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Abstract

We consider two models on networks, the multi-unit trading network model and the marking
game. These models have game theoretical aspects and it is necessary to consider strategies of
multiple players who each have a goal. This fact often makes the models complicated. However,
knowledge of combinatorial optimization and discrete mathematics is helpful in analyzing the
models.

The multi-unit trading network model is an extension of the stable matching model which is
well known in economics. In particular, we study an extension of the model introduced by
Hatfield et al. Unlike their model, our model can handle multiple units of contracts with the same
unit price. We analyze the model by using discrete convex analysis (DCA).

Hatfield et al. showed the existence of competitive equilibria under the full substitutes
condition without using DCA while we analyze the model by using it. In fact, we show that the
generalization of the full substitutes condition (GFS condition) and twisted MH -concavity are
equivalent and that there exists a competitive equilibrium under the GFS condition. Moreover,
we prove that the set of competitive equilibrium price vectors forms a lattice by using the
conjugacy theorem in DCA. Although the connection between economical models and DCA is
familiar, applying DCA to the trading network model is a novel approach.

We also study the relationship among stability, strong group stability, and chain stability. We
prove that these concepts are equivalent under the GFS condition. Furthermore, we show that a
gap exists between stable outcomes and competitive equilibria.

The marking game, introduced by Zhu, is defined on a graph and played by two players,
Alice and Bob. For a graph, the game coloring number is defined as the smallest number such
that Alice has a winning strategy in the marking game. The game coloring number gives an
upper bound for the game chromatic number.

Although the exact values of the game coloring number for some classes of graphs are
known, deciding that of planar graphs is an open problem. In this thesis, we prove that the game
coloring number of planar graphs with girth 4 is at most 13 by using structures of the planar
graphs. We also show that the game coloring number of planar graphs with girth 4 and 5 are at
least 7 and at least 6, respectively.
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