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Chapter 1

Introduction

Sasaki-Einstein manifolds are real contact Einstein manifolds whose Rieman-

nian cones are Ricci-flat Kähler manifolds. It has been acknowledged that they

have an important role both in mathematics and physics. Moreover many man-

ifolds are known to admit Sasaki-Einstein structures, nevertheless few of these

manifolds have explicit representations. Complex contact manifolds, whose def-

inition is analogous to that of real contact manifolds, are also expected to be

important, but few examples of complex contact manifolds are known so far.

In this thesis, we shall contribute to the study in those area by exhibiting new

examples of real or complex contact manifolds via a reduction method.

Reduction techniques in symplectic geometry, developed in a text book such

as Marsden and Ratiu [32], have natural analogues in the context of contact

geometry. Depending on the geometric situation, various specializations have

been considered by several authors, such as Geiges [14] in the Sasakian case, also

Grantcharov and Ornea [16] and later Boyer and Galicki in [4] in the Sasaki-

Einstein case.

The first result in this thesis is related to the Sasaki-Einstein metrics. Boyer

and Galicki [4] have constructed a family of countably many Sasaki-Einstein

metrics on the quotient space of the zero set of a moment map on a 7-dimensional

sphere under a circle action. We shall present one of the metrics explicitly on a

quotient space as an induced metric from the standard one on the 4-dimensional

complex Euclidian space.

We describe the above construction in a explicit way and present the induced

metric on the reduced space by using a projection from the zero set to the reduced

space, which is di↵eomorphic to S2 ⇥ S3.
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More precisely, we consider the following moment map on C4,

µ(z1, z2, z3, z4) := |z1|2 + |z2|2 � |z3|2 � |z4|2,

with the associated U(1) action,

(z1, z2, z3, z4) 7�! ( ei✓z1, e
i✓z2, e

�i✓z3, e
�i✓z4 ) (✓ 2 R),

and we show that µ�1(0)|
S

7 is di↵eomorphic to S3⇥S3. Using this identification,

we define a smooth projection ⇡ from S3⇥S3 to (µ�1(0)|
S

7) /S1 (see section 4.6):

⇡(z1, z2, z3, z4) := (2z1z̄2, |z1|2 � |z2|2, z1z3 + z̄2z̄4, z2z3 � z̄1z̄4).

We show that this image is di↵eomorphic to S2 ⇥ S3. We notice that a SU(2)⇥
SU(2) acts on S3⇥S3 naturally from the left, which makes ⇡ an equivariant map,

that is, S2 ⇥ S3 becomes a homogeneous space by this action. We then define

an inner product h·, ·i
o

on T
o

(S2⇥ S3) (o = (0, 0,�1, 1, 0, 0, 0)) and extend it at

any point x in such a way that

hu, vi
x

:=
D

dk�1(u), dk�1(v)
E

o

(u, v 2 T
x

(S2 ⇥ S3))

where k is a (SU(2) ⇥ SU(2))/U(1) free action such that x = k · o. This is a

representation of the metric, which is called the homogeneous Kobayashi-Tanno

metric [39]. Our first result is an explicit discription of the metric [21].

Theorem A (Theorem 4.5.1) The Sasaki-Einstein metric g1,0 on S2 ⇥ S3 at

any point x is given by the formula (4.5.1).

The second result is a construction of complex contact manifolds. To the

best of our knowledge, the odd-dimensional complex projective space is only a

known example of normal complex contact manifolds. In this thesis, we provide

other examples of those manifolds, that is, we prove that there exists a normal

complex almost contact metric structure on the quotient space of a hyperkähler

manifold by holomorphic group actions. We also construct a complex almost

contact metric structure on the product of the (4p+3)-dimensional and (4q+3)-

dimensional spheres. This structure is obtained from the 3-Sasakian structures

on each sphere. We also prove that this complex almost contact structure is not

normal.
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The theory of complex contact geometry started with the papers of Kobayashi

[27] and Boothby [7], [8], as a variant of real contact geometry. More recent exam-

ples, including complex projective space and the complex Heisenberg group, are

given in [3] and [6]. Ishihara and Konishi [24] defined the so-called I-K normality

of complex contact manifolds as for Sasakian manifolds in real contact geometry.

In this paper, we construct normal complex contact manifolds via reduction from

hyperkähler manifolds. Referring to Definition 5.3.1 with the need terminologies

on hyperkähler manifolds, we now state the second main result as follows [22]:

Theorem B (Theorem 5.3.2) Let (fM,J1, J2, J3, g̃) be a hyperkähler manifold.

Assume that C⇤ acts holomorphically with respect to the complex structure J1
on fM . We also assume this action is proper and free. Then the quotient space
fM/C⇤ is naturally equipped with a smooth manifold structure and the quotient

map ⇡ : fM �! fM/C⇤ canonically induces an I-K normal complex almost contact

metric structure on fM/C⇤.

(For the structures of manifolds on the quotient spaces, see [30], [34].) Using

this theorem, we construct a new example of a normal complex contact manifold

(Example 5.3), a quotient space M = (C4\{z1z2z3z4 = 0})/C⇤, where C⇤ acts on

C4\{0} by

� · (z1, z2, z3, z4) = (�z1,�z2,�
�1z3,�

�1z4) (� 2 C⇤).

M is di↵eomorphic to C3\{w1w2w3 = 0}. This is a new example of an I-K normal

complex almost contact metric manifold.

In studying complex contact manifolds, we found a remarkable property on

the sectional curvature of an I-K normal complex contact metric manifold which

will give a strong information [22]:

Proposition C (Proposition 5.2.6.) On I-K normal complex contact mani-

folds, we have

K(X, JX) +K(X,GX) +K(X,HX) = 6,

for any X 2 Ker !, where K(X, Y ) is the sectional curvatures of the plane

spanned by {X, Y }, and G,H and J are associated to the complex contact met-

ric structure (see Definition 5.1.2).
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By this proposition, we can check whether any complex contact structure has

I-K normality. For example, the odd dimentional complex projective space with

the Fubini-Study metric is an I-K normal complex contact metric manifold, but

there are no other known examples.

The third result is to construct complex almost contact metric structures.

Calabi-Eckmann [10] and Morimoto [31] proved that S2p+1⇥S2q+1 admits a com-

plex structure J . In section 5.5, we show that 3-Sasakian structures on S4m+3

and S4n+3 induce a non-normal complex almost complex metric structure on

S4m+3 ⇥ S4n+3 with respect to J [22].

Theorem D (Theorem 5.5.1.) The complex almost contact metric structure

(G
m,n

, H
m,n

, J
m,n

, u
m,n

, v
m,n

, U
m,n

, V
m,n

, g
m,n

) on S4m+3 ⇥ S4n+3 given by (5.5.1),

(5.5.2), (5.5.4), (5.5.5) and (5.5.7) is not I-K normal.

This thesis is organized as follows. In section 2, we recall the definitions of real

or complex manifolds. For more details, see [26], [37], [41] and [6], section2. In sec-

tion 3, we discuss geometric structures, namely on the contact metric structures

and Kähler structures. The contents of this section are based on [11], [14] and

[41]. In section 4, as the special class of real contact metric manifolds, we define

the Sasaki-Einstein manifolds and construct a Sasaki-Einstein metric explicitly

on S2⇥S3. The contents of this section are based on [5]. In Section 5.1, we recall

the definition of complex contact manifolds, which is a pair consisting of a mani-

fold and a covering which admits a holomorphic 1-form !. It is known that there

exists a complex contact metric structure on any complex contact manifold. The

complex (almost) contact metric structure looks like two (almost) contact metric

structures which transform to each other via the fixed complex structure. In Sec-

tion 5.2, we recall the notion of I-K normality defined by Ishihara and Konishi

[24]. This normality implies any complex contact metric manifold is also a Kähler

manifold. On the other hand, Korkmaz [29] has introduced a di↵erent notion of

normality. As we show in section 5.2, the normality Korkmaz defines is weaker

than I-K normality, and there are some manifolds which admit normal Korkmaz

defines complex contact metric structures. In Section 5.3, we prove Theorem B

and use it to construct new I-K normal almost complex contact metric manifolds

by a projection from a hyperkähler manifold. Moreover, we give new examples of

I-K normal complex contact metric manifolds. In section 5.4 and 5.5, we define
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the 3-Sasakian structure and construct a complex almost contact metric structure

on S4p+3⇥ S4q+3 from the 3-Sasakian structures on each sphere. The contents of

section 5 are based on [6] and [29]. In section 6, we discuss the further problems

on real and complex contact manifolds.
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Chapter 2

Preliminaries

2.1 Di↵erentiable manifolds

Definition 2.1.1 Let M be a Hausdor↵ topological space. M is said an n-

dimensional topological manifold if for any p 2 M , there exists an open neigh-

borhood U which is homeomorphic to an open subset V of Rn.

Such a U is called a local coordinate neighborhood, and a homeomorphism

 : U �! V is called a local coordinate function. We also say that (U, ) is local

chart and regard (x1, · · · , xn

) =  (p) as local coordinates for the manifold M .

Definition 2.1.2 Let M be a topological manifold. A is called an atlas for

M if A = {(U
↵

, 
↵

) | ↵ 2 ⇤} where U
↵

is an open subset of M ,  
↵

is an homeo-

morphism to an open subset V
↵

of M and [
↵2⇤ ↵ = M .

Definition 2.1.3 Let A be an atlas for M . If

 
↵

�  �1
�

:  
�

(U
↵

\ U
�

) �!  
↵

(U
↵

\ U
�

) (2.1.1)

is a C1-map for all ↵, � satisfying U
↵

\ U
�

6= �, A is called C1-called atlas for

M . We call  
↵

�  �1
�

a transition function.

Definition 2.1.4 A di↵erentiable manifold (M,A) is a pair of a topological

manifold M and a atlas A. We often write a di↵erentiable manifold (M,A) as

M .
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We recall that some topological spaces possess atlases. In section 2, the di-

mension of M is n unless otherwise specified.

Example 2.1 For the standard topological space Rn, we have the trivial at-

las A = {(Rn, id.)}. Then (Rn,A) is a di↵erentiable manifold.

Example 2.2 Let Sn denote the unit sphere,

Sn =

(

(x1, · · · , xn+1)

�

�

�

�

�

n+1
X

k=1

x2
k

= 1

)

equipped with the subset topology induced byRn+1. Put U
N

= Sn\{(1, 0, · · · , 0)},
U
S

= Sn\{(�1, 0, · · · , 0)} and define  
N

: U
N

�! Rn, 
S

: U
S

�! Rn by

 
N

(x1, · · · , xn+1) =
1

1�x1
(x2, · · · , xn+1),

 
S

(x1, · · · , xn+1) =
1

1+x1
(x2, · · · , xn+1).

(2.1.2)

Then the transition maps �
S

���1
N

, �
N

���1
S

: Rn\{(0, · · · , 0)} �! Rn\{(0, · · · , 0)}
are given by

 
S

�  �1
N

(y1, · · · , yn) =
1

1 +
P

n

k=1 y
2
k

(y1, · · · , yn),

 
N

�  �1
S

(y1, · · · , yn) =
1

1 +
P

n

k=1 y
2
k

(y1, · · · , yn).

So A = {(U
N

, 
N

), (U
S

, 
S

)} is a C1-atlas on Sn.

Example 2.3 On the set Rn+1\{0}, we define the equivalence relation ⇠ by

x ⇠ y if and only if there exists a � 2 R⇤ such that y = �x.

Let RPn be the quotient space (Rn+1\{0})/ ⇠ and

⇡ : Rn+1\{0} �! RPn

be the natural projection mapping a point (x1, · · · , xn+1) 2 Rn+1\{0} to the

equivalence class [x1, · · · , xn+1] 2 RPn. Equip RPn with the quotient topology

induced by ⇡ and Rn+1\{0}. For k 2 {1, 2, · · · , n+1}, define the open subset U
k

by

U
k

= {[x1, · · · , xn+1] 2 RPn | x
k

6= 0}
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and the coordinate functions  
k

: U
k

�! Rn by

 
k

(x1, · · · , xn+1) =
✓

x1

x
k

, · · · , xk�1

x
k

, 1,
x
k+1

x
k

, · · · , xn+1

x
k

◆

.

If [x] = [y] then y = �x for some � 2 R⇤ so xl
xk

= yl
yk

for all l. This means the

map  
k

is well-defined for all k. The corresponding transition maps

 
k

�  �1
l

:  
l

(U
k

\ U
l

) �!  
k

(U
k

\ U
l

)

are given by

( 
k

�  �1
l

)
✓

x1

x
l

, · · · , xl�1

x
l

, 1,
x
l+1

x
l

, · · · , xn+1

x
l

◆

=
✓

x1

x
k

, · · · , xk�1

x
k

, 1,
x
k+1

x
k

, · · · , xn+1

x
k

◆

.

So the collection A = {(U
k

, 
k

) | k = 1, 2, · · · , n+1} is a C1-atlas on RPn. The

di↵erential manifold (RPn,A) is called the n-dimensional real projective space.

Example 2.4 Let (M1,A1) and (M2,A2) be two di↵erentiable manifolds. Let

M1 ⇥M2 be the product space with the product topology. We define the set A
on M1 ⇥M2by

A = {(U
↵

⇥ U 0
�

,  
↵

⇥  0
�

) | (U
↵

, 
↵

) 2 A1, (U 0
�

, 0
�

) 2 A2}

is a C1-atlas on M1 ⇥M2.

Definition 2.1.5 Let (M, {(U
↵

, 
↵

)}) be a smooth manifold and F : M �! R

be a function on M . F is smooth at x 2M if F � �1
↵

is smooth at  (x) for some

local coordinate function  
↵

: U
↵

�! V
↵

⇢ Rn with x 2 U
↵

and F is a smooth

map if F is smooth at any points of M .

In this situation, the function

F �  �1
↵

: (y1, · · · , yn) 7! F ( �1
↵

(y1, · · · , yn)) (2.1.3)

is a C1-function on an open subset of Rn. Therefore, the partial derivatives

@

@y1
(F �  �1

↵

)
�

�

�

 ↵(x)
, · · · , @

@y
n

(F �  �1
↵

)
�

�

�

 ↵(x)

are defined.

10



The previous definition can be extended to the case of maps between mani-

folds.

Definition 2.1.6 Let (M, {(U
↵

, 
↵

)}), (M 0, {(U 0
�

, 0
�

)}) be smooth manifolds with

dim M = n, dim M 0 = n0 and F : M �! M 0 be a map. F is smooth at

x 2 M if  0
�

� F �  �1
↵

is smooth at  (x) for some local coordinate functions

 
↵

: U
↵

�! V
↵

⇢ Rn,  0
�

: U 0
�

�! V 0
�

⇢ Rn

0
with x 2 U

↵

, 
↵

(x) 2 U 0
�

and F is a

smooth map if F is smooth at any points of M .

With the notion of smooth maps, we define the di↵eomorphism between two

manifolds.

Definition 2.1.7 F : M �! M 0 is a di↵eomorphism if F is smooth bijective

map and F�1 is smooth map. We say that M and M 0 are di↵eomorphic.

Example 2.5 Let us verify the function H on S2,

H : S2 �! R, H(x, y, z) = x.

is a smooth function. it is necessary to compute the functions H �  �1
N

, H �  �1
S

(where  
N

and  
S

are as in Exmaple 2.2). We have

(H �  �1
N

) (p1, p2) =
1

1 + p21 + p22
(p21 + p22 � 1, 2p1, 2p2) =

p21 + p22 � 1

p21 + p22 + 1
,

(H �  �1
S

) (q1, q2) =
1

1 + q21 + q22
(1� q21 � q22, 2q1, 2q2) =

1� q21 � q22
1 + q21 + q22

,

which are smooth on its domain  
N

(U
N

), 
S

(U
S

) respectively. We conclude that

H is smooth on S2.

Example 2.6 We show that S1 and RP1 are di↵eomorphic. Define a map

F from S1 to RP1 by

F : S2 �! RP1, F (x, y) = [x� 1, y].

We check that F satisfies the definition of the di↵eromorphism. All the maps

( 1 � F �  �1
N

)(p) =  1

 

F

 

�1 + p2

1 + p2
,

2p

1 + p2

!!

= �p,
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( 2 � F �  �1
N

)(p) =  2

 

F

 

�1 + p2

1 + p2
,

2p

1 + p2

!!

= �1

p
,

( 1 � F �  �1
S

)(p) =  1

 

F

 

1� p2

1 + p2
,

2p

1 + p2

!!

= �1

p
,

( 2 � F �  �1
S

)(p) =  2

 

F

 

1� p2

1 + p2
,

2p

1 + p2

!!

= �p

are well-defined and smooth on their domains respectively. Conversely, the inverse

map F�1 is given by

F�1 : RP1 �! S2, F�1([X, Y ]) =

 

�X2 + Y 2

X2 + Y 2
,
�2XY

X2 + Y 2

!

.

Similarly, we can show that all the maps

( 
N

� F�1 �  �1
1 )(p) =  

N

(F�1([1, p])) = �p,

( 
N

� F�1 �  �1
2 )(p) =  

N

(F�1([p, 1])) = �1

p
,

( 
S

� F�1 �  �1
1 )(p) =  

S

(F�1([1, p])) = �1

p
,

( 
S

� F�1 �  �1
2 )(p) =  

S

(F�1([p, 1])) = �p

are well-defined and smooth on their domains respectively. So we conclude that

F : S1 �! RP1 is a di↵eomorphism.

Definition 2.1.8 Let k < n. A subspace N is a k-dimensional submanifold

of M if each point p 2 N has a local chart (U ; x1, · · · , xn

) such that the inter-

section M \ N is determined by the equations x1 = · · · = x
n�k

= 0. Moreover,

considering y1 = x
n�k+1, · · · , yk = x

n

as local coordinates on N , we define the

structure of a smooth manifold on N . We introduce the following important no-

tion.

