Extensions of Probability Distributions
on Torus, Cylinder and Disc

August 2013

Minzhen Wang



W X %

wEET | @ 2 @ 2 | K 4 T

F B H
Extensions of Probability Distributions on Torus, Cylinder and Disc
(b=, VU UHF=KOT 4 A7 EORERIIATOYLHRR)

(NBEDHEEF)

AEBINEZ 5107 — & OFGEH AT FGEF L LTHHILTN D, DD
(CRWTBIISN D BRID L 5 72 “EBAET — 2 DFET /MUEDBRIIT 8 A
AT h—TF A LD EEZ D Z LD, AFRSCTIE. FIAR RO
FADHET R —F A EOSAR LT XK OT 4 AT O AROYREE RS
LTW5,

FJE LA BT 2 PR 7afE R & LT, ME LD ~— NUARITHE O MR
#% Mobius ZHL L TR DIVD OB, = AT — A b, BUlEEME & PRt
DFAHTDNTIRTZ, b—T A2 EDFAITHONTIE, Mobius 21U K- T E
REENTED HINDET IV, SV IUL =B B BONAAE T D A8
NED—OIBED b —F A RO IR — MUSREARE L, MO HEESRE
B FEA =MAE— A 2 N RO EEAEIHERE D BRI e XA 52 72, E7-,
TR ~N— MU ERIA LT, 8 6 IR & IEAHSHERII BRI S s AT — 2 D
figr o e~ LTz,

Iz, U X — ED53AR %, von Mises 7347 & Z8#2 X172 Kumaraswamy 554
DFBEENBAER L, JED0 & ST & oma 52 7o, T O1REHAIT
Johnson & Wehrly (2 K 2 50MOILETH D, Fo, IEZEEIZ L > TED B
725% A% Cauchy 4347 & Weibull 7347 DA IOENOAER LTz bizR L
7o ZOM, BRAGHAPEE SN TND & XU ¥ — EOsHa AT 551k
WD Z S & T, ~— MM & B S 7z Kumaraswamy 5747 481
F¥H. von Mises iz U > 7 & DA DREEITH> TN D,

BB R SHRADEIEA B'D R A FWTT 4 A7 1D Mébius 4347 DL
& LTOIBIMom A L, i & O E i~




SUMMARY OF Ph.D. DISSERTATION

School Student Identification Number SURNAME, First name

Fundamental Science and Technology 81047518 WANG, Minzhen

Title

Extensions of Probability Distributions on Torus, Cylinder and Disc

Abstract

Statistics for data which include angular observations is known as directional
statistics. Bivariate circular data such as wind directions measured at two points in
time are modeled by using bivariate circular distributions or distributions on the
torus. In this thesis, we propose some extensions of distributions on the torus and
also the cylinder and the disc in the framework of directional statistics.

For the univariate circular case as a preliminary result, the distribution function,
trigonometric moments, and conditions for unimodality and symmetry are studied
when the Mobius transformation is applied to a univariate cardioid random
variable. For the bivariate circular case, we propose a bivariate cardioid distribution
which is generated from a circular-circular structural model linked with Mobius
transformation or a method of trivariate reduction. The joint probability density
function, trigonometric moments and circular-circular correlation coefficient are
explicitly expressed. An illustration is given for wind direction data at 6 a.m. and
noon as an application of the bivariate cardioid distribution.

Next, we propose new distributions on the cylinder. A distribution generated from
a combination of von Mises and transformed Kumaraswamy distributions is an
extension of the Johnson and Wehrly model. The marginal and conditional
distributions of the proposed distribution are given. Another model is a combination
of sine-skewed wrapped Cauchy and Weibull distributions. A distribution using the
method of generating a cylindrical distribution with specified cardioid and
transformed Kumaraswamy marginals and von Mises link is also proposed.

Finally, we generate skew or asymmetric distributions on the disc by using a
modified Mo6bius transformation as extensions of the Mdobius distribution. Some
properties such as the marginal density functions of the proposed distributions are

obtained.
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