,∞)

� �� �
3.2. i ∈ A, k ∈ Ni ,

fik(θik) C2(−π, π)
� �

3.1 2.2

ISO

3.2

2.3

[71]

fi(θi(t)) :=

ni∑
k=1

fik(θik(t)), ∀i ∈ A (3.2)

t ∈ T
(3.3)-(3.6)

max
s,sl,d,θ

∑
i∈A

{
vi(di|t)−ci(si)−cli(sli)−fi(θi)

}
(3.3)
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s. t. s+ sl + B̄θ = d (3.4)

smin
i ≤ si ≤ smax

i , smin
li
≤ sli ≤ smax

li
,

dmin
i ≤ di ≤ dmax

i , −θmax
ik

≤ θik ≤ θmax
ik

, ∀i ∈ A (3.5)

|Bikjl(θik−θjl)|≤Pmax
ikjl

, (ik, jl) ∈ Nij (3.6)

(3.4)

(3.5)

ISO

(3.6)

2.4 (3.4)

(3.5), (3.6) (s, sl,d,θ)

(3.3)-(3.6) Slater [72]

(3.3)-(3.6) s∗(t), s∗l (t), d
∗(t) θ∗(t)

s∗(t) = [s∗1(t) · · · s∗L(t)]T, s∗l (t) = [s∗l1(t) · · · s∗lL(t)]
T, d∗(t) = [d∗1(t) · · · d∗L(t)]T,

θ∗(t) = [θ∗
1(t)

T · · · θ∗
L(t)

T]T, θ∗
i (t) = [θ∗i1(t) · · · θ∗ini

(t)]T, ∀i ∈ A

i s∗i (t), s
∗
li
(t), d∗i (t), θ

∗
i (t) i

t

(2.2),

(2.4) ISO

s∗(t), d∗(t)

ISO

s∗(t), d∗(t)

3.1.2

t ∈ T W(t)
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3.2

(3.3)-(3.6)

(3.3)-(3.6)

3.2.1

(3.3)-(3.6) (3.4)

λ0(t) = [λ01(t) · · ·λ0L(t)]
T ∈ R

L

min
λ0(t)

P(λ0(t)) = min
λ0(t)

max
(s,sl,d,θ)∈F

L(s, sl,d,θ,λ0(t)) (3.7)

L(·)

L(s, sl,d,θ,λ0(t)) =
∑
i∈A

{
vi(di|t)−ci(si)−cli(sli)−fi(θi)

}

+ λ0(t)
T(s+ sl + B̄θ − d) (3.8)

(3.7) F (3.5), (3.6)

λ∗
0(t) = [λ∗

01
(t) · · ·λ∗

0L
(t)]T ∈ R

L (3.7)

(3.7)
� �

3.1. 2.1–3.2 t ∈ T
(3.1)

(s∗(t), s∗l (t),d
∗(t),θ∗(t),λ∗(t)) (3.8)

� �
Proof. [73] �

3.1

� �
3.1. 2.1–3.2 λ∗

0(t) = [λ∗
01
(t) · · · λ∗

0L
(t)]T

λ∗
0i
(t) t ∈ T i ∈ A

(2.2), (2.4)

(3.3)–(3.6) d∗i (t) s∗i (t)
� �



3.2 25

Proof. 3.1 (s∗(t), s∗l (t),d
∗(t),θ∗(t),λ∗

0(t)) L(·)
(s, sl,d,θ) ∈ F .

L(s∗(t), s∗l (t),d∗(t),θ∗(t),λ∗
0(t)) ≥ L(s, sl,d,θ,λ∗

0(t)) (3.9)

(s∗(t), s∗l (t),d
∗(t),θ∗(t))

(s∗(t), s∗l (t),d
∗(t),θ∗(t)) = arg max

(s,sl,d,θ)∈F

∑
i∈A

{
vi(di|t)−ci(si)−cli(sli)−fi(θi)

}

+ λ∗
0(t)

T(s+ sl + B̄θ − d) (3.10)

(3.10) (3.5), (3.6) s, sl, d, θ

i ∈ A (3.10) [56]

d∗i (t) = arg max
dmin
i ≤di≤dmax

i

vi(di|t)− λ∗
0i
(t)di, i ∈ A (3.11)

s∗i (t) = arg max
smin
i ≤si≤smax

i

λ∗
0i
(t)si − ci(si), i ∈ A (3.12)

s∗li(t) = arg max
smin
li

≤sli≤smax
li

λ∗
0i
(t)sli − cli(sli), i ∈ A (3.13)

θ∗(t) = arg min
θ∈Fθ

∑
i∈A

fi(θi)− λ∗
0(t)

TB̄θ (3.14)

Fθ (3.5), (3.6)

(3.11), (3.12) (2.1), (2.3)

λ∗
0i
(t) = λi

λ∗
0i
(t) i t

i

(3.3)–(3.6) (3.1)

d∗i (t) s∗i (t) �

ISO (3.7)

λ0

λ
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3.2.2

3.2.1

ISO

vi(·|t) ci(·)
ISO

λ [74]

(3.7)

λ(t) = [λ1(t) · · · λL(t)]
T ∈ R

L (3.7)

(s(t), sl(t),d(t),θ(t)) := arg max
(s,sl,d,θ)∈F

∑
i∈A

{
vi(di|t)− ci(si)− cli(sli)− fi(θi)

}

+λ(t)T(s+ sl + B̄θ − d) (3.15)

(3.3)–(3.6)

Q(s(t), sl(t),d(t),θ(t)) :=
∑
i∈A

{
vi(di(t)|t)−ci(si(t))−cli(sli(t))−fi(θi(t))

}
(3.16)

R(s(t), sl(t),d(t),θ(t)) := −
{
s(t) + sl(t) + B̄θ(t)− d(t)

}
(3.17)

(3.7) P(λ(t))

� �
3.2. 2.1–3.2 P(λ(t)) λ(t)

[75, 76].
� �
Proof. 2.1–3.2 (3.16), (3.17) Q(·), R(·)
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F . λ1 ∈ R
L, λ2 ∈ R

L

ϑ ∈ (0, 1)

P(ϑλ1 + (1− ϑ)λ2) = max
(s,sl,d,θ)∈F

Q(·)−
{
ϑλT

1 + (1− ϑ)λT
2

}
R(·)

= max
(s,sl,d,θ)∈F

ϑ
{
Q(·)− λT

1R(·)
}
+ (1− ϑ)

{
Q(·)− λT

2R(·)
}

≤ ϑ max
(s,sl,d,θ)∈F

Q(·)− λT
1R(·) + (1− ϑ) max

(s,sl,d,θ)∈F
Q(·)− λT

2R(·)

= ϑP(λ1) + (1− ϑ)P(λ2) (3.18)

P(ϑλ1 + (1− ϑ)λ2) ≤ ϑP(λ1) + (1− ϑ)P(λ2) (3.19)

[72] P(λ(t)) λ(t)

�

P(λ(t))
� �

3.3. 2.1–3.2 P(λ(t)) λ(t)

, ∇P(λ(t)) [75, 76].

∇P(λ(t)) = −R(s(t), sl(t),d(t),θ(t)) = s(t) + sl(t) + B̄θ(t)− d(t) (3.20)

� �
Proof. , λ λ1,λ2

x1 := arg max
(s,sl,d,θ)∈F

Q(·)− λT
1R(·) (3.21)

x2 := arg max
(s,sl,d,θ)∈F

Q(·)− λT
2R(·) (3.22)

Q(x)− λT
1R(x) x = x1

Q(x1)−λT
1R(x1) ≥ Q(x2)−λT

1R(x2)⇔ P(λ1) ≥ Q(x2)−λT
1R(x2)

⇔ P(λ1)−P(λ2) ≥ −(λ1−λ2)
TR(x2)

⇔ 0 ≤ P(λ1)−P(λ2)+(λ1−λ2)
TR(x2) (3.23)
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Q(x2)− λT
2R(x2) ≥ Q(x1)− λT

2R(x1)

⇔ −P(λ2) ≤ −
(
Q(x1)− λT

2R(x1)
)

⇔ P(λ1)− P(λ2) + (λ1 − λ2)
TR(x2) ≤ (λ1 − λ2)

T(R(x2)−R(x1))

⇔ P(λ1)− P(λ2) + (λ1 − λ2)
TR(x2) ≤ ‖λ1 − λ2‖‖R(x2)−R(x1)‖ (3.24)

(3.23), (3.24)

0 ≤ P(λ1)− P(λ2) + (λ1 − λ2)
TR(x2)

‖λ1 − λ2‖
≤ ‖R(x1)−R(x2)‖ (3.25)

λ1 λ1 → λ2 ,

lim
λ1→λ2

P(λ1)− P(λ2) + (λ1 − λ2)
TR(x2)

‖λ1 − λ2‖
= 0 (3.26)

, P(λ(t)) λ2

−R(x2) P(λ(t)) −R(s(t), sl(t),d(t),θ(t))

. �

3.2, 3.3 P(λ(t))
λ(t) −R(s(t), sl(t),d(t),θ(t))

(3.7)

(3.20) ∇P(λ(t))

3.3 P(λ(t)) (3.15)

(s(t), sl(t),d(t),θ(t)) 3.1

(3.7) s(t) d(t)

si(t), di(t), i ∈ A

di(t) = arg max
dmin
i ≤di≤dmax

i

vi(di|t)− λi(t)di (3.27)

si(t) = arg max
smin
i ≤si≤smax

i

λi(t)si − ci(si) (3.28)

(3.27), (3.28) λi(t)

(2.1), (2.3)
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λi(t)

do(t) = [do1(t) · · · doL(t)]T ∈ R
L,

so(t) = [so1(t) · · · soL(t)]T ∈ R
L

� �
3.4. 2.1–3.2 λ(t)

P(λ(t)) ∇P(λ(t)) λ(t) so(t), do(t)

(3.7) sl(t), θ(t)

∇P(λ(t)) = so(t) + sl(t) + B̄θ(t)− do(t) (3.29)

� �
Proof. �

3.4

3.2–3.4

(3.7)

t ∈ T
Algorithm 3.1

k k

Algorithm 3.1:

Step 1:

ISO λ0(t) = [λ0
1(t) · · · λ0

L(t)]
T

Step 2:

ISO λk
i (t) (k ≥ 0)

ISO

dki (t) = arg max
dmin
i ≤di≤dmax

i

Wdi(di, λ
k
i (t)), i ∈ A (3.30)

ski (t) = arg max
smin
i ≤si≤smax

i

Wsi(si, λ
k
i (t)), i ∈ A (3.31)

ISO
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(skl (t),θ
k(t)) = arg min

(sl,θ)∈Fsl,θ

∑
i∈A
{sli + fi(θi)} − λk(t)T

{
sl + B̄θ

}
(3.32)

Fsl,θ (3.5), (3.6) sl θ

Step 3:

ISO ISO

( ) λk(t) = [λk
1(t) · · · λk

L(t)]
T t

sk(t) + skl (t) + B̄θk(t) = dk(t) (3.33)

sk(t) := [sk1(t) · · · skL(t)]T ∈ R
L, dk(t) := [dk1(t) · · · dkL(t)]T ∈ R

L

(3.33) ISO

λk+1(t) = [λk+1
1 (t) · · ·λk+1

L (t)]T ∈ R
L

λk+1(t) = λk(t)− γ
(
sk(t) + skl (t) + B̄θk(t)− dk(t)

)
(3.34)

γ > 0

Step 4:

k k + 1 Step 2

ISO (3.34)

Algorithm 3.1

3.3 (3.34)

sk(t) + skl (t) + B̄θk(t) − dk(t) P(λ) λk(t)

P(λ)
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3.2 P(λ)
γ

k →∞ λk(t) λ∗(t) [38]

Algorithm 3.1 (pseudocode)

1 Initialization

2 Set k = 0

3 Set λk(t) =
[
λk
1(t) · · · λk

L(t)
]T

4 Repeat

5 for i = 1 : L

6 dki (t)← argmaxdmin
i ≤di≤dmax

i
Wdi(di, λ

k
i (t)) % Consumers’ decision makings

7 ski (t)← argmaxsmin
i ≤si≤smax

i
Wsi(si, λ

k
i (t)) % Generators’ decision makings

8 Send dki (t), ski (t) to the ISO

9 end for

10 [skl (t),θ
k(t)]← argmin(sl,θ)∈Fsl,θ

∑
i∈A {sli + fi(θi)} − λk(t)T

{
sl + B̄θ

}
11 dk(t)← [dk1(t) · · · dkL(t)]T, sk(t)← [sk1(t) · · · skL(t)]T

12 if sk(t) + skl (t) + B̄θk(t) �= dk(t)

13 λk+1(t)← λk(t)− γ{sk(t) + skl (t) + B̄θk(t)− dk(t)} % Price update

14 end if

15 k = k + 1

16 End Repeat

3.3

[74]

ISO

( )
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3.3.1 Alternating Direction Method of Multipliers (ADMM)

Alternating Direction Method of Multipliers

(ADMM)

[58]

3.3.1 ADMM

x

ADMM (P )

L(·)

(P ) : min
x,z

f(x) + g(z), s. t. Ax = z (3.35)

L(x, y, λ) = f(x) + g(z) + λ(Ax− z)+
1

2
γ‖Ax− z‖2 (3.36)

x ∈ R
nx , z ∈ R

nz f(x) g(z) f(x) : Rnx → R

g(z) : Rnz → R

[74]