Definition 2.1.9 A smooth map F : M �! M 0 is called regular at p 2 M

(or p is called a regular point of the map F ) if the rank of the Jacobian matrix

of F at p written in some local coordinates y
j

= F
j

(x1, · · · , xn

), j = 1, · · · , k, is
equal to the dimension of N i.e.

rank

 

@F
j

@x
j

!

= dim N.
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Examples of submanifolds are regular zero sets of smooth maps.

Lemma 2.1.10 Let M,M 0 be n, k-dimensional manifolds, respectively. Let

c 2 M 0. Suppose that F : M �! M 0 is a smooth map on M and its zero

set M0 = F�1(c) consists of regular points. Then M0 is an (n � k)-dimensional

submanifold of M .

Definition 2.1.11 Let M
p

(p 2 M) be the set of all smooth real-valued func-

tions, each of which is defined on some open neighborhood of p. A tangent vector

to M at p is a map v : M
p

�! R such that

(1) v(�f + µg) = �v(f) + µv(g),

(2) v(fg) = v(f)g(p) + f(p)v(g)

for all f, g 2M
p

, �, µ 2 R. The set of all tangent vectors to M at p is denoted

by T
p

M . It is called the tangent space to M at p.

By the definition, T
p

M is a vector space, whose dimension is equal to that of

M .

Theorem 2.1.12 Let M be an n-dimensional di↵erentiable manifold and (U, )

be a local chart on M . For p 2M , we define
⇣

@

@xk

⌘

p

in T
p

M by

 

@

@x
k

!

p

: f 7! @f

@x
k

(p) =
@

@x
k

(f �  �1)
�

�

�

 (p)
. (2.1.4)

Then the set
8

<

:

 

@

@x1

!

p

, · · · ,
 

@

@x
n

!

p

9

=

;

is a basis for tangent space T
p

M , i.e., dim T
p

M = n for any p 2M .

Example 2.7 Let M = {(x, y) 2 R2 | 1 < x2 + y2 < 3} and p = (1, 1).

We consider two charts at p, and two bases of T
p

M .

(1) The inclusion map  1 : M �! R2, 1(x, y) = (x, y) is a local chart. If

13



we use the same standard coordinates x, y on M , and R2, then
 

@

@x

!

p

,

 

@

@y

!

p

is a basis of T
p

M .

(2) The map  2 : U �! R2, 2(x, y) = (
p
x2 + y2, tan�1 y

x

) = (r, ✓) is a local

chart, where U = {(x, y) 2 M | x > 0, y > 0}. This time we use (r, ✓) as

standard coordinates for R2; thus

V =  2(U) =
⇢

(r, ✓) 2 R2 | 1 < r <
p
3, 0 < ✓ <

⇡

2

�

is an open rectangle. Then
 

@

@r

!

p

,

 

@

@✓

!

p

is a basis of T
p

M . Now we consider the relation
⇣

@

@x

⌘

p

,
⇣

@

@y

⌘

p

and
⇣

@

@r

⌘

p

,
⇣

@

@✓

⌘

p

.

To find the linear transformation, we apply the tangent vectors to a function f :
 

@

@r

!

p

(f) =

 

@

@r
(f �  �1

2 )

!

 2(p)

=

 

@

@r
(f �  �1

1 ) � ( 1 �  �1
2 )

!

 2(p)

=

 

@

@x
(f �  �1

1 )

!

 1(p)

 

@x

@r

!

 2(p)

+

 

@

@y
(f �  �1

1 )

!

 1(p)

 

@y

@r

!

 2(p)

.

Here we use (r, ✓) = ( 2 �  �1
1 )(x, y) = (

p
x2 + y2, tan�1 y

x

). We have
⇣

@x

@r

⌘

 2(p)
=

1p
2
and

⇣

@y

@r

⌘

 2(p)
= 1p

2
. Therefore,

 

@

@r

!

p

=
1p
2

 

@

@x

!

p

+
1p
2

 

@

@y

!

p

A similar calculation gives
 

@

@✓

!

p

= �
 

@

@x

!

p

+

 

@

@y

!

p
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Definition 2.1.13 Let M,M 0 be smooth manifolds with dimM = n, dimM 0 =

n0, and F : M �!M 0 be a smooth map. We define the derivative of F at x 2M

to be the map

(dF )
x

: T
x

M �! T
F (x)M

0

given by

(dF )
x

(v)(f) = v(f � F )

for any v 2 T
x

M and any f 2M0
F (x).

If F : M �!M 0 and F 0 : M 0 �!M 00 are smooth maps, then the composition

F 0 � F : M �!M 00 is also a smooth map. It follows that

(d(F 0 � F ))
x

= (dF 0)
F (x) � (dF )

x

.

We introduce the tangent bundle TM of an n-dimensional manifold M . This is

the object that we get by glueing at each point p of M the corresponding tangent

space T
p

M . The di↵erentiable structure on M induces a natural di↵erentiable

structure on TM .

We saw that T
p

M can be identified with Rn. If we glue T
p

M to Rn, we obtain

the tangent bundle TRn of Rn:

TRn = {(p, v) | p 2 Rn, v 2 T
p

Rn}. (2.1.5)

For this we have the natural projection ⇡ : TRn �! Rn defined by ⇡(p, v) = p

and for each point p 2 Rn, the fiber ⇡�1({p}) over p is precisely T
p

Rn.

Classically, a vector field X on Rn is a smooth map X : Rn �! TRn defined

with abuse of notation by

X : p 7! (p,X(p)).

Let (x1, · · · , xn

) be a basis of Rn. Two vector fields X, Y can be written as

X =
n

X

k=1

a
k

@

@x
k

, Y =
n

X

k=1

b
k

@

@x
k

15



where a
k

, b
k

: Rn �! R are smooth functions defined on Rn. If f : Rn �! R is

another such function the commutator [X, Y ] acts on f as follows:

[X, Y ](f) = X(Y (f))� Y (X(f))

=
n

X

k,l=1

 

a
k

@

@x
k

 

b
l

@

@x
l

!

� b
k

@

@x
k

 

a
l

@

@x
l

!!

(f) (2.1.6)

=
n

X

k,l=1

 

a
k

@b
l

@x
k

� b
k

@a
l

@x
k

! 

@

@x
l

!

(f)

This shows that [X, Y ] is a smooth vector field on Rn.

We now generalize the tangent bundle TRn to the manifold setting. This

leads us first to the following notion of topological vector bundle.

Definition 2.1.14 Let E and M be topological manifolds and ⇡ : E �! M

be a continuous surjective map. The triple (E,M, ⇡) is called an n-dimensional

topological vector bundle over M if

(1) for each p 2M , the fiber E
p

= ⇡�1(p) is an n-dimensional vector space,

(2) for each p 2 M , there exists a bundle chart (⇡�1(U), ) consisting of the

pre-image ⇡�1(U) of an open neighborhood U of p and a homeomorphism  :

⇡�1(U) �! U ⇥Rn such that for all q 2 U the map  
q

=  |
Eq : Eq

�! {q}⇥Rn

is a vector space isomorphism. A continuous map � : M �! E is called a section

of the bundle (E,M, ⇡) if ⇡ � �(p) = p for each p 2M .

Example 2.8 Let (M,A) be an n-dimensional di↵erentiable manifold. Define

the set TM by

TM = {(p, v) | p 2M, v 2 T
p

M}

and let ⇡ : TM �!M be the projection map satisfying

⇡ : (p, v) 7! p.

Then the fiber ⇡�1({p}) over p 2 M is the n-dimensional tangent space T
p

M .

The triple (TM,M, ⇡) is called the tangent bundle of M .

We define the vector fields on di↵erentiable manifolds.

16



Definition 2.1.15 LetM be a di↵erentiable manifold. A sectionX : M �! TM

of the tangent bundle is called a vector field. The set of smooth vector fields is

denoted by C1(TM).

In (2.1.6), we define the bracket product of vector fields on Rn. Now we de-

fine the same one on a di↵erentiable manifold.

Definition 2.1.16 Let M be a di↵erentiable manifold. For two vector fields

X, Y 2 C1(TM), we define the Lie bracket [X, Y ]
p

: C1(M) �! R of X and Y

at p 2M by

[X, Y ]
p

(f) = X
p

(Y (f))� Y
p

(X(f)). (2.1.7)

Proposition 2.1.17 Let M be a di↵erentiable manifold and X, Y be vector

fields on M . Then the section [X, Y ] : M �! TM of tangent bundle given by

[X, Y ] : p �! [X, Y ]
p

is smooth.

For later use, we prove the following useful result.

Propostion 2.1.18 Let M be a di↵erentiable manifold and [, ] be Lie bracket

on TM . Then for all X, Y 2 C1(TM) and f 2 C1(M),

(1) [X, f Y ] = X(f)Y + f [X, Y ],

(2) [f X, Y ] = f [X, Y ]� Y (f)X.

Let M be an n-dimensional manifold. The cotangent bundle T ⇤M is defined in

a similar way to TM , using the dual vector spaces T ⇤
p

M . There is a natural

projection map ⇡⇤ : T ⇤M �! M . It can be proved that T ⇤M is a manifold of

dimension 2n. A di↵erential 1-form on M is a map ! : M �! R, p 7! !
p

such

that ⇡⇤ � ! = id. The vector space consisting of all 1-forms on M is denoted by

D1(M). More generally, for an integer r > 1, di↵erential r-form ! is a map

! : C1(TM)⇥ · · ·⇥ C1(TM) (r times) �! C1(M)

satisfying the following conditions:

(1) for each j = 1, · · · , n, if for all of variables but X
j

, !(X1, · · · , Xj

, · · · , X
n

) are

17



held constant, then !(X1, · · · , Xj

, · · · , X
n

) is a linear map of X
j

,

(2) !(X1, · · · , Xn

) is skew-symmetric.

We denote the collection of di↵erential r-forms on M by Dr(M). For r = 0

or r > n, we define D0(M) = C1(M),Dr(M) = {0} respectively. Now we define

the exterior product on D(M) = �n

r=0Dr(M).

Definition 2.1.19 For !1 2 Dr(M),!2 2 Ds(M), we define the exterior product

!1 ^ !2 by the alternatization of the map

(X1, · · · , Xr

, X
r+1, · · · , Xr+s

) 7! !1(X1, · · · , Xr

)!2(Xr+1, · · · , Xr+s

).

For example, in the case of r = s = 1, !1 ^ !2 is given by

(!1 ^ !2)(X, Y ) =
1

2
(!1(X)!2(Y )� !2(X)!1(Y )).

For local coordinate (U ; x1, · · · , xn

), the di↵erential r-form is given by

! =
X

j1<···<jr

!
j1···jrdxj1 ^ · · · ^ dx

jr

where !
j1···jr : C

1(U) �! R are functions for all j1, · · · , jr 2 {1, 2, · · · , n}.

Proposition 2.1.20 We define the exterior di↵erentiation d on D(M) as fol-

lows:

(1) for f 2 D0(M) = C1(M), df is the derivative of f ,

(2) for all r, d |Dr(M) : Dr(M) �! Dr+1(M) is the linear map,

(3) for !1 2 Dr(M),!2 2 Ds(M), d(!1 ^ !2) = (d!1) ^ !2 + (�1)r !1 ^ (d!2)

(4) d2 = 0.

It is known that the di↵erential operator d satisfying above is determined uniquely.

If ! 2 Dr(M) is given by

! =
X

j1<···<jr

!
j1···jrdxj1 ^ · · · ^ dx

jr

for the local coordinate (U ; x1, · · · , xn

), we denote d! by

d! =
X

j1<···<jr

d!
j1···jrdxj1 ^ · · · ^ dx

jr

18



=
X

j1<···<jr

 

n

X

k=1

@!
j1···jr
@x

k

dx
k

!

^ dx
j1 ^ · · · ^ dx

jr .

Especially, if ! 2 D1(M), for all X, Y 2 C1(TM),

d!(X, Y ) =
1

2
(X !(Y )� Y !(X)� !([X, Y ])).

In the end of this subsection, we define the tensor field on the di↵erential

manifold M .

Definition 2.1.21 The tensor fieldK of type (r, s) onM is a mapK : (C1(TM))⌦r

�! (C1(TM))⌦s which is multi-linear over C1(M) i.e. satisfying

K(X1 ⌦ · · ·⌦X
k�1 ⌦ (f Y + g Z)⌦X

k+1 ⌦ · · ·⌦X
r

)

= f K(X1 ⌦ · · ·⌦X
k�1 ⌦ Y ⌦X

k+1 ⌦ · · ·⌦X
r

)

+g K(X1 ⌦ · · ·⌦X
k�1 ⌦ Z ⌦X

k+1 ⌦ · · ·⌦X
r

)

for all X1, · · · , Xr

, Y, Z 2 C1(TM), f, g 2 C1(M) and k = 1, 2, · · · , r.

For a tensor K, we shall by K
p

denote the multi-linear restriction of K to the

r-fold tensor product

T
p

M ⌦ · · ·⌦ T
p

M

of the tangent vector space T
p

M given by

K
p

: ((X1)p, · · · , (Xr

)
p

) 7! K(X1, · · · , Xr

)(p).

Definition 2.1.22 Let M be a di↵erential manifold. A Riemannian metric g on

M is a tensor field

g : C1(TM)⌦ C1(TM) �! C1(M)

such that for each p 2M , the restriction

g
p

= g|
TpM⌦TpM : T

p

M ⌦ T
p

M �! R (2.1.8)

with

g
p

: (X
p

, Y
p

) 7! g(X, Y )(p)
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is an inner product on T
p

M . The pair (M, g) is called a Riemannian manifold.

Example 2.9 The standard inner product on Rn given by

hX, Y iRn =
n

X

k=1

X
k

Y
k

defines a Riemannian metric on Rn. The Riemannian manifold (Rn, h, iRn) is

called the n-dimensional Euclidian space.

Example 2.10 Equip Rn with the Riemannian metric g given by

g
p

(X, Y ) =
4

(1 + |p|2Rn)2
hX, Y iRn .

The Riemannian manifold (Rn, g) is called the n-dimensional punctured round

sphere.

Example 2.11 Let Bn

1 (0) be the open unit ball in Rn given by

Bn

1 (0) = {p 2 Rn | |p|2Rn < 1}.

By the n-dimensional hyperbolic ball we mean Bn

1 (0) equipped with the Rieman-

nian metric

g
p

(X, Y ) =
4

(1� |p|2Rn)2
hX, Y iRn .

The Lie derivative L
K

of a (r, s)-tensor field K along a vector field X is defined

by its values on r X1, · · · , Xr

vector fields through the following formulas:

if K is a (r, 0)-tensor,

L
X

K(X1, · · · , Xr

) = XK(X1, · · · , Xr

)�
r

X

j=1

K(X1, · · · , [X,X
j

], · · · , X
r

);

if K is a (r, 1)-tensor,

L
X

K(X1, · · · , Xr

) = [X,K(X1, · · · , Xr

)]�
r

X

j=1

K(X1, · · · , [X,X
j

], · · · , X
r

);
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and the rules L
X

is linear and a derivation with respect to the tensor product ⌦.
Finally, we recall that for a di↵erential p-form !, L

X

! is defined by

L
X

! = ◆
X

d! + d(◆
X

!),

where ◆
X

: Dp(M) �! Dp�1(M) denotes the interior product, given by the

formula

(◆
X

↵)(X2, · · · , Xp

) = ↵(X,X2, · · · , Xp

).

2.2 Connections and curvatures

Definition 2.2.1 Let (E,M, ⇡) be a smooth vector bundle overM . A connection

on (E,M, ⇡) is a map r : C1(TM)⇥ C1(E) �! C1(E) such that

(1) r
X

(�v + µw) = �r
X

v + µr
X

w,

(2) r
X

(fv) = X(f) + fr
X

v,

(3) r(f X+g Y )v = fr
X

v + gr
Y

g

for all �, µ 2 R, X, Y 2 C1(TM), v, w 2 C1(E) and f, g 2 C1. A section

v 2 C1(E) of the vector bundle E is said to be parallel with respect to the

connection r if

r
X

v = 0

for all vector fields X 2 C1(TM).

Definition 2.2.2 LetM be a smooth manifold andr be a connection on the tan-

gent bundle (TM,M, ⇡). Then we define the torsion T : C1(TM)⇥C1(TM) �!
C1(TM) of r by

T (X, Y ) = r
X

Y �r
Y

X � [X, Y ]

where [, ] is the Lie bracket on C1(TM). The connection r is said to be torsion-

free if its torsion T vanishes i.e.

[X, Y ] = r
X

Y �r
Y

X
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for all X, Y 2 C1(TM).

Definition 2.2.3 Let (M, g) be a Riemannian manifold. Then a connection

r on the tangent bundle (TM,M, ⇡) is said to be compatible with the metric if

X(g(Y, Z)) = g(r
X

Y, Z) + g(Y,r
X

Z)

for all X, Y, Z 2 C1(TM).

Let (M, g) be a Riemannian manifold and r be compatible with g and torsion-

free connection on (TM,M, ⇡). Then it is easily seen that the following equations

hold

2 · g(r
X

Y, Z) = X(g(Y, Z)) + Y (g(X,Z)) + Z(g(X, Y )) (2.2.1)

+g(Z, [X, Y ]) + g(Y, [Z,X])� g(X, [Y, Z]).

Definition 2.2.4 Let (M, g) be a Riemannian manifold. Then the map r :

C1(TM) ⇥ C1(TM) �! C1(TM) given by is called the Levi-Civita connec-

tion on M .

Remark 2.2.5 The Levi-Civita connection on (M, g) is only depending the dif-

ferentiable structure and its Riemannian metric, and the Levi-Civita connection

is the unique compatible with and torsion-free connection on the tangent bundle

(TM,M, ⇡).

A vector field X on (M, g) induces the covariant derivative

r
X

: C1(TM) �! C1(TM)

in the direction of X by

r
X

: Y 7! r
X

Y.

Example 2.12 Let (M, g) be a Riemannian manifold with Levi-Civita connec-

tion r. Further let (U, x) be local coordinates on M and put X
k

= @/@x
k

2
C1(TU). Then {X1, · · · , Xn

} is a local orthonormal frame of TM on U . For

(U, x), we define the Christo↵el symbols �l

jk

: U �! R of the connection r with

respect to (U, x) by
n

X

k=1

�l

jk

X
l

= r
XjXk

.
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From the definition of the Levi-Civita connection, we now get

n

X

l=1

�l

jk

g
lm

= g

 

n

X

l=1

�l

jk

X
k

, X
l

!

