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Chapter 1

Introduction

Sasaki-Einstein manifolds are real contact Einstein manifolds whose Rieman-
nian cones are Ricci-flat Kéhler manifolds. It has been acknowledged that they
have an important role both in mathematics and physics. Moreover many man-
ifolds are known to admit Sasaki-Einstein structures, nevertheless few of these
manifolds have explicit representations. Complex contact manifolds, whose def-
inition is analogous to that of real contact manifolds, are also expected to be
important, but few examples of complex contact manifolds are known so far.
In this thesis, we shall contribute to the study in those area by exhibiting new
examples of real or complex contact manifolds via a reduction method.

Reduction techniques in symplectic geometry, developed in a text book such
as Marsden and Ratiu [32], have natural analogues in the context of contact
geometry. Depending on the geometric situation, various specializations have
been considered by several authors, such as Geiges [14] in the Sasakian case, also
Grantcharov and Ornea [16] and later Boyer and Galicki in [4] in the Sasaki-
Einstein case.

The first result in this thesis is related to the Sasaki-Einstein metrics. Boyer
and Galicki [4] have constructed a family of countably many Sasaki-Einstein
metrics on the quotient space of the zero set of a moment map on a 7-dimensional
sphere under a circle action. We shall present one of the metrics explicitly on a
quotient space as an induced metric from the standard one on the 4-dimensional
complex Euclidian space.

We describe the above construction in a explicit way and present the induced
metric on the reduced space by using a projection from the zero set to the reduced
space, which is diffeomorphic to S? x S3.
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More precisely, we consider the following moment map on C*,
pu(z1, 22, 23, 21) = |2af* + [20]? = |28” = |2a?,
with the associated U(1) action,
(21, 20, 23, 24) — (€721, €725, 67025, e7%24) (0 € R),

and we show that ;1 ~1(0)|s7 is diffeomorphic to S* x S®. Using this identification,
we define a smooth projection 7 from S% x S to (u=1(0)|s7) /S (see section 4.6):

(21, 22, 23, 24) 1= (22122, |21’2 - |Z2|2, 2123 + Z2Z4, 2223 — Z124).

We show that this image is diffeomorphic to S? x S3. We notice that a SU(2) x
SU(2) acts on S® x S? naturally from the left, which makes 7 an equivariant map,
that is, S? x S becomes a homogeneous space by this action. We then define
an inner product (-, -), on T,(S* x S3) (o= (0,0,-1,1,0,0,0)) and extend it at
any point x in such a way that

(u, )y = (dk ™ (u), dk () (u,v € To(S? x §%))

o

where k is a (SU(2) x SU(2))/U(1) free action such that z = k- o. This is a
representation of the metric, which is called the homogeneous Kobayashi-Tanno
metric [39]. Our first result is an explicit discription of the metric [21].

Theorem A (Theorem 4.5.1) The Sasaki-Einstein metric g, on S? x S® at
any point x is given by the formula (4.5.1).

The second result is a construction of complex contact manifolds. To the
best of our knowledge, the odd-dimensional complex projective space is only a
known example of normal complex contact manifolds. In this thesis, we provide
other examples of those manifolds, that is, we prove that there exists a normal
complex almost contact metric structure on the quotient space of a hyperkahler
manifold by holomorphic group actions. We also construct a complex almost
contact metric structure on the product of the (4p + 3)-dimensional and (4¢q + 3)-
dimensional spheres. This structure is obtained from the 3-Sasakian structures
on each sphere. We also prove that this complex almost contact structure is not
normal.



The theory of complex contact geometry started with the papers of Kobayashi
[27] and Boothby [7], [8], as a variant of real contact geometry. More recent exam-
ples, including complex projective space and the complex Heisenberg group, are
given in [3] and [6]. Ishihara and Konishi [24] defined the so-called I-K normality
of complex contact manifolds as for Sasakian manifolds in real contact geometry.
In this paper, we construct normal complex contact manifolds via reduction from
hyperkahler manifolds. Referring to Definition 5.3.1 with the need terminologies
on hyperkéhler manifolds, we now state the second main result as follows [22]:

Theorem B (Theorem 5.3.2) Let (M, Ji, Ja, J3, ) be a hyperkéhler manifold.
Assume that C* acts holomorphically with respect to the complex structure J;
on M. We also assume this action is proper and free. Then the quotient space
M /C* is naturally equipped with a smooth manifold structure and the quotient
map T : M— M /C* canonically induces an I-K normal complex almost contact
metric structure on M /C*.

(For the structures of manifolds on the quotient spaces, see [30],[34].) Using
this theorem, we construct a new example of a normal complex contact manifold
(Example 5.3), a quotient space M = (C*\{21292324 = 0})/C*, where C* acts on
C\{0} by

A (21, 22,23, 24) = ()\Zl, Azo, )\_12’3, )\_12'4) ()\ S C*)

M is diffeomorphic to C*\{wjwews = 0}. This is a new example of an I-K normal
complex almost contact metric manifold.

In studying complex contact manifolds, we found a remarkable property on
the sectional curvature of an I-K normal complex contact metric manifold which
will give a strong information [22]:

Proposition C (Proposition 5.2.6.) On [-K normal complex contact mani-
folds, we have

K(X,JX)+ K(X,GX)+ K(X,HX) =6,

for any X € Ker w, where K(X,Y) is the sectional curvatures of the plane
spanned by {X,Y'}, and G, H and J are associated to the complex contact met-
ric structure (see Definition 5.1.2).



By this proposition, we can check whether any complex contact structure has
[-K normality. For example, the odd dimentional complex projective space with
the Fubini-Study metric is an I-K normal complex contact metric manifold, but
there are no other known examples.

The third result is to construct complex almost contact metric structures.
Calabi-Eckmann [10] and Morimoto [31] proved that S?PT! x S2+1 admits a com-
plex structure J. In section 5.5, we show that 3-Sasakian structures on S*m+3
and S**3 induce a non-normal complex almost complex metric structure on
SAmES 5 §Ant3 with respect to J [22].

Theorem D (Theorem 5.5.1.) The complex almost contact metric structure
(Gmny Hinny Ty Uy Vs Umns Vinns Gmon) on S48 x G473 given by (5.5.1),
(5.5.2), (5.5.4), (5.5.5) and (5.5.7) is not I-K normal.

This thesis is organized as follows. In section 2, we recall the definitions of real
or complex manifolds. For more details, see [26], [37], [41] and [6], section2. In sec-
tion 3, we discuss geometric structures, namely on the contact metric structures
and Kéhler structures. The contents of this section are based on [11], [14] and
[41]. In section 4, as the special class of real contact metric manifolds, we define
the Sasaki-Einstein manifolds and construct a Sasaki-Einstein metric explicitly
on S? x S3. The contents of this section are based on [5]. In Section 5.1, we recall
the definition of complex contact manifolds, which is a pair consisting of a mani-
fold and a covering which admits a holomorphic 1-form w. It is known that there
exists a complex contact metric structure on any complex contact manifold. The
complex (almost) contact metric structure looks like two (almost) contact metric
structures which transform to each other via the fixed complex structure. In Sec-
tion 5.2, we recall the notion of I-K normality defined by Ishihara and Konishi
[24]. This normality implies any complex contact metric manifold is also a Kéhler
manifold. On the other hand, Korkmaz [29] has introduced a different notion of
normality. As we show in section 5.2, the normality Korkmaz defines is weaker
than [-K normality, and there are some manifolds which admit normal Korkmaz
defines complex contact metric structures. In Section 5.3, we prove Theorem B
and use it to construct new I-K normal almost complex contact metric manifolds
by a projection from a hyperkahler manifold. Moreover, we give new examples of
[-K normal complex contact metric manifolds. In section 5.4 and 5.5, we define
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the 3-Sasakian structure and construct a complex almost contact metric structure
on S#+3 x §49+3 from the 3-Sasakian structures on each sphere. The contents of
section 5 are based on [6] and [29]. In section 6, we discuss the further problems
on real and complex contact manifolds.



Chapter 2

Preliminaries

2.1 Differentiable manifolds

Definition 2.1.1 Let M be a Hausdorff topological space. M is said an n-
dimensional topological manifold if for any p € M, there exists an open neigh-
borhood U which is homeomorphic to an open subset V' of R".

Such a U is called a local coordinate neighborhood, and a homeomorphism
Y : U — V is called a local coordinate function. We also say that (U, 1) is local
chart and regard (z1,---,2,) = ¥(p) as local coordinates for the manifold M.

Definition 2.1.2 Let M be a topological manifold. A is called an atlas for
M if A= {(Uqs,a) | @ € A} where U, is an open subset of M, 1, is an homeo-
morphism to an open subset V,, of M and U,cpta = M.

Definition 2.1.3 Let A be an atlas for M. If

Yo 0" hs(Ua NUs) — Yo(Us N Ug) (2.1.1)

is a C*°-map for all «, 8 satisfying U, N Uz # ¢, A is called C'*°-called atlas for
M. We call ¥, o wﬁ_l a transition function.

Definition 2.1.4 A differentiable manifold (M,.A) is a pair of a topological
manifold M and a atlas A. We often write a differentiable manifold (M, .A) as
M.



We recall that some topological spaces possess atlases. In section 2, the di-
mension of M is n unless otherwise specified.

Example 2.1 For the standard topological space R"™, we have the trivial at-
las A = {(R",id.)}. Then (R", A) is a differentiable manifold.

Example 2.2 Let S™ denote the unit sphere,

n+1

> ot =1
k=1

equipped with the subset topology induced by R"™. Put Uy = S™\{(1,0,---,0)},
Us = 5S"\{(—=1,0,---,0)} and define ¢y : Uy — R™,¢s : Us — R"™ by

Sn == {(.’131,---,1’”+1)

YN (1,0 Tng1) = 1_71951 (T2, Tnya),

Vs (T, Tpg1) = ﬁlxl (T2, s Tny1).

Then the transition maps ¢50dy', dnods' : R™\{(0,---,0)} — R™\{(0,---,0)}
are given by

1

1/} O¢_1y7"'ayn = T wn 2 Wi, Un)s
1

¢ o¢_1y7"'7yn = 7nya"'7yn‘

So A={(Un,¥n), (Us,s)} is a C*®-atlas on S™.

Example 2.3 On the set R""\{0}, we define the equivalence relation ~ by
x ~ gy if and only if there exists a A € R* such that y = \x.
Let RP"™ be the quotient space (R"™\{0})/ ~ and
7 : R""M{0} — RP"

be the natural projection mapping a point (z1,---,Z,1) € R"™M\{0} to the
equivalence class [z1,- -+, x,11] € RP". Equip RP" with the quotient topology
induced by 7 and R"™'\{0}. For k € {1,2,---,n+ 1}, define the open subset Uy
by

Up = {[xlv"'awnJrl] e RP" ‘ Tk 7é O}
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and the coordinate functions vy : U, — R"™ by

L1 LTe—1 , Tk+41 Tnt1
¢k<x1’...7xn+1):<...’ ’17 n )

«'Ek7 Tk Tk ’ 7 Lk

If [z] = [y] then y = Az for some A € R so i+ = & for all /. This means the
map v is well-defined for all k. The corresponding transition maps

Yro (U NU) — Y (Up N TY)

are given by

-1y (%1 Li—1 1 Li+1 TInt1) (21 Tk—1 1 Lr+1 Ln+1
<¢ko¢l ) Ty, ) 4y s T - Ty, s Ly s T .
X X Xy X Tk Tk Tk Tk

So the collection A = {(Uy,¥x) | k=1,2,---,n+1} is a C*-atlas on RP". The
differential manifold (RP", A) is called the n-dimensional real projective space.

Example 2.4 Let (M;,.Ay) and (Ms, A2) be two differentiable manifolds. Let
My x My be the product space with the product topology. We define the set A
on M1 X Mgby

A= {(Ua X Ué, Yo X 1%) | (Uaad)a) €A, (Ué7¢%) S "42}
is a C*-atlas on My x M,.
Definition 2.1.5 Let (M, {(Ua,%4)}) be a smooth manifold and F': M — R
be a function on M. F is smooth at z € M if F o' is smooth at () for some

local coordinate function v, : U, — V, C R"™ with x € U, and F is a smooth
map if F' is smooth at any points of M.

In this situation, the function

Fop ' s (g1, ym) = FW (Y1, yn) (2.1.3)

is a C*°-function on an open subset of R". Therefore, the partial derivatives

O (Foy) o)

Ay

V() ’ayn( V()

are defined.
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The previous definition can be extended to the case of maps between mani-
folds.

Definition 2.1.6 Let (M, {(Us,v¥a)}), (M',{(Us,v5)}) be smooth manifolds with
dim M = n, dim M’ = n’ and FF : M — M’ be a map. F is smooth at
x € M if ¢} o F o, is smooth at (x) for some local coordinate functions
Vo : Uy — Vo CR", ¢y : Uy — V5 C R™ with 2 € Uy, a(z) € Uj and F is a
smooth map if F' is smooth at any points of M.

With the notion of smooth maps, we define the diffeomorphism between two
manifolds.

Definition 2.1.7 F : M — M’ is a diffeomorphism if F' is smooth bijective
map and F~! is smooth map. We say that M and M’ are diffeomorphic.

Example 2.5 Let us verify the function H on S?,
H:S*—R, H(nyz) =z

is a smooth function. it is necessary to compute the functions H o ¢y', H o1)g*
(where 1y and g are as in Exmaple 2.2). We have

2 2
_ +p;—1

HO 1 , — 2+ 2—1’2 72 - ]91727
( Uy ) (p1,p2) 1+ 02 + p2 (p1 + P2 D1, 2p2) Pl
1_q2_q2

H o 3t 7 S — - 2,2 ,2 = #,
( Vs ) (a1, ¢2) 1+q%—|—q§( 4 — 43201, 2q2) 1+@+ ¢

which are smooth on its domain ¥ (Uy), ¥s(Us) respectively. We conclude that
H is smooth on S2.

Example 2.6 We show that S' and RP' are diffeomorphic. Define a map
F from S' to RP! by

F:S* —RP' F(z,y)=[r—1,y

We check that F satisfies the definition of the differomorphism. All the maps

(1o Foyy)(p) = (F(_1+p2 &l )) = —p,

L+p? 7 14 p?

11



N

- B 1+p* 2p 1
(o Fovie) = s <F< L+p2 1+4p )) P

_ _ 2p _ 1
worousi) = ui(F (115 ) = -

o F o) = v (F (155 1)) =

are well-defined and smooth on their domains respectively. Conversely, the inverse

map F~!is given by

-X?24+Y?2 2XY
X24Y2' X24Y?