(P ) ‖Ax− z‖2

x, z

Alternating Direction

Method of Multipliers (ADMM) ADMM

Algorithm 3.2: ADMM [58]

Step 1 x0, z0, λ0 γ

Step 2 k ≥ 0 xk+1

xk+1 = argmin
x

f(x) + λkAx +
1

2
γ‖Ax− zk‖2 (3.37)
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Step 3 Step 2 xk+1 zk+1

zk+1 = argmin
z

g(z)− λkz +
1

2
γ‖Axk+1 − z‖2 (3.38)

Step 4 λk

λk+1 = λk + γ(Axk+1 − zk+1) (3.39)

Step 5 Axk+1 − zk+1 = 0 Step 2-4

ADMM (3.37) xk

(3.38) (3.37) xk+1 zk

xk+1, zk+1 λk

3.3.2

ADMM

(3.3)-(3.6) γ

(3.3)-(3.6) L̂(·)

L̂(s, sl,d,θ,λ(t)) =
∑
i∈A

{
vi(di|t)− ci(si)− cli(sli)− fi(θi)

}

+ λ(t)T(s+ sl + B̄θ − d)− 1

2
γ‖s+ sl + B̄θ − d‖2 (3.40)

(3.4), (3.5) F

min
λ(t)

P̂(λ(t)) = min
λ(t)

max
(s,sl,d,θ)∈F

L̂(s, sl,d,θ,λ(t)) (3.41)

d, s ISO

(sl, θ) Fd, Fs (3.5)

d s ADMM
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(3.37), (3.38)

dk+1(t) = argmax
d∈Fd

∑
i∈A
{vi(di)− λi(t)di} −

1

2
γ‖sk(t) + skl (t) + B̄θk(t)− d‖2 (3.42)

sk+1(t) = argmax
s∈Fs

∑
i∈A
{λi(t)si − ci(si)} −

1

2
γ‖s+ skl (t) + B̄θk(t)− dk+1(t)‖2 (3.43)

(sk+1
l (t), θk+1(t)) = arg min

sl,θ∈Fsl,θ

∑
i∈A
{ci(sli(t)) + fi(θi)} − λ(t)T(sl + B̄θ)

+
1

2
γ‖sk+1(t) + sl + B̄θ − dk+1(t)‖2 (3.44)

(3.42), (3.43)

dk+1(t) sk+1(t)

θk+1(t)

dk+1(t) = argmax
d∈Fd

∑
i∈A
{vi(di)− λi(t)di} (3.45)

sk+1(t) = argmax
s∈Fs

∑
i∈A
{λi(t)si − ci(si)} (3.46)

(sk+1
l (t), θk+1(t)) = arg min

sl,θ∈Fsl,θ

∑
i∈A
{ci(sli(t)) + fi(θi)} − λ(t)T(sl + B̄θ)

+
1

2
γ‖sk+1(t) + sl + B̄θ − dk+1(t)‖2 (3.47)

(Algorithm 3.1) ISO λk(t)

dk+1(t) sk+1(t)

ISO ISO dk+1(t)

sk+1(t) (3.47)

sk+1
l (t),θk+1(t) (3.45), (3.46)

di si

Algorithm 3.3:

Step 1:
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ISO λ0(t) = [λ0
1(t) · · · λ0

L(t)]
T

Step 2:

ISO λk
i (t) (k ≥ 0)

ISO

dk+1
i (t) = arg max

dmin
i ≤di≤dmax

i

Wdi(di, λ
k
i (t)), i ∈ A (3.48)

sk+1
i (t) = arg max

smin
i ≤si≤smax

i

Wsi(si, λ
k
i (t)), i ∈ A (3.49)

Step 3:

ISO dk+1(t) = [dk+1
1 (t) · · · dk+1

L (t)]T

sk+1(t) = [sk+1
1 (t) · · · sk+1

L (t)]T

(sk+1
l (t),θk+1(t)) = arg min

sl,θ∈Fsl,θ

L̄(sl,θ) (3.50)

L̄(sl,θ) :=
∑
i∈A

{
cli(sli)+fi(θi)

}
−λk(t)T

(
sl+B̄θ

)
+
1

2
γ‖sl+B̄θ+sk+1(t)−dk+1(t)‖2

(3.51)

γ

Step 4:

ISO ISO

(

) λk
i (t) t

sk+1(t) + sk+1
l (t) + B̄θk+1(t) = dk+1(t) (3.52)

(3.52) ISO

λk+1
i (t) i

λk+1(t) = λk(t)− γ
{
sk+1(t) + sk+1

l (t) + B̄θk+1(t)− dk+1(t)
}

(3.53)

Step 5:

k k + 1 Step 2
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3.2 (Algorithm 3.1)

Fig. 3.1 Algorithm 3.1

ISO

Algorithm 3.3 ISO

Algorithm 3.3

ISO (3.53)

3.3.3

Algorithm 3.3

t ∈ T
k

δk(t) := sk(t) + skl (t) + B̄θk(t)− dk(t) Algorithm 3.3

� �
3.2. 2.1–3.2 γ

Algorithm 3.3 t ∈ T
λk(t) λ∗(t)

0 < γ <
2(λ0(t)− λ∗(t))Tδk+1(t)(

δk+1(t) + 2
∑k

l=1 δ
l(t)

)T

δk+1(t)
(3.54)

� �
Proof. V (λk(t))

V (λk(t)) = ‖λk(t)− λ∗(t)‖2 (3.55)

(3.53) δk(t) = sk(t) + skl (t) + B̄θk(t)− dk(t)

λk+1(t) = λk(t)− γδk+1(t) (3.56)
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Fig. 3.1 : Alternating decision making in market trading

Algorithm 3.3 (pseudocode)

1 Initialization

2 Set k = 0

3 Set λk(t) =
[
λk
1(t) · · · λk

L(t)
]T

,

4 Repeat

5 for i = 1 : L

6 dki (t)← argmaxdmin
i ≤di≤dmax

i
Wdi(di, λ

k
i (t)) % Consumers’ decision makings

7 ski (t)← argmaxsmin
i ≤si≤smax

i
Wsi(si, λ

k
i (t)) % Generators’ decision makings

8 Send dki (t), ski (t) to the ISO

9 end for

10 dk+1(t)← [dk+1
1 (t) · · · dk+1

L (t)]T, sk+1(t)← [sk+1
1 (t) · · · sk+1

L (t)]T

11 [sk+1
l (t),θk+1(t)]← argmin(sl,θ)∈Fsl,θ

∑
i∈A {sli + fi(θi)} − λk(t)T

{
sl + B̄θ

}
+1
2γ‖sl+B̄θ+sk+1(t)−dk+1(t)‖2

12 if sk+1(t) + sk+1
l (t) + B̄θk+1(t) �= dk+1(t)

13 λk+1(t)← λk(t)− γ{sk+1(t) + sk+1
l (t) + B̄θk+1(t)− dk+1(t)} % Price update

14 end if

15 k = k + 1

16 End Repeat
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V (λk+1(t))

V (λk+1(t)) = ‖λk+1(t)− λ∗(t)‖2

= ‖λk(t)− γδk+1(t)− λ∗(t)‖2

= ‖λk(t)− λ∗(t)‖2 + γ2‖δk+1(t)‖2 − 2γ(λk(t)− λ∗(t))Tδk+1(t)

= V (λk(t)) + γ2‖δk+1(t)‖2 − 2γ(λk(t)− λ∗(t))Tδk+1(t) (3.57)

ΔV (t) := V (λk+1(t))− V (λk(t))

ΔV (t)

ΔV (t) = γ2‖δk+1(t)‖2 − 2γ(λk(t)− λ∗(t))Tδk+1(t) (3.58)

3.2 P(λk(t)) 3.4 δk+1(t) = sk+1(t) +

sk+1
l (t) + B̄θk+1(t) − dk+1(t) P(λk(t))

(λk(t)− λ∗(t))Tδk+1(t) > P(λk(t))− P(λ∗(t)) (3.59)

(3.7) λ∗(t) P(λ(t))
P(λk(t))−P(λ∗(t)) k

k (λk(t)− λ∗(t))Tδk+1(t)

k(≥ 1) λk(t) λ0(t)

λk(t) = λ0(t)− γ

k∑
l=1

δl(t) (3.60)

(3.58) ΔV (t)

ΔV (t) = γ2‖δk+1(t)‖2 − 2γ

(
λ0(t)− γ

k∑
l=1

δl(t)− λ∗(t)

)T

δk+1(t)

= γ2

(
δk+1(t) + 2

k∑
l=1

δl(t)

)T

δk+1(t)− 2γ(λ0(t)− λ∗(t))Tδk+1(t) (3.61)

ΔV (t) ΔV (t) < 0 γ (> 0)
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0 < γ <
2(λ0(t)− λ∗(t))Tδk+1(t)(

δk+1(t) + 2
∑k

l=1 δ
l(t)

)T

δk+1(t)
(3.62)

(3.55) γ

(3.62) Algorithm 3.3

λk(t) λ∗(t)

�

3.2 γ (3.54)

� �
3.1. 2.1–3.2 γ k(≥ 1)

(3.54) (3.54)

lim
k→∞

2(λ0(t)− λ∗(t))Tδk+1(t)(
δk+1(t) + 2

∑k
l=1 δ

l(t)
)T

δk+1(t)
= γ (3.63)

� �
Proof. t ∈ T k(≥ 1)

(3.54) γ̄k(t) γ̄k(t)

γ̄k(t) =
2(λ0(t)− λ∗(t))Tδk+1(t)(

δk+1(t) + 2
∑k

l=1 δ
l(t)

)T

δk+1(t)

=
2(λ0(t)− λ∗(t))Tδk+1(t)

{
δ̂k+1(t)T(δk+1(t)δ̂k+1(t)T)−1(λ0(t)−λ∗(t))

}
(
δk+1(t) + 2

∑k
l=1 δ

l(t)
)T

δk+1(t)
{
δ̂k+1(t)T(δk+1(t)δ̂k+1(t)T)−1(λ0(t)−λ∗(t))

}
=

2‖λ0(t)− λ∗(t)‖2(
δk+1(t) + 2

∑k
l=1 δ

l(t)
)T

(λ0(t)− λ∗(t))
(3.64)

δ̂k(t), k ≥ 1, t ∈ T δk(t) �= 0 Δ̂k(t) := δk(t)δ̂k(t)T

L

(3.60)

k∑
l=1

δl(t) =
λ0(t)− λk(t)

γ
(3.65)
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(3.64)

γ̄k(t) =
2‖λ0(t)− λ∗(t)‖2(

δk+1(t) + 2λ0(t)−λk(t)
γ

)T

(λ0(t)− λ∗(t))
(3.66)

3.2 γ Algorithm 3.3

λk(t) k →∞ λ∗(t)

δk+1(t) δk+1(t) = 0

lim
k→∞

γ̄k(t) = lim
k→∞

2‖λ0(t)− λ∗(t)‖2(
δk+1(t) + 2λ0(t)−λk(t)

γ

)T

(λ0(t)− λ∗(t))

=
2‖λ0(t)− λ∗(t)‖2
2
γ
‖λ0(t)− λ∗(t)‖2

= γ (3.67)

�

3.1 Algorithm 3.3

3.2

3.4

(Algorithm 3.1

Algorithm 3.3)

3.4.1
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Fig. 3.2 30 [77] 4

Table 3.1

30 ( )

3 Fig. 3.3

A

i ∈ A ik θik(t)

fi(θi(t)) 3.1

fi(θi(t))=

ni∑
k=1

ζikθ
2
ik
(t), ∀t ∈ T (3.68)

ζik

ζik = 1.0× 1012, ∀k ∈ Ni, ∀i ∈ A
Table 3.2

Fig. 3.2 : IEEJ EAST 30-machine System Models with 4 Areas
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Table 3.1 : Area data
Area 1 Area 2 Area 3 Area 4

peak load [MW] 185.5 349.0 93.0 98.5

number of nodes 25 37 27 18

neighbor areas {2} {1, 3, 4} {2} {2}

50%

10%

40%

Area 1

30%

60%

10%
Area 2

60% 20%

20%

Area 3
10%

30%

60%

Area 4

Residential
Commercial 
Industrial 

Fig. 3.3 : Proportion of consumers

Table 3.2 : Simulation parameters

Parameter [unit] Symbol Value

bounds of demand [MW] dmin
i , dmax

i μ1d̄i, ∞
bounds of supply [MW] smin

i , smax
i 0, μ1d̄i/5

bounds of supply from large scale generators [MW] smin
li

, smax
li

0, ∞
bound of voltage phase angle [degree] θmax

i 0.1

bound of transmission capacity [MW] Pmax
ikjl

15

μ1d̄i

2

2 [78]

vi(di(t)|t) = μ2ṽi

(
di(t)− μ1d̄i(t)

μ2

)
(3.69)

μ1d̄i(t) t t + 1

μ1, μ2
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0.5
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d

R(t):Residential
C(t):Commercial
I(t):Industrial

Fig. 3.4 : Proportion of hourly demand by consumers [79]

ṽi(·)
t ∈ T

i ∈ A vi(di(t)|t) 2.1

vi(di(t)|t)=μ2ai(t) log

(
di(t)− μ1d̄i(t)