= g(r
XjXl

, X
m

)

=
1

2
(X

j

g(X
k

, X
m

) +X
k

g(X
m

, X
j

)�X
m

g(X
j

, X
k

))

=
1

2

 

@g
km

@x
j

+
@g

mj

@x
k

� @g
jk

@x
m

!

.

If glm = (g�1)
lm

, then

�l

jk

=
1

2

n

X

m=1

glm
 

@g
km

@x
j

+
@g

mj

@x
k

� @g
jk

@x
m

!

. (2.2.2)

Now we define the Riemannian curvature tensor and the notion of sectional

curvature of a Riemannian manifold. Let (M, g) be a Riemannian manifold with

Levi-Civita connection r. Then the curvature R : C1(TM) ⇥ C1(TM) ⇥
C1(TM) �! C1(TM) is a tensor field on of type (3,1) defined by

R(X, Y )Z = r
X

r
Y

Z �r
Y

r
X

Z �r[X,Y ]Z. (2.2.3)

The following result shows that the curvature tensor has many nice properties

of symmetry.

Proposition 2.2.6 Let (M, g) be a Riemannian manifold. For vector fields

X, Y, Z,W 2 C1(TM) on M , we then have

(1) R(X, Y )Z = �R(Y,X)Z,

(2) g(R(X, Y )Z,W ) = �g(R(X, Y )W,Z),

(3) R(X, Y )Z +R(Z,X)Y +R(Y, Z)X = 0,

(4) g(R(X, Y )Z,W ) = �g(R(Z,W )X, Y ).

Let (M, g) be a Riemannian manifold, p 2M and X, Y, Z,W 2 T
p

M be tangent

vectors at p such that the two sections spanR{X, Y } and spanR{Z,W} are iden-

tical.
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Definition 2.2.7 Let (M, g) be a Riemannian manifold and p 2 M . Then

the sectional curvature at p is given by

K
p

(X, Y ) =
g(R(X, Y )Y,X)

|X|2 |Y |2 � g(X, Y )2
(2.2.4)

The next result shows how the curvature tensor can be expressed in terms of local

coordinates.

Proposition 2.2.8 Let (M, g) be a Riemannian manifold and let (U, x) be local

coordinates on M . For j, k, l,m = 1, · · · , n, put

X
j

=
@

@x
j

, g
jk

= g(X
j

, X
k

) and R
jklm

= g(R(X
j

, X
k

)X
l

, X
m

).

Then

R
jklm

=
n

X

s=1

g
sm

 

@�s

kl

@x
j

�
@�s

jl

@x
k

+
n

X

r=1

(�r

kl

�s

jr

� �r

jl

�s

kr

)

!

,

where �l

jk

are the Christo↵el symbols of the Levi-Civita connection r of (M, g)

with respect to (U, x).

Example 2.13 For n-dimensional vector space Rn equipped with the Euclidian

metric g0, the set {@/@x1, · · · , @/@xn

} is a global frame for the tangent bundle

TRn. In this situation, we have g
jk

= �
jk

, so �l

jk

by Example 2.10. This implies

that R ⌘ 0 so Rn is flat.

We define the Ricci and scalar curvatures of Riemannian manifolds. These are

obtained by taking traces over the curvature tensor and play an important role

in Riemnnian geometry.

Definition 2.2.9 Let (M, g) be a Riemannian manifold, then

(1) the Ricci curvature Ric : C1(TM)⇥ C1(TM) �! C1
0 (TM) by

Ric(X, Y ) =
n

X

j=1

g(R(X, e
j

)e
j

, Y ) (2.2.5)

(2) the scalar curvature s 2 C1(M) by

s =
n

X

j=1

Ric(e
j

, e
j

) =
n

X

j=1

n

X

k=1

g(R(e
j

, e
k

)e
k

, e
j

). (2.2.6)
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Here {e1, · · · , en} is any local orthonormal frame for the tangent bundle.

2.3 Principal circle bundles

Definition 2.3.1 Let P and M be a C1 manifolds, ⇡ : P �! M a C1 map of

P onto M , and G a Lie group acting on P to the right. Then is called a principal

G-bundle if

(1) G acts freely on P ,

(2) ⇡(p1) = ⇡(p2) if and only if there exists g 2 G such that p1g = p2,

(3) P is locally trivial over M , i.e. for every m 2 M there exists a neighbor-

hood U of m and a map FU : ⇡�1(U) �! G such that for every p 2 ⇡�1(U) and
g 2 G,FU(pg) = (FU(p))g, and such that the map  : ⇡�1(U) �! U ⇥ G taking

p to (⇡(p), FU(p)) is a di↵eomorphism.

We turn to the case where G = S1, in which case we say that P is a princi-

pal circle bundle over M and we study the group structure of the set P(M,S1)

of all principal circle bundles over M . Our treatment is based on .

Given P, P 0 2 P(M,S1) with projections ⇡, ⇡0, let

�(P ⇥ P 0) = {(u, u0) 2 P ⇥ P 0 | ⇡(u) = ⇡0(u0)}.

We say (u1, u0
1) ⇠ (u2, u0

2) if there exists s 2 S1 such that u1s = u2 and u0
1s

�1 = u0
2.

Note that since S1 is abelian,

u3 = u2t = u1st, u0
3 = u0

2t
�1 = u0

1s
�1t�1 = u0

1(st)
�1.

Let P + P 0 = �(P ⇥ P 0)/ ⇠ and ⇡00 : P + P 0 �! M the induced projection. S1

acts on �(P ⇥ P 0) by

(u, u0)s = (us, u0).

Now if (u1, u0
1) ⇠ (u2, u0

2), u1t = u2 and u0
1t

�1 = u0
2, we have u2s = u1ts = (u1s)t.

Therefore (u1s, u0
1) ⇠ (u2s, u0

2) and hence S1 acts on P + P 0.

(1) S1 acts freely : Suppose u”s = u”, u” 2 P + P 0 and suppose (u, u0) rep-

resents u”. Then (u, u0) ⇠ (us, u0), so that u0s�1 = u0 and hence s = 1 2 S1.
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(2) S1 acts transitively on fibers : Suppose u”1, u”2 2 ⇡”�1(m) and (u1, u0
1), (u2, u0

2)

are representatives. Then u2 = u1s, u0
2 = u0

1s
0, s, s0 2 S1. Now

(u2, u
0
2) ⇠ (u2s, u

0
1) = (u1ss

0, u0
1) = (u1, u

0
1)ss

0

and hence u”2 = u”1ss0.

(3) P + P 0 is locally trivial : If FU(u) = g, F 0
U(u

0) = g0, set F”U(u, u0) = gg0.

Then F”U(us, u0) = gsg0 = gg0s.

Theorem 2.3.2 Under the operation +, P(M,S1) is an abelian group.

Proof. Let P0 be the trivial bundle and ↵ : P �! P + P0 defined by

↵(u) = [(u, (⇡(u), 1))].

Then is a bundle isomorphism:

↵(us) = [(us, (⇡(us), 1))]

= [(u, (⇡(u), 1))s]

= [(u, (⇡(u), 1))]s

= ↵(u)s,

↵�1[(u, (⇡(u), g))] = ↵�1[(ug�1, (⇡(u), 1))] = ug�1.

Let �P be a manifold di↵eomorphic to P and �u the point corresponding to

u. Define �⇡ : �P �! �M by �⇡(�u) = ⇡(u). S1 acts on �P by (�u)s =

�(us�1). Then �P 2 P(M,S1). Now let (u1,�u2) 2 �(P ⇥ (�P )); then there

exists a unique s 2 S1 such that u1 = u2s. Let ↵ : P + (�P ) �! P0 be defined

by

↵([(u1,�u2)]) = (⇡(u1), s).

Then ↵ is a bundle isomorphism.

Let �(P ⇥ P 0 ⇥ P 00) = {(u, u0, u00) | ⇡(u) = ⇡(u0) = ⇡(u00) } and define the

equivalence ⇠ by (u, u0, u00) ⇠ (us, u0s�1s0, u00s0�1). Then �(P ⇥ P 0 ⇥ P 00)/ ⇠ is

naturally isomorphic to (P + P 0) + P 00, ((u0s�1, us)s0, u00s0�1) and to P + (P 0 +

P 00), (u0s, (u0s0, u00s0�1)s�1). Now if (u1, u0
1, u

00
1) ⇠ (u2, u0

2, u
00
2), then

u2 = u1t, u0
2 = u0

1t
�1t0, u00

2 = u00
1t

0�1.
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Then u2s = u1ts = (u1s)t so that the right action preserves ⇠. Finally, P +P 0 is

isomorphic to P 0 + P by

[(u, u0)] ! [(u0, u)], (us, u0) ⇠ (u, u0s). 2

Let G
m

be the cyclic subgroup of S1 orderm and P 2 P(M,S1). Since S1 acts

on P on the right, so does G
m

. Then P/G
m

is a principal bundle over M with

group S1/G
m

. But S1/G
m

⇠= S1 and hence we can consider P/G
m

2 P(M,S1).

More precisely, let [u] be an element of P/G
m

that is represented by u 2 P .

Define the action of S1 on P/G
m

by setting [u]s = [us0], where s = (s0)m. This

definition is independent of the choice u of and s0. For if g 2 G
m

, then

[ug]s = [ugs0] = [us0g] = [us0] = [u]s,

and if (s00)m = s, then

((s0)�1s00)m = 1

so that (s0)�1s00 2 G
m

and hence

[us00] = [us0(s0)�1s00] = [us0].

Theorem 2.3.3 Let P,G
m

and P/G
m

be as above. Then P/G
m

⇠= m · P .

Proof. From the definition above, it follows by induction that m · P can be

defined by

�(P ⇥ · · ·⇥ P ) = {(u1, · · · , um

) 2 P ⇥ · · ·⇥ P | ⇡(u1) = · · · = ⇡(u
m

)},

two elements of which, say (u1, · · · , um

) and (u1s1, · · · , um

s
m

), are equivalent if

and only if s1 · · · sm = 1. The quotient space of �(P ⇥ · · ·⇥ P ) by this relation

is m · P . The action of S1 on m · P is given by

[(u1, · · · , um

)] = [(u1s, u2, · · · , um

)] (s 2 S1).

Define � : P/G
m

�! m · P by

�([u]) = [(u, · · · , u)],

27



which is independent of the choice of u, for if g 2 G
m

, then

�([ug]) = [(ug, · · · , ug)] = [(u, · · · , u)].

Now take s 2 S1 and s0 such that (s0)m = s. Then

�([u]s) = �[(us0)]

= [(us0, · · · , us0)]
= [(u, · · · , u)s]
= (�([u]))s.

Therefore � is a bundle isomorphism of P/G
m

onto m · P . 2

2.4 Complex manifolds

We recall the definition of complex manifolds. Roughly speaking, a complex

manifold is a topological space that lotally looks like a neighborhood in Cn.

Definition 2.4.1 A Hausdor↵ space M is called a complex manifold of com-

plex dimension n, if M satisfies the following properties:

1) There exists an open covering {O
�

} of M and, for each �, there exists a

homeomorphism  
�

: O
�

�!  
�

(O
�

) ⇢ Cn;

2) For any two open sets O
�

and O
µ

with nonempty intersection, maps

f
µ�

=  
µ

�  �1
�

:  
�

(O
�

\O
µ

) �!  
µ

(O
�

\O
µ

)

f
�µ

=  
�

�  �1
µ

:  
µ

(O
�

\O
µ

) �!  
�

(O
�

\O
µ

)
(2.4.1)

are holomorphic.

The set {(O
�

, 
�

)} is called a system of holomorphic coordinate neighborhoods.

Example 2.14 We define the equivalent relation ⇠ on Cn+1\{0};

for z, w 2 Cn+1\{0}, z ⇠ w if there exists a non-zero complex number ↵ such

that w = ↵z.
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The complex projective space CPn is the set of equivalence classes Cn+1\{0}/ ⇠
with the quotient topology from Cn+1\{0}.

Denote O
k

= {[z1 : · · · : zk : · · · : z
n+1] 2 CPn | z

k

6= 0} and let  
k

: O
k

�!
Cn be the map defined by

 
k

([z1 : · · · : zk : · · · : zn+1]) =
✓

z1
z
k

, · · · , zk�1

z
k

,
z
k+1

z
k

, · · · , zn+1

z
k

◆

.

Then,  �1
k

(w1, · · · , wn

) = [w1 : · · · : wk�1 : 1 : w
k+1 : · · · : wn

]) and therefore

 
l

�  �1
k

(z1, · · · , zn) =
✓

z1
z
l

, · · · , zk�1

z
l

,
1

z
l

,
z
k

z
l

, · · · , zl�1

z
l

,
z
l+1

z
l

, · · · , zn+1

z
l

◆

.

Thus,  
l

�  �1
k

is holomorphic and the complex projective space is a complex

manifold.

Definition 2.4.2 Let (O, ) be a holomorphic coordinate neighborhood of a

complex manifold M . A function f : O �! C is holomorphic if the function

f �  �1 :  (O) �! C is holomorphic.

Definition 2.4.3 Let M,N be complex manifolds and (O, ) be a holomor-

phic coordinate neighborhood of x 2 M . A continuous map � : M �! N is

holomorphic if for any x 2M and for any holomorphic coordinate neighborhood

(O0, 0) of N such that �(x) 2 O0 and �(O) ⇢ O0,  0 � � � �1 :  (O) �!  0(O0)

is holomorphic.

Since the coordinate changes are biholomorphic the above definition of holo-

morphicity for maps is independent of the choice of local holomorphic neighbor-

hood systems.

Definition 2.4.4 M is called a complex submanifold of a complex manifold

M , if M satisfies the following conditions:

(1) M is a submanifold of M as a di↵erential manifold;

(2) the injection ◆ : M �!M is holomorphic.

Let M be an n-dimensional complex manifold. Identifying the local com-

plex coordinates (z1, · · · , zn) with (x1, y1, · · · , xn

, y
n

), where z
k

= x + iy (k =
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1, 2, · · · , n), we regard M as 2n-dimensional di↵erentiable manifold. The tangent

space T
x

M of M at a point x 2M has a natural basis

(

@

@x1
,
@

@y1
, · · · , @

@x
n

,
@

@y
n

)

.

For k = 1, 2, · · · , n, we put

J
x

 

@

@x
k

!

=
@

@y
k

, J
x

 

@

@y
n

!

= � @

@x
n

. (2.4.2)

Then J
x

defines an isomorphism J
x

: T
x

M �! T
x

M . In fact, if we take other

local complex coordinates (w1, · · · , wn

), where w
k

= u
k

+ iv
k

, then they satisfy

the Cauchy-Riemann equations,

@x
k

@u
l

=
@y

k

@v
l

,
@x

k

@v
l

= �@yk
@u

l

for k, l = 1, 2, · · · , n. Hence

J
x

 

@

@u
k

!

=
@

@v
k

and

J
x

 

@

@v
k

!

= � @

@u
k

Thus J
x

is independent of the choice of holomorphic coordinates and is well-

defined. Regarding J as the map of the tangent bundle TM = [
x2MT

x

M , we

call J the almost complex structure of M .

Definition 2.4.5 A di↵erential manifold M is said to be an almost complex

manifold if there exists a linear map J : TM �! TM satisfying (2.4.2) and J is

said to be an almost complex structure of M .

As we have shown, a complex manifold M admits a naturally induced almost

complex structure from complex structure, given by (2.4.2), and consequently M

is an almost complex manifold.

Proposition 2.4.6 An almost complex manifold M is even-dimensional.

The Nijenhuis tensor N
J

of an almost complex structure J is defined by

N
J

(X, Y ) = J [X, Y ]� [JX, Y ]� [X, JY ]� J [JX, JY ] (2.4.3)
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for any X, Y 2 TM . An almost complex structure J on M is called integrable

if there exists a complex structure on M and J is induced from the complex

structure on M . The following theorem is due to Newlander and Nilenberg, see

for example Appendix 8 in [26].

Definition 2.4.7 An almost complex structure J is integrable if and only if

N
J

= 0.

We recall some algebraic results on complex vector spaces, applied to tangent

and cotangent spaces of complex manifolds.

LetM be an almost complex manifold with almost complex structure J . Then

J can be extended an isomorphism of TC

x

M = {X+ iY |X, Y 2 T
x

M}. We define

T (1,0)
x

M and T (0,1)
x

M respectively by

T (1,0)
x

M = {X � iJX | X 2 T
x

M},
T (0,1)
x

M = {X + iJX | X 2 T
x

M}.

Then we have

TC

x

M = T (1,0)
x

M � T (0,1)
x

M. (2.4.4)

We note that Z 2 T (1,0)M if and only if JZ = iZ, and that Z 2 T (1,0)M if

and only if Z = �iZ.

Definition 2.4.8 A vector field Z is said to be a vector field of type (1, 0) if

Z 2 T (1,0)M and of type (0, 1) if Z 2 T (0,1)M .

Let

TCM =
[

x2M
TC

x

M, T (1,0) =
[

x2M
T (1,0)
x

M, T (0,1)M =
[

x2M
T (0,1)
x

M.

Let M be an n-dimensional complex manifold and let (z1, · · · , zn) be complex

coordinates in a neighborhood of x. We regard that M is a 2n-dimensional

di↵erentiable manifold with local coordinates (x1, y1, x2, y2, · · · , xn

, y
n

), where

z
k

= x
k

+ iy
k

. Then

(

@

@x1
,
@

@y1
, · · · , @

@x
n

,
@

@y
n

)

is a basis of T
x

M and also a
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basis of TC

x

M . By definition of J which is induced from the complex structure of

M , it follows

@

@x
k

=
1

2

 

@

@x
k

� iJ
@

@x
k

!

+
1

2

 

@

@x
k

+ iJ
@

@x
k

!

