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分子鎖塑性論を用いた延性ポリマの大変形挙動 

および微視的損傷進展のモデル化とマルチスケール FEM 解析 
 

（内容の要旨） 
延性ポリマは構造材料としての過酷な力学的環境下での利用が急速に拡大しており，その大変形

および破壊挙動を正確に予測可能な構成モデルの構築に期待が寄せられている．近年，様々な材料

のマクロな力学特性を精度よく予測するため，材料組織の不均一性の影響を陽に考慮することが重

要視されている．一方，ポリマの引張試験では変形の集中領域ではなく，くびれ進行端部から延性

破壊が生じる．これはポリマ特有の微視的損傷であるクレーズの集積に起因する．しかしながら，

ポリマの微視的不均一性に加え，損傷進展までを考慮した構成モデルは現在までに提案されていな

い．そこで，本研究ではポリマの非弾性変形を分子鎖塑性論および結晶塑性論によって記述し，微

視的損傷の発展式を新たに構築するとともに，得られたモデルに均質化法を適用して延性ポリマの

マルチスケール FEM 解析を実施することで，ポリマの大変形・破壊挙動を数値解析的に予測する．

第 1 章は緒言であり，本研究の背景と先行研究を紹介し，本論文の目的と構成を述べている． 
第 2 章ではまず，変形を記述するために必要となる配置の概念を導入している．また，分子鎖塑

性論および結晶塑性論における各すべり系で定義される量を用いて容易に非弾性変形速度および

非弾性スピンが得られることを示すとともに非晶相の分子鎖基底ベクトルおよび結晶相の結晶基

底ベクトルの更新方法の相違についても言及している． 
第 3 章では，弱形式の釣合い方程式である Updated Lagrange 形式の速度形仮想仕事の原理を有限

変形理論の範疇で定式化している． 
第 4 章では，損傷依存形弾性構成式と 2 章で得た非弾性変形速度の運動学的関係式を統合するこ

とにより，弾粘塑性構成式を導出している．さらに，ポリマの各相の特徴をより適切に表現するた

めに，非晶相には多絡み点モデルを適用し，結晶相には分子鎖方向の非延伸拘束を導入している．

第 5 章では，弾粘塑性構成式の非弾性特性を決定する材料応答則について述べている．非晶相に

はポリマ内部の自由体積変化に基づく非弾性応答則を採用するとともにポリマ特有の除荷時の非

線形ひずみ回復ならびに降伏応力の静水圧応力依存性を表せるよう非弾性応答則を拡張している．

結晶相については Eyring の反応速度論に基づく材料応答則を採用し，さらに，従来の Pan-Rice 形

硬化則で用いられていた材料定数から反応速度論の材料定数を決定する手法を提案している． 
第 6 章では，ポリマ特有の損傷であるクレーズの発生および成長を表す発展式を反応速度論の観

点から新たに構築しており，クレーズ進展に要する活性化エネルギーを自由体積の変化と関連づけ

ることで，クレーズ発展式にひずみ速度依存性を導入している． 
第 7 章では，3 章で得た釣合い方程式に 4 章で構築した構成式を代入することによって得られる

支配方程式を，漸近展開法に基づく均質化理論を用いてミクロ構造およびマクロ構造の支配方程式

に分離している． 
第 8 章では，7 章で得た支配方程式を有限要素法によって離散化するとともに上述のモデルに基

づく延性ポリマのミクロ-マクロ連成解析スキームについて述べている． 
第 9 章では，非晶性ポリマであるメタクリル酸メチル平板および結晶性ポリマであるポリプロピ

レン平板に対する大変形 FEM 解析を平面ひずみ条件下で実施し，ポリマの単軸引張試験の特徴，

すなわち，マクロ試験片における引張方向へのくびれおよびクレーズ集中領域の伝ぱならびに分子

鎖配向を再現するとともにユニットセルの応答との相関について議論している．また，非線形ひず

み回復や降伏応力のひずみ速度依存性，静水圧応力依存性などが本モデルによって再現されること

を示すとともにフィブリル強度およびクレーズ密度に基づく破断予測条件を構築することでひず

み速度に依存したポリマの延性の変化を予測している．最後に，本モデルの三次元 FEM 解析にお

ける妥当性についても検討している． 
第 10 章は結言であり，本研究で行ったモデル化と FEM 解析から得られた知見を要約している．
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Modeling and Multiscale FE Simulation for Large Deformation and Microscopic 
Damage Evolution of Ductile Polymers Using Molecular Chain Plasticity Theory 

Abstract 
Ductile polymers have widely been used as structural materials under severe mechanical 

conditions, so that it is highly desirable to develop a material model that can precisely express
mechanical responses and fracture of polymers. Recently, to describe macroscopic mechanical 
properties of materials, it is frequently attempted to take a microscopic inhomogeneity into 
account. Meanwhile, ductile fracture of polymers occurs at the front edge of propagating neck. 
This characteristic behavior of ductile fracture attributes to the localization of craze, which is 
microscopic damage peculiar to polymers. However, a material model considering both of the 
microscopic structure of polymers and the craze evolution has not yet been proposed. In this 
thesis, inelastic deformation of polymers is expressed using theories of molecular chain 
plasticity and crystal plasticity with a craze evolution equation developed newly. Multiscale FE 
simulation using this model is carried out. It is attempted to computationally reproduce the large 
deformation and fracture behaviors of ductile polymers. 

Chapter 1 is an introduction relating to backgrounds and aims of this thesis. 
In Chapter 2, inelastic deformation rate and inelastic spin are kinematically determined. Also, 

differences between molecular chain plasticity and crystal plasticity theories are clarified. 
Chapter 3 explains the updated Lagrangian formulation of the principle of virtual work in rate 

form, which is assuming a role of the balance equation for finite strain theory. 
In Chapters 4 and 5, an elastoviscoplastic constitutive equation is obtained unifying the 

damage-dependent elastic constitutive equation and the inelastic deformation rate obtained in 
Chapter 3. To express the properties of glassy and crystalline phases, poly-entangled model is 
adopted for the glassy phase and inextensibility in the chain direction is introduced into the 
crystalline phase. The inelastic response law based on a change in the local free volume is 
employed for glassy phase. On the other hand, a material response law based on Eyring’s 
chemical kinetics is adopted for the crystalline phase.  

In Chapter 6, craze evolution is decomposed into nucleation and growth of craze. These 
evolution equations are newly developed using chemical kinetics with activation energies. 

In Chapter 7, microscopic and macroscopic governing equations are derived by the 
homogenization method using the balance equation obtained in Chapter 3 and the constitutive 
equations in Chapter 4. 

In Chapter 8, governing equations obtained in Chapter 7 are discretized by finite element 
method and computational schemes consisting of this model mentioned above are developed. 

In Chapter 9, FE analyses for polymethylmethacrylate and polypropylene are conducted 
under plane-strain condition. The characteristic behaviors in uniaxial tension, i.e., propagation 
of a neck with craze-concentration region and orientation of molecular chains are reproduced in 
the macroscopic specimen. The relationship on deformation response between the 
macrostructure and unit cells is investigated. Nonlinear strain recovery in unloading state and 
dependence of hydrostatic stress, strain rate and temperature are represented. Moreover, using 
fracture criteria obtained by a fibril strength and craze density, change in ductility of polymers 
dependent on the strain rate is numerically predicted. In addition, the validity of this model in 
three-dimensional condition is discussed through three-dimensional FE analyses. 

Chapter 10 summarizes the conclusions obtained in this study. 
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Fig. 1.2 Finite element meshes for side impact simulation (Provided by Nissan
Motor Co.,Ltd).
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(a) Low strain rate (b) High strain rate

Fig. 1.5 Morphology of craze dependent on strain rate.
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1.9)

5 Hasan-Boyce (1.8)

Kocks (108)

(1.9) Eyring [ A.9]

γ̇p = γ̇0 exp
(
−
ΔFf
kB θ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1.10)

γ̇p γ̇0 ΔF f
τ

ΔFf = ΔF0
{
1 −

(
τ

τ0

)p}q
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1.11)

ΔF0 τ0 p q
p = 5/6 q = 1 p = 1 q = 1
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Δυτ = ΔF0/τ0 (1.10)
[ A.9] p q

(22) (3) p q Pan–Rice

p q
5.3.3 p q

p = 1 q = 1
p q
Kocks (1.11)

Duckett (109)(110)

V = 	c exp
(
−
ΔF − τΔυτ − σmΔυm

kB θ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1.12)

σm ≡ (1/3)trT Δυτ Δυm

(1.12) σm σm

(1.12)
5 (1.10)

(1.12)

1.4

2

FEM

1.4.1

1.14

1.3.7

(1)
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(2)

(3)

1.4.2 FEM

FEM
(1) (3)

(4)
PMMA

PP

(1)

Inelasticity

Isotropic Linear Elasticity

Elasticity

Crystal Plasticity Theory

Molecular Chain Plasticity Theory

Anisotropy of Inelasticity

Orientation of molecular chains.

+

Eyring’s Chemical Kinetics

Scalar Values of Inelasticity

Dependence of strain rate.
Dependence of temperature.
Craze evolution equation.

...

Homogeization Method

Multiscale analysis coupling microstructure and macrostructure.

Fig. 1.14 Mechanical models for polymers employed in this study.
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(2) –

(3) PP
PP

(4)

1.5

1.15
[ A.10]

–

FEM
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Governing Equation in Continuum Mechanics

Homogenization Method [Chapter 7]

Discretization by FEM [Chapter 8]

Conservation Laws Principle of Virtual Work

Balance Equations

Equivalent

Material Property
Kinematics

(Configurations)

Stiffness Equations for Finite Element Analysis

[Chapter 3]

[Chapter 2]

Constitutive Equation
[Chapter 4]

Material Response Law
[Chapter 5] Craze Evolution

Equation [Chapter 6]

Microscopic and Macroscopic

Fig. 1.15 Derivation of governing equation of baundary value problem.

2

3

4

Clausius-Duhem Green-Zerna(111)

2

(112)
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(90)

5

Hasan-Boyce (22)

Hasan-Boyce
Eyring

Pan–Rice (113) Eyring (108)

Eyring
Pan–Rice

6

7

(67)

8
– FEM

–

9
FEM

PMMA
PP

PP
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FEM

10

1.6

2

ai bi ci · · · Ai j Bi j Ci j · · ·

2

: A B , Aik Bk j
: A · B , Ai j Bi j
: A × B , e jlm Ail Bmk
: A ⊗ B , Ai j Bkl

2 : e · · A , ei jk Ak j
: A : B , Ai jkl Bkl
: A : B , Ai jmn Bmnkl

: ∇ , ,i
: grad A , Ai j,k
: div A , Ai j, j
: curl A , e jkl Ail,k

( ),i xi ei jk
1 2 1 1 3
3∑
j=1
Ai j b j = Ai j b j

3∑
j=1

2 1 Isoclinic ( 2 )
ℵ

: ℵ(I)
1 : ℵ(M)

Isoclinic : ℵ(m)
: ℵ
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2

Shizawa-Zbib(95) 4 2
4
2

Shizawa-Zbib(95)

(61)

2.1

2.1

F

Initial configuration Current configuration

dx

dx ( )I

Fig. 2.1 Initial configuration and current configuration.
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2.1

3 Updated Lagrange
1 1

dx = Fdx(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.1)

dx dx(I) ( )(I)
F

F =
∂ x
∂ x(I)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.2)

� x(I) ( )
x = x(x(I), t)

� ≡
(
∂ x
∂ t

)
x(I)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.3)

(2.3) ℵ ℵ̇
Dℵ/Dt � L

L ≡
∂ �

∂ x
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.4)

F [ B.1]

L = ḞF−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.5)

L(I) = F−1Ḟ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.6)

L = FL(I)F−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.7)

L Descartes D
W

L = LS + LA = D +W . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.8)

Di j ≡ L(i j) =
1
2
(Li j + Lji) =

1
2

(
∂ �i
∂ x j
+
∂ � j

∂ xi

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.9)

Wij ≡ L[i j] =
1
2
(Li j − Lji) =

1
2

(
∂ �i
∂ x j
−
∂ � j

∂ xi

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.10)

( )S ( )(i j) 2 ( )A ( )[i j] 2

2

dx · dx − dx(I) · dx(I) = Fdx(I) · Fdx(I) − dx(I) · dx(I)

= (FTF − I) · dx(I) ⊗ dx(I)
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= 2E(I) · dx(I) ⊗ dx(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.11)

E(I) ≡
1
2
(FTF − I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.12)

E(I) Lagrange Green (2.11)

dx · dx − dx(I) · dx(I) = dx · dx − F−1dx · F−1dx

= (I − F−TF−1) · dx ⊗ dx

= 2E · dx ⊗ dx . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.13)

E ≡
1
2
(I − F−TF−1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.14)

E Euler Almansi (2.12)
(2.14) E E(I)

E = F−TE(I)F−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.15)

2.2

2.2.1

2.2
(2.2)

F = F ∗F i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.16)

dxF

Initial configuration Current configuration

dx ( )I

i
F

Intermediate configuration

dx ( )M

*
F

Fig. 2.2 Decomposition of deformation gradient into elastic and inelastic components.
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F ∗ F i (2.16) Lee
(114) (2.16)

dx = F ∗dx(M), dx(M) = F idx(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.17)

( )(M)

3

2.2.2 2

3 F
Shizawa-Zbib(95) 2

4 2
2

2

4

(2.16)
2 2

4

(a)

4 2.3(a)

F = χUχ = χU eχU
i
χ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.18)

(2.18) F Uχ χ

Uχ U iχ U eχ

dx = χdx(m′), dx(m′) = U eχdx(M′), dx(M′) = U iχdx(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.19)

( )(M′) ( )(m′) 1
2 2 2 ℵ

ℵ(m′) ℵ ℵ(m′) = χTℵχ ℵ(m′)

ℵ̇(m′) = χT
	

ℵ χ ,
	

ℵ ≡ ℵ̇ −Ωχℵ + ℵΩχ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.20)
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Table 2.1 Classification of material independent spin.

F = Uχ χ Ωχ Name of spin Name of Objective rate

F = U R ṘRT Green–Naghdi spin Green rate

F = UQ Q Q̇QT Euler spin Hill rate

F = UW RW ṘWRTW =W Continuum spin Jaumann rate

(2.20)
	

ℵ ℵ [ B.2]
Ωχ Ωχ

χ

2.1 U F
Q RW W

2.1 Jaumann rate
W (2.10)

Cauchy T Jaumann
	

T
◦

T

(b)

4 2.3(b)

F = F ∗F i = R ∗Û eF i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.21)

(2.21) F (2.16) F ∗

Û e R ∗

2.3(b) 2 Isoclinic (115)

dx = R ∗dx(m), dx(m) = Û edx(M), dx(M) = F idx(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.22)

( )(M) ( )(m) 1 2
R ∗Û e F ∗

R ∗ (Ḟ ∗F ∗ −1)A ≡ Ṙ ∗R ∗T

(Ḟ ∗F ∗ −1)A =
[
(R ∗Û e)· (R ∗Û e)−1

]
A

= Ṙ ∗R ∗T + R ∗( ˙̂U eÛ e−1)AR ∗T ≡ Ṙ ∗R ∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.23)

Û e

( ˙̂U eÛ e−1)A = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.24)

˙̂U eÛ e−1

Û e 2
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F

e

χ
U

χ
i

χ
U

Initial configuration Current configuration

1st intermediate configuration 2nd intermediate configuration

(a) Configurations with material independent spin

F

e
Û



R

i
F

Initial configuration Current configuration

1st intermediate configuration 2nd intermediate configuration

(b) Configurations with material dependent spin

( Isoclinic configuration )

*
F

χ
U

dx ( )I

dx ( )I

dx

dx

dx ( ’)M

dx ( )M

dx ( ’)m

dx ( )m

Fig. 2.3 Decomposition of deformation gradient into rotation, elastic and inelastic
components with material independent spin or material dependent spin.
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W ∗ ≡ W −W i = Ṙ ∗R ∗T (95) W ∗ (Substructure )
2 2 ℵ ℵ(m) ℵ

ℵ(m) = R ∗Tℵ R ∗ ℵ(m)

ℵ̇(m) = R ∗T
	

ℵ R ∗ ,
	

ℵ ≡ ℵ̇ −W ∗ℵ + ℵW ∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.25)

(2.25)
	

ℵ Mandel–Kratochvil (116)(117)[ B.2]
2 W ∗

W ∗ = W −W i W i

W W ∗

W i

Dafalias(118)
(119)

4 2.3(b)

2.3 4

2.3(b) 4
2

2.3(a) 4 R ∗ → χ Û e → U eχ
F i → U iχ ( )(M) → ( )(M′) ( )(m) → ( )(m′)

2.3.1

(2.12) 2
1 dx(M)

2E(I) · dx(I) ⊗ dx(I) = dx · dx − dx(I) · dx(I)
= (dx · dx − dx(M) · dx(M)) + (dx(M) · dx(M) − dx(I) · dx(I))

= (F ∗dx(M) · F ∗dx(M) − dx(M) · dx(M)) + (F idx(I) · F idx(I) − dx(I) · dx(I))

= 2E e(M) · dx(M) ⊗ dx(M) + 2E
i
(I) · dx(I) ⊗ dx(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.26)

E e(M) ≡
1
2
(F ∗TF ∗ − I) =

1
2
(Û eT Û e − I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.27)

E i(I) ≡
1
2
(F iTF i − I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.28)

2.3(b) 1 Green E i(I)
1 Green E e(M)
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(2.27) (2.28) (2.12) (2.27) (2.28)

Ė e(M) =
1
2
( ˙̂U eT Û e + Û eT ˙̂U e) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.29)

Ė i(I) =
1
2
(Ḟ iTF i + F i T Ḟ i) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.30)

(2.15) (2.21) F

E = R ∗E(m)R ∗T = R ∗(Û e−TE(M)Û e−1)R ∗T = R ∗Û e−T (F i−TE(I)F i−1)Û e−1R ∗T . . . . . . . . . . . . . . . . . (2.31)

(2.31)

2.3.2

(a)

(2.5) L (2.21) F

L = ḞF−1

= (R ∗Û eF i)·(R ∗Û eF i)−1

= Ṙ ∗R ∗T + R ∗ ˙̂U eÛ e−1R ∗T + R ∗Û e Ḟ iF i−1Û e−1R ∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.32)

(2.32) L ∗ L e

L i [ B.3]

L ∗ ≡ Ṙ ∗R ∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.33)

L e ≡ R ∗ ˙̂U eÛ e−1R ∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.34)

L i ≡ R ∗Û eḞ iF i−1Û e−1R ∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.35)

(2.7) (2.21) F

L ≡ R ∗L(m)R ∗T = R ∗(Û eL(M)Û e−1)R ∗T = R ∗Û e(F iL(I)F i−1)Û e−1R ∗T . . . . . . . . . . . . . . . . . . . . . . (2.36)

(95) (2.36)

(b)

(2.34) D e (2.37)
2 D e(m) (2.37) (2.36) (2.38)

D e = (L e)S = (R ∗ ˙̂U eÛ e−1R ∗T )S = R ∗ ˙̂U eÛ e−1R ∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.37)

D e(m) = (L
e
(m))S =

˙̂U eÛ e−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.38)



2.3. 4 33

(2.24) ˙̂U eÛ e−1

(2.35) D i (2.39)
2 1 D i(m) D i(M) (2.39)

(2.36) (2.40) (2.41)

D i = (L i)S = (R ∗Û eḞ iF i−1Û e−1R ∗T )S = R ∗(Û eḞ iF i−1Û e−1)S R ∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.39)

D i(m) = (L
i
(m))S = (Û

eḞ iF i−1Û e−1)S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.40)

D i(M) = (L
i
(M))S = (Ḟ

iF i−1)S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.41)

2.3.3

2.3.1 2.3.2

[ B.4] 2 1 (2.29)
(2.38)

D e(m) =
˙̂U eÛ e−1

=
1
2
(Û e−T ˙̂U eT + ˙̂U eÛ e−1)

=
1
2
(Û e−T ˙̂U eT Û eÛ e−1 + Û e−T Û eT ˙̂U eÛ e−1)

=
1
2
Û e−T ( ˙̂U eT Û e + Û eT ˙̂U e)Û e−1

= Û e−T Ė e(M)Û
e−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.42)

(2.37) (2.38) (2.42)

D e = R ∗D e(m)R
∗T = R ∗Û e−T Ė e(M)Û

e−1R ∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.43)

2.3.4

Û e 2 Û e = I
Û e Û e = I

R ∗

R ∗ (2.31) 2
E(m) Ė(m) 1 E(M) Ė(M)

(2.44) (2.36) 2 L(m)
D(m) 1 L(M) D(M) (2.45)

E(m) = Û e−TE(M)Û e−1 ≈ E(M) , Ė(m) = (Û e−TE(M)Û e−1)· ≈ Ė(M) . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.44)
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L(m) = Û eL(M)Û e−1 ≈ L(M) , D(m) = (Û eL(M)Û e−1)S ≈ D(M) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.45)

(2.44) (2.45)

2.3.5

2.3.4 (2.43) (2.46)

D e = R ∗D e(m)R
∗T ≈ R ∗Ė e(M)R

∗T ≈ R ∗Ė e(m)R
∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.46)

(2.46)

D e ≈
	

Ee , D e(m) ≈ Ė
e
(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.47)

	

Ee E e Mandel–Kratochvil
	

Ee ≡ Ė e −W ∗E e + E eW ∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.48)

(2.47) 2 Mandel–Kratochvil
2

E e(m) [ B.5]
2

2

2.4

(120)

2.4
σ εe, σ ∗

εe
∗

ω

S S ∗

S ∗ = (1 − ω)S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.49)

F

σ∗ =
F
S ∗
=

F
(1 − ω)S

=
σ

(1 − ω)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.50)

(2.50) σ∗

σ∗ (91)
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εe
∗

εe

εe
∗
=
σ∗

E0
=

σ

(1 − ω)E0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.51)

εe =
σ

E
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.52)

E0 E

Lemaitre (91) 2.51) (2.52)

σ

E
=

σ

(1 − ω)E0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.53)

(2.53)

E = (1 − ω)E0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.54)

E
E0 (1 − ω) .