F1:RP' — 52 FY[X,Y]) = (
Similarly, we can show that all the maps

(o Ftodr)(p) = ¥n(F([Lp) = —p,

(Un o F o) (p) = ow(F 1 (p.1]) = —;,
(s o F oy (p) = os(FY(Lp]) = —;,

(Wso F oy ')(p) = vs(F ' (p1])) = —p

are well-defined and smooth on their domains respectively. So we conclude that

F:S' — RP! is a diffeomorphism.

Definition 2.1.8 Let £ < n. A subspace N is a k-dimensional submanifold
of M if each point p € N has a local chart (U;xy,---,z,) such that the inter-
section M N N is determined by the equations z1 = --- = x,_; = 0. Moreover,
considering y; = ©,_g11, -+, Yr = T, as local coordinates on N, we define the
structure of a smooth manifold on N. We introduce the following important no-

tion.

Definition 2.1.9 A smooth map F : M — M’ is called regular at p € M
(or p is called a regular point of the map F) if the rank of the Jacobian matrix
of F' at p written in some local coordinates y; = F;(z1,---,2,),j = 1,---,k, is

equal to the dimension of N i.e.

rank <8F> = dim N.
Oz,

12



Examples of submanifolds are regular zero sets of smooth maps.

Lemma 2.1.10 Let M, M’ be n,k-dimensional manifolds, respectively. Let
¢ € M'. Suppose that F' : M — M’ is a smooth map on M and its zero
set My = F~!(c) consists of regular points. Then Mj is an (n — k)-dimensional
submanifold of M.

Definition 2.1.11 Let M, (p € M) be the set of all smooth real-valued func-
tions, each of which is defined on some open neighborhood of p. A tangent vector
to M at p is a map v : M, — R such that

(1) v(Af + pug) = Ao (f) + po(g),
(2) v(fg) = v(f)gp) + f(p)v(g)

for all f,g € M,, A\, u € R. The set of all tangent vectors to M at p is denoted
by T,M. It is called the tangent space to M at p.

By the definition, T,M is a vector space, whose dimension is equal to that of
M.

Theorem 2.1.12 Let M be an n-dimensional differentiable manifold and (U, 1))
be a local chart on M. For p € M, we define (8%1) in T,M by
p

oN L of o
(500). 1 0= o0y 2.14)

()~ ()

is a basis for tangent space T,M, i.e., dim T,M = n for any p € M.

Then the set

Example 2.7 Let M = {(z,y) € R* | 1 < 2>+ y* < 3} and p = (1,1).
We consider two charts at p, and two bases of T),M.

(1) The inclusion map ¢y : M — R2 ¢(x,y) = (z,y) is a local chart. If

13



we use the same standard coordinates x,y on M, and R?, then

(), (@),

(2) The map v, : U — R, ¥y(z,y) = (Va2 +y% tan ' ¥) = (r,0) is a local
chart, where U = {(z,y) € M | + > 0,y > 0}. This time we use (r,0) as
standard coordinates for R?; thus

is a basis of T, M.

Vzwg(U):{(r,0)€R2|1<r<\/§, 0<9<g}

(), ),

is a basis of T,M. Now we consider the relation (@)p, (@)p and (Q)p, ( o )p.

is an open rectangle. Then

oz oy or Bl
To find the linear transformation, we apply the tangent vectors to a function f:

0 0
o) 0 = (grrou)
<8r>p( ) 37“( ) P2 (p)

0
= (ar(f o) e (Yo wz‘l))
¥2(p)

0 B ox 19) B dy
.y wﬁ)) () +< (s w)) () |
(31‘ 6@ N9/ i) 0y " N0

Here we use (r,6) = (2 097 ")(z,y) = (V22 + y?, tan™' £). We have (%)w =
1 ) _ 1
NG and (8—7‘7{)%@) =7 Therefore,

(&), (5), 7 (),

A similar calculation gives
ARENTARNE)
o0 ox dy
P p P
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Definition 2.1.13 Let M, M’ be smooth manifolds with dimM = n, dimM’ =
n', and F' : M — M’ be a smooth map. We define the derivative of F' at x € M
to be the map

(dF)y : TuM — Tp M’
given by
(dF)a(v)(f) = v(f o F)

for any v € T, M and any f € M.

IfF:M— M and F': M' — M" are smooth maps, then the composition
F'oF : M — M" is also a smooth map. It follows that

(d(F' o F))y = (dF')p(a) © (dF),.

We introduce the tangent bundle T'M of an n-dimensional manifold M. This is
the object that we get by glueing at each point p of M the corresponding tangent
space T,M. The differentiable structure on M induces a natural differentiable
structure on T'M.

We saw that 7, M can be identified with R". If we glue T),M to R", we obtain
the tangent bundle TR" of R™:

TR" = {(p,v) | pe R", ve T,R"}. (2.1.5)

For this we have the natural projection 7 : TR™ — R™ defined by 7 (p,v) = p
and for each point p € R", the fiber 77! ({p}) over p is precisely T,R".

Classically, a vector field X on R" is a smooth map X : R® — T'R" defined
with abuse of notation by

X:pe (p, X(p)
Let (xq,---,z,) be a basis of R™. Two vector fields X, Y can be written as

" 0 “ 0
X = — Y = b=
,;akaxk’ 1; ké)xk

15



where ag, b, : R — R are smooth functions defined on R™. If f : R* — R is
another such function the commutator [X,Y] acts on f as follows:

(X YN = XY(f) = Y(X()
-5 (g (n2) o ()

" Obl 8@[ 0
= —_— b — [E—
5 Lo (32) 0
This shows that [X, Y] is a smooth vector field on R™.

We now generalize the tangent bundle TR"™ to the manifold setting. This
leads us first to the following notion of topological vector bundle.

Definition 2.1.14 Let F and M be topological manifolds and 7 : £ — M
be a continuous surjective map. The triple (F, M, r) is called an n-dimensional
topological vector bundle over M if

(1) for each p € M, the fiber E, = 7~ *(p) is an n-dimensional vector space,

(2) for each p € M, there exists a bundle chart (771(U),) consisting of the
pre-image 7 *(U) of an open neighborhood U of p and a homeomorphism 1 :
71 (U) — U x R" such that for all ¢ € U the map ¢, = ¢|g, : B, — {q} xR"
is a vector space isomorphism. A continuous map o : M — F is called a section
of the bundle (E, M, 7) if 7 o o(p) = p for each p € M.

Example 2.8 Let (M, .A) be an n-dimensional differentiable manifold. Define
the set T'M by

TM ={(p,v) |pe M, veT,M}
and let m : "M — M be the projection map satisfying
7 (p,v) — p.

Then the fiber 7=!({p}) over p € M is the n-dimensional tangent space T),M.
The triple (T'M, M, ) is called the tangent bundle of M.

We define the vector fields on differentiable manifolds.

16



Definition 2.1.15 Let M be a differentiable manifold. A section X : M — T'M
of the tangent bundle is called a vector field. The set of smooth vector fields is
denoted by C*(TM).

In (2.1.6), we define the bracket product of vector fields on R". Now we de-
fine the same one on a differentiable manifold.

Definition 2.1.16 Let M be a differentiable manifold. For two vector fields
X,Y € C®°(T'M), we define the Lie bracket [X,Y],: C*(M) — R of X and YV
at p e M by

(XY, (f) = X, (Y(f) = Yo (X (). (2.1.7)

Proposition 2.1.17 Let M be a differentiable manifold and X,Y be vector
fields on M. Then the section [X,Y]: M — TM of tangent bundle given by
[X,Y]:p— [X,Y], is smooth.

For later use, we prove the following useful result.

Propostion 2.1.18 Let M be a differentiable manifold and [,] be Lie bracket
on T'M. Then for all X,Y € C*(TM) and f € C*(M),

(1) X fY]=X(NHY + fIX,Y],
2) FXY]=rXY]=-Y()X

Let M be an n-dimensional manifold. The cotangent bundle T*M is defined in
a similar way to T'M, using the dual vector spaces TyM. There is a natural
projection map 7* : T*M — M. It can be proved that T*M is a manifold of
dimension 2n. A differential 1-form on M is a map w : M — R, p — w, such
that 7* o w = 1d. The vector space consisting of all 1-forms on M is denoted by
DY(M). More generally, for an integer r > 1, differential r-form w is a map

w:C®(TM)x---xC®TM) (rtimes) — C>(M)

satisfying the following conditions:
(1) for each j =1,---,n, if for all of variables but X;, w(Xj, -+, X,

Jo

, X,,) are

17



held constant, then w(Xy, -, X;,---,X,,) is a linear map of Xj,
(2) w(Xy, -+, X,) is skew-symmetric.

We denote the collection of differential r-forms on M by D"(M). For r =0
or r > n, we define D°(M) = C*(M), D" (M) = {0} respectively. Now we define
the exterior product on D(M) = &' D" (M).

Definition 2.1.19 For w, € D"(M),w, € D*(M), we define the exterior product
w1 A wy by the alternatization of the map

(Xh T 7XT‘7XT+17 T 7Xr+s) = w1<X17 e 7Xr> w2<Xr+17 Tt 7Xr+s)-

For example, in the case of r = s = 1, w; A wy is given by
(w1 Aw)(X,Y) = 2 (@(X)a(Y) — wn(X) r (V).
For local coordinate (U;xy,-- -, x,), the differential r-form is given by
w= 3 wj.dry A ANdzy,
jrem<in

where wj,...;, : C*°(U) — R are functions for all ji,---,j. € {1,2,---,n}.

Proposition 2.1.20 We define the exterior differentiation d on D(M) as fol-
lows:

(1) for f € DY(M) = C>=(M), df is the derivative of f,

(2) for all r, d|prary : D"(M) — D"T(M) is the linear map,

(3) for wy € D" (M), wy € D*(M), d(wy Awa) = (dwy) Awa + (—1)" wy A (dws)

(4) d* = 0.

It is known that the differential operator d satisfying above is determined uniquely.
If we D"(M) is given by

W = Z le---jrdle FANCIEIRIVAN dLUjT

]l<<]7‘
for the local coordinate (U;z1,- -+, x,), we denote dw by
dw = Z du}jl...jrdel VANCIRIVAN dxj,.
J1<<Jr
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n aw ---‘,’,
= > (Zag;dxk>/\da:ﬁ/\~--/\dxjr.

j1<—<jr \k=1
Especially, if w € DY(M), for all X, Y € C>(TM),
1
dw(X,Y) = 3 (Xw(Y)—-YwX)—w(X,Y]).

In the end of this subsection, we define the tensor field on the differential
manifold M.

Definition 2.1.21 The tensor field K of type (r,s) on M isamap K : (C>(TM))®"
— (C>°(TM))®* which is multi-linear over C*°(M) i.e. satisfying

KXi® - @Xe®@(fY+9Z2)@ X1 @ @ X,)
= fKX1® X1 @Y X ® -0 X,)
FgKXi® X123 X1 ®--- 0 X,)

for all Xy,--+,X,,Y,Z € C®(TM), f,g € C*(M) and k =1,2,---,7.

For a tensor K, we shall by K, denote the multi-linear restriction of K to the
r-fold tensor product

T\M® - ®@T,M
of the tangent vector space T, M given by
Ky (X1)ps - (X)) = K(X3, -+, X0) (p).

Definition 2.1.22 Let M be a differential manifold. A Riemannian metric g on
M is a tensor field

g:C®(TM)® C*(TM) — C*(M)
such that for each p € M, the restriction
9 = 9l mer,m : T,M @ T,M — R (2.1.8)
with
9+ (Xp, Yp) = g(X,Y)(p)
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is an inner product on 7,M. The pair (M, g) is called a Riemannian manifold.

Example 2.9 The standard inner product on R™ given by

(X,Y)rn = Z XYk

k=1

defines a Riemannian metric on R™. The Riemannian manifold (R", (,)gn) is
called the n-dimensional Euclidian space.

Example 2.10 Equip R"” with the Riemannian metric g given by

4
9p(X,Y) = W<X7 YR
The Riemannian manifold (R", g) is called the n-dimensional punctured round
sphere.

Example 2.11 Let B}'(0) be the open unit ball in R™ given by
BY(0) = {p € R" | [plg~ < 1}.

By the n-dimensional hyperbolic ball we mean B} (0) equipped with the Rieman-
nian metric

4

WX Y) = T m)

<X7 Y>R"

The Lie derivative Lg of a (r, s)-tensor field K along a vector field X is defined
by its values on r Xy, - -, X, vector fields through the following formulas:
if K is a (r,0)-tensor,

LXK(XM'“?XT) :XK(Xb?XT')_ZK(Xl?7[X7X]]77XT)a

J=1

if K is a (r,1)-tensor,

LXK(Xla"'aX’I‘) = [XaK(Xla7Xr)]_ZK(X177[X7Xj]77X7“)a

J=1
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and the rules Lx is linear and a derivation with respect to the tensor product ®.
Finally, we recall that for a differential p-form w, Lxw is defined by

wa = Lxdw + d(LXw),

where tx : DP(M) — DP~'(M) denotes the interior product, given by the
formula

(txa)(Xa, -+, Xp) = a(X, Xo, -+, X)).

2.2 Connections and curvatures

Definition 2.2.1 Let (E, M, ) be a smooth vector bundle over M. A connection
on (E,M,r)isamap V:C®(TM) x C®(E) — C*(F) such that

(1) Vx()\?} + uw) = AVxv+ uVxw,
(2) Vx(fv)=X(f)+ fVxv,
(3) Vixigvryv = fVxv+gVyg

for all A, p € R, XY € C®(TM),v,w € C®(F) and f,g € C*. A section
v € C®(E) of the vector bundle E is said to be parallel with respect to the
connection V if

Vx’UZO

for all vector fields X € C>(TM).

Definition 2.2.2 Let M be a smooth manifold and V be a connection on the tan-
gent bundle (T'M, M, 7). Then we define the torsion T': C°(TM)xC>(TM) —
C®(TM) of V by

T(X,Y)=VxY —VyX — [X,Y]

where [, ] is the Lie bracket on C*°(T'M). The connection V is said to be torsion-
free if its torsion 7" vanishes i.e.

(X, Y] =VxY —VyX
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for all X,Y € C*(TM).

Definition 2.2.3 Let (M, g) be a Riemannian manifold. Then a connection
V on the tangent bundle (7'M, M, 7) is said to be compatible with the metric if

X(g(Y,2)) =g(VxY,Z)+g(Y,VxZ)
for all X,Y,Z € C*(T'M).