μ2

+ 1

)
, ∀i ∈ A, ∀t ∈ T (3.70)

ai(t)

μ1 = 0.8, μ2 = 0.2

d̄i(t) Table 3.1 dpeaki , i ∈ A
Fig. 3.3

kR, kC kI Fig. 3.4 R(t), C(t) I(t)

d̄i(t) = {kRi
R(t)+kCi

C(t)+kIiI(t)}dpeaki , ∀i ∈ A, ∀t ∈ T (3.71)

s. t. kRi
+kCi

+kIi = 1, 0 ≤ kX ≤ 1, X ∈ {Ri, Ci, Ii} (3.72)

λi(t) = λf , ∀i ∈ A, ∀t ∈ T
λf (3.71)

(3.70) ai(t)

ai(t)=λf

(
d̄i(t)− μ1d̄i(t)

μ2

+1

)
, ∀i ∈ A, ∀t ∈ T (3.73)

λf = 25.91 [Yen/kWh] ai(t)

Fig. 3.5

t ∈ T i ∈ A
ISO ci(si(t)), cli(sli(t)) 2.2, 3.1
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0 6 12 18 24
0

2

4
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8

10
x 10

6

Time [h]

a i(t
)

Area 1
Area 2
Area 3
Area 4

Fig. 3.5 : Coefficients of utility functions of consumers

ci(si(t))=
1

μ3

bis
2
i (t), cli(sli(t))=bis

2
li
(t), ∀i ∈ A, ∀t ∈ T (3.74)

bi, ∀i ∈ A
μ3

μ3 = 0.2

bi λf

1 (3.71) 1

bi=λf
T

2
∑

t∈T d̄i(t)
, ∀i ∈ A (3.75)

[80] B

2 λf (t) ( )

λTOU(t)

T = 24 1

λf (t) = 25.91 [Yen/kWh], ∀t ∈ T , (3.76)

λTOU(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

12.16 [Yen/kWh] t ∈ {0, 1, 2, 3, 4, 5, 6, 23}
25.92 [Yen/kWh] t ∈ {7, 8, 9, 17, 18, 19, 20, 21, 22}
31.64 [Yen/kWh] t ∈ {10, 11, 12, 13, 14, 15, 16}

(3.77)
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t ∈ T dfi (t)

sfi (t) λf (2.2), (2.4)

sfl (t) ∈ R
L

θf (t) ∈ R
N

(sfl (t),θ
f (t)) = arg min

sl,θ∈Fsl,θ

∑
i∈A
{cli(sli) + fi(θi)} − λfT {sl + B̄θ} (3.78)

s. t. sl + B̄θ = df (t)− sf (t) (3.79)

df (t) := [df1(t) · · · dfL(t)]T, sf (t) := [sf1(t) · · · sfL(t)]T, ∀t ∈ T
t ∈ T

dTOU
i (t), sTOU

i (t), ∀i ∈ A
sTOU
l (t) ∈ R

L θTOU(t) ∈ R
N

3.4.2

(Algorithm 3.1)

Figs. 3.6, 3.7 10:00–11:00 [h]

(Algorithm 3.1)

ISO

(3.68), (3.70)

(3.74)

(3.3)-(3.6) (3.7)

d∗i (t)

s∗i (t) ISO s∗li(t)

θ∗(t) (2.8) P ∗
i (t)

λ∗
i (t) i ∈ A t ∈ T
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Fig. 3.6 Algorithm 3.1

Fig. 3.7

ISO

Algorithm

3.1

Algorithm 3.1

(Algorithm 3.3)

(Algorithm 3.3)

Figs. 3.8, 3.9 Algorithm 3.3 10:00-11:00 [h]

Area 1

ISO Area 1

Algorithm 3.1 Algorithm 3.3

γ 3.2 Algorithm

3.3 γ = 250 Algorithm 3.1 γ = 25

Fig. 3.8 Algorithm 3.3

Algorithm 3.1

Algorithm 3.3 Algorithm 3.1

Fig. 3.9
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Algorithm 3.3

Algorithm 3.1

Fig. 3.10 Algorithm 3.1 γ = 75 Algorithm 3.3

γ = 250 1 Fig. 3.11

3.2 Algorithm 3.3 γ

Fig. 3.10 Algorithm 3.1

Algorithm 3.3

Fig. 3.11 Algorithm 3.3

γ (γ = 250)

3.2 3.1

Algorithm 3.3 Algorithm 3.1

Algorithm 3.1

Algorithm 3.3

Fig.

3.12

Fig. 3.13

Fig. 3.14

∑
t∈T W(t)

Fig. 3.12 Algorithm 3.1

Algorithm 3.3
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Fig. 3.13 di

si

sli + Pi

Fig. 3.14

Algorithm 3.1 Algorithm 3.3

(3.76), (3.77)

t ∈ T
(do(t), so(t), sl(t),θ(t)) (3.3)-(3.5)
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Fig. 3.6 : Results of electricity prices between 10:00-11:00 [h] in day-ahead market

trading
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Fig. 3.7 : Results of day-ahead market trading between 10:00-11:00 [h]
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Fig. 3.8 : Results of electricity prices in Areas 1-4 between 10:00-11:00 [h] via Algorithm

3.1 (dash-dot lines) and Algorithm 3.3 (solid lines)
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Fig. 3.9 : Results of day-ahead market trading in Area 1 between 10:00-11:00 [h] via

Algorithm 3.1 (dash-dot lines) and Algorithm 3.3 (solid lines)
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Fig. 3.13 : Results of power balances in Areas 1-4 with day-ahead market trading
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/
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4.1.1 /

/

2 ISO

(2.2), (2.4)
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Table 4.1 : Prediction errors of regional power demand
Region Okinawa Kyusyu Shikoku Chugoku Kansai

Supply capability [103MW] 1.84 14.8 4.66 10.1 22.8

RMSE [MW] 20.3 312 73.6 217 455

Relative error [%] 1.10 2.11 1.58 2.15 2.00
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Fig. 4.1 : Variances of monthly or hourly prediction errors of power demand at Kyusyu

region, Japan in 2015

/

Table 4.1

2016 6 21 30

(RMSE: Root mean squared error)

[82–86] RMSE

1 ∼ 2 %

Fig. 4.1 2015

[83]

/

Fig. 4.2 λi
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  Uncertainties

  Uncertainties

λ�

��

	�

Demand Optimization
�� 	 arg max  ������ �λ�����������     �
�

�

+
+

+
+

��

	�

ISO

Supply Optimization
	� 	 arg max  λ������������ �
����    �
�

�

Δ   �	� 	�

Δ   ���
��

Consumer �

Generator �

�

�

Fig. 4.2 : Uncertain power consuming and generating behavior of market participants

d̂i ŝi

d̂i = (1 + Δdiwdi)d
o
i , ŝi = (1 + Δsiwsi)s

o
i , ∀i ∈ A (4.1)

Δdiwdi Δsiwsi i /

|Δdi | ≤ 1, |Δsi | ≤ 1, ∀i ∈ A

4.1.2

/

/

H∞

H∞

� �
4.1. vi(·) ci(·) C2[0,∞), ∀i ∈ A
ISO

� �

ISO

ISO

4.1

H∞
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4.2 H∞

H∞

4.1.2

/ H∞

H∞

4.2.1

/

ISO

Fig. 4.3

ISO λi, i ∈ A
ISO

i λk
i uk

i i

yki

k = 0 t ∈ T
i ∈ A

λk+1
i = λk

i + uk
i (4.2)

yki = ŝki − d̂ki −
∑
j∈Ai

P k
ij + sali(t) (4.3)

uk
i = −Kiy

k
i (4.4)

sali(t), t ∈ T t

P k
ij i j ∈ Ai

Ki, i ∈ A
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Fig. 4.3 : Structure of dynamic price decision problem with multiple areas

(2.2), (2.4)

ski dki , i ∈ A ski , d
k
i

ski = ċ−1
i (λk

i ), dki = v̇−1
i (λk

i ) (4.5)

ISO

t θa
i (t) ∈ R

ni

φk
i ∈ R

ni i j ∈ Ai

P k
ij (2.10)

B̄

P k
ij = −B̄ii{θa

i (t) + φk
i } −

∑
j∈Ai

B̄ij{θa
j (t) + φk

j} (4.6)

ISO λk = [λk
1 · · · λk

L]
T ∈ R

L

φk :=
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[φkT

1 · · · φkT

L ]T

φk = argmin
φ

∑
i∈A

fi(θ
a
i (t) + φi)− λkTB̄{θa(t) + φ} (4.7)

(4.7) i φk
i .

∂

∂φil

{∑
i∈A

fi(θ
a
i (t) + φi)− λkTB̄{θa(t) + φ}

}

=
∂

∂φil

{∑
i∈A

fi(θ
a
i (t)+φi)−λk

i B̄ii{θa
i (t)+φi}−

∑
j∈Ai

λk
j B̄ji{θa

i (t)+φi}
}

= ḟil
(
θail(t) + φil

)
− λk

i B̄iil −
∑
j∈Ai

λk
j B̄jil (4.8)

il φil

(4.7) (4.8) 0 λk

il φk
il

φk
il
= ḟ−1

il

(
B̄iilλ

k
i +

∑
j∈Ai

B̄jilλ
k
j

)
− θail(t) (4.9)

i φk
i := [φk

i1
· · · φk

ini
]T ∈ R

ni

(4.9) l ∈ {1, 2, · · · , ni} φk
i

φk
i = Fi(λ

k
i )− θa

i (t) (4.10)

Fi(·)

Fi(λ
k
i ) :=

⎡
⎢⎢⎢⎣

ḟ−1
i1

(
B̄ii1λ

k
i +

∑
j∈Ai

B̄ji1λ
k
j

)
...

ḟ−1
ini

(
B̄iini

λk
i +

∑
j∈Ai

B̄jini
λk
j

)
⎤
⎥⎥⎥⎦ ∈ R

ni (4.11)

(4.5), (4.10) (4.3)

yki = Higi(λ
k
i ) + wk

i + σk
i (4.12)

gi(λ
k
i ) :=

[
Fi(λ

k
i )

T ċ−1
i (λk

i ) v̇−1
i (λk

i )
]T
∈ R

ni+2 (4.13)

Hi :=
[
B̄ii 1 −1

]
∈ R

1×(ni+2) (4.14)

wk
i ∈ R

1 σk
i ∈ R

1

wk
i := Δsiw

k
si
ski −Δdiw

k
di
dki (4.15)

σk
i :=

∑
j∈Ai

B̄ij{θa
j (t) + φk

j}+ sali(t) (4.16)
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Fig. 4.4 : Block diagram of dynamic price decision problem

Fig. 4.4

yki

uk
i

gi(λ
k
i ) (4.13)

(4.2), (4.3)

ISO

4.2.2

H∞

H∞

[64]

H∞

H∞

(4.2), (4.12)

λk+1
i = λk

i + uk
i (4.17)

yki = Higi(λ
k
i ) + wk

i + σk
i (4.18)
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(4.18) gi(λ
k
i ) (4.13)

gi(λ
k
i )

(4.17), (4.18)

H∞ gi(λ
k
i )

λa
i (t), i ∈ A Gi ∈ R

ni+2

Gi :=
∂gi
∂λi

∣∣∣∣
λi=λa

i (t)

=

[
∂Fi(λ

k
i )

T

∂λi

∂ċ−1
i (λk

i )

∂λi

∂v̇−1
i (λk

i )

∂λi

]T
∣∣∣∣∣
λi=λa

i (t)

(4.19)

λk+1
i = λk

i + uk
i (4.20)

yki = Ciλ
k
i + wk

i + v̄ki (4.21)

Ci v̄ki , i ∈ A

Ci := HiGi, v̄ki := σk
i − Ciλ

a
i (t) +Higi(λ

a
i (t)) (4.22)

(4.19) λa
i (t)

( )

( )

4.1.2 H∞

z1i(z)

z2i(z) Wsi(z)

Wti(z) ⎧⎪⎨
⎪⎩
z1i(z)=Wsi(z)uwsi(z)

Wsi(z)=Cwsi(z−Awsi)
−1Bwsi+Dwsi

(4.23)

⎧⎪⎨
⎪⎩
z2i(z)=Wti(z)uwti(z)

Wti(z)=Cwti(z−Awti)
−1Bwti+Dwti

(4.24)
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uwsi(z) uwti(z)

⎧⎪⎨
⎪⎩
xk+1
wsi

=Awsix
k
wsi

+Bwsiu
k
wsi

zk1i =Cwsix
k
wsi

+Dwsiu
k
wsi

(4.25)

⎧⎪⎨
⎪⎩
xk+1
wti =Awtix

k
wti

+Bwtiu
k
wti

zk2i =Cwtix
k
wti

+Dwtiu
k
wti

(4.26)

xk
wsi
∈ R

1 xk
wti
∈ R

1 Wsi Wti

Mi(z)

[64] (4.23), (4.24)

Mi(z) ⎧⎪⎨
⎪⎩
ȳi(z)=Mi(z)umi

(z)

Mi(z)=Cmi
(z−Ami

)−1Bmi
+Dmi

(4.27)

s. t. Mi(z)Wsi(z)=
K̄iTs

z−1
(4.28)

umi
(z) Mi(z) K̄i

Ts Mi

xk
mi
∈ R

1 Mi⎧⎪⎨
⎪⎩
xk+1
mi

= Ami
xk
mi

+Bmi
uk
mi

ȳki = Cmi
xk
mi

+Dmi
uk
mi

(4.29)

