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Abstract 
This thesis proposes a Lithium-ion battery model in consideration of diffusion 

phenomena and a simultaneous estimation method for the State Of Charge (SOC) 
and the log-normalized parameters of the battery using Unscented Kalman Filter 
(UKF). 

In the first chapter, two purposes of the proposed method in this thesis are 
described. One purpose is proposing a Lithium-ion battery model in consideration of 
diffusion phenomena for the model-based SOC estimation. The other purpose is 
simultaneously and accurately estimating SOC and internal impedances to improve 
safety and efficiency of the battery.  

In the second chapter, some related terminologies are defined, previous studies 
in this field are surveyed, and the novelty of the proposed method is verified. 

In the third chapter, an SOC estimation method using a linear equivalent 
circuit model and a cascaded combination of two Kalman filters are described for 
the preparation of the proposed method. 

In the fourth chapter, the Lithium-ion battery model in consideration of 
diffusion phenomena is proposed. This model includes linearized Warburg 
impedance which represents diffusion of Lithium-ions. Two of its merits are that it 
is based on electrochemical phenomena and that it is expressed by relatively small 
number of unknown parameters. The model’s effectiveness is verified by the 
parameter sensitivity plot. 

In the fifth chapter, the simultaneous estimation method for the SOC and the 
log-normalized parameters of the battery using UKF. This method uses technique to 
estimate log-normalized unknown parameters. Three of its merits are; numerical 
stability is improved, estimates of the parameters are always positive values, and 
distributions of the parameters do have log-normalized distributions. This method 
is verified by performing a series of simulations under an Electric Vehicle (EV) 
operating environment. 

In the sixth chapter, this thesis is summarized. 
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Fig. 2.1 An example of the strucutre of the lithium-ion battery cell. From website of Battery
Association of Japan [9].

2.1.2

Table 2.1 [4], [10]–[17]
LiCoO2

LiPF6

(a)

EV HEV

Table 2.2

3.9V
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Table 2.1 Materials used in the lithium-ion battery.

Positive Electrode Cobalt Oxide LiCoO2
Manganese Oxide LiMn2O2
Nickel Oxide LiNiO2
Nickel-Cobalt-Aluminum Oxide Li(Ni-Co-Al)O2
Nickel-Manganese-Cobalt Oxide Li(Ni-Mn-Co)O2
Iron Phosphate LiFePO4

Negative Electrode Graphite C6
Hard Carbon C6
Oxide/Nitride Li4Ti5O12
Alloy Li-Sn

Li-Si*
Electrolyte Organic Electrolyte

Polymer Gel
Solid-State Polymer*
Inorganic Solid Electrolyte*
Ionic Liquid*

* Under development

(b)

Solid Electrolyte Interface, SEI
2

SEI

[18], [19] SEI

[20], [21]
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Table 2.2 Standard Electrode Potential (SEP).

Reaction SEP vs Li+/Li Main Usage
Au+ + e− → Au 1.69 4.74
Li1−xMn2O4 + xLi2++ xe− → LiMn2O4 1.00 4.05 Li+Pos. Electrode
Li1−xCoO2 + xLi2+ + xe− → LiCoO2 0.90 3.95 Li+ Pos. Electrode
Li1−xNiO2 + xLi2+ + xe− → LiNiO2 0.80 3.85 Li+ Pos. Electrode
NiOOH + H2O +e−→ Ni(OH)2 +OH− 0.48 3.53 Ni-MH Pos. Electrode
Cu2+ + 2e− → Cu 0.34 3.39 Li+ Neg. Collector
2H+ + 2e− → H2 0.00 3.05 SHE*
Zn2+ + 2e− → Zn −0.76 2.29
2H2O + 2e− → 2OH− + H2 −0.83 2.22 Ni-MH Neg. Electrode
Al3+ + 3e− → Al −1.66 1.39 Li+ Pos. Collector
6C + xLi+ + xe− → C6Lix −2.90 0.15 Li+ Neg. Electrode
Li+ + e− → Li −3.05 0.00

* Standard Hydrogen Electrode

(c)

LiPF6
LiBF4

[5], [22]

2.1.3

2Li0.5CoO6 + Li+ + e− ⇔ 2LiCoO2
C6Li⇔ C6 + Li+ + e−

C6Li + 2Li0.5CoO2 ⇔ C6 + 2LiCoO2
(2.1)

(2.1)
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Fig. 2.2 Electrochemical reactions of Lithium-ion battery at discharge.
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Fig. 2.5 Thévenin’s equivalent circuit.
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SOP
SOP SOP

SOPin SOPout
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Iin =
Vmax − E
R

(2.8)

Iout =
E − Vmin
R

(2.9)

Vmax Vmin E
R SOP SOPin SOPout

SOPin = IinV (2.10)
SOPout = IoutV (2.11)

SOP

SOC SOP SOC

2.3 SOC

1990
SOC SOH,

2000

2.3.1 SOC

SOC 3 [3], [6], [8], [27]
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Fig. 2.10 Equivalent circuit of a battery.
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Fig. 2.12 The first example of the equivalent circuit model.

 
  

  

 

 

Fig. 2.13 The second example of the equivalent circuit model.
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Fig. 2.15 Route map of EV experiment.
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Fig. 2.17
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Fig. 2.17 An example of transition of probability density function in case of linear system.

 

 

 

Fig. 2.18 An example of transition of proba-
bility density function in case of nonlinear sys-
tem.

 

 

 

Fig. 2.19 Transition of probability density
function used in Monte Carlo method.

 

 

 

Fig. 2.20 Transition of probability density
function used in Extended Kalman Filter.

 

 

 

Fig. 2.21 Transition of probability density
function used in Unscented Kalman Filter.
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Produce estimates at the current time step 
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Update 
Combined with current observation  
to refine the state estimate. 

Fig. 2.22 Flow chart of Kalman filter algorithm.

x ∈ �nx u ∈ �nu y ∈ �ny v
N(0,Q) w N(0, R) v

STEP 1
x̂0|0 N(x0, P0)

x̂0|0 = E[x0|0] = x0 (2.20)

Pxx0|0 = E
[(
x0|0 − x̂0|0) (x0|0 − x̂0|0)�] = P0 (2.21)

STEP 2
k x̂k|k (2.18) k + 1

x̂k+1|k = Ax̂k|k + Buk (2.22)
Pxxk+1|k = AP

xx
k|kA

� + Q (2.23)

k + 1 x̂k+1|k (2.19) k + 1

ŷk+1|k = Cx̂k+1|k + Duk+1 (2.24)
Pyyk+1|k = CP

xx
k+1|kC

� + R (2.25)

Pxyk+1|k = P
xx
k+1|kC

� (2.26)
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STEP 3
k + 1 yk+1 ŷk+1|k k + 1

Kk+1 = Pxyk+1|k
(
Pyyk+1|k

)−1
(2.27)

x̂k+1|k+1 = x̂k+1|k + Kk+1(yk+1 − ŷk+1|k) (2.28)
Pxxk+1|k+1 = P

xx
k+1|k − Kk+1Pyyk+1|kK�k+1 (2.29)

= (I − Kk+1C)Pxxk+1|k (2.30)

(b) EKF

xk+1 = f (xk,uk) + vk (2.31)
yk = h (xk,uk) + wk (2.32)

x ∈ �nx u ∈ �nu y ∈ �ny f (·) h(·)
xk uk v N(0,Q)

w N(0, R) v EKF

STEP 1
(2.20), (2.21)

STEP 2
k x̂k|k (2.31) k + 1

x̂k+1|k = f (x̂k|k,uk) (2.33)
Pxxk+1|k = AkP

xx
k|kA

�
k + Q (2.34)

