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The study of vertex colorings of graphs is one of the main topics in graph theory.
The chromatic number of a graph is the number of colors to color vertices so that
adjacent vertices receive different colors. Four Color Problem is the one asking
whether the chromatic number of a plane graph is at most 4 or more. This problem
was solved in 1976, and it produced a lot of problems and good streams of studies.
The followings are examples: “Chromatic numbers in the case of the surfaces with

»”

higher genus,” “restrictions of graphs for reducing the chromatic number” and
“coloring problems with special conditions.” In this thesis, we consider these
problems while focusing on even embeddings of graphs.

To draw a graph on a surface without edge crossings is called an embedding of the
graph on the surface. To determine the upper bound of chromatic numbers of
graphs embedded on a surface, we need to show the existence of special
embeddings, such as, a triangulation or a quadrangulation of the complete graph.
One of the methods to construct such an embedding is to use a current graph, which
gives a rotation system corresponding to the embedding.

An even embedding of a graph, which is the main theme of this thesis, is one in
which each face has even length. On the sphere, an even embedding of a graph is
equivalent to an embedding of a bipartite graph. But on general surfaces, there are
essential cycles in graphs, and then an algebraic invariant which is called cycle
parity is defined as the parities of the lengths of them. We study relations between
current graphs and even embeddings of graphs. We construct even embeddings of
empire graphs which achieve the upper bounds of the chromatic number. Here an
empire graph is one which corresponds to a map having detached territories. We
also construct quadrangulations of the complete graphs which have several types of
cycle parities by using current graphs. Especially, we propose an entirely new
method to control cycle parities by using current graphs.

About quadrangulations which are typical even embeddings, we also deal with
polychromatic coloring problems and extension problems to a triangulation which
has a special coloring. In these problems on general surfaces, we show relationships
between algebraic invariants including cycle parities and these problems.
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