=
1

2

 

@

@x
k

� i
@

@y
k

!

+
1

2

 

@

@x
k

+ i
@

@y
k

!

.

We put

@

@z
k

=
1

2

 

@

@x
k

� i
@

@y
k

!

,
@

@z̄
k

=
1

2

 

@

@x
k

+ i
@

@y
k

!

which yields

@

@x
k

=
@

@z
k

+
@

@z̄
k

,
@

@y
k

= i

 

@

@z
k

� @

@z̄
k

!

,
@

@z
k

=
@

@z̄
k

. (2.4.5)

From (2.4.5), we know that any X 2 TC

x

M can be expressed as a linear combina-

tion of @

@zk
and @

@z̄k
, k = 1, 2, · · · , n. On the other hand,

P

n

k=1

⇣

a
k

@

@zk
+ b

k

@

@z̄k

⌘

= 0

implies a
k

= b
k

= 0 for k = 1, 2, · · · , n. Therefore we conclude that
(

@

@z1
, · · · , @

@z
n

,
@

@z̄1
, · · · , @

@z̄
n

)

forms a basis of TC

x

M .

For a natural basis of tangent space T
x

M at x 2M we consider its dual basis

{dx1, dy1, · · · , dxn

, dy
n

} in the cotangent space T ⇤
x

M . We put

dz
k

= dx
k

+ idy
k

, dz̄
k

= dx
k

� idy
k

.

consequently, it follows

dz
k

 

@

@z
l

!

= �
kl

, dz
k

 

@

@z̄
l

!

= 0.

In the same way we have

dz̄
k

 

@

@z
l

!

= 0, dz̄
k

 

@

@z̄
l

!

= �
kl

.
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This shows that {dz1, · · · , dzn, dz̄1, · · · , dz̄n} is the dual basis of
n

@

@z1
, · · · , @

@zn
,

@

@z̄1
, · · · , @

@z̄n

o

.

For a C1 function f defined on a neighborhood of x 2M , we have

df

 

@

@z
k

!

=
@f

@z
k

, df

 

@

@z̄
l

!

=
@f

@z̄
l

.

and therefore

df =
n

X

k=1

 

@f

@z
k

dz
k

+
@f

@z̄
l

dz̄
k

!

. (2.4.6)

Definition 2.4.9 Let r be a positive integer such that r = p + q where p, q are

nonnegative integers. Let an r-form ! onM be spanned by the set {dz
k1 , · · · , dzkp ,

dz̄
l1 , · · · , dz̄lq} , where {k1, · · · , kp} and {l1, · · · , lq} run over the seto↵ all increas-

ing multi-indices of length p and q. Then ! is called a complex di↵erential form

of type (p, q).

Since an r-form of type (p, q), we have just defined, can be expressed as

! =
n

X

k1<···<kp

!
k1···kpl1···lqdzk1 ^ · · · ^ dz

kp ^ dz̄
l1 ^ · · · ^ dz̄

lq . (2.4.7)

We can easily prove the following.

Lemma 2.4.10 Let ! and ⌘ be complex di↵erential forms.

(1) If ! is of type (p, q), then ! is of type (q, p).

(2) If ! is of type (p, q) and ⌘ is of type (p0, q0), then !^⌘ is of type (p+p0, q+q0).

Further, using (2.4.7), we compute the exterior di↵erential d! of any complex

r-form ! of type (p, q).

d! =
X

k1<···<kp
l1<···<lq

n

X

k=1

 

@!
k1···kpl1···lq
@z

k

dz
k

+
@!

k1···kpl1···lq
@z̄

k

dz̄
k

!

^ dz
k1 ^ · · ·

· · · ^ dz
kp ^ dz̄

l1 ^ · · · ^ dz̄
lq

=
X

k1<···<kp+1
l1<···<lq

p+1
X

s=1

(�1)s�1
@!

k1···k̂s···kp+1l1···lq

@z
ks

dz
k1 ^ · · · ^ dz

kp+1 ^ dz̄
l1 ^ · · · ^ dz̄

lq
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+(�1)p
X

k1<···<kp
l1<···<lq+1

q+1
X

t=1

@!
k1···kpl1···l̂t···lq+1

@z̄
ks

dz
k1 ^ · · · ^ dz

kp ^ dz̄
l1 ^ · · · ^ dz̄

lq+1 .

Therefore, d! is expressed as a sum of (r+1)-forms of type (p+1, q) and of type

(p, q + 1), denoted respectively by @! and @!. Thus we obtain two di↵erential

operators @ and @, and this information is written as

d! = @! + @!, d = @ + @.

Proposition 2.4.11 For di↵erential operators @, @ and r-form !, we have

@2! = @
2
! = 0, (@@ + @@)! = 0, @! = @!, @! = @!.

P roof. Since d2 = 0, we compute

0 = d2! = d(@! + @!)

= @(@! + @!) + @(@! + @!)

= @2! + (@@ + @@)! + @
2
!.

As @2! is type of (p+2, q), (@@+ @@)! is of type (p+1, q+1) and @
2
! is of type

(p, q + 2), we conclude that each of them vanishes.

To prove the other relations, we recall the definition of d!, that is, d! = d!.

Therefore, d! = @! + @!. On the other hand, using , it follows d! = @! + @!.

Comparing the type of the right hand members of the last two equations, we get

other two relations of the proposition. 2
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Chapter 3

Geometrical Structures

3.1 Contact structures

Let D ⇢ TM be a field of hyperplane on M . Locally such a hyperplane field

can always be written as the kernel of non-vanishing 1-form ⌘. One way to see

this is to choose an auxiliary Riemannian metric g on M and then to define ⌘ =

g(X, ·), where X is local non-zero section of the line bundle D? (the orthogonal

complement of D in TM). We see that the existence of a globally defined 1-form ⌘

with D = ker ⌘ is equivalent to the orientability of D?. If satisfies the Frobenius

integrability condition

⌘ ^ d⌘ = 0,

then D is an integrable hyperplane field. Equivalently, this integrability condition

can be written as

X, Y 2 D =) [X, Y ] 2 D.

Contact structures are in a certain sense the exact opposite of integrable hyper-

plane fields.

Definition 3.1.1 Let M2n+1 be a (2n + 1)-dimensional di↵erential manifold.

A contact structure on M2n+1 is a maximally non-integrable hyperplane field

D = ker ⌘ ⇢ TM2n+1, that is, the defining 1-form ⌘ is required to satisfy

⌘ ^ (d⌘)n 6= 0, (3.1.1)
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Such a 1-form ⌘ is called a contact form. The pair (M2n+1,D) is called a contact

manifold.

Observe that in this case ⌘ ^ (d⌘)n 6= 0 is a volume form on M2n+1; in particular,

M2n+1 needs to be orientable. The condition ⌘ ^ (d⌘)n 6= 0 is independent of

the specific choice of and thus is indeed a property of D = ker ⌘. Any other 1-

form defining the same hyperplane field must be of the form f⌘ for some smooth

function f : M2n+1 �! R\{0}, and we have

f⌘ ^ (d(f⌘))n = f⌘ ^ (fd⌘ + df ^ ⌘)n = fn+1 ⌘ ^ (d⌘)n 6= 0.

We see that if n is odd, the sign of this volume form depends only on D, not the

choice of ⌘.

Definition 3.1.2 Associated with a contact form ⌘ one has the Reeb vector

field ⇠ [35], defined by the equations

(1) d⌘(⇠, ·) ⌘ 0, (2) ⌘(⇠) ⌘ 1. (3.1.2)

As a skew-symmetric form of maximal rank 2n, the form d⌘|
TpM has a 1-

dimensional kernel for each p 2M2n+1. Hence equation (1) defines a unique line

field h⇠i onM2n+1. the contact condition ⌘^(d⌘)n 6= 0 implies that ⌘ is non-trivial

on that line field, so a global vector field is defined by additional normalization

condition (2).

We now prove the classical theorem of Darboux (see also [37]).

Theorem 3.1.3 About each point of a contact manifold (M2n+1,D), there exist

local coordinates (x1, · · · , xn

, y1, · · · , yn, z) with respect to which

⌘ = dz �
n

X

k=1

y
k

dx
k

.

P roof. In some coordinate neighborhood, choose a 2n-ball transverse to ⇠; d⌘ is

symplectic form on this ball, and hence there exist local coordinates (x1, · · · , xn

,

y1, · · · , yn, u) such that d⌘ =
P

n

k=1 dxk

^ dy
k

. Now d(⌘+
P

n

k=1 ykdxk

) = 0 so that

df = ⌘ +
P

n

k=1 ykdxk

for some function f . Now

⌘ ^ (d⌘)n = df ^ dx1 ^ · · · ^ dx
n

^ dy1 ^ · · · ^ dy
n

6= 0.
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Therefore, df is independent of dx1, · · · , dxn

, dy1, · · · , dyn, and hence we can re-

gard x
k

, y
k

and z = f as a coordinate system. 2

Example 3.1 In e↵ect, we have already seen that R2n+1 with the Darboux

form ⌘ = dz �Pn

k=1 ykdxk

is a contact manifold. The Reeb vector field ⇠ is @/@z

and contact subbundle D is spanned by

@

@x
k

+ y
k

@

@z
,

@

@y
k

for k = 1, 2, · · · , n.

Turning to more standard examples, we prove the following theorem [17].

Theorem 3.1.4 Let ◆ : M �! R2n+2 be a smooth hupersurface immersed in

R2n+2 and suppose that no tangent space of M contains the origin of R2n+2.

Then M has a contact form.

Proof. Consider the 1-form ⌘0 on R2n+2 defined by

⌘0 = x1dx2 � x2dx1 + · · ·+ x2n�1dx2n+2 � x2n+2dx2n�1

and let V1, · · · , V2n+1 be (2n + 1) linearly independent vectors at a point p =

(p1, · · · , p2n+2) and define a vector W = (W1, · · · ,W2n+2) at p with components

W
k

= ⇤dx
k

(V1, · · · , V2n+1)

where ⇤ is the Hodge star operator of the euclidian metric on R2n+2. Then W is

normal to the hypersurface spanned by V1, · · · , V2n+1. Now regard p as a vector

with components p
k

. Then

(⌘ ^ (d⌘)n) (V1, · · · , V2n+1) =
2n+2
X

k=1

p
k

W
k

.

Thus if no tangent space of M regarded as a hyperplane in R2n+2 contains the

origin, then ⌘ = ◆⇤⌘0 is a contact form on M . 2

As a special case, we see that an odd-dimensional sphere S2n+1 carries a con-

tact form. Moreover, ⌘0 on S2n+1 is invariant under the reflection through the
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origin, (x1, · · · , x2n+2) 7! (�x1, · · · ,�x2n+2) and hence the real projective space

RP2n+1 is also a contact manifold. J. A. Wolf [42] then considered more gen-

eral quotients of S2n+1 and proved that a complete connected odd-dimensional

Riemannian manifold of positive constant curvature inherits a contact structure

from the form ⌘0.

3.2 Contact metric structures and almost con-

tact metric structures

Definition 3.2.1 Let M be a di↵erentiable manifold of dimR= 2n + 1. M is

said to have an almost contact structure (�, ⇠, ⌘) or (M,�, ⇠, ⌘) is said to be an

almost contact manifold if it admits a (1, 1)-tensor field �, a vector field ⇠ and a

1-form ⌘ satisfying

⌘(⇠) = 1 and �2 = �id+ ⌘ ⌦ ⇠. (3.2.1)

First we recall some properties of almost contact manifolds.

Proposition 3.2.2 An almost contact manifold (M ;�, ⇠, ⌘) admits a Rieman-

nian metric g such that

g(�X,�Y ) = g(X, Y )� ⌘(X)⌘(Y ). (3.2.2)

Definition 3.2.3 An almost contact metric structure (�, ⇠, ⌘, g) on M is an al-

most contact structure (�, ⇠, ⌘) with the associated metric g satisfying (3.2.2).

On a manifold M with a almost contact metric structure (�, ⇠, ⌘, g), we can

find a particularly useful local orthonormal basis. Let U
↵

be a coordinate neigh-

borhood and take X1 a unit vector field on orthogonal to ⇠. Then by (3.2.1) and

(3.2.2), �X1 is also a unit vector field orthogonal to both ⇠ and X1. Now take X2

to be a unit vector field on U
↵

orthogonal to ⇠, X1 and �X1, then �X2 is a unit

vector field orthogonal to ⇠, X1,�X1 and X2. Proceeding in this way, we obtain

a local orthonormal basis

{⇠, X
j

,�X
j

| j = 1, 2, · · · , n} (3.2.3)
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called a �-basis.

Suppose M has an almost contact metric structure (�, ⇠, ⌘, g). We define a

2-form ⌦ on M by

⌦(X, Y ) = g(X,�Y ).

The skew-symmetry of ⌦ is immediate from equation (3.2.1) and (3.2.2) for

g(X,�Y ) = g(�X,�2Y ) = �g(�X, Y ). (3.2.4)

We call ⌦ the fundamental 2-form of the almost contact metric structure (�, ⇠, ⌘, g).

Proposition 3.2.4 Let M be a (2n+1)-dimensional di↵erentiable manifold ad-

mitting a global 1-form ⌘ and a global 2-form ⌦ such that ⌘^⌦n 6= 0 everywhere.

Then M admits an almost contact structure. If M is a contact manifold with

a contact form ⌘, then there exists an almost contact contact metric structure

(�, ⇠, ⌘, g) such that the fundamental 2-form ⌦ = d⌘.

By this proposition, a contact form ⌘ on M induces a almost contact metric

structure (�, ⇠, ⌘, g) with ⌦ = d⌘.

Definition 3.2.5 Let (�, ⇠, ⌘, g) be an almost contact metric structure on M .

(�, ⇠, ⌘, g) is called a contact metric structure on M , or (M,�, ⇠, ⌘, g) is called a

contact metric manifold if d⌘ becomes a fundamental 2-form on M .

Here we recall some examples of contact metric manifolds.

Example 3.2 We construct a contact metric structure on R2n+1 = {(x1, · · · , xn

,

y1, · · · , yn, z) | xj

, y
j

, z 2 R, j = 1, 2, · · · , n}. For normalization convenience, we

take as the standard contact form ⌘ on R2n+1,

⌘ =
1

2

 

dz �
n

X

k=1

y
k

dx
k

!

.

The Reeb vector field ⇠ is 2 @

@z

, the Riemannian metric

g =
1

4

 

⌘ ⌦ ⌘ +
n

X

k=1

(dx2
k

+ dy2
k

)

!
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and the tensor field � given by the matrix

0

B

B

@

0 I
n

0

I
n

0 0

0 y1 · · · yn 0

1

C

C

A

,

where I
n

means a unit matrix, give a contact metric structure (�, ⇠, ⌘, g) onR2n+1.

Example 3.3 Tashiro [40] showed that a real hypersurface M in a almost com-

plex manifold (M,J) has an almost contact structure. Let ◆ : M �! M be an

immersion. We can choose a vector field C along M transverse to M in M such

that JC is tangent to M . Indeed, if J◆⇤X were tangent to M for every vector

field X on M , then J◆⇤X = ◆⇤FX for a tensor field F on M . Applying J to this

equation gives F 2 = �id, that is, F is an almost complex structure on M , which

is a contradiction. Thus, there exists a vector field ⇠ on M such that C = �J◆⇤⇠
is transverse to M . Now define a tensor field � of type (1,1) and a 1-form ⌘ on

M by

J◆⇤X = ◆⇤�X � ⌘(X)C. (3.2.5)

Then applying J we have

�◆⇤X = ◆⇤�
2X � ⌘(�X)C � ⌘(X)◆⇤⇠ (3.2.6)

and hence �2 = �id+ ⌘ ⌦ ⇠ and ⌘ �� = 0. Taking X = ⇠ in equation (3.2.5) we

have C = ◆⇤�⇠ + ⌘(⇠)C, so that �⇠ = 0 and ⌘(⇠) = 1.Thus, (�, ⇠, ⌘) defines an

almost contact structure on M .

Moreover, let G be a Hermitian metric on M and take C to be a unit normal

to M . Then JC is tangent to M so that JC defines ⇠ and the rest of the above

procedure is repeated. In this case the induced metric g = ◆⇤G is compatible with

the almost contact structure (�, ⇠, ⌘) since

g(X, Y ) = G(◆⇤X, ◆⇤Y )

= G(J◆⇤X, J◆⇤Y )

= g(�X,�Y ) + ⌘(X)⌘(Y ).
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3.3 Kähler structures

Let (M,J) be a complex manifold. We say that a Riemannian metric g on M is

Hermitian metric if

g(JX, JY ) = g(X, Y ).

We can then define a 2-form !
g

by

!
g

(X, Y ) = g(JX, Y )

Usually, we call such a 2-form the Kähler form of g.

Definition 3.3.1 A Kähler manifold (M, g, J) is a complex manifold (M,J)

with a Hermitian metric g satisfying d!
g

= 0.

Let (M, g, J) be a Kähler manifold. We can extend the metric g C-linearly

to TCM . Recalling that T (1,0)M and T (0,1)M are the ±i-eigenspaces of J , we see

that g(X, Y ) = 0 for X, Y 2 T (1,0)M or X, Y 2 T (0,1)M (use compatibility of J

with the metric). Define h(X, Y ) = g(X, Y ) for X, Y 2 T (1,0)M , then this defines

a Hermitian inner product on T 1,0M .

If (M,J) is a complex manifold and J is compatible with the metric, the from

the above, we get that

g

 

@

@z
k

,
@

@z
l

!

= g

 

@

@z̄
k

,
@

@z̄
l

!

= 0

and in local coordinates, we can write

g
kl̄

= g

 

@

@z
k

,
@

@z̄
l

!

so we have

!
g

=
i

2

X

k,l

g
kl̄

dz
k

^ dz̄
l

.

On a Kähler manifoldM , a Kähler metric is uniquely determined by its Kähler

form. So we often denote a Kähler metric g by its Kähler form !
g

. Note that
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N(J) = 0 on M , so M is a complex manifold and d!
g

= 0, that is, !
g

is a closed

form.