[ A.5](11)

2.3.5 2 4
2 2.4

4 2

2nd intermediate configuration



R

(a) Pseudo undamaged configuration

e
Û

(b) Damaged configuration

Damage

S � E0
, ,* *

� : Fraction of damage
per unit area

S � E, ,

Fig. 2.4 Configurations with damage.
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2.5
(61)

4

(3)

2.5.1

(a)

α

m(α) s(α)

(a) Chain slip

(b) Transverse slip

(100)[001] (010)[001] (110)[001] (110)[001]

(100)[010] (010)[100] (110)[110] (110)[110]

b

a

c

c axis : molecular chain direction

s
(1)

m
(1)

� = 1 � = 2 � = 3 � = 4

� = 5 � = 6 � = 7 � = 8

Fig. 2.5 Slip planes and slip systems in crysalline phase.
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( )(α) α

c
2.5 4 (Chain slip) 4 (Transverse

slip) 8 (79)(90)

HDPE PP (71)

PP PP HDPE 2.5
m(α) s(α)

P(α) ≡ s(α) ⊗ m(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.55)

(1.4)

τ(α) ≡ s(α) · (Tm(α) ) = T · (s(α) ⊗ m(α))S = T · P(α)S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.56)

(2.56) Cauchy T [ C.1.3]

(b)

1
(45)

(3)

(3) (74)

8 1 8 [ 2.6(a)]
(b) 4

4
1 8 4

s
(   )�

m
(   )�

t
(   )

Slip plane

Slip directionSlip direction m
(   )�

s
(   )�

t
(   )��

Entangled point

(b) Slip system(a)  Modified eight-chain model

Fig. 2.6 Model of internal structure around entanglement in glassy phase(3).
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2
2

2.6 8
8

P(α) Q(α)

P(α) ≡ s(α) ⊗ m(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.57)

Q(α) ≡ s(α) ⊗ s(α) + m(α) ⊗ m(α) + t(α) ⊗ t(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.58)

P(α)

Q(α) s(α)

m(α)

t(α) t(α) = s(α) × m(α)

P(α)

τ(α) = T · P(α)S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.59)

2.5.2

(a)

L i(I)
γ̇(α)

L i(I) ≡
∑
α

γ̇(α) s(α)(I) ⊗ m
(α)
(I) =

∑
α

γ̇(α) P(α)(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.60)

(2.36) (2.60)

L i(M) =
∑
α

γ̇(α)F is(α)(I) ⊗ m
(α)
(I) F

i−1 =
∑
α

γ̇(α)s(α)(M) ⊗ m
(α)
(M) =

∑
α

γ̇(α)P(α)(M) . . . . . . . . . . . . . . . . . . . . . . . . . . (2.61)

L i(m) =
∑
α

γ̇(α)Û es(α)(M) ⊗ m
(α)
(M)Û

e−1 =
∑
α

γ̇(α)s(α)(m) ⊗ m
(α)
(m) =

∑
α

γ̇(α)P(α)(m) . . . . . . . . . . . . . . . . . . . . . . . . . . (2.62)

L i =
∑
α

γ̇(α)R ∗s(α)(m) ⊗ m
(α)
(m)R

∗T =
∑
α

γ̇(α)s(α) ⊗ m(α) =
∑
α

γ̇(α)P(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.63)

s(α) = R ∗s(α)(m) = R
∗Û es(α)(M) = R

∗Û eF is(α)(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.64)

m(α) = R ∗m(α)(m) = R
∗Û e−Tm(α)(M) = R

∗Û e−TF i−Tm(α)(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.65)

F i

(2.64) (2.65)

s(α) = R ∗s(α)(m) ≈ R
∗s(α)(M) = R

∗s(α)(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.66)
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m(α) = R ∗m(α)(m) ≈ R
∗m(α)(M) = R

∗m(α)(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.67)

(2.66) (2.67)
2.3.4 Û e

2 (2.66) (2.67)
Û e 1 Û e = I

s(α) = R ∗Û es(α)(I) = F
∗s(α)(I)

(61)(77)

s(α) = F ∗s(α)(I) (2.66)

(2.66) (2.67)

D i W i L i

D i W i

D i =
∑
α

γ̇(α)P(α)S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.68)

W i =
∑
α

γ̇(α)P(α)A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.69)

P(α)S P(α)A

P(α)S =
1
2

(
s(α) ⊗ m(α) + m(α) ⊗ s(α)

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.70)

P(α)A =
1
2

(
s(α) ⊗ m(α) − m(α) ⊗ s(α)

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.71)

P(α)S Schmid (2.68) (2.69)
γ̇(α)

γ̇(α)

5

(b)

L i(I)
γ̇(α) ε̇ i(α)m [

B.6]

L i(I) ≡
∑
α

[
γ̇(α) s(α)(I) ⊗ m

(α)
(I) + ε̇ i(α)m

(
s(α)(I) ⊗ s

(α)
(I) + m

(α)
(I) ⊗ m

(α)
(I) + t

(α)
(I) ⊗ t

(α)
(I)

)]

=
∑
α

(
γ̇(α) P(α)(I) + ε̇ i(α)m Q(α)(I)

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.72)

Q(α)(I) I [ B.7] Q(α)(I)
(2.36) (2.61) (2.63)

L i(M) =
∑
α

F i
(
γ̇(α) P(α)(I) + ε̇ i(α)m Q(α)(I)

)
F i−1 =

∑
α

(
γ̇(α)P(α)(M) + ε̇ i(α)m Q(α)(M)

)
. . . . . . . . . . . . . . . . . . . . . . . . (2.73)

L i(m) =
∑
α

Û e
(
γ̇(α) P(α)(M) + ε̇ i(α)m Q(α)(M)

)
Û e−1 =

∑
α

(
γ̇(α)P(α)(m) + ε̇ i(α)m Q(α)(m)

)
. . . . . . . . . . . . . . . . . . . . . . . (2.74)
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L i =
∑
α

R ∗
(
γ̇(α) P(α)(m) + ε̇ i(α)m Q(α)(m)

)
R ∗T =

∑
α

(
γ̇(α)P(α) + ε̇ i(α)m Q(α)

)
. . . . . . . . . . . . . . . . . . . . . . . . . . (2.75)

(2.64) (2.65)

R̂ i(α) =
∏
β�α
R̂ i(β) 2.5.2 (a)

s(α) = R ∗s(α)(m) ≈ R
∗s(α)(M) = R

∗ R̂ i(α)s(α)(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.76)

m(α) = R ∗m(α)(m) ≈ R
∗m(α)(M) = R

∗R̂ i(α)m(α)(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.77)

(2.76) (2.77) 2.5.3
(2.76) (2.77) [ B.7]

D i W i (2.75)

D i =
∑
α

(
γ̇(α)P(α)S + ε̇ i(α)m Q(α)

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.78)

W i =
∑
α

γ̇(α)P(α)A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.79)

(2.78) (2.79) [ (2.68)]
[ (2.69)]

∑
α ε̇

i(α)
m Q(α)

ε̇ i(α)m

(2.68)

2.5.3

(a)

(2.66) (2.67) 2.7(a)
F i 2 R ∗

1 2
s(α) m(α)

W ∗ =W −W i

ṡ(α) =W ∗ s(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.80)

ṁ(α) =W ∗ m(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.81)

(2.80) (2.81)
[ B.8]

Taylor (121) W ∗ �
∗ ≡ dualW ∗
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�
∗ Δt s(α)(t)

s(α)(t + Δt) ΔR ∗

s(α)(t + Δt) = ΔR ∗ s(α)(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.82)

m(α)(t + Δt) = ΔR ∗ m(α)(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.83)

ΔR ∗

ΔR ∗ = I +
sin ‖� ∗‖Δt
‖� ∗‖Δt

W ∗Δt +
1
2

{
sin(‖� ∗‖Δt/2)
‖� ∗‖Δt/2

}2
(W ∗Δt)2

= I +
sinϕ
ϕ
W ∗Δt +

1 − cosϕ
ϕ2

(W ∗Δt)2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.84)

ϕ ≡ ‖� ∗‖Δt =
√
−tr{(W ∗Δt)2}

2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.85)

s(α) m(α)

2 (122)

(b)

s(α) m(α)

(2.76) (2.77) 2.7(b)
1 1 1

1
2

ṡ(α) = (W −W i(α)) s(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.86)

ṁ(α) = (W −W i(α))m(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.87)

[ B.9] (2.86) (2.87)
(W −W i(α))

(72)

Taylor

s(α)(t + Δt) = ΔR(α) s(α)(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.88)

m(α)(t + Δt) = ΔR(α) m(α)(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.89)

ΔR(α) = I +
sinϕ(α)

ϕ(α)
W ∗(α)Δt +

1 − cosϕ(α)

ϕ(α)
2 (W ∗(α)Δt)2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.90)

ϕ(α) ≡ ‖� ∗(α)‖Δt =
√
−tr{(W ∗(α)Δt)2}

2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.91)
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Fig. 2.7 Rotation of base vectors in crystal plasticity theory and molecular chain
plasticity theory.
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2.6

• [ (2.47)]
[ (2.54)]→ 4
• [ (2.68) (2.69)]→ 4

• [ (2.4) (2.9)]→ 8

• [ (2.10)] [ (2.82)
(2.83) (2.88) (2.89)]→ ( 8.6 )

2.4 4 2
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3

(35)(36)

3

[ C.2]
C.1

4

3.1

2 β(m)

Ψ = Ψ (Ξ
mac[i]
(m) ; Ξ

mic[ j]
(m) ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.1)

A Ψ ≡ ρ0 ψ ψ ρ0

Ξ
mac[i]
(m) (i = 1, 2, · · · ) Ξ

mic[i]
(m) (i = 1, 2, · · · )

; ;
Helmholtz
3

(37)

(123) (3)

(3)
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(3.1)

Ψ = Ψ ( θ, E(m) , p(m) ; Ėi(m) , ω ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.2)

θ E(m) Ėi(m) p(m)
q(m)

p(m) ≡
∫
T
q(m)dt or ṗ(m) ≡ q(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.3)

q(m)
(3.2) Ψ

Ψ̇ ( θ, E(m) , p(m) ; Ėi(m) , ω )

=
∂Ψ

∂ θ
θ̇ +

∂Ψ

∂ E(m)
· Ė(m) +

∂Ψ

∂ p(m)
· ṗ(m) +

∂Ψ

∂ Ėi(m)
· Ëi(m) +

∂Ψ

∂ω
ω̇

= −Hθ̇ + T̃(m) · D(m) − g̃(m) · q(m) + M̃(m) · Ḋi(m) + Ỹω̇ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.4)

(3.4)

−H ≡
∂Ψ

∂ θ
, T̃(m) ≡

∂Ψ

∂ E(m)
, − g̃(m) ≡

∂Ψ

∂ p(m)

M̃(m) ≡
∂Ψ

∂ Ėi(m)
, Ỹ ≡

∂Ψ

∂ω

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.5)

Ã Jacobian J Ã≡ J A H T̃(m) Kirchhoff g̃(m) J
g(m) ≡ ∇(m) θ / θ M̃(m) J

(37) Ỹ J (123)

(3.4) J−1

ρψ̇ = −J−1Hθ̇ + T · D − g · q + M · Ḋi + Yω̇ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.6)

3.2

3.1

∮
A
P̆′s da +

∫
V
P̆′b dv =

∫
V
P̆′ dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.7)

˘( ) A V da dv
P̆′s P̆′b P̆′

P̆′s =
(n)
t · ŭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.8)

P̆′b = ρ f · ŭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.9)
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Constraint condition

Virtual displacemnetV

A

�,

t

( )n

Fig. 3.1 Virtual displacement and boundary condition.

P̆′ = ρ ψ̆ = T · Ĕ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.10)
(n)
t ŭ (3.8) (3.10)
�̆ ŭ

(3.8) (3.10) (3.7)∫
V
T · Ĕ dv =

∮
A

(n)
t · ŭ da +

∫
V
ρ f · ŭ dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.11)

(3.11)

3.3

∮
A
P̆s da +

∫
V
P̆B dv =

∫
V
P̆ dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.12)

P̆s P̆B P̆

P̆s =
(n)
t · �̆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.13)

P̆B = P̆b − P̆I = ρ f · �̆ − ρ �̇ · �̆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.14)

P̆ = ρ
˙̆
ψ |

θ , Ξ
mic[i] = T · D̆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.15)

�̆ P̆b ρ f P̆I ρ �̇

P̆
θ

Ξ
mic[i]
(m) (3.6) (3.15)

(3.13) (3.15) (3.12)∫
V
T · D̆ dv =

∮
A

(n)
t · �̆ da +

∫
V
ρ f · �̆ dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.16)
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�̇ ≈ 0 (3.16) Cauchy T
D

3.4

[ (3.16)]

3.4.1

(3.16)
(3.16)

(F ≈ I, J ≈ 1) (3.16)
∫
V0
T · D̆ dv0 =

∮
A0

(n)
t · �̆ da0 +

∫
V0
ρ0 f · �̆ dv0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.17)

( )0
(3.17) �̆ = 0

(3.17)
∫
V
Ṫ · D̆ dv =

∮
A

(̇n)
t · �̆ da +

∫
V
ρ ḟ · �̆ dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.18)

(3.16) (3.18)

3.4.2 (Total Lagrange )

Total Lagrane
Updated Lagrange 2

Total Lagrange
(3.16)

∫
V0
Π · Grad �̆ dv0 =

∮
A0

(0)
t · �̆ da0 +

∫
V0
ρ0 f · �̆ dv0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.19)

Gradℵ ≡ ∂ℵ/∂x(I) (3.19)

nda = JF−T n0 da0 , dv = J dv0 , ρ0 = Jρ , T = J−1ΠFT ,
(n)
t = Tn ,

(0)
t = Πn0 . . . . (3.20)

Π 1 Piola-Kirchhoff ( ) ˙̆� = 0 (3.19)

∫
V0
Π̇ · Grad�̆ dv0 =

∮
A0

(̇0)
t · �̆ da0 +

∫
V0
ρ0 ḟ · �̆ dv0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.21)

Total Lagrange
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3.4.3 (Updated Lagrange )

(3.21) Total Langarange
(3.21) (3.21)

Π̇ · Grad�̆ = Π̇FT · grad�̆

= Π̇FT · L̆

= J(Ṫ − TLT + TtrL) · L̆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.22)

Π̇FT = J(Ṫ − TLT + TtrL) [ C.3]

π̇ ≡ Ṫ − TLT + TtrL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.23)

¯̇(n)
t da ≡

(̇0)
t da0 (3.22) (3.23) (3.21)

∫
V
π̇ · L̆ dv =

∮
A

¯̇(n)
t · �̆ da +

∫
V
ρ ḟ · �̆ dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.24)

(3.24)
¯̇(n)
t

Updated Lagrange
(0)
t→

(n)
t J→1

(3.24)
∫
V
π̇ · L̆ dv =

∮
A

(̇n)
t · �̆ da +

∫
V
ρ ḟ · �̆ dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.25)

(3.25) Updated Lagrange
π̇ L̆

Updated Lagrange 1 Piola-Kirchhoff (88) (3.25) π̇ (3.23)
Cauchy

Cauchy Jaumann
◦

T = Ṫ −WT + TW π̇

π̇ = Ṫ − TLT + TtrL

=
◦

T +WT − TW − T(D +W)T + TtrL

=
◦

T + (L − D)T − TW − TD + TW + TtrL

=
◦

T − DT − TD + LT + TtrL

=
◦

T − P : D + LT + TtrL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.26)

Pi jkl ≡ δilTk j + Tikδ jl (3.27)
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(3.26) (3.25)
(trL ≈ 0)

∫
V

[
(
◦

T − P : D) · D̆ + (LT) · L̆
]
dv =

∮
A

(̇n)
t · �̆ da +

∫
V
ρ ḟ · �̆ dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3.28)

Updated Lanrange (3.18)
[ 3.2] (3.28)
(3.28)

Cauchy
(3.28)

Total Lagrange Updated Lagrange 3.2

(124)
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(a) Total Lagrangian formulation

(b) Updated Lagrangian formulation

Initial configuration

(Reference configutation)

Current configuration

t0 t t + t= 0 �

�t

dt

t t dt+

Current configuration

(Reference configutation)

Push forward

Pull back

Material derivative

Letting

configuration be current one

reference

Fig. 3.2 Two-type Lagrangian formulation of principle of virutal work.
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4

Clausius-Duhem
(35)(36) Clausius-Duhem Green-Zerna(111)

Clausius-Duhem

2

(78) (81)

(3)

(81)

4.1

4.1.1

2 ( )

∫
V
ρ
[i]
γ dv =

D
Dt

∫
V
ρη dv −

{ ∮
A

q
θ
· (− n ) da +

∫
V

ρr
θ
dv

}
≥ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.1)

[i]
γ η

(4.1)

ρ
[i]
γ = ρη̇ −

g · q
θ
+
div q − ρr

θ
≥ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.2)
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4.1.2 Clausius-Duhem

[ (C.14)] (4.2) (θ ≥ 0)
Clausius-Duhem

Φ = ρ θ η̇ − ρ
�̇

ε + T · D − g · q ≥ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.3)

Φ≡ ρ θ
[i]
γ (4.3) J 2

Φ̃ = θ Ḣ −
�̇

U + T̃(m) · D(m) − g̃(m) · q(m) ≥ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.4)

ρ0 H H ≡ ρ0 η
�

U
�

U ≡ ρ0
�

ε

Helmholtz
Legendre

�

Ψ =
�

U − θH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.5)

(4.5) (4.4)

Φ̃ = − (
�̇

Ψ + H θ̇ ) + T̃(m) · D(m) − g̃(m) · q(m) ≥ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.6)

Ψd

Ψd ≡
∫
T
Φ̃ dt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.7)

(4.7)

Φ̃ = Ψ̇ − Ψ̇ ≡ Ψ̇ d ≥ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.8)

(4.8) Ψ̇ (3.4) (4.6)

�̇

Ψ = Ψ̇ − M̃(m) · Ḋi(m) − Ỹω̇ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.9)

(4.9) (4.9)

Clausius-Duhem
(4.9) (4.6)

Φ̃ = − ( Ψ̇ + H θ̇ ) + T̃(m) · D(m) − g̃(m) · q(m) + M̃(m) · Ḋi(m) + Ỹω̇ ≥ 0 . . . . . . . . . . . . . . . . . . . . . . . (4.10)

(St. Venant
) Maxwell

(4.10) D(m) 1
2
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(4.10) D(m)
Gibbs G Legendre

G ≡ Ψ − T̃(m) · Ee(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.11)

Ψ G
(4.10)

Φ̃ = − ( Ġ + H θ̇ ) − ˙̃T(m) · Ee(m) + T̃(m) · D
i
(m) − g̃(m) · q(m) + M̃(m) · Ḋi(m) + Ỹω̇ ≥ 0 . . . . . . . . . . . . (4.12)

Fourier q
q(m)

4.1.3

(4.12) T̃(m) · Di(m)
M̃(m) · Ḋi(m) T̃(m) M̃(m)

(4.12) G

G = G ( θ , θ̇ , T̃(m) , ˙̃T(m) , M̃(m) , ω , ω̇ ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.13)

(125) G

H = H ( θ , θ̇ , T̃(m) , ˙̃T(m) , M̃(m) , ω , ω̇ )
Ee(m) = E

e
(m) ( θ , θ̇ , T̃(m) ,

˙̃T(m) , M̃(m) , ω , ω̇ )
Di(m) = D

i
(m) ( θ , θ̇ , T̃(m) ,

˙̃T(m) , M̃(m) , ω , ω̇ )
Ḋi(m) = Ḋ

i
(m) ( θ , θ̇ , T̃(m) ,

˙̃T(m) , M̃(m) , ω , ω̇ )
Ỹ = Ỹ ( θ , θ̇ , T̃(m) , ˙̃T(m) , M̃(m) , ω , ω̇ )

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.14)

θ ω

(4.14) H Ỹ

H ( θ , θ̇ , T̃(m) , ˙̃T(m) , M̃(m) , ω , ω̇ ) = Hc + Hd (4.15)

Ỹ ( θ , θ̇ , T̃(m) , ˙̃T(m) , M̃(m) , ω , ω̇ ) = Ỹc + Ỹd (4.16)

( )c ( )d

Gibbs
(4.15) (4.16) (4.13) (4.12)

Φ̃ = −
(
Hc +

∂G
∂ θ

)
θ̇ −

⎛⎜⎜⎜⎜⎜⎝ Ee(m) + ∂G
∂ T̃(m)

⎞⎟⎟⎟⎟⎟⎠ · ˙̃T(m) +
(
Ỹc −

∂G
∂ω

)
· ω̇

−

⎛⎜⎜⎜⎜⎜⎜⎝ ∂G∂ θ̇ θ̈ + ∂G

∂
˙̃T(m)
· ¨̃T(m) +

∂G
∂ M̃(m)

· ˙̃M(m) +
∂G
∂ ω̇
· ω̈

⎞⎟⎟⎟⎟⎟⎟⎠
− Hd θ̇ + T̃(m) · Di(m) + M̃(m) · Ḋi(m) + Ỹ

d · ω̇ ≥ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.17)
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(4.13) (4.17) 4 (4.17)

∂G
∂ θ̇
= 0 ,

∂G

∂
˙̃T(m)

= 0 ,
∂G

∂ M̃(m)
= 0 ,

∂G
∂ ω̇
= 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.18)

G

G = G ( θ , T̃(m) , ω ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.19)

Gibbs

(4.19) Hc Ee(m) Ỹc

Hc = Hc ( θ , T̃(m) , ω ) , Ee(m) = E
e
(m) ( θ , T̃(m) , ω ) , Ỹ

c = Ỹc ( θ , T̃(m) , ω ) . . . . . . . . . . . . . . . . . . . . . (4.20)

(4.17) 1 2 3 (4.17)

Hc = −
∂G
∂ θ

, Ee(m) = −
∂G
∂ T̃(m)

, Ỹc =
∂G
∂ω

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.21)

4.1.4

(4.18) (4.21) (4.17)

Φ = −J−1Hdθ̇ + T(m) · Di(m) + M(m) · Ḋi(m) + Y
dω̇ ≥ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.22)

(4.22) J−1 θ̇

[ D.1]

4.2

4.2.1

(4.21)2
G T̃(m) 2

Cayley-Hamilton (126) 3

IT1 ≡ trT̃(m) IT2 ≡ trT̃2(m) IT3 ≡ trT̃3(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.23)

(4.23) IT3
(4.19) G

G = G
(
θ IT1 IT2 , ω

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.24)
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(4.24) (4.21)2

Ee(m) = −
∂G
∂ IT1

∂ IT1
∂ T̃(m)

−
∂G
∂ IT2

∂ IT2
∂ T̃(m)

= a1I + 2a2T̃(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.25)

a1 a2

a1 = a1
(
θ IT1 IT2 , ω

)
≡ −

∂G
∂ IT1

a2 = a2
(
θ IT1 IT2 , ω

)
≡ −

∂G
∂ IT2

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.26)

(4.26) 2 (4.25)
θ = θ0 T̃(m) = 0 (4.26)

a1 = a10 + a11
(
θ − θ0

)
+ a12 trT̃(m) + a13 trT̃2(m)

a2 = a20 + a21
(
θ − θ0

)
+ a22 trT̃(m) + a23 trT̃2(m)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.27)
a10 a20
(4.27) (4.25)

Ee(m) = 0 (4.27)

a10 = a13 = 0 a21 = a22 = a23 = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.28)

(4.28) (4.27) (4.25)

Ee(m) = a11
(
θ − θ0

)
I + a12

(
trT̃(m)

)
I + 2a20 T̃(m)

= αh
(
θ − θ0

)
I −

ν

E
(
trT̃(m)

)
I +

1 + ν
E
T̃(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.29)

αh E ν

T̃(m) = JT(m) (4.29)
J = detF ≈ 1 (4.29)

(4.29) Kirchhoff Cauchy

Ee(m) = αh
(
θ − θ0

)
I −

ν

E
(
trT(m)

)
I +

1 + ν
E
T(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.30)

(4.30)
Cauchy

T(m) = −βh
(
θ − θ0

)
I + λ

(
trEe(m)

)
I + 2μEe(m)

= −βh
(
θ − θ0

)
I + Ce : Ee(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.31)

λ μ Lamé Ce 4
βh E ν K

λ =
νE

(1 + ν)(1 − 2ν)
, μ =

E
2(1 + ν)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.32)
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K = λ +
2
3
μ, βh = 3Kαh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.33)

Cei jkl ≡ λ δi j δkl + 2 μ δik δ jl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.34)

De (4.34)

Cei jkl ≡ λ δi j δkl + μ (δik δ jl + δil δ jk) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.35)

Ce 21 [ D.2]

Cei jkl = C
e
jikl = C

e
i jlk = C

e
kli j . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.36)

(4.31)

T(m) = Ce : Ee(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.37)

2

4.2.2

4.2.1 E

E0
(4.37)

2.4 E
E0 [ (2.54)] (4.37) Ce

ω

Ce =
(
1 − ω

)
Ce0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.38)

Ce0 4 Lamé λ0 μ0

Ce(0)i jkl ≡ λ0 δi j δkl + 2 μ0 δik δ jl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.39)

(4.38) (4.37)

T(m) =
(
1 − ω

)
Ce0 : E

e
(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.40)

(4.40)
(4.40)

Ṫ(m) =
(
1 − ω

)
Ce0 : Ė

e
(m) +

(
1 − ω

)·Ce0 : Ee(m)
=

(
1 − ω

)
Ce0 : Ė

e
(m) − ω̇C

e
0 : E

e
(m)

=
(
1 − ω

)
Ce0 : Ė

e
(m) −

ω̇

1 − ω
T(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.41)

(2.47) (4.41)
	

T =
(
1 − ω

)
Ce0 : D

e −
ω̇

1 − ω
T

= Ce : De −
ω̇

1 − ω
T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.42)
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4.3

(78) Taylor (77)

2.5.3

4.3.1

(4.42)
Hill [ D.3]

[ (4.42)] De Di

	

T = Ce : De −
ω̇

1 − ω
T

= Ce : ( D − Di ) −
ω̇

1 − ω
T

= Ce : D − Ce : Di −
ω̇

1 − ω
T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.43)

2.5.2 Di [ (2.78)]
ε̇i(α)m � γ̇(α) ε̇i(α)m (4.43)

	

T = Ce : D − Ce :
⎛⎜⎜⎜⎜⎜⎝∑

α

γ̇(α) P(α)S

⎞⎟⎟⎟⎟⎟⎠ − ω̇

1 − ω
T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.44)

	

T
	

T ≡ Ṫ − W∗ T + TW∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.45)

Mandel-Kratochvil W∗ (2.79)

W∗ =W − Wi

=W −
∑
α

γ̇(α) P(α)A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.46)

(Substructure )
Upatated Lagrange [ (3.28)]
[ (4.44)] Cauchy Mandel-Kratochvil

	

T Jaumann
◦

T
Jaumann

◦

T W

◦

T = Ṫ −WT + TW . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.47)
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Mandel-Kratochvil
	

T Jaumann
◦

T Wi

	

T = Ṫ −W∗T + TW∗

= Ṫ − (W −Wi)T + T(W −Wi)

=
◦

T + (WiT − TWi) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.48)

(4.48) 2 3 (2.79)

WiT − TWi =
∑
α

γ̇(α)β(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.49)

β(α)

β(α) ≡ P(α)A T − TP
(α)
A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.50)

(4.49) (4.48)

	

T =
◦

T +
∑
α

γ̇(α)β(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.51)

(4.51) (4.43) γ̇(α)

◦

T = Ce : D − Ce :
⎛⎜⎜⎜⎜⎜⎝∑
α

γ̇(α)P(α)S

⎞⎟⎟⎟⎟⎟⎠ −∑
α

γ̇(α)β(α) −
ω̇

1 − ω
T

= Ce : D −
∑
α

γ̇(α)Ω(α) −
ω̇

1 − ω
T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.52)

Ω(α)

Ω(α) ≡Ce : P(α)S + β
(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.53)

(4.52) Jaumann γ̇(α)

Jaumann (4.52) Mandel-Kratochvil
(4.44)

(4.52) γ̇(α)

5 Hasan-Boyce

4.3.2

8 4

1 8 ( )
8

[ 4.1]
1
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(a) Glassy polymer (b) Poly-crystal

: Constant value for all entangled pointsD

: Number of entangled pointsNg : Number of grains

: Constant value for all grainsD

Ng

Entangled point Crystal grain

Fig. 4.1 Correspondence of poly-entangled point model and extended Taylor model.