Let (M, g) be a Riemannian manifold and V be compatible with g and torsion-
free connection on (T'M, M, 7). Then it is easily seen that the following equations
hold

2. (VY Z) = X(g(¥,2)+Y(g(X, 2) + Z(g(X,Y))  (221)
Definition 2.2.4 Let (M, g) be a Riemannian manifold. Then the map V :

C®(TM) x C®°(TM) — C*(TM) given by is called the Levi-Civita connec-
tion on M.

Remark 2.2.5 The Levi-Civita connection on (M, g) is only depending the dif-
ferentiable structure and its Riemannian metric, and the Levi-Civita connection
is the unique compatible with and torsion-free connection on the tangent bundle

(TM, M, ).
A vector field X on (M, g) induces the covariant derivative
Vx :C¥(TM) — C*(TM)
in the direction of X by
Vx:Y = VyY.

Example 2.12 Let (M, g) be a Riemannian manifold with Levi-Civita connec-
tion V. Further let (U,z) be local coordinates on M and put Xy = 9/0x; €
C>®(TU). Then {Xi,---,X,} is a local orthonormal frame of TM on U. For
(U, z), we define the Christoffel symbols I'y, : U — R of the connection V with
respect to (U, x) by

Y T X = Vx, X
k=1
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From the definition of the Levi-Civita connection, we now get

I;Fékgzm = g<lzlfékaaX1>

= 9(Vx, X1, Xon)

1
= 3 (X;9(Xh, Xin) + Xig(Xom, Xj) — Xing(X;, Xi))
_ 1 (Ogkm | Ogm; _ Ogjn

2 \ Oz, Oxr,  Oxp /)

If g™ = (g7 )im, then

I, =— tm J R 2.2.2
k9 Zg <8xj + oxy, ox,, ( )

m=1

Now we define the Riemannian curvature tensor and the notion of sectional
curvature of a Riemannian manifold. Let (M, g) be a Riemannian manifold with
Levi-Civita connection V. Then the curvature R : C*(T'M) x C*(TM) x
C®(TM) — C>®(T'M) is a tensor field on of type (3,1) defined by

R(X,Y)Z =VxVyZ - VyVxZ — Vixy 2. (2.2.3)

The following result shows that the curvature tensor has many nice properties
of symmetry.

Proposition 2.2.6 Let (M, g) be a Riemannian manifold. For vector fields
X, Y, Z, W € C*(TM) on M, we then have

(1) R(X,Y)Z = —R(Y,X)Z,

(2> g(R(X’ Y)Z7 W) = _g(R(X7 Y)W7 Z),
(3) R(X,Y)Z + R(Z, X)Y + R(Y,Z)X =0,
4) g(R(X,Y)Z,W)=—g(R(Z,W)X,Y).

Let (M, g) be a Riemannian manifold, p € M and X,Y, Z, W € T,M be tangent
vectors at p such that the two sections spang{X, Y} and spang{Z, W} are iden-
tical.
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Definition 2.2.7 Let (M,g) be a Riemannian manifold and p € M. Then
the sectional curvature at p is given by

J(R(X,Y)Y, X)
[XPY]?~g(X,Y)?

The next result shows how the curvature tensor can be expressed in terms of local

K, (X,Y) = (2.2.4)

coordinates.

Proposition 2.2.8 Let (M, g) be a Riemannian manifold and let (U, z) be local
coordinates on M. For j,k,l,m=1,--- n, put

a —_—
8,],‘]‘, g]k? -

Then

= aF arsl . r s r s
Rjpim = ngm < L4+ (T I FkT)) 5

xj al’k r=1
where Flk are the Christoffel symbols of the Levi-Civita connection V of (M, g)
with respect to (U, z).

Example 2.13 For n-dimensional vector space R" equipped with the Euclidian
metric go, the set {0/0z1,---,0/0x,} is a global frame for the tangent bundle
TR"™. In this situation, we have g = 0, s0 Fg»k by Example 2.10. This implies
that R =0 so R" is flat.

We define the Ricel and scalar curvatures of Riemannian manifolds. These are
obtained by taking traces over the curvature tensor and play an important role

in Riemnnian geometry.

Definition 2.2.9 Let (M, g) be a Riemannian manifold, then
(1) the Ricci curvature Ric : C®°(TM) x C*(TM) — C*(TM) by

Ric(X,Y) =Y g(R(X,¢j)e;,Y) (2.2.5)
7=1
(2) the scalar curvature s € C*(M) by

5= ZRic(ej, e;) = i i g(R(ej, ex)ek, €;). (2.2.6)



Here {e1,--,e,} is any local orthonormal frame for the tangent bundle.

2.3 Principal circle bundles

Definition 2.3.1 Let P and M be a C*° manifolds, 7 : P — M a C'*° map of
P onto M, and G a Lie group acting on P to the right. Then is called a principal
G-bundle if

(1) G acts freely on P,

(2) 7(p1) = w(pe) if and only if there exists g € G such that p;g = po,

(3) P is locally trivial over M, i.e. for every m € M there exists a neighbor-
hood U of m and a map Fy : 7~ (/) — G such that for every p € 7~ (U) and
g € G, Fy(pg) = (Fy(p))g, and such that the map ¢ : 7= (U) — U x G taking
p to (m(p), Fy(p)) is a diffeomorphism.

We turn to the case where G = S*, in which case we say that P is a princi-
pal circle bundle over M and we study the group structure of the set P(M, S1)
of all principal circle bundles over M. Our treatment is based on .

Given P, P’ € P(M,S") with projections 7, 7', let

A(P x P')={(u,u') € Px P'| m(u) = n'(u)}.

We say (u1,u)) ~ (ug,ul) if there exists s € S such that u;s = uy and u} s~ = .

Note that since S! is abelian,
Uz = ugt = uyst, uhy=ubt ' =ulsTH T = (st)h

Let P+ P'= A(P x P')/ ~ and 7" : P+ P' — M the induced projection. S*
acts on A(P x P') by

(u,u’)s = (us,u’).

Now if (ug,u}) ~ (ug,uh), urt = up and ujt~' = uh, we have uss = uts = (uys)t.
Therefore (u;s,u)) ~ (ugs,u)) and hence St acts on P + P'.

(1) S' acts freely : Suppose v’s = u”,u” € P + P’ and suppose (u,u) rep-
resents u”. Then (u,u’) ~ (us,u’), so that v/'s™! = v’ and hence s =1 € S1.
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(2) St acts transitively on fibers : Suppose u”,u”y € 7”71 (m) and (uy, u}), (us, ub)
are representatives. Then uy = uys, uh = u}s’,s,s' € S1. Now

(ug,uy) ~ (ugs,u)) = (urss’,uy) = (ug, uy)ss’

and hence u”9 = u”s5’.

(3) P+ P’ is locally trivial : If Fy(u) = g, F/,(v') = ¢/, set F"y(u,v') = gg'.
Then F”y(us,u') = gsg’ = g¢'s.

Theorem 2.3.2 Under the operation +, P(M, S?) is an abelian group.

Proof. Let P,y be the trivial bundle and o : P — P + F, defined by

Then is a bundle isomorphism:

a(us) = [(us, (7(us),1))]
= [(u; (m(u),1))s]
= [(u, (m(u), 1))]s
= a(u)s,
o (u, ((u),9)] = o [(ug ™, (n(u),1)] = ug™".

Let —P be a manifold diffeomorphic to P and —u the point corresponding to
u. Define —7 : —P — —M by —m(—u) = m(u). S' acts on —P by (—u)s =
—(us™t). Then —P € P(M,S'). Now let (uy, —uy) € A(P x (—P)); then there
exists a unique s € S! such that u; = ups. Let a: P+ (—P) — P, be defined
by

af[(ur, —up)]) = (w(u1), ).
Then « is a bundle isomorphism.

Let A(P x P' x P") = {(u,v,u") | m7(u) = w(v') = 7(v”) } and define the
equivalence ~ by (u,u/,u") ~ (us,w's™'s,u"s'""). Then A(P x P' x P")/ ~ is
naturally isomorphic to (P 4 P') 4+ P”, ((u's~",us)s’,u"s'"") and to P + (P' +
P"), (u's, (u's',u"s' ") s71). Now if (ug, ), u”) ~ (ug,uh, ul), then
1

uy = wuyt, uh =it ', uf =ult
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Then uys = uyts = (uy$)t so that the right action preserves ~. Finally, P+ P’ is
isomorphic to P’ + P by

[(u,u)] «— [(v' )], (us,u') ~ (u,u's). O

Let G,, be the cyclic subgroup of S* order m and P € P(M, S'). Since S* acts
on P on the right, so does G,,. Then P/G,, is a principal bundle over M with
group S'/G,,. But S'/G,, = S' and hence we can consider P/G,, € P(M,S').
More precisely, let [u] be an element of P/G,, that is represented by u € P.
Define the action of S* on P/G,, by setting [u]s = [us'], where s = (s')™. This
definition is independent of the choice u of and s'. For if g € G,,,, then

[ug]s = [ugs'] = [us'g] = [us'] = [u]s,
and if (s”)™ = s, then
() sy =1
so that (s')'s” € G,, and hence

[us"] = [us'(s')1s"] = [us'].

Theorem 2.3.3 Let P,G,, and P/G,, be as above. Then P/G,, = m - P.

Proof. From the definition above, it follows by induction that m - P can be
defined by

AP x -+ xP)={(uy, -, tup) EP X+ x P|m(uy) =+ =m(um)}

two elements of which, say (u,---,u,) and (u1s1, -+, U Sy ), are equivalent if
and only if s;---s,, = 1. The quotient space of A(P x --- x P) by this relation
is m - P. The action of S* on m - P is given by

[(ur, - )] = [(urs, ug, -+ um)] (s € S).

Define ¢ : P/G,, — m - P by



which is independent of the choice of u, for if ¢ € GG,,, then

o([ug)) = [(ug, - ug)] = [(u,-- -, u)].
Now take s € S! and s’ such that (s)™ = s. Then
P([uls) = o[(us)]

It
= [(
(

us')]

Uus -,
U, u)s)
S.

¢([u]))

Therefore ¢ is a bundle isomorphism of P/G,, onto m - P. O

2.4 Complex manifolds

We recall the definition of complex manifolds. Roughly speaking, a complex
manifold is a topological space that lotally looks like a neighborhood in C”.

Definition 2.4.1 A Hausdorff space M is called a complex manifold of com-
plex dimension n, if M satisfies the following properties:

1) There exists an open covering {O,} of M and, for each A, there exists a
homeomorphism 9, : Oy — ¥,(O0,) C C™;

2) For any two open sets O, and O,, with nonempty intersection, maps

Jux =u o @D)Tl tA(OANOy) — ¥ (OxNOy)
f)\u = 77/})\ o %jl : wu(o)\ N Ou) — ¢A(OA N Ou)

are holomorphic.

(2.4.1)

The set {(Ox, 1)} is called a system of holomorphic coordinate neighborhoods.
Example 2.14 We define the equivalent relation ~ on C"™\{0};

for z,w € C"™\{0}, z ~ w if there exists a non-zero complex number « such
that w = az.
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The complex projective space CP™ is the set of equivalence classes C"1\ {0}/ ~
with the quotient topology from C"™\{0}.

Denote O = {[z1: -+ 2K+t Zpy1] € CP™ | zx # 0} and let ¢y, : O —
C" be the map defined by
z 2po1 2 Zn
wk([zl:~':zk:-~:zn+1])=<1,---, bl ZhRl +1>.
2k 2k Zk 2k
Then, ¢ '(wy, -+, w,) = [wy -+ :wp_y : 1 :Weyy : -+ wy]) and therefore

1 [~ k-1 1oz 21 241 Zn+1
wlowk (217"'7271)* DR P S T ) s Ty .
2] 2 R 2] 21 21

Thus, 9; o 1, ' is holomorphic and the complex projective space is a complex
manifold.

Definition 2.4.2 Let (O,%) be a holomorphic coordinate neighborhood of a
complex manifold M. A function f : O — C is holomorphic if the function
fov™t:4(0O) — C is holomorphic.

Definition 2.4.3 Let M, N be complex manifolds and (O,%) be a holomor-
phic coordinate neighborhood of z € M. A continuous map ¢ : M — N is
holomorphic if for any x € M and for any holomorphic coordinate neighborhood
(O',4'") of N such that ¢(x) € O and ¢p(O) C O, ' oporp™ : p(O) — ¢/'(O')

is holomorphic.

Since the coordinate changes are biholomorphic the above definition of holo-
morphicity for maps is independent of the choice of local holomorphic neighbor-
hood systems.

Definition 2.4.4 M is called a complex submanifold of a complex manifold
M, if M satisfies the following conditions:

(1) M is a submanifold of M as a differential manifold;

(2) the injection ¢ : M — M is holomorphic.

Let M be an n-dimensional complex manifold. Identifying the local com-
plex coordinates (z1,---,z,) with (z1,y1,- -, Zn, yn), where z, = z + 1y (k =
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1,2,---,n), we regard M as 2n-dimensional differentiable manifold. The tangent

o 0 88}

space T, M of M at a point x € M has a natural basis { —, —, -+, —, —
Ox1 Oy 0, Oyy

For k=1,2,---,n, we put

) 0 0 0
Jol=— ) =—, Lu|l=—|=- . 2.4.2
Then J, defines an isomorphism J, : T,M — T,M. In fact, if we take other
local complex coordinates (wy,- -, w,), where wy = uy + vy, then they satisfy

the Cauchy-Riemann equations,

oxy, Y Oxy, Oy

8111 N 81);’ (%l 8ul

for k,l =1,2,--- n. Hence
0 0
S|l =— ) =
<8’U,k> c%k

0 0
Jz (m) = "ou,

Thus J, is independent of the choice of holomorphic coordinates and is well-
defined. Regarding J as the map of the tangent bundle TM = U,y T M, we
call J the almost complex structure of M.

and

Definition 2.4.5 A differential manifold M is said to be an almost complex
manifold if there exists a linear map J : TM — T M satisfying (2.4.2) and J is
said to be an almost complex structure of M.

As we have shown, a complex manifold M admits a naturally induced almost
complex structure from complex structure, given by (2.4.2), and consequently M
is an almost complex manifold.

Proposition 2.4.6 An almost complex manifold M is even-dimensional.