(2.31) x = x̂k|k

Ak =
∂ f (x, uk)
∂x

∣∣∣∣∣∣
x=x̂k|k

(2.35)

k + 1 x̂k+1|k (2.32) k + 1

ŷk+1|k = h(x̂k+1|k,uk) (2.36)
Pyyk+1|k = Ck+1P

xx
k+1|kC

�
k+1 + R (2.37)

Pxyk+1|k = P
xx
k+1|kC

�
k+1 (2.38)
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(2.32) x = x̂k+1|k

Ck+1 =
∂h(x,uk+1)
∂x

∣∣∣∣∣∣
x=x̂k+1|k

(2.39)

STEP 3
k + 1 yk+1 ŷk+1|k k + 1

Kk+1 = Pxyk+1|k
(
Pyyk+1|k

)−1
(2.40)

x̂k+1|k+1 = x̂k+1|k + Kk+1(yk+1 − ŷk+1|k) (2.41)
Pxxk+1|k+1 = P

xx
k+1|k − Kk+1Pyyk+1|kK�k+1 (2.42)

(c) UKF

EKF (2.31), (2.32) UKF

STEP 1
(2.20), (2.21)

STEP 2
k x̂k|k Xik|k

Xik|k =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
x̂k|k, i = 0
x̂k|k + γ

(
Lk|k
)
i , i = 1, 2, . . . , nx

x̂k|k − γ (Lk|k)i , i = nx+1, . . . , 2nx
(2.43)

(
Lk|k
)
i Lk|k i Lk|k Lk|kL�k|k = P

xx
k|k

Lk|k
wa γ =

√
nx + λ λ

x nx + λ = 3

wia =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

λ

nx + λ
, i = 0

1
2(nx + λ)

, i = 1, 2, . . . , 2nx
(2.44)

(2.31) Xik+1|k
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k + 1

Xik+1|k = f
(
Xik|k,uk

)
(2.45)

x̂k+1|k =
2nx∑
i=0
wiaXik+1|k (2.46)

Pxxk+1|k =
2nx∑
i=0
wia
(
Xik+1|k − x̂k+1|k

) (
Xik+1|k − x̂k+1|k

)�
+ Q (2.47)

k + 1 x̂k+1|k Xik+1|k

Xik+1|k =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
x̂k+1|k, i = 0
x̂k+1|k + γ

(
Lk+1|k

)
i , i = 1, 2, . . . , nx

x̂k+1|k − γ (Lk+1|k)i , i = nx+1, . . . , 2nx
(2.48)

(
Lk+1|k

)
i Lk+1|k i Lk+1|k Lk+1|kL�k+1|k = P

xx
k+1|k

wb

wib =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

λ

nx + λ
, i = 0

1
2(nx + λ)

, i = 1, 2, . . . , 2nx
(2.49)

(2.32) Yik+1|k
k + 1

Yik+1|k = h
(
Xik+1|k,uk

)
(2.50)

ŷk+1|k =
2nx∑
i=0
wibYik+1|k (2.51)

Pyyk+1|k =
2nx∑
i=0
wib
(
Yik+1|k − ŷk+1|k

) (
Yik+1|k − ŷk+1|k

)�
+ R (2.52)

Pxyk+1|k =
2nx∑
i=0
wib
(
Xik+1|k − x̂k+1|k

) (
Yik+1|k − ŷk+1|k

)�
(2.53)

STEP 3
k + 1 yk+1 ŷk+1|k k + 1

Kk+1 = Pxyk+1|k
(
Pyyk+1|k

)−1
(2.54)

x̂k+1|k+1 = x̂k+1|k + Kk+1(yk+1 − ŷk+1|k) (2.55)
Pxxk+1|k+1 = P

xx
k+1|k − Kk+1Pyyk+1|kK�k+1 (2.56)
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wm

wim =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

λ

nx + λ
, i = 0

1
2(nx + λ)

, i = 1, 2, . . . , 2nx
(2.57)

wc

wic =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

λ

nx + λ
+ 1 − α2 + β, i = 0

1
2(nx + λ)

, i = 1, 2, . . . , 2nx
(2.58)

α 10−4 ≤ α ≤ 1
β x λ

α = 1 β = 2 nx + λ = 3 [84], [85]

2.6.3

[82], [86]

UKF
UKF Square-Root UKF Merwe [84], [87] Simandl [88]
Merwe 1

Plett [70], [71] Merwe
P S

[82] P n × n
P = S�S (2.59)

S S
n × n

P S
2
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1. S P
2. S�S

1
2

P S
3

(a) QR
(b) Joseph
(c) 1

(a) QR

X QR X Q R
X m × n m > n QR

X = QR =
[
Q1 Q2

] [R1
0

]
= Q1R1 (2.60)

R ∈ �m×n Q ∈ �m×m Q1 ∈ �m×n Q2 ∈ �m×(m−n) R1 ∈ �n×n QR

X�X = (QR)� (QR) = R�Q�QR = R�R = R�1 R1 (2.61)

X QR R1 X�X

QR (2.23), (2.25)
P

Pk+1 = APkA� + BQB� (2.62)

A, B Q P
S (2.62)

(Sk+1)� Sk+1 =
[
SkA�√
QB�

]� [ SkA�√
QB�

]
(2.63)
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Sk+1 (2.61)

Sk+1 = fqr
([
SkA�√
QB�

])
(2.64)

R = fqr(M) M QR R

QR (2.62) 2 (2.63)
Joseph

1

(b) Joseph

QR
(2.29) P

S (2.29)

Pxxk+1|k+1 =
(
Sxxk+1|k

)�
Sxxk+1|k − Kk+1

(
Syyk+1|k

)�
Syyk+1|kK

�
k+1 (2.65)

2 QR
(2.25) QR

(2.65)

Pxxk+1|k+1 =
⎡⎢⎢⎢⎢⎣Sxxk+1|k

(
I − C�K�k+1

)
√
RK�k+1

⎤⎥⎥⎥⎥⎦
� ⎡⎢⎢⎢⎢⎣Sxxk+1|k

(
I − C�K�k+1

)
√
RK�k+1

⎤⎥⎥⎥⎥⎦ (2.66)

Joseph QR

Sxxk+1|k+1 = fqr
⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎣Sxxk+1|k

(
I − C�K�k+1

)
√
RK�k+1

⎤⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎠ (2.67)

EKF 2
UKF

1

(c) 1

1 Update Downdate 2 R R�R
x Update

X = R�R + xx� (2.68)
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Downdate

X = R�R − xx� (2.69)

R x X O(n3)
R x 1 O(n2)

Update
Downdate X

MATLAB R© cholupdate

QR 1
Joseph 1

Merwe UKF Joseph
1 Downdate
Downdate

QR Joseph

1
UKF (2.47)

Pxxk+1|k =
2nx∑
i=0
wia
(
Xik+1|k − x̂k+1|k

)(
Xik+1|k − x̂k+1|k

)�
+ Q (2.70)

=

√
w0a
(
X0k+1|k − x̂k+1|k

) √
w0a
(
X0k+1|k − x̂k+1|k

)�
+ . . .