Taylor (63) Sachs (64)

(65) Asaro-Needleman(77)

Taylor (122)

D D[k]

D = D[k] ( )[k] k
8

T̂ =
1
Ng

Ng∑
k=1
T[k] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.54)

Â A Ng 1

Jaumann
◦

T̂

◦

T̂ =
1
Ng

Ng∑
k=1

◦

T[k]

=
˙̂T −WT̂ + T̂W . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.55)

(4.52) k

◦

T[k] = Ce[k] : D −
∑
α

γ̇(α)[k]Ω(α)[k] −
ω̇[k]

1 − ω[k]
T[k] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.56)

Ce[k] =
(
1 − ω[k]

)
Ce0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.57)

D
(4.56) Ng
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◦

T̂ =

⎛⎜⎜⎜⎜⎜⎜⎝ 1Ng
Ng∑
k=1
Ce[k]

⎞⎟⎟⎟⎟⎟⎟⎠ : D − 1
Ng

Ng∑
k=1

⎛⎜⎜⎜⎜⎜⎝∑
α

γ̇(α)[k]Ω(α)[k] +
ω̇[k]

1 − ω[k]
T[k]

⎞⎟⎟⎟⎟⎟⎠ . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.58)
Taylor

Taylor

4.3.3

(3)

8

FEM
Θ

s 2
s

s =

∑
k

∑
α
s(α)[k]∥∥∥∥∥∥∑k ∑

α
s(α)[k]

∥∥∥∥∥∥
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.59)

s(α)[k] s

ŝ =
1

NsNg

∑
k

∑
α

s · s(α)[k] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.60)

Θ Ns 1
(4.60) ŝ 1 ŝmin

ϑ =
ŝ − ŝmin
1 − ŝmin

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.61)

1

(4.61) ŝmin s(α)[k]

4.2 3
(a)x1 (b)x2 (c)x3



4.3. 61

x1x3

x2

(b)

x1x3

x2

(a)

x1x3

x2

(c)

Fig. 4.2 Most isotropic state of base vectors in three-dimensional space.

4.2
[ D.4]

4.2(b) s

{
s

}
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0
1
0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.62)
(4.62) 4.2(b) x2

(4.62)

ŝ =
1
π2

∫ π

0

∫ π

0
s · s(φ1, φ2)dφ2φ1 =

1
π2

∫ π

0

∫ π

0
(sin φ1 sin φ2)dφ2φ1 =

4
π2
. . . . . . . . . . . . . . . . . . . . . . . . (4.63)

(4.63) ŝ ŝ ŝmin
Θ s

(1) s(α)[k]

(2) s(α)[k] x1
s(α)[k] → −s(α)[k]

(3) (4.59) s
(4) (4.60) (4.61) Θ ŝmin (4.63)

(5) s Θ sx1 Θx1

(6) (2) (5) 2 (2) (5) x1 x2
x3

(7) Θxi Θ sxi

s

FEM
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4.4

4.3

(81)

2.5.3

4.4.1

4.2.2 [ (4.42)]
ω = 0 4.3.1
	

T = Ce0 : D
e

= Ce0 : D − C
e
0 : D

i

= Ce0 : D − C
e
0 :

⎛⎜⎜⎜⎜⎜⎝∑
α

γ̇(α) P(α)S

⎞⎟⎟⎟⎟⎟⎠ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.64)

4.3.1 Mandel-Kratochvil
	

T Jaumann
◦

T

◦

T = Ce0 : D − C
e
0 :

⎛⎜⎜⎜⎜⎜⎝∑
α

γ̇(α) P(α)S

⎞⎟⎟⎟⎟⎟⎠ − ∑
α

γ̇(α) β(α)

= Ce0 : D −
∑
α

γ̇(α)Ω0
(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.65)

Ω0
(α) ≡Ce0 : P

(α)
S + β

(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.66)

Inextensibility

Glassy phase

Slip direction

m

(1)

s

(1)

Crystalline phase

Fig. 4.3 Schematic diagram of inextensiblity and chain slip in crystalline phase.
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Hill
[ (4.52)] ω = 0 (4.65)

4.4.2

Dc
[ (4.66)] Dc

Dc =
∂ u̇c
∂ xc

=
∂ x
∂ xc

∂

∂ x
(u̇ · s(1))

=
∂ x
∂ xc
·
(
∂ u̇
∂ x

)
s(1)

= s(1) · Ls(1)

= (s(1) ⊗ s(1)) · (D +W)

= S(1) · D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.67)

4.4 u̇c u̇c u̇ · s(1) xc
S(1) s(1) 2
S(1) · D = 0 [ (4.65)]

(81)

◦

T = (Ce0 + ψ0 S
(1) ⊗ S(1)) : D −

∑
α

γ̇(α)Ω0
(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4.68)

ψ0 (4.68) Ce S(1) ⊗ S(1)

ψ0

γ̇(α) 5
Pan-Rice Eyring

x2

x1

xc

s
(1)

=u・s
(1)uc

u
・

・ ・

Fig. 4.4 Displacement rate of molecular chain direction in crystalline phase.
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5

4

Hasan-Boyce
(22) Pan-Rice

(113) Eyring (75) Hasan-Boyce
(3) Pan-Rice
Eyring

Eyring Pan-Rice

5.1 Hasan-Boyce

Hasan-Boyce
(22)

5.1.1

Hasan-Boyce

– [ 5.1(a)]

[ 5.1(b)]
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[ 5.1(c)]
[ 5.1(d)] –

[ 5.1(e)] (1.8) Eyring
ΔF0

ϕ(α) γ̇(α)

γ̇(α) = γ̇0H sgn(τ(α))
∫ ∞

0
ϕ(α)(ΔF0)

[
exp

(
−ΔF0{1 − |τ(α)/τ0H|}

kB θ

)

− exp
(
−ΔF0{1 + |τ(α)/τ0H|} + S (α)

kB θ

)]
d ΔF0 . . . . . . . . . . . . . . . . . . (5.1)

γ̇0H ΔF0 τ(α) τ0H

(5.1) S (α)

5.1.2 ϕ(α)(ΔF0) [ E.1.1]

ϕ(α)(ΔF0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2A(α)1

exp
(
ΔF0 − a(α)

α(α)

)
sin

(
ΔF0 − a(α)

α(α)

)
(
a(α) ≤ ΔF0 ≤ a(α) +

3πα(α)

4

)
1

2A(α)2
exp

(
−
ΔF0 − a′(α)

α(α)

)
sin

(
ΔF0 − a′(α)

α(α)

)
(
a(α) +

3πα(α)

4
≤ ΔF0 ≤ a(α) +

3πα(α)

2

)
0 (otherwise)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . (5.2)

Decrease in local free volume ( Nonlinear inelastic response )

Increase in local free volume ( Strain softening )

(a) (b) (c)

(d) (e)

Probability of local
shear deformation

Locally stored
strain energy

Strain

S
tr

es
s

(a)

(b)

(c)
(d)

(e)

Macroscopic
yielding

Fig. 5.1 Schematic diagram of stress-strain response corresponding to change in
local shear deformtaion sites(3).
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a(α) α(α) ΔF0 [
E.1.4]

ȧ(α) = − (a(α) − aeq) exp [−ζ exp(−ζγa)]
∑
β

	(β) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.3)

α̇(α) = − (α(α) − αeq)
∑
β

	(β) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.4)

aeq αeq a(α) α(α) ζ γa =
∑
α
γ(α) 	(α)

	0

	(α) = 	0

∫ ∞

0
ϕ(α)(ΔF0)

∣∣∣∣∣∣ exp
(
−ΔF0{1 − |τ(α)/τ0H|}

kB θ

)

− exp
(
−ΔF0{1 + |τ(α)/τ0H|} + S (α)

kB θ

)∣∣∣∣∣∣ d ΔF0 . . . . . . . . . . . . . . . . . . . . . . . . . . (5.5)
(5.1) (5.5)

	(α) =
	0
γ̇0H
|γ̇(α)| . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.6)

(5.2) A(α)1 A(α)2 a′(α)

A(α)1 =
α(α)

2

[
1 +

√
2 exp

{
3π
4

}]
= eπ A(α)2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.7)

a′(α) = a(α) +
πα(α)

2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.8)

Hasan (127) (Position Annihilation Lifetime Spectroscopy)

Hasan-Boyce(22)

5.1.2

Hasan-Boyce(22) S

Ṡ = β1[1 + β2 exp(−β3γp)]τγ̇p − S	 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.9)

β1 β2 β3 τ γp γ(α) 	

(5.6) 	(α) Hasan-Boyce (5.9) 1
τ γ̇p 2

Hasan-Boyce Ṡ S (locally stored transformation
energy)

(5.9)
S

Hasan-Boyce (5.9)

(5.9)
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� 0H0

S
( 

 )
.

�

�
(  )�


5

= 1


5

> 1


5

< 1


4

Fig. 5.2 Dependence of evolution of molecular-chain firiction energy on resolved
shear stress.

S (α)

(5.9) 2

S (α)

Ṡ (α) = β1[1 + β2 exp(−β3 γa)]
∑
β

|τ(β)γ̇(β)| − β4|τ(α)/τ0H|β5S (α)
∑
β

	(β) . . . . . . . . . . . . . . . . . . . . . . . (5.10)

β1 β2 β3 β4 β5 (5.10) 2
5.2 β5 Ṡ (α)

β4 = 1 β5 = 0 β4|τ(α)/τ0H|β5 = 1

5.1.3

(5.1) S (α)

5.3
[ (5.1)] 1.3.7 Eyring

[ 5.3(a)] τ(α) ΔF0τ(α)/τ0H
(i) (ii) [ (b)] (5.1) 2 S (α)

S (α) 5.2
S (α)

ΔF0τ(α)/τ0H S (α) [ (c)]
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(i)

(a)

Reaction coordinate
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Fig. 5.3 Mechanism of nonlinear strain recovery due to change in potential energy barrier.

S (α) (ii) (i)
[ (d)]

5.1.4

1.7
(5.1)

(1.12) Eyring
σ0H = ΔF0/Δυm

γ̇(α) = γ̇0H sgn(τ(α))
∫ ∞

0
ϕ(α)(ΔF0)

[
exp

(
−ΔF0{1 − (|τ(α)/τ0H| + σm/σ0H)}

kB θ

)

− exp
(
−ΔF0{1 + (|τ(α)/τ0H| + σm/σ0H)} + S (α)

kB θ

)]
d ΔF0 . . . . . (5.11)
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σm σ0H

(τ(α)/τ0H) (σm/σ0H)
(5.6) γ̇(α)

(5.5) (5.11)
(5.11) σ0H

σ0H

(5.11)
αp ≡ 1/σ0H (5.11)

γ̇(α) = γ̇0H sgn(τ(α))
∫ ∞

0
ϕ(α)(ΔF0)

[
exp

(−ΔF0{1 − (|τ(α)/τ0H| + αpσm)}
kB θ

)

− exp
(−ΔF0{1 + (|τ(α)/τ0H| + αpσm)} + S (α)

kB θ

)]
d ΔF0 . . . . . . . . (5.12)

(5.12) αp

(5.1) (5.12)

5.1.5

(5.12) ΔF0

(3)

(5.12) 1
∫ ∞

0
ϕ(α)(ΔF0) exp

(−ΔF0{1 − (|τ(α)/τ0H| + αpσm)}
kB θ

)
dΔF0

=
1

2A(α)1

∫ a(α)+(3πα(α))/4

a(α)
exp

(
ΔF0 − a(α)

α(α)

)
exp

(−ΔF0{1 − (|τ(α)/τ0H| + αpσm)}
kB θ

)
sin

(
ΔF0 − a(α)

α(α)

)
dΔF0

+
1

2A(α)2

∫ a(α)+(3πα(α))/2

a(α)+(3πα(α))/4
exp

(
−
ΔF0 − a′(α)

α(α)

)
exp

(−ΔF0{1 − (|τ(α)/τ0H| + αpσm)}
kB θ

)
sin

(
ΔF0 − a′(α)

α(α)

)
dΔF0

=
I(α)1
2A(α)1

+
I(α)2
2A(α)2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.13)

I(α)1 ≡
∫ a(α)+(3πα(α))/4

a(α)
exp

(
ΔF0 − a(α)

α(α)

)
exp

(−ΔF0{1 − (|τ(α)/τ0H| + αpσm)}
kB θ

)
sin

(
ΔF0 − a(α)

α(α)

)
dΔF0 . (5.14)

I(α)2 ≡
∫ a(α)+(3πα(α))/2

a(α)+(3πα(α))/4
exp

(
−
ΔF0 − a′(α)

α(α)

)
exp

(−ΔF0{1 − (|τ(α)/τ0H| + αpσm)}
kB θ

)
sin

(
ΔF0 − a′(α)

α(α)

)
dΔF0 (5.15)

{1 − (|τ(α)/τ0H| + αpσm)} ≡ l(α)1 I(α)1 I(α)2 I(α)1
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I(α)1 =
⎡⎢⎢⎢⎢⎢⎣exp

(
ΔF0 − a(α)

α(α)

)
exp

⎛⎜⎜⎜⎜⎜⎝−ΔF0l(α)1kB θ

⎞⎟⎟⎟⎟⎟⎠ (
−α(α)

)
cos

(
ΔF0 − a(α)

α(α)

)⎤⎥⎥⎥⎥⎥⎦
a(α)+(3πα(α))/4

a(α)

−
∫ a(α)+(3πα(α))/4

a(α)

⎛⎜⎜⎜⎜⎜⎝ 1α(α) − l
(α)
1
kB θ

⎞⎟⎟⎟⎟⎟⎠ exp
(
ΔF0 − a(α)

α(α)

)
exp

⎛⎜⎜⎜⎜⎜⎝−ΔF0l(α)1kB θ

⎞⎟⎟⎟⎟⎟⎠ (
−α(α)

)
cos

(
ΔF0 − a(α)

α(α)

)
dΔF0

= − α(α)
⎡⎢⎢⎢⎢⎢⎣exp

(
ΔF0 − a(α)

α(α)

)
exp

⎛⎜⎜⎜⎜⎜⎝−ΔF0l(α)1kB θ

⎞⎟⎟⎟⎟⎟⎠ cos
(
ΔF0 − a(α)

α(α)

)⎤⎥⎥⎥⎥⎥⎦
a(α)+(3πα(α))/4

a(α)

+

⎛⎜⎜⎜⎜⎜⎝1 − l(α)1 α(α)

kB θ

⎞⎟⎟⎟⎟⎟⎠
⎡⎢⎢⎢⎢⎢⎣exp

(
ΔF0 − a(α)

α(α)

)
exp

⎛⎜⎜⎜⎜⎜⎝−ΔF0l(α)1kB θ

⎞⎟⎟⎟⎟⎟⎠α(α) sin
(
ΔF0 − a(α)

α(α)

)⎤⎥⎥⎥⎥⎥⎦
a(α)+(3πα(α))/4

a(α)

−
⎛⎜⎜⎜⎜⎜⎝1 − l(α)1 α(α)

kB θ

⎞⎟⎟⎟⎟⎟⎠
2

I(α)1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.16)

(5.16) I(α)1

I(α)1 =
α(α)

1 +
[
1 − l(α)1 α(α)/(kB θ)

]2
[
1
√
2

⎛⎜⎜⎜⎜⎜⎝2 − l(α)1 α(α)

kB θ

⎞⎟⎟⎟⎟⎟⎠ exp
(
3π
4

)
exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/4}l(α)1kB θ

⎞⎟⎟⎟⎟⎟⎠
+ exp

⎛⎜⎜⎜⎜⎜⎝−a(α)l(α)1kB θ

⎞⎟⎟⎟⎟⎟⎠
]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.17)

I(α)2

I(α)2 =
α(α)

1 +
[
1 + l(α)1 α(α)/(kB θ)

]2
[
1
√
2

⎛⎜⎜⎜⎜⎜⎝2 + l(α)1 α(α)

kB θ

⎞⎟⎟⎟⎟⎟⎠ exp (
−
π

4

)
exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/4}l(α)1kB θ

⎞⎟⎟⎟⎟⎟⎠
+ exp (−π) exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/2}l(α)1kB θ

⎞⎟⎟⎟⎟⎟⎠
]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.18)

(5.12) 2 1
∫ ∞

0
ϕ(α)(ΔF0) exp

(−ΔF0{1 + (|τ(α)/τ0H| + αpσm)} + S (α)
kB θ

)
dΔF0

=
I(α)3
2A(α)1

+
I(α)4
2A(α)2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.19)

{1 + (|τ(α)/τ0H| + αpσm)} ≡ l(α)2 I(α)3 I(α)4

I(α)3 =
α(α)

1 +
[
1 − l(α)2 α(α)/(kB θ)

]2
[
1
√
2

⎛⎜⎜⎜⎜⎜⎝2 − l(α)2 α(α)

kB θ

⎞⎟⎟⎟⎟⎟⎠ exp
(
3π
4

)
exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/4}l(α)2 + S (α)kB θ

⎞⎟⎟⎟⎟⎟⎠
+ exp

⎛⎜⎜⎜⎜⎜⎝−a(α)l(α)2 + S (α)kB θ

⎞⎟⎟⎟⎟⎟⎠
]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.20)

I(α)4 =
α(α)

1 +
[
1 + l(α)2 α(α)/(kB θ)

]2
[
1
√
2

⎛⎜⎜⎜⎜⎜⎝2 + l(α)2 α(α)

kB θ

⎞⎟⎟⎟⎟⎟⎠ exp (
−
π

4

)
exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/4}l(α)2 + S (α)kB θ

⎞⎟⎟⎟⎟⎟⎠
+ exp (−π) exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/2}l(α)2 + S (α)kB θ

⎞⎟⎟⎟⎟⎟⎠
]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.21)

(5.12)

γ̇(α) = γ̇0H sgn(τ(α))
⎛⎜⎜⎜⎜⎜⎝ I(α)12A(α)1 +

I(α)2
2A(α)2

−
I(α)3
2A(α)1

−
I(α)4
2A(α)2

⎞⎟⎟⎟⎟⎟⎠ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.22)
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5.2 Pan-Rice

5.2.1

Pan-Rice (113)

γ̇(α) = γ̇0P
τ(α)

g(α)

∣∣∣∣∣∣τ
(α)

g(α)

∣∣∣∣∣∣
1
m−1

= γ̇0P sgn(τ(α))
∣∣∣∣∣∣τ
(α)

g(α)

∣∣∣∣∣∣
1
m

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.23)

γ̇0P τ(α) g(α) m .
g(α)

ġ(α) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.24)

5.2.2

Pan-Rice –

(5.23)

γ̇ = γ̇0P

(
τ

g

) 1
m

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.25)

(5.25)

τ = g
(
γ̇

γ̇0P

)m
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.26)

(5.26)
5.4 γ̇0P = 1.00 s−1 g = 10.0MPa 5.4(a)

Pan-Rice
–

m
5.4(b)

∂τ/∂ ln γ̇ ∂ ln τ/∂ ln γ̇

∂τ

∂ ln γ̇
=

∂γ̇

∂ ln γ̇
∂τ

∂γ̇
= γ̇

∂

∂γ̇

[
g
(
γ̇

γ̇0P

)m]
= mτ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.27)

∂ ln τ
∂ ln γ̇

=
∂τ

∂ ln γ̇
∂ ln τ
∂τ
= mτ

1
τ
= m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.28)

5.4(a) (5.27) τ

(b) (5.28) m
∂ ln τ/∂ ln γ̇ Pan-Rice

m
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Fig. 5.4 Change in resolved shear stress with respect to increasing in inelastic
shear strain rate obtained by Pan-Rice strain rate hardening law.

5.2.3 ( )

[ (4.68)] [ (3.28)]
(4.68)

(128)

t t + Δt Δγ(α)

Δγ(α) = γ(α)(t + Δt) − γ(α)(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.29)

Δt (5.29) Δt (128)

Δγ(α) = Δt [(1 − ϑ)γ̇(α)(t) + ϑγ̇(α)(t + Δt)] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.30)

ϑ 0 ≤ ϑ ≤ 1 ϑ = 0 Euler ϑ = 1/2 Crank-Nickolson ϑ = 1
9 ϑ = 1 t+Δt

γ̇(α)(t + Δt) t Taylor 1

γ̇(α)(t + Δt) = γ̇(α)(t) +
(
∂ γ̇(α)

∂ τ(α)

)
t
Δτ(α) +

(
∂ γ̇(α)

∂ g(α)

)
t
Δg(α)

= γ̇(α)(t) +
(
∂ γ̇(α)

∂ τ(α)

)
t
τ̇(α)Δt +

(
∂ γ̇(α)

∂ g(α)

)
t
ġ(α)Δt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.31)

Δτ(α) = τ̇(α)Δt Δg(α) = ġ(α)Δt (5.31) (5.30)

Δγ(α) = Δt γ̇(α)(t) + Δt ϑ
[(
∂ γ̇(α)

∂ τ(α)

)
t
τ̇(α)Δt +

(
∂ γ̇(α)

∂ g(α)

)
t
ġ(α)Δt

]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.32)
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τ(α) = T · P(α)S (4.64)

τ̇(α) =
	

T · P(α)S

=

{
Ce0 : D − C

e
0 : D

i
}
· P(α)S

= Y(α) ·

⎛⎜⎜⎜⎜⎜⎜⎝D −∑
β

γ̇(β)P(β)S

⎞⎟⎟⎟⎟⎟⎟⎠ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.33)
Y(α) ≡ Ce0 : P

(α)
S Di =

∑
β
γ̇(β)P(β)S (5.33) (5.24) (5.32)

Δγ(α) = Δt γ̇(α)(t) + Δt ϑ

⎡⎢⎢⎢⎢⎢⎢⎣
(
∂ γ̇(α)

∂ τ(α)

)
t
Y(α) ·

⎛⎜⎜⎜⎜⎜⎜⎝D −∑
β

γ̇(β)P(β)S

⎞⎟⎟⎟⎟⎟⎟⎠Δt
⎤⎥⎥⎥⎥⎥⎥⎦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.34)

γ̇(α)Δt = Δγ(α) Δγ(α) =
∑
β
δαβΔγ

(β) γ̇(α) ( (5.34) 3 )

∑
β

NαβΔγ(β) = Δt
[
γ̇(α)(t) + Z(α) · D

]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.35)

Nαβ ≡ δαβ + Δt ϑ
[(
∂ γ̇(α)

∂ τ(α)

)
t
Y(α) · P(β)S

]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.36)

Z(α) ≡ Δt ϑ
(
∂ γ̇(α)

∂ τ(α)

)
t
Y(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.37)

(5.35) Δγ(α) Nαβ Mαβ

υ̇(α) ≡
∑
β

Mαβ γ̇
(β)(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.38)

Υ(α) ≡
∑
β

Mαβ Z(β) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.39)

(5.35)

Δγ(α) = Δt (υ̇(α) + Υ(α) · D) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.40)

(5.40) Δt γ̇(α) (4.65)

◦

T = Ce0 : D −
∑
α

γ̇(α)Ω0
(α)

= Ce0 : D −
∑
α

υ̇(α)Ω0
(α) −

∑
α

(Υ(α) · D)Ω0(α)

= Ce0 : D −
∑
α

υ̇(α)Ω0
(α) −

∑
α

(Ω0(α) ⊗ Υ(α)) : D

= Ctan : D −
∑
α

υ̇(α)Ω0
(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.41)
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Ctan

Ctan ≡ Ce0 −
∑
α

(Ω0(α) ⊗ Υ(α)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.42)

D (5.41)
1

Ω0
(α) Υ(α)

Ω0
(α) � Υ(α) Ctan

Ctani jkl = C
tan
jilk � C

tan
kli j FEM

4.4.2 (5.41)

◦

T = (Ctan + ψ0 S(1) ⊗ S(1)) : D −
∑
α

υ̇(α)Ω0
(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.43)

(5.43) (4.68)

(5.36) (5.37)

(
∂ γ̇(α)

∂ τ(α)

)
t
= sgn(τ(α))

γ̇0P

mτ(α)

∣∣∣∣∣∣τ
(α)

g(α)

∣∣∣∣∣∣
1
m

=
γ̇(α)(t)
mτ(α)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.44)

5.3 Eyring

5.3.1

Eyring (75)

γ̇(α) = γ̇0E sgn(τ(α)) exp
(
−ΔF0{1 − |τ(α)/τ0E(α)|}

kBθ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.45)

γ̇0E τ0E
(α) ΔF0

(5.12) Hasan-Boyce τ0E
(α)

τ0E
(α) (5.23) Pan-Rice

g(α)

τ0E
(α) = κg(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.46)

κ Pan-Rice g(α) Eyring τ0E
(α)

5.3.3

5.3.2
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Fig. 5.5 Change in resolved shear stress with respect to increasing in inelastic
shear strain rate obtained by Eyring strain rate hardening law.