Let (M, g, J) be a Kähler manifold and r be its Levi-Civita connection. We

extend r in a C-linear way to �(TCM). Since M is also a complex manifold,

we have local coordinates (z1, · · · , zn) and a local basis
⇣

@

@z1
, · · · , @

@zn
, @

@z̄1
, · · · , @

@z̄n

⌘

for TCM . We define the Christo↵el symbols �m

kl

by

r @
@zk

@

@z
l

= �m

kl

@

@z̄
m

+ �m̄

kl

@

@z̄
m

and r @
@zk

@

@z̄
l

= �m

kl̄

@

@z̄
m

+ �m̄

kl̄

@

@z̄
m

.

Because rJ = 0 and, J @

@zk
= i @

@zk
and J @

@z̄k
= �i @

@z̄k
, we see that

r @
@zk

 

J
@

@z
l

!

= J r @
@zk

 

@

@z
l

!

implies

i

 

�m

kl

@

@z̄
m

+ �m̄

kl

@

@z̄
m

!

= J

 

�m

kl

@

@z̄
m

+ �m̄

kl

@

@z̄
m

!

= i

 

�m

kl

@

@z̄
m

� �m̄

kl

@

@z̄
m

!

and therefore �m̄

kl

= 0. Similarly, �m̄

kl̄

= �m

kl̄

= 0, so the only possible non-zero

terms are �m

kl

and �m̄

k̄l̄

= �m

kl

.

Moreover, if g
kl̄

= g
⇣

@

@zk
, @

@z̄l

⌘

denote the metric tensor in local coordinates,

then

@g
lm̄

@z
k

=
@

@z
k

g

 

@

@z
l

,
@

@z̄
m

!

= g

 

r @
@zk

@

@z
l

,
@

@z̄
m

!

= g

 

�j

kl

@

@z
j

,
@

@z̄
m

!

= �j

kl

g
jm̄

and hence

�j

kl

= gjm̄
@g

lm̄

@z
k

= gjm̄
@g

km̄

@z
l

so if the Kähler metric is given by {g
kl̄

}, its connection r is given by {�j

kl

}.

Given a Kähler manifold (M, g, J) with its Kähler form

!
g

=
i

2

X

k,l

g
kl̄

dz
k

^ dz̄
l
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and its compatible connection r, the Riemannian curvature tensor is defined by

R(X, Y )Z = r
X

r
Y

Z �r
Y

r
X

Z �r[X,Y ]Z

and can be extended in a C-linear way to TCM .

Note that because J is parallel, that is rJ = 0, we have that

R(X, Y )JZ = JR(X, Y )Z.

Defining

R(X, Y, Z,W ) = g(R(X, Y )W,Z),

we can easily see that

R(X, Y, JZ, JW ) = R(X, Y, Z,W )

and because of the splitting TCM = T (1,0)M � T (0,1)M into the ±i-eigenspaces

of J , we can deduce that R(X, Y, Z,W ) = 0 unless Z and W are of di↵erent type.

In local coordinates (z1, · · · , zn), this means that the only possibly non-vanishing

terms are essentially

R
jk̄lm̄

= R

 

@

@z
j

,
@

@z̄
k

,
@

@z
l

,
@

@z̄
m

!

.

Using that

r @
@zj

@

@z
k

= glm̄
@g

jm̄

@z
k

@

@z
l

,

we can deduce that

R
jk̄lm̄

= � @2g
jk̄

@z
l

@z̄
m

+ gst̄
@g

sk̄

@z
l

@g
jt̄

@z
m

.

We define the Ricci curvature Ric
lm̄

to be the trace of this, so we get

Ric
lm̄

= gjk̄R
jk̄lm̄

= � @2

@z
l

@z̄
m

(log det g
jk̄

).

In complex coordinates, we have found a nice expression for the Ricci curvature,

but we need to check that it is still the same as that in the Riemannian case. So
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choose an orthonormal basis (e1, · · · , e2n) such that Je
j

= e
n+j

for j = 1, · · · , n
and set u

j

= 1p
2
(e

j

� iJe
j

), then {u
j

} is a unitary basis. It follow that

R(u
j

, ū
j

) =
X

k

R(u
j

, ū
j

, u
k

, ū
k

) = Ric (e
j

, e
j

).

Here we have used the first Bianchi identity for R:

R(e
j

, Je
j

, e
k

, Je
k

) +R(Je
j

, e
k

, e
j

, Je
k

) +R(e
k

, e
j

, Je
j

, Je
k

) = 0.

This shows that the Ricci curvature defined above is the same as the one in Rie-

mannian geometry.

Recall that if |X| = |Y | = 1 and X is perpendicular to Y , then R(X, Y, Y,X)

is the sectional curvature of the plane spanned by X, Y . Set now

Z =
1p
2
(X � iJX) and W =

1p
2
(Y � iJY ),

then

Definition 3.3.2 The bisectional curvature is defined to be

R(Z,Z,W,W ) = R(X, Y, Y,X) +R(X, JY, JY,X).

Proposition 3.3.3 A Kähler manifold (M, g, J) is said to be of constant bisec-

tional curvature if there exists a constant � such that in any local coordinates of

M ,

R
jk̄lm̄

= �(g
jk̄

g
lm̄

+ g
jm̄

g
lk̄

).

Now we give some examples of Kähler manifolds.

Example 3.4 Since Cn can be identified with R2n, let h, i be the Euclidian

metric of R2n. Then we have
*

@

@x
j

,
@

@x
k

+

=

*

@

@y
j

,
@

@y
k

+

= �
jk

,

*

@

@x
j

,
@

@y
k

+

= 0.
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This, together with J
⇣

@

@xj

⌘

= @

@yj
and J

⇣

@

@yj

⌘

@

@xj
, implies that is a Hermitian

metric of (Cn, J). We put

⌦ =
n

X

j,k=1

(a
jk

dx
j

^ dx
k

+ b
jk

dx
j

^ dy
k

+ c
jk

dy
j

^ dy
k

)

and note that

dx
j

^ dy
k

 

@

@x
l

,
@

@x
m

!

= dx
j

^ dy
k

 

@

@y
l

,
@

@y
m

!

= 0,

dx
j

^ dy
k

 

@

@x
l

,
@

@y
m

!

= �
jl

�
km

.

Then

⌦

 

@

@x
j

,
@

@x
k

!

=
n

X

l,m=1

a
lm

�
jl

�
km

= a
jk

.

On the other hand, it follows

⌦

 

@

@x
j

,
@

@x
k

!

= J
@

@x
j

,
@

@x
k

=
@

@y
j

,
@

@x
k

= 0.

Hence we have a
jk

= 0, In entirely the same way, we conclude b
jk

= �
jk

and

c
jk

= 0. Thus, the Kähler form of (Cn, J) is represented by

⌦ =
n

X

k=1

dx
k

^ dy
k

.

From we conclude that d⌦ = 0 and that (Cn, J), with usual Euclidian metric, is

a Kähler manifold.

Example 3.5 Let M = Bn = {z 2 Cn | |z| < 1} and let

!
g

=
i

2
@@ log(1� |z|2).

Then R
jk̄lm̄

= �(g
jk̄

g
lm̄

+ g
jm̄

g
lk̄

) and (Bn, g) is Kähler manifold of constant bi-

sectional curvature �1.

The end of this subsection, we recall the definition of hyperkähler manifolds.
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Definition 3.3.4 (M,J1, J2, J3, g) is a hyperkähler manifold if J1, J2, J3 are com-

plex structures on a complex manifold M satisfying

J2
1 = J2

2 = J2
3 = J1J2J3 = �id,

and g is an Hermitian metric on M with respect to J1, J2 and J3. We produce a

normal complex contact metric manifold from hyperkähler manifolds in section

5.3.
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Chapter 4

Sasakian Manifolds

4.1 Normal almost contact structures

Let (M,�, ⇠, ⌘) be an almost contact manifold and consider the manifoldM⇥R+.

We denote a vector field on M ⇥R+ by
⇣

X, f @

@t

⌘

where X is tangent to M , t the

coordinate of R+ and f a C1-function on M ⇥R+. Define an almost complex

structure J on M ⇥R+ by

J

 

X, f
@

@t

!

=

 

�X � f⇠, ⌘(X)
@

@t

!

. (4.1.1)

that J2 = �id is easy to check. If now J is integrable, we say that the almost

contact structure (�, ⇠, ⌘) is normal .

As the vanishing of the Nijenhuis tensor N
J

is a necessary and su�cient

condition of normality in terms of the Nijenhuis tensor N�. Since N
J

is a (1, 2)-

tensor, it su�ces to compute N
J

((X, 0), (Y, 0)) and N
J

((X, 0), (0, @

@t

)) for vector

fields X and Y on M .

N
J

((X, 0), (Y, 0)) = �[(X, 0), (Y, 0)] +

" 

�X, ⌘(X)
@

@t

!

,

 

�Y, ⌘(Y )
@

@t

!#

�J
" 

�X, ⌘(X)
@

@t

!

, (Y, 0)

#

� J

"

(X, 0),

 

�Y, ⌘(Y )
@

@t

!#

= �([X, Y ], 0) +

 

[�X,�Y ], (�X⌘(Y )� �Y ⌘(X))
@

@t

!

�
 

�[�X, Y ] + (Y ⌘(X))⇠, ⌘([�X, Y ])
@

@t

!
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�
 

�[X,�Y ]� (X⌘(Y ))⇠, ⌘([X,�Y ])
@

@t

!

=

 

N�(X, Y ) + 2d⌘(X, Y )⇠, ((L�X

⌘)(Y )� (L�Y

⌘)(X))
@

@t

!

,

N
J

 

(X, 0),

 

0,
@

@t

!!

= �
"

(X, 0),

 

0,
@

@t

!#

+

" 

�X, ⌘(X)
@

@t

!

, (⇠, 0)

#

�J
" 

�X, ⌘(X)
@

@t

!

,

 

0,
@

@t

!#

� J [(X, 0), (�⇠, 0)]

=

 

�[�X, ⇠], (⇠⌘(X))
@

@t

!

+

 

�[X, ⇠], ⌘([X, ⇠])
@

@t

!

=

 

(L
⇠

�)X, (L
⇠

⌘)(X)
@

@t

!

.

We are thus lead to define four tensors N1, N2, N3 and N4 by

N1(X, Y ) = N�(X, Y ) + 2d⌘(X, Y )⇠,

N2(X, Y ) = (L�X

⌘)(Y )� (L�Y

⌘)(X),

N3(X, Y ) = (L
⇠

�)X,

N4(X, Y ) = (L
⇠

⌘)(X).

It is clear that the almost contact structure (�, ⇠, ⌘) is normal if and only if these

four tensors vanish. However, we will show that the vanishing of N1 implies the

vanishing N2, N3 and N4, so that the normality condition is

N�(X, Y ) + 2d⌘(X, Y )⇠ = 0. (4.1.2)

The reminder of this subsection is devoted to poring this and other important

properties of the tensors N1, N2, N3 and N4.

Proposition 4.1.1 For an almost contact structure (�, ⇠, ⌘), the vanishing of

N1 implies the vanishing of N2, N3 and N4.

Proof. Since N1 = 0, we have

0 = N�(X, Y ) + 2d⌘(X, Y )⇠,

= �[X, ⇠] + ⌘([X, ⇠])⇠ � �[�X, ⇠] + (X⌘(⇠))⇠ � (⇠⌘(X))⇠ � ⌘([X, ⇠])⇠

= [⇠, X] + �[⇠,�X]� (⇠⌘(X))⇠. (4.1.3)
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Applying ⌘ to this equation, we obtain

0 = ⌘([⇠, X]) + ⌘(�[⇠,�X])� (⇠⌘(X))⌘(⇠) (4.1.4)

= ⌘([⇠, X])� ⇠⌘(X)

= ⌘(L
⇠

X)� (L
⇠

⌘)(X)� ⌘(L
⇠

X)

= �(L
⇠

⌘)(X)

which is just N4(X, Y ) = L
⇠

⌘ = 0. Note also at this point that if we replace X

by �X we have

0 = ⌘([⇠,�X])� ⇠⌘(�X)

= ⌘([⇠,�X]).

Now applying � to (4.1.3), we have

0 = �[⇠, X] + �2[⇠,�X]� (⇠⌘(X))�⇠

= �[⇠, X]� [⇠,�X] + ⌘([⇠,�X])⇠

= �L
⇠

X � L
⇠

(�X)

= �(L
⇠

�)X

and hence N3 = 0. Finally using N1 = 0 again,

0 = N�(�X, Y ) + 2d⌘(�X, Y )⇠,

= �[�X, Y ] + ⌘([�X, Y ])⇠ + [�X + ⌘(X)⇠,�Y ]� �[�X + ⌘(X)⇠, Y ]

��[�X,�Y ] + (�X⌘(Y ))⇠ � (Y ⌘(�X))⇠ � ⌘([�X, Y ])⇠

= �[�X, Y ]� [X,�Y ]� (�Y ⌘(X))⇠ � ⌘(X)[�Y, ⇠]� �[�X + ⌘(X)⇠, Y ]

��[�X,�Y ] + (�X⌘(Y ))⇠.

Applying ⌘ to this and using (4.1.4), we have

0 = �⌘([�X, Y ])� ⌘([X,�Y ])� �Y ⌘(X)� ⌘(X)⌘([�Y, ⇠]) + �X⌘(Y )

= (L�X

⌘)(Y )� (L�Y

⌘)(X) (4.1.5)

giving N2 = 0. 2

We now consider the case of a contact manifold with contact form ⌘ and as-

sociated almost contact metric structure (�, ⇠, ⌘, g).
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Proposition 4.1.2 Let (�, ⇠, ⌘, g) be a contact metric structure. Then the ten-

sors N2 and N4 vanish. Moreover, N3 vanishes if and only if the Reeb vector field

⇠ is Killing with respect to g, i.e. L
⇠

g = 0.

Proof. In view of the above discussion, to show that vanishing of N2, it suf-

fices to show that equation (4.1.5) holds. We have

d⌘(�X,�Y ) = ⌦(�X,�Y )

= g(�X,�2Y )

= �g(X,�3Y )

= g(X,�Y )

= d⌘(X, Y ).

In section 3.1, we saw that N4 = L
⇠

⌘ = 0 for any contact structure.

Now since N4 = 0, we automatically have

(L
⇠

g)(X, ⇠) = ⇠⌘(X)� ⌘([⇠, X]) = (L
⇠

⌘)(X) = 0.

We also saw in section 3.1 that d⌘ is invariant under the 1-parameter group of ⇠

and hence

0 = (L
⇠

⌦)(X, Y )

= ⇠g(X,�Y )� g([⇠, X],�Y )� g(X,�[⇠, Y ])

= ⇠g(X,�Y )� g([⇠, X],�Y )� g(X,L
⇠

(�Y )� (L
⇠

�)Y )

= (L
⇠

g)(X,�Y ) + g(X, (L
⇠

�)Y ).

Thus N3 = L
⇠

� = 0 if and only if ⇠ is Killing vector field. 2

Next we will establish a formula for the covariant derivative of � for general

almost contact metric structure (�, ⇠, ⌘, g).

Lemma 4.1.3 For an almost contact metric structure (�, ⇠, ⌘, g), the covariant

derivative of � is given by

2 g((r
X

�)Y, Z) = 3 d⌦(X,�Y,�Z)� 3 d⌦(X, Y, Z) + g(N1(Y, Z),�X)

= N2(Y, Z)⌘(X) + 2 d⌘(�Y,X)⌘(Z)� 2 d⌘(�Z,X)⌘(Y ).
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Proof. Recall that the Riemannian connection r of g is given in (2.2.1);

2 g(r
X

Y, Z) = X g(Y, Z) + Y g(X,Z)� Z g(X, Y )

+g([X, Y ], Z) + g([Z,X], Y )� g([Y, Z], X).

and that the coboundary formula for d on a 2-form ⌦ is

d⌦(X, Y, Z) =
1

3
(X ⌦(Y, Z) + Y ⌦(Z,X) + Z ⌦(X, Y )

�⌦([X, Y ], Z)� ⌦([Z,X], Y )� ⌦([Y, Z], X)) .

Therefore,

2 g((r
X

�)Y, Z) = 2 g(r
X

(�Y ), Z) + 2 g(r
X

Y,�Z)

= X g(�Y, Z) + (�Y ) g(X,Z)� Z g(X,�Y )

+g([X,�Y ], Z) + g([Z,X],�Y )� g([�Y, Z], X)

+X g(Y,�Z) + Y g(X,�Z)� (�Z) g(X, Y )

+g([X, Y ],�Z) + g([�Z,X], Y )� g([Y,�Z], X)

= �X⌦(Y, Z) + (�Y )(⌦(�Z,X) + ⌘(Z)⌘(X))� Z ⌦(X, Y )

�⌦([X,�Y ],�Z) + ⌘([X,�Y ])⌘(Z)

+⌦([Z,X], Y )� g(�[�Y, Z],�X) + ⌘(X)⌘([Z,�Y ])

+X ⌦(�Y,�Z)� Y ⌦(Z,X)� (�Z)(⌦(�Y,X) + ⌘(Y )⌘(X))

+⌦([X, Y ], Z)� ⌦([�Z,X],�Y ) + ⌘([�Z,X])⌘(Y )

�g(�[Y,�Z],�X) + ⌘(X)⌘([�Z, Y ]) + ⌦([Y, Z], X)

�g([Y, Z],�X)� ⌦([�Y,�Z], X) + g([�Y,�Z],�X)

+g(2d⌘(Y, Z)⇠,�X)

= 3 d⌦(X,�Y,�Z)� 3 d⌦(X, Y, Z) + g(N1(Y, Z),�X)

+N2(Y, Z)⌘(X) + 2 d⌘(�Y,X)⌘(Z)� 2 d⌘(�Z,X)⌘(Y ). 2

In the case of a contact metric structure ⌦ = d⌘ and N2 = N4 = 0, so the above

formula becomes

2 g((r
X

�)Y, Z) = g(N1(Y, Z),�X) + 2 d⌘(�Y,X)⌘(Z)� 2 d⌘(�Z,X)⌘(Y ).
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In particular, setting X = ⇠,

2 g((r
⇠

�)Y, Z) = g(N1(Y, Z),�⇠) + 2 d⌘(�Y, ⇠)⌘(Z)� 2 d⌘(�Z, ⇠)⌘(Y )

= ⌘(Z)(�Y ⌘(⇠)� ⇠⌘(�Y )� ⌘([�Y, ⇠]))
�⌘(Y )(�Z⌘(⇠)� ⇠⌘(�Z)� ⌘([�Z, ⇠]))

= ⌘(Z)⌘(L
⇠

(�Y ))� ⌘(Y )⌘(L
⇠

(�Z))

= ⌘(Z)(L
⇠

(⌘(�Y ))� (L
⇠

⌘)(�Y ))

�⌘(Y )(L
⇠

(⌘(�Z))� (L
⇠

⌘)(�Z))

= 0

givesr
⇠

� = 0. It is also easy to see that on a contact metric manifold the integral

curves of ⇠ are geodesics. Clearly g(r
⇠

⇠, ⇠) = 0 and for X orthogonal to ⇠,

g(r
⇠

⇠, X) = �g(⇠,r
⇠

X)

= �g(⇠,r
X

⇠ + [⇠, X])

= �⌘([⇠, X])

= d⌘(⇠, X)

= 0.