The Nijenhuis tensor N; of an almost complex structure J is defined by

Ny(X,Y)=J[X,Y] = [JX,Y] - [X,JY] = J[JX,JY] (2.4.3)
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for any X, Y € TM. An almost complex structure J on M is called integrable
if there exists a complex structure on M and J is induced from the complex
structure on M. The following theorem is due to Newlander and Nilenberg, see
for example Appendix 8 in [26].

Definition 2.4.7 An almost complex structure J is integrable if and only if
N;=0.

We recall some algebraic results on complex vector spaces, applied to tangent
and cotangent spaces of complex manifolds.

Let M be an almost complex manifold with almost complex structure J. Then
J can be extended an isomorphism of T M = {X +iY|X,Y € T,M}. We define
THOM and TV M respectively by

TOOM = {X —iJX | X € T,M},

TOYM = {X +iJX | X € T,M}.

xT

Then we have
TEM = THOM @ TOY M. (2.4.4)

We note that Z € T M if and only if JZ = iZ, and that Z € TMOM if
and only if Z = —iZ.

Definition 2.4.8 A vector field Z is said to be a vector field of type (1,0) if
7 € T M and of type (0,1) if Z € TOHM.

Let

TC'M — U TfM, T(I,O) — U TQELO)M, T(O,l)M _ U TéO,l)M‘
zeM zeM zeM
Let M be an n-dimensional complex manifold and let (z,---,z,) be complex
coordinates in a neighborhood of z. We regard that M is a 2n-dimensional
differentiable manifold with local coordinates (z1,y1, %2, %2, ", Ty, Yn), Where

G 0 9 } is a basis of T, M and also a

2y = Tp + tyr. Then { —, —, -+, —, —
* : U {8$1 oYy 0x,,” Oyn
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basis of TS M. By definition of J which is induced from the complex structure of
M, it follows

We put

which yields

o 9 9 a_l_(a a)’a 9 2.45)

Ozn  O0m 0% Og Don 0z

From (2.4.5), we know that any X € T¢M can be expressed as a linear combina-

tion of 6%; and a%k, k=1,2,---,n. On the other hand, >7;_, (ak% + bk%> =0
implies ap, = b, = 0 for k = 1,2,---,n. Therefore we conclude that

o 9 0 9
821’ 78,2”7821, ’8Zn
forms a basis of T¢ M.

For a natural basis of tangent space T, M at x € M we consider its dual basis
{dxq,dyr, -+ -, dx,,dy,} in the cotangent space T M. We put

de = dl’k + Zdyk, dgk = dl’k — Zdyk

consequently, it follows

In the same way we have

AN AN
dzk <aZl>—0, dzk <82l>—5kl.
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This shows that {dz,---,dz,,dz;,---,dz,} is the dual basis of {8%1, e %,
070 0z, -
For a C"*™° function f defined on a neighborhood of x € M, we have
0 0 0 0
af | — :—f, af | — :—f.
8zk 8zk 6,21 (92[
and therefore
=~ (0f af
df = —d ——dz | . 2.4.6
f kz:;l <8zk % T 82, Zk) ( )
Definition 2.4.9 Let r be a positive integer such that » = p 4+ ¢ where p, g are
nonnegative integers. Let an r-form w on M be spanned by the set {dz,, - - -, dz,,
dz,,---,dz,} , where {ky,---,ky} and {l1,---,[,} run over the setoff all increas-

ing multi-indices of length p and ¢q. Then w is called a complex differential form
of type (p, q).

Since an r-form of type (p, q), we have just defined, can be expressed as

w= > Wkt A Ndzg, ANz, A Ndz,. (2.4.7)

k‘1<~~~<k‘p

We can easily prove the following.

Lemma 2.4.10 Let w and n be complex differential forms.
(1) If wis of type (p, q), then @ is of type (g, p).
(2) If wis of type (p, q) and 7 is of type (p',¢), then wAn is of type (p+p',q+¢).

Further, using (2.4.7), we compute the exterior differential dw of any complex
r-form w of type (p, q).

" Oyt Oty
dov = Y Z( “”“a;“z“ “dz + w’“a;:ll lqd2k>/\dzk1/\~~

k1<--<kp k=1
l1<-~~<lq

-~~Adzkp/\dzll/\~-/\d,§lq
p+1

_ sl 8wk1,..;58..,kp+lll...lq . 3 N B
= > >.(-1 5 dag, N Ndz,,, Nz, A=+~ Nd7,
2k

ky<--<kpiq s=1
l1<<lq

s
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T 0w gy
F(=p S Y Rk bt g A A dz AdE A NdE,.
ky<--<kp t=1 8zks
< <lg+1

Therefore, dw is expressed as a sum of (r 4 1)-forms of type (p+1, ¢) and of type
(p,q + 1), denoted respectively by dw and dw. Thus we obtain two differential
operators 0 and 0, and this information is written as

dw = 0w+ 0w, d=0+0.

Proposition 2.4.11 For differential operators 0,0 and r-form w, we have
Puw=0w=0, (00+00)w=0, 0w=0w, 0w=0w.
Proof. Since d? = 0, we compute

0 = d’w=d(0w+ dw)
= (0w + Ow) + (0w + Ow)
= 0®w+ (00 + 00)w + O w.
As 9w is type of (p+2,q), (00 + 00)w is of type (p+1,¢+1) and J°w is of type

(p,q + 2), we conclude that each of them vanishes.

To prove the other relations, we recall the definition of dw, that is, dw = dw.
Therefore, do = Ow + Ow. On the other hand, using , it follows dw = 0w + Jw.
Comparing the type of the right hand members of the last two equations, we get
other two relations of the proposition. O
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Chapter 3

Geometrical Structures

3.1 Contact structures

Let D C TM be a field of hyperplane on M. Locally such a hyperplane field
can always be written as the kernel of non-vanishing 1-form 7. One way to see
this is to choose an auxiliary Riemannian metric g on M and then to define n =
g(X,+), where X is local non-zero section of the line bundle D+ (the orthogonal
complement of D in T'M). We see that the existence of a globally defined 1-form 7
with D = ker 7 is equivalent to the orientability of D+. If satisfies the Frobenius
integrability condition

nAdn=0,

then D is an integrable hyperplane field. Equivalently, this integrability condition
can be written as

X,Y € D= [X,Y]€D.

Contact structures are in a certain sense the exact opposite of integrable hyper-
plane fields.

Definition 3.1.1 Let M?"*! be a (2n + 1)-dimensional differential manifold.
A contact structure on M?*"*! is a maximally non-integrable hyperplane field
D = ker n C TM?* L that is, the defining 1-form 7 is required to satisfy

n A (dn)" # 0, (3.1.1)
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Such a 1-form 7 is called a contact form. The pair (M?"*! D) is called a contact
manifold.

Observe that in this case n A (dn)™ # 0 is a volume form on M?"*!; in particular,
M?*1 needs to be orientable. The condition n A (dn)™ # 0 is independent of
the specific choice of and thus is indeed a property of D = ker . Any other 1-
form defining the same hyperplane field must be of the form fn for some smooth
function f: M?" ! — R\{0}, and we have

A d(fn)" = fa A (fdn+df An)™ = f" iy A (dn)" # 0.

We see that if n is odd, the sign of this volume form depends only on D, not the
choice of 7.

Definition 3.1.2 Associated with a contact form 7 one has the Reeb vector
field £ [35], defined by the equations

(1) dn(&,-) =0, (2) n(§) =1, (3.1.2)

As a skew-symmetric form of maximal rank 2n, the form dn\Tp M has a 1-
dimensional kernel for each p € M?"*!. Hence equation (1) defines a unique line
field (¢) on M?"*1. the contact condition nA(dn)™ # 0 implies that 7 is non-trivial
on that line field, so a global vector field is defined by additional normalization
condition (2).

We now prove the classical theorem of Darboux (see also [37]).

Theorem 3.1.3 About each point of a contact manifold (M?"*! D), there exist
local coordinates (xy, -+, Zp, Y1, -, Yn, 2) With respect to which

n=dz— Z Yrdxy.
k=1
Proof. In some coordinate neighborhood, choose a 2n-ball transverse to &; dn is
symplectic form on this ball, and hence there exist local coordinates (xy,- -, zp,

Y1, Yn, w) such that dn = YF_, day A dyg. Now d(n+ > p_; yedzy) = 0 so that
df =n+ > 5., yrdzy, for some function f. Now

nA(dn)" =df Ndey A+ Ndx, ANdyy A -+ AN dy, # 0.
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Therefore, df is independent of dxq,---,dz,,dy,- -, dy,, and hence we can re-
gard xy,y, and z = f as a coordinate system. O

Example 3.1 In effect, we have already seen that R?**™! with the Darboux
form n = dz — Y}_, yrdxy, is a contact manifold. The Reeb vector field & is 9/0z
and contact subbundle D is spanned by

0,0 0
02" Oy
for k=1,2,---,n.

Turning to more standard examples, we prove the following theorem [17].

Theorem 3.1.4 Let ¢ : M — R**? be a smooth hupersurface immersed in
R?"*2 and suppose that no tangent space of M contains the origin of R?*"*+2.
Then M has a contact form.

Proof. Consider the 1-form 1y on R?"*2 defined by
no = T1dTy — Todry + -+ + Doy 1dT2n 19 — Ton2dTon 1

and let Vi, .-+ Vo,11 be (2n 4 1) linearly independent vectors at a point p =
(p1, -+, Pans2) and define a vector W = (W, -+ Wa,19) at p with components

Wk = *dxk(‘/17 T, ‘/27L+1)

where * is the Hodge star operator of the euclidian metric on R***2, Then W is
normal to the hypersurface spanned by Vi, ---,V5,.1. Now regard p as a vector
with components p,. Then

2n+2
(A (dn)") Vi, Vanga) = Y, oW

k=1

Thus if no tangent space of M regarded as a hyperplane in R?>"*? contains the
origin, then n = (*n is a contact form on M. O

As a special case, we see that an odd-dimensional sphere S?"*! carries a con-
tact form. Moreover, 1y on S?"™! is invariant under the reflection through the
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origin, (1, -+, Topsa) — (=1, -+, —Tonyo) and hence the real projective space
RP?"! is also a contact manifold. J. A. Wolf [42] then considered more gen-
eral quotients of S?"™! and proved that a complete connected odd-dimensional
Riemannian manifold of positive constant curvature inherits a contact structure
from the form 7.

3.2 Contact metric structures and almost con-

tact metric structures

Definition 3.2.1 Let M be a differentiable manifold of dimgr= 2n +1. M is
said to have an almost contact structure (®,&,n) or (M, ®, £, n) is said to be an
almost contact manifold if it admits a (1, 1)-tensor field @, a vector field £ and a
1-form 7 satisfying

n(€) =1 and @ =—id+n®¢. (3.2.1)

First we recall some properties of almost contact manifolds.

Proposition 3.2.2 An almost contact manifold (M; ®,¢,n) admits a Rieman-
nian metric g such that

9(X, DY) = g(X,Y) — n(X)n(Y). (3.22)

Definition 3.2.3 An almost contact metric structure (®,£,7,g) on M is an al-
most contact structure (®,&,n) with the associated metric g satisfying (3.2.2).

On a manifold M with a almost contact metric structure (®,&, 7, g), we can
find a particularly useful local orthonormal basis. Let U, be a coordinate neigh-
borhood and take X; a unit vector field on orthogonal to £&. Then by (3.2.1) and
(3.2.2), ®X; is also a unit vector field orthogonal to both £ and X;. Now take X,
to be a unit vector field on U, orthogonal to &, X; and ®.X;, then ®X, is a unit
vector field orthogonal to &, X1, ®X; and X,. Proceeding in this way, we obtain
a local orthonormal basis
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called a ®-basis.

Suppose M has an almost contact metric structure (®,&,7,g). We define a
2-form Q on M by

Q(X,Y) = g(X, DY).
The skew-symmetry of 2 is immediate from equation (3.2.1) and (3.2.2) for
9(X, DY) = g(dX, ) = —g(dX,Y). (3.2.4)

We call €2 the fundamental 2-form of the almost contact metric structure (®, ¢, 7, g).

Proposition 3.2.4 Let M be a (2n+ 1)-dimensional differentiable manifold ad-
mitting a global 1-form 7 and a global 2-form €2 such that n AQ™ # 0 everywhere.
Then M admits an almost contact structure. If M is a contact manifold with
a contact form 7, then there exists an almost contact contact metric structure
(®,&,7n,9) such that the fundamental 2-form Q = dn.

By this proposition, a contact form 7 on M induces a almost contact metric
structure (®,&,n,g) with Q = dn.

Definition 3.2.5 Let (®,£,7,g) be an almost contact metric structure on M.
(®,&,7,9) is called a contact metric structure on M, or (M, ®,&,n,g) is called a
contact metric manifold if dn becomes a fundamental 2-form on M.

Here we recall some examples of contact metric manifolds.

Example 3.2 We construct a contact metric structure on R*"* = {(zy, -+, z,,
Y, Y, 2) | @4, y5,2 € R, j =1,2,--- n}. For normalization convenience, we
take as the standard contact form 1 on R*"*!,

1 n
n = 3 <dz — Zykd:ck> :
k=1
The Reeb vector field £ is 2%, the Riemannian metric

1 n
g=- (77®77+Z(d:vi+dyi)>

k=1
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and the tensor field ® given by the matrix

0o I, 0
L, 0 0],
0 y1-yn O

where I,, means a unit matrix, give a contact metric structure (®, £, 7, g) on R 1.

Example 3.3 Tashiro [40] showed that a real hypersurface M in a almost com-
plex manifold (M, .J) has an almost contact structure. Let ¢ : M — M be an
immersion. We can choose a vector field C along M transverse to M in M such
that JC' is tangent to M. Indeed, if Ji..X were tangent to M for every vector
field X on M, then Ji,X = 1,FX for a tensor field F' on M. Applying J to this
equation gives F? = —id, that is, I is an almost complex structure on M, which
is a contradiction. Thus, there exists a vector field & on M such that C' = —Ju,.&
is transverse to M. Now define a tensor field ® of type (1,1) and a 1-form 7 on
M by

Ju X =1, 2X —n(X)C. (3.2.5)
Then applying J we have
—1,X = 1,0*X — (PX)C — n(X)t.& (3.2.6)

and hence ®* = —id +n® ¢ and no ® = 0. Taking X = £ in equation (3.2.5) we
have C' = 1,®¢ + n(&)C, so that ®¢ = 0 and n(§) = 1.Thus, (P,£,n) defines an
almost contact structure on M.