+

√
w2nxa

(
X2nxk+1|k − x̂k+1|k

) √
w2nxa

(
X2nxk+1|k − x̂k+1|k

)�
+
√
Q
√
Q (2.71)

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
w0a
(
X0k+1|k − x̂k+1|k

)�
...√

w2nxa
(
X2nxk+1|k − x̂k+1|k

)�
√
Q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
w0a
(
X0k+1|k − x̂k+1|k

)�
...√

w2nxa
(
X2nxk+1|k − x̂k+1|k

)�
√
Q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2.72)

QR wia
i = 0 i = 0
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1 Downdate

Pxxk+1|k = −
√∣∣∣w0a∣∣∣ (X0k+1|k − x̂k+1|k

) √∣∣∣w0a∣∣∣ (X0k+1|k − x̂k+1|k
)�

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
w1a
(
X1k+1|k − x̂k+1|k

)�
...√

w2nxa
(
X2nxk+1|k − x̂k+1|k

)�
√
Q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
w1a
(
X1k+1|k − x̂k+1|k

)�
...√

w2nxa
(
X2nxk+1|k − x̂k+1|k

)�
√
Q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2.73)

2 QR 1 1
Downdate 2 QR

Txxk+1|k = fqr

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
w1a
(
X1k+1|k − x̂k+1|k

)�
...√

w2nxa
(
X2nxk+1|k − x̂k+1|k

)�
√
Q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2.74)

1 1 Downdate

Sxxk+1|k = fcd
(
Txxk+1|k,

√∣∣∣w0a∣∣∣ (X0k+1|k − x̂k+1|k
))

(2.75)

X = fcd(R, x) x R
1 Downdate

2.6.4

/

(a)

(2.18), (2.19)

STEP 1
x̂0|0 N(x0,S�0 S0)

x̂0|0 = E[x0|0] = x0 (2.76)

Sxx0|0 =
√
E

[(
x0|0 − x̂0|0) (x0|0 − x̂0|0)�] = S0 (2.77)



42 2

STEP 2
k x̂k|k (2.18) k + 1

x̂k+1|k = Ax̂k|k + Buk (2.78)

Sxxk+1|k = fqr
([
Sxxk|kA

�,
√
Q
]�)

(2.79)

k + 1 x̂k+1|k (2.19) k + 1

ŷk+1|k = Cx̂k+1|k + Duk+1 (2.80)

Syyk+1|k = fqr
([
Sxxk+1|kC

�,
√
R
]�)

(2.81)

Pxyk+1|k = S
xx
k+1|k

�Sxxk+1|kC
� (2.82)

STEP 3
k + 1 yk+1 ŷk+1|k k + 1

Kk+1 = Pxyk+1|k
(
Syyk+1|k

�Syyk+1|k
)−1

(2.83)
x̂k+1|k+1 = x̂k+1|k + Kk+1(yk+1 − ŷk+1|k) (2.84)

Sxxk+1|k+1 = fqr
([
Sxxk+1|k − Sxxk+1|kC�K�k+1,

√
RK�k+1

]�)
(2.85)

(b) EKF

EKF (2.31), (2.32)
EKF EKF

STEP 1
(2.76), (2.77)

STEP 2
k x̂k|k (2.31) k + 1

x̂k+1|k = f (x̂k|k,uk) (2.86)

Sxxk+1|k = fqr
([
Sxxk|kA

�
k ,
√
Q
]�)

(2.87)

(2.31) x = x̂k|k

Ak =
∂ f (x, uk)
∂x

∣∣∣∣∣∣
x=x̂k|k

(2.88)
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k + 1 x̂k+1|k (2.32) k + 1

ŷk+1|k = h(x̂k+1|k,uk) (2.89)

Syyk+1|k = fqr
([
Sxxk+1|kC

�
k+1,
√
R
]�)

(2.90)

Pxyk+1|k = S
xx
k+1|k

�Sxxk+1|kC
�
k+1 (2.91)

(2.32) x = x̂k+1|k

Ck+1 =
∂h(x,uk+1)
∂x

∣∣∣∣∣∣
x=x̂k+1|k

(2.92)

STEP 3
k + 1 yk+1 ŷk+1|k k + 1

Kk+1 = Pxyk+1|k
(
Syyk+1|k

�Syyk+1|k
)−1

(2.93)
x̂k+1|k+1 = x̂k+1|k + Kk+1(yk+1 − ŷk+1|k) (2.94)

Sxxk+1|k+1 = fqr
([
Sxxk+1|k − Sxxk+1|kC�k+1K�k+1,

√
RK�k+1

]�)
(2.95)

(c) UKF

UKF (2.31), (2.32)
UKF UKF

STEP 1
(2.76), (2.77)

STEP 2
k x̂k|k Xik|k

Xik|k =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
x̂k|k, i = 0
x̂k|k + γ

(
Sxxk|k
)
i
, i = 1, 2, . . . , nx

x̂k|k − γ
(
Sxxk|k
)
i
, i = nx+1, . . . , 2nx

(2.96)

(
Sxxk|k
)
i

Sxxk|k i wa
γ =
√
nx + λ λ

x nx + λ = 3

wia =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

λ

nx + λ
, i = 0

1
2(nx + λ)

, i = 1, 2, . . . , 2nx
(2.97)
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(2.31) Xik+1|k
k + 1 w0a

(I) w0a ≥ 0 QR

Xik+1|k = f
(
Xik|k,uk

)
(2.98)

x̂k+1|k =
2nx∑
i=0
wiaXik+1|k (2.99)

Mxx
k|k =

[√
wia
(
Xik+1|k − x̂k+1|k

)]
, i = 0, 1, . . . , 2nx (2.100)

Sxxk+1|k = fqr
([
Mxx
k|k,
√
Q
]�)

(2.101)

(II) w0a < 0 QR 1

Xik+1|k = f
(
Xik|k,uk

)
(2.102)

x̂k+1|k =
2nx∑
i=0
wiaXik+1|k (2.103)

Mxx
k+1|k =

[√
wia
(
Xik+1|k − x̂k+1|k

)]
, i = 1, 2, . . . , 2nx (2.104)

Txxk+1|k = fqr
([
Mxx
k+1|k,

√
Q
]�)

(2.105)

Sxxk+1|k = fcd
(
Txxk+1|k,

√∣∣∣w0a∣∣∣ (X0k+1|k − x̂k+1|k
))

(2.106)

k + 1 x̂k+1|k Xik+1|k

Xik+1|k =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
x̂k+1|k, i = 0
x̂k+1|k + γ

(
Sxxk+1|k

)
i
, i = 1, 2, . . . , nx

x̂k+1|k − γ
(
Sxxk+1|k

)
i
, i = nx+1, . . . , 2nx

(2.107)

(
Sxxk+1|k

)
i

Sxxk+1|k i
wb

wib =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

λ

nx + λ
, i = 0

1
2(nx + λ)

, i = 1, 2, . . . , 2nx
(2.108)

(2.32) Yik+1|k
k + 1 w0b
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(I) w0b ≥ 0 QR

Yik+1|k = h
(
Xik+1|k,uk

)
(2.109)

ŷk+1|k =
2nx∑
i=0
wibYik+1|k (2.110)

Mxx
k+1|k =

[√
wib
(
Xik+1|k − x̂k+1|k

)]
, i = 0, 1, . . . , 2nx (2.111)

Myy
k+1|k =

[√
wib
(
Yik+1|k − ŷk+1|k

)]
, i = 0, 1, . . . , 2nx (2.112)

Syyk+1|k = fqr
([
Myy
k+1|k,

√
R
]�)

(2.113)

Pxyk+1|k = M
xx
k+1|k

(
Myy
k+1|k
)�

(2.114)

(II) w0b < 0 QR 1

Yik+1|k = h
(
Xik+1|k,uk

)
(2.115)

ŷk+1|k =
2nx∑
i=0
wibYik+1|k (2.116)