4.2 The Boothby-Wang fibration

Definition 4.2.1 Let N be an even-dimensional di↵erentiable manifold. A sym-

plectic structure on N is a closed nondegenerate di↵erentiable 2-form ! on N :

d! = 0, !(X,X) = 0 if and only if X = 0.

The pair (N,!) is called a symplectic manifold.

Here we recall some examples of symplectic manifolds.

Example 4.1 Consider the vector space

R2n = {(p1, · · · , pn, q1, · · · , qn) | pj, qj 2 R}

and define a closed nondegenerate 2-form !0 =
P

j

dp
j

^ dq
j

. Then (R2n,!0) is a

symplectic manifold.
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Example 4.2 Let V be an n-dimensional manifold. The cotangent bundle T ⇤V

has a natural structure of a di↵erentiable manifold of dimension 2n. If (q1, · · · , qn)
is a choice of local coordinates for points in V , the such a form is given by its n

components (p1, · · · , pn). Together, the 2n numbers (p1, · · · , pn, q1, · · · , qn) form

a collection of local coordinates for points in T ⇤V . There is a natural projection

⇡ : T ⇤V �! V sending every 1-form on TV
x

to the point x 2 V . The projection

⇡ is di↵erentiable and surjective. The pre image of a point x 2 V under ⇡ is the

cotangent space (T ⇤V )
x

.

Theorem 4.2.2 The cotangent bundle T ⇤V has a natural symplectic structure,

In the local coordinates described above, this symplectic structure ! is given by

the formula

! =
n

X

j=1

dp
j

^ dq
j

= dp1 ^ dq
n

+ · · ·+ dp
n

^ dq
n

.

P roof. First, we define a distinguished form on T ⇤V . Let ⌘ 2 T (T ⇤V ) be a

vector tangent to the cotangent bundle at the point p 2 T ⇤V . The derivative

f⇤ : T (T ⇤V ) �! TV takes ⌘ to a vector f⇤⌘ tangent to V at x. We define a 1-

form ✓ on T ⇤V by the relation ✓(⌘) = p(f⇤⌘). In the local coordinates described

above, this form is ✓ =
P

j

p
j

dq
j

. By the example 2.7.2, the closed form ! = d✓

is nondegenarate. 2

Definition 4.2.3 Let ! be a closed nondegenerate di↵erentiable 2-form in a

neighborhood of a point x in the space R2n. Then in some neighborhood of x,

one can choose a coordinate system (p1, · · · , pn, q1, · · · , qn) such that the form !

has the standard form:

! =
n

X

j=1

dp
j

^ dq
j

.

This theorem allows us to extend to all symplectic manifolds any assertion of a

local character which is invariant with respect to canonical transformation and is

proven for the standard space (R2n,!).

We now give an important example, namely certain principal circle bundles

over symplectic manifolds whose symplectic 2-forms have integral period and
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conversely we will prove that a compact regular contact metric manifold is of

this type. A contact metric structure is regular if its Reeb vector field is regular.

Let N be a symplectic manifold with a symplectic form ! and ⇡ : M �! N

the corresponding principal circle bundle. If ⌘0 is a connection form on M , then

there exists a 2-form !0 on M such that d⌘0 = ⇡⇤!0. However, the characteristic

class [!0] is independent of the choice of connections, so that [!] = [!0]. Thus,

there exists a 1-form ⌧ on N such that !0 = ! + d⌧ . Now ⇡⇤⌧ is horizontal and

equivariant, and S1 is abelian so that

⇡⇤⌧ � (R
t

)⇤ = ad (t�1)⇡⇤⌧ = ⇡⇤⌧

where R
t

denotes right transformation by t 2 S1 and (R
t

)⇤ its di↵erential. Thus

setting ⌘ = ⌘0 + ⇡⇤⌧ , we have

⌘ � (R
t

)⇤ = ⌘ and d⌘ = ⇡⇤!.

Moreover, if ⇠ is a vertical vector field such that ⌘0(⇠) = 1, ⌘(⇠) = 1 since

(⇡⇤⌧)(⇠) = ⌧(⇡⇤⇠) = 0. Now if at any point of M , X1, · · · , X2n are linearly inde-

pendent horizontal vectors, (⌘ ^ (d⌘)n)(⇠, X1, · · · , X2n) is non-zero. Thus, we see

that ⌘ is a contact form on M . Conversely, we now give the theorem of Boothby

and Wang [9].

Theorem 4.2.4 Let M be a compact regular contact manifold with the con-

tact form ⌘0. Then there exists a contact form ⌘ = f⌘0 for some non-vanishing

function f whose characteristic vector field ⇠ generates a free e↵ective S1 action

on M . Moreover, M is the bundle space of principal circle bundle ⇡ : M �! N

over a symplectic manifold N whose fundamental 2-form ! determines an integral

cocycle on N . ⌘ is a connection form on the bundle with curvature form d⌘ = ⇡⇤!.

4.3 Sasakian manifolds

In section 4.2, we showed that a contact manifold M carries an almost contact

metric structure (�, ⇠, ⌘, g) with ⌦ = d⌘. If a contact metric structure (�, ⇠, ⌘, g)

on M is normal, we call it a Sasakian structure.
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Definition 4.3.1 (M ;�, ⇠, ⌘, g) is a Sasakian manifold if (M ⇥R+, J, t2g + dt2)

is a Kähler manifold where J is a complex structure on M ⇥R defined in ;

J

 

X, f
@

@t

!

=

 

�X � f⇠, ⌘(X)
@

@t

!

.

A Sasakian structure is in some sense an analogue of a Kähler structure. This

point of view is suggested in the following formulation of the Sasakian condition.

Definition 4.3.2 An almost contact metric structure (�, ⇠, ⌘, g) is Sasakian

structure if and only if

(r
X

�)Y = g(X, Y )⇠ � ⌘(Y )X (4.3.1)

where r denotes the Riemannian connection of g.

Lemma 4.3.3 On a Sasakian manifold, for a unit vector field X, Y, Z orthogonal

to ⇠, we have

(1) ⌘(r
X

Y ) = �d⌘(X, Y ),

(2) ⌘([X,r
Y

Z]) = 0,

(3) R(X, ⇠)X = �⇠.

P roof. By direct computations,

(1) ⌘(r
X

Y ) = g(r
X

Y, ⇠)

= X(g(Y, ⇠))� g(Y,r
X

⇠)

= g(Y,�X)

= �g(X,�Y )

= �d⌘(X, Y ).

(2) ⌘([X,r
Y

Z]) = ⌘(r
X

r
Y

Z �rrY Z

X)

= g(r
X

r
Y

Z, ⇠)� g(rrY Z

X, ⇠)

= �d⌘(X,r
Y

Z)� (r
Y

Z)(g(X, ⇠)) + g(X,rrY Z

⇠)

= �d⌘(X,r
Y

Z) + g(X,�r
Y

Z)
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= �d⌘(X,r
Y

Z) + d⌘(X,r
Y

Z)

= 0.

(3) g(R(X, ⇠)X, Y ) = �g(R(X, Y )⇠, X)

= �g(r
X

r
Y

⇠ �r
Y

r
X

⇠ �r[X,Y ]⇠, X)

= �g(�r
X

(�Y ) +r
Y

(�X) + �[X, Y ], X)

= g((r
X

�)Y � (r
Y

�)X,X)

= �g(⌘(Y )X � ⌘(X)Y,X)

= �⌘(Y )

= �g(⇠, Y ). 2

Sasakian manifolds have many properties analogous to Kähler manifolds. Let

(M,�, ⇠, ⌘, g) be a Sasakian manifold and define a (0, 4)-tensor field P on M by

P (X, Y ;Z,W ) = d⌘(X,Z)g(Y,W )� d⌘(X,W )g(Y, Z)

�d⌘(Y, Z)g(X,W )� d⌘(Y,W )g(X,Z).

Note that

P (X, Y ;Z,W ) = �P (Z,W ;X, Y ).

Lemma 4.3.4 On a Sasakian manifold, for X, Y, Z and W orthogonal to ⇠, we

have

(1) (r
X

⌦)(Y, Z) = g(X,Z)⌘(Y )� g(Y,X)⌘(Z).

(2) g(R(�X,�Y )�Z,�W ) = g(R(X, Y )Z,W ).

Thus choosing a �-basis {X
j

, X
n+j

= �X
j

, ⇠}, we have

Ric (�X,�Y ) =
2n
X

j=1

g(R(�X,X
j

)X
j

,�Y ) + g(R(�X, ⇠)⇠,�Y )

=
2n
X

j=1

g(R(�X,�X
j

)�X
j

,�Y ) + g(X, Y )

= Ric (X,Y).
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Example 4.3 In example 3.2, we gave explicitly an associated almost con-

tact metric structure (�, ⇠, ⌘, g) to the canonical contact structure ⌘ = 1
2 (dz

�Pn

j=1 yjdxj

⌘

on R2n+1. From the matrix expression for �, it is easy to check

that N� + 2 d⌘ ⌦ ⇠ = 0 and hence this contact metric structure is Sasakian.

Example 4.4 We can construct a Sasakian structure on an odd-dimensional

sphere in this way. Let S2n+1(r) be a sphere of radius r in R2n+2 with its usual

Kähler structure J , i.e. J is parallel with respect to the Riemannian connection

D of the Euclidian metric on R2n+2. Then the structure induced as above with

respect to the unit outer normal vector N is an almost contact metric structure

(�, ⇠, ⌘, g) and clearly ⌘ is the standard contact form . Since S2n+1 is umbilical

in R2n+2, the second fundamental form h satisfies h = �1
r

g. Thus, using the fact

that J is parallel and the Gauss-Weingarten equations, we have

0 = (D
◆⇤XJ)◆⇤⇠

= D
◆⇤XN � J(◆⇤rX

⇠ + h(X, ⇠)N)

=
1

r
◆⇤X � ◆�rX

⇠ � 1

r
⌘(X)◆⇤⇠.

Applying �, we have r
X

⇠ = �1
r

�X. Since � has rank 2n, we again see that

⌘^(d⌘)n 6= 0. The almost contact metric structure (�, ⇠, ⌘, g) is not an associated

one for r 6= 1 as d⌘ = 1
r

⌦, but the structure ⌘̄ = 1
r

, ⇠̄ = r⇠,� = � and the

homothetic change of metric ḡ = 1
r

2 g gives a contact metric structure (�, ⇠̄, ⌘̄, ḡ)

on M . Alternatively the metric

g0 =
1

r
+
✓

1� 1

r

◆

⌘ ⌦ ⌘

is an associated one for the induced contact form ⌘ on S2n+1(r). (�, ⇠̄, ⌘̄, ḡ) is

Sasakian structure on S2n+1(r) because of the expression of the second funda-

mental form.

4.4 Sasakian reduction

In this section, we recall the definition of Sasaki-Einstein manifolds and the

special Sasakian reduction constructed by Boyer and Galicki in [4]. In particular,

they focus on n = 4 case.
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Definition 4.4.1 A Sasaki-Einstein manifold is a (2n+1)-dimentional Rieman-

nian manifold (M, g) whose metric cone (C(M), r2g + dr2, J) is a Ricci-flat (i.e.

Ricci curvature is equal to 0) Kähler manifold.

Example 4.5 An odd-dimentional sphere S2n+1 with induced metric g0 from

Cn+1 is Sasaki-Einstein, as its cone (C(S2n+1), r2g0+dr2) is isometric to (Cn+1, g
std

),

where g
std

is the standard Ricci-flat Kähler metric on Cn.

We recall the special Sasakian reduction constructed by Boyer and Galicki in

[4]. In particular, they focus on n = 4 case.

Definition 4.4.2 Let p, q 2 Z�0 be coprime and p > q, or p = 1, q = 0. We

define a moment map µ
p,q

: C4 �! R as follows

µ
p,q

(z1, z2, z3, z4) := p|z1|2 + p|z2|2 � (p� q)|z3|2 � (p+ q)|z4|2,

and S1
p,q

is the associated S1 action on (C⇤)4,

(z1, z2, z3, z4) 7�! (z1 e
ip✓, z2 e

ip✓, z3 e
�i(p�q)✓, z4 e

�i(p+q)✓).

Theorem 4.4.3 We set an inclusion ◆ and a projection ⇡ as

◆ : µ�1
p,q

(0)|
S

7 ,! S7

⇡ : µ�1
p,q

(0)|
S

7 �!
⇣

µ�1
p,q

(0)|
S

7

⌘

/S1
p,q

.

Then we have the following:

(1) µ�1
p,q

(0)|
S

7 is di↵eomorphic to S3 ⇥ S3.

(2)
⇣

µ�1
p,q

(0)|
S

7

⌘

/S1
p,q

is di↵eomorphic to S2 ⇥ S3.

(3) There is a Sasaki-Einstein metric g
p,q

on
⇣

µ�1
p,q

(0)|
S

7

⌘

/S1
p,q

satisfying ◆⇤g0 =

⇡⇤g
p,q

, where g0 is the induced metric on S7 from C4.

4.5 Calculation in the case of p = 1, q = 0

Let us restrict our attention for the case of p = 1 and q = 0, and consider the

zero level set

µ�1
1,0(0)|S7 = {(z1, z2, z3, z4) 2 S7; |z1|2 + |z2|2 = |z3|2 + |z4|2 =

1

2
}
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= S3

 

1p
2

!

⇥ S3

 

1p
2

!

.

For any point in µ�1
1,0(0) 2 S3 ⇥ S3, we identify S3 and SU(2) as follows:

(z1, z2) 2 S3  !
 

z1 �z̄2
z2 z̄1

!

2 SU(2).

The reduced space S3 ⇥ S3/S1 is di↵eomorphic to S2 ⇥ S3 with a projection ⇡

defined by,

⇡(h1, h2) := ([h1], h1
th2)

where h1, h2 2 SU(2) and [·] is the equivalence class ⇠ given by

h1 ⇠ h2 () h2 = h1

 

ei✓ 0

0 e�i✓

!

This equivalence relation is the same as in the definition of the projective space

CP 1. In complex coordinates, ⇡ is given explicitly by

⇡(z1, z2, z3, z4) := (2z1z̄2, |z1|2 � |z2|2, z1z3 + z̄2z̄4, z2z3 � z̄1z̄4).

Then we have a left SU(2)⇥ SU(2) action � = (�1,�2) on S3 ⇥ S3,

�(h1, h2) := (�1h1,�2h2) (�1,�2 2 SU(2)).

Let us define a (SU(2)⇥SU(2))/U(1) action �̃ = ([�̃1], �̃2) on S2⇥S3 as follows

�̃([h1], h1
th2) := ([�̃1h1], �̃1h1

th2
t�̃2) (�̃1, �̃2 2 SU(2)),

such that � induces �̃, and ⇡ is (�, �̃)-equivariant :

S3 ⇥ S3 ��! S3 ⇥ S3

⇡ # # ⇡
S2 ⇥ S3 �̃�! S2 ⇥ S3.

Since S2 ⇥ S3 is a homogeneous space for (SU(2)⇥ SU(2))/U(1), we can define

an inner product h·, ·i
o

on T
o

(S2⇥S3), where o is written with an unit matrix I2,

o := (0, 0,�1, 1, 0, 0, 0) = ([I2], I2) = ⇡(I2, I2) = ⇡(1, 0, 0, 0, 1, 0, 0, 0),
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for the Sasaki-Einstein metric g1,0. By Theorem 4.4.3, the inner product h·, ·i
o

satisfies a condition:

d⇡
⇣

{an orthonormal basis of T(I2,I2)(S
3 ⇥ S3)}

⌘

= {an orthonormal basis of T
o

(S2 ⇥ S3)}.

By this, if we choose

(

@

@s2
,
@

@s3
,
@

@s4
,
@

@s6
,
@

@s7
,
@

@s8

)

an orthonormal basis of

T(I2,I2)(S
2 ⇥ S3), thus

(

d⇡

 

@

@s2

!

= d⇡

 

@

@s6

!

=

 

@

@x5

!

o

,

d⇡

 

@

@s3

!

= 2

 

@

@x1

!

o

+

 

@

@x6

!

o

, d⇡

 

@

@s4

!

= 2

 

@

@x2

!

o

+

 

@

@x7

!

o

,

d⇡

 

@

@s7

!

= �
 

@

@x6

!

o

, d⇡

 

@

@s8

!

=

 

@

@x7

!

o

)

is an orthonormal basis of T
o

(S2 ⇥ S3). Then the metric g
o

(·, ·) = h·, ·i
o

defined

by

 * 

@

@x
i

!

o

,

 

@

@x
j

!

o

+

o

!

ij

=

0

B

B

B

B

B

B

B

@

1
2 0 0 �1

2 0

0 1
2 0 0 �1

2

0 0 1 0 0

�1
2 0 0 1 0

0 �1
2 0 0 1

1

C

C

C

C

C

C

C

A

, (i, j = 1, 2, 5, 6, 7).