Moreover, let G be a Hermitian metric on M and take C' to be a unit normal
to M. Then JC' is tangent to M so that JC' defines £ and the rest of the above
procedure is repeated. In this case the induced metric g = t*G is compatible with
the almost contact structure (®,&,n) since

9(X)Y) = G(uX,uY)
= G(JuX,JuY)
= g(PX, DY) + n(X)n(Y).
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3.3 Kahler structures

Let (M, J) be a complex manifold. We say that a Riemannian metric g on M is
Hermitian metric if

g(JX,JY) =¢g(X,Y).
We can then define a 2-form w, by

we(X,Y) =g(JX,Y)
Usually, we call such a 2-form the Kéhler form of g.

Definition 3.3.1 A Kéhler manifold (M, g,J) is a complex manifold (M, J)
with a Hermitian metric g satisfying dw, = 0.

Let (M,g,J) be a Kéhler manifold. We can extend the metric g C-linearly
to T¢M. Recalling that T A and TV M are the +i-cigenspaces of .J, we see
that g(X,Y) =0 for X, Y € T&OM or X, Y € TOUM (use compatibility of .J
with the metric). Define h(X,Y) = g(X,Y) for X, Y € THO M then this defines
a Hermitian inner product on TH°M.

If (M, J) is a complex manifold and J is compatible with the metric, the from
the above, we get that

A N A
INoz0%)  I\oz07) ~

and in local coordinates, we can write

_ (9 9
9w = 9 8zk’821

so we have

7 _
Wy = = Z gurdzi N\ dz;.
2%

On a Kahler manifold M, a Kahler metric is uniquely determined by its Kéhler
form. So we often denote a Kahler metric g by its Kahler form w,. Note that
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N(J)=0on M, so M is a complex manifold and dw, = 0, that is, w, is a closed
form.

Let (M,g,J) be a Kédhler manifold and V be its Levi-Civita connection. We
extend V in a C-linear way to I'(TM). Since M is also a complex manifold,

we have local coordinates (z1, - -, z,) and a local basis (8%1, cee a%n, 8%1, cee %)
for T M. We define the Christoffel symbols T'{ by
0 0 _ 0 0 0 _ 0
Vo—=0I'—+TI7— and V.o — =17 | )
e om Moz, | Moz, O Vihon  Mom, Mo,
Because VJ = 0 and, Jai = iai and Jai = —iaﬂ, we see that
2k Zk Zk Zk

0 0
Va (15e) =192 (55)

implies

. ma ma _ m8 ﬁla — mi mi
[ ( kl%+rkl%> =J (Fklazm+rklazm> =1 ( Kgz Fkl@zm>

and therefore I'j; = 0. Similarly, Iz = I'’* = 0, so the only possible non-zero

m m _ T'm
terms are I'}) and I'}; = I'}}.

Moreover, if g,; = g (-2, -2 ) denote the metric tensor in local coordinates
) kl Bz 0z )

then

Ogim _ 0 (O 0\ _ S Y B R T
Oz, Oz g (8217 afm) -7 (Vatzkazl’ 82m> Y (Fklazj’ 82m> ~ it

and hence

j im O9um i OGkm
7 = g™ — Jm
=9 D2 g 02

so if the Kahler metric is given by {g,;}, its connection V is given by {I'},}.

Given a Kéhler manifold (M, g, J) with its Ké&hler form

) _
Wy = = Z gt dzi N\ dz
2 Kl
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and its compatible connection V, the Riemannian curvature tensor is defined by
R(X,)Y)Z =VxVyZ —NyVxZ —Vixy|Z

and can be extended in a C-linear way to TCM.

Note that because J is parallel, that is V.J = 0, we have that
R(X,Y)JZ =JR(X,Y)Z.
Defining
R(X,Y, Z,W) = g(R(X,Y)W, Z),
we can easily see that
R(X,Y,JZ, JW)=R(X,Y, Z W)

and because of the splitting T¢M = TWOM @ TOY M into the +i-eigenspaces
of J, we can deduce that R(X,Y, Z, W) = 0 unless Z and W are of different type.

In local coordinates (z1, - - -, 2, ), this means that the only possibly non-vanishing
terms are essentially

g 0 0 0
Rjklm =R (az]a 87219’ 872[’ %) .

Using that
v, 2 _ m9%m 0
Wj@zk 8Zk 8zl’
we can deduce that
0%q.x 09t 097
Rum = — 9jk 1 gt 9sk 99t

0207y 7 0z Ozm
We define the Ricci curvature Ricy;, to be the trace of this, so we get

2

02,0Z,,

Ricym = ngle_clm = - (log det g;z,).

In complex coordinates, we have found a nice expression for the Ricci curvature,
but we need to check that it is still the same as that in the Riemannian case. So
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choose an orthonormal basis (e, - - -, es,) such that Je; = e,y; for j =1,--- n

and set u; = %(ej —1Je;), then {u;} is a unitary basis. It follow that

R(U,j, 'L_Lj) = Z R(Uj, ﬂj, Uk, 'L_Lk) = RIC (ej, €j>.
k
Here we have used the first Bianchi identity for R:
R(ej, Jej, er, Jex) + R(Jej, ex, e;, Jex) + R(ex, €5, Je;, Jeg) = 0.

This shows that the Ricei curvature defined above is the same as the one in Rie-
mannian geometry.

Recall that if | X| = |Y| = 1 and X is perpendicular to Y, then R(X,Y,Y, X)
is the sectional curvature of the plane spanned by X, Y. Set now

Z=—4(X—-iJX)and W = —(Y —iJY),

1
NG

Sl

then

Definition 3.3.2 The bisectional curvature is defined to be

R(Z,Z,W,W) = R(X,Y,Y,X) + R(X,JY, JY, X).

Proposition 3.3.3 A Kéihler manifold (M, g, J) is said to be of constant bisec-
tional curvature if there exists a constant A such that in any local coordinates of
M

RjElm = )\(gjl}glm + gjmgll_c)-
Now we give some examples of Kahler manifolds.

Example 3.4 Since C" can be identified with R?", let (,) be the Euclidian
metric of R?". Then we have

0 oN_ [0 o\ [0 9\,
Ox;’ Oz [ \Oy;" Ouyx/ ik Ox;’ Oy |
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This, together with J (%) = 8%]_ and J (8@%) %, implies that is a Hermitian
metric of (C", J). We put

Q= Z ((ljkdl‘j A dzy, + bjkdxj A dyy + cjkdyj A dyk)
k=1

and note that

o 0 o 0

o 0
d.Tj A dyk <a£(]l’ ay) = 5jl 5km

Then

0 0 "
Q <8azj’ M) = Z alm5jl Okm = Q-

I,m=1

On the other hand, it follows

o 0 o 0 o 0
Q p— = — —_— = .
<8xj’ 8xk> Jaxj’ Oz, Oy; Oy 0

Hence we have aj;, = 0, In entirely the same way, we conclude bj; = d,; and
¢;r, = 0. Thus, the Kéhler form of (C",J) is represented by

k=1

From we conclude that df2 = 0 and that (C", J), with usual Euclidian metric, is
a Kahler manifold.

Example 3.5 Let M = B" ={z € C" | |z| < 1} and let
Wy = %85105;(1 — |2]?).

Then Ry = —(9;890m + 9imgir) and (B", g) is Kédhler manifold of constant bi-

sectional curvature —1.

The end of this subsection, we recall the definition of hyperkéhler manifolds.
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Definition 3.3.4 (M, Jy, Jo, J3, g) is a hyperkédhler manifold if Jy, J5, J3 are com-
plex structures on a complex manifold M satisfying

J12 == J22 == J§ = J1J2J3 - —’ld,

and ¢ is an Hermitian metric on M with respect to J;, Jo and J3. We produce a
normal complex contact metric manifold from hyperkahler manifolds in section
5.3.
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Chapter 4

Sasakian Manifolds

4.1 Normal almost contact structures

Let (M, ®, £, n) be an almost contact manifold and consider the manifold M xR, .
We denote a vector field on M x R, by (X, f%) where X is tangent to M, t the
coordinate of Ry and f a C*°-function on M x R,. Define an almost complex
structure J on M x Ry by

J (X, fi) = (@X — f& n(X) ;). (4.1.1)

that J? = —id is easy to check. If now J is integrable, we say that the almost
contact structure (®,&,n) is normal .

As the vanishing of the Nijenhuis tensor N; is a necessary and sufficient
condition of normality in terms of the Nijenhuis tensor Ng. Since Ny is a (1,2)-
tensor, it suffices to compute N,((X,0), (Y,0)) and N,((X,0), (0, 2)) for vector
fields X and Y on M.

N0 00 = [0, 0]+ | (9, ) ) (9%, 0 1)
—J K(I)X, n(X) ;) (Y, 0)1 —-J [(X, 0), (qm n(Y) ;)]

— —([X,Y],0) + <[<I>X, oY), (@Xn(Y) - CDY’7<X)>§15>

_ (@[@X, Y]+ (Yn(X))¢, n([@X, YDE?t)
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. (@[X, Y] — (Xn(Y))E, n([X, q)Y])ffIf)

_ (%(X, Y) 4 20(X, V)6, (Loxm)(¥) = (Laym)(X)) a) ,

ot
_ [(X, 0), (0,2)] + KCDX, n(X) ;) , (570)1

“a|(ex w0 5) (0 5] - Aee 0 e

S~
I

- (~ox.d g ) + (a5 aixe) )

- (X zang ).

We are thus lead to define four tensors Ny, Ny, N3 and N4 by

Nl(X, Y) = N¢(X, Y) + 2d77(X, Y)ﬁ,
No(X,Y) = (Laxn)(Y) — (Layn)(X),
N3(X,Y) = (LgP)X,

Ny(X,Y) = (Len)(X).

It is clear that the almost contact structure (®, ¢, n) is normal if and only if these
four tensors vanish. However, we will show that the vanishing of N; implies the
vanishing Ny, N3 and Ny, so that the normality condition is

No(X,Y) + 2dn(X,Y)¢ = 0. (4.1.2)

The reminder of this subsection is devoted to poring this and other important
properties of the tensors Ny, Ny, N3 and Njy.

Proposition 4.1.1 For an almost contact structure (®,&,n), the vanishing of
N7 implies the vanishing of Ny, N3 and Njy.

Proof. Since N; =0, we have
0 = No(X,Y)+2dn(X,Y),
= —[X. &+ n(X, &) — [PX, ] + (Xn(£))§ — (En(X))§ — n([X, §])E
6 X] + Bl 0X] — (En(X))E. (4.1.3)
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Applying 7 to this equation, we obtain

0 = n([&X]) +n(®[§, 2X]) — (En(X))n(§) (4.1.4)
n([¢, X1) — &n(X)
= n(LeX) — (Len)(X) — n(LeX)
= —(Len)(X)

which is just Ny(X,Y) = Len = 0. Note also at this point that if we replace X
by ®X we have

€,
€

b

0 = n(l§ 2X]) — En(2X)
= 1([¢, ©X]).

Now applying ® to (4.1.3), we have

0 = D¢, X]+ %[, DX] — (En(X))DE
= O[¢, X] — [, DX + n([¢, PX])E
= @LfX—Lg(CI)X)
= —(LeP)X

and hence N3 = 0. Finally using N; = 0 again,

0 = Ne(PX,Y)+2dn(dX,Y)E,
= —[0X, Y]+ n([0X,V])§ + [-X +n(X)E, OY] — [-X + n(X)E, Y]
—P[PX, QY]+ (P Xn(Y))E — (Yn(PX))E — n([0X, Y])E
= —[0X,Y] - [X, Y] — (2Y'n(X))¢ — n(X)[DY,&] — O[-X + n(X)E, Y]
—P[DX, DY] + (DX n(Y))E.
Applying n to this and using (4.1.4), we have

0 = —n([®X,Y]) —n([X,PY]) — @Yn(X) — n(X)n([®Y,€]) + 2Xn(Y)
= (Loxn)(Y) — (Layn)(X) (4.1.5)

giving Ny = 0. O

We now consider the case of a contact manifold with contact form 7 and as-
sociated almost contact metric structure (®,&,1, g).

49



Proposition 4.1.2 Let (®,&,7, g) be a contact metric structure. Then the ten-
sors Ny and N4 vanish. Moreover, N3 vanishes if and only if the Reeb vector field
¢ is Killing with respect to g, i.e. L¢g = 0.

Proof. In view of the above discussion, to show that vanishing of N,, it suf-
fices to show that equation (4.1.5) holds. We have
dn(®X,®Y) = Q(PX,PY)
= g(dX,®%Y)
= —g(X, %)
= g(X,?Y)
= dn(X,Y).

In section 3.1, we saw that Ny = L¢n = 0 for any contact structure.

Now since N, = 0, we automatically have

(Leg)(X, &) = &n(X) — n([¢, X]) = (Len)(X) = 0.

We also saw in section 3.1 that dn is invariant under the 1-parameter group of £

and hence
0 = (LO)(X,Y)
= {9(X,2Y) —g([¢, X], ®Y) — g(X, D[¢, Y])
£9(X, @Y) — g([§, X], ®Y) — g(X, Le(PY) — (Le®)Y)
= (Leg)(X, @Y) + g(X, (Le@)Y).

Thus N3 = L¢® = 0 if and only if £ is Killing vector field. O

Next we will establish a formula for the covariant derivative of ® for general
almost contact metric structure (¢, &, n,g).