Mxx
k+1|k =

[√
wib
(
Xik+1|k − x̂k+1|k

)]
, i = 0, 1, . . . , 2nx (2.117)

Myy
k+1|k =

[√
wib
(
Yik+1|k − ŷk+1|k

)]
, i = 1, 2, . . . , 2nx (2.118)

Tyyk+1|k = fqr
([
Myy
k+1|k,

√
R
]�)

(2.119)

Syyk+1|k = fcd
(
Tyyk+1|k,

√∣∣∣w0b
∣∣∣ (Y0k+1|k − ŷk+1|k

))
(2.120)

Pxyk+1|k = M
xx
k+1|k

[√
wib
(
Yik+1|k − ŷk+1|k

)
,Myy

k+1|k
]�

(2.121)

STEP 3
k + 1 yk+1 ŷk+1|k k + 1

Kk+1 = Pxyk+1|k
(
Syyk+1|k

�Syyk+1|k
)−1

(2.122)
x̂k+1|k+1 = x̂k+1|k + Kk+1(yk+1 − ŷk+1|k) (2.123)

Sxxk+1|k+1 = fqr
([
Mxx
k+1|k − Myy

k+1|kK
�
k+1,
√
RK�k+1

]�)
(2.124)

2.6.5
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[89]

(2.31), (2.32)

zk = N−1x xk (2.125)

Nx
z (2.31), (2.32)

zk+1 = N−1x f (Nx zk, uk) + N
−1
x vk (2.126)

yk = h (Nx zk,uk) + wk (2.127)

EKF UKF

2.6.6

[81],[90]

EKF UKF [91], [92] [93], [94]

[81], [90], [95]–[99]

xk+1 = f (xk, θk,uk) + vk (2.128)
yk = h (xk, θk,uk) + wk (2.129)

x ∈ �nx θ ∈ �nθ u ∈ �nu y ∈ �ny f (·)
h(·) xk θk uk v

N(0,Q) w N(0, R) v
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θ n

θk+1 = θk + nk (2.130)

n N(0,Qθ)

x θ

zk =
[
x�k θ�k

]�
(2.131)

(2.128), (2.129)

zk+1 = f (zk,uk) +
[
vk
nk

]
(2.132)

yk = h (zk,uk) + wk (2.133)

2.7

“
” “ ”

SOC SOC

EV HEV

EV HEV
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EV EV
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3

SOC

2
SOC

3.1

EV HEV 2000 EV
HEV

[23] Plett EKF SOC
[5], [68], [69]

EV HEV

SOC SOP

[23]
[54]

SOC
SOC

SOC
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Fig. 3.1 Simplified model.

3.2

SOC 3
1 Fig. 3.1

2
Fig. 3.1

EV
HEV
3 OCV

OCV
OCV

OCV OCV Fig. 2.8
SOC-OCV SOC

Fig. 3.2
1 OCV 2 2

3.2.1 1

Fig. 3.1
[54]

Fig. 3.1 i
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Parameters Voltage Current 

Parameter 
estimation 

with Kalman filter 

OCV 
estimation 

with Kalman filter 

OCV–SOC characteristic 

OCV SOC 

OCV 

SO
C

 

Battery 

Fig. 3.2 Scheme of series Kalman filters

v I(s),V(s)

V(s) =
(
R0 +

R1
R1C1s + 1

+
1

Cocvs

)
I(s) (3.1)

i v z I(z),V(z)

V(z) =
b0z2 + b1z + b2
(z − a2)(z − 1) I(z) (3.2)

a2 = 1 − Ts
R1C1

(3.3)

b0 = R0 (3.4)

b1 = Ts
(
1
Cocv

+
1
C1
+
R0
R1C1

)
− 2R0 (3.5)

b2 =
T 2s

R1C1Cocv
+ R0 − Ts

(
1
Cocv

+
1
C1
+
R0
R1C1

)
(3.6)

(3.2)
Fig. 3.1 Cocv

[100]

ΔV(z) =
(
1 − z−1

)
V(z) (3.7)
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(3.2)

ΔV(z) =
b0z2 + b1z + b2
z (z − a2) I(z) (3.8)

Δvk = θ�ϕk (3.9)

Δvk = vk − vk−1 (3.10)

θ =
[
a2 b0 b1 b2

]�
(3.11)

ϕk =
[
Δvk−1 ik ik−1 ik−2

]�
(3.12)

x = θ y = Δv n
w (3.9)

θk+1 = θk + nk (3.13)
yk = ϕ�k θk + wk (3.14)

(2.20) (2.30)
(2.18), (2.19) (3.9)

[
A1 b1
c1 d1

]
=

[
I4×4 0
ϕ�k 0

]
(3.15)

θ̂

R̂0 = b̂0 (3.16)

R̂1 = −
â22b̂0 + â2b̂1 + b̂2

(1 − â2)2
(3.17)

Ĉ1 = − Ts (1 − â2)
â22b̂0 + â2b̂1 + b̂2

(3.18)

Ĉocv =
Ts (1 − â2)
b̂0 + b̂1 + b̂2

(3.19)

3.2.2 2 OCV

OCV
3.2.1 (3.2) θ
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θ

Fig. 3.1 vx v1

Fig. 3.1 z =
[
vx v1

]�
u = i y = v

m l

zk+1 = A2 zk + b2uk + mk (3.20)
yk = c2 zk + d2uk + lk (3.21)

[
A2 b2
c2 d2

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0
Ts
Cocv

0 1 − Ts
R1C1

Ts
C1

1 1 R0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.22)

(3.16) (3.19) (3.22)
(2.20) (2.30)

OCV Fig. 2.8
OCV SOC SOC

3.3

EV
SOC

3.3.1

2.5 EV 21 ◦C 37 ◦C
4

6 Fig. 2.16 6
Fig. 3.3

OCV Q r
x0|0 Pxx0|0 4
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Fig. 3.3 Current, voltage, SOC, battery and outside temperature, and vehicle speed profiles of
EV experiment in latter 6 hours.
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Q = diag
(
0.1, 10−7, 10−7, 10−13

)
r = 3 × 10−3

Pxx0|0 = 10
5 I4×4

x̂0|0 =
[
0.99 6.1 × 10−3 −1.2 × 10−2 6.1 × 10−3

]�
OCV

Q = diag
(
10−2, 10, 10

)
r = 3 × 10−3

Pxx0|0 = diag(1, 10, 10)

x̂0|0 =
[
0 0 0

]�

3.3.2

SOC Fig. 3.4 EV

PE persistently exciting
SOC

Root Mean Square Error, RMSE
6.01% EV 5 10% SOC

Fig. 3.5
R0,R1,C1 RC τ1 = R1C1

R0,R1,C1

3.4

EV HEV SOC

OCV

SOC
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Fig. 3.4 SOC estimation results using Series Kalman Filter.
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Fig. 3.5 Parameter estimation results using Series Kalman Filter.
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“ ” SOC
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Z

[39], [44]
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[39], [44]
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Fig. 4.1 Thévenin’s equivalent circuit of battery.