5.2.2
(5.45)

γ̇ = γ̇0E exp
(
−ΔF0{1 − τ/τ0E}

kBθ

)
(5.47)

(5.47)

τ = τ0E

[
1 +

kBθ
ΔF0

ln
(
γ̇

γ̇0E

)]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.48)

(5.48)
5.5 γ̇0E = 15.0 ns−1 θ = 293K 5.5(a)

Eyring [
E.3] –

5.5(b)
Pan-Rice Eyring

5.2.2 ∂τ/∂ ln γ̇ ∂ ln τ/∂ ln γ̇

∂τ

∂ ln γ̇
=

∂

∂ ln γ̇

[
τ0E +

kBθτ0E
ΔF0

(ln γ̇ − ln γ̇0E)
]
=
kBθτ0E
ΔF0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.49)

∂ ln τ
∂ ln γ̇

=
∂τ

∂ ln γ̇
∂ ln τ
∂τ
=
kBθτ0E
ΔF0τ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.50)

5.5(a) (5.49) θ

(b) (5.50)
τ 5.2.2

Pan-Rice Eyring
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5.3.3 Eyring

(5.50) Eyring θ

Pan-Rice
Eyring ΔF0 τ0E

Pan-Rice γ̇0P g(α) m
Eyring Pan-Rice

Eyring
5.3.2

5.3.2

∂ ln τ/∂ ln γ̇ (5.28) (5.50)

ΔF0 =
kBθτ0E
mτ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.51)

(5.51) (5.48)

τ0E = τ

[
1 − m ln

(
γ̇

γ̇0E

)]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.52)

(5.52) (5.51) (5.26) (5.53) (5.54)

τ0E = g
(
γ̇

γ̇0P

)m [
1 − m ln

(
γ̇

γ̇0E

)]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.53)

ΔF0 =
kBθτ0E
mg

(
γ̇

γ̇0P

)−m
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.54)

(5.46) (5.53) (5.54) κ

κ =

(
γ̇

γ̇0P

)m [
1 − m ln

(
γ̇

γ̇0E

)]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.55)

ΔF0 = κ
kBθ
m

(
γ̇

γ̇0P

)−m
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.56)

(5.55) (5.56) Pan-Rice γ̇0P m
Eyring κ ΔF0 θ m

γ̇ γ̇0P (5.55)
(5.56) γ̇0E γ̇0E = 15.0 ns−1

Eyring

Eyring
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5.3.4 ( )

5.2.3 Eyring
Eyring

Pan-Rice (5.29) (5.43) 5.2.3
(5.36) (5.37)

(
∂ γ̇(α)

∂ τ(α)

)
t
=

ΔF0
kBθτ(α)

∣∣∣∣∣∣τ
(α)

τ0E

∣∣∣∣∣∣ γ̇0E sgn(τ(α)) exp
(
−ΔF0{1 − |τ(α)/τ0E(α)|}

kBθ

)

=
ΔF0γ̇(α)(t)
kBθτ(α)

∣∣∣∣∣∣τ
(α)

τ0E

∣∣∣∣∣∣ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.57)
(5.57) (5.43) Eyring
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6.1
6.2

6.1

6.3
Hasan-Boyce

6.4 Hasan-Boyce

6.1

Eyring (75)

(103)(105)(106) (105)

n (ρ0 − ρ)

dρ
dt
= n(ρ0 − ρ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.1)

n = A
kBθ
h
exp

(
−
ΔG10 − σΔυ1

kBθ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.2)

ρ t ρ0 A 1.0 h Planck
ΔG10 Δυ1

σ (−σΔυ1)
ρ0 ρ0

ΔF

ΔF = ρ0ΔG10 − θΔS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.3)

ΔS
ρ∗ ρ∗ >> ρ0 ΔS ( ) ΔS = kBρ0[1 − ln(ρ0/ρ∗)]
[ F.1] ΔF [
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F.2]

ρ0 = ρ
∗ exp

(
−
ΔG10 − σΔυ1

kBθ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.4)

(6.1) (6.2) (6.4)

(106)

dl
dt
= δθ exp

(
−
ΔG20 − σΔυ2

kBθ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.5)

l t δ ΔG20
Δυ2

ΔG20

ΔG20 = ΔGc1 + ωc1εc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.6)

ΔG20 = ΔGc2 + ωc2 ln εc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.7)

εc ΔGc1 ΔGc2 ωc1 ωc2

ΔG20 (6.6) ΔG20 (6.7)

6.2

6.1 2
ω̇ ω̇n

ω̇g

ω̇ = ω̇n + ω̇g . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.8)

ω̇n ω̇g

2.4
ω

[ F.3]

ω̇n = ω̇0n exp
(
−
ΔG1
kBθ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.9)

ω̇g = ω̇0g exp
(
−
ΔG2
kBθ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.10)

ΔG1 ΔG2
ωns ωn

ωn

( 6.1) ω̇0n ω̇0g

ω̇0n = nr 〈ωns − ωn〉 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.11)
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Craze nucleation Craze growth

Fig. 6.1 Schematic expression of craze evolution process.

ω̇0g = grωn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.12)

nr gr 〈 〉 Macaulay
(ωns − ωn) 〈ωns − ωn〉 (6.9) ω̇n

ωns (6.4)

ωns = ω
∗ exp

(
−
ΔG1
kBθ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.13)

ω∗ ΔG1
(6.13)

(6.12) (6.13)

ΔG1
ΔG2 ΔF0

ΔG1 ΔG2

ΔGi = fi(γ̇, γ) = CiΔF0(γ̇) − τΔυi + Di(γ/γc)pi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.14)

Di pi (i = 1 − 2) γc Ci
1

Ci (−τΔυi)
Di(γ/γc)pi (6.14)

γ̇ = γ̇r exp
(
−
ΔF0 − τΔυ
kBθ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.15)

γ̇r Δυ (6.15) (5.1)
ϕ(α)

(6.15) (ΔF0 − τΔυ)

ΔF0 − τΔυ = −kBθ ln(γ̇/γ̇r) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.16)
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Fig. 6.2 Dependence of craze evolution on strain rate and strain.

Δυi = CiΔυ (6.16) (6.14)

ΔGi = Ci(ΔF0 − τΔυ) + Di(γ/γc)pi = −kBθ ln(γ̇/γ̇r)Ci + Di(γ/γc)pi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.17)

(6.17) (6.9) (6.10)

ω̇n = ω̇0n(γ̇/γ̇r)C1 exp[−D′1(γ/γc)
p1 ] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.18)

ω̇g = ω̇0g(γ̇/γ̇r)C2 exp[−D′2(γ/γc)
p2 ] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.19)

D′i ≡ Di/(kBθ) (6.18) (6.19) (γ̇/γ̇r)Ci exp[−D′2(γ/γc)
p2 ]

γ̇ γ 6.2 6.2(a)
Ci 1

6.2(b) pi

2

9 (6.18) (6.19)

6.3 Hasan-Boyce

(6.14) ΔF0
Hasan-Boyce ΔF0 ϕ(α) (6.8) (6.14)

ΔF0
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Hasan-Boyce

ω̇(α) = ω̇(α)n + ω̇
(α)
g . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.20)

ω̇(α)n = ω̇
(α)
0n

∫ ∞

0
ϕ(α)(ΔF0) exp

(
−
ΔG1(ΔF0)
kBθ

)
dΔF0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.21)

ω̇(α)g = ω̇
(α)
0g

∫ ∞

0
ϕ(α)(ΔF0) exp

(
−
ΔG2(ΔF0)
kBθ

)
dΔF0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.22)

ω̇(α)0n = nr
〈
ω(α)ns − ω(α)n

〉
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.23)

ω̇(α)0g = grω
(α)
n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.24)

ω(α)ns = ω
∗
∫ ∞

0
ϕ(α)(ΔF0) exp

(
−
ΔG1(ΔF0)
kBθ

)
dΔF0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.25)

ΔGi(ΔF0) = CiΔF0{1 − |τ(α)/τ0H|} + Di(γa/γc)pi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.26)

(6.20) (6.26) (6.8) (6.14)

• α

• ΔF0 ϕ(α)

• Δυ = ΔF0/τ0H |τ(α)/τ0H|

Hasan-Boyce
[ F.4]
(6.21) (6.22)

S (α) (6.21)
(6.22) (6.14) (6.15)

(6.26) τ0H

5.1.4

τ0H

ω ≡
1

NsNg

∑
k

∑
α

ω(α)[k] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.27)

6.4

(6.21) (6.22) (6.25) ΔF0
5.1.5

ω̇(α)n = ω̇
(α)
0n

⎛⎜⎜⎜⎜⎜⎝ K(α)112A(α)1
+
K(α)12
2A(α)2

⎞⎟⎟⎟⎟⎟⎠ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.28)
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ω̇(α)g = ω̇
(α)
0g

⎛⎜⎜⎜⎜⎜⎝ K(α)212A(α)1
+
K(α)22
2A(α)2

⎞⎟⎟⎟⎟⎟⎠ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.29)
ω(α)ns = ω

∗
⎛⎜⎜⎜⎜⎜⎝ K(α)112A(α)1

+
K(α)12
2A(α)2

⎞⎟⎟⎟⎟⎟⎠ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.30)

K(α)11 =
α(α)

1 +
[
1 −C1l′(α)1 α(α)/(kB θ)

]2
[
1
√
2

⎛⎜⎜⎜⎜⎜⎝2 − C1l′(α)1 α(α)

kB θ

⎞⎟⎟⎟⎟⎟⎠ exp
(
3π
4

)
exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/4}C1l′(α)1 − D1(γa/γc)p1kB θ

⎞⎟⎟⎟⎟⎟⎠
+ exp

⎛⎜⎜⎜⎜⎜⎝−a(α)C1l′(α)1 − D1(γa/γc)p1kB θ

⎞⎟⎟⎟⎟⎟⎠
]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.31)

K(α)12 =
α(α)

1 +
[
1 +C1l′(α)1 α(α)/(kB θ)

]2
[
1
√
2

⎛⎜⎜⎜⎜⎜⎝2 + C1l′(α)1 α(α)

kB θ

⎞⎟⎟⎟⎟⎟⎠ exp (
−
π

4

)
exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/4}C1l′(α)1 − D1(γa/γc)p1kB θ

⎞⎟⎟⎟⎟⎟⎠
+ exp (−π) exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/2}C1l′(α)1 − D1(γa/γc)p1kB θ

⎞⎟⎟⎟⎟⎟⎠
]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.32)

K(α)21 =
α(α)

1 +
[
1 −C2l′(α)1 α(α)/(kB θ)

]2
[
1
√
2

⎛⎜⎜⎜⎜⎜⎝2 − C2l′(α)1 α(α)

kB θ

⎞⎟⎟⎟⎟⎟⎠ exp
(
3π
4

)
exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/4}C2l′(α)1 − D2(γa/γc)p2kB θ

⎞⎟⎟⎟⎟⎟⎠
+ exp

⎛⎜⎜⎜⎜⎜⎝−a(α)C2l′(α)1 − D2(γa/γc)p2kB θ

⎞⎟⎟⎟⎟⎟⎠
]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.33)

K(α)22 =
α(α)

1 +
[
1 +C2l′(α)1 α(α)/(kB θ)

]2
[
1
√
2

⎛⎜⎜⎜⎜⎜⎝2 + C2l′(α)1 α(α)

kB θ

⎞⎟⎟⎟⎟⎟⎠ exp (
−
π

4

)
exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/4}C2l′(α)1 − D2(γa/γc)p2kB θ

⎞⎟⎟⎟⎟⎟⎠
+ exp (−π) exp

⎛⎜⎜⎜⎜⎜⎝−{a(α) + (3πα(α))/2}C2l′(α)1 − D2(γa/γc)p2kB θ

⎞⎟⎟⎟⎟⎟⎠
]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.34)

l′(α)1 ≡ {1 − |τ
(α)/τ0H|} (6.20) (6.23) (6.24) (6.28) (6.34)
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7

μm

Ohno (88)

Namamachi (67)

2
1

Namamachi

2

7.1

[ (4.58)] [ (4.68)]

◦

T = CL : D − RL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.1)

◦

T Jaumann CL D
RL D
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(4.58)

CL ≡
1
Ng

Ng∑
k=1
Ce[k], RL ≡

1
Ng

Ng∑
k=1

⎛⎜⎜⎜⎜⎜⎝∑
α

γ̇(α)[k]Ω(α)[k] +
ω̇[k]

1 − ω[k]
T[k]

⎞⎟⎟⎟⎟⎟⎠ . . . . . . . . . . . . . . . . . . . . . . . . . (7.2)
(4.68)

CL ≡ Ce0 + ψ0 S
(1) ⊗ S(1), RL ≡

∑
α

γ̇(α)Ω0
(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.3)

◦

T (4.55) Jaumann
RL = 0 (7.1) Jaumann

(7.1)

(7.3) 5
CL RL (5.43)
[ G.1]

7.2

7.1 x
y

ε

y =
x
ε
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.4)

(7.4) x

∂

∂x
=

∂

∂x
+
1
ε

∂

∂y
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.5)

( )

y1

y2

y3

(a) Macroscopic structure (b) Microscopic structure (c) Unit cell

Y

x1

x2

x3

A

y
i
=

�

_xi

V� ,

t

(  )n

Fig. 7.1 Macroscopic structure with periodical microscopic structure.
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x

f x y( , =    )
�

_x

x=  y�

x

f x y( , =    )
�

_x

x=  y�
0�

Fig. 7.2 Schematic image of averaging principle.

= +

Fig. 7.3 Deformation in unit cell due to macroscopic strain and microscopic disturbance.

Y–

ε ε → 0

Y– ε→ 0

lim
ε→0

∫
V
f
(
x,
x
ε

)
dv =

∫
V

1
Y

∫
Y
f (x, y)dydv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.6)

Y (7.6)
[ 7.2]

� 7.3
�
0

�
†

� = �0 + �† . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.7)
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( )0 ( )†

Y– �
†

L = L0 + L† . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.8)

D = D0 + D† . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.9)

W =W0 +W† . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.10)

[ (C.6)]

divT = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.11)

(7.11)

7.3

7.3.1

(7.1) (3.28) Updated
Lagrange

∫
V

[{
(CLi jkl − Pi jkl)Dkl − R

L
i j

}
D̆i j + (LikTk j) L̆i j

]
dv =

∮
A

(̇n)
t i �̆i da +

∫
V
ρ ḟi �̆i dv . . . . . . . . . . . . . . . . . . . (7.12)

7.3.2

�i ε

�i = �
0
i (xi) + ε

1
�
1
i (xi, yi) + ε

2
�
2
i (xi, yi) + · · · . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.13)

�i Li j Di j (7.5) (7.13)

Li j =
∂ �i
∂ x j
+
1
ε

∂ �i
∂ y j

=
(
L0i j + l

1
i j

)
+ ε1

(
L1i j + l

2
i j

)
+ ε2

(
L2i j + l

3
i j

)
+ · · · . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.14)

Di j =
1
2

[(
∂ �i
∂ x j
+
1
ε

∂ �i
∂ y j

)
+

(
∂ � j

∂ xi
+
1
ε

∂ � j

∂ yi

)]

=
(
D0i j + d

1
i j

)
+ ε1

(
D1i j + d

2
i j

)
+ ε2

(
D2i j + d

3
i j

)
+ · · · . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.15)

(7.14) (7.15)

lki j ≡
∂�ki
∂y j

, Lki j ≡
∂�ki
∂x j

, dki j ≡
1
2

⎛⎜⎜⎜⎜⎜⎝∂�ki∂y j
+
∂�kj

∂yi

⎞⎟⎟⎟⎟⎟⎠ , Dki j ≡ 12
⎛⎜⎜⎜⎜⎜⎝∂�ki∂x j

+
∂�kj

∂xi

⎞⎟⎟⎟⎟⎟⎠ . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.16)
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7.3.3

(7.13) (7.14) (7.15) (7.12)
ε → 0 (7.6)

∫
V

1
Y

∫
Y

[{
(CLi jkl − Pi jkl)(D

0
kl + D

†
kl) − R

L
i j

}
(D̆0i j + D̆

†
i j) +

{
(L0ik + L

†
ik)Tk j

}
(L̆0i j + L̆

†
i j)

]
dydv

=

∮
A

(̇n)
ti �̆0i da +

∫
V
ρ ḟi�̆0i dv . . . . (7.17)

(7.14) (7.15) l1i j d1i j 7.2
(7.17)

L†i j ≡ l
1
i j D†i j ≡ d

1
i j

�̆
0

�̆
†

(7.17) 2
∫
V

1
Y

∫
Y

[{
(CLi jkl − Pi jkl)(D

0
kl + D

†
kl) − R

L
i j

}
D̆0i j + (L

0
ikTk j) L̆0i j

]
dydv =

∮
A

(̇n)
ti �̆0i da +

∫
V
ρ ḟi�̆0i dv . . . . . (7.18)

∫
V

1
Y

∫
Y

[{
(CLi jkl − Pi jkl)(D

0
kl + D

†
kl) − R

L
i j

}
D̆†i j + (L

†
ikTk j) L̆

†
i j

]
dydv = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . (7.19)

(7.18) �̆
†
i = 0 (L̆

†
i j = 0, D̆

†
i j = 0)

(7.19) �̆
0
i = 0 (L̆0i j = 0, D̆

0
i j = 0)

(7.18) (7.19) Y–
[ (7.11)] L†ik L0ik

(88)[ G.2] (7.18)
(7.19)

(7.19)
�
†
i∫

Y

[{
(CLi jkl − Pi jkl)D

†
kl

}
D̆†i j + (L

†
ikTk j) L̆

†
i j

]
dy = −

∫
Y
D̆†i j(C

L
i jkl − Pi jkl) dy D

0
kl +

∫
Y
RLi jD̆

†
i j dy . . . . . . . . (7.20)

�
†
i

7.3.4

(7.18) �
0
i (7.20) �

†
i

–
(7.18)

(7.20)
(82)(67)(85)

(7.20)

�
†
i = −χ

kl
i D

0
kl + φi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.21)

χkli φi φi [ (7.1)]



7.4. 89

Y– χkli φi yi xi
(7.21)

D†i j = −χ
kl
(i, j)D

0
kl + φ(i, j) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.22)

(7.22) ( ),i y (7.22) (7.18)
�
0
i∫
V

[{
(CHi jkl − P

H
i jkl)D

0
kl

}
D̆0i j + (L

0
ikT

H
k j) L̆0i j

]
dv =

∮
A

(̇n)
ti �̆0i da +

∫
V
ρ ḟi�̆0i dv +

∫
V
RHi j D̆

0
i j dv . . . . . . . . . . . (7.23)

�
0
i

CHi jkl
RHi j THi j PHi jkl

CHi jkl ≡
1
Y

∫
Y
CLi jkl − (C

L
i jmn − Pi jmn)χ

kl
(m,n) dy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.24)

RHi j ≡
1
Y

∫
Y
RLi j − (C

L
i jkl − Pi jkl)φ(k,l) dy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.25)

THi j ≡
1
Y

∫
Y
Ti j dy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.26)

PHi jkl ≡
1
Y

∫
Y
Pi jkl dy = δilTHk j + T

H
ikδ jl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.27)

Pi jkl (3.27) (7.23) (7.27)
[ (7.20)] –

7.4

(7.12) (7.23)

◦

TH = CH : D0 − RH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.28)

◦

TH ≡ ṪH −W0TH +THW0 Cauchy Jaumann
(7.28)

(7.28) (7.26)

(88)(129)[ G.3] (7.28)
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7.5

7.3.4 (7.23) (7.20)
�
†
i (7.7) �i

(7.23)
χkli φi D0i j

(7.21) (7.7) �
† 8

[ (7.20)] χkli φi

�i = �
0
i + �

†
i = D

0
i jy j − χ

kl
i D

0
kl + φi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.29)

yi
(

) (7.29)
2.5.3 W0

yt+Δt = ΔR0(yt + �Δt) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.30)

ΔR0 = I +
sinϕ0

ϕ0
W0Δt +

1 − cosϕ0

ϕ02
(W0Δt)2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.31)

ϕ0 ≡
√
−
tr{(W0Δt)2}

2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7.32)
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8

1

FEM

–

ℵ [ℵ] {ℵ}

(7.1)
V xi Y

yi

8.1

8.1.1

�
0

�
†

�
0
i =

∑
I
N0I(x)�0i

I
, �

†
i =

∑
I
NI(y)�†i

I
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.1)

( )I I N0I NI

8.1.4
I = 1, 2, · · · n I = 1, 2, · · · m n m
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(8.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
�
0
1

�
0
2

�
0
3

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
N01 0 0 · · · N0n 0 0

0 N01 0 · · · 0 N0n 0

0 0 N01 · · · 0 0 N0n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�
01
1

�
01
2

�
01
3

...

�
0n
1

�
0n
2

�
0n
3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
�
†
1

�
†
2

�
†
3

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
N1 0 0 · · · Nm 0 0

0 N1 0 · · · 0 Nm 0

0 0 N1 · · · 0 0 Nm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�
†1
1

�
†1
2

�
†1
3

...

�
†m
1

�
†m
2

�
†m
3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.3)

{�0} = [N0]{�0I } . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.4)

{�†} = [N]{�†
I
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.5)

[N0] [N] (8.4)
(8.5) (8.4)

(8.5)

8.1.2

(8.1)
L0

L†

L0i j =
∂ �0i
∂ x j
=

∑
I

∂N0I (x)
∂ x j

�
0I
i , L†i j =

∂ �†i
∂ y j
=

∑
I

∂NI(y)
∂ y j

�
†I
i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.6)
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(8.6)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L011

L021

L031

L012

L022

L032

L013

L023

L033

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂N01

∂ x1
0 0 · · ·

∂N0n

∂ x1
0 0

0
∂N01

∂ x1
0 · · · 0

∂N0n

∂ x1
0

0 0
∂N01

∂ x1
· · · 0 0

∂N0n

∂ x1
∂N01

∂ x2
0 0 · · ·

∂N0n

∂ x2
0 0

0
∂N01

∂ x2
0 · · · 0

∂N0n

∂ x2
0

0 0
∂N01

∂ x2
· · · 0 0

∂N0n

∂ x2
∂N01

∂ x3
0 0 · · ·

∂N0n

∂ x3
0 0

0
∂N01

∂ x3
0 · · · 0

∂N0n

∂ x3
0

0 0
∂N01

∂ x3
· · · 0 0

∂N0n

∂ x3
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. . . . . . . . . . . . . . . . . . . . . . . . . (8.7)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L†11

L†21

L†31

L†12

L†22

L†32

L†13

L†23

L†33

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂N1

∂ y1
0 0 · · ·

∂Nm

∂ y1
0 0

0
∂N1

∂ y1
0 · · · 0

∂Nm

∂ y1
0

0 0
∂N1

∂ y1
· · · 0 0

∂Nm

∂ y1
∂N1

∂ y2
0 0 · · ·

∂Nm

∂ y2
0 0

0
∂N1

∂ y2
0 · · · 0

∂Nm

∂ y2
0

0 0
∂N1

∂ y2
· · · 0 0

∂Nm

∂ y2
∂N1

∂ y3
0 0 · · ·

∂Nm

∂ y3
0 0

0
∂N1

∂ y3
0 · · · 0

∂Nm

∂ y3
0

0 0
∂N1

∂ y3
· · · 0 0

∂Nm

∂ y3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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�
†1
1

�
†1
2

�
†1
3

...

�
†m
1

�
†m
2

�
†m
3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.8)

{L0} = [B0L]{�
0I } . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.9)

{L†} = [BL]{�†
I
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.10)

[B0L] [BL] (8.9)
(8.10) (8.9)
(8.10)

8.1.3

6

D011 = L
0
11, D022 = L

0
22, D033 = L

0
33,

2D012 = L
0
12 + L

0
21, 2D023 = L

0
23 + L

0
32, 2D031 = L

0
31 + L

0
13
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.11)
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D†11 = L
†
11, D†22 = L

†
22, D†33 = L

†
33,

2D†12 = L
†
12 + L

†
21, 2D†23 = L

†
23 + L

†
32, 2D†31 = L

†
31 + L

†
13
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.12)

D0 D†

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D011

D022

D033

2D012

2D023

2D031

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂N01

∂ x1
0 0 · · ·

∂N0n

∂ x1
0 0

0
∂N01

∂ x2
0 · · · 0

∂N0n

∂ x2
0

0 0
∂N01

∂ x3
· · · 0 0

∂N0n

∂ x3
∂N01

∂ x2
∂N01

∂ x1
0 · · ·

∂N0n

∂ x2
∂N0n

∂ x1
0

0
∂N01

∂ x3
∂N01

∂ x2
· · · 0

∂N0n

∂ x3
∂N0n

∂ x2
∂N01

∂ x3
0

∂N01

∂ x1
· · ·

∂N0n

∂ x3
0

∂N0n

∂ x1
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. . . . . . . . . . . . . . . . . . . . . . (8.13)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D†11

D†22

D†33

2D†12

2D†23

2D†31

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=
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∂Nm

∂ y1
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0
∂N1

∂ y2
0 · · · 0

∂Nm

∂ y2
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0 0
∂N1

∂ y3
· · · 0 0

∂Nm

∂ y3
∂N1

∂ y2
∂N1

∂ y1
0 · · ·

∂Nm

∂ y2
∂Nm

∂ y1
0

0
∂N1

∂ y3
∂N1

∂ y2
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∂Nm

∂ y3
∂Nm

∂ y2
∂N1

∂ y3
0

∂N1

∂ y1
· · ·

∂Nm

∂ y3
0

∂Nm

∂ y1
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⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . . . . . . . . . . . . (8.14)

{D0} = [B0D]{�
0I } . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.15)

{D†} = [BD]{�†
I
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.16)

[B0D] [BD]
(8.15) (8.16)
(8.15) (8.16)

8.1.4

1



8.1. 95

r1

r2

r3

4 1

2

3

r1

r2

r3 1 2

34

5 6

7
8

(a) 4-node tetrahedral element (b) 8-node hexahedral element

Fig. 8.1 Three-dimensional solid elements.