(4.20), (4.21) (4.25), (4.26), (4.29)

Fig. 4.5

Fig. 4.6

uk
wsi

, uk
wti

, uk
mi
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Fig. 4.5 : Generalized plant of dynamic price decision problem

uk
wsi

= Dmi
Ciλ

k
i + Cmi

xk
mi

+Dmi
wk

i (4.30)

uk
wti

= Ciλ
k
i (4.31)

uk
mi

= Ciλ
k
i + wk

i (4.32)

(4.25), (4.26), (4.29)

Wwsi(z) :

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xk+1
wsi = Awsix

k
wsi +Bwsiu

k
wsi

= Awsix
k
wsi +BwsiCmix

k
mi

+BwsiDmiCiλ
k
i +BwsiDmiw

k
i

zk1i = Cwsix
k
wsi +Dwsiu

k
wsi

= Cwsix
k
wsi +DwsiCmix

k
mi

+DwsiDmiCiλ
k
i +DwsiDmiw

k
i

(4.33)

Wwti(z) :

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xk+1
wti

= Awtix
k
wti +Bwtiu

k
wti

= Awtix
k
wti +BwtiCiλ

k
i

zk2i = Cwtix
k
wti +Dwtiu

k
wti

= Cwtix
k
wti +DwtiCiλ

k
i

(4.34)

Mi(z) :

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xk+1
mi

= Amix
k
mi

+Bmiu
k
mi

= Amix
k
mi

+BmiCiλ
k
i +Bmiw

k
i

ȳki = Cmix
k
mi

+Dmiu
k
mi

= Cmix
k
mi

+DmiCiλ
k
i +Dmiw

k
i

(4.35)



4.2 H∞ 63

�
1

���

���

���
���

����

�

�

�

�
1

����

����

����
����

�����

�

�

�

�
1

��	�

��	�

��	�
��	�

��	��

�

�

�

��

��

��

�	

�

�

��

��	�

����

��	�

����

���

��

�

�

�

�

�

�

�

�

�

�

�

�λ�

�

Fig. 4.6 : Weighting functions in dynamic price decision problem

(4.20), (4.21)

⎡
⎢⎢⎢⎢⎢⎣

λk+1
i

xk+1
wsi

xk+1
wti

xk+1
mi

⎤
⎥⎥⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎣

1 0 0 0

BwsiDmiCi Awsi 0 BwsiCmi

BwtiCi 0 Awti 0

BmiCi 0 0 Ami

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

λk
i

xkwsi

xkwti

xkmi

⎤
⎥⎥⎥⎥⎥⎦+

⎡
⎢⎢⎢⎢⎢⎣

0

BwsiDmi

0

Bmi

⎤
⎥⎥⎥⎥⎥⎦wk

i +

⎡
⎢⎢⎢⎢⎢⎣

1

0

0

0

⎤
⎥⎥⎥⎥⎥⎦uki

(4.36)

[
zk1i
zk2i

]
=

[
DwsiDmiCi Cwsi 0 DwsiCmi

DwtiCi 0 Cwti 0

]
⎡
⎢⎢⎢⎢⎢⎣

λk
i

xkwsi

xkwti

xkmi

⎤
⎥⎥⎥⎥⎥⎦+

[
DwsiDmi

0

]
wk
i +

[
0

0

]
uki

(4.37)

ȳki =
[
DmiCi 0 0 Cmi

]
⎡
⎢⎢⎢⎢⎢⎣

λk
i

xkwsi

xkwti

xkmi

⎤
⎥⎥⎥⎥⎥⎦ +Dmiw

k
i (4.38)
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xk+1
i = Aix

k
i +B1iw

k
i +B2iu

k
i (4.39)

zk
i = C1ix

k
i +D11iw

k
i +D12iu

k
i (4.40)

ȳki = C2ix
k
i +D21iw

k
i (4.41)

xk
i :=

[
λk
i xk

wsi
xk
wti

xk
mi

]T ∈ R
4 λk

i ∈ R
1 xk

wsi
∈

R
1, xk

wti
∈ R

1 xk
mi
∈ R

1 Wsi(z), Wti(z) Mi(z)

ȳki ∈ R
1 zk

i :=
[
zk1i zk2i

]T ∈ R
2

Ai :=

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

BwsiDmi
Ci Awsi 0 BwsiCmi

BwtiCi 0 Awti 0

Bmi
Ci 0 0 Ami

⎤
⎥⎥⎥⎥⎥⎥⎦
∈ R

4×4

B1i :=

⎡
⎢⎢⎢⎢⎢⎢⎣

0

BwsiDmi

0

Bmi

⎤
⎥⎥⎥⎥⎥⎥⎦
∈ R

4×1, B2i :=

⎡
⎢⎢⎢⎢⎢⎢⎣

1

0

0

0

⎤
⎥⎥⎥⎥⎥⎥⎦
∈ R

4×1

C1i :=

⎡
⎣DwsiDmi

Ci Cwsi 0 DwsiCmi

DwtiCi 0 Cwti 0

⎤
⎦ ∈ R

2×4, C2i :=
[
Dmi

Ci 0 0 Cmi

]
∈ R

1×4

D11i :=

⎡
⎣DwsiDmi

0

⎤
⎦ ∈ R

2×1, D12i :=

⎡
⎣ 0

0

⎤
⎦ ∈ R

2×1, D21i :=Dmi
∈R1

(4.39)–(4.41) Fig. 4.5

Gi(z) Ki(z), ∀i ∈ A
Φi(z)

Φi(z) = LFT (Gi(z);Ki(z)) , ∀i ∈ A (4.42)

Φi(z)

[64, 81]
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� �
4.2. i ∈ A (Ai,B2i) (C2i ,Ai)

� �
(4.39)–(4.41)

(4.25), (4.26) (4.29)

4.2

4.2.3 H∞

H∞

i ∈ A

xk+1
ci

= Acix
k
ci
+Bci ỹ

k
i (4.43)

uk
i = Ccix

k
ci
+Dci ỹ

k
i (4.44)

xk
ci
∈ R

4 ỹki ∈ R
1 ỹki := ȳki + v̄ki

Ki

Ki :=

⎡
⎣ Aci Bci

Cci Dci

⎤
⎦ (4.45)

(4.42) Φi(z) Gi(z)

Ki(z)

z1i z2i

wi

H∞ νi > 0,
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∀i∈A Ki(z), ∀i ∈ A

‖Φi(z)‖∞ < νi (4.46)

(4.46)

H∞ H∞

H∞

H∞ H∞

4.3 H∞

/

H∞ H∞

t ∈ T H∞

Algorithm 4.1: H∞

Step 0:

ISO

H∞

Ki

Step 1:

ISO λ0
i , ∀i∈A

Step 2:

ISO λk
i (k ≥ 0)

d̂ki ŝki ISO
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φk
i , i ∈ A

φk
i = arg min

φi

ni∑
l=1

fil(θ
a
i (t) + φil)−

∑
j∈Ai

λk
j B̄ji{θa

i (t) + φi} (4.47)

Step 3:

κk
i := ŝki − d̂ki + B̄iiφ

k
i +

∑
j∈Ai

B̄ijφ
k
j − v̄ki , i ∈ A ISO

ỹki , i ∈ A

ỹki :=

⎧⎪⎨
⎪⎩
Ami

ỹk−1
i +Dmi

κk
i + (Cmi

Bmi
−Dmi

Ami
)κk−1

i + v̄ki (k ≥ 1)

κk
i + v̄ki (k = 0)

(4.48)

ISO ỹki xk
ci

uk
i

xk+1
ci

= Acix
k
ci
+Bci ỹ

k
i (4.49)

uk
i = Ccix

k
ci
+Dci ỹ

k
i (4.50)

ISO (4.50) uk
i

λk+1
i

λk+1
i = λk

i + uk
i (4.51)

Step 4:

k k + 1 Step 2

4.4

H∞
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Algorithm 4.1 (pseudocode)

1 Initialization

2 Set k = 0

3 Set λk =
[
λk
1 · · · λk

L

]T
4 Set xk

ci , ∀i ∈ A
5 for i = 1 : L

6 Ki ← Solve H∞ problem (4.46) % controller design

7 end for

8 Repeat

9 for i = 1 : L

10 d̂ki ← Consumers’ power consumption

11 ŝki ← Generators’ power generation

12 φk
i ← arg minφi

∑ni
l=1 fil(θ

a
i (t) + φil)−

∑
j∈Ai

λk
j B̄ji{θa

i (t) + φi}
% ISO’s power flow adjustment

13 end for

14 for i = 1 : L

15 κki ← ŝki − d̂ki + B̄iiφ
k
i +

∑
j∈Ai

B̄ijφ
k
j − v̄ki % v̄ki is defined in Eq. (4.22)

16 if k = 0

17 ỹki ← κki + v̄ki

18 else

19 ỹki ← Ami ỹ
k−1
i +Dmiκ

k
i + (CmiBmi −DmiAmi)κ

k−1
i + v̄ki

20 end if

21 xk+1
ci ← Acix

k
ci +Bci ỹ

k
i % Controller’s state update

22 uki ← Ccix
k
ci +Dci ỹ

k
i % Input decision

23 λk+1
i ← λk

i + uki % Price update

24 end for

25 k = k + 1

26 End Repeat
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Fig. 4.7 : Histogram of prediction errors of power demand at Kyusyu region, Japan in

2015

Fig. 4.7 2015 1 1 12 31

[83]

0

0

4.1 Table 4.1

0

/

Δdi = Δsi = 1, wk
di
∼ N (0, 2.03× 10−2), wk

si
∼ N (0, 2.03× 10−2), ∀i ∈ A

4.4.1 H∞

H∞

(3.70), (3.74)

(3.68)

v̇−1
i (λi|t) = μ1d̄i(t) + μ2

(
ai(t)

λi

− 1

)
, ċ−1

i (λi) =
1

2bi
λi, ∀i∈A (4.52)
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ḟ−1
il

(
B̄iilλi +

∑
j∈Ai

B̄jilλj

)
=

B̄iil

2ζil
λi +

∑
j∈Ai

B̄iil

2ζil
λj, ∀l∈{1, 2, · · ·ni}, ∀i∈A (4.53)

v̇−1
i (·|t) λi

(4.18) gi(λ
k
i ) 4.2

(4.19) Gi

Gi =

[
GT

fi

1

2bi
− μ2ai(t)

λa
i (t)

2

]T

∈ R
ni+2, ∀i ∈ A (4.54)

Gfi :=
[

B̄ii1

2ζi1
· · · B̄iini

2ζini

]T
∈ R

ni , ∀i ∈ A Ci, i ∈ A

Ci = HiGi =

ni∑
l=1

B̄2
iil

2ζil
+

1

2bi
+

μ2ai(t)

λa
i (t)

2
(4.55)

H∞

Wsi(z) Wti(z)

Ts = 60 [s]

Wsi(z)=
Ts

Th(z − 1) + Ts

, Wti(z)=
Th(z − 1 + ι)

Th(z − 1) + Ts

, ∀i ∈ A, (4.56)

Th H∞

Ts Th = 78 ι Wti(z)

ι = 1.0 × 10−1 K̄i = T−1
s

(4.28) Mi(z) (4.56)

Fig. 4.8 Ws(z)

Wt(z)

.
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Fig. 4.8 : Bode diagrams of Wsi(z) and Wti(z)

MATLAB R2014a “Robust Control

Toolbox” LMI [87]

1 1 4 H∞ νi νi =

1.37, ∀i ∈ A H∞ Ki(z) Mi(z)

K̄i(z) := −Ki(z)Mi(z) Fig. 4.9

H∞

(4.20), (4.21) P̄i(z)

K̄i(z) Si(z) = (I + P̄i(z)K̄i(z)))
−1

Ti(z) = (1 + P̄i(z)K̄i(z))
−1P̄i(z)K̄i(z) Figs. 4.10, 4.11

(4.56) H∞
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Fig. 4.9 : Bode diagrams of controllers in Areas 1-4
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Fig. 4.10 : Bode diagram of Si(z)
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Fig. 4.11 : Bode diagram of Ti(z)
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4.4.2

Figs. 4.12–4.15 Table 4.2

Figs. 4.12, 4.13 H∞

9:00–12:00 [h]

Fig. 4.13

H∞

Fig. 4.12

H∞

/

4.1

H∞

Fig. 4.14 9:00–12:00 [h] 2 /

10wk
i , 5w

k
i wk

i , w
k
i := (wk

si
, wk

di
)

/ 20%, 10% 2%

(a)

(b) H∞

(P )

( )

wk
i

Fig. 4.14

/

Fig. 4.15 Fig. 4.14 5wk
i 10wk

i
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2

Table

4.2 /

H∞ /

9 9.5 10 10.5 11 11.5 12
21

22

23

24

25

26

27

28

Time [h]

Pr
ic

e 
[Y

en
/k

W
h]