1

SOC OCV

4.2

(2.1)
OCV φ+

φ−

OCV = φ+ − φ− (4.1)

OCV SOC SOC-
OCV

OCV(t) = focv(SOC(t)) (4.2)

focv(·) SOC-OCV Fig. 4.2 Fig. 4.3
SOC-OCV
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Fig. 4.2 An example of the SOC-OCV characteristics. The positive electrode is lithium man-
ganese oxide, and the negative electrode is graphite.
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Fig. 4.3 An example of the SOC-OCV characteristics. The positive electrode is lithium man-
ganese oxide, and the negative electrode is hard carbon.
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Fig. 4.4 Potentials of the positive and negative electrodes (v.s. Li/Li+).
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SOC-OCV Fig. 4.2
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4.2.2 SOC-OCV

SOC-OCV

focv(SOC(t)) = E0 + k1 ln(SOC(t)) + k2 ln(1 − SOC(t)) − k3
SOC(t)

− k4SOC(t) (4.3)

E0 k1 k4

E

E = E0 +
RT
zF
ln
aox
ared

(4.4)

E0 R T z ared
aox F

(4.3)
SOC SOC-OCV

SOC OCV
SOC-OCV Fig. 4.2 SOC20%

80% Fig. 4.3

3
SOC SOC-OCV

SOC-OCV Fig. 4.3 SOC
OCV

DC-DC
Fig. 4.2 SOC 20 80% OCV

SOC
SOC-OCV

4.3

OCV
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v OCV η

v(t) = OCV(t) + η(t) (4.5)

η > 0 η < 0

2.1.3
3

1.
2.
3.

1 3

Fig. 4.5 RC 4 Fig. 4.5
R0 R1 C1 RC

EV
[101] M

Fig. 4.5 RC
Table 4.1 Fig. 4.5

Fig. 4.6 Fig. 4.7
[32] −Imag

Fig. 4.6 Fig. 4.7 3 Fig. 4.7
2 1 45

Fig. 4.5 R2 R4,C2 C4
RC

Fig. 4.5 R1,C1 RC

2

Fig. 4.5 SOC
2
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Fig. 4.5 Conventional overpotential model of the battery.

Table 4.1 Identified battery parameters for EV battery.

R0 549 μΩ
R1 139 μΩ C1 13.1 F τ1 1.82 ms
R2 73.5 μΩ C2 5.11 kF τ2 376 ms
R3 139 μΩ C3 36.8 kF τ3 5.12 s
R4 712 μΩ C4 81.8 kF τ4 58.2 s

1.
2.

1

2 9
RC

4.3.1

Fig. 4.8
RΩ Cdl

Z f
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Fig. 4.6 Bode plot of the internal impedance of the battery.
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Fig. 4.7 Nyquist plot of the internal impedance of the battery.
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Fig. 4.8 Overpotential model with Faraday’s impedance.

Cdl Z f
Z f Fig. 4.11 2

Rct
Zw Randles’ model [102]

Zw

Zw(s) =
Rd√
τd s

tanh
√
τd s (4.6)

Rd Zw(s) ω→ 0 τd

Rd τd

Cd

Cd =
τd
Rd

(4.7)

Rct Zw
4.3.2 (4.6)

Fig. 4.9 Fig. 4.10 −10 dB/dec
−45

45
τd τct = RctCdl

Fig. 4.12 RctCdl
[48], [51]

Fig. 4.12 Fig. 4.13 Fig. 4.14
(4.6) Rd τd

Table 4.2

2 (4.6)
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Table 4.2 Battery parameters for EV battery model with Warburg impedance.

RΩ 549 μΩ
Rct 139 μΩ Cdl 13.1 F τct 1.82 ms
Rd 922 μΩ Cd 164 kF τd 151 s
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Fig. 4.11 Randles’ model.

  

 

 

Fig. 4.12 Modified Randles’ model.

4.3.2

Zf Rct Zw
[32], [103]

(a)

kas = −Js (4.8)

Js
as k Js I

Js = − IzF (4.9)

z +1 F
k E

k = k0 exp(bE) (4.10)

b α

b = α
zF
RT

(4.11)

E0 I0
ΔI ΔE (4.8) (4.10)
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Fig. 4.13 Comparison of two Bode plots of the internal impedance of the battery and of the model.
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Fig. 4.14 Comparison of two Nyquist plots of the internal impedance of the battery and of the model.
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asΔk + kΔas = −ΔJs (4.12)

ΔJs = −ΔIzF (4.13)

Δk = bkΔE (4.14)

(4.12) (4.14)

Zf =
ΔE
ΔI
=

1
bzFask

+
k

bzFask
Δas
ΔJs

=
1
bI
+
k
bI
Δas
ΔJs

(4.15)

I = zFkas (4.16)

(4.15) 1 Rct
(4.15)

ΔE
ΔI
= Rct +

k
bI
Δas
ΔJs

(4.17)

b V−1

(b)

(4.17)
2 ΔJs Δas

2

∂a
∂t
= D
∂2a
∂x2

(4.18)

a D

D =
RT
zF
μi =

kT
e
μi (4.19)

R T k e μi

(4.18)

sA(x, s) = D
∂2A(x, s)
∂x2

(4.20)
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A(x, s) = L [a(x, t)] (4.21)

x

A(x, s) = C1eλx +C2e−λx (4.22)

C1,C2

λ =

√
s
D

(4.23)

1

J(x, s) = −D∂A(x, s)
∂x

= −√sD
(
C1eλx −C2e−λx

)
(4.24)

δ

x = δ

∂a
∂t

∣∣∣∣∣∣
x=δ
= 0⇔ A(δ, s) = 0 (4.25)

A(x, s) = −2C2e−λδ sinh λ(x − δ) (4.26)

J(x, s) = 2C2
√
sDe−λδ cosh λ(x − δ) (4.27)

x = 0

Δas
ΔJs
=
A(0, s)
J(0, s)

=
1√
sD
tanh

(
δ

√
s
D

)
(4.28)

(4.17) (4.28)

ΔE
ΔI
= Rct +

k
bI

1√
sD
tanh

(
δ

√
s
D

)
(4.29)

Zf (s) = Rct +
Rd√
τd s

tanh
√
τd s (4.30)

2 Rd τd

Rd =
k
bI
δ

D
, τd =

δ2

D
(4.31)
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Fig. 4.15 Foster’s circuit.

4.3.3

(4.6) s−0.5

[104]–[106]
(4.6)

[49], [107]

(a)

(4.6)

Zw(s) =
∞∑
n=1

Rn
sCnRn + 1

(4.32)

Cn =
Cd
2
, Rn =

8Rd
(2n − 1)2 π2 (4.33)

(4.32) Fig. 4.15
(4.32)
cosh(z)

cosh(z) =
∞∏
n=1

(
1 +

4z2

(2n − 1)2 π2
)

(4.34)

ln cosh(z) =
∞∑
n=1
ln
(
1 +

4z2

(2n − 1)2 π2
)

(4.35)
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z

tanh(z) =
∞∑
n=1

8z
(2n − 1)2 π2

1 +
4z2

(2n − 1)2 π2
(4.36)

z = √τd s (4.6)

Rd√
τd s

tanh
√
τd s =

∞∑
n=1

8Rd
(2n − 1)2 π2

1 +
4τd s

(2n − 1)2 π2
=

∞∑
n=1

Rn
sCnRn + 1

(4.37)

(4.32) Rn,Cn (4.33)
x u y

x(t) =
[
v1(t) . . . vn(t)

]�
(4.38)

u(t) = i(t) (4.39)
y(t) = v(t) (4.40)

v1(t) vn(t) i
v

d
dt
x(t) = F f x(t) + g f u(t) (4.41)

y(t) = h�f x(t) (4.42)

F f = diag
(
− 1
C1R1

, . . . ,− 1
CnRn

)
(4.43)

g f =
[
1
C1

· · · 1
Cn

]�
(4.44)

h f =
[
1 · · · 1

]�
(4.45)

Fig. 4.12 Fig. 4.15 Fig. 4.16
RC Fig. 4.5 RC

(4.33)
Cn n RC

Rn n = 1
100 11 4

2
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Fig. 4.16 Overpotential model with Foster’s circuit.