Lemma 4.1.3 For an almost contact metric structure (¢, &, n, g), the covariant
derivative of ® is given by

29((Vx®)Y, Z) = 3dQUX, DY, 0Z) —3dUX,Y, Z) + g(Ny(Y, Z), DX)
= No(Y, Z2)n(X) + 2dn(QY, X)n(Z) — 2dn(@Z, X)n(Y).
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Proof. Recall that the Riemannian connection V of ¢ is given in (2.2.1);

29(VxY,Z2) = X9V, 2)+Y g(X,Z) - Zg(X,Y)
—f—g([X,Y],Z) +g([Z>X]7Y) - g(D/v Z]aX)

and that the coboundary formula for d on a 2-form €2 is

d(X,Y,7) — ;(XQ(Y, 2)+Y QZ,X) + ZX,Y)

_Q([X7 Y]’ Z) - Q([27 X]7Y) - Q(D/a Z]vX)) :
Therefore,

29(Vx®)Y, Z) = 2g(Vx(®Y),Z) +29(VxY,02)
= Xg(®Y,Z)+ (DY) g(X,Z) — Z g(X,®Y)
+9([X, ®Y], Z) + ¢([Z, X], ®Y) — ¢([PY, Z], X)
+Xg(Y,2Z) +Y g(X,22) — (2Z) 9(X,Y)
+9([X, Y], @Z) + g([2Z, X].Y) — g([Y. Z],
= —XQY,2) + (PY)(QPZ, X) + n(Z)n(X)) —
—Q([X, @Y, Z) + n([X, 2Y])n(2)
+([Z, X],Y) = g(@[PY, Z], X)) + n(X)n([Z, 2Y])
TXQPY,PZ) - Y Q(Z, X) — (2)(QUPY, X) + n(Y)n(X))
+U[X, Y], 2) — U[®Z, X],®Y) + n([®Z, X])n(Y)
—g(®[Y,@Z],2X) + n(X)n([®Z2.Y]) + Q([Y, Z], X)
—9([Y, Z], 0X) — Q([®Y, 2Z], X) + ¢([PY, ©Z], PX)
+g(2dn(Y, 2)€, X))
= 3dQX, Y, D7) — 3dQUX,Y, Z) + g(N1(Y, Z), ®X)
+No (Y, Z)n(X) + 2dn(®Y, X)n(Z) — 2dn(®Z, X)n(Y). O

X)
ZQ(X,Y)

In the case of a contact metric structure 2 = dn and N, = Ny = 0, so the above
formula becomes

29((Vx®)Y, Z) = g(N1(Y, Z), X)) + 2dn(PY, X)n(Z) — 2dn(PZ, X)n(Y).
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In particular, setting X = ¢,

29((Ve®@)Y, 2) = g(N(Y, Z), E) + 2dn(PY,§)n(2) — 2dn(®Z, E)n(Y)
= n(Z)(@Yn(§) — En(PY) —n([PY,£]))
—n(Y)(@Zn(&) — En(®2) —n([®Z,£]))
= (Z2)n(Le(PY)) = n(Y)n(Le(®2))
= N(Z2)(Le(n(®Y)) — (Len)(PY))
—n(Y)(Le(n(®2)) — (Len)(®2))
=0

gives Ve® = 0. It is also easy to see that on a contact metric manifold the integral
curves of ¢ are geodesics. Clearly g(V¢€, &) = 0 and for X orthogonal to &,

9(Vel, X) = —g(§ VeX)
—9(&, Vx&+ 16, X))
= (& X])
dn(&, X)

4.2 The Boothby-Wang fibration

Definition 4.2.1 Let N be an even-dimensional differentiable manifold. A sym-
plectic structure on N is a closed nondegenerate differentiable 2-form w on NV:

dw =0, w(X,X)=0 if and only if X =0.

The pair (N,w) is called a symplectic manifold.
Here we recall some examples of symplectic manifolds.

Example 4.1 Consider the vector space

RQH = {(plu"';pn7q17"'7Qn) |p]7CI] € R}

and define a closed nondegenerate 2-form wy = 37, dp; A dg;. Then (R*™, wy) is a
symplectic manifold.
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Example 4.2 Let V be an n-dimensional manifold. The cotangent bundle TV
has a natural structure of a differentiable manifold of dimension 2n. If (¢1, - -, gn)
is a choice of local coordinates for points in V', the such a form is given by its n
components (py,---,p,). Together, the 2n numbers (p1, -, pn, @1, -, ¢s) form
a collection of local coordinates for points in 7*V. There is a natural projection
7w T*V — V sending every 1-form on TV, to the point x € V. The projection
7 is differentiable and surjective. The pre image of a point € V under 7 is the
cotangent space (T*V),.

Theorem 4.2.2 The cotangent bundle 7"V has a natural symplectic structure,
In the local coordinates described above, this symplectic structure w is given by
the formula

w=> dp; Ndg; = dp\ Ndg, + - - + dp, A dg,.
j=1

Proof. First, we define a distinguished form on T*V. Let n € T(T*V) be a
vector tangent to the cotangent bundle at the point p € T*V. The derivative
fo : T(T*V) — TV takes n to a vector f,n tangent to V at x. We define a 1-
form 6 on T*V by the relation 6(n) = p(f.n). In the local coordinates described
above, this form is 6 = 37, p;dg;. By the example 2.7.2, the closed form w = df/
is nondegenarate. a

Definition 4.2.3 Let w be a closed nondegenerate differentiable 2-form in a
neighborhood of a point z in the space R?". Then in some neighborhood of =,
one can choose a coordinate system (p1,---,Pn,q1,- -, ¢n) such that the form w
has the standard form:

w = Z dp; N dg;.
j=1

This theorem allows us to extend to all symplectic manifolds any assertion of a
local character which is invariant with respect to canonical transformation and is
proven for the standard space (R*",w).

We now give an important example, namely certain principal circle bundles
over symplectic manifolds whose symplectic 2-forms have integral period and
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conversely we will prove that a compact regular contact metric manifold is of
this type. A contact metric structure is regular if its Reeb vector field is regular.
Let N be a symplectic manifold with a symplectic form w and = : M — N
the corresponding principal circle bundle. If 7" is a connection form on M, then
there exists a 2-form w’ on M such that dn’ = 7*w’. However, the characteristic
class [w'] is independent of the choice of connections, so that [w] = [w']. Thus,
there exists a 1-form 7 on N such that w’ = w + dr. Now 7*7 is horizontal and
equivariant, and S! is abelian so that

™10 (R, =ad (t 7' = 71

where R; denotes right transformation by ¢ € S* and (R;). its differential. Thus
setting n = n' + 7*7, we have

no(Ry).=n and dn=r1'w.

Moreover, if ¢ is a vertical vector field such that 7'(§) = 1, n(§) = 1 since
(m*7)(§) = 7(7.£) = 0. Now if at any point of M, X, -+, X, are linearly inde-
pendent horizontal vectors, (n A (dn)™)(§, X1, -+, Xa,) is non-zero. Thus, we see
that 7 is a contact form on M. Conversely, we now give the theorem of Boothby
and Wang [9].

Theorem 4.2.4 Let M be a compact regular contact manifold with the con-
tact form 7. Then there exists a contact form 1 = fn' for some non-vanishing
function f whose characteristic vector field & generates a free effective S! action
on M. Moreover, M is the bundle space of principal circle bundle 7w : M — N
over a symplectic manifold N whose fundamental 2-form w determines an integral
cocycle on N. nis a connection form on the bundle with curvature form dn = m*w.

4.3 Sasakian manifolds

In section 4.2, we showed that a contact manifold M carries an almost contact
metric structure (®, £, n, g) with Q = dn. If a contact metric structure (®,£,n, g)
on M is normal, we call it a Sasakian structure.

54



Definition 4.3.1 (M;®,&,n,g) is a Sasakian manifold if (M x R, J, t?g + dt?)
is a Kahler manifold where J is a complex structure on M x R defined in ;

J (X, / ;) _ (@X ~ e, n(X) ;) -

A Sasakian structure is in some sense an analogue of a Kahler structure. This
point of view is suggested in the following formulation of the Sasakian condition.

Definition 4.3.2 An almost contact metric structure (®,£,n,¢g) is Sasakian
structure if and only if

(Vx®)Y = g(X,Y)E —n(Y)X (43.1)

where V denotes the Riemannian connection of g.

Lemma 4.3.3 On a Sasakian manifold, for a unit vector field X, Y, Z orthogonal
to &, we have

Proof. By direct computations,

(1) n(VxY) = g(VxY.§)
= X(9(Y;€)) — 9(Y, Vx¢)
= g(Y, ®X)
= —g(X,PY)
= —dn(X,Y).

(2) n([X,VyZ]) =n(VxVyZ — Vg, zX)
=9(VxVyZ,§) — g(Vv, zX,§)
= —dn(X,VyZ) = (VyZ)(9(X.€)) + 9(X, Vv, z§)
=—dn(X,VyZ)+ g(X,®Vy2)
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= —dn(X,VyZ) + dn(X,VyZ)
= 0.

(3) 9(R(X,§)X.Y) = —g(R(X,Y)E, X)
= —g9(VxVy& = VyVx€ - Vixyé X)
= —g(—Vx(PY) + Vy(PX) + ¢[X, Y], X)
=g((VxP)Y — (Vy®)X, X)
=—g(m(Y)X —n(X)Y,X)
=-—n(Y)
=—g(&Y). O

Sasakian manifolds have many properties analogous to Kahler manifolds. Let
(M, ®,€&,m, g) be a Sasakian manifold and define a (0,4)-tensor field P on M by

PX,Y;ZW) = dn(X,Z)g(Y,W) —dn(X,W)g(Y, Z)
—dﬁ(Y» Z)g(Xv W) - dn(K W)Q(Xv Z)

Note that
PX,)Y;Z,W)=—-P(Z,W;X,)Y).

Lemma 4.3.4 On a Sasakian manifold, for XY, Z and W orthogonal to &, we
have

1) (Vx)(Y,2Z) = g(X, Z)n(Y) — g(Y. X)n(2).
(2) g(R(®X,®Y)DZ, OW) = g(R(X,Y)Z,W).

Thus choosing a ®-basis {X;, X,; = X, £}, we have
2n
Ric (DX, ®Y) = > g(R(®X, X)X, ®Y) + g(R(PX, )¢, DY)
j=1

2n
7j=1
— Ric(X,Y).
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Example 4.3 In example 3.2, we gave explicitly an associated almost con-
tact metric structure (®,&,7,g) to the canonical contact structure n = % (dz
- yjd:vj) on R?*! From the matrix expression for @, it is easy to check
that Ng +2dn ® £ = 0 and hence this contact metric structure is Sasakian.

Example 4.4 We can construct a Sasakian structure on an odd-dimensional
sphere in this way. Let S**1(r) be a sphere of radius r in R*"*? with its usual
Kahler structure J, i.e. J is parallel with respect to the Riemannian connection
D of the Euclidian metric on R***2. Then the structure induced as above with
respect to the unit outer normal vector NV is an almost contact metric structure
(®,¢,7m,9) and clearly 7 is the standard contact form . Since S***! is umbilical
in R?"*2 the second fundamental form h satisfies h = —% g. Thus, using the fact
that J is parallel and the Gauss-Weingarten equations, we have

0 = (DL*XJ)L*é-
= D, xN — J(1,VxE+ h(X,6)N)

1 1
= ;L*X — 1PV € — ;U(X)L*f.

Applying ®, we have Vx¢& = —%@X. Since ® has rank 2n, we again see that
nA(dn)™ # 0. The almost contact metric structure (®, £, 7, g) is not an associated
one for r # 1 as dnp = 1Q, but the structure 7 = 1, & = r{,® = & and the
homothetic change of metric § = % g gives a contact metric structure (¥, &, 7, 9)
on M. Alternatively the metric

, 1 1
g :+(1—>77®n
r r

is an associated one for the induced contact form n on S?"*(r). (®,&,7,9) is
Sasakian structure on S*"*1(r) because of the expression of the second funda-
mental form.

4.4 Sasakian reduction

In this section, we recall the definition of Sasaki-Einstein manifolds and the
special Sasakian reduction constructed by Boyer and Galicki in [4]. In particular,
they focus on n = 4 case.
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Definition 4.4.1 A Sasaki-Einstein manifold is a (2n + 1)-dimentional Rieman-
nian manifold (M, g) whose metric cone (C'(M),r%g + dr?,J) is a Ricci-flat (i.e.
Ricci curvature is equal to 0) Kéhler manifold.

Example 4.5 An odd-dimentional sphere S?"*! with induced metric gy from
C! is Sasaki-Einstein, as its cone (C(S?" 1), r2gy+dr?) is isometric to (C™| gy4),

where ¢4 is the standard Ricci-flat Kahler metric on C”.

We recall the special Sasakian reduction constructed by Boyer and Galicki in
[4]. In particular, they focus on n = 4 case.

Definition 4.4.2 Let p,q € Z>( be coprime and p > ¢, or p = 1,¢ = 0. We
define a moment map p,, : C* — R as follows

tpa(21, 22, 23, 20) = plaal® + plaal? — (0 — @)|zaf* — (0 + @)z,
and S} is the associated S action on (C*)*,

(2172272:372:4)'—)(2161) 7226p ,23¢€ (r—q) 24 € (p+a) )

Theorem 4.4.3 We set an inclusion ¢ and a projection 7 as

Lo pia(0)]gr = ST

T pa(0)]sm — (4 4(0 Sl

o Hpg S7 :up,q( )’37 / D,q°

Then we have the following:
(1) p,4(0)]g7 is diffeomorphic to S* x 5.
(2) (,u;}](O)|S7) /S, is diffeomorphic to S* x S°.
(3) There is a Sasaki-Einstein metric g, , on (,u; 2(0)] 57) /S, satisfying t*go =
T gp 4, Where go is the induced metric on S” from C*.

4.5 Calculation in the case of p=1,q=0

Let us restrict our attention for the case of p = 1 and ¢ = 0, and consider the
zero level set

_ 1
ﬂ1,(1)(0)|s7 = {(21,22,23,24) € S |21 + |22]” = |23]” + |2a]” = 5}
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1 1
= B3| —=|x8|—=].
Qﬁ) <¢%
For any point in py(0) € $% x S, we identify S* and SU(2) as follows:

(21,2) € S5 +— ( T ) e SU(2).

22 2

The reduced space S® x S3/S! is diffeomorphic to S? x S with a projection 7
defined by,

7(h1, he) == ([ln], hithy)

where hy, hy € SU(2) and [-] is the equivalence class ~ given by

e 0
thh2<:>h2:h1<0 e_i9>

This equivalence relation is the same as in the definition of the projective space
CP!. In complex coordinates, 7 is given explicitly by

(21, 20, 23, 24) := (22172, |21)? — |2|?, 2123 + 2224, 2023 — Z124).
Then we have a left SU(2) x SU(2) action ¢ = (¢y,¢2) on S x S3,
@(h1, ha) == (P1hy, P2ha) (01,02 € SU(2)).
Let us define a (SU(2) x SU(2))/U(1) action ¢ = ([¢1], d2) on S? x S? as follows
S([h], h'ha) = ([P1ha], p1hi'hdds) (b1, b2 € SU(2)),
such that ¢ induces ¢, and 7 is (0, é)—equivariant :

S S3 Ly 93w s
ml Ay
2% §8 Py 2% S8

Since S5? x S? is a homogeneous space for (SU(2) x SU(2))/U(1), we can define
an inner product (-, -), on T,(S? x S3), where o is written with an unit matrix Iy,

0:=(0,0,—-1,1,0,0,0) = ([L2], I2) = 7(I2, I5) = 7(1,0,0,0,1,0,0,0),
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for the Sasaki-Einstein metric ¢; 9. By Theorem 4.4.3, the inner product (-,-),

satisfies a condition:

dm ({an orthonormal basis of T{s, r,)(S* x 53)})
= {an orthonormal basis of T,(S* x S*)}.