Area 1
Area 2
Area 3
Area 4

Fig. 4.12 : Results of electricity prices between 9:00-12:00 [h] via the proposed price

decision method using H∞ control
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Fig. 4.13 : Results of power balances between 9:00-12:00 [h] via the proposed price

decision method using H∞ control
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Fig. 4.14 : Results of prices in Area 2 between 9:00-12:00 [h] with different scales of

uncertainties in market participants’ behavior. (a): the proposed price decision method

using H∞ control, (b): the conventional gradient method (proportional control)
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Fig. 4.15 : Results of power deviation in Area 2 between 9:00-12:00 [h] with 5wi in (c)

and with 10wi in (d)
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Table 4.2 : Results of root mean square of the power deviation in Area 2 between

9:00-12:00 [h]

5wk
i 10wk

i

Conventional [MW] 37.30 63.97

Proposed [MW] 35.48 60.76

4.5

/

H∞

/ 2

/

H∞

H∞



5

/

H∞

/

H∞

3

5.1

Fig. 5.1

( )

ISO
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Demand (day-ahead) 

Demand Negative Watt

Supply from large scale generators  
          +   power flow (day-ahead)

Supply from generators 
(day-ahead) 

Supply from generators 
(intraday)

Supply from balancing generators 
    +    additional power flow

Fig. 5.1 : Power adjustment problem in a real-time market

5.1.1

[88,89]

( ) (Negative Watt)

2015 3

[90]

[89]

2 Fig. 2.2

Fig. 5.2 λi λ̄i

Wdi(x, λ̄i) x
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t ∈ T
dai (t), λ

a
i (t)

ρi(t), i∈A

ρi(t) = argmax
ρi

Ui(ρi|t) (5.1)

Ui(ρi|t) := vi (d
a
i (t)− ρi|t)− λa

i (t) {dai (t)− ρi}+ πi(t)qi(ρi) (5.2)

vi(·|t) 2 t ∈ T
πi(t) qi(ρi)

ρi

ISO

ρi(t) πi(t)qi(ρi(t))

5.1.2

5.2

5.1.2

5.2.1
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sa(t) = [sa1(t) · · · saL(t)]
T ∈ R

L

sr(t) = [sr1(t) · · · srL(t)]
T ∈ R

L η(t) =

[η1(t) · · · ηL(t)]
T ∈ R

L, ηi(t) := sai (t) − sri (t), ∀i ∈ A

min
ρ,sb,φ

∑
i∈A

{
ΔUi(ρi|t) + Cr

i (t)
}

(5.3)

s. t. ρ+ sb + B̄φ = η(t) (5.4)

ΔUi(ρi|t) := vi (d
a
i (t)|t)− vi (d

a
i (t)− ρi|t) , ∀i ∈ A (5.5)

Cr
i (t) := cbi(sbi) + fi (θ

a
i (t) + φi) , ∀i ∈ A (5.6)

cbi(·), i ∈ A ρ = [ρ1 · · · ρL]T

∈ R
L, sb = [sb1 · · · sbL ]T ∈ R

L, φ = [φT
1 · · · φT

L]
T ∈ R

N , φi = [φi1 · · · φini
]T ∈ R

ni ,

∀i ∈ A
t θa

i (t)

2.2, 3.1 ISO

cbi(·)� �
5.1. i ∈ A , cbi(·) C2[0,∞)

, .
� �

(5.3) (5.4) ρ∗ = [ρ∗1 · · · ρ∗L]
T ∈ R

L,

s∗b = [s∗b1 · · · s∗bL ]T ∈ R
L, φ∗ = [φ∗T

1 · · · φ∗T
L ]T ∈ R

N , φ∗
i = [φ∗

i1
· · · φ∗

ini
]T ∈ R

ni , ∀i ∈ A
i ρ∗i , s

∗
bi
, φ∗

i

3

(5.3) (5.4) vi(·|t)
ISO
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5.2.2

(5.4) Π(t) = [Π1(t) · · · ΠL(t)]
T ∈ R

L

(5.3) (5.4)

max
Π(t)

Pr(Π(t)) = max
Π(t)

min
ρ,sb,φ

Lr(ρ, sb,φ,Π(t)) (5.7)

Lr(ρ, sb,φ,Π(t)) =
∑
i∈A

{
ΔUi(ρi) + Cr

i (t)} −Π(t)T{ρ+ sb + B̄φ− η(t)} (5.8)

(5.7) Π∗(t) = [Π∗
1(t) · · · Π∗

L(t)]
T

∈ R
L

� �
5.1. 2.1, 2.3, 2.4, 3.2, 5.1 t ∈ T

i ∈ A πi(t)

qi(ρi)

πi(t) = Π∗
i (t)− λa

i (t), qi(ρi) = ρi + αi (5.9)

λa
i (t) t

αi, i ∈ A ρi + αi > 0

(5.1) ρi

(5.3) (5.4) ρ∗i
� �
Proof. (5.3) (5.4)

t (t)

(5.9) πi(t) qi(ρi)

(5.1)

ρi = argmax
ρi

vi (d
a
i − ρi|t)− λa

i {dai − ρi}+ πiqi(ρi)

= argmax
ρi

vi (d
a
i − ρi|t)− λa

i {dai − ρi}+ {Π∗
i − λa

i }{ρi + αi}

= argmax
ρi

vi (d
a
i − ρi|t) + Π∗

i ρi − λa
i d

a
i + {Π∗

i − λa
i }α (5.10)
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(5.10) 3 4 ρi

ρi = argmax
ρi

vi (d
a
i − ρi|t) + Π∗

i ρi (5.11)

2.1, 2.3, 2.4, 3.2, 5.1 (5.7)

Lr (ρ
∗, s∗b ,φ

∗,Π∗) ≤ Lr (ρ, sb,φ,Π
∗) (5.12)

(5.8) Lr(·) i ∈ A
(5.3) (5.4)

ρ∗i

ρ∗i = argmin
ρi

vi (d
a
i |t)− vi (d

a
i − ρi|t)− Π∗

i ρi

= argmax
ρi

vi (d
a
i − ρi|t) + Π∗

i ρi, ∀i ∈ A (5.13)

(5.11) (5.13) ρi = ρ∗i �

5.1 (5.9)

(5.3), (5.4)

(5.9)

qi(ρi) αi ρi+αi > 0

αi

t ∈ T i ∈ A Wa
di
(t)

Wr
di
(t)

Wa
di
(t) := vi(d

a
i (t)|t)− λa

i (t)d
a
i (t) (5.14)

Wr
di
(t) := vi(d

a
i (t)− ρ∗i (t)|t)− λa

i (t)(d
a
i (t)− ρ∗i (t)) + πi(t)qi(ρ

∗
i (t)) (5.15)

2
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� �
5.1. t ∈ T i ∈ A

Wr
di
(t) Wa

di
(t)

(5.9) αi

αi ≥
1

πi(t)

{
v(dai (t)|t)− vi(d

a
i (t)− ρ∗i (t)|t)− Π∗

i (t)ρ
∗
i (t)

}
(5.16)

� �
Proof. 5.1 (t)

(5.14), (5.15) (5.9) πi

qi(ρi)

Wr
di
−Wa

di
= {vi(dai − ρ∗i |t)− λa

i (d
a
i − ρ∗i ) + πiqi(ρ

∗
i )} − {vi(dai |t)− λa

i d
a
i }

= vi(d
a
i − ρ∗i |t)− vi(d

a
i |t) + Π∗

i ρ
∗
i + πiαi (5.17)

Wr
di
−Wa

di
≥ 0 αi

αi ≥
1

πi

{
v(dai |t)− vi(d

a
i − ρ∗i |t)− Π∗

i ρ
∗
i

}
(5.18)

�

5.1

(5.16) αi

vi(·|t) ρ∗i Π∗
i

αi (5.16) ISO αi

ISO

i ∈ A t ∈ T ηi(t)

Wr
si
(t)

Wr
si
(t) := λa

i (t)s
r
i (t)− ci(s

r
i (t))− π̄i(t)hi(ηi(t)) (5.19)
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π̄i(t) t i hi(ηi(t))

ηi(t)

λa
i (t) sri (t) ci (s

r
i (t))

ηi(t) π̄i(t)hi(ηi(t))

π̄i(t)hi(ηi(t))

� �
5.2. π̄i(t)hi(ηi(t)) (5.9)

πi(t) αi

π̄i(t) = πi(t), hi(ηi(t)) = ηi(t) + αi (5.20)

Wr(t) =
∑
i∈A
{vi(dai (t)−ρ∗i |t)−ci(s

r
i (t))−cli(s

a
li
(t))−cbi(s

∗
bi
)−fi(θ

a
i (t)+φ∗

i )} (5.21)

� �
Proof. (t) ISO

Lr
ISO :=

∑
i∈A
{cli(sali)+cbi(s

∗
bi
)+fi(θ

a
i +φ∗

i )}−λaT(sal + B̄θa)−Π∗T(s∗b + B̄φ∗) (5.22)

Ŵr

Ŵr

Ŵr =
∑
i∈A
Wr

di
+

∑
i∈A
Wr

si
− Lr

ISO

=
∑
i∈A
{vi(dai − ρ∗i |t)− λa

i (d
a
i − ρ∗i ) + πiqi(ρ

∗
i )}+

∑
i∈A
{λa

i s
r
i − ci(s

r
i )− π̄ihi(ηi)}

−
[∑
i∈A
{cli(sali)+cbi(s

∗
bi
)+fi(θ

a
i +φ∗

i )}−πaT(sal + B̄θa)−Π∗T(s∗b + B̄φ∗)

]

=
∑
i∈A
{vi(dai − ρ∗i |t)− ci(s

r
i )− cli(s

a
li
)− cbi(s

∗
bi
)− fi(θ

a
i + φ∗

i )}

−
∑
i∈A

λa
i (d

a
i − ρ∗i − sri ) + πaT(sal + B̄θa)

+
∑
i∈A
{πiqi(ρ

∗
i )− π̄i(ηi)}+Π∗T(s∗b + B̄φ∗) (5.23)
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(5.23) 5.1

πi = Π∗
i − λa

i , qi(ρi) = ρ∗i + αi, (5.20) π̄i

hi(ηi) = ηi + αi∑
i∈A
{πiqi(ρ

∗
i )−π̄i(ηi)}+Π∗T(s∗b+B̄φ∗) =

∑
i∈A
{(Π∗

i−λa
i )(ρ

∗
i−ηi)}+Π∗T(s∗b+B̄φ∗)

=−
∑
i∈A

λa
i (ρ

∗
i−ηi)+Π∗T(ρ∗−η+s∗b+B̄φ∗)

(5.24)

(5.24) (5.23)

Ŵr =
∑
i∈A
{vi(dai−ρ∗i |t)−ci(s

r
i )−cli(s

a
li
)−cbi(s

∗
bi
)−fi(θ

a
i +φ∗

i )}

−
∑
i∈A

λa
i (d

a
i−ρ∗i−sri+ρ∗i−ηi)+λaT(sal +B̄θa)+Π∗T(ρ∗−η+s∗b+B̄φ∗)

=
∑
i∈A
{vi(dai−ρ∗i |t)−ci(s

r
i )−cli(s

a
li
)−cbi(s

∗
bi
)−fi(θ

a
i +φ∗

i )}

+λaT(sr+η+sal +B̄θa−da)+Π∗T(ρ∗+s∗b+B̄φ∗−η) (5.25)

η η=sa−sr

sr + η + sal + B̄θa − da = sa + sal + B̄θa − da = 0 (5.26)

η

ρ∗ + s∗b + B̄φ∗ − η = 0 (5.27)

(5.25) Ŵr

Ŵr =
∑
i∈A
{vi(dai − ρ∗i |t)− ci(s

r
i )− cli(s

a
li
)− cbi(s

∗
bi
)− fi(θ

a
i + φ∗

i )}

=Wr (5.28)

(5.20)

Ŵr

Wr �
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5.2

(5.9), (5.20)

(5.21) (5.9), (5.20)

αi

5.1 ISO αi (5.20)

αi

5.3

(5.9)

(5.7) Π∗
i (t) 3

ISO (5.7)

Π∗(t) = [Π∗
1(t) · · · Π∗

L(t)]
T

ISO

3

t

ρ̄(t) = [ρ̄1(t) · · · ρ̄L(t)]T ∈ R
L

ISO
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s̄b ∈ R
L φ̄ ∈ R

N

[
s̄b, φ̄

]
= argmin

sb,φ

∑
i∈A

Cr
i (t) (5.29)

s. t. sb + B̄φ = η(t)− ρ̄(t) (5.30)

(5.30) Λ(t) = [Λ1(t) · · · ΛL(t)]
T ∈

R
L L̄r(·)

L̄r(sb,φ,Λ(t)| ρ̄(t)) =
∑
i∈A

Cr
i (t)−Λ(t)T{sb + B̄φ− η(t) + ρ̄(t)} (5.31)

ISO (5.29), (5.30)

max
Λ(t)

min
sb,φ,

L̄r(sb,φ,Λ(t)| ρ̄(t)) (5.32)

(5.32) Λ∗(t)=[Λ∗
1(t) · · · Λ∗

L(t)]
T

∈ R
L

� �
5.3. 2.1, 2.3, 2.4, 3.2, 5.1 ISO

(5.29), (5.30)

(5.3), (5.4) Λ∗(t) = Π∗(t)
� �
Proof. 2.1, 2.3, 2.4, 3.2, 5.1

(5.3), (5.4) (5.7)

(5.3), (5.4) [ρ∗, s∗b , φ∗]