 

 

 

 

 

 

Fig. 4.17 Cauer’s circuit.

(b)

(4.6)

Zw(s) = limn→∞

[
0;
1
R1
,
1
sC1
, . . . ,

1
Rn
,
1
sCn

]

=
1

1
R1
+

1
1
sC1
+

1
1
R2
+

1
1
sC2
+ . . .

(4.46)

Cn =
Cd
4n − 1 , Rn =

Rd
4n − 3 (4.47)

(4.46) Fig. 4.17
(4.46)
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tanh(z)

tanh (z) = z − 1
3
z3 +

2
15
z5 − 17

315
z7 + · · · = 1

1

z − 1
3
z3 +

2
15
z5 − 17

315
z7 + · · ·

=
1

1
z
+

1
1
3
z − 1

45
z3 + · · ·

=
1

1
z
+

1
3
z
+
z
5
+ · · ·

=
1

1
z
+

1
3
z
+

1
5
z
+ · · ·

(4.48)

z = √τd s (4.6)

Rd√
τd s

tanh
√
τd s =

Rd√
τd s

1
1√
τd s
+

1
3√
τd s
+

1
5√
τd s
+ · · ·

=
1

1
R1
+

1
1
sC1
+

1
1
R2
+

1
1
sC2
+ . . .

(4.49)

(4.46) Rn,Cn (4.47)
x u y

(4.38) (4.40)

d
dt
x(t) = Fcx(t) + gcu(t) (4.50)

y(t) = h�c x(t) (4.51)

Fc = −UD (4.52)

gc =
[
1
C1

· · · 1
Cn

]�
(4.53)

hc =
[
1 · · · 1

]�
(4.54)
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Fig. 4.18 Overpotential model with Cauer’s circuit.

U =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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· · · 1
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, D =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
Rn

0 · · · · · · 0

1
Rn−1

1
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0 · · · 0

...
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. . .
. . .

...
1
R2

· · · · · · 1
R2

0

1
R1

· · · · · · · · · 1
R1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Fig. 4.12 Fig. 4.17 Fig. 4.18

(c)

(4.6)

Fig. 4.19 Fig. 4.20 (4.6)
n

1, 3, 5 Table 4.2
Rd = 922 μΩ Cd = 164 kF

rad/s rad/s

Fig. 4.21 Fig. 4.22 Fig. 4.16 Fig. 4.18
Table 4.2

n 1, 3, 5 Fig. 4.13
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Fig. 4.19 Approximation of Warburg Impedance by the Foster equivalent circuit (solid line:
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Fig. 4.5

(d)

Fig. 4.19 Fig. 4.21
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Fig. 4.23 Battery model with Warburg impedance
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Fig. 4.24 SOC-OCV characteristics.

n
Fig. 4.25 t

x ∈ �n+1

x(t) =
[
SOC(t) v1(t) . . . vn(t)

]�
(4.56)

u(t) = i(t) y(t) = v(t) v1(t) vn(t)
i(t) v(t)

Fig. 4.25

d
dt
x(t) = Fx(t) + gu(t) (4.57)

y(t) = focv(SOC(t)) + h�x(t) + R0u(t) (4.58)
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Fig. 4.25 Battery model with nth Foster’s circuit

F = diag
(
0,− 1

C1R1
, . . . ,− 1

CnRn

)
(4.59)

g =
[
1
FCC

1
C1

. . .
1
Cn

]�
(4.60)

h =
[
0 1 . . . 1

]�
(4.61)

Cn =
Cd
2
, Rn =

8Rd
(2n − 1)2 π2 (4.62)

R0,Rd,Cd,FCC 4
θ

θ =
[
R0 Rd Cd FCC

]�
(4.63)

2

1.
2.

1

2 Fig. 4.25
2n + 2

4 R0, Rd, Cd, FCC
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4.5

[110]

4.4 (4.63)
θ FCC FCC FCC0

SOH Cd τd = CdRd

θ =
[
R0 Rd τd SOH

]�
(4.64)

G(s) =
b2s2 + b1s + b0

a3s3 + a2s2 + a1s + a0
(4.65)

4.3.3
3

Figs. 4.26, 4.27

Fig. 4.26
Fig. 4.27
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Plett’s method (Conventional method) 

Conventional UKF 

Conventional model  Conventional UKF 

Model with diffusion phenomena  Conventional UKF 

Normalized UKF 

Model with diffusion phenomena  Normalized UKF 

Log-normalized UKF (Proposed method) 

Model with diffusion phenomena  
     Log-normalized UKF 

Fig. 5.1 Flow of Chapter 5.

SOC 3
Fig. 5.1 SOC 3

Plett [71] UKF SOC
4

UKF
UKF UKF

SOC [109], [111], [112]
EV SOC

5.2 UKF SOC

UKF SOC [71] UKF SOC

5.2.1 SOC

SOC

(4.57), (4.58)
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(4.57), (4.58) x θ

x(t) =
[
SOC(t) v1(t) . . . vn(t)

]�
(5.1)

θ(t) =
[
R0(t) Rd(t) Cd(t) FCC(t)

]�
(5.2)

zu ∈ �2n+5

zu(t) =
[
x�(t) θ�(t)

]�
(5.3)

d
dt
zu(t) = fu (zu(t), u(t)) (5.4)

y(t) = hu (zu(t), u(t)) (5.5)

fu (zu(t), u(t)) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

i(t)
FCC(t)

− π2v1(t)
4Cd(t)Rd(t)

+
2i(t)
Cd(t)

...

− (2n − 1)
2π2vn(t)

4Cd(t)Rd(t)
+
2i(t)
Cd(t)

0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.6)

hu (zu(t), u(t)) = focv(SOC(t)) +
n∑
m=1
vm(t) + R0(t)i(t) (5.7)

2.6.6
(5.6)

d
dt
θ(t) = 0 (5.8)

UKF
UKF SOC

5.2.2 SOC

4.3



5.2 UKF SOC 91

R0,Rd ∼ 10−4,Cd ∼ 105 UKF
UKF

UKF

(5.3) zu
θ zn ∈ �2n+5

zn(t) =
[
x�(t) θ�n (t)

]�
(5.9)

zn NR0 ,NRd ,NCd ,NFCC

θn(t) =
[
γR0 (t) γRd (t) γCd (t) γFCC(t)

]�
(5.10)

=
[
N−1R0 R0(t) N−1Rd Rd(t) N−1Cd Cd(t) N−1FCCFCC(t)

]�
(5.11)

(5.4), (5.5)

d
dt
zn(t) = fn(zn(t), u(t)) (5.12)

y(t) = hn(zn(t), u(t)) (5.13)

fn(zn(t), u(t)) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

i(t)
NFCCγFCC(t)

− π2v1(t)
4NRdNCdγCd (t)γRd (t)

+
2i(t)

NCdγCd (t)
...

− (2n − 1)2π2vn(t)
4NRdNCdγCd (t)γRd (t)

+
2i(t)

NCdγCd (t)
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.14)

hn(zn(t), u(t)) = focv(SOC(t)) +
n∑
m=1
vm(t) + NR0γR0 (t)i(t) (5.15)

UKF
SOC UKF

SOC
UKF
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4 NR0 ,NRd ,NCd ,NFCC

5.3 UKF SOC

UKF
UKF “ ”
X Z

X = expZ (5.16)

Z

[113], [114]

UKF UKF

UKF

5.3.1 UKF

UKF SOC

(5.3) zu θ zl ∈ �2n+5

zl(t) =
[
x�(t) θ�l (t)

]�
(5.17)

θl(t) =
[
αR0 (t) αRd (t) αCd (t) αFCC(t)

]�
(5.18)

=
[
lnR0(t) lnRd(t) lnCd(t) ln FCC(t)

]�
(5.19)
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zl (5.4), (5.5)

d
dt
zl(t) = fl(zl(t), u(t)) (5.20)

y(t) = hl(zl(t), u(t)) (5.21)

fl(zl(t), u(t)) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

i(t)
exp (αFCC(t))

− π2v1(t)
4 exp

(
αCd (t) + αRd (t)

) + 2i(t)
exp
(
αCd (t)

)
...