1

1 1
8.3

8.1 4 8 4
ri (130)

N0
1
= r1

N0
2
= r2

N0
3
= r3

N0
4
= 1 − r1 − r2 − r3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.17)

8

N0
1
=
1
8
(1 − r1)(1 − r2)(1 − r3) N0

5
=
1
8
(1 − r1)(1 − r2)(1 + r3)

N0
2
=
1
8
(1 + r1)(1 − r2)(1 − r3) N0

6
=
1
8
(1 + r1)(1 − r2)(1 + r3)

N0
3
=
1
8
(1 − r1)(1 + r2)(1 − r3) N0

7
=
1
8
(1 + r1)(1 + r2)(1 + r3)

N0
4
=
1
8
(1 − r1)(1 + r2)(1 − r3) N0

8
=
1
8
(1 − r1)(1 + r2)(1 + r3)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . (8.18)

(8.17) (8.18) N0I NI

8.1.5

(8.7) (8.8) (8.13) (8.14)
8.1.4 ri
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N0I NI xi
yi

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂N0I

∂ r1
∂N0I

∂ r2
∂N0I

∂ r3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂ x1
∂ r1

∂ x2
∂ r1

∂ x3
∂ r1

∂ x1
∂ r2

∂ x2
∂ r2

∂ x3
∂ r2

∂ x1
∂ r3

∂ x2
∂ r3

∂ x3
∂ r3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂N0I

∂ x1
∂N0I

∂ x2
∂N0I

∂ x3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.19)

xi =
∑
I
N0I xIi (8.19)

[ H.3]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂N0I

∂ x1
∂N0I

∂ x2
∂N0I

∂ x3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂ x1
∂ r1

∂ x2
∂ r1

∂ x3
∂ r1

∂ x1
∂ r2

∂ x2
∂ r2

∂ x3
∂ r2

∂ x1
∂ r3

∂ x2
∂ r3

∂ x3
∂ r3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂N0I

∂ r1
∂N0I

∂ r2
∂N0I

∂ r3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑
I

∂N0I

∂ r1
xI1

∑
I

∂N0I

∂ r1
xI2

∑
I

∂N0I

∂ r1
xI3

∑
I

∂N0I

∂ r2
xI1

∑
I

∂N0I

∂ r2
xI2

∑
I

∂N0I

∂ r2
xI3

∑
I

∂N0I

∂ r3
xI1

∑
I

∂N0I

∂ r3
xI2

∑
I

∂N0I

∂ r3
xI3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1 ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂N0I

∂ r1
∂N0I

∂ r2
∂N0I

∂ r3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.20)

(8.20) (8.7) (8.13)

8.2

8.2.1

Cauchy
Jaumann

◦

T D (7.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

◦

T 11
◦

T 22
◦

T 33
◦

T 12
◦

T 23
◦

T 31

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

CL1111 CL1122 CL1133 CL1112 CL1123 CL1131

CL2211 CL2222 CL2233 CL2212 CL2223 CL2231

CL3311 CL3322 CL3333 CL3312 CL3323 CL3331

CL1211 CL1222 CL1233 CL1212 CL1223 CL1231

CL2311 CL2322 CL2333 CL2312 CL2323 CL2331

CL3111 CL3122 CL3133 CL3112 CL3123 CL3131

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D11

D22

D33

2D12

2D23

2D31

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

−

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

RL11

RL22

RL33

RL12

RL23

RL31

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . . . . . . . . (8.21)
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(8.21)

{
◦

T} = [CL]{D} − {RL} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.22)

{D} 2
[CL] CLi jkl = C

L
kli j

8.2.2

[ (7.20)]

∫
Y

[
{D̆†}T ([CL] − [TD]) {D†} + {L̆†}T [TL]{L†}

]
dy

= −
∫
Y
{D̆†}T ([CL] − [TD]) dy {D0} +

∫
Y
{D̆†}T {RL}dy . . . . . . . . . . . . (8.23)

(8.23)
(8.21)

7
(8.23) [TD] [TL]

[TD] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2T11 0 0 T12 0 T31

0 2T22 0 T12 T23 0

0 0 2T33 0 T23 T31

T12 T12 0
1
2
(T11 + T22)

1
2
T31

1
2
T23

0 T23 T23
1
2
T31

1
2
(T22 + T33)

1
2
T12

T31 0 T31
1
2
T23

1
2
T12

1
2
(T33 + T11)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. . . . . . . . . . . . . . . . . . . . (8.24)

[TL] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T11 0 0 T12 0 0 T31 0 0

0 T11 0 0 T12 0 0 T31 0

0 0 T11 0 0 T12 0 0 T31

T12 0 0 T22 0 0 T23 0 0

0 T12 0 0 T22 0 0 T23 0

0 0 T12 0 0 T22 0 0 T23

T31 0 0 T23 0 0 T33 0 0

0 T31 0 0 T23 0 0 T33 0

0 0 T31 0 0 T23 0 0 T33

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.25)

[TD] [TL]
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(8.5) (8.10) (8.16) (8.23)

∫
Ye

[
[BD]T ([CL] − [TD]) [BD] + [BL]T [TL][BL]

]
dy {�†

I
}

= −
∫
Ye
[BD]T ([CL] − [TD]) dy {D0} +

∫
Ye
[BD]T {RL}dy . . . . . . . . . . (8.26)

(8.23) Y (8.26) Ye

(8.26)

[ke]{�†
I
} = −[p]{D0} + {q} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.27)

[ke] [p]
{q}

[ke] ≡
∫
Ye

[
[BD]T ([CL] − [TD]) [BD] + [BL]T [TL][BL]

]
dy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.28)

[p] ≡
∫
Ye
[BD]T ([CL] − [TD]) dy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.29)

{q} ≡
∫
Ye
[BD]T {RL}dy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.30)

(7.21) �
†

I
(7.21)

{�†
I
} = −[χI]{D0} + {φI} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.31)

[χI] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

χ11
1

1 χ22
1

1 χ33
1

1 χ12
1

1 χ23
1

1 χ31
1

1

χ11
1

2 χ22
1

2 χ33
1

2 χ12
1

2 χ23
1

2 χ31
1

2

χ11
1

3 χ22
1

3 χ33
1

3 χ12
1

3 χ23
1

3 χ31
1

3

...
...

...
...

...
...

χ11
m

1 χ22
m

1 χ33
m

1 χ12
m

1 χ23
m

1 χ31
m

1

χ11
m

2 χ22
m

2 χ33
m

2 χ12
m

2 χ23
m

2 χ31
m

2

χ11
m

3 χ22
m

3 χ33
m

3 χ12
m

3 χ23
m

3 χ31
m

3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, {φI} ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ11

φ12

φ13

...

φm1

φm2

φm3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.32)

(8.31) (8.27) Euler [ H.1]

−[ke][χI]{D0Δt} + [ke]{φIΔt} = −[p]{D0Δt} + {qΔt} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.33)

(8.33)

[ke][χI] = [p], [ke]{φIΔt} = {qΔt} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.34)
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(8.34)

[KY][XI] = [P], [KY]{ΦIΔt} = {QΔt} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.35)

[KY] [XI] {ΦI}
1 M

[P] {Q} [p] {q}
(8.35) [XI] {ΦI}

8.2.3

[ (7.23)]

∫
V

[
{D̆0}T ([CH] − [THD]){D

0} + {L̆0}T [THL ]{L
0}

]
dv

=

∮
A
{�̆0}T {

(̇n)
t } da +

∫
V
{�̆0}T { ḟ }ρ dv +

∫
V
{D̆0}T {RH} dv . . . . . . . (8.36)

[THD] [THL ]

[THD] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2TH11 0 0 TH12 0 TH31

0 2TH22 0 TH12 TH23 0

0 0 2TH33 0 TH23 TH31

TH12 TH12 0
1
2
(TH11 + T

H
22)

1
2
TH31

1
2
TH23

0 TH23 TH23
1
2
TH31

1
2
(TH22 + T

H
33)

1
2
TH12

TH31 0 TH31
1
2
TH23

1
2
TH12

1
2
(TH33 + T

H
11)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. . . . . . . . . . . . . . . . . . . . (8.37)

[THL ] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

TH11 0 0 TH12 0 0 TH31 0 0

0 TH11 0 0 TH12 0 0 TH31 0

0 0 TH11 0 0 TH12 0 0 TH31

TH12 0 0 TH22 0 0 TH23 0 0

0 TH12 0 0 TH22 0 0 TH23 0

0 0 TH12 0 0 TH22 0 0 TH23

TH31 0 0 TH23 0 0 TH33 0 0

0 TH31 0 0 TH23 0 0 TH33 0

0 0 TH31 0 0 TH23 0 0 TH33

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.38)

[THD] [THL ] [CH] {RH}
8.2.4
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(8.4) (8.9) (8.15) (8.36) Euler

∫
VE

[
[B0D]

T ([CH] − [THD])[B
0
D] + [B

0
L]
T [THL ][B

0
L]

]
dv {Δu0I }

=

∮
AE
[N0]T {Δ

(n)
t } da +

∫
VE
[N0]T {Δ f }ρ dv +

∫
VE
[B0D]

T {RHΔt} dv . . . . (8.39)

{Δu0I } = {�0IΔt} {Δ
(n)
t } = {

(̇n)
tΔt} {Δ f } = { ḟΔt}

(8.36) V A (8.39) VE AE

(8.39)

[kE]{Δu0
I } = {Δ f } . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.40)

[kE] {Δ f }

[kE] ≡
∫
VE

[
[B0D]

T ([CH] − [THD ])[B
0
D] + [B

0
L]
T [THL ][B

0
L]

]
dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.41)

{Δ f } ≡ {Δ f
ext
} + {Δ f

app
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.42)

{Δ f
ext
} ≡

∮
AE
[N0]T {Δ

(n)
t } da +

∫
VE
[N0]T {Δ f }ρ dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.43)

{Δ f
app
} ≡

∫
VE
[B0D]

T {RHΔt} dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.44)

{Δ f
ext
} {Δ f

app
}

{Δ f
ext
} (8.40)

[KV]{ΔU0
I } = {ΔF} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.45)

[KV] {ΔU0I } {ΔF}
[CH]

{RH} (8.45)

8.2.4

(8.45)

[ (8.21)] [ (8.32)]
[CH] {RH} –
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(7.24) (7.25) [BD]

[CH] =
1
Y

∫
Y
[CL] − ([CL] − [TD])[BD][χI] dy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.46)

{RHΔt} =
1
Y

∫
Y
{RLΔt} − ([CL] − [TD])[BD]{φIΔt} dy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.47)

[CH] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

CH1111 CH1122 CH1133 CH1112 CH1123 CH1131

CH2211 CH2222 CH2233 CH2212 CH2223 CH2231

CH3311 CH3322 CH3333 CH3312 CH3323 CH3331

CH1211 CH1222 CH1233 CH1212 CH1223 CH1231

CH2311 CH2322 CH2333 CH2312 CH2323 CH2331

CH3111 CH3122 CH3133 CH3112 CH3123 CH3131

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, {RH} ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

RH11

RH22

RH33

RH12

RH23

RH31

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . . . . . . . (8.48)

(8.46) (8.47) Ye Y

(8.47)

8.2.5

–
(7.29)

I

{ΔUI} = [Y]{D0Δt} − [XI]{D0Δt} + {ΦIΔt}

= ([Y] − [XI]){D0Δt} + {ΦIΔt} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.49)

{ΔUI} ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δu11

Δu12

Δu13
...

ΔuM1

ΔuM2

ΔuM3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, [Y] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y11 0 0
1
2
y12 0

1
2
y13

0 y12 0
1
2
y11

1
2
y13 0

0 0 y13 0
1
2
y12

1
2
y11

...
...

...
...

...
...

yM1 0 0
1
2
yM2 0

1
2
yM3

0 yM2 0
1
2
yM1

1
2
yM3 0

0 0 yM3 0
1
2
yM2

1
2
yM1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.50)

M ΔuIi = �
I
iΔt (8.49)

{ΔUI} (7.30)
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8.3

[ (8.26) (8.39)] [ (8.46)
(8.47)]

∫ xB

xA
f (x)dx =

nint∑
i=1
wi f (xi) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.51)

nint xi wi

Newton–Cotes (131)

Gauss [ H.4]
Gauss Newton–Cotes

Gauss
Newton–Cotes

8.2 4
8.2

8.1.4

∫
VE
f (x)dv =

∫
Vr
f (r) detJ dvr =

nV∑
i=1
wiV f (r

i) detJ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.52)

∫
AE
f (x)da =

∫
Ar
f (r) detJ dar =

nA∑
i=1
wiA f (r

i) detJ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.53)

x1

x2

r1

r2

(a) Physical coordinate system (b) Natural coordinate system

Mapping with
one to one correspondence

Gaussian integration point

1

2

3

4

1
(-1,-1)

2
(1,-1)

4 3

(-1,1) (1,1)

Fig. 8.2 Mapping between physical coordinate system and natural coordinate system.
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Table 8.1 Coordinates and weights at sampling points of gaussian integration for
three-dimensional solid elements.

(a) 4-node tetrahedral element ( nV = 1 )

Sampling Coordinates Weight

point i ri1 ri2 ri3 wiV
1 0.25000 00000 00000 0.25000 00000 00000 0.25000 00000 00000 0.16666 66666 66667

(b) 8-node hexahedral element ( nV = 8 )

Sampling Coordinates Weight

point i ri1 ri2 ri3 wiV
1 -0.57735 02691 89626 -0.57735 02691 89626 -0.57735 02691 89626 1.00000 00000 00000

2 0.57735 02691 89626 -0.57735 02691 89626 -0.57735 02691 89626 1.00000 00000 00000

3 -0.57735 02691 89626 0.57735 02691 89626 -0.57735 02691 89626 1.00000 00000 00000

4 0.57735 02691 89626 0.57735 02691 89626 -0.57735 02691 89626 1.00000 00000 00000

5 -0.57735 02691 89626 -0.57735 02691 89626 0.57735 02691 89626 1.00000 00000 00000

6 0.57735 02691 89626 -0.57735 02691 89626 0.57735 02691 89626 1.00000 00000 00000

7 -0.57735 02691 89626 0.57735 02691 89626 0.57735 02691 89626 1.00000 00000 00000

8 0.57735 02691 89626 0.57735 02691 89626 0.57735 02691 89626 1.00000 00000 00000

Vr nV wiV
Ar nA wiA

J [ H.3]

[J] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂ x1
∂ r1

∂ x1
∂ r2

∂ x1
∂ r3

∂ x2
∂ r1

∂ x2
∂ r2

∂ x2
∂ r3

∂ x3
∂ r1

∂ x3
∂ r2

∂ x3
∂ r3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑
I

∂N0I

∂ r1
xI1

∑
I

∂N0I

∂ r2
xI1

∑
I

∂N0I

∂ r3
xI1

∑
I

∂N0I

∂ r1
xI2

∑
I

∂N0I

∂ r2
xI2

∑
I

∂N0I

∂ r3
xI2

∑
I

∂N0I

∂ r1
xI3

∑
I

∂N0I

∂ r2
xI3

∑
I

∂N0I

∂ r3
xI3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. . . . . . . . . . . . . . . . . . . . . . . . . (8.54)

4 8 Gauus
8.1 [ H.4] (8.43)

(8.52) f (x)

x→ y N0I → NI VE → Ye
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8.4

8.4.1

[
(8.45)] Euler

Δu0

2 (8.40) (8.42)

[KV]{ΔU0
I } = {ΔF

ext
} + {ΔF

app
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.55)

{ΔF
app
} {ΔF

app
}

[KV]{ΔU0
I } − {ΔF

app
} = {ΔF

ext
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.56)

(8.56) [KV]
{ΔU0I } {ΔF

int
}

{ΔF
int
} = [KV]{ΔU0

I } − {ΔF
app
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.57)

[KV]
(8.57)

f
int

f
int
· �̆0 (3.15)

∫
V
f
int
· �̆0 dv =

∫
V
TH · D̆0 dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.58)

(8.58) (8.58)
(8.15)

{ f
int
} =

∫
VE
{B0D}

T {TH} dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.59)

{ f
int
} ≡

{
f
int1

1 f
int1

2 f
int1

3 · · · f
intn

1 f
intn

2 f
intn

3

}T
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.60)

{TH} ≡
{
TH11 T

H
22 T

H
33 T

H
12 T

H
23 T

H
31

}T
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.61)

(8.59) { f
int
}

{F
int
}

(8.59)
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x1

x2

W

L

Thickness : H

x3

F2

int I’

Loading direction

Fig. 8.3 Calculation of nominal stress using internal force at edge of specimen.

8.4.2

8.3 x2
σn {F

int
}

σn =
1
WH

∑
I′
F
intI
′

2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.62)

I′ x2 = L W H
(8.62)

–

8.4.3

8.4.1

{F
res
} = {F

ext
} − {F

int
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.63)

{F
res
}

8.5

t + Δt
(8.56) t t + Δt

t + Δt

t+Δt{F
int
} =t [KV]{ΔU0

I } − {ΔF
app
} +t {F

int
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.64)

t+Δt{F
ext
} = {ΔF

ext
} +t {F

ext
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.65)
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U
0

F

t

U
0 t+ t�

U
0

�F
ext

U
0

F

t

U
0 t+ t�

U
0

�F
ext

�F
ext

t

F
int

t

F
res

�F
ext

+
t

F
res

�F
ext

Solution of
nonlinear problem

(a) Explicit method (b) Balance modification method

Fig. 8.4 Difference of numerically obtained displacement between explicit
method and balance modification method.

t( ) t t+Δt( ) t + Δt
t + Δt

t[KV]{ΔU0
I } − {ΔF

app
} +t {F

int
} = {ΔF

ext
} +t {F

ext
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.66)

t
t{F

int
} =t {F

ext
} (8.66) [ (8.56)]

(8.63) (8.66) {ΔF
app
}

t[KV]{ΔU0
I } = {ΔF

ext
} + {ΔF

app
} +t {F

res
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.67)

(8.67) [ (8.45) (8.55)] t{F
res
}

(8.67)
8.4 (8.67) t

t + Δt

t{F
res
}

8.4(b)
t + Δt

Newton–Rapson [H.2]
(8.67)

t[KV]{ΔU0
I } = {ΔF

app
} −t {F

int
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.68)

(8.68)
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8.6

3 y1 y3

[ H.7]
W23 = W31 = 0

[ H.6]

8.6.1 3

3 [ H.8] 3
N0I

N01 =
1
2S 0

[
(x21x

3
2 − x

3
1x
2
2) + (x

2
2 − x

3
2)x1 + (x

3
1 − x

2
1)x2

]
N02 =

1
2S 0

[
(x31x

1
2 − x

1
1x
3
2) + (x

3
2 − x

1
2)x1 + (x

1
1 − x

3
1)x2

]
N03 =

1
2S 0

[
(x11x

2
2 − x

2
1x
1
2) + (x

1
2 − x

2
2)x1 + (x

2
1 − x

1
1)x2

]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.69)

S 0

2S 0 = x11x22 + x12x23 + x13x21 − x11x23 − x12x21 − x13x22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.70)

(8.69) 3 1
3
3

8.3 Gauss
3

(8.69)
3 (8.69)

(8.70) N0I → NI xi → yi S 0 → S
8.5 4 Crossed Trinagles(CT)

CT

8.6.2

(8.52)

HE

∫
VE
f (x)dv = HE

∫
AE
f (x)da . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.71)
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x1

x2

1 2

3

Crossed Triangles form

Fig. 8.5 Crossed Trinagles form by 3-node trianglular elements.

(8.53) Gauss 8.6.1

8.6.3

2

{�0} =
{
�
0
1 �

0
2

}T
, {�†} =

{
�
†
1 �
†
2

}T
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.72)

{�0I } =
{
�
01
1 �

01
2 · · · �

0n
1 �

0n
2

}T
, {�†

I
} =

{
�
†1
1 �

†1
2 · · · �

†m
1 �

†m
2

}T
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.73)

{L0} =
{
L011 L

0
22 L

0
12 L

0
21

}T
, {L†} =

{
L†11 L

†
22 L

†
12 L

†
21

}T
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.74)

{D0} =
{
D011 D

0
22 2D

0
12

}T
, {D†} =

{
D†11 D

†
22 2D

†
12

}T
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.75)

[N0] =

⎡⎢⎢⎢⎢⎢⎢⎢⎣ N
01 0 · · · N0n 0

0 N01 · · · 0 N0n

⎤⎥⎥⎥⎥⎥⎥⎥⎦ , [N] =

⎡⎢⎢⎢⎢⎢⎢⎣ N
1 0 · · · Nm 0

0 N1 · · · 0 Nm

⎤⎥⎥⎥⎥⎥⎥⎦ . . . . . . . . . . (8.76)

[B0L] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂N01

∂ x1
0 · · ·

∂N0n

∂ x1
0

0
∂N01

∂ x2
· · · 0

∂N0n

∂ x2
∂N01

∂ x2
0 · · ·

∂N0n

∂ x2
0

0
∂N01

∂ x1
· · · 0

∂N0n

∂ x1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, [BL] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂N1

∂ y1
0 · · ·

∂Nm

∂ y1
0

0
∂N1

∂ y2
· · · 0

∂Nm

∂ y2
∂N1

∂ y2
0 · · ·

∂Nm

∂ y2
0

0
∂N1

∂ y1
· · · 0

∂Nm

∂ y1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. . (8.77)
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[B0D] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂N01

∂ x1
0 · · ·

∂N0n

∂ x1
0

0
∂N01

∂ x2
· · · 0

∂N0n

∂ x2
∂N01

∂ x2
∂N01

∂ x1
· · ·

∂N0n

∂ x2
∂N0n

∂ x1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, [BD] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂N1

∂ y1
0 · · ·

∂Nm

∂ y1
0

0
∂N1

∂ y2
· · · 0

∂Nm

∂ y2
∂N1

∂ y2
∂N1

∂ y1
· · ·

∂Nm

∂ y2
∂Nm

∂ y1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (8.78)

8.6.4

D33 = D31 = D13 = 0 D D11 D22 D12

(8.21)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

◦

T 11
◦

T 22
◦

T 12

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CL1111 CL1122 CL1112

CL2211 CL2222 CL2212

CL1211 CL1222 CL1212

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
D11

D22

2D12

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
−

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
RL11

RL22

RL12

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.79)

(8.79)

{
◦

T} = [CL]{D} − {RL} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.80)

(8.79)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

◦

T 33
◦

T 23
◦

T 31

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CL3311 CL3322 CL3312

CL2311 CL2322 CL2312

CL3111 CL3122 CL3112

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
D11

D22

2D12

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
−

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
RL33

RL23

RL31

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.81)

(8.79) (8.81)

8.6.5

(8.26) (8.39)

[TD] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2T11 0 T12

0 2T22 T12

T12 T12
1
2
(T11 + T22)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, [TL] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T11 0 T12 0

0 T22 0 T12

T12 0 T22 0

0 T12 0 T11

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. . . . . . . . . . . . . . . . . . . . . (8.82)
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[THD] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2TH11 0 TH12

0 2TH22 TH12

TH12 TH12
1
2
(TH11 + T

H
22)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, [TL] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

TH11 0 TH12 0

0 TH22 0 TH12

TH12 0 TH22 0

0 TH12 0 TH11

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. . . . . . . . . . . . . . . . . . . . . (8.83)

[TD] [TL] [THD] [THL ]

8.6.6

2
(8.32)

[χI] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

χ11
1

1 χ22
1

1 χ12
1

1

χ11
1

2 χ22
1

2 χ12
1

2

...
...

...

χ11
m

1 χ22
m

1 χ12
m

1

χ11
m

2 χ22
m

2 χ12
m

2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, {φI} ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ11

φ12

...

φm1

φm2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.84)

[ (8.49)] {ΔUI} yi [Y]

{ΔUI} ≡

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δu11

Δu12
...

ΔuM1

ΔuM2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, [Y] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y11 0
1
2
y12

0 y12
1
2
y11

...
...

...

yM1 0
1
2
yM2

0 yM2
1
2
yM1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.85)

J

[J] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∂ x1
∂ r1

∂ x1
∂ r2

∂ x2
∂ r1

∂ x2
∂ r2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
∑
I

∂N0I

∂ r1
xI1

∑
I

∂N0I

∂ r2
xI1

∑
I

∂N0I

∂ r1
xI2

∑
I

∂N0I

∂ r2
xI2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8.86)

8.7

8.7.1 – FEM

(1)
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(2) [CL] {RLΔt} [ (8.35)]
[χI] {φIΔt}

(3) [χI] {φIΔt} [ (8.46) (8.47)]
[CH] {RHΔt}

(4) [CH] {RHΔt} [ (8.45)]
{Δu0I }

(5) [ (8.49) (7.30)] {Δu0I }
{ΔuI} {ΔuI} [ (8.22)]

Caucy T
(6) {T} (7.26) {TH}
(7) (2)
(8)

8.7.2

(1)
(2) Hasan-Boyce [ (5.22)] Eyring [ (5.45)]

γ̇(α)

(3) ω̇(α) (6.20) (6.28) (6.29)
(4) γ̇(α) ω̇(α) (7.2) (7.3)

[CL] {RLΔt}
(5) [CL] {RLΔt} {T} (8.28) (8.30) [ (8.34)]

(6) [ (8.35)] [χI] {φIΔt}
(7) [χI] {φIΔt} [ (8.46) (8.47)]

[CH] {RHΔt}
(8) [CH] {RHΔt} {TH} (8.41) (8.44) [ (8.40)]

(9) [ (8.68)] {Δu0I }
(10) {Δu0I } {D0Δt}

{W0Δt}
(11) [ (8.49)] {ΔuI}
(12) {ΔuI} {DΔt}

{WΔt}
(13) (5.3) (5.4) (5.10) Hasan-Boyce

γ̇(α) γ(α) ω̇(α) ω(α)
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(2.88) (2.89) s(α) m(α) (2.82)
(2.83) s(α) m(α)

(14) [ (4.56)] T[k]

T [ (4.68)
(5.43)] T

(15) 4.3.3 s̄ Θ

(16) {T} (7.26) {TH}
(17) {ΔuI} (7.30) {Δu0I }

(18)
(19) (2)
(20)

8.6 7.4
[ (7.28)]

[
A.10] 8.6 ( )
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Microscopic Analysis

Solve boundary value problem

Analysis start

Localization

,

Craze evolution eqation

,

merge

merge

Macroscopic Analysis

Solve boundary value problem

Homogenization

Update each value

,

Eyring hardening law

Hasan-Boyce inelastic response law

Calculation in each slip system

Corresponding to
macroscopic

constitutive equation

Fig. 8.6 Flow chart of numerical analysis with macroscopic scale, microscopic
scale and calculation in each slip system.
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mm
7

FEM

4.3.3

9.1.1

9.1(a) PMMA
2L = 80mm 2(W + ΔW) L/W = 4

2W 2ΔW

(b)

L

W+ W�

x1

x2

U
.

(i) Macroscopic specimen

w

wy2

y1

Glassy phase

(ii) Unit cell

(a)

Unit cell

2� � �W+ W

2L

Fig. 9.1 Computational model of glassy polymer, (a) Schematic image of
computational model, (b) Finite element and boundary condition of quarter model
of specimen and finite element of unit cell.
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s
(1)

y1

y2

m
(1)

�g

(1)

�g

(2)

s
(2)

m
(2)

Fig. 9.2 Initial direction of molecular chain base vectors in glassy phase under
plane slip condition.

Table 9.1 Material constants and numerical parameters for multiscale analysis of
glassy polymer.