[ρ∗, s∗b , φ∗] = arg min
ρ,sb,φ

Lr

(
ρ, sb,φ,Π

∗(t)
)

(5.33)

(5.8) Lr(·) ρ, sb, φ

[s∗b , φ∗] = argmin
sb,φ

∑
i∈A

Cr
i (t)−Π∗(t)T{sb + B̄φ− η(t)} (5.34)
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(5.31) L̄r(·)

L̄r

(
s̄b, φ̄,Λ

∗(t)|ρ̄(t)
)
≤ L̄r

(
sb,φ,Λ

∗(t)|ρ̄(t)
)

(5.35)

[s̄b, φ̄] = argmin
sb,φ

∑
i∈A

Cr
i (t)−Λ∗(t)T{sb + B̄φ− η(t)} (5.36)

(5.34) (5.36)

[
s∗b , φ∗] = [

s̄b, φ̄
]
⇐ Λ∗(t) = Π∗(t) (5.37)

2.1, 2.3, 2.4, 3.2, 5.1

[
s∗b , φ∗] = [

s̄b, φ̄
]
⇔ Λ∗(t) = Π∗(t) (5.38)

�

t ∈ T Λ∗(t) = Π∗(t)

5.1

Π∗(t)

vi(·|t) ISO

(5.3) (5.4) (5.7)

ISO

Algorithm 5.1:

Step 1:

ISO t ∈ T

ηi(t), i ∈ A π0
i , i ∈ A
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Step 2:

ISO πk
i (k ≥ 0)

ρki ISO

ρki = arg max
ρi

vi (d
a
i (t)− ρi|t)− λa

i (t)(di(t)− ρi) + πk
i qi(ρi), i ∈ A (5.39)

dai (t), λ
a
i (t) t ∈ T

Step 3:

ISO ρk = [ρk1 · · · ρkL]T

skb = [skb1 · · · skbl ]T φk = [φk
1 · · · φk

L]
T

[skb , φk] = argmin
sb,φ

∑
i∈A

Cr
i (t) (5.40)

s. t. sb + B̄φ = η(t)− ρk, η(t) := [η1(t) · · · ηL(t)]T (5.41)

ISO

(5.41) Λk(t) =
[
Λk

1(t) · · · Λk
L(t)

]T

Step 4:

ISO

Πk(t) := πk + λa(t), λa(t) := [λa
1(t) · · · λa

L(t)]
T ∈ R

L

Step 6

Πk(t) = Λk(t) (5.42)

(5.42) ISO

Πk(t)

Πk+1(t) = Πk(t)− γr

{
s̃kb + B̄φ̃k − η(t) + ρk

}
(5.43)

γr(> 0) s̃kb ∈ R
L, φ̃k ∈ R

N

[s̃kb , φ̃k] := argmin
sb,φ

Cr
i (t)−Πk(t)T

{
sb+B̄φ−η(t)+ρk

}
(5.44)
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(5.43) Πk+1(t) = [Πk+1
1 (t) · · · Πk+1

L (t)]T

πk+1
i = Πk+1

i (t)− λa
i (t), i ∈ A

Step 5:

k k + 1 Step 2

Step 6:

ISO ηi πk
i hi(ηi(t))

ISO

(5.43)

γr

(5.43) ISO

Algorithm 5.1 (pseudocode)

1 Initialization

2 Set k = 0

3 Set Πk(t) =
[
Πk

1(t) · · · Πk
L(t)

]T
4 Repeat

5 for i = 1 : L

6 πk
i ← Πk

i (t)− λa
i (t) % incentive price for consumers

7 ρki ← argmaxρi Ui(ρi|t) % power reduction by consumers

8 Send ρki to the ISO

9 end for

10 [skb ,φ
k]← argmin

sb,φ

∑
i∈ACr

i (t), s. t. sb + B̄φ = η(t)− ρk

11 Λk(t)← argmax
Λ

min
sb,φ

∑
i∈ACr

i (t)−ΛT{sb + B̄φ− η(t)}
12 if Πk(t) �= Λk(t)

13 Update Πk+1(t) % Eq. (5.43)

14 end if

15 k = k + 1

16 End Repeat
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5.4

5.4.1

3

3

Fig. 5.4 sai (t)

sri (t)

ηi(t) = sai (t) − sri (t), ∀i ∈ A, ∀t ∈ T
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Fig. 5.4 : Errors of power supply from generators in Areas 1-4
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cbi(sbi) =
1

μb

bis
2
bi
, ∀i ∈ A (5.45)

μb

μb = 1.0× 10−2

[ρP̄F, sP̄Fb ] = argmin
ρ,sb

∑
i∈A
{ΔUi(ρi|t) + cbi(sbi)}, s. t. ρ+ sb = η(t) (5.46)

[s
¯NW

b ,φ
¯NW] = argmin

sb,φ

∑
i∈A
{cbi(sbi) + fi(θ

a
i (t) + φi)}, s. t. sb + B̄φ = η(t) (5.47)

Social welfare without power flow :∑
t∈T

∑
i∈A
{vi(dai (t)−ρP̄Fi (t)|t)−ci(s

r
i (t))−cli(s

a
li
(t))−cbi(s

P̄F
bi
(t))−fi(θ

a
i (t))} (5.48)

Social welfare without negawatt trading :∑
t∈T

∑
i∈A
{vi(dai (t)|t)−ci(s

r
i (t))−cli(s

a
li
(t))−cbi(s

¯NW
bi

(t))−fi(θ
a
i (t)+φ

¯NW
i (t))} (5.49)

5.4.2

Figs. 5.5–5.8 Fig. 5.5

Figs. 5.6, 5.7 14:00 [h]

Fig. 5.7
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(5.3) (5.4)

Fig. 5.8

Fig. 5.5

(Algorithm 5.1)

Fig. 5.6

Fig. 5.7

Fig. 5.8

Fig. 5.4

ρi

sbi +ΔPi, ΔPi := −
∑

j∈{i,Ni} B̄ijφj,

∀i ∈ A
5.1, 5.3

ISO

(5.20)

Fig. 5.9

Fig. 5.10

(5.9)

αi

Fig. 5.11 (5.20)

Fig. 5.9 “Day-ahead” 3 (3.1)
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“Proposed” (5.21)

“Without power flow” “Without negawatt trading”

(5.48), (5.49)

Fig. 5.10 “Day-ahead”

πi(t) = 0, ∀i ∈ A, ∀t ∈ T
(5.9) αi (5.16)

α∗
i (t) αi(t) = 25, ∀i ∈ A, ∀t ∈ T

/ αi(t), i ∈ A, t ∈ T

Fig. 5.11 “Social welfare” (5.21)

(5.9) (5.20)

αi (5.16) α∗
i (t) αi(t) = 0,

∀i ∈ A, ∀t ∈ T (5.23)

αi(t)

5.2
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Fig. 5.5 : Hourly incentive prices for consumers in Areas 1-4
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Fig. 5.6 : Convergence of real-time retail/wholesale prices at 14:00[h]
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Fig. 5.7 : Results of market trading for power adjustment at 14:00 [h]
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Fig. 5.8 : Results of power adjustment using negawatt trading in Areas 1–4
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Fig. 6.2
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Fig. 6.2 : Real-time power adjustment problem using future predicted power supply
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ESS

pbi(tl) pbi(tl)≥0

pbi(tl)< 0 tl

ESS

F̂i(sbi(tl), φi(tl), pbi(tl)) := cbi(sbi(tl)) + fi(θ
a
i (tl) + φi(tl)) + fbi(pbi(tl)) (6.1)

θa
i (tl) ∈ R

ni

tl cbi(·), fi(·) i

fbi(·) i

ESS

F̂i(sbi(tl), φi(tl), pbi(tl)) F̂i(tl)

ESS fbi(·)� �
6.1. i ∈ A , fbi(·) C2(−∞,∞)

.
� �

ESS

tl

ΔUi(ρi|tl)

ΔUi(ρi|tl) := vi(d
a
i (tl)|tl)− vi(d

a
i (tl)− ρi|tl), ∀i ∈ A, ∀l ∈ Np (6.2)

tl, l ∈ Np

ρ(tl) := [ρ1(tl) · · · ρL(tl)]T ∈ R
L, ρi(tl) ≥ 0, ∀i ∈ A, sb(tl) := [sb1(tl) · · · sbL(tl)]T ∈ R

L,

φ(tl) := [φ1(tl)
T · · · φL(tl)

T]T ∈ R
N , pb(tl) := [pb1(tl) · · · pbL(tl)]T ∈ R

L

t0 tNp−1

ρ̂ := [ρ(t0)
T · · · ρ(tNp−1)

T]T∈R(L×Np)×1, ŝb := [sb(t0)
T · · · sb(tNp−1)

T]T∈R(L×Np)×1,

φ̂ := [φ(t0)
T · · · φ(tNp−1)

T]T∈R(N×Np)×1, p̂b := [pb(t0)
T · · · pb(tNp−1)

T]T∈R(L×Np)×1
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t ∈ T

min
ρ̂,ŝb,φ̂,p̂b

∑
l∈Np

∑
i∈A

{
ΔUi(ρi|tl) + F̂i(tl)

}
(6.3)

s. t. ρ(tl) + r(tl) = η(tl), ∀l ∈ Np (6.4)

Cbi(tl+1) = Cbi(tl)− pbi(tl), ∀i ∈ A, ∀l ∈ Np (6.5)

Cmin
bi

≤ Cbi(tl) ≤ Cmax
bi

, ∀i ∈ A, ∀l ∈ {Np \ 0, Np} (6.6)

η(tl) = [η1(tl) · · · ηL(tl)]T ∈ R
L tl, l ∈ Np

r(tl) := sb(tl) + B̄φ(tl) + pb(tl) ISO

Cbi(tl), i ∈ Ai, l ∈ Np ESS tl

( ) Cmin
bi

, Cmax
bi

ESS

(6.5) ESS

(6.6) ESS

t Cb(t0)∈R
L, Cmin

b ∈R
L

Cmax
b ∈RL

Cb(t0) :=[Cb1(t0) · · · CbL(t0)]
T , Cmin

b :=
[
Cmin

b1
· · · Cmin

bL

]T
, Cmax

b :=
[
Cmax

b1
· · · Cmax

bL

]T
(6.5), (6.6)

� �
6.1. i ∈ A l ∈ Np (6.5)

(6.6) i ∈ A l ∈ {Np \ 0, Np}

ACb
p̂b � bCb

(t) (6.7)

�, �
ACb

∈ R
(2×L×Np)×(L×Np) bCb

(t) ∈ R
(2×L×Np)×1

ACb
=

⎡
⎣ DL ⊗ IL

−DL ⊗ IL

⎤
⎦ , bCb

(t) :=

⎡
⎣ 1Np ⊗ (Cb(t0)−Cmin

b )

1Np ⊗ (Cmax
b −Cb(t0))

⎤
⎦ (6.8)

DL∈RL×L 0 1 IL∈RL×L

1Np Np 1
� �
Proof. l = 1, 2, · · · ,m (m ∈ Np) (6.5)
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, tm+1 ESS Cbi(tm+1)

Cbi(tm+1) = Cbi(tm)− pbi(tm)

= Cbi(tm−1)− pbi(tm−1)− pbi(tm)

...

= Cbi(t0)−
m∑
q=0

pbi(tq) (6.9)

(6.9) l = m+ 1 (6.6)

Cmin
bi

≤ Cbi(tm+1) ≤ Cmax
bi

⇒ Cmin
bi

≤ Cbi(t0)−
m∑
q=0

pbi(tq) ≤ Cmax
bi

⇒

⎧⎨
⎩

∑m
q=0 pbi(tq) ≤ Cbi(t0)− Cmin

bi

−∑m
q=0 pbi(tq) ≤ Cmax

bi
− Cbi(t0)

(6.10)

⎡
⎣ IL IL · · · IL

−IL −IL · · · −IL

⎤
⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

pb(t0)

pb(t1)
...

pb(tm)

⎤
⎥⎥⎥⎥⎥⎥⎦
�

⎡
⎣ Cb(t0)−Cmin

b

Cmax
b −Cb(t0)

⎤
⎦ (6.11)

m ∈ Np (6.11)

ACb
p̂b � bCb

(t) (6.12)

i ∈ A l ∈ {Np \ 0, Np}
(6.6) ESS

m∑
q=0

pb(tq) � Cb(t0)−Cmin
b , ∀m ∈ Np (6.13)

pb(tm), Cb(t0) Cmin
b

i ∈ A
m∑
q=0

pb(tq) � Cb(t0)−Cmin
b ⇒

m∑
q=0

pbi(tq) ≤ Cbi(t0)− Cmin
bi

⇒ Cmin
bi

≤ Cbi(t0)−
m∑
q=0

pbi(tq), ∀m ∈ Np (6.14)
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l = 1, 2, · · · ,m (m ∈ Np) (6.5) (6.14)

Cmin
bi

≤ Cbi(tm+1), ∀i ∈ A, ∀m ∈ Np (6.15)

ESS

Cbi(tm+1) ≤ Cmax
bi

, ∀i ∈ A, ∀m ∈ Np (6.16)

l = m+ 1

Cmin
bi

≤ Cbi(tl) ≤ Cmax
bi

, ∀i ∈ A, ∀l ∈ {Np \ 0, Np} (6.17)

i ∈ A l ∈ {Np \ 0, Np} (6.6)

(6.7) �

6.1 (6.5) i ∈ A l ∈ Np

(6.5) ESS

Ci(tl+1), i ∈ A Ci(t0)

pbi(tl) (6.6), (6.5)

� �
6.2. (6.7) i ∈ A l ∈ Np (6.5)

i ∈ A l ∈ {Np \ 0, Np} (6.6)

� �
Proof. 6.1 �

(6.5) (6.6) (6.7) ESS

p̂b

6.2.2

(6.4) t1 η(tl), l ∈ N̄p, N̄p := {Np \ 0}
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ESS

Pr{x} x

⎧⎨
⎩ Pr {ρi(tl) + ri(tl) ≥ ηi(tl)} ≥ 1− ε(tl), if ηi(tl) ≥ 0

Pr {ρi(tl) + ri(tl) ≤ ηi(tl)} ≥ 1− ε(tl), if ηi(tl) < 0
, ∀i ∈ A, ∀l ∈ N̄p (6.18)

ri(tl) r(tl) i .