− (2n − 1)2π2vn(t)
4 exp

(
αCd (t) + αRd (t)

) + 2i(t)
exp
(
αCd (t)

)
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.22)

hl(zl(t), u(t)) = focv(SOC(t)) +
n∑
m=1
vm(t) + exp

(
αR0 (t)

)
i(t) (5.23)

θ(t) = exp θl(t) (5.24)

d
dt
θ(t) = exp (θl(t)) · ddtθl(t) (5.25)

2.6.6

d
dt
θl(t) = 0 (5.26)

(5.25) (5.8)
(5.4), (5.5) (5.20), (5.21)

(5.20), (5.21)
4 [81]
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Ts (5.20), (5.21)

zk+1 = fd(zk, uk) (5.27)
yk = hd(zk, uk) (5.28)

fd(zk, uk) = zk +
Ts
6
(c1 + 2c2 + 2c3 + c4) (5.29)

hd(zk, uk) = hl(zk, uk) (5.30)

c1 = fl (zk, uk) (5.31)

c2 = fl
(
zk +

Ts
2
c1, uk

)
(5.32)

c3 = fl
(
zk +

Ts
2
c2, uk

)
(5.33)

c4 = fl (zk + Tsc3, uk) (5.34)

v N(0,Q) w N(0, r) v
(5.27), (5.28)

zk+1 = fd(zk, uk) + vk (5.35)
yk = hd(zk, uk) + wk (5.36)

UKF
STEP 1

ẑ0|0 N(z0,S�0 S0)

ẑ0|0 = E[z0|0] = z0 (5.37)

Szz0|0 =
√
E

[(
z0|0 − ẑ0|0) (z0|0 − ẑ0|0)�] = S0 (5.38)

STEP 2
k ẑk|k Zik|k

Zik|k =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ẑk|k, i = 0
ẑk|k + γ

(
Szzk|k
)
i
, i = 1, 2, . . . , nz

ẑk|k − γ
(
Szzk|k
)
i
, i = nz+1, . . . , 2nz

(5.39)
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z nz = 2n + 5
(
Szzk|k
)
i

Szzk|k i
γ =
√
nz + λ

wm

wim =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

λ

nz + λ
, i = 0

1
2(nz + λ)

, i = 1, 2, . . . , 2nz
(5.40)

wc

wic =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

λ

nz + λ
+ 1 − α2 + β, i = 0

1
2(nz + λ)

, i = 1, 2, . . . , 2nz
(5.41)

z
α = 1 β = 2 λ = 3 − nz

(5.35) Zik+1|k
k + 1 w0m

(I) w0c ≥ 0 QR

Zik+1|k = fd
(
Zik|k, uk

)
(5.42)

ẑk+1|k =
2nz∑
i=0
wimZik+1|k (5.43)

Mzz
k|k =

[√
wic
(
Zik+1|k − ẑk+1|k

)]
i = 0, 1, . . . , 2nz (5.44)

Szzk+1|k = fqr
([
Mzz
k|k,
√
Q
]�)

(5.45)

(II) w0c < 0 QR 1

Zik+1|k = fd
(
Zik|k, uk

)
(5.46)

ẑk+1|k =
2nz∑
i=0
wimZik+1|k (5.47)

Mzz
k+1|k =

[√
wic
(
Zik+1|k − ẑk+1|k

)]
i = 1, 2, . . . , 2nz (5.48)

Tzzk+1|k = fqr
([
Mzz
k+1|k,

√
Q
]�)

(5.49)

Szzk+1|k = fcd
(
Tzzk+1|k,

√∣∣∣w0c ∣∣∣ (Z0k+1|k − ẑk+1|k
))

(5.50)
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k+ 1 ẑk+1|k Zik+1|k

Zik+1|k =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ẑk+1|k, i = 0
ẑk+1|k + γ

(
Szzk+1|k

)
i
, i = 1, 2, . . . , nz

ẑk+1|k − γ
(
Szzk+1|k

)
i
, i = nz+1, . . . , 2nz

(5.51)

(
Szzk+1|k

)
i

Szzk+1|k i
(5.40), (5.41)

(5.36) Yik+1|k
k + 1 w0m

(I) w0m ≥ 0 QR

Yik+1|k = hd
(
Zik+1|k, uk

)
(5.52)

ŷk+1|k =
2nz∑
i=0
wimYik+1|k (5.53)

Mzz
k+1|k =

[√
wic
(
Zik+1|k − ẑk+1|k

)]
i = 0, 1, . . . , 2nz (5.54)

Myy
k+1|k =

[√
wic
(
Yik+1|k − ŷk+1|k

)]
i = 0, 1, . . . , 2nz (5.55)

Syyk+1|k = fqr
([
Myy
k+1|k,

√
r
]�)

(5.56)

Pxyk+1|k = M
zz
k+1|k

(
Myy
k+1|k
)�

(5.57)

(II) w0m < 0 QR 1

Yik+1|k = hd
(
Zik+1|k, uk

)
(5.58)

ŷk+1|k =
2nz∑
i=0
wimYik+1|k (5.59)

Mzz
k+1|k =

[√
wic
(
Zik+1|k − ẑk+1|k

)]
i = 0, 1, . . . , 2nz (5.60)

Myy
k+1|k =

[√
wic
(
Yik+1|k − ŷk+1|k

)]
i = 1, 2, . . . , 2nz (5.61)

Tyyk+1|k = fqr
([
Myy
k+1|k,

√
r
]�)

(5.62)

Syyk+1|k = fcd
(
Tyyk+1|k,

√∣∣∣w0c ∣∣∣ (Y0k+1|k − ŷk+1|k
))

(5.63)

Pxyk+1|k = M
zz
k+1|k

[√
wic
(
Yik+1|k − ŷk+1|k

)
,Myy

k+1|k

]�
(5.64)
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STEP 3
k + 1 yk+1 ŷk+1|k k + 1

Kk+1 = Pxyk+1|k
(
Syyk+1|k

�Syyk+1|k
)−1

(5.65)
ẑk+1|k+1 = ẑk+1|k + Kk+1(yk+1 − ŷk+1|k) (5.66)

Szzk+1|k+1 = fqr
([
Mzz
k+1|k − Myy

k+1|kK
�
k+1,
√
rK�k+1

]�)
(5.67)

5.3.2

UKF 2

(a) UKF
(b)

2

(a)

UKF

R0,Rd ∼ 10−4,Cd,FCC ∼ 105
9 lnR0, lnRd ∼

100, lnCd, ln FCC ∼ 101
[82], [115] A c(A)

c(A) =
√
λmax
λmin

(5.68)

λmax λmin AA�

A 10 log c(A)

(5.4) (5.20)
Au Al

Au =
∂ fu (zu(t), u(t))

∂x

∣∣∣∣∣∣
z=zu

(5.69)

Al =
∂ fl (zl(t), u(t))

∂x

∣∣∣∣∣∣
z=zl

(5.70)
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Table 4.2 zu zl

zu =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.5
0
0
0

1.90 × 10−3
1.42 × 10−3
1.64 × 105
2.36 × 105

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, zl =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.5
0
0
0

ln
(
1.90 × 10−3

)
ln
(
1.42 × 10−3

)
ln
(
1.64 × 105

)
ln
(
2.36 × 105

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

c(Au) = 1.27 × 105 (5.71)
c(Al) = 24.9 (5.72)

UKF
UKF

(b)

UKF (5.16) Z Z
X Fig. 5.2

UKF UKF X UKF
X

Fig. 5.2

R
[116]–[118]

R = Λ exp
(
− Ea
kBT

)
(5.73)

Λ Ea kB
EV HEV

(5.73)
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Fig. 5.2 Distribution of parameter X.