Elastic parameters E0 = 600MPa, ν0 = 0.350

Inelastic response law ˙γ0H = 15.0 ns−1, τ0H = 57.0MPa, αp = 0GPa−1, 	0 = 1.00 ps−1, ζ = 5.00

of Hasan and Boyce a0 = 1.06 eV, aeq = 0.905 eV, α0 = 0.0435 eV, αeq = 1.00 eV, S 0 = 0 eV

β1 = 1.44 nm3, β2 = 4.00, β3 = 15.0, β4 = 1.00, β5 = 0

Tvergaard(132)

ΔW = W
[
−W1 cos

(
πx2
L

)
+W2 cos

(mwπx2
L

)]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9.1)

W1 = 0.00375 W2 = 0.00150 mw = 4.00
1/4 x3

x3

9.1(b)-(i)
8 32

1024 Crossed Triangles 3 U̇
100% 20000

9.1(a)
9.1(b)-(ii)

w = 1.00 μm
Delaunay 1396 3



9.1. 117

A B uA uB

uA = uB . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9.2)

2.6 8
4 4 4

2 1 2
(3)

9.2 y1 1 φ(1)g 30 60◦

2 1 y2
φ(2)g

9.1 a0 α0 S 0
Hasan-Boyce a(α) α(α) S (α)

9.2
6

U̇/L θ 9.1
(11) PMMA U̇/L = 0.550 ks−1 θ = 338K

4.3.2

9.1.2

9.3 – (11) PMMA
–

Experimental

NumericalN
o
m

in
al

 s
tr

es
s 

[M
P

a]

0

10

20

30

40

50

Nominal strain

0.0 0.2 0.4 0.6 0.8

Fig. 9.3 Numerically obtained nominal stress-strain curve with experimental plots
of uniaxial tensile test of polymethyl methacrylate.
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� i
_.

[ks ]
-1
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0.0

(i) / = 0.30U L

(ii) / = 0.50U L

I II III

(iii) / = 0.70U L

Fig. 9.4 Distributions of equivalent inelastic strain rate of polymethyl
methacrylate in macroscopic specimen.

I II III

� i
_.

[ks ]
-1

0.8

0.4

Fig. 9.5 Distributions of equivalent inelastic strain rate of polymethyl
methacrylate in unit cells at sampling points I, II and III ( at 50% elongation ).
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Hasan-Boyce
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1/4
1/4

9.4 30% –

(9.1)
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9.5 9.4 50% I II III
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�

(i) Initial

(ii) / = 0.35U L

(iii) / = 0.70U L

(b) Orientation of molecular chains
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0.00

(i) Initial

(ii) / = 0.35U L

(iii) / = 0.70U L

(a) Equivalent inelastic strain

� i
_

I

I

I

I

I

I

Fig. 9.6 Correspondence of distributions of equivalent inelastic strain and
orientation of molecular chains in macroscopic specimen.
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(b) Orientation of molecular chains(a) Equivalent inelastic strain
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(i) Initial

(ii) / = 0.35U L

(iii) / = 0.70U L

(i) Initial

(ii) / = 0.35U L

(iii) / = 0.70U L

Fig. 9.7 Correspondence of distributions of equivalent inelastic strain and
orientation of molecular chains in unit cells at sampling point I.

I
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9.6
9.6(b) s̄
Θ

35% 70%

9.7 9.6 I
(a) (b)

9.1.1

35% 70%

–
9.7(b)-(iii)

9.8
0.50 2

1.00
s̄ Θ

1.000.50 �

Fig. 9.8 Direction of each molecular chain at sampling points with minimum and
maximum orinetation intensity in unit cell ( at 70% elongation ).
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9.8
0.50

9.2

Eyring

FEM 9.1

9.2.1

9.9
1

[ I.5] 4 4 2 × 2
2.5 b

Chain slip [ I.6]
E0 = 4.00GPa ν0 = 0.330

(5.23) Pan-Rice (5.45) Eyring
Eyring

(5.55) (5.56)
Eyring

Analytical region

Crystalline phase

Glassy phase

y1

y2

y3

Fig. 9.9 Schematic diagram of analytical model for crystalline phase (mixed
lamellar structure and microscopic region in crystalline phase).
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s
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y2
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�c

Fig. 9.10 Initial direction of crystal base vectors in crystalline phase under plane
slip condition.

Table 9.2 Inelastic parameters for crystalline phase used in analyses of Fig.9.11.

γ̇0P [s−1] g(1) [MPa] m γ̇0E [ns−1] κ ΔF0 [eV]

Case 1 1.00 8.00 0.04 15.0 1.94 1.22

Case 2 1.00 8.00 0.08 15.0 2.87 0.91

Pan-Rice

–
9.2 –

9.11 9.2 Case κ ΔF0 (5.55)
(5.56) θ = 293K ψ0 = 100GPa
9.10 s(1) φc = 135◦ Case 1 Pan-Rice

Eyring
1MPa

Case 2 Case 1 (D022 = 100 s
−1)

(D022 = 0.01 s
−1) (D022 = 10 0.1 s−1)

5.3.3 Eyring Pan-Rice
Eyring

Pan-Rice
Eyring 5.3.2 Pan-Rice

Eyring

9.2 Case 1 – 9.12
D022 = 1 s

−1 9.11 9.12
Pan-Rice

Eyring
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Fig. 9.11 Stress-strain curves obtained by analyses with various deformation rate
and two types of hardening laws (θ = 293K).
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Table 9.3 Material constants and numerical parameters for multiscale analysis of
crystalline polymer.

Elastic parameters E0 = 1400MPa, Ẽ0 = 4000MPa, ν0 = ν̃0 = 0.330, ψ0 = 100GPa

Inelastic response law ˙γ0H = 15.0 ns−1, τ0H = 24.0MPa, αp = 0GPa−1, 	0 = 1.00 ps−1, ζ = 45.0

of Hasan and Boyce a0 = 1.06 eV, aeq = 0.880 eV, α0 = 0.0435 eV, αeq = 1.00 eV, S 0 = 0 eV

β1 = 1.44 nm3, β2 = 4.00, β3 = 15.0, β4 = 1.00, β5 = 0

Eyring hardening law ˙γ0E = 15.0 ns−1, ΔF0 = 1.22 eV, κ = 1.94, g(1) = 8.00MPa

Craze evolution equation
nr = 10.0 ns−1, gr = 1.00 ps−1, γc = 0.350, ω∗ = 1.00

C1 = C2 = 0.500, D1 = D2 = 0.0252 eV, p1 = p2 = 50.0
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Fig. 9.24 Numerically obtained nominal stress-strain curves with experimental
plots under reversal loading condition at 16% and 22% elongation.

Table 9.4 Material constants and numerical parameters for unloading analysis.

Elastic parameters E0 = 1050MPa, Ẽ0 = 3150MPa, ν0 = ν̃0 = 0.330, ψ0 = 100GPa

Inelastic response law ˙γ0H = 5.00 ns−1, τ0H = 54.0MPa, αp = 0GPa−1, 	0 = 75.0 ns−1, ζ = 5.00

of Hasan and Boyce a0 = 0.720 eV, aeq = 0.650 eV, α0 = 0.0435 eV, αeq = 1.00 eV, S 0 = 0 eV

β1 = 25.5 nm3, β2 = 1.00, β3 = 15.0, β4 = 0.750, β5 = 0.300

Eyring hardening law ˙γ0E = 15.0 ns−1, ΔF0 = 1.22 eV, κ = 1.94, g(1) = 16.0MPa
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Fig. 9.26 Nominal stress-strain curves obtained from reversal loading analysis
using different values for β1 and β5.
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Table 9.5 Material constants and numerical parameters for uniaxial tensile and
compressive analysis using model with dependence of hydrostatic stress.

Elastic parameters E0 = 1500MPa, Ẽ0 = 4500MPa, ν0 = ν̃0 = 0.330, ψ0 = 100GPa

Inelastic reponse law ˙γ0H = 5.00 ns−1, τ0H = 64.0MPa, αp = 2.00GPa−1, 	0 = 75.0 ns−1, ζ = 5.00

of Hasan and Boyce a0 = 0.720 eV, aeq = 0.650 eV, α0 = 0.0435 eV, αeq = 1.00 eV, S 0 = 0 eV

β1 = 1.44 nm3, β2 = 4.00, β3 = 15.0, β4 = 1.00, β5 = 0

Eyring hardening law ˙γ0E = 15.0 ns−1, ΔF0 = 1.22 eV, κ = 1.94, g(1) = 16.0MPa



9.5. 139

N
o

m
in

al
 s

tr
es

s 
[M

P
a]

0

15

30

45

Nominal strain

0.00 0.02 0.04 0.06 0.08 0.10

60

N
o

m
in

al
 s

tr
es

s 
[M

P
a]

0

15

30

45

60

Nominal strain

0.00 0.02 0.04 0.06 0.08 0.10

(a) Previous (b) Present
�0H �p(     = 54.0 MPa,     = 0 GPa )

-1
�0H �p(     = 64.0 MPa,     = 2.00 GPa )

-1

Tension (Numerical)

Compression (Numerical)

Tension (Experimental)

Compression (Experimental)

Fig. 9.27 Numerically obtained nominal stress-strain curves with experimental
plots under uniaxial tension and compression conditions of polypropylene.

–

9.5

FEM

FEM

9.5.1

PP 9.2.3
9.6

θ = 293K U̇/L
100 10 1 0.1 0.01 s−1

U̇/L = 1 s−1 θ 213 253 293 333 373K
9.28(a) – 9.28(b)

9.28(a)



140 9

Table 9.6 Material constants and numerical parameters for fracture prediction.

Craze evolution equation
nr = 4.00 ns−1, gr = 100 ns−1, γc = 0.350, ω∗ = 1.00

C1 = 0.650, C2 = 0.230, D1 = D2 = 0.0252 eV, p1 = p2 = 50.0
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Table 9.7 Fracture criteria for polypropylene based on effective stress and craze density.

Name Criteria

Criterion A σ∗ ≥ 44MPa or ω ≥ 0.20

Criterion B σ∗ ≥ 41MPa or ω ≥ 0.30

Criterion C σ∗ ≥ 38MPa or ω ≥ 0.40

2

σ σ∗

σ∗

PP 38 44MPa (134)(135)

1.2.2

(101)(123) 0.15 (136)

0.5 (14) PP
0.30 PP 38 45MPa

0.2 0.4
9.7 3

9.5.3

9.5.1 9.7
9.30 Criterion A 9.30(a)

Criterion B
9.30(b) U̇/L = 1 s−1

Criterion C
9.30(c) Criterion A

9.30
9.8 9.8
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Fig. 9.30 Nominal stress-strain curves and predicted fracture points obtained by
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Table 9.8 Effective stress and craze dentity at fracture strain predicted by three
types of fracture criteria.

(a) Criterion A

Strain rate Fracture strain Effective stress Craze density Cause of fracture

U̇/L [s−1] U/L σ∗ [MPa] ω

100 0.20 44 0.20 σ∗ orω

10 0.14 38 0.21 ω

1 0.10 34 0.21 ω

0.1 0.07 31 0.21 ω

0.01 0.04 29 0.20 ω

(b) Criterion B

Strain rate Fracture strain Effective stress Craze density Cause of fracture

U̇/L [s−1] U/L σ∗ [MPa] ω

100 0.16 42 0.19 σ∗

10 0.19 41 0.23 σ∗

1 0.24 41 0.30 σ∗ orω

0.1 0.17 37 0.30 ω

0.01 0.11 32 0.31 ω

(c) Criterion C

Strain rate Fracture strain Effective stress Craze density Cause of fracture

U̇/L [s−1] U/L σ∗ [MPa] ω

100 0.12 39 0.16 σ∗

10 0.14 38 0.21 σ∗

1 0.17 38 0.26 σ∗

0.1 0.20 38 0.35 σ∗

0.01 0.25 38 0.40 σ∗ orω
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Fig. 9.31 Distributions of effective stress (left) and craze density (right) at fracture
starin predicted by criterion B.
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(9.1) W1 = 0.00375 W2 = 0.00150 mw = 4.00
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Fig. 9.32 Computational model of glassy polymer for three-dimensional analysis,
(a) Schematic image of analytical region, (b) Finite elements of micro-specimen
model of glassy polymer.
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Fig. 9.33 Determination process of initial direction of molecular chain base
vectors in glassy phase for three-dimensional analysis.

Table 9.9 Material constants and numerical parameters for three-dimensional
analysis of glassy polymer.

Elastic parameters E0 = 700MPa, ν0 = 0.350

Inelastic reponse law ˙γ0H = 15.0 ns−1, τ0H = 42.5MPa, αp = 0GPa−1, 	0 = 600 ns−1, ζ = 5.00

of Hasan and Boyce a0 = 1.06 eV, aeq = 1.00 eV, α0 = 0.0435 eV, αeq = 1.00 eV, S 0 = 0 eV

β1 = 1.44 nm3, β2 = 4.00, β3 = 15.0, β4 = 1.00, β5 = 0

Craze evolution equation
nr = 10.0 ns−1, gr = 1.00 ps−1, γc = 0.800, ω∗ = 1.00

C1 = C2 = 0.500, D1 = D2 = 0.0252 eV, p1 = p2 = 50.0

9.33(a) x1x2
1 2 x2 φ(1)g1 φ(2)g1 9.33(b)
x2 φ(α)g2 φ(1)g2 φ(2)g2 2

3 4 1
2 φ(1)g1 φ(3)g1 10

70◦ φ(1)g2 0 90◦ φ(3)g2 = φ
(1)
g2 + 90◦

9.1
9.34 (11) PMMA –

9.9 9.34
–

30 50 70% I
II 8 9.35 9.35
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Fig. 9.34 Nominal stress-strain curve obtained by three-dimensional FE analysis
with experimental plots of uniaxial tensile test of polymethyl methacrylate.

9.9 	0 = 600 ns−1 → 1.20 ps−1

aeq = 1.00 eV → 0.860 eV
9.35(d) 40

9.35(a) 30%
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9.35(c) 9.35(d)

Θ I 8
II 8

(4.61)

9.6.2

9.2.1 9.9
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8 8
D022 = 1.00 s

−1 θ 293K
Euler

s(α) = Ry1Ry2Ry3 s
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0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9.4)

m(α) = Ry1Ry2Ry3m
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150 9

x1

x2

x3

� i
_.

[ks ]
-1

1.30.0

(i) / = 0.30U L (ii) / = 0.50U L (iii) / = 0.70U L

(a)

� 0.090.04

x1

x2

x3

(i) / = 0.30U L (ii) / = 0.50U L (iii) / = 0.70U L

(b)

x1

x2

x3

� 0.650.35

(i) / = 0.30U L (ii) / = 0.50U L (iii) / = 0.70U L

(c)

I

II

I

II

I

II

(i) / = 0.30U L (ii) / = 0.50U L (iii) / = 0.70U L

(d)

x1

x2

x3

I I I

II II II

Fig. 9.35 Computational results for polymethyl methacrylate obatained by FE
analysis with modified parameters, (a) Distributions of equivalent inelastic strain
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Direction of molecular chains in eight-chain model at sampling points I and II.
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1 0 0
0 cos φy1 − sin φy1
0 sin φy1 cos φy1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9.6)
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cos φy2 0 sin φy2
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
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9.10 Eyring

ΔF0 κ Pan-Rice γ̇0P = 1.00 s−1 m = 0.09
θ = 343K (5.55) (5.56)

g(α) G’Sell (137) PP
9.36 (9.4) (9.5)

– y1 9.36(a)
y3

9.36(c)
y2 9.36(b)

y2 φy2

–
2 9.37(a) (φy1 , φy2 , φy3 ) = (90◦, 135◦, 0◦)
–

9.37(b) (φy1 , φy2 , φy3 ) = (0◦, 90◦, 60◦)
9.37(a) – y2

9.10 Chain Slip(α = 1 4)
2

9.14

9.37(b)

Table 9.10 Material constants and numerical parameters for crystalline phase in
three-dimensional analysis.

Elastic parameters E0 = 4.00GPa, ν0 = 0.330, ψ0 = 100GPa

Eyring hardening law

˙γ0E = 15.0 ns−1, ΔF0 = 1.02 eV, κ = 3.10

g(1) = 12.8MPa, g(2) = 4.00MPa, g(3) = 13.4MPa, g(4) = 13.4MPa

g(5) = 12.8MPa, g(6) = 4.00MPa, g(7) = 13.4MPa, g(8) = 13.4MPa
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Table 9.11 Material constants and numerical parameters for glassy phase in
three-dimensional analysis.

Elastic parameters E0 = 1.80GPa, ν0 = 0.330

Inelastic reponse law ˙γ0H = 15.0 ns−1, τ0H = 19.0MPa, αp = 0GPa−1, 	0 = 1.00 ps−1, ζ = 45.0

of Hasan and Boyce a0 = 1.06 eV, aeq = 0.900 eV, α0 = 0.0435 eV, αeq = 1.00 eV, S 0 = 0 eV

β1 = 1.44 nm3, β2 = 4.00, β3 = 15.0, β4 = 1.00, β5 = 0

Craze evolution equation
nr = 10.0 ns−1, gr = 1.00 ps−1, γc = 0.700, ω∗ = 1.00

C1 = C2 = 0.500, D1 = D2 = 0.0252 eV, p1 = p2 = 50.0

8 24 1 192 8
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ext
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ext
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F
ext
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Fig. A.2 Mechanism of craze formation by breaking of lamellar.

(a) SEM observation (PC) (b) TEM observation (PS/PVP blend)

PC

Craze

300 nm

Craze

Crack

PVP

PS

Boundary

500 nm

Fig. A.3 Microphotographics of craze observed by (a) SEM and (b) TEM.
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Fig. A.4 Anisotropy of craze evolution.
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L(I)
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B.2

2 2 ℵ(m′) 2 ℵ ℵ(m′) = χT ℵχ

ℵ̇(m′) = (χT ℵχ)̇
= χ̇T ℵχ + χT ℵ̇χ + χT ℵ χ̇
= χTχχ̇T ℵχ + χT ℵ̇χ + χT ℵ χ̇χTχ
= χT (χχ̇T ℵ + ℵ̇ + ℵ χ̇χT )χ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.3)

χχT = I

χ̇χT + χχ̇T = 0

χ̇χT = −χχ̇T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.4)

(B.4) (B.3)
	

ℵ ≡ ℵ̇ −Ωχℵ + ℵΩχ
ℵ̇(m′) = χT (ℵ̇ − χ̇χT ℵ + ℵ χ̇χT )χ

= χT (ℵ̇ − Ωχ ℵ + ℵΩχ)χ
= χT

	

ℵχ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.5)

Ωχ ≡ χ̇χT

m′ → m χ→ R∗ Ωχ →W∗

Mandel–Kratochvil
	

ℵ ≡ ℵ̇ −W∗ℵ + ℵW∗

B.3

2.3.2 L

L = L∗ + Le + Li . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.6)

L = (L∗)S + (Le)S + (Li)S + (L∗)A + (Le)A + (Li)A
= D∗ + De + Di +W∗ +We +Wi

= D +W . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.7)

D = LS W = LA
(L∗)S = D∗ = 0 (Le)A =We = 0 (B.7)

L = De + Di +W∗ +Wi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.8)

D W

D = De + Di . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.9)

W =W∗ +Wi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.10)
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(116)(117) (B.9) (B.10) (2.33) (2.35)

Li = Di +Wi = R∗ÛeḞiFi−1ÛeR∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.11)

De = R∗ ˙̂UeÛe−1R∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.12)

W∗ = Ṙ∗R∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.13)

B.4

1 (2.30) (2.41)

Di(M) = (Ḟ
iFi−1)S

=
1
2
(Fi−T ḞiT + ḞiFi−1)

=
1
2
(Fi−T ḞiTFiFi−1 + Fi−TFiT ḞiFi−1)

=
1
2
Fi−T (ḞiTFi + FiT Ḟi)Fi−1

= Fi−T Ėi(I)F
i−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.14)

(2.39) (2.40) 2

Di = R∗Di(m)R
∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.15)

(B.14) (B.15) (B.16)

Di = R∗Di(m)R
∗T ≈ R∗Di(M)R

∗T = R∗Fi−T Ėi(I)F
i−1R∗T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.16)

(B.16)

Di ≈
�

Ei , Di(m) ≈
�

Ei(m) , Di(M) ≈
�

Ei(M) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.17)

�

ℵ Cotter–Rivlin
�

Ei(M) ≡ Ė
i
(M) + L

i T
(M)E

i
(M) + E

i
(M)L

i
(M) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.18)

�

Ei(m) ≡ Ė
i
(m) + L

T
(m)E

i
(m) + E

i
(m)L(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.19)

�

Ei ≡ Ėi + LTEi + EiL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.20)

Li(M) ≡ Ḟ
iFi−1 L(m) ≡ Ḟ F−1 F 2

F ≡ ÛeFi
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B.5

(2.47) (B.17) 2

D(m) = De(m) + D
i
(m) ≈ Ė

e
(m) +

�

Ei(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.21)

(B.21)
∫
T
D(m)dt =

∫
T
De(m)dt +

∫
T
Di(m)dt ≈ E

e
(m) + E

i
(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.22)

Ei(m) Ei(m)

Ei(m) ≡
∫
T

�

Ei(m)dt , Ei(m) � E
i
(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.23)

Ei(m)
De(m) Ee(m) Ee(m)

2
2

B.6

(2.72) ( )

trLi(I) =
∑
α

[
γ̇(α) s(α)(I) · m

(α)
(I) + ε̇i(α)m (s(α)(I) · s

(α)
(I) + m

(α)
(I) · m

(α)
(I) + t

(α)
(I) · t

(α)
(I) )

]
. . . . . . . . . . . . . . . . . . . . . . . . . . (B.24)

s(α)(I) · m
(α)
(I) = 0 s(α)(I) · s

(α)
(I) + m

(α)
(I) · m

(α)
(I) + t

(α)
(I) · t

(α)
(I) = 3 (B.24)

trLi(I) =
∑
α

(3 ε̇i(α)m ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.25)

ε̇i(α)m∑
α

ε̇i(α)m =
1
3

(
trLi(I)

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.26)

(2.72)
γ̇(α) P(α)(I)

B.7

Li(I) =
∑
α

[
γ̇(α)s(α)(I) ⊗ m

(α)
(I) + ε̇i(α)m

(
s(α)(I) ⊗ s

(α)
(I) + m

(α)
(I) ⊗ m

(α)
(I) + t

(α)
(I) ⊗ t

(α)
(I)

)]
. . . . . . . . . . . . . . . . . . . . . . . (B.27)

1 s(α)(I) m(α)(I)
B.1(a) s(α)(I) x1 m(α)(I) x2 t(α)(I) x3

1 Fi w [
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(b)] x1 (s(α)(I) ) us = w tan β [ (c)]
dx(I) dx(M)

dx(M) 1 = wdx(I) 1 + w tan β dx(I) 2
dx(M) 2 = wdx(I) 2
dx(M) 3 = wdx(I) 3

⎫⎪⎪⎪⎬⎪⎪⎪⎭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.28)
(B.28) Fi w β

[
Fi

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
w w tan β 0
0 w 0
0 0 w

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.29)
s(α)(I) m(α)(I) t(α)(I)

{
s(α)(I)

}
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
0
0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ ,
{
m(α)(I)

}
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0
1
0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ ,
{
t(α)(I)

}
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0
0
1

⎫⎪⎪⎪⎬⎪⎪⎪⎭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.30)

s(α)(I) s(α)(I) (B.29)
Fi

[
Fi

] {
s(α)(I)

}
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
w w tan β 0
0 w 0
0 0 w

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
0
0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
w
0
0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.31)
s(α)(I) Fi−1

{
s(α)(I)

} [
Fi−1

]
=

[
Fi−T

] {
s(α)(I)

}
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1/w

− tan β/w
0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.32)
m(α)(I) (B.31) (B.32)

[
Fi

] {
m(α)(I)

}
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
w tan β
w
0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.33)

Fig. B.1 Concrete representation of inelastic deformation.
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{
m(α)(I)

} [
Fi−1

]
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0
1/w
0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.34)
1 Li(M)

Li(M) =
∑
α

Fi
(
γ̇(α) P(α)(I) + ε̇i(α)m Q(α)(I)

)
Fi−1

=
∑
α

[
γ̇(α) ‖Fis(α)(I) ‖ ‖m

(α)
(I) F

i−1‖ s(α)(M) ⊗ m
(α)
(M)

+ ε̇i(α)m Fi
(
s(α)(I) ⊗ s

(α)
(I) + m

(α)
(I) ⊗ m

(α)
(I) + t

(α)
(I) ⊗ t

(α)
(I)

)
Fi−1

]
. . . . . . . . . . . . . . . . . . . . . . . . (B.35)

(B.35) 1 ‖Fis(α)(I) ‖ ‖m(α)(I) F
i−1‖

(B.31) (B.34)

‖Fis(α)(I) ‖ =
√
w2 = w . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.36)

‖m(α)(I) F
i−1‖ =

√
1
w2
=
1
w
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.37)

‖Fis(α)(I) ‖ ‖m
(α)
(I) F

i−1‖ = w ×
1
w
= 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.38)

(B.35) 1

γ̇(α)‖Fis(α)(I) ‖ ‖m
(α)
(I) F

i−1‖s(α)(M) ⊗ m
(α)
(M) = γ̇

(α)s(α)(M) ⊗ m
(α)
(M) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.39)

(B.35) 2 Q(α)(I) (B.30)

{
s(α)(I)

}
⊗

{
s(α)(I)

}
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0
0 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.40)
{
m(α)(I)

}
⊗

{
m(α)(I)

}
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
0 1 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.41)
{
t(α)(I)

}
⊗

{
t(α)(I)

}
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
0 0 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.42)
(B.40) (B.41) (B.42)

[
Q(α)(I)

]
=

{
s(α)(I)

}
⊗

{
s(α)(I)

}
+

{
m(α)(I)

}
⊗

{
m(α)(I)

}
+

{
t(α)(I)

}
⊗

{
t(α)(I)

}
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0
0 1 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ . . . . . . . . . . . . . . . . . . . . . . . . . . (B.43)
Q(α)(I) ( ) I

Q(α)(I)
(B.35) 2

Fi
(
s(α)(I) ⊗ s

(α)
(I) + m

(α)
(I) ⊗ m

(α)
(I) + t

(α)
(I) ⊗ t

(α)
(I)

)
Fi−1 = FiIFi−1 = I
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Fig. B.2 Update of crystal base vector.