1− ε(tl)

|ηi(tl)| |ρi(tl) + ri(tl)|
ε(tl) (6.18)

(6.18) tl, l ∈ N̄p

η(tl) η̄(tl) := [η̄1(tl) · · · η̄L(tl)]T

∈ R
L, Σ(tl) := [Σ1(tl) · · · ΣL(tl)]

T ∈ R
L ηi(tl) ≥ 0

η(tl), l ∈ N̄p

ρi(tl) + ri(tl)− ηi(tl) ∼ N (ρi(tl) + ri(tl)− η̄i(tl),Σi(tl)) (6.19)

(6.18) [91,92]

Pr{ρi(tl) + ri(tl) ≥ ηi(tl)} = Ξ

(
ρi(tl) + ri(tl)− ηi(tl)√

Σi(tl)

)
(6.20)

Ξ(·)
ηi(tl) ≥ 0 (6.18)

ρi(tl) + ri(tl) ≥ η̄i(tl) + Ξ−1(1− ε(tl))Σi(tl), ∀i ∈ A (6.21)



6.2 109

ηi(tl) < 0 (6.18)

−{ρi(tl) + ri(tl)} ≥ −η̄i(tl) + Ξ−1(1− ε(tl))Σi(tl), ∀i ∈ A (6.22)

(6.18)

ωi(tl){ρi(tl) + ri(tl)} ≥ ωi(tl)η̄i(tl) + Ξ−1(1− ε(tl))Σi(tl), ∀i ∈ A (6.23)

ωi(tl) :=

⎧⎨
⎩ 1, i ∈ A+

l

−1, i ∈ A−
l

(6.24)

A+
l A−

l tl, l ∈ N̄p η̄i(tl) ≥ 0 η̄i(tl) < 0

η(tl), l ∈ N̄p

(6.18) [93]

ωi(tl){ρi(tl) + ri(tl)} ≥ ωi(tl)η̄i(tl) +

√
1− ε(tl)

ε(tl)
Σi(tl), ∀i ∈ A (6.25)

(6.18)

Ωl {ρ(tl) + r(tl)} � Ωlη̄(tl) + p(ε(tl))Σ(tl), ∀l ∈ N̄p (6.26)

l ∈ N̄p

Ωl = diag {ω1(tl), · · · , ωL(tl)} ∈ R
L×L

p(ε(tl)) :=

⎧⎨
⎩ Ξ−1(1− ε(tl)) if η(tl) ∼ N

(
η̄(tl)Σ(tl)

)√
1−ε(tl)
ε(tl)

otherwise

6.2.3

ESS

6.2.2 6.2.3

ESS (6.3)–(6.6)
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min
ρ̂,ŝb,φ̂,p̂b

∑
l∈Np

∑
i∈A

{
ΔUi(ρi|tl) + F̂i(tl)

}
(6.27)

s. t. ρ(t0) + r(t0) = η(t0) (6.28)

Ωl {ρ(tl) + r(tl)} � Ωlη̄(tl) + p(ε(tl))Σ(tl), ∀l ∈ N̄p (6.29)

ACb
p̂b � bCb

(t) (6.30)

L̂r

(
ρ̂, ŝb, φ̂, p̂b, Π̂(t), Π̂

)
=

∑
l∈Np

∑
i∈A

{
ΔUi(ρi|tl) + F̂i(tl)

}
− Π̂(t)T {ρ(t0) + r(t0)− η(t0)}

−
∑
l∈N̄p

Π̂(tl)
T

[
Ωl

{
ρ(tl) + r(tl)− η̄(tl)

}
− p(ε(tl))Σ(tl)

]
(6.31)

Π̂(t) = [Π̂1(t0) · · · Π̂L(t0)]
T ∈ R

L Π̂ = [Π̂(t1)
T · · · Π̂(tNp−1)

T]T ∈
R

(L×(Np−1)), Π̂(tl) := [Π̂1(tl) · · · Π̂L(tl)]
T ∈ R

L, ∀l ∈ N̄p (6.28)

(6.29) (6.27)–(6.30)

max
Π̂(t),Π̂�0

min
ρ̂,ŝb,φ̂,p̂b

L̂r(ρ̂, ŝb, φ̂, p̂b, Π̂(t), Π̂) (6.32)

s. t. ACb
p̂b � bCb

(t) (6.33)

(6.32) Π̂∗(t) ∈ R
L Π̂∗ ∈

R
(L×(Np−1)) Π̂∗

i (tl), ∀i ∈ A, ∀l ∈ Np

ESS
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� �
6.1. 2.1, 2.3, 2.4, 3.2, 5.1, 6.1 t ∈ T

i ∈ A tl, l ∈ Np

π̂i(tl) q̂i(ρi(tl))

π̂i(tl) =

⎧⎨
⎩ max

{
0, Π̂∗

i (tl)− λa
i (tl)

}
l = 0 or i ∈ A+

l , l ∈ N̄p

0 otherwise
(6.34)

q̂i(ρi(tl)) = ρi(tl) + αi(tl), ∀i ∈ A, ∀l ∈ Np (6.35)

λa
i (tl) tl, l ∈ Np

αi(tl) ρi(tl)

(5.1) ρi(tl)

ESS (6.27)–(6.30)

ρ∗i (tl)
� �
Proof. (6.35)

π̂i(tl) = Π̂∗
i (tl)− λa

i (tl) q̂i(ρi(tl))

(5.1)

ρi(tl) = argmax
ρi≥0

vi (d
a
i (tl)− ρi|tl)− λa

i (tl) {dai (tl)− ρi}+ π̂i(tl)q̂i(ρi)

= argmax
ρi≥0

vi (d
a
i (tl)− ρi|tl) + Π̂∗

i (tl)ρi − λa
i (tl)d

a
i (tl) +

{
Π̂∗

i (tl)− λa
i (tl)

}
αi(tl)

= argmax
ρi≥0

vi (d
a
i (tl)− ρi|tl) + Π̂∗

i (tl)ρi (6.36)

π̂i(tl) π̂i(tl) = 0

ρi(tl)

ρi(tl) = argmax
ρi≥0

vi (d
a
i (tl)− ρi|tl)− λa

i (tl) {dai (tl)− ρi} (6.37)

3

dai (tl) λa
i (tl)

dai (tl) := argmax
di

vi(di|tl)− λa
i (tl)di, ∀i ∈ A, ∀l ∈ Np (6.38)
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dai (tl), λ
a
i (tl)

vi(d
a
i (tl)−ρi|tl)−λa

i (tl){dai (tl)−ρi} ≤ vi(d
a
i (tl)|tl)−λa

i (tl)d
a
i (tl), ∀ρi (6.39)

(6.37) (6.39) ρi(tl) = 0

(6.27)–(6.30)

(6.32), (6.33)

(6.32), (6.33) Π̂∗(t), Π̂∗

L̂r

(
ρ̂∗, ŝ∗b , φ̂

∗, p̂∗
b , Π̂

∗(t), Π̂∗) ≤ L̂r

(
ρ̂, ŝb, φ̂, p̂b, Π̂

∗(t), Π̂∗) (6.40)

ρ̂∗, ŝ∗b , φ̂
∗ p̂∗

b (6.27)–(6.30)

ρi(tl), i ∈ A, l ∈ Np (6.31) L̂r(·)
ρj(tk), j ∈ {A \ i}, k ∈ {Np \ l}

ρ∗i (tl), i ∈ A, l ∈ Np

ρ∗i (tl) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

argmin
ρi≥0

ΔUi(ρi|t)− Π̂∗
i (t)ρi i ∈ A, l = 0

argmin
ρi≥0

ΔUi(ρi|tl)− Π̂∗
i (tl)ρi i ∈ A+

l , l ∈ N̄p

argmin
ρi≥0

ΔUi(ρi|tl) + Π̂∗
i (tl)ρi otherwise

(6.41)

6.2.1 t = t0 (6.41)

(6.2) ρ∗i (tl), i ∈ A, l = 0

i ∈ A+
l , l ∈ N̄p

ρ∗i (tl) = argmin
ρi≥0

ΔUi(ρi|tl)− Π̂∗
i (tl)ρi

= argmin
ρi≥0

vi (d
a
i (tl)|tl)− vi (d

a
i (tl)− ρi|tl)− Π̂∗

i (tl)ρi

= argmax
ρi≥0

vi (d
a
i (tl)− ρi|tl) + Π̂∗

i (tl)ρi (6.42)

(6.36)

(6.42)

ρ∗i (tl) = argmax
ρi≥0

vi(d
a
i (tl)− ρi|tl) + Π̂∗

i (tl)ρi

= argmax
ρi≥0

vi(d
a
i (tl)− ρi|tl) + Π̂∗

i (tl)ρi − λa
i (tl){dai (tl)− ρi + ρi}

= argmax
ρi≥0

vi(d
a
i (tl)− ρi|tl)− λa

i (tl){dai (tl)− ρi}+ {Π̂∗
i (tl)− λa

i (tl)}ρi (6.43)
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1, 2 3

tl (6.39) ρi = 0

3 Π̂∗
i (tl) − λa

i (tl) < 0 ρi(≥ 0)

Π̂∗
i (tl)− λa

i (tl) < 0 ρ∗i (tl) = 0

(6.41)

ρ∗i (tl), i ∈ A−
l , l ∈ N̄p

ρ∗i (tl) = argmin
ρi≥0

ΔUi(ρi|tl) + Π̂∗
i (tl)ρi

= argmax
ρi≥0

vi(d
a
i (tl)− ρi|tl)− Π̂∗

i (tl)ρi (6.44)

2.1 vi(·) ρi(≥ 0)

vi(d
a
i (tl)− ρi|tl) ≤ vi(d

a
i (tl)|tl) Π̂∗

i (tl), l ∈ N̄p

i ∈ A−
l

l ∈ N̄p ρ∗i (tl) = 0

(6.34)

ESS

(6.27)–(6.30) �

6.1 ESS

(6.32), (6.33)

6.3

ESS

3

5 ISO

vi(·|tl) (6.32), (6.33)

Π̂∗(t) Π̂∗ ISO
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t ∈ T
ρ̄(tl) = [ρ̄1(tl) · · · ρ̄L(tl)]

T, ∀l ∈ Np

ISO ¯̂sb ∈ R
(L×Np)×1

¯̂
φ ∈ R

(N×Np)×1 ESS ¯̂pb ∈ R
(L×Np)×1

[
¯̂sb,

¯̂
φ, ¯̂pb

]
= arg min

ŝb,φ̂,p̂b

∑
l∈Np

∑
i∈A

F̂i(tl) (6.45)

s. t. r(t0) + ρ̄(t0) = η(t0) (6.46)

Ωl{r(tl) + ρ̄(tl)} � Ωlη̄(tl) + p(ε(tl))Σ(tl), l ∈ N̄p (6.47)

ACb
p̂b � bCb

(t) (6.48)

(6.48)

ISO

Np

(6.46), (6.47)

Λ̂(t) =
[
Λ̂1(t0) · · · Λ̂L(t0)

]T ∈ R
L, Λ̂ =

[
Λ̂(t1)

T · · · Λ̂(tNp−1)
T
]T ∈ R

(L×(Np−1)),

Λ̂(tl) :=
[
Λ̂1(tl) · · · Λ̂L(tl)

]T ∈ R
L, ∀l ∈ N̄p

¯̂ρ = [ρ̄(t0)
T · · · ρ̄(tNp−1)

T]T

∈ R
(L×Np) ¯̂Lr(·)

¯̂Lr(ŝb, φ̂, p̂b, Λ̂(t), Λ̂| ¯̂ρ)

=
∑
l∈Np

∑
i∈A

F̂i(tl)− Λ̂(t)T{r(t0)− η(t0)− ρ̄(t0)}

−
∑
l∈N̄p

Λ̂(tl)
T [Ωl {r(tl)− η̄(tl)− ρ̄(tl)} − p(ε(tl))Σ(tl)] (6.49)

(6.45)–(6.48)

max
Λ̂(t),Λ̂�0

min
ŝb,φ̂,p̂b

¯̂Lr(ŝb, φ̂, p̂b, Λ̂(t), Λ̂| ¯̂ρ) (6.50)

s. t. ACb
p̂b � bCb

(t) (6.51)

(6.50), (6.51) Λ̂∗(t), Λ̂∗

Λ̂∗
i (tl), ∀i ∈ A, ∀l ∈ Np
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� �
6.2. 2.1, 2.3, 2.4, 3.2, 5.1, 6.1 ISO

(6.45)–(6.48) ¯̂sb
¯̂
φ ¯̂pb

(6.27)–(6.30)
[
ŝ∗b , φ̂∗, p̂∗

b

]
Λ̂∗(t) = Π̂∗(t) Λ̂∗ = Π̂∗

� �
Proof. 5.2

6.1 ESS

(6.27)–(6.30) (6.32),

(6.33) (6.27)–(6.30)

[ρ̂∗, ŝ∗b , φ̂
∗, p̂∗

b ]

[ρ̂∗, ŝ∗b , φ̂
∗, p̂∗

b ] = arg min
ρ̂,ŝb,φ̂,p̂b

L̂r

(
ρ̂, ŝb, φ̂, p̂b, Π̂

∗(t), Π̂∗) (6.52)

s. t. ACb
p̂b � bCb

(t) (6.53)

(6.31) L̂r(·) ρ̂, ŝb, φ̂ p̂b

(6.52) .