(5.73)
[119]

5.4

2.5 EV
3

1. SOC
2.
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Fig. 5.3 Power spectrum density of the current.

5.4.1

UKF UKF 2
SOC

2
SOC SOH FCC

SOH 4.5 2×10−4 Hz
Fig. 5.3 EV

Fig.2.16
SOH 4.5 SOH

Rd SOH
FCC
FCC θ

θ(t) =
[
R0(t) Rd(t) Cd(t)

]�
(5.74)

3 4.3.3

3.3 2.5 EV 21 ◦C
37 ◦C 4
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6
6 37 ◦C 32 ◦C 34.9 ◦C

(a) UKF

UKF Q r
z0|0 Pxx0|0

ẑ0|0 [108]
r Q, Pxx0|0

UKF UKF

Q = diag
(
10−4, 10−5, 10−5, 10−5, 10−6, 10−4, 106

)
r = 0.3

Pxx0|0 = diag
(
0.1, 104, 104, 104, 10−6, 10−4, 1010

)

ẑ0|0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ˆSOC(t0)
0
0
0

R̂0(t0)
R̂d(t0)
Ĉd(t0)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.763
0
0
0

1.90 × 10−3
1.42 × 10−3
1.64 × 105

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
UKF

Q = diag
(
10−4, 10−5, 10−5, 10−5, 10−2, 10−2, 10−2

)
r = 0.3

Pxx0|0 = diag
(
0.1, 104, 104, 104, 102, 102, 102

)

ẑ0|0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ˆSOC(t0)
0
0
0

N−1R0 R̂0(t0)
N−1Rd R̂d(t0)
N−1Cd Ĉd(t0)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.763
0
0
0
19.0
14.2
16.4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

NR0 = 10
−4, NRd = 10

−4, NCd = 10
5
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UKF UKF

Q = diag
(
10−4, 10−5, 10−5, 10−5, 10−6, 10−6, 10−8

)
(5.75)

r = 0.3 (5.76)

Pxx0|0 = diag
(
0.1, 104, 104, 104, 1, 3, 10

)
(5.77)

ẑ0|0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ˆSOC(t0)
0
0
0

ln R̂0(t0)
ln R̂d(t0)
ln Ĉd(t0)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.763
0
0
0
−6.26
−6.55
12.0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.78)

(b)

Fig. 5.4 Fig. 5.5 UKF SOC Fig. 5.6
Fig. 5.7 UKF SOC Fig. 5.8 Fig. 5.9
UKF SOC UKF

15 SOC RMSE Table 5.1 SOC
2

SOC 3 UKF UKF UKF
UKF 3 3
UKF Table 5.1 UKF UKF

SOC
UKF

UKF
±1σ

±1σ
Fig. 5.9 UKF

±1σ Fig. 5.7 UKF
Cd Fig. 5.5 UKF

R0,Rd Cd 3

RC 1
UKF 100
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Table 5.1 RMSE % of each method.

Conventional UKF Normalized UKF Log-normalized UKF
2.72 1.74 1.36

SOC SOC
SOC 20 90% [7] 30 ◦C

[120] SOC 31 86%
32 37 ◦C

[108]

PE persistently exciting

UKF SOC

5.4.2

3
“ ”

UKF Fig. 2.16
t0 0 360 2

181
181

10 4 4

UKF 4 Q r
z0|0 Pxx0|0 (5.75) (5.78)
4 1

n 1 8
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Fig. 5.4 SOC estimation results using UKF (conventional method).
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Fig. 5.5 Parameter estimation results using UKF (conventional method) (solid line: estimates,
dashed lines: estimated 1σ limits).
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Fig. 5.6 SOC estimation results using normalized UKF (conventional method).
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Fig. 5.7 Parameter estimation results using normalized UKF (conventional method) (solid
line: estimates, dashed line: estimated 1σ limits).
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Fig. 5.8 SOC estimation results using log-normalized UKF (proposed method).
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Fig. 5.9 Parameter estimation results using log-normalized UKF (proposed method) (solid
line: estimates, dashed line: estimated 1σ limits).
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Fig. 5.10 Relationship between initial SOC
and each final estimates in case of n = 1, blue
markers indicate each final estimates, and green
lines indicate trimmed mean of them.
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Fig. 5.11 Relationship between initial SOC
and each final estimates in case of n = 2, blue
markers indicate each final estimates, and green
lines indicate trimmed mean of them.
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Fig. 5.12 Relationship between initial SOC
and each final estimates in case of n = 3, blue
markers indicate each final estimates, and green
lines indicate trimmed mean of them.
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Fig. 5.13 Relationship between initial SOC
and each final estimates in case of n = 4, blue
markers indicate each final estimates, and green
lines indicate trimmed mean of them.

181 Figs. 5.10 5.17 181
SOC Root Mean Square Error, RMSE
R̂0, R̂d, τ̂d = R̂dĈd 181
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Fig. 5.14 Relationship between initial SOC
and each final estimates in case of n = 5, blue
markers indicate each final estimates, and green
lines indicate trimmed mean of them.
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Fig. 5.15 Relationship between initial SOC
and each final estimates in case of n = 6, blue
markers indicate each final estimates, and green
lines indicate trimmed mean of them.
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Fig. 5.16 Relationship between initial SOC
and each final estimates in case of n = 7, blue
markers indicate each final estimates, and green
lines indicate trimmed mean of them.
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Fig. 5.17 Relationship between initial SOC
and each final estimates in case of n = 8, blue
markers indicate each final estimates, and green
lines indicate trimmed mean of them.
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dicate average, and red markers indicate ±1σ range. Outliers are eliminated in advance to
calculate those descriptive statistics.
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5.4.3

τ̂d

(4.31)
D τd

D =
δ2

τd
(5.79)

δ

δ = 10 100μm
n = 3 τ̂d 89.7 D

D = 1.12 × 10−12 1.12 × 10−10m2/s
[17], [121], [122] D = 1 × 10−14 1 × 10−10m2/s

UKF

5.4.4 SOH

SOH FCC
(5.19) FCC

FCC (2.7) SOH SOH
SOH

100 ± 2%
4.5 SOH

SOH
Fig. 2.16 10

UKF 4 Q r
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z0|0 Pxx0|0

Q = diag
(
10−4, 10−5, 10−5, 10−5, 10−6, 10−6, 10−8, 10−8

)
r = 0.3

Pxx0|0 = diag
(
0.1, 104, 104, 104, 1, 3, 10, 3

)

ẑ0|0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ˆSOC(t0)
0
0
0

ln R̂0(t0)
ln R̂d(t0)
ln Ĉd(t0)
ln ˆFCC(t0)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.763
0
0
0
−6.26
−6.55
12.0
12.4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
SOC Fig. 5.19 Fig. 5.20 SOH

Fig. 5.21 SOC SOH
Fig. 5.21

SOH SOH 96.5%
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