= s(α)(M) ⊗ s
(α)
(M) + m

(α)
(M) ⊗ m

(α)
(M) + t

(α)
(M) ⊗ t

(α)
(M) . . . . . . . . . . (B.44)

(B.39) (B.44)
1

Li(M) =
∑
α

[
γ̇(α)s(α)(M) ⊗ m

(α)
(M) + ε̇

i(α)
m

(
s(α)(M) ⊗ s

(α)
(M) + m

(α)
(M) ⊗ m

(α)
(M) + t

(α)
(M) ⊗ t

(α)
(M)

)]
. . . . . . . . . . . . . . . . . . . . (B.45)

B.8

(2.80) s(α) s(α)

s(α)(t + Δt) = s(α)(t) + ṡ(α)(t)Δt = s(α)(t) +W∗s(α)(t)Δt = (I +W∗ Δt) s(α)(t) . . . . . . . . . . . . . . . . . . . . . (B.46)

Δt Δt
B.2 ‖s(α)(t + Δt)‖ ≥ ‖s(α)(t)‖

m(α)

s(α) m(α)

B.9

1
Fi ( B.3 )

Fi = R̂iÛi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.47)

R̂i (ḞiFi−1)A ≡ ˙̂Ri R̂i T Ûi

(B.47) Ûi ( ˙̂UiÛi−1)A = 0
B.3 s(1)

(M̂)
1

2.7(b) 1
α

R̂i(α) (R̂i =
∏
α
R̂i(α)) α

R̂i(α) =
∏
β�α
R̂i(β) s(α) m(α)

s(α) = R∗s(α)(m) = R
∗s(α)(M) = R

∗R̂i(α)s(α)(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.48)



B.9. 189

m(α) = R∗m(α)(m) = R
∗m(α)(M) = R

∗R̂i(α)m(α)(I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.49)

F (R∗R̂i(α))
R̂i(α) Ûi Ûe

ṡ(α)(I) = 0 (B.48)

ṡ(α) =
(
R∗ R̂i(α)s(α)(I)

)·
= Ṙ∗R̂i(α)s(α)(I) + R

∗ ˙̂Ri(α)s(α)(I)

= Ṙ∗R̂i(α)
(
R̂i(α)TR∗T

)
s(α) + R∗

˙̂
Ri(α)

(
R̂i(α)TR∗T

)
s(α)

= Ṙ∗R∗T s(α) + R∗
(
˙̂
Ri(α)R̂i(α)T

)
R∗T s(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.50)

3 2 3 R̂i(1) = R̂i(3)R̂i(2)

1 s(1)(I) B.3 1 s(1)(M)
s(1)(I) Ûi 1

R̂i(1) B.3 s(1)
(M)

Ûi

1 R̂i(1) s(1)
(M̆)

1
3 R̂i(3)

i(1)
R̂

i(2)
R̂

i(3)
R̂

(1)

( )I
s

(1)

( )M
s

i
F

i
Û

(1)

( )M
�s(1)

ˆ( )M
s

i(1)
R̂

(1)

( )M
s

i
R̂

Fig. B.3 Inelastic rotation of slip system.
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˙̂
Ri(1)R̂i(1)T

˙̂
Ri(1)R̂i(1)T = (R̂i(3)R̂i(2))· (R̂i(3)R̂i(2))T

= ( ˙̂Ri(3)R̂i(2)) (R̂i(2)T R̂i(3)T ) + (R̂i(3) ˙̂Ri(2)) (R̂i(2)T R̂i(3)T )

= ˙̂Ri(3)R̂i(3)T + R̂i(3) ˙̂Ri(2)R̂i(2)T R̂i(3)T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.51)

1 3 Wi(3)
(M) Wi(3)

(M) ≡
˙̂Ri(3)R̂i(3)T 1

R̂i(3) 2 Wi(2)
(M̆)

Wi(2)
(M̆)
≡ ˙̂Ri(2)R̂i(2)T

(B.51)

˙̂Ri(3)R̂i(3)T + R̂i(3) ˙̂Ri(2)R̂i(2)T R̂i(3)T =Wi(3)
(M) + R̂

i(3)Wi(2)
(M̆)
R̂i(3)T

=Wi(3)
(M) +W

i(2)
(M)

=
∑
β�1
Wi(β)
(M) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.52)

˙̂
Ri(α) R̂i(α)T =

∑
β�α
Wi(β)
(M)

(B.50)

ṡ(α) =W∗s(α) + R∗
⎛⎜⎜⎜⎜⎜⎜⎝∑
β�α

Wi(β)
(M)

⎞⎟⎟⎟⎟⎟⎟⎠ R∗T s(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.53)
W∗

ṁ(α)(I) = 0 (B.49) (B.53)

ṁ(α) =
(
R∗R̂i(α)m(α)(I)

)·

=W∗m(α) + R∗
⎛⎜⎜⎜⎜⎜⎜⎝∑
β�α

Wi(β)
(M)

⎞⎟⎟⎟⎟⎟⎟⎠ R∗Tm(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.54)
Wi(α)
(M) ≈ W

i(α)
(m) (B.53) (B.54)

R∗
( ∑
β�α
Wi(β)
(M)

)
R∗T

R∗
⎛⎜⎜⎜⎜⎜⎜⎝∑
β�α

Wi(β)
(M)

⎞⎟⎟⎟⎟⎟⎟⎠ R∗T =∑
β�α

(
R∗Wi(β)

(M)R
∗T

)
≈

∑
β�α

(
R∗Wi(β)

(m)R
∗T

)
=

∑
β�α

Wi(β) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.55)

∑
β�α
Wi(β) s(α) m(α)

ṡ(α) =

⎛⎜⎜⎜⎜⎜⎜⎝W∗ + ∑
β�α

Wi(β)

⎞⎟⎟⎟⎟⎟⎟⎠ s(α)

=

⎛⎜⎜⎜⎜⎜⎜⎝W − ∑
β

Wi(β) +
∑
β�α

Wi(β)

⎞⎟⎟⎟⎟⎟⎟⎠ s(α)

=

⎡⎢⎢⎢⎢⎢⎢⎣W −
⎛⎜⎜⎜⎜⎜⎜⎝Wi(α) +

∑
β�α

Wi(β)

⎞⎟⎟⎟⎟⎟⎟⎠ + ∑
β�α

Wi(β)

⎤⎥⎥⎥⎥⎥⎥⎦ s(α)
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=
(
W − Wi(α)

)
s(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.56)

ṁ(α) =
(
W − Wi(α)

)
m(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (B.57)

W∗ = W − Wi = W −
∑
α
Wi(α)
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C

3

C.1

C.1
1

4.1.1

C.1.1 ( )

D
Dt

∫
V
ρ dv = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.1)

ρ V dv D/Dt Dℵ/Dt ≡ ℵ̇

ft

( )n

q
( )n

V

�

A

r

Body force

Radiant heat

Normal stress

Heat flux

Mass density

Volume
Area of surface

Fig. C.1 System applied mechanical and thermal effects (for conservation laws in
global form).
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(C.1) Reynolds

D
Dt

∫
V
ℵ dv =

∫
V
( ℵ̇ + ℵ div � ) dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.2)

ρ̇ + ρ div � = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.3)

�

C.1.2 ( )

D
Dt

∫
V
ρ� dv =

∮
A

(n)
t da +

∫
V
ρ f dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.4)

(n)
t f
(C.4) 1 Cauchy

∮
A

(n)
t da =

∮
A
Tnda =

∫
V
divT dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.5)

(C.4) Reynodls
(C.5)

divT + ρ ( f − �̇ ) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.6)

C.1.3 ( )

D
Dt

∫
V
x × ρ� dv =

∮
A
x ×

(n)
t da +

∫
V
x × ρ f dv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.7)

x
(C.7) Reynodls 1 Cauchy

∫
V

[
ei jkTk j + ei jk x j{Tkl,l + ρ( fk − �̇k)}

]
dv = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.8)

(C.8) [ (C.6)]

e · ·T = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.9)
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e · ·T ≡ ei jk Tk j ei (C.9)

eki jT ji =
1
2
(eki jT ji + eki jT ji) =

1
2
(eki jT ji − eki jTi j)

=
1
2
eki j(T ji − Ti j) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.10)

ei jk (C.10) Cauchy
Ti j = T ji (C.10)

C.1.4 ( )

1 ( )

∮
A
Ps da +

∫
V
Pb dv +

∮
A
Qs da +

∫
V
Qb dv −

D
Dt

∫
V
ρ (

�

ε + K ) dv = 0 . . . . . . . . . . . . . . . . . . . (C.11)

Qs Qb K
�

ε

Qs ≡ − q · n =
(n)q , Qb ≡ ρ r , K ≡

1
2
� · � . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.12)

r
[ (3.12)]

∮
A
Ps da +

∫
V
Pb dv −

D
Dt

∫
V
ρK dv −

∫
V
Pdv = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.13)

(C.11) (C.13)

T · D − div q + ρ ( r −
�̇

ε ) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.14)

�̇

ε

C.2

[ (3.12)]
[ (3.15)] [ C.2.1]

P̆ = T · D̆

= T · (L̆ − W̆)
= T · ( grad �̆ − I × �̆)
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= div (TT �̆ ) − ( divT ) · �̆ − ( e · ·T ) · �̆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.15)

L̆ W̆ L W �̆

W̆
(3.13) (3.14) (C.15) [ (3.12)] Gauss

[ C.2.2]∮
A
(
(n)
t − T n ) · �̆ da +

∫
V

[
{ divT + ρ ( f − �̇ ) } · �̆ + ( e · ·T ) · �̆

]
dv = 0. . . . . . . . . . . . . . . . . . . . . . . (C.16)

n
(C.16) �̆ �̆ (C.17) (C.19)
(n)
t = T n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.17)

divT + ρ ( f − �̇ ) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.18)

e · ·T = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.19)

(C.17) Cauchy (C.18) (C.19)

C.2.1

(C.15) (3.15) D̆ L

D̆ = L̆ − W̆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.20)

W̆ L W L
W

L̆ = grad �̆

W̆ = I × �̆

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.21)
(C.20) (C.21) (3.15)

P̆ = T · D̆

= T · ( L̆ − W̆ )
= T · ( grad �̆ − I × �̆ ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.22)

2

T · grad �̆ → Ti j �̆i, j = ( Ti j �̆i ), j − Ti j, j �̆i

→ div (TT �̆ ) − ( divT ) · �̆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.23)

T · ( I × �̆ ) → Ti j e jkl δik �̆l = e jkl Ti j δik �̆l
= el jk δki Ti j �̆l
= el jk Tk j �̆l

→ ( e · ·T ) · �̆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.24)

(C.23) (C.24) (C.22) (C.15)
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C.2.2 (C.16)

(C.16) Gauss (3.13) (3.14) (C.15)
[ (3.12)]

∫
v

{
ρ ( f − �̇ ) · �̆ + ( divT ) · �̆ + ( e · ·T ) · �̆ − div (TT �̆ )

}
dv +

∮
∂v

(n)
t · �̆ da = 0 . . . . . . . . . . (C.25)

Gauss
∫
v
div (TT �̆ ) dv →

∫
v
( T ji �̆ j ),i dv =

∮
∂v
T ji �̆ j ni da

=

∮
∂v
T ji ni �̆ j da

→
∮
∂v
(Tn) · �̆ da . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.26)

(C.26) (C.25) (C.16)

C.3 1 Piola-Kirchhoff Cauchy

Π̇FT = J(Ṫ − TLT + TtrL) 1 Piola-Kirchhoff Π

Cauchy T Π = (JTF−T ) Π̇FT

Π̇FT = (JTF−T )̇FT

= (J̇TF−T + JṪF−T + JTḞ−T )FT

= J̇T + JṪ + JTḞ−TFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.27)

LT = −Ḟ−TFT [ C.4] J̇ = JtrL [ C.5] (C.27)

Π̇FT = J(trL)T + JṪ − JTLT

= J(Ṫ − TLT + TtrL) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.28)

(C.28) Π̇ = J(Ṫ − TLT + TtrL)F−T (C.28)
Π̇ Ṫ

C.4

FF−1 = I I

ḞF−1 + FḞ−1 = 0

ḞF−1 = −FḞ−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.29)

(C.29) (2.5) L LT

L = −FḞ−1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.30)

LT = −(FḞ−1)T = −Ḟ−TFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.31)
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C.5 Jacobian

(detA) ei jk = elmn Ail A jm Akn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.32)

J ei jk = elmn Fil F jm Fkn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.33)

(C.33) ei jk ei jk ei jk = 6

J =
1
6
ei jk elmn Fil F jm Fkn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.34)

(C.34) Ḟi j =
∂ ẋi
∂ x(I) j

=
∂ �i
∂ xk

∂ xk
∂ x(I) j

= �i,k Fk j

J̇ =
1
6
ei jk elmn (Ḟil F jm Fkn + Fil Ḟ jm Fkn + Fil F jm Ḟkn)

=
1
6
ei jk elmn (�i,p Fpl F jm Fkn + Fil � j,p Fpm Fkn + Fil F jm �k,p Fpn)

=
1
6
(ep jk �p,i + eipk �p, j + ei jp �p,k) elmn Fil F jm Fkn

=
1
6
(ep jk �p,i + eipk �p, j + ei jp �p,k) J ei jk

=
1
6
(ep jk ei jk �p,i + eipk ei jk �p, j + ei jp ei jk �p,k) J

=
1
6
(2δpi �p,i + 2δp j �p, j + 2δpk �p,k) J

=
1
3
(�p,p + �p,p + �p,p) J

= J �i,i

= J (trL) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (C.35)
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D

4

D.1

(4.22)

(2.78) Di

(4.22)

(2.78) 2 (4.22) Ψ̇ i

J ≈ 1

Ψ̇ i = T(m) ·
∑
α

(
γ̇(α) P(α)(m)S + ε̇

i(α)
m Q(α)(m)

)
+ M(m) ·

∑
α

(
γ̈(α) P(α)(m)S + ε̈

i(α)
m Q(α)(m)

)
− Hdθ̇ + Ydω̇ . . . . . . . . . . (D.1)

(D.1) T(m) T(m) = T′(m) +σm I ( T′(m)) (
σmI)

ε̇i(α)m ε̈i(α)m ≈ 0 (D.1)

Ψ̇ i =
(
T′(m) + σm I

)
·
∑
α

(
γ̇(α) P(α)(m)S + ε̇

i(α)
m Q(α)(m)

)
+ M′(m) ·

∑
α

γ̈(α) P(α)(m)S − H
dθ̇ + Ydω̇

= T′(m) ·
∑
α

γ̇(α) P(α)(m)S + σm I ·
∑
α

ε̇i(α)m Q(α)(m) + M
′
(m) ·

∑
α

γ̈(α) P(α)(m)S − H
dθ̇ + Ydω̇ . . . . . . . . . . . . (D.2)

(D.2)

Ψ̇ i =
∑
α

τ(α) γ̇(α) + 3
∑
α

σm ε̇
i(α)
m +

∑
α

κ(α) γ̈(α) − Hdθ̇ + Ydω̇ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (D.3)

τ(α) (2.59) κ(α) ≡ M′(m) · P
(α)
(m)S M′(m)

(D.3)

dΨ i =
∑
α

τ̂(α)dγ(α) + 3
∑
α

σmdεi(α)m +
∑
α

κ(α)dγ̇(α) − Hddθ + Yddω . . . . . . . . . . . . . . . . . . . . . . . . . (D.4)

Gibbs Gd

Gd ≡ Ψ i − 3
∑
α

σm ε
i(α)
m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (D.5)
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(D.4) Legendre

dGd =
∑
α

τ(α)dγ(α) − 3
∑
α

εi(α)m dσm +
∑
α

κ(α)dγ̇(α) − Hddθ + Yddω . . . . . . . . . . . . . . . . . . . . . . . . . (D.6)

(D.6) Gibbs Gd

Gd = Gd ( γ(α) , γ̇(α) , σm , θ , ω ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (D.7)

(D.6) τ(α) =
∂Gd

∂ γ(α)
τ(α)

τ(α) = τ(α) ( γ(α) , γ̇(α) , σm , θ , ω ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (D.8)

(D.8) γ̇(α)

γ̇(α) = γ̇(α) ( τ(α) , γ(α) , σm , θ , ω ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (D.9)

(D.9) θ σm

Q(α)

D.2

De (4.36)
21 6 × 6

[
Ce

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ce1111 Ce1122 Ce1133 Ce1112 Ce1123 Ce1131

Ce2222 Ce2233 Ce2212 Ce2223 Ce2231

Ce3333 Ce3312 Ce3323 Ce3331

Ce1212 Ce1223 Ce1231

Sym. Ce2323 Ce2331

Ce3131

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (D.10)

(4.35)

[
Ce

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ + 2μ λ λ 0 0 0

λ + 2μ λ 0 0 0

λ + 2μ 0 0 0

μ 0 0

Sym. μ 0

μ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (D.11)

2 λ μ
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D.3 Hill

Hill (4.43)
Hill

–
D.1 D.1

Strain

S
tr

e
ss

�

�
p

�
e

�

�
eC

e

=     (         )C
e

� �
p

�

�
e

�
p

: Total strain

: Elastic strain

: Plastic strain

C
e
: Elastic modulus

Fig. D.1 Schematic expression of Hill’s method.

x1x3

x2

r
�

1

�
2

O

P

Fig. D.2 Three-dimensional polar coordinates.
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Hill

D.4

D.2 O r 2 φ1 φ2 P
φ1 x3 P OP x3 φ2 x3 P

x1x2 x1 x1 x3

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x1 = r sinφ1cosφ2
x2 = r sinφ1sinφ2
x3 = r cosφ1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (D.12)

φ1 φ2 0 ≤ φ1 ≤ π 0 ≤ φ2 ≤ 2π r
(D.12)

r = 1
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E

5

E.1 Hasan-Boyce
(3) Hasan-Boyce

E.1.1

(5.2) ϕ(α)(ΔF0) E.1
(5.2) 0 ≤ ΔF0 < ∞ ΔF0 E.1

1 ϕ(α)(ΔF0) E.2 exp[−ΔF0/(kB θ)]

(E.1) E.3 Ξ(α)(ΔF0, θ)

Ξ(α)(ΔF0, θ) = ϕ(α)(ΔF0) exp
(
−
ΔF0
kB θ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.1)

P
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n

Activation energy

a
a+(1.5 )��

Fig. E.1 Probability density function with respect to activation energy.
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Activation energy F0�

ex
p
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Fig. E.2 Probability of local shear deformation with respect to activation energy.

3

2

1

0
1.0 1.1 1.2

Activation energy [eV]

15

20

25

30

35

10

5

3

2.5

0%

�
(

,
=

2
9

6
K

)
[1

/e
V

]
F

0
�

�

Strain

Fig. E.3 Probability distribution function of local free volume with respect to
activation energy.
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Ξ(α)(ΔF0, θ) 0 ≤ ΔF0 < ∞ ΔF0
( ) E.3∫ ∞

0 Ξ(α)(ΔF0, θ) d ΔF0 Hasan-Boyce∫ ∞
0 Ξ(α)(ΔF0, θ) d ΔF0

E.1.2

E.1.1 (E.1) E.3 Ξ(α)(ΔF0, θ) 0 ≤ ΔF0 ≤ ∞
ΔF0 ( E.3 )∫ ∞

0 Ξ(α)(ΔF0, θ) d ΔF0
5.1.5

∫ ∞

0
Ξ(α)(ΔF0, θ) d ΔF0

=

∫ ∞

0
ϕ(α)(ΔF0) exp

(
−ΔF0
kB θ

)
dΔF0

=
1

2A(α)1

∫ a(α)+(3πα(α))/4

a(α)
exp

(
ΔF0 − a(α)

α(α)

)
exp

(
−ΔF0
kB θ

)
sin

(
ΔF0 − a(α)

α(α)

)
dΔF0

+
1

2A(α)2

∫ a(α)+(3πα(α))/2

a(α)+(3πα(α))/4
exp

(
−
ΔF0 − a′(α)

α(α)

)
exp

(
−ΔF0
kB θ

)
sin

(
ΔF0 − a′(α)

α(α)

)
dΔF0

=
J(α)1
2A(α)1

+
J(α)2
2A(α)2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.2)

J(α)1 ≡
∫ a(α)+(3πα(α))/4

a(α)
exp

(
ΔF0 − a(α)

α(α)

)
exp

(
−ΔF0
kB θ

)
sin

(
ΔF0 − a(α)

α(α)

)
dΔF0 . . . . . . . . . . . . . . . . . . . . . . . . (E.3)

J(α)2 ≡
∫ a(α)+(3πα(α))/2

a(α)+(3πα(α))/4
exp

(
−
ΔF0 − a′(α)

α(α)

)
exp

(
−ΔF0
kB θ

)
sin

(
ΔF0 − a′(α)

α(α)

)
dΔF0 . . . . . . . . . . . . . . . . . . . . . . (E.4)

J(α)1 J(α)2 J(α)1

J(α)1 =
[
exp

(
ΔF0 − a(α)

α(α)

)
exp

(
−ΔF0
kB θ

) (
−α(α)

)
cos

(
ΔF0 − a(α)

α(α)

)]a(α)+(3πα(α))/4
a(α)

−
∫ a(α)+(3πα(α))/4

a(α)

(
1
α(α)
−
1
kB θ

)
exp

(
ΔF0 − a(α)

α(α)

)
exp

(
−ΔF0
kB θ

) (
−α(α)

)
cos

(
ΔF0 − a(α)

α(α)

)
dΔF0

= − α(α)
[
exp

(
ΔF0 − a(α)

α(α)

)
exp

(
−ΔF0
kB θ

)
cos

(
ΔF0 − a(α)

α(α)

)]a(α)+(3πα(α))/4
a(α)

+

(
1 −

α(α)

kB θ

) [
exp

(
ΔF0 − a(α)

α(α)

)
exp

(
−ΔF0
kB θ

)
α(α) sin

(
ΔF0 − a(α)

α(α)

)]a(α)+(3πα(α))/4
a(α)

−
(
1 −

α(α)

kB θ

)2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.5)
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(E.5) J(α)1

J(α)1 =
α(α)

1 +
[
1 − α(α)/(kB θ)

]2
[
1
√
2

(
2 −

α(α)

kB θ

)
exp

(
3π
4

)
exp

(
−{a(α) + (3πα(α))/4}

kB θ

)
+ exp

(
−a(α)

kB θ

)]
. . . (E.6)

J(α)2

J(α)2 =
α(α)

1 +
[
1 + α(α)/(kB θ)

]2
[
1
√
2

(
2 +

α(α)

kB θ

)
exp

(
−
π

4

)
exp

(
−{a(α) + (3πα(α))/4}

kB θ

)

+ exp (−π) exp
(
−{a(α) + (3πα(α))/2}

kB θ

)]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.7)

(E.6) (E.7) (E.2)
∫ ∞
0 Ξ(α)(ΔF0, θ) d ΔF0

E.1.3

5.1.1 Hasan-Boyce
Argon

( )

(3) E.4
1

Argon
Hasan-Boyce

Fig. E.4 Schematic representation of relationship between local free volume and
rotation of kink in molecular chain.
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E.1.4

a(α) α(α) Ξ(α)(ΔF0, θ)
E.5 [ (5.3) (5.4)] α(α)

a(α) α(α) E.1
E.1 ϕ(α)(ΔF0) 1

Ξ(α)(ΔF0, θ) α(α)

ϕ(α)(ΔF0) Ξ(α)(ΔF0, θ) ( E.3 0 5%
)

a(α) E.1 ( ) a(α)

E.1 ϕ(α)(ΔF0)
Ξ(α)(ΔF0, θ)

( E.3 10 35% ) α(α)

a(α)

α(α) a(α)

Fig. E.5 Evolution of internal variables of probability density function with
increasing true strain.



E.2. 207

E.1.5

τ0

τ0 (5.3) (5.4) a(α) α(α)

(5.3) (5.4) |γ̇(β)|
	(β) (5.3) (5.4)

g(α)

ġ(α) =
∑
β

h(αβ) |γ̇(β)| . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.8)

h(αβ) ( )
( )
2

E.2

J2-

Dp =
3
2
ε̇p
T′

σ
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.9)

Dp T′ (T′ ≡T − (trT /3) I) ε̇p σ

(142)

ε̇p ≡
√
2
3
Dp · Dp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.10)

σ≡
√
3
2
T′ · T′ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.11)

( ) ( )
( )

Boyce (46) (143) J2-

Dp = γ̇p
T′
√
2 τ
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.12)

τ =

√
T′ · T′
2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.13)

(143) γ̇p τ τ

γ̇p

(E.11) (E.9)

Dp =
√
3
2
ε̇p

T′
√
T′ · T′

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.14)
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(E.13) (E.12)

Dp = γ̇p
T′

√
T′ · T′

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.15)

(E.9) (E.12) (E.14) (E.15) (E.10)

γ̇p =

√
3
2
ε̇p =

√
Dp · Dp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.16)

γ̇p

( )

γ̇p ≡
√
Dp · Dp
2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.17)

( )

γ̇p ≡
√
2 (Dp · Dp) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.18)

(E.12)

Dp = γ̇p
T′

τ
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.19)

Dp = γ̇p
T′

2 τ
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (E.20)

(E.12) ( (E.16) ) γ̇p

( (E.18) )
Hasan-Boyce [ (5.1)] ( (E.16)

) (5.1)
√
2

E.3 Eyring

(5.23) (5.45) γ̇(α)

τ(α) (5.45)
Eyring 5.5(a)

Eyring
(5.23) Pan-Rice 5.4(b)

Pan-Rice
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F

6

F.1

n1 i ni ni

ΔS n1 i
n1 + ni n1 ni W

(107)

ΔS = kB lnW = kB ln
(n1 + ni)!
n1!ni!