[ŝ∗b , φ̂
∗, p̂∗

b ] = arg min
ŝb,φ̂,p̂b

∑
l∈Np

{∑
i∈A

F̂i(tl)− Π̂∗(tl)
TΩlr(tl)

}
(6.54)

s. t. ACb
p̂b � bCb

(t) (6.55)

Ω0 = IL

2.3, 2.4, 3.2, 5.1, 6.1 ISO (6.45)–

(6.48) (6.50), (6.51)
¯̂Lr(·)

¯̂Lr

(
¯̂sb,

¯̂
φ, ¯̂pb, Λ̂

∗(t), Λ̂∗|ρ̄
)
≤ ¯̂Lr

(
ŝb, φ̂, p̂b, Λ̂

∗(t), Λ̂∗|ρ̄
)

(6.56)

[¯̂sb,
¯̂
φ, ¯̂pb] = arg min

ŝb,φ̂,p̂b

∑
l∈Np

{∑
i∈A

F̂i(tl)− Λ̂∗(tl)
TΩlr(tl)

}
(6.57)

s. t. ACb
p̂b � bCb

(t) (6.58)
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(6.55) (6.58)

[
ŝ∗b , φ̂

∗, p̂∗
b

]
=

[
¯̂sb,

¯̂
φ, ¯̂pb

]
⇐ Λ̂∗(tl) = Π̂∗(tl), ∀l ∈ Np (6.59)

t0 = t Π̂ Λ̂

(6.59)

[
ŝ∗b , φ̂

∗, p̂∗
b

]
=

[
¯̂sb,

¯̂
φ, ¯̂pb

]
⇔ Λ̂∗(t) = Π̂∗(t), Λ̂∗ = Π̂∗ (6.60)

�

6.2 ESS

Λ̂∗(t) = Π̂∗(t) Λ̂∗ = Π̂∗

(6.34), (6.35)

t ∈ T

(6.27)–(6.30) (6.32)

ISO

ISO (6.34),

(6.35) ESS

Algorithm 6.1: ESS

Step 1:

ISO t ∈ T
Np

π̂0
i (tl), l ∈ Np

Step 2:

ISO π̂k
i (tl) (k ≥ 0)
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ρki (tl), l ∈ Np ISO

ρki (tl) = arg max
ρi

vi (d
a
i (tl)− ρi|t)− λa

i (tl){di(tl)− ρi}+ π̂k
i (tl)q̂i(ρi), i ∈ A (6.61)

dai (tl), λ
a
i (tl), l ∈ Np tl ∈ T

Step 3: ESS

ISO ρk(tl) = [ρk1(tl) · · · ρkL(tl)]T
¯̂skb (tl) = [skb1(tl) · · · skbl(tl)]T

¯̂
φk(tl) = [φk

1(tl) · · · φk
L(tl)]

T

¯̂pk
b (tl) = [pkb1(tl) · · · pkbL(tl)]T, ∀l ∈ Np

[¯̂skb ,
¯̂
φk, ¯̂pk

b ] = arg min
ŝb,φ̂,p̂b

∑
i∈A

∑
l∈Np

F̂i(tl) (6.62)

s. t. r(t0) + ρk(t0) = η(t0) (6.63)

Ωl{r(tl) + ρk(tl)} � Ωlη̄(tl) + p(ε(tl))Σ(tl), l ∈ N̄p (6.64)

ACb
p̂b � bCb

(t) (6.65)

η(tl) := [η1(tl) · · · ηL(tl)]T tl, l ∈ Np

ISO (6.63)

Λ̂k(t) = [Λ̂k
1(t) · · · Λ̂k

L(t)]
T ∈ R

L

(6.64) Λ̂k = [Λ̂k(t1)
T · · · Λ̂k(tNp−1)

T]T,

Λ̂k(tl) = [Λ̂k
1(tl) · · · Λ̂k

L(tl)]
T ∈ R

L, l ∈ N̄p

Step 4:

ISO l ∈ Np Π̂k(tl) := π̂k(tl) + λa(tl)

Λ̂k(tl)

Π̂k(tl) = Λ̂k(tl) (6.66)

Π̂k(tl) �= Λ̂k(tl), ∃l ∈ Np ISO
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Π̂k(tl)

Π̂k+1(tl) = Π̂k(tl)− γrξ
k(tl), ∀l ∈ Np (6.67)

ξk(tl) :=

⎧⎨
⎩ r̃k(t0)− η(t0) + ρ̄k(t0), l = 0

Ωl

{
r̃k(tl)− η̄(tl) + ρ̄k(tl)

}
− p(ε(tl))Σ(tl), l ∈ N̄p

r̃k(tl) := s̃kb (tl) + B̄φ̃k(tl) + p̃k
b (tl), ∀l ∈ Np

˜̂skb = [s̃kb (t0)
T · · · s̃kb (tNp−1)

T]T

˜̂
φk = [φ̃k(t0)

T · · · φ̃k(tNp−1)
T]T ˜̂pk

b =

[p̃k
b (t0)

T · · · p̃k
b (tNp−1)

T]T

min
ŝb,φ̂,p̂b

∑
l∈Np

{∑
i∈A

F̂i(tl)− Π̂k(tl)
TΩlr

k(tl)

}
(6.68)

s. t. ACb
p̂k
b � bCb

(t), Ω0 = IL (6.69)

Π̂k+1(tl) = [Π̂k+1
1 (tl) · · · Π̂k+1

L (tl)]
T

π̂k+1
i (tl), i ∈ A, l ∈ Np

π̂k+1
i (tl) =

⎧⎨
⎩ max

{
0, Π̂k+1

i (tl)− λa
i (tl)

}
l = 0 or i ∈ A+

l , l ∈ N̄p

0 otherwise
(6.70)

Step 5:

k k + 1 Step 2

(6.67) Algorithm 5.1

ISO

2.1, 2.3, 2.4, 3.2, 5.1, 6.1

γr(> 0)

ISO

t

t+Np−1 Np
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t t+1

1 t+Np Np

Algorithm 6.1 (pseudocode)

1 Initialization

2 Set k = 0

3 Set ρk(tl) =
[
ρk1(tl) · · · ρkL(tl)

]T
, ∀l ∈ Np

4 Set Π̂k(tl) =
[
Π̂k

1(tl) · · · Π̂k
L(tl)

]T
, ∀l ∈ Np

5 Repeat

6 for i = 1 : L

7 for l = 0 : Np − 1

8 If Π̂k
i (tl) ≥ λa

i (tl) and (l = 0 or i ∈ A+
l , l �= 0)

9 π̂k
i (tl)← Π̂k

i (tl)− λa
i (tl) % incentive price for consumers

10 else

11 π̂k
i (tl)← 0

12 end if

13 ρki (tl)← argmaxρi(tl)≥0 Ui(ρi(tl)|tl) % power reduction by consumers

14 Send ρki (tl) to the ISO

15 end for

16 end for

17 ¯̂ρk ← [ρk(t0)
T · · ·ρk(tNp−1)

T]T

18 [¯̂skb ,
¯̂
φk, ¯̂pk

b ]← argminŝb,φ̂,p̂b

∑
i∈A

∑
l∈Np

F̂i(tl) , s. t. (6.46)–(6.48)

19 [Λ̂k(t0), Λ̂
k]← argmaxΛ̂(t),Λ̂�0

¯̂Lr(¯̂s
k
b ,

¯̂
φk, ¯̂pk

b , Λ̂(t), Λ̂| ¯̂ρk) , s. t. (6.51)

20 if Λ̂k(tl) �= Π̂k(tl), ∃l ∈ Np

21 for l = 0 : Np − 1

22 Update Π̂k+1(tl) % Eq. (6.67)

23 end for

24 end if

25 k = k + 1

26 End Repeat
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Fig. 6.3 : Errors of power supply from generators in Areas 1-4
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fbi(pbi) =
1

μpb

bip
2
bi
, ∀i ∈ A (6.71)

μpb ESS

μb = 4.0×10−3

Np = 2

ε(tl) = 0.01, Σi(tl) = 0.3, ∀i ∈ A, ∀l ∈ N̄p

6.4.2

Figs. 6.4–6.8

Fig. 6.4 Figs. 6.5, 6.6 12:00[h]

Fig. 6.7

Fig. 6.8 ESS

( )

Fig. 6.4 5 Fig. 5.5

Algorithm 6.1

Fig. 6.5

Fig. 6.6

ESS

6.1, 6.2

Fig. 6.7

ρi ESS pbi

sbi +ΔPi ISO

ESS
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Fig. 6.4

ISO

Fig. 6.8 (a)

/

/

(b) ( )

Algorithm 6.1

/

Algrorithm 6.1 6.1, 6.2

Fig. 6.9 Fig. 5.9 “Day-ahead”

“Without power flow”

“Without negawatt trading”

ESS

ESS
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Fig. 6.4 : Electricity incentive prices for consumers in Areas 1-4
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Fig. 6.6 : Results of power adjustment in Areas 1-4 using the proposed real-time market

trading with Algorithm 6.1
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Fig. 6.7 : Results of power adjustment using negawatt trading with ESS in Areas 1–4
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Table A.1 30

1, 000MVA

Table A.1 : Transmission line parameters [77]

branch number number of circuit branch resistance [p.u.] branch reactance [p.u.] branch capacitance [p.u.]

2100 2 0.001220 0.028840 0.013750

3109 2 0.002860 0.071400 0.035820

3118 2 0.001920 0.027380 0.011235

3127 2 0.001340 0.053600 0.032710

3128 2 0.001600 0.047760 0.031830
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Yi

Yi =
ncir
i

rlinei + jxline
i

, ∀i ∈ T (A.1)

ncir
i , rlinei xline

i Table A.1

T Table A.1

Yi

Bi

Table A.2 Area 1-4

30 (

)

0 Table A.2

1%

3

Table 3.1 185.5[MW], 349.0[MW], 93.0[MW], 98.5[MW]

3

kRi
, kCi

kIi , i ∈ {1, 2, 3, 4} Table A.3

R(t), C(t), I(t) [79]
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Table A.2 : Active power load [77]

(a) Area 1

node number
active power load

[1000MW]

3213 7.30

3215 1.80

3307 1.40

3308 1.90

3309 3.70

3312 2.45

Total 18.55

(a) Area 2

node number
active power load

[1000MW]

3202 2.30

3204 1.90

3205 2.00

3301 2.60

3302 8.50

3303 2.90

3304 -0.80

3305 5.50

3306 10.00

Total 34.90

(a) Area 3

node number
active power load

[1000MW]

2107 1.50

2201 0.50

2202 1.00

2203 0.50

2205 0.60

2206 0.20

2207 1.50

2208 0.50

2209 1.00

2210 2.00

Total 9.30

(a) Area 4

node number
active power load

[1000MW]

3110 0.60

3207 4.80

3209 2.10

3210 0.45

3211 0.55

3310 1.35

Total 9.85
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Table A.3 : Proportion of consumers

Area 1 Area 2 Area 3 Area 4

Residential kRi
0.5 0.3 0.6 0.1

Commercial kCi
0.1 0.6 0.2 0.3

Industrial kIi 0.4 0.1 0.2 0.6

Table A.4 : Proportion of hourly demand by consumers [79]

Hour [h] 00:00 01:00 02:00 03:00 04:00 05:00 06:00 07:00 08:00 09:00 10:00 11:00

Residential R(t) 0.66 0.60 0.54 0.52 0.52 0.60 0.74 0.86 0.92 0.96 0.98 1.00

Commercial C(t) 0.26 0.24 0.22 0.22 0.22 0.22 0.24 0.34 0.64 0.90 0.98 1.00

Industrial I(t) 1.40 1.40 1.40 1.40 1.40 1.40 1.34 1.22 1.08 1.00 1.00 0.90

Hour [h] 12:00 13:00 14:00 15:00 16:00 17:00 18:00 19:00 20:00 21:00 22:00 23:00

Residential R(t) 1.00 1.00 1.00 1.00 1.02 1.06 1.08 1.06 1.00 0.94 0.86 0.74

Commercial C(t) 1.00 1.00 1.00 0.98 0.98 0.94 0.82 0.68 0.56 0.46 0.38 0.34

Industrial I(t) 0.90 0.96 1.00 0.98 0.94 0.90 0.90 0.96 1.00 1.10 1.40 1.40
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