Choosing the local chart (U0, 0) such that

U0 = {(x1, · · · , x7) 2 S2 ⇥ S3; x3 < 0, x4 > 0},
 0 : (x1, · · · , x7) 7! (x1, x2, x5, x6, x7),

we extend this metric to any point x := ([k1], k2) by another (SU(2)⇥SU(2))/U(1)

action on S2 ⇥ S3: for k = (k1, k2),

k([h1], h2) := ([k1h1], k1h2k
�1
1 k2),

noting that x = k · o. We define the metric g at x by

g
x

(u, v) := g0(dk
�1(u), dk�1(v)) (u, v 2 T

x

(S2 ⇥ S3)).
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For y = (y1, y2, y3, y4, y5, y6, y7) 2 U
o

, we can write k�1 as

k�1(y) =
⇣

k�1
1 (y), k�1

2 (y), k�1
3 (y), k�1

4 (y), k�1
5 (y), k�1

6 (y), k�1
7 (y)

⌘

=

 

(1� x3 � x2
1)y1 � x1x2y1 + x1(1� x3)y3

1� x3
,

�x1x2y1 + (1� x3 � x2
2)y2 + x2(1� x3)y3

1� x3
, �x1y1 � x2y2 � x3y3,

X1Y1 +X2Y2 +X3Y3 +X4Y4

2(1� x3)
,
�X2Y1 �X1Y2 +X4Y3 �X3Y4

2(1� x3)
,

�X3Y1 �X4Y2 �X1Y3 +X2Y4

2(1� x3)
,
�X4Y1 +X3Y2 �X2Y3 �X1Y4

2(1� x3)

!

,

where

X1 = (1� x3)x4 + x1x6 + x2x7, X2 = x2x6 � x1x7 � (1� x3)x5

X3 = x1x4 � x2x5 � (1� x3)x6, X4 = x1x5 + x2x4 � (1� x3)x7

Y1 = (1� x3)y4 + x1y6 + x2y7, Y2 = x2y6 � x1y7 � (1� x3)y5

Y3 = x1y4 � x2y5 � (1� x3)y6, Y4 = x1y5 + x2y4 � (1� x3)y7.

Next we calculate g
x

 

@

@x1
,
@

@x5

!

. Let us first consider the derivation dk�1,

dk�1

 

@

@x1

!

=
@k�1

1

@y1
(x)

 

@

@x1

!

o

+
@k�1

2

@y1
(x)

 

@

@x2

!

o

+
@k�1

5

@y1
(x)

 

@

@x5

!

o

+
@k�1

6

@y1
(x)

 

@

@x6

!

o

+
@k�1

7

@y1
(x)

 

@

@x7

!

o

=
x2
2 + x3 � 1

x3(1� x3)

 

@

@x1

!

o

+
�x1x2

x3(1� x3)

 

@

@x2

!

o

and

dk�1

 

@

@x5

!

=
@k�1

1

@y5
(x)

 

@

@x1

!

o

+
@k�1

2

@y5
(x)

 

@

@x2

!

o

+
@k�1

5

@y5
(x)

 

@

@x5

!

o

+
@k�1

6

@y5
(x)

 

@

@x6

!

o

+
@k�1

7

@y5
(x)

 

@

@x7

!

o
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=
�x3(x2

4 + x2
5) + x1(x4x6 + x5x7) + x2(x4x7 � x5x6)

x4

 

@

@x5

!

o

+
(1� x3 � x2

2)(x5x6 � x4x7) + (1� x3)x2(x2
4 + x2

5) + x1x2(x4x6 + x5x7)

(1� x3)x4

 

@

@x6

!

o

+
(1� x3 � x2

1)(x4x6 + x5x7)� (1� x3)x1(x2
4 + x2

5) + x1x2(x5x6 � x4x7)

(1� x3)x4

 

@

@x7

!

o

.

Then the coe↵cient of dx1dx5 and dx5dx1 is given by

g
x

 

@

@x1
,
@

@x5

!

= g0

 

dk�1

 

@

@x1

!

, dk�1

 

@

@x5

!!

=
�(x2

1 + x2
3)(x4x7 � x5x6)� x2x3(x2

4 + x2
5) + x1x2(x4x6 + x5x7)

2x3x4
.

Also we can find the coe�cient of dx
i

dx
j

and dx
j

dx
i

by calculating g
x

 

@

@x
i

,
@

@x
j

!

.

As the result, with the local coordinates x = (x1, x2, x5, x6, x7) on U0, we have

the formula:

g
x

=
2
X

i=1

x2
i

+ x2
3

2x2
3

dx2
i

+
x1x2

x2
3

dx1dx2 +
7
X

i=5

x2
4 + x2

i

x2
4

dx2
i

(4.5.1)

+
2x5x6

x2
4

dx5dx6 +
2x5x7

x2
4

dx5dx7 +
2x6x7

x2
4

dx6dx7

+
�(x2

1 + x2
3)(x4x7 � x5x6)� x2x3(x2

4 + x2
5) + x1x2(x4x6 + x5x7)

x3x4
dx1dx5

+
(x2

1 + x2
3)(x

2
4 + x2

6)� x1x2(x4x5 � x6x7)� x2x3(x4x7 + x5x6)

x3x4
dx1dx6

+
x1x2(x2

4 + x2
7) + (x2

1 + x2
3)(x4x5 + x6x7) + x2x3(x4x6 � x5x7)

x3x4
dx1dx7

+
x1x3(x2

4 + x2
5)� x1x2(x4x7 � x5x6) + (x2

2 + x2
3)(x4x6 + x5x7)

x3x4
dx2dx5

+
x1x2(x2

4 + x2
6) + x1x3(x4x7 + x5x6)� (x2

2 + x2
3)(x4x5 � x6x7)

x3x4
dx2dx6

+
(x2

2 + x2
3)(x

2
4 + x2

7) + x1x2(x4x5 + x6x7)� x1x3(x4x6 � x5x7)

x3x4
dx2dx7.
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On other open sets U
i

±
j

± of S2⇥S3 defined by for i 2 {1, 2, 3}, j 2 {4, 5, 6, 7},
i.e.

U
i

+
j

+ = {x
i

> 0, x
j

> 0}, U
i

�
j

+ = {x
i

< 0, x
j

> 0},
U
i

+
j

� = {x
i

> 0, x
j

< 0} and U
i

�
j

� = {x
i

< 0, x
j

< 0},

we can calculate the metric the same way as the previous case. This is an explicit

representation at x of the Sasaki-Einstein metric g1,0 called the homogeneous

Kobayashi-Tanno metric by Boyer and Galicki in [4].

Theorem 4.5.1 The Sasaki-Einstein metric g1,0 on S2 ⇥ S3 at any point x is

given by the formula (4.5.1).
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Chapter 5

Complex Contact Manifolds

5.1 Definitions

We first recall the notion of complex contact metric manifolds.

Definition 5.1.1 Let M be a complex manifold with dimCM = 2n + 1 and

J the complex structure on M . M is called a complex contact manifold if there

exists an open covering U = {O
�

} of M such that:

(1) On each O
�

there is a holomorphic 1-form !
�

with !
�

^ (d!
�

)n 6= 0 ev-

erywhere;

(2) If O
�

\O
µ

6= �, there is a nonvanishing holomorphic function h
�µ

on O
�

\O
µ

such that

!
�

= h
�µ

!
µ

in O
�

\O
µ

. (5.1.1)

For each O
�

, we define a distribution H
�

= {X 2 TO
�

| !
�

(X) = 0}. Note

that the h
�µ

are nonvanishing, and H
�

= H
µ

on O
�

\ O
µ

. Thus H = [H
�

is a

holomorphic, nonintegrable subbundle on M , called the horizontal subbundle.

Definition 5.1.2 Let M be a complex manifold with dimC = 2n + 1 and J

a complex structure. Let g be a Hermitian metric. M is called a complex almost

contact metric manifold if there exists an open covering U = {O
�

} ofM such that:

(1) On each O
�

there are 1-forms u
�

and v
�

= u
�

J , (1,1) tensors G
�

and
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H
�

= G
�

J , unit vector fields U
�

and V
�

= �JU
�

such that

G
�

J
�

= �J
�

G
�

, H2
�

= G2
�

= �id+ u
�

⌦ U
�

+ v
�

⌦ V
�

,

g(G
�

X, Y ) = �g(X,G
�

Y ), g(U
�

, X) = u
�

(X), (5.1.2)

G
�

U
�

= 0, u
�

(U
�

) = 1;

(2) If O
�

\O
µ

6= �, there are functions a, b on O
�

\O
µ

such that

u
µ

= au
�

� bv
�

, v
µ

= bu
�

+ av
�

,

G
µ

= aG
�

� bH
�

, H
µ

= bG
�

+ aH
�

, (5.1.3)

a2 + b2 = 1.

Definition 5.1.3 Let (M, {!
�

}) be a complex contact manifold with complex

contact structure J and Hermitian metric g. We call (M,u, v, U, V, J, g) a com-

plex contact metric manifold if there exists an open covering U = {O
�

} of M

such that (here and below G = G
�

, etc) :

(1) On each O
�

there is a local (1,1) tensor G such that (u
�

, v
�

, U
�

, V
�

, G
�

, H
�

=

G
�

J, g) is an almost contact metric structure on M ;

(2) g(X,G
�

Y ) = du
�

(X, Y ) + (�
�

^ v
�

)(X, Y ) and g(X,H
�

Y ) = dv
�

(X, Y ) �
(�

�

^ u
�

)(X, Y ), where �
�

(X) = g(r
X

U
�

, V
�

) with r the Levi-Civita connection

with respect to g.

Remark 5.1.4 Foreman [13] showed the existence of complex contact metric

structures on complex contact manifolds.

Definition 5.1.5 We can locally choose orthonormal vectors X1, · · · , Xn

in H
such that {X

i

, JX
i

, GX
i

, HX
i

, U, V | 1  i  n} is an orthonormal basis of the

tangent spaces of U
↵

.

5.2 Normality of complex contact manifolds

We recall the definition of I-K normality introduced by Ishihara and Konishi [23]

for (almost) complex contact metric structures. We set the two tensor fields S
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and T by,

S(X, Y ) = [G,G](X, Y ) + 2g(X,GY )U � 2g(X,HY )V (5.2.1)

+2v(Y )HX � 2v(X)HY + �(GY )HX

��(GX)HY + �(X)GHY � �(Y )GHX,

T (X, Y ) = [H,H](X, Y )� 2g(X,GY )U + 2g(X,HY )V (5.2.2)

+2u(Y )GX � 2u(X)GY + �(HX)GY

��(HY )GX + �(X)GHY � �(Y )GHX.

Definition 5.2.1 A complex contact manifold M is I-K normal if the tensors S

and T both vanish.

Proposition 5.2.2 I-K normality implies that the underlying Hermitian mani-

fold (M,J, g) is a Kähler manifold (cf. [23]).

We recall properties obtained by Korkmaz [29].

Proposition 5.2.3 On an I-K normal complex contact manifold, for X, Y, Z 2
H, we have

g((r
X

G)Y, Z) = ��(X)g(HX, Y ) + v(X)⌦(GZ,GY )

�2v(X)g(HGY,Z)� u(Y )g(X,Z)� v(Y )g(JX,Z)

+u(Z)g(X, Y )� v(Z)g(X, JY ),

and

g((r
X

H)Y, Z) = ��(X)g(GX, Y ) + u(X)⌦(HZ,GHY )

�2u(X)g(HGY,Z) + u(Y )g(JX,Z)� v(Y )g(X,Z)

+u(Z)g(X, JY ) + v(Z)g(X, Y ),

where r is the Levi-Civita connection with respect to g.

Lemma 5.2.4 Under the same assumptions as in Proposition 5.2.3, we have

g(R(X,GX)Y,GY ) = g(R(X, Y )X, Y ) + g(R(X,GY )X,GY )

+4g(JX, Y )⌦(X, Y )� 4g(HX, Y )⌦(GX, Y )

�2g(GX, Y )2 � 4g(HX, Y )2 � 2g(X, Y )2

+2g(X,X)g(Y, Y )� 4g(JX, Y )2,
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and

g(R(X,HX)Y,HY ) = g(R(X, Y )X, Y ) + g(R(X,HY )X,HY )

+4g(JX, Y )⌦(X, Y ) + 4g(GX, Y )⌦(HX, Y )

�2g(HX, Y )2 � 4g(GX, Y )2 � 2g(X, Y )2

+2g(X,X)g(Y, Y )� 4g(JX, Y )2.

Lemma 5.2.5 On a I-K normal complex contact manifold, for X 2 H, we have

⌦(JX,X) = �2g(X,X).

P roof. Since J is parallel for r,

g(R(X,HX)JX,GX) = g(JR(X,HX)X, JHX) (5.2.3)

= �g(R(X,HX)HX,X).

By Lemma 5.2.4, we get

g(R(X,HX)JX,GX) = �g(R(X,HX)HX,X) (5.2.4)

�2g(X,X)(⌦(JX,X) + 2g(X,X)).

Comparing the right hand sides of (5.2.3) and (5.2.4), we get the lemma. 2

Finally, we have the following property of sectional curvatures.

Proposition 5.2.6 On I-K normal complex contact manifolds, we have

K(X, JX) +K(X,GX) +K(X,HX) = 6,

for any horizontal vector field X.

Proof. Since J is parallel for r,

g(R(X,GX)JX,GJX)) = �g(JR(X,GX)X, JGX) (5.2.5)

= g(R(X,GX)GX,X).

On the other hand, by Lemmas 5.2.4 and 5.2.5,

g(R(X,GX)JX,GJX) = �g(R(X, JX)JX,X)� g(R(X,HX)HX,X)

�4g(X,X)⌦(JX,X)� 2g(X,X)2

= �g(R(X, JX)JX,X)� g(R(X,HX)HX,X)

+6g(X,X)2. (5.2.6)
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This gives the conclusion. 2

The notion of I-K normality seems too strong, since the complex Heisenberg

group admits no I-K normal contact metric structure while the real Heisenberg

group admits a normal contact metric structure. Korkmaz introduced a weaker

version of normality as follows.

Definition 5.2.7 A complex contact metric structure is normal in the sense

of [29] if
(

S(X, Y ) = T (X, Y ) = 0 for every X, Y 2 H,

S(U, Y ) = T (V, Y ) = 0 for every Y.

From now on, we use this definition of normality.

The following lemma is obtained by Korkmaz [29].

Lemma 5.2.8 If X is a horizontal vector field, then

g(R(X, JX)JX,X) + g(R(X,GX)GX,X) + g(R(X,HX)HX,X)

= �6g(X,X)(⌦(JX,X) + g(X,X)).

Example 5.1 We introduce the example of the complex Heisenberg group, the

closed subgroup HC of GL(3,C) given by

(

0

B

B

@

1 b12 b13
0 1 b23
0 0 1

1

C

C

A

�

�

�

�

�

b12, b13, b23 2 C

)

.

Blair [3] defined the following complex contact metric structure on HC (see also

[6]). Let z1, z2, z3 be the coordinates onHC
⇠= C3, defined by z1(A) = b23, z2(A) =

b12, z3(A) = b13 for A in HC. Then the Hermitian metric

g =
1

8

0

B

B

B

B

B

B

B

B

B

B

@

1 + |z2|2 0 �z2
0 0 1 0

�z̄2 0 1

1 + |z2|2 0 �z̄2
0 1 0 0

�z2 0 1

1

C

C

C

C

C

C

C

C

C

C

A
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is a left invariant metric on HC. We define real 1-forms u, v and unit vector

fields U, V by decomposing the holomorphic 1-form ✓ = (dz3 � z2dz1)/2 and the

complex vector field X = 4(@/@z3) into their real parts and the imaginary parts:

✓ = u� iv, X = U + iV.

Also define two type-(1, 1) tensors

G =

0

B

B

B

B

B

B

B

B

B

B

@

0 1 0

0 �1 0 0

0 z2 0

0 1 0

�1 0 0 0

0 z̄2 1

1

C

C

C

C

C

C

C

C

C

C

A

,

H =

0

B

B

B

B

B

B

B

B

B

B

@

0 �i 0

0 i 0 0

0 �iz2 0

0 i 0

�i 0 0 0

0 iz̄2 1

1

C

C

C

C

C

C

C

C

C

C

A

.

Then one can check that (u, v, U, V,G,H, J, g) is a normal complex contact metric

structure on HC [29].

5.3 Construction from Hyperkähler manifolds

via reduction

In this section, we construct a normal complex contact structure on the

quotient space of a hyperkähler manifold via a C⇤ action. We first recall the

definition of hyperkähler manifolds.

Definition 5.3.1 (M,J1, J2, J3, g) is a hyperkähler manifold if J1, J2, J3 are com-

plex structures on a complex manifold M satisfying

J2
1 = J2

2 = J2
3 = J1J2J3 = �id,
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and g is an Hermitian metric on M with respect to J1, J2 and J3.

We can produce a normal complex almost contact metric manifold from hy-

perkähler manifolds.

Theorem 5.3.2 Let (fM,J1, J2, J3, g̃) be a hyperkähler manifold. We assume

that C⇤ acts holomorphically with respect to J1 on fM . We also assume this ac-

tion is proper and free. Then the quotient space fM/C⇤ is naturally equipped with

a smooth manifold structure and the quotient map ⇡ : fM �! fM/C⇤ canonically

induces an I-K normal complex almost contact metric structure on fM/C⇤.