= kB {ln(n1 + ni)! − ln n1! − ln ni!} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.1)

ln x! ≈ x ln x − x (F.1)

ln(n1 + ni)! ≈ (n1 + ni) ln(n1 + ni) − (n1 + ni) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.2)

ln n1! ≈ n1 ln n1 − n1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.3)

ln ni! ≈ ni ln ni − ni . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.4)

(F.2) (F.4) (F.1)

ΔS ≈ kB{(n1 + ni) ln(n1 + ni) − n1 ln n1 − ni ln ni}

= kB
{
n1 ln

(
n1 + ni
n1

)
+ ni ln

(
n1 + ni
ni

)}

= kB
{
n1 ln

(
1 +

ni
n1

)
+ ni ln

[
n1
ni

(
1 +

ni
n1

)]}

= kB
{
n1 ln

(
1 +

ni
n1

)
+ ni ln

n1
ni
+ ni ln

(
1 +

ni
n1

)}

≈ kB
{
n1
ni
n1
+ ni ln

n1
ni
+ ni

ni
n1

}

≈ kB
{
ni + ni ln

n1
ni

}

= kBni
{
1 − ln

ni
n1

}
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.5)

ln(1 + x) x = 0 Taylor 1 ln(1 + x) ≈ x
n1 >> ni (F.5) n1 ρ∗ ni ρ0

ΔS
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F.2

(6.3) ΔS ΔS = kBρ0[1 − ln(ρ0/ρ∗)]

ΔF = ρ0ΔG10 − θkBρ0
(
1 − ln

ρ0
ρ∗

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.6)

∂ΔF/∂ρ0 = 0

∂ ΔF
∂ ρ0

= ΔG10 − θkB
[(
1 − ln

ρ0
ρ∗

)
+ ρ0

(
−
1
ρ∗
ρ∗

ρ0

)]
= ΔG10 + kBθ ln

ρ0
ρ∗

= 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.7)

ln
ρ0
ρ∗
= −

ΔG10
kBθ

ρ0 = ρ
∗ exp

(
−
ΔG10
kBθ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.8)

(F.8)
∂ΔF/∂ρ0 = 0 ρ0

ρ0 = ρ
∗ exp

(
−
ΔG10 − σΔυ1

kBθ

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.9)

F.3

F.1 3
ω̂

(a)

L l 1 ω̂ ω

ω̂ =
( l
L
)3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.10)

ω =
( l
L
)2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.11)

(F.10) (F.11) l/L ω̂ ω

ω̂ = ω3/2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.12)
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a b
c

a

b

r

r

(a) Cubic void (b) Spherical void (c) Ellipsoidal void

l

L

l

Fig. F.1 Conversion of volume-area fraction for each void morphology.

(b)

L r(r < L) 1 ω̂

ω̂ =
4π
3

( r
L
)3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.13)

ω ,

ω = π
( r
L
)2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.14)

(F.14) r/L (F.13)

ω̂ =
4
3
√
π
ω3/2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.15)

(c)

3 2a, 2b, 2c ω̂ ω

ω̂ =
4πabc/3
L3

=
4π
3
abc
L3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.16)

ω =
πab
L2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.17)

(F.17) 1/L (F.16) ω̂ ω

ω̂ =
4c

3
√
πab

ω3/2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.18)
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VoidHigh free volumeLow free volume

LowActivation energyHigh

Fig. F.2 Correspondence of activation energy and free volume fraction.

(F.18) a = b = c = r (F.18) (F.15)

(d)

(F.12) (F.15) (F.18) ω3/2 k

ω̂ = kω3/2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (F.19)

(F.19)
b = c = 0.02a

(F.18) k = 0.106 2 1 50
k = 0.1

k 0.1 < k < 1

F.4

5.1.1
F.2

(6.26)
ΔF0 Ci 1
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G

7

G.1

(5.43) (5.43) (7.1)
CL RL

CL ≡ Ctan + ψ0 S(1) ⊗ S(1), RL ≡
∑
α

υ̇(α)Ω0
(α) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.1)

G.2

(7.17) 2
∫
Y
L†i jT jkL̆

0
ikdy =

∫
Y
L†i jT jkdyL̆

0
ik . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.2)

∫
Y
L0i jT jkL̆

†
ikdy =

∫
Y
T jkL̆†ikdyL

0
i j . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.3)

(G.2)
∫
Y L
†
i jT jkdy

∫
Y
L†i jT jkdy =

∫
Y
(�†i T jk), jdy −

∫
Y
�
†
i T jk, jdy

=

∫
AY

�
†
i Tk jn jday −

∫
Y
�
†
i Tk j, jdy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.4)

AY Y day (G.4)2
1 �

†
i Y– Tk jn j Y– [ G.1] 2

(7.11)
∫
Y
L†i jT jkdy = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.5)

(7.17) (G.2) Y–
(G.3)
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Fig. G.1 Periodicity of disturbance velocity and anti-periodicity of normal stress.

G.3

G.3.1

Hill-Mandel(144)

Y
(145)

Updated Lagrange (3.25)
(88)

1
Y

∫
Y
π̇ · L̆dy = Π̇H · L̆0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.6)

π̇ Π̇H (3.23) Updated Lagrange 1 Piola-Kirchhoff
[

G.3.3]

π̇ ≡ Ṫ − TLT + TtrL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.7)

Π̇H ≡ ṪH − THL0T + THtrL0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.8)

(G.6) (7.8) L̆

(
Π̇H −

1
Y

∫
Y
π̇dy

)
· L̆0 −

1
Y

∫
Y
π̇ · L̆†dy = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.9)

L̆0 (G.9) 2

Π̇H =
1
Y

∫
Y
π̇dy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.10)

∫
Y
π̇ · L̆†dy = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.11)

(G.10) π̇

(G.11)
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(trL ≈ 0) (3.26) [ (7.1)] (G.7)

π̇ = (CL − P) : D − RL + LT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.12)

(a)

(G.12) (G.11) (7.8) (7.9) L D

∫
Y

[
{(CL − P) : (D0 + D†) − RL} · D̆† + L†T · L̆†

]
dy = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.13)

(G.13) Y– L0

[ G.2] (G.13) �
†

∫
Y

[
{(CL − P) : D†} · D̆† + L†T · L̆†

]
dy = −

{∫
Y
D̆† : (CL − P)dy

}
: D0 +

∫
Y
RL · D̆†dy . . . . . . . . (G.14)

(7.20) �
†

(b)

(G.12) (G.10) (7.8) (7.9) L D

Π̇H =
1
Y

∫
Y

{
CL : D0 + (CL − P) : D† − RL

}
dy − PH : D0 + L0TH . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.15)

(G.15) Y– L†

[ G.2] TH PH (7.26) (7.27)
Updated Lagrange 1 Piola-Kirchhoff Π̇H (3.26)

Cauchy TH Jaumann
◦

TH = ṪH −W0TH + THW0

Π̇H = ṪH − THL0T + THtrL0

=
◦

TH +W0TH − THW0 − TH(D0 +W0)T + THtrL0

=
◦

TH + (L0 − D0)TH − THW0 − THD0 + THW0 + THtrL0

=
◦

TH − D0TH − THD0 + L0TH + THtrL0

=
◦

TH − PH : D0 + L0TH + THtrL0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.16)

(trL0 ≈ 0) (G.15) (G.16) Jaumann
◦

TH

◦

TH =
1
Y

∫
Y

{
CL : D0 + (CL − P) : D† − RL

}
dy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.17)

[ (G.14)] �
† χkli

φi (G.18) D†i j (G.19)

�
†
i = −χ

kl
i D

0
kl + φi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.18)
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D†i j = −χ
kl
(i, j)D

0
kl + φ(i, j) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.19)

(G.19) D† (G.17) D0

Jaumann

◦

TH = CH : D0 − RH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.20)

CH RH (7.24) (7.25)

G.3.2

G.3.1
(3.28) Updated Lagrange

∫
V

[
(
◦

TH − PH : D0) · D̆0 + (L0TH) · L̆0
]
dv =

∮
A

(̇n)
t · �̆0 da +

∫
V
ρ ḟ · �̆0 dv . . . . . . . . . . . . . . . . . . . . . (G.21)

(G.20) (G.21) �
0

(7.23)
∫
V

[{
(CH − PH) : D0

}
· D̆0 + (L0TH) · L̆0

]
dv =

∮
A

(̇n)
t · �̆0 da +

∫
V
ρ ḟ · �̆0 dv +

∫
V
RH · D̆0 dv . . . . . (G.22)

7

7.5

G.3.3 Updated Lagrange 1 Piola-Kirchhoff

(G.7) (G.8) Updated Lagrange 1 Piola-Kirchhoff
(7.26)

ṪH =
D
Dt

(
1
Y

∫
Y
Tdy

)

=
D
Dt

(
1
Y

) ∫
Y
Tdy +

1
Y
D
Dt

(∫
Y
Tdy

)

= −
1
Y2
DY
Dt

∫
Y
Tdy +

1
Y

∫
Y
(Ṫ + TtrL)dy

= −
1
Y
(trL0)

∫
Y
Tdy +

1
Y

∫
Y
(Ṫ + TtrL)dy

=
1
Y

∫
Y
(Ṫ + TtrL)dy − THtrL0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.23)

[ (C.2)] DY/Dt = (trL0)Y (G.7)
(G.23)

1
Y

∫
Y
π̇dy = ṪH + THtrL0 −

1
Y

∫
Y
TLTdy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.24)
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(G.24) 3 (7.8) L
Y– [

G.2]

1
Y

∫
Y
π̇dy = ṪH + THtrL0 −

1
Y

∫
Y
TL0Tdy

= ṪH + THtrL0 − THL0T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (G.25)

(G.25) Updated Lagrange 1 Piola-Kirchhoff
(G.8) Updated Lagrange 1 Piola-Kirchhoff

Cauchy (G.23) ṪH � 1
Y

∫
Y Ṫdy
Cauchy

(G.10) Updated Lagrange 1 Piola-Kirchhoff
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H

8

H.1 Euler

t
Euler

dx
dt
= f (x, t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.1)

x t x = x(t)

(a) Euler

t x(t) f (x, t) t + Δt x
t Taylor

x(t + Δt) = x(t) +
dx
dt
Δt +

1
2
d2x
dt2
(Δt)2 + · · · . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.2)

Δt (H.2) 3 x(t + Δt)

x(t + Δt) ≈ x(t) + f (x, t)Δt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.3)

Taylor 1 Euler
t i t + Δt i + 1
(H.3)

xi+1 = xi + f (xi, ti)Δt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.4)

xi+1 − xi

Δt
= f (xi, ti) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.5)

(H.4) i x 1 t i x
i + 1 x (H.2) Taylor

t
Euler Euler Euler

Taylor
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(b) Euler

t x(t) f (x, t) t − Δt
x t Taylor

x(t − Δt) = x(t) −
dx
dt
Δt +

1
2
d2x
dt2
(Δt)2 − · · · . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.6)

Δt (H.6) 3 x(t − Δt)

x(t − Δt) ≈ x(t) − f (x, t)Δt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.7)

t − Δt i t i + 1
(H.7)

xi+1 = xi + f (xi+1, ti+1)Δt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.8)

xi+1 − xi

Δt
= f (xi+1, ti+1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.9)

(H.8) i + 1 x 1 t i x
x (H.6) Taylor

t
Euler Euler

(H.8) i + 1
(H.8)

xi+1 H.2

H.2 Newton-Rapson

Newton-Rapson [ (8.67)]

Newton-Rapson
1

t[KV]{ΔU0
I }(1) = {ΔF

ext
} + {ΔF

app
} +t {F

res
} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.10)

t+Δt{U0I }(1) =t {U0I } + {ΔU0I }(1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.11)

t+Δt{F
res
}(1) =t+Δt {F

ext
} −t+Δt {F

int
}(1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.12)

( )(i) i (H.10) (H.12) (H.10)
{ΔU0I }(1) (H.11)

t+Δt{U0I }(1) t+Δt{F
int
}(1) t+Δt{F

res
}(1)

2

t+Δt[KV](i−1){ΔU0
I }(i) =t+Δt {F

res
}(i−1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.13)
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t+Δt{U0I }(i) =t+Δt {U0I }(i−1) + {ΔU0I }(i) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.14)

t+Δt{F
res
}(i) =t+Δt {F

ext
} −t+Δt {F

int
}(i) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.15)

2 (H.13) {ΔF
ext
}

{ΔF
app
} 2

1 (H.10) (H.12)
2 (H.13) (H.15) t + Δt

Newton-Rapson
H.1

H.1 t
(H.10) t{F

res
}

1 (H.10) (H.12)
Newton-Rapson 8.5

t+Δt{F
res
}(i)

t+Δt{F
res
}(i)

||t+Δt{F
res
}(i)|| < εrFref . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.16)

||t+Δt{F
res
}(i)|| εr Fref Fref

||{ΔF
app
}|| Fref

U
0

F

t+ t�

U
0(1) t+ t i�

U
0( )

�F
ext

t

F
int(1)+ t�

t+ t�

F
res(1)

t+ t�

F
ext

t i

F
int( )+ t�

t+ t i�

F
res( )

t

F
ext

t

U
0 t+ t�

U
0

�U
0(1)

�U
0( )i

: Convergence point

Fig. H.1 Schematic expression of Newton-Rapson method.
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H.3

(8.20) (8.54) [J]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂N0I

∂ x1
∂N0I

∂ x2
∂N0I

∂ x3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
= [J]−T

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂N0I

∂ r1
∂N0I

∂ r2
∂N0I

∂ r3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.17)

(H.17)
(8.52) (8.53)

detJ

detJ = detJT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.18)

[J]
[J]T (H.17)

detJT (8.52) (8.53)

H.4 Gauss

H.1 Gauss H.1
Order Gauss nint

H.1
(H.19) (H.20)

∫
VE
f (x)dv =

∫
Vr
f (r) detJ dvr =

nint∑
k=1

nint∑
j=1

nint∑
i=1
wiwjwk f (ri1, r

j
2, r

k
3) detJ . . . . . . . . . . . . . . . . . . . . . . . . . (H.19)

∫
AE
f (x)da =

∫
Ar
f (r) detJ dar =

nint∑
j=1

nint∑
i=1
wiwj f (ri1, r

j
2) detJ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.20)

(H.19) (H.20) (8.52) (8.53)

8.1(b) 8 H.1 Order
3 Gauss 3 8.1(a)

Gauss H.1
Gauss H.2

H.2

H.5

H.4 1 2
2 (8 9 )
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Table H.1 Coordinates and weights at sampling points of one-dimensional
gaussian integration(131).

Order Number of sampling point Coordinates Weight

nint ri wi

1 1 0.00000 00000 00000 2.00000 00000 00000

3 2 ± 0.57735 02691 89626 1.00000 00000 00000

5 3 ± 0.77459 66692 41483 0.55555 55555 55556

0.00000 00000 00000 0.88888 88888 88889

7 4 ± 0.86113 63115 94053 0.34785 48451 37454

± 0.33998 10435 84856 0.65214 51548 62546

Table H.2 Coordinates and weights at sampling points of gaussian integration for
two-dimensional triangular elements(130)(146).

(a) 3-node triangular element ( nA = 1 )

Sampling point Coordinates Weight

i ri1 ri2 wiA
1 0.33333 33333 33333 0.33333 33333 33333 0.50000 00000 00000

(b) 6-node triangular element ( nA = 3 )

Sampling point Coordinates Weight

i ri1 ri2 wiA
1 0.16666 66666 66667 0.16666 66666 66667 0.16666 66666 66667

2 0.66666 66666 66667 0.16666 66666 66667 0.16666 66666 66667

3 0.16666 66666 66667 0.66666 66666 66667 0.16666 66666 66667

(c) 10-node triangular element ( nA = 7 )

Sampling point Coordinates Weight

i ri1 ri2 wiA
1 0.10128 65073 23456 0.10128 65073 23456 0.06296 95902 72413

2 0.79742 69853 53087 0.10128 65073 23456 0.06296 95902 72413

3 0.10128 65073 23456 0.79742 69853 53087 0.06296 95902 72413

4 0.47014 20641 05115 0.05971 58717 89770 0.06619 70763 94253

5 0.47014 20641 05115 0.47014 20641 05115 0.06619 70763 94253

6 0.05971 58717 89770 0.47014 20641 05115 0.06619 70763 94253

7 0.33333 33333 33333 0.33333 33333 33333 0.11250 00000 00000
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Table H.3 Number of sampling points of gaussian integration for two-dimensional
quadrilateral elements.

Element type nA nRA nSRA
4-node element 4 1 5

8-node element 9 4 13

9-node element 9 4 13

12-node element 16 9 25

16-node element 16 9 25

1 Gauss nint 3 32 = 9

1

(58)

8

H.3 nA nRA nSRA

H.6 Jaumann

W23 W31 Cauchy T Jaumann

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ṫ11 − 2W12T12

Ṫ22 + 2W12T12

Ṫ33

Ṫ12 −W12(T11 − T22)

Ṫ23 +W12T31

Ṫ31 −W12T23

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

◦

T 11
◦

T 22
◦

T 33
◦

T 12
◦

T 23
◦

T 31

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.21)



224 8

H.7

8.6
y3

(8.21)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

◦

TH11
◦

TH22
◦

TH33
◦

TH12
◦

TH23
◦

TH31

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

CH1111 CH1122 CH1133 CH1112 CH1123 CH1131

CH2211 CH2222 CH2233 CH2212 CH2223 CH2231

CH3311 CH3322 CH3333 CH3312 CH3323 CH3331

CH1211 CH1222 CH1233 CH1212 CH1223 CH1231

CH2311 CH2322 CH2333 CH2312 CH2323 CH2331

CH3111 CH3122 CH3133 CH3112 CH3123 CH3131

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D011

D022

D033

2D012

2D023

2D031

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

−

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

RH11

RH22

RH33

RH12

RH23

RH31

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. . . . . . . . . . . . . . . . . . . . (H.22)

2 W0
23 W0

31

D023 D031 TH33 W0
23 W0

31 TH23 TH31 TH33

8.6

(a)

D023 D031 (H.22)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

◦

TH11
◦

TH22
◦

TH33
◦

TH12

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

CH1111 CH1122 CH1133 CH1112

CH2211 CH2222 CH2233 CH2212

CH3311 CH3322 CH3333 CH3312

CH1211 CH1222 CH1233 CH1212

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D011

D022

D033

2D012

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
−

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

RH11

RH22

RH33

RH12

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.23)

(H.23)
D33 [(8.79)]

TH33 = Ṫ
H
33 = 0 (H.23) D033

D033 = −
1

CH3333
(CH3311D

0
11 +C

H
3322D

0
22 + 2C

H
3312D

0
12 − R

H
33) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.24)

(H.24) (H.23)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

◦

TH11
◦

TH22
◦

TH12

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ĈH1111 ĈH1122 ĈH1112

ĈH2211 ĈH2222 ĈH2212

ĈH1211 ĈH1222 ĈH1212

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
D011

D022

2D012

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
−

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
R̂H11

R̂H22

R̂H12

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.25)
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ĈHi jkl R̂Hi j

ĈHi jkl ≡ C
H
i jkl −

CHi j33
CH3333

CH33kl , R̂Hi j ≡ R
H
i j −

CHi j33
CH3333

RH33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.26)

(H.25)
TH23 TH31 TH33

TH23 TH31

(b)

(H.22) 2
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

◦

TH11
◦

TH22
◦

TH12

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CH1111 CH1122 CH1112

CH2211 CH2222 CH2212

CH1211 CH1222 CH1212

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
D011

D022

2D012

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CH1133 CH1123 CH1131

CH2233 CH2223 CH2231

CH1233 CH1223 CH1231

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
D033

2D023

2D031

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
−

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
RH11

RH22

RH12

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . (H.27)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

◦

TH33
◦

TH23
◦

TH31

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CH3311 CH3322 CH3312

CH2311 CH2322 CH2312

CH3111 CH3122 CH3112

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
D011

D022

2D012

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CH3333 CH3323 CH3331

CH2333 CH2323 CH2331

CH3133 CH3123 CH3131

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
D033

2D023

2D031

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
−

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
RH33

RH23

RH31

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . (H.28)

(H.28) TH23 = T
H
31 = T

H
33 = Ṫ

H
23 = Ṫ

H
31 = Ṫ

H
33 = 0

(H.28) 3 D033
D023 D031⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

D033

2D023

2D031

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
= −

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CH3333 CH3323 CH3331

CH2333 CH2323 CH2331

CH3133 CH3123 CH3131

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1 ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CH3311 CH3322 CH3312

CH2311 CH2322 CH2312

CH3111 CH3122 CH3112

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
D011

D022

2D012

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
−

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
RH33

RH23

RH31

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ . . . . . . . . . . . . (H.29)

(H.29) (H.27)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

◦

TH11
◦

TH22
◦

TH12

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ĈH1111 ĈH1122 ĈH1112

ĈH2211 ĈH2222 ĈH2212

ĈH1211 ĈH1222 ĈH1212

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
D011

D022

2D012

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
−

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
R̂H11

R̂H22

R̂H12

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.30)

(H.25) (H.25)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ĈH1111 ĈH1122 ĈH1112

ĈH2211 ĈH2222 ĈH2212

ĈH1211 ĈH1222 ĈH1212

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ≡
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CH1111 CH1122 CH1112

CH2211 CH2222 CH2212

CH1211 CH1222 CH1212

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ − [Λ]
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CH3311 CH3322 CH3312

CH2311 CH2322 CH2312

CH3111 CH3122 CH3112

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ . . . . . . . . . . . . . (H.31)
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⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
R̂H11

R̂H22

R̂H12

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
≡

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
RH11

RH22

RH12

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
− [Λ]

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
RH33

RH23

RH31

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (H.32)

[Λ] ≡

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CH1133 CH1123 CH1131

CH2233 CH2223 CH2231

CH1233 CH1223 CH1231

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
CH3333 CH3323 CH3331

CH2333 CH2323 CH2331

CH3133 CH3123 CH3131

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1
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1/8 1 1
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OpenMP 16

I.2

2 7 I.1
34 g(α)

1 8 I.1

– [ ]
( ) I.1

Table I.1 Material constants and numerical parameters in material models of
ductile polymer.

Deformation in glassy phase
[ E0, ν0, τ0H, 	0, a0, aeq ]

( γ̇0H, ζ, αp, α0, αeq, S 0, β1, β2, β3, β4, β5 )

Deformation in crystalline phase [ E0, ν0, ΔF0, κ, g(α) ] ( ψ0, γ̇0E )

Craze evolution [ nr, gr, γc, C1, C2 ] ( ω∗, D1, D2, p1, p2 )
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Fig. I.1 Effect of material constants in inelastic response law of Hasan and Boyce
on nominal stress-strain curve .
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Fig. I.2 Numerically obtained nominal stress-strain curves with and without craze evolution.
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Fig. I.6 Distributions of craze density corresponding to numerical result of U̇/L =
1 s−1 in Fig.9.30 .
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e
(0)mnkl(δn j − ω(m)n j) − Aω(δim − ω(m)im)C

e
(0)mnklω̇(m)n j

=
Ȧω
Aω
Cei jkl − ω̇(m)im(δmp − ω(m)mp)

−1Cep jkl −C
e
inkl(δnq − ω(m)nq)

−1ω̇(m)q j . . . . . . . . . . . . . . . . . . . . . . . (I.12)

(I.12) (I.11) (I.8) Ee(m) T(m)

Ṫ(m) = Ce : Ėe(m) +
Ȧω
Aω
T(m) −

[
ω̇(m)(I − ω(m))−1T(m) + T(m)(I − ω(m))−1ω̇(m)

]
. . . . . . . . . . . . . . . . . . . . . . (I.13)

(I.13)

	

T = Ce : De +
Ȧω
Aω
T −

[
	
ω(I − ω)−1T + T(I − ω)−1

	
ω

]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (I.14)

(I.14) 4.3

(4.68)

I.8.3

2 ω̇(α)(m)
ω̇(α)n(m) ω̇(α)g(m)

ω̇(α)(m) = ω̇
(α)
n(m) + ω̇

(α)
g(m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (I.15)

ω̇(α)n(m) ω̇(α)g(m)

ω̇(α)n(m) = ω̇
(α)
n(m)M

(α)
(m), ω̇(α)g(m) = ω̇

(α)
g(m)

ω(α)(m)

||ω(α)(m)||
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (I.16)

M(α)
(m) M(α)

(m) ≡ m
(α)
(m) ⊗m

(α)
(m)

(I.15) (I.16)

	
ω
(α)
=

	
ω
(α)
n +

	
ω
(α)
g . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (I.17)
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ω
(α)
n = ω̇

(α)
n M(α),

	
ω
(α)
g = ω̇

(α)
g
ω(α)

||ω(α)||
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (I.18)

	
ω
(α)
≡ ω̇(α) −W∗ω(α) + ω(α)W∗ Mandel–Kratochvil

ω̇(α)n ω̇(α)g 6
[ (6.21) (6.22)]

I.8.4 FEM

I.8.2 I.8.3
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Fig. I.8 Distributions and orientations of principal values of stress and craze
density in macroscopic specimen at 30% elongation.
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Fig. I.9 Distributions and orientations of principal values of stress and craze
density in unit cell at sampling point I.
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