By this, if we choose {832’ Ds;’ 051 Dsy’ B 038} an orthonormal basis of
T(]Q’b)(SQ X 53), thus

e (2)-er()-(2),
)+ (2) () ()2 ().
() (] +()-(2))

is an orthonormal basis of T,(5% x S3). Then the metric g,(-,-) = (-, ), defined
by

((62). (55).0), -

Choosing the local chart (Up, ) such that

O O =
o O O

N[ =

O O = O O

N =

UO:{<:U17"'7$7) € S? X53;$3<0,$4>0},

¢0 : (Il) e 71177) = ($1,$2,I5,$6,ZI77),

we extend this metric to any point z := ([k1], ko) by another (SU(2)xSU(2))/U(1)
action on S? x S3: for k = (ky, ks),

k([hal, he) := ([kala], kihoky ko),
noting that x = k- 0. We define the metric g at x by
go(u,v) = go(dk™(u), dk ™ (v))  (u,v € T(S* x S%)).
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For Y= (y17y27y3a Ya,Ys, Ys, y7) € UO) we can write k’il as

E) = (kW) ks ) kst () ke (), s (), b (), ke ()

_ ((1 — 23 — o)y — Tazayn + 1 (1 — 23)ys

1

Y

—129y1 + (1 — 23 — 23)yo + 22(1 — z3)y3

1—1'3

, —T1Y1 — TY2 — T3Y3,

XY+ XoY, + XV + XYy —XoY) — X0Yo + XuYs — XY,

2

(1 — ZL’3)

’ 2(1 —Zlfg) ’

—X3Y1 — XuYo — X0Ys + XV, —XuY; + X3Ys — XoYs — X1Y4>

where

2(1 — ZL‘3)

’ 2(1 —1‘3)

Xl = (1 — 1’3)1’4 + T1Tg + ToXr, X2 = T2Xg — X1T7 — (1 — 1’3)335

X3 = T1T4 — T2y — (]_ — ZL‘3)?L’6, X4 = I1T5 —f- Toly — (1 — 1'3)$7

Vi = (1— x3)ys + T1Ys + Tayr, Yo = Tays — 2197 — (1 — 23)ys
Ys = x1ys — oys — (1 — x3)ys, Yo = 21ys + Toya — (1 — 23)y7.

Next we calculate g, (

o 0

Oy Oxs

0 Oky
k_l 7 — 1
d (63:1) 3y1

). Let us first consider the derivation dk=1,

0 (ar), + a1 (o)

oks! 0 Okg! 0 ok ! 0
- oy (x) <3$5>0+ Oy (a:) O o+ oy (:1:) Oy o

Z‘%—i‘l’g—l

.T3<1 — Ig)

0
—1 7
()

okt 0
N 6y5 (:E) <8:c1>0 +

kst 5,
"oy, ) (3I5>0 !

Okg !

8 i —T1T2 8
8x1 ° LIZ‘3(1—JJ3) 81’2 °

ohy' (2
ys 0wy o

dys

(x

() =50 (),
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—x3(22 + 22) + 11 (2476 + T577) + To(T4T7 — T5TE) [ O
Ty oxs

N (1 — 23 — 23) (w506 — Tawy) + (1 — 23)22(23 + 22) + 2172 (2476 + T577) [ O
(1 - $3)$4 8x6

(1 — z3 — 22) (246 + T527) — (1 — 23)71 (5 + 22) + T122(T506 — TY27) [ O
(1 - I3)$4 8[)’27

Then the coeffcient of dridxs and drsdx is given by
9 9
e 3:151 ’ 81'5
0 0
= dk™* dk~
90 < (a&h) (al’g)))

— (2% + 23) (2477 — T5T6) — Tow3 (2] + 22) + T179(T4T6 + T5T7)
21’3$4 '

Also we can find the coefficient of dz;dz; and dx;dx; by calculating g, (aa, 88> :
€T; X

As the result, with the local coordinates x = (z1, z2, x5, 26, x7) on Uy, we have

the formula:

9o = Zx +x3d : x4+x’d 2 (4.5.1)
i=1 21‘3 =5 ZE4
2 2 2
56 o dag + x5$7dx5d 27+ 2T s dn
5174 4 1’4
N — (22 + 22) (w47 — T576) — T2x3(23 + 72) + T122(T4T6 + T5TT) dydas
T3T4
(22 4+ 22) (22 + 22) — 21 29(T475 — TeT7) — Tow3(T4T7 + T576) q
.T1d$6
T34
+m1x2(xi + 22) + (22 + 23) (2475 + T62T7) + Tow3(T4T6 — T5T7) devds
XT3T4
r1x3(2] + 22) — vixe(azr — x526) + (23 + 23) (2476 + 2577)
diL’Qdﬂ?5
T34
r119(2] + 22) + vixs(vazr + v576) — (23 + 22) (24705 — T6T7)
dl’zdl’ﬁ
T34
(22 4 22) (22 + 22) + 129 (T4T5 + W6 T7) — T123(T4T6 — T5TT)
dl’gdl’7.
T34
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On other open sets Uz = of S? x S? defined by for i € {1,2,3},5 € {4,5,6,7},
i.e.

Urjr ={z; > 0,2; > 0}, Ui-j+ = {z; <0,2; > 0},
Uirj- ={z; > 0,2; <0} and U;-;- = {x; <0,z; <0},

we can calculate the metric the same way as the previous case. This is an explicit
representation at x of the Sasaki-Einstein metric g; called the homogeneous
Kobayashi-Tanno metric by Boyer and Galicki in [4].

Theorem 4.5.1 The Sasaki-Einstein metric g; o on 5% x S at any point z is
given by the formula (4.5.1).
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Chapter 5

Complex Contact Manifolds

5.1 Definitions

We first recall the notion of complex contact metric manifolds.

Definition 5.1.1 Let M be a complex manifold with dimcM = 2n + 1 and
J the complex structure on M. M is called a complex contact manifold if there
exists an open covering U = {O,} of M such that:

(1) On each O, there is a holomorphic 1-form wy with wy A (dwy)™ # 0 ev-
erywhere;
(2) If OAN O, # ¢, there is a nonvanishing holomorphic function hy, on O,N O,
such that

Wy = h,\uw# in O)\ N O'u. (511)

For each O,, we define a distribution H, = {X € TO, | w\(X) = 0}. Note
that the hy, are nonvanishing, and H) = H, on Oy N O,. Thus H = UH, is a
holomorphic, nonintegrable subbundle on M, called the horizontal subbundle.

Definition 5.1.2 Let M be a complex manifold with dimg = 2n + 1 and J
a complex structure. Let g be a Hermitian metric. M is called a complex almost
contact metric manifold if there exists an open covering i = {O,} of M such that:

(1) On each O, there are 1-forms wy and vy = wuyJ, (1,1) tensors G, and
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H, = G, J, unit vector fields U, and V, = —JU, such that

GrJ\ = —J\Gy, HiZGQZ—Z'd—i-U)\@U/\—FU)\@V)\,
g(G)\Xa Y) = _g<Xa G/\Y)7 g(U,\,X) - U)\(X), (512)
G)\UAZO, U)\(U,\)Zl;

(2) It OxN O, # ¢, there are functions a,b on O, N O, such that

u, = auy — buy, v, = buy + avy,
GHIGG,\—bH)\, HNIbG)\—i-CLH)\, (513)
a?+ b =1.

Definition 5.1.3 Let (M, {w,}) be a complex contact manifold with complex
contact structure J and Hermitian metric g. We call (M, wu,v,U,V,J,g) a com-
plex contact metric manifold if there exists an open covering U = {O,} of M
such that (here and below G' = G}, etc) :

(1) On each O, there is a local (1,1) tensor G such that (uy, vy, Uy, Vi, Gy, Hy =
G,J, g) is an almost contact metric structure on M;

(2) 9(X,G\Y) = duy(X,Y) + (o A0))(X,Y) and ¢g(X, H\Y) = dup(X,Y) —
(ox A upn)(X,Y), where o)(X) = g(VxUy, Vy) with V the Levi-Civita connection
with respect to g.

Remark 5.1.4 Foreman [13] showed the existence of complex contact metric
structures on complex contact manifolds.

Definition 5.1.5 We can locally choose orthonormal vectors Xy,---, X, in H
such that {X;, JX;,GX;, HX;, U,V | 1 <i < n} is an orthonormal basis of the
tangent spaces of Ul,.

5.2 Normality of complex contact manifolds

We recall the definition of I-K normality introduced by Ishihara and Konishi [23]
for (almost) complex contact metric structures. We set the two tensor fields S
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and T by,
S(X,Y)

T(X,Y)

(G, GI(X,Y) +29(X,GY)U — 2g(X, HY)V  (5.2.1)
F20(Y)HX — 20(X)HY + o(GY)HX

—0(GX)HY +o(X)GHY —o(Y)GHX,

[H, H|(X,Y) — 29(X,GY)U + 29(X, HY)V  (5.2.2)
+2u(Y)GX — 2u(X)GY + o(HX)GY

—o(HY)GX + o(X)GHY — o(Y)GHX.

Definition 5.2.1 A complex contact manifold M is [-K normal if the tensors S

and 7" both vanish.

Proposition 5.2.2 [-K normality implies that the underlying Hermitian mani-
fold (M, J, g) is a Kéhler manifold (cf. [23]).

We recall properties obtained by Korkmaz [29].

Proposition 5.2.3 On an [-K normal complex contact manifold, for X,Y, 7 €

H, we have

9(VxG)Y, Z) =

and

—o(X)g(HX,Y) + v(X)QUGZ,GY)
—2v0(X)g(HGY, Z) —u(Y)g(X,Z) —v(Y)g(JX, Z)
+u(2)g(X,Y) = v(Z)g(X, JY),

—o(X)g(GX,Y) + u(X)QHZ,GHY)
—2u(X)g(HGY, Z) +u(Y)g(JX, Z) —v(Y)g(X, Z)
+u(Z)g(X,JY) +v(2)g(X,Y),

where V is the Levi-Civita connection with respect to g.

Lemma 5.2.4 Under the same assumptions as in Proposition 5.2.3, we have

g(R(X,GX)Y,GY) = g(R(X,Y)X,Y)+ g(R(X,GY)X,GY)

+4g9(JX,Y)QX,Y) —49(HX,Y)QGX,Y)
—29(GX,Y)? —4g(HX,Y)? — 29(X,Y)?
+29(X, X)g(Y,Y) — 49(JX,Y)?,
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and
g R(X,HX)Y,HY )= g(R(X,Y)X,Y)+g(R(X,HY)X ,HY)
+4g(JX,Y)QX,Y) +49(GX, Y)Q(HX,Y)
—2g9(HX,Y)? —49(GX,Y)? — 29(X,Y)?
+29(X, X)g(Y,Y) — 4g(JX,Y)>.
Lemma 5.2.5 On a I-K normal complex contact manifold, for X € H, we have
QJX, X) =—-29(X, X).
Proof. Since J is parallel for V,
g R(X,HX)JX,GX) = ¢g(JR(X,HX)X,JHX) (5.2.3)
= —g(R(X,HX)HX,X).
By Lemma 5.2.4, we get
g(R(X,HX)JX,GX)= —g(R(X,HX)HX,X) (5.2.4)
—29(X, X)(QJX, X) + 29(X, X)).
Comparing the right hand sides of (5.2.3) and (5.2.4), we get the lemma. O

Finally, we have the following property of sectional curvatures.

Proposition 5.2.6 On I-K normal complex contact manifolds, we have
K(X,JX)+ K(X,GX)+ K(X,HX) =6,

for any horizontal vector field X.

Proof. Since J is parallel for V,
g(R(X,GX)JX,GJX)) = —g(JR(X,GX)X,JGX) (5.2.5)
= g(R(X,GX)GX, X).
On the other hand, by Lemmas 5.2.4 and 5.2.5,
g(R(X,GX)JX,GJX) = —g(R(X,JX)JX,X)—g(R(X,HX)HX, X)
—49(X, X)Q(JX, X) — 29(X, X)?
= —g(R(X,JX)JX, X)—g(R(X,HX)HX, X)
+69(X, X)2. (5.2.6)
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This gives the conclusion. O

The notion of I-K normality seems too strong, since the complex Heisenberg
group admits no I-K normal contact metric structure while the real Heisenberg
group admits a normal contact metric structure. Korkmaz introduced a weaker
version of normality as follows.

Definition 5.2.7 A complex contact metric structure is normal in the sense
of [29] if

S(X,)Y)=T(X,Y)=0 forevery XY € H,
S(U,Y)=T(V,Y)=0 for every Y.

From now on, we use this definition of normality.
The following lemma is obtained by Korkmaz [29].

Lemma 5.2.8 If X is a horizontal vector field, then
g(R(X,JX)JX, X)+ g(R(X,GX)GX, X)+ g(R(X,HX)HX, X)

Example 5.1 We introduce the example of the complex Heisenberg group, the
closed subgroup H¢ of GL(3, C) given by

1 bz bis

{ 0 1 b23

0 0 1

Blair [3] defined the following complex contact metric structure on He (see also

[6]). Let 21, 22, 23 be the coordinates on He 2 C?, defined by 21 (A) = b3, 22(A) =
b1, 23(A) = by3 for A in He. Then the Hermitian metric

bi2, b1, bag € C}-

1—|-|2’2|2 0 —Z9

0 0 1 0
1 5 0 1
I8 11| 0 -5
0 1 0 0
—29 0 1
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is a left invariant metric on He. We define real 1-forms u,v and unit vector
fields U, V' by decomposing the holomorphic 1-form § = (dz3 — z2dz1)/2 and the
complex vector field X = 4(0/0z3) into their real parts and the imaginary parts:

0=u—iv, X=UH+41iV.

Also define two type-(1,1) tensors

0O 1 0
0 —1 0 O
G — 0 Z9 0 7
0O 1 0
-1 0 0
0 2z 1
0 — O
0 1 0 O
I | 0 —iz9 O
0 ¢ O
— 0 0 0
0 1z9 1

Then one can check that (u,v,U,V, G, H, J, g) is a normal complex contact metric

structure on He [29].

5.3 Construction from Hyperkahler manifolds

via reduction

In this section, we construct a normal complex contact structure on the
quotient space of a hyperkahler manifold via a C* action. We first recall the
definition of hyperkahler manifolds.