P roof. Let { eO
�

} be an open covering of fM . We choose local sections s
�

:

⇡( eO
�

) �! eO
�

. Then we define type (1, 1) tensors J,G and H on T (fM/C⇤), and

1-forms u, v by
8

>

>

<

>

>

:

J1(s�)⇤X = (s
�

)⇤JX,

J2(s�)⇤X = (s
�

)⇤GX + u(X)⌫ + v(X)J1⌫,

J3(s�)⇤X = (s
�

)⇤HX � v(X)⌫ + u(X)J1⌫,

(5.3.1)

where ⌫ and J1⌫ are unit tangent vectors to the orbit by C⇤. For example, u and

v are explicitly given by

u(X) = g̃(J2s⇤X, ⌫), v(X) = g̃(J2s⇤X, J1⌫) = �g̃(J3s⇤X, ⌫). (5.3.2)

Finally, we define the unit vector fields U, V on fM/C⇤ by

U = �⇡⇤(J2⌫), V = ⇡⇤(J3⌫). (5.3.3)

It is seen that the structure (u, v, U, V,G,H, J, g) (with g the metric induced by

g̃) satisfies Definition 5.1.2 and Definition 5.2.1. 2

Example 5.2 By Theorem 5.3.2, the complex projective space CP 2n+1 with

the Fubini-Study metric admits an I-K normal complex contact structure. Now

we express this structure analytically in the case of n = 1.

Let C4\{0} have the hyperkähler structure (J1, J2, J3, h, i), where J1, J2 and J3
act on the position vector p = (z1, z2, z3, z4) by

J1p = (iz1, iz2, iz3, iz4),

J2p = (z̄3, z̄4,�z̄1,�z̄2),
J3p = (iz̄3, iz̄4,�iz̄1,�iz̄2),
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and h, i is the standard metric on C4\{0}. We denote the norm
q

P4
k=1 zkz̄k of

z = (z1, z2, z3, z4) by kzk.
C⇤ acts on C4\{0} by � · (z1, z2, z3, z4) = (�z1,�z2,�z3,�z4), which acts freely

and commutes with J1. We can easily check that at z, the orbit space of C⇤ has

tangent space at z spanned by vectors

⌫ =
1

2kzk
4
X

j=1

 

z
j

@

@z
j

+ z̄
j

@

@z̄
j

!

,

J1⌫ =
i

2kzk
4
X

j=1

 

z
j

@

@z
j

� z̄
j

@

@z̄
j

!

.

By calculating with the inner product h, i, u and v are given by

u =
1

2kzk
2
X

j=1

(�z2j�1dz2j � z̄2j�1dz̄2j + z2jdz2j�1 + z̄2jdz̄2j�1) ,

v =
�i
2kzk

2
X

j=1

(z2j�1dz2j � z̄2j�1dz̄2j � z2jdz2j�1 + z̄2jdz̄2j�1) .

Then in complex coordinates G and H are given by

G =
1

kzk2

 

O A

Ā O

!

, H =
1

kzk2

 

O iA

�iĀ O

!

,

where

A = i

0

B

B

B

B

B

@

z2z̄1 �kzk2 + z2z̄2 z2z̄3 z2z̄4
kzk2 � z1z̄1 �z1z̄2 �z1z̄3 �z1z̄4

z4z̄1 z4z̄2 z4z̄3 �kzk2 + z4z̄4
�z3z̄1 �z3z̄2 kzk2 � z3z̄3 �z3z̄4

1

C

C

C

C

C

A

.

Finally, the two vector fields U and V are given by

U =
1

2kzk
2
X

j=1

(�z̄2j�1dz2j � z2j�1dz̄2j + z̄2jdz2j�1 + z2jdz̄2j�1) ,

V =
i

2kzk
2
X

j=1

(z̄2j�1dz2j � z2j�1dz̄2j � z̄2jdz2j�1 + z2jdz̄2j�1) .

With the Fubini-Study metric g, we find that this complex contact metric struc-

ture (u, v, U, V,G,H, J, g) is I-K normal and satisfies Proposition 5.2.6.
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By modifying the C⇤ action on C4\{0}, we can give another example of nor-

mal complex contact metric manifolds.

Example 5.3 We consider another C⇤ action on C4\{z1z2z3z4 = 0} by

� · (z1, z2, z3, z4) = (�z1,�z2,�
�1z3,�

�1z4),

which also acts freely and commutes with J1. This orbit space has tangent spaces

at z spanned by the vectors

⌫ =
1

2kzk

 

z1
@

@z1
+ z̄1

@

@z̄1
+ z2

@

@z2
+ z̄2

@

@z̄2

�z3
@

@z3
� z̄3

@

@z̄3
� z4

@

@z4
� z̄4

@

@z̄4

!

,

J1⌫ =
i

2kzk

 

z1
@

@z1
� z̄1

@

@z̄1
+ z2

@

@z2
� z̄2

@

@z̄2

�z3
@

@z3
+ z̄3

@

@z̄3
� z4

@

@z4
+ z̄4

@

@z̄4

!

.

We check that the quotient space M = (C4\{z1z2z3z4 = 0})/C⇤ is a complex

manifold. We define a biholomorphic map F on M by

F ([z1, z2, z3, z4]) =
✓

z2
z1
, z1z3, z1z4

◆

.

This map shows that M is di↵eomorphic to C3\{w1w2w3 = 0}. By a direct

computation of the standard inner product h, i, u and v are given by

u =
�i
2kzk(�z1dz4 + z̄1dz̄4 + z2dz3 � z̄2dz̄3

�z3dz2 + z̄3dz̄2 � z4dz1 + z̄4dz̄1),

v =
1

2kzk(�z1dz4 � z̄1dz̄4 + z2dz3 + z̄2dz̄3

+z3dz2 + z̄3dz̄2 � z4dz1 � z̄4dz̄1).

Then in complex coordinates G and H are given as follows:

G =
1

kzk2

 

O A

Ā O

!

, H =
1

kzk2

 

O iA

�iĀ O

!

,
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where

A = i

0

B

B

B

B

B

@

z1z̄4 �z1z̄3 �z1z̄2 �kzk2 + z1z̄1
z2z̄4 �z2z̄3 kzk2 � z2z̄2 z2z̄1
�z3z̄4 �kzk2 + z3z̄3 z3z̄2 �z3z̄1

kzk2 � z4z̄4 z4z̄3 z4z̄2 �z4z̄1

1

C

C

C

C

C

A

.

Finally, the two vector fields U and V are given by

U =
i

2kzk

 

z1
@

@z̄4
� z̄1

@

@z4
� z2

@

@z̄3
+ z̄2

@

@z3

�z3
@

@z̄2
+ z̄3

@

@z2
+ z4

@

@z̄1
� z̄4

@

@z1

!

,

V =
�1
2kzk

 

z1
@

@z̄4
+ z̄1

@

@z4
� z2

@

@z̄3
� z̄2

@

@z3

�z3
@

@z̄2
� z̄3

@

@z2
+ z4

@

@z̄1
+ z̄4

@

@z1

!

.

With the induced metric g from the standard inner product h, i on C4, we can

check that this complex almost contact metric structure (u, v, U, V,G,H, J, g) is

I-K normal. Thus we get a new example of a normal complex almost contact

metric manifold.

5.4 3-Sasakian manifolds

We recall the 3-Sasakian structures on M4p+3.

Definition 5.4.1 Let M4n+3 be a real (4n + 3)-dimensional manifold. The 3-

Sasakian structure on M4n+3 is a triple of Sasakian structures {�
i

, ⇠
i

, ⌘
i

}
i=1,2,3 on

M4n+3 satisfying

�
k

= �
i

�
j

� ⌘
j

⌦ ⇠
i

= ��
j

�
i

+ ⌘
i

⌦ ⇠
j

,

⌘
i

� �
j

= ⌘
k

, ⌘
i

(⇠
j

) = �
ij

,

where {i, j, k} is one of the cyclic permutations of {1, 2, 3}. DefineM4n+3 is called

the 3-Sasakian manifold if there exists a 3-Sasakian structure on it.
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The typical example of 3-sasakian manifold is S4n+3 obtained by taking as a

hyper surface in the quaternion vector space Hn+1. Each of three almost com-

plex structure on Hn+1 applied to the outer normal vector of the sphere gives a

vector field ⇠
i

, i = 1, 2, 3, on S4n+3. These three vector fields are orthogonal each

other and give rise to the standard 3-Sasakian structure on S4n+3.

5.5 Complex almost contact metric structure on

S4p+3 ⇥ S4q+3

We show that 3-Sasakian structures on S4m+3 and S4n+3 induce a complex al-

most contact metric structure on S4m+3 ⇥ S4n+3. Let {�m

i

, ⇠m
i

, ⌘m
i

}
i=1,2,3 and

{�n

i

, ⇠n
i

, ⌘n
i

}
i=1,2,3 be 3-Sasakian structures on S4m+3 and S4n+3, respectively. We

first define an almost complex structure on S4m+3 ⇥ S4n+3 by

J
m,n

(X, Y ) = (�m

1 X � ⌘n1 (Y )⇠m1 ,�n

1Y + ⌘m1 (X)⇠m1 ), (5.5.1)

where (X, Y ) 2 T (S4m+3 ⇥ S4n+3). Since J
m,n

is integrable [31] (see also [10]),

then (S4m+3⇥S4n+3, J
m,n

) is a complex manifold. Moreover, it is also proved that

the product space of two normal almost contact metric manifolds is a complex

manifold with the above J
m,n

. Next, we define a metric g
m,n

on S4m+3 ⇥ S4n+3

by

g
m,n

((X, Y ), (X 0, Y 0)) = g
m

(X,X 0) + ⌘m1 (X)⌘m1 (X
0) (5.5.2)

+ g
n

(Y, Y 0) + ⌘n1 (Y )⌘n1 (Y
0),

where g
m

and g
n

are the associated metrics to 3-Sasakian structures on S4m+3

and S4n+3 respectively. It is easily checked that g
m,n

is a Hermitian metric with

respect to J
m,n

.

X 2 TM4m+3 and Y 2 TM4n+3 are decomposed to the subspace spanned by

{⇠m1 , ⇠m2 , ⇠m3 }, {⇠n1 , ⇠n2 , ⇠n3 } and their orthogonal complements uniquely as follows.

(

X = X0 + ⌘m1 (X)⇠m1 + ⌘m2 (X)⇠m2 + ⌘m3 (X)⇠m3 ,

Y = Y0 + ⌘n1 (X)⇠n1 + ⌘n2 (X)⇠n2 + ⌘n3 (X)⇠n3 ,
(5.5.3)
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where X0 2 Span{⇠m1 , ⇠m2 , ⇠m3 }?, Y0 2 Span{⇠n1 , ⇠n2 , ⇠n3 }?. With this decomposi-

tion, we define the two type-(1, 1) tensors G
m,n

and H
m,n

by

G
m,n

(X, Y ) = (5.5.4)
 

�m

2 X0 �
⌘m3 (X)� ⌘n3 (Y )

2
⇠m1 + ⌘n1 (Y )⇠m2 + ⌘m1 (X)⇠m3 ,

�n

2Y0 �
⌘m2 (X)� ⌘n2 (Y )

2
⇠n1 � ⌘m1 (Y )⇠n2 � ⌘m1 (X)⇠n3

!

,

H
m,n

(X, Y ) = J
m,n

G
m,n

(X, Y ), (5.5.5)

where (X, Y ) 2 T (S4m+3 ⇥ S4n+3). We can check that G and H satisfy the

condition to be a complex almost contact metric structure. Using the formula

(5.16), we get

G2
m,n

(X, Y ) =

 

(�m

2 )
2X0 � ⌘m1 (X)⇠m1 +

⌘m2 (X)� ⌘n2 (Y )

2
⇠m2 �

⌘m3 (X)� ⌘n3 (Y )

2
⇠m3 ,

(�n

2 )
2Y0 � ⌘n1 (Y )⇠n1 +

⌘m2 (X)� ⌘n2 (Y )

2
⇠n2 +

⌘m3 (X)� ⌘n3 (Y )

2
⇠n3

!

= (�X0 � ⌘m1 (X)⇠m1 � ⌘m2 (X)⇠m2 � ⌘m3 (X)⇠m3 ,

�Y0 � ⌘n1 (Y )⇠n1 � ⌘n2 (Y )⇠n2 � ⌘n3 (Y )⇠n3 )

+
⌘m2 (X) + ⌘n2 (Y )

2
(⇠m2 , ⇠n2 ) +

⌘m3 (X) + ⌘n3 (Y )

2
(⇠m3 , ⇠n3 ), (5.5.6)

where (X, Y ) 2 T (S4m+3 ⇥ S4n+3). Here we define 1-forms u
m,n

, v
m,n

and dual

orthonormal vector fields U
m,n

, V
m,n

which satisfy Definition 5.1.2. by

8

<

:

u
m,n

= 1p
2
(⌘m3 + ⌘n3 ), v

m,n

= 1p
2
(⌘m2 + ⌘n2 ),

U
m,n

= 1p
2
(⇠m3 , ⇠n3 ), V

m,n

= 1p
2
(⇠m2 , ⇠n2 ).

(5.5.7)

With these elements, we get

G2
m,n

(X, Y ) = �(X, Y ) + u
m,n

(X, Y )⌦ U + v
m,n

(X, Y )⌦ V. (5.5.8)

Moreover, by (5.5.1), (5.5.2) and (5.5.4), we have

J
m,n

G
m,n

(X, Y ) = �G
m,n

J
m,n

(X, Y ) (5.5.9)

=

 

�m

3 X0 +
⌘m2 (X)� ⌘n2 (Y )

2
⇠m1 � ⌘m1 (X)⇠m2 + ⌘n1 (Y )⇠m3 ,
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�n

3Y0 �
⌘m3 (X)� ⌘n3 (Y )

2
⇠n1 + ⌘m1 (X)⇠n2 � ⌘n1 (Y )⇠n3

!

.

g
m,n

(G
m,n

(X, Y ), (X 0, Y 0)) = �g
m,n

((X, Y ), G
m,n

(X 0, Y 0)) (5.5.10)

= g
m

(�m

2 X0, X
0
0) + g

n

(�n

2Y0, Y
0
0) + ⌘m1 (X) (⌘m3 (X

0)� ⌘n3 (Y 0))

�⌘m1 (X 0) (⌘m3 (X
0)� ⌘n3 (Y 0)) + ⌘n1 (Y ) (⌘m2 (X

0)� ⌘n2 (Y 0))

�⌘n1 (Y 0) (⌘m2 (X)� ⌘n3 (Y )) .

Note that this complex almost contact metric structure is not I-K normal. Finally

we conclude as follows.

Theorem 5.5.1 The complex almost contact metric structure on S4m+3⇥S4n+3,

(G
m,n

, H
m,n

, J
m,n

, u
m,n

, v
m,n

, U
m,n

, V
m,n

, g
m,n

) given by (5.5.1), (5.5.2), (5.5.4),

(5.5.5) and (5.5.7) is not I-K normal.
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Chapter 6

Conclusions and Further

Problems

In this section, we summarize the results in thesis and discuss further problems

about constructions of real or complex contact manifolds.

In section 4.5, we presented a Sasaki-Einstein metric g1,0 on S2⇥S3, but it is

not known how to describe them explicitly in other cases.

Theorem A (Theorem 4.5.1) The Sasaki-Einstein metric g1,0 on S2 ⇥ S3 at

any point x is given by the formula (4.5.1).

Problem 6.1 For relatively prime p > q, calculate g
p,q

.

In section 5.3, we constructed I-K normal complex almost contact manifolds

from hyperkähler manifolds via reduction.

Theorem B (Theorem 5.3.2) Let (fM,J1, J2, J3, g̃) be a hyperkähler manifold.

Assume that C⇤ acts holomorphically with respect to the complex structure J1
on fM . We also assume this action is proper and free. Then the quotient space
fM/C⇤ is naturally equipped with a smooth manifold structure and the quotient

map ⇡ : fM �! fM/C⇤ canonically induces an I-K normal complex almost contact

metric structure on fM/C⇤.

Using this result, we construct a new example of I-K normal complex almost
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contact metric manifold (Example 5.3).

In studying complex contact manifolds, we found a remarkable property on the

sectional curvature of an I-K normal complex contact metric manifold which will

give a strong information [22]:

Proposition C (Proposition 5.2.6.) On I-K normal complex contact mani-

folds, we have

K(X, JX) +K(X,GX) +K(X,HX) = 6, (6.0.1)

for any X 2 Ker !, where K(X, Y ) is the sectional curvatures of the plane

spanned by {X, Y }, and G,H and J are associated to the complex contact met-

ric structure.

By this proposition, any I-K normal complex contact metric manifold satisfies

(6.0.1). Conversely, does any complex (almost) contact metric manifold satisfy-

ing (6.0.1) admit I-K normality?

Problem 6.2 Find examples of complex contact metric manifolds satisfying

(6.0.1) except for CP2n+1 (Example 5.2). Are these manifolds I-K normal?

In example 4.4, the standard Kähler structure on R2n+2 induces the Sasakian

structure on S2n+1. Similarly, we expect that the standard hyperkähler structure

on C2n+2 induces a complex (almost) contact metric structure on some complex

hypersurfaces of C2n+2.

Problem 6.3 Find the complex hypersurfaces of a hyperkähler manifold which

admit complex (almost) contact metric structures. More generally, does any com-

plex submanifolds of a hyperkähler manifold which admit such structures exist?

In section 5.5, we construct a non-normal almost contact metric structure on

S4m+3 ⇥ S4n+3. More generally, it is expected that the product space of two 3-

Sasakian manifolds admits complex almost contact metric structures.

Theorem D (Theorem 5.5.1.) The complex almost contact metric structure
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(G
m,n

, H
m,n

, J
m,n

, u
m,n

, v
m,n

, U
m,n

, V
m,n

, g
m,n

) on S4m+3 ⇥ S4n+3 given by (5.5.1),

(5.5.2), (5.5.4), (5.5.5) and (5.5.7) is not I-K normal.

Problem 6.4 Does any complex (almost) contact metric structure on the prod-

uct space of two 3-Sasakian manifolds exist? Especially, does the structure have

normality?

Complex (almost) contact metric structures have good relevance to the triple

of geometrical structures. We also expect that complex submanifolds of quater-

nionic Kähler manifolds admit complex (almost) contact metric structures.

Problem 6.5 Find the complex submanifolds of quaternionic Kähler manifolds

which admit complex (almost) contact metric structures.
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