Definition 5.3.1 (M, Jy, J2, J3, g) is a hyperkéhler manifold if Jy, J5, J3 are com-
plex structures on a complex manifold M satisfying

J12 == JQZ = Jg = J1J2J3 - —Zd,
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and ¢ is an Hermitian metric on M with respect to Jq, Jo and Js.

We can produce a normal complex almost contact metric manifold from hy-
perkahler manifolds.

Theorem 5.3.2 Let (]\7, Ji, Ja, J3, G) be a hyperkidhler manifold. We assume
that C* acts holomorphically with respect to J; on M. We also assume this ac-
tion is proper and free. Then the quotient space M /C*is naturally equipped with
a smooth manifold structure and the quotient map 7 : M— M /C* canomcally
induces an I-K normal complex almost contact metric structure on M /C*.

Proof. Let {6,\} be an open covering of M. We choose local sections sy :
7(0x) — O,. Then we define type (1,1) tensors J,G and H on T(M/C*), and
1-forms wu, v by
J1<8)\)*X = (S)\)*JX,
Jo(52)«X = (52):GX + u(X)v + v(X) v, (5.3.1)
J3(52): X = (s2)e HX — 0(X)v + u(X) Sy,
where v and Jyv are unit tangent vectors to the orbit by C*. For example, u and
v are explicitly given by

w(X) = g(J2s. X, v), v(X)=g(Jas.X, Jiv) = —g(J3s.X,v). (5.3.2)
Finally, we define the unit vector fields U,V on M /C* by
U=—-m.(Jv), V =m(Jsv). (5.3.3)

It is seen that the structure (u,v,U,V,G, H,J,g) (with g the metric induced by
g) satisfies Definition 5.1.2 and Definition 5.2.1. O

Example 5.2 By Theorem 5.3.2, the complex projective space CP?"*! with
the Fubini-Study metric admits an [-K normal complex contact structure. Now
we express this structure analytically in the case of n = 1.

Let C*\{0} have the hyperkahler structure (Ji, Jo, Js, (,)), where Jy, Jo and J3
act on the position vector p = (z1, 29, 23, 24) by

Jip = (iz1,129,123,124),
Jop = (Z3,24,— %1, —72),
JSP = (i237 Z'247 _izb _7;22)’
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and (,) is the standard metric on C*\{0}. We denote the norm \/>}_; 2,2 of
z = (21, 22, 23, 24) by ||z]]-

C* acts on C*\{0} by A - (21, 29, 23, 24) = (Az1, A22, A23, A24), which acts freely
and commutes with J;. We can easily check that at z, the orbit space of C* has
tangent space at z spanned by vectors

4 0 0
v 2||z||z< azﬁzjaz)

- 0 0
I = H ;( az] jé)ZJ)

By calculating with the inner product (,), v and v are given by

2

u = 2||Z| ZQj_leQJ‘ - Egj_ldzgj + ZdeZQj_l + 22jd22j—1) y

Z2j—1d22j — Zoj1dZaj — 29;d295_1 + ZojdZaj_1) .

I
T Mw \

2IIzI

Then in complex coordinates G and H are given by

1 O A 1 O A
G = _ H = _
||z||2<A 0)’ ||z||2<—m 0 )

where
29721 —||ZH2 + 29%Z9 2923 2924
A= ||ZH2 — 2121 —2122 —2153 —2124
24721 2429 2423 —||Z”2 + 2424
—2321 —2322 HZH2 — 2323 —2324

Finally, the two vector fields U and V' are given by

2
U = Z ZQJ 1dZQJ 25— 1d223 + ZQJdZQJ 1+ ZQJdZQJ 1) s

i Mw I

l

V pumy
21l 5

(ZQj—leQj — 29j_1dZaj — Zojd2ej_1 + 22jdZaj_1) .

With the Fubini-Study metric g, we find that this complex contact metric struc-
ture (u,v,U,V,G, H, J,g) is I-K normal and satisfies Proposition 5.2.6.
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By modifying the C* action on C*\{0}, we can give another example of nor-
mal complex contact metric manifolds.

Example 5.3 We consider another C* action on C*\{21292324 = 0} by
)\ : (Zh 29y %3, 24) - ()\217 AZQ, )\—123’ )\_124)7

which also acts freely and commutes with J;. This orbit space has tangent spaces
at z spanned by the vectors

1 0 0 0 0
Vv = 2HZH<Z1821+21621+228 +ZQ(922
0 0 o _ 0
—238723 - 23823 2’48724 - Z4824>
JlV = ! <Zla — 21 0 + 20— 0 — Zo— 0
2|2 \ " 02 0% 02y 0%y
0 0 0 0
T m | Pom  0m aa>

We check that the quotient space M = (C*\{z1292324 = 0})/C* is a complex
manifold. We define a biholomorphic map F' on M by

2
F([21, 20, 23, 24]) = (Z, 2123, 2124> .

This map shows that M is diffeomorphic to C3\{wjwows = 0}. By a direct
computation of the standard inner product (, ), u and v are given by

u = 2|TZ||(—21dZ4 + Z1dZy + 2odzs — ZodZs
z
—z3dze + Z3dZy — zadzy + Z4dZ),
1
T m(_21d24 — Z1dZy + zodzs + ZodZs
z

+Z3d22 + 536122 - Z4le - Z4d21).

Then in complex coordinates G and H are given as follows:

1 O A 1 O A
G: — H: —
1211 ( A0 ) |21 ( —id O )

72




where

2124 —21723 —2n1z2 —|lZ|P+ 2z
A 2924 — 2973 12]|? — 2222 2971
— 2374 —|121I? + 2373 2329 —23%
1211 — 2424 2423 2422 —Z421

Finally, the two vector fields U and V' are given by

U = Z<Zla — 21i — 221 +22i
2|2l 0z 024 0Z3 023
0 0 0 _ 0
_zga +23a +Z4821 —z4821>,
V = _1< i+21(9 228 —Zgi
201z \ " 9z 0z 073 0z3
0 0 o _ 0
_233,22 238722 + Z48 ) + 24(%1>

With the induced metric g from the standard inner product (,) on C* we can
check that this complex almost contact metric structure (u,v,U,V, G, H, J, g) is
[-K normal. Thus we get a new example of a normal complex almost contact

metric manifold.

5.4 3-Sasakian manifolds

We recall the 3-Sasakian structures on M*+3.

Definition 5.4.1 Let M*"*3 be a real (4n + 3)-dimensional manifold. The 3-
Sasakian structure on M*"*3 is a triple of Sasakian structures {®;, &, 1; }i1.23 on
M*4+3 satisfying

Qp =00, —n; Q& =—D,;9;, + 1, ®Ej,
nio®; =m, 1:(§) = iy,

where {4, j, k} is one of the cyclic permutations of {1,2,3}. Define M43 is called
the 3-Sasakian manifold if there exists a 3-Sasakian structure on it.
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The typical example of 3-sasakian manifold is S obtained by taking as a
hyper surface in the quaternion vector space H*™!. Each of three almost com-
plex structure on H*™! applied to the outer normal vector of the sphere gives a
vector field &;,7 = 1,2, 3, on S**3. These three vector fields are orthogonal each
other and give rise to the standard 3-Sasakian structure on S4*3,

5.5 Complex almost contact metric structure on
S4p+3 >< S4q+3

We show that 3-Sasakian structures on S*™*3 and S$*"*3 induce a complex al-
most contact metric structure on S*3 x S Tet {O7 &M n}is193 and
{®1, &1 Nl }iz1 23 be 3-Sasakian structures on S48 and S 3 respectively. We
first define an almost complex structure on S4m*3 x §4+3 by

Imn(X,Y) = (O7X — (V)" @Y + 0" (X)), (5.5.1)

where (X,Y) € T (S* x §43). Since J,,, is integrable [31] (see also [10]),
then (S*m3 x S48 ], ) is a complex manifold. Moreover, it is also proved that
the product space of two normal almost contact metric manifolds is a complex
manifold with the above .J,,,. Next, we define a metric g, on S*™+3 x §4n+3
by

Gman (X Y), (XY)) = (X, X7) 4 07" (X )" (X) (5.5.2)
+ g (YY) + i (YV)ny (Y),
where g,, and g, are the associated metrics to 3-Sasakian structures on S4m+3

and S4"*3 respectively. It is easily checked that g, is a Hermitian metric with
respect to Jy, 5.

X € TM**+3 and Y € TM**3 are decomposed to the subspace spanned by
{7, &5, &5}, {€7, &5, €5} and their orthogonal complements uniquely as follows.

{ X = Xo+ " (X)&" + 3" (X)&3" + n5" (X)&5",

5.5.3
Y = Yo+ ()€ + ()& + 2 (X)E, (5:53)
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where Xy € Span{&P, &n,&n+ Yy € Span{&r, &8, €8}, With this decomposi-
tion, we define the two type-(1,1) tensors Gy, ,, and H,,,, by

Gn(X,Y) = (5.5.4)

(X)) — (Y
(@?Xo—”” )= en ey g (0ER

2

m(xY — n(Y
gy, - D g v - g ).

Hm,n(Xa Y) - Jm,n Gm,n(Xa Y)a (555)

where (X,Y) € T (S*3 x §4¥3). We can check that G and H satisfy the
condition to be a complex almost contact metric structure. Using the formula
(5.16), we get

Ga(xy) = (@ - poer + T g BOO S g,

(B02Y, — P (YV)ER + 15" (X) 2— nS(Y)gg LX) 2— n?»f(Y)gg>
= (= Xo =" (X)&" — 05" (X)&" — g (X)&5",
Yo =i (V)& —n5(Y)Ey —nz(Y)Ey )

n;’l(X) + Ug(Y) m(X> + W?(Y) (ggn’ gg)’ (5.5.6)

R (g +

where (X,Y) € T (S*"3 x §4"3). Here we define 1-forms wy, 5, Um,, and dual

orthonormal vector fields U,, ,,, Vi, Which satisfy Definition 5.1.2. by

umn:L 3+ n) Umn:L 5 + n?
{ n =5 +15), Vmn = 505" +13) (5.5.7)

With these elements, we get
Grn(X,Y) = =(X,Y) + (X, Y) QU + 03 pn(X,Y)Q V. (5.5.8)

Moreover, by (5.5.1), (5.5.2) and (5.5.4), we have

TonGonn(X,Y) = =G (X, Y) (5.5.9)
5(X) —ny(Y
— (g 4 A e xiey 4 e,
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mxXY) — (Y
ogyy - BB gy ey - e ).

Gmn (G (X, Y), (X Y") = =g (X, Y), Grn(X,Y)) (5.5.10)
= g (D5 Xo, X0) + gn (P50, Yy) +m"(X) (5" (X') = n5(Y"))
=" (X7) (05" (X7) = n5 (V) + 07 (V) (3" (X) — 3 (V"))
= (V) (03" (X) =z (Y)).

Note that this complex almost contact metric structure is not I-K normal. Finally
we conclude as follows.

Theorem 5.5.1 The complex almost contact metric structure on S*m+3 x §4n+3,

(Gm,nv Hm,n;Jm,naum,nyvm,nyUm,n,vmm,gm’n) given by (551), (552), (554),
(5.5.5) and (5.5.7) is not I-K normal.
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Chapter 6

Conclusions and Further
Problems

In this section, we summarize the results in thesis and discuss further problems
about constructions of real or complex contact manifolds.

In section 4.5, we presented a Sasaki-Einstein metric g, o on S? x S?, but it is
not known how to describe them explicitly in other cases.

Theorem A (Theorem 4.5.1) The Sasaki-Einstein metric g9 on S? x S? at
any point x is given by the formula (4.5.1).

Problem 6.1 For relatively prime p > ¢, calculate gy, 4.

In section 5.3, we constructed I-K normal complex almost contact manifolds
from hyperkéahler manifolds via reduction.

Theorem B (Theorem 5.3.2) Let (M, Ji, Ja, J3, ) be a hyperkéhler manifold.
Assume that C* acts holomorphically with respect to the complex structure J;
on M. We also assume this action is proper and free. Then the quotient space
M /C* is naturally equipped with a smooth manifold structure and the quotient
map T : M— M /C* canonically induces an I-K normal complex almost contact
metric structure on M /C*.

Using this result, we construct a new example of I-K normal complex almost

7



contact metric manifold (Example 5.3).

In studying complex contact manifolds, we found a remarkable property on the
sectional curvature of an I-K normal complex contact metric manifold which will

give a strong information [22]:

Proposition C (Proposition 5.2.6.) On I-K normal complex contact mani-

folds, we have
K(X,JX)+ K(X,GX)+ K(X,HX) =6, (6.0.1)

for any X € Ker w, where K(X,Y) is the sectional curvatures of the plane
spanned by {X,Y'}, and G, H and J are associated to the complex contact met-
ric structure.

By this proposition, any I-K normal complex contact metric manifold satisfies
(6.0.1). Conversely, does any complex (almost) contact metric manifold satisfy-
ing (6.0.1) admit I-K normality?

Problem 6.2 Find examples of complex contact metric manifolds satisfying
(6.0.1) except for CP?"*! (Example 5.2). Are these manifolds I-K normal?

In example 4.4, the standard Kéhler structure on R?***2 induces the Sasakian
structure on S?"*!. Similarly, we expect that the standard hyperkihler structure
on C*"*2 induces a complex (almost) contact metric structure on some complex
hypersurfaces of C?"+2,

Problem 6.3 Find the complex hypersurfaces of a hyperkahler manifold which
admit complex (almost) contact metric structures. More generally, does any com-
plex submanifolds of a hyperkahler manifold which admit such structures exist?

In section 5.5, we construct a non-normal almost contact metric structure on
SAm+3 5 §4nt3 - More generally, it is expected that the product space of two 3-
Sasakian manifolds admits complex almost contact metric structures.

Theorem D (Theorem 5.5.1.) The complex almost contact metric structure
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(Grms Hinny Jonns Wi Vi Uy Vs Gmn) on SAmH3 % §4nF3 oiven by (5.5.1),
(5.5.2), (5.5.4), (5.5.5) and (5.5.7) is not I-K normal.

Problem 6.4 Does any complex (almost) contact metric structure on the prod-
uct space of two 3-Sasakian manifolds exist? Especially, does the structure have

normality?
Complex (almost) contact metric structures have good relevance to the triple
of geometrical structures. We also expect that complex submanifolds of quater-

nionic Ké&hler manifolds admit complex (almost) contact metric structures.

Problem 6.5 Find the complex submanifolds of quaternionic Kahler manifolds
which admit complex (almost) contact metric structures.
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