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ABSTRACT

The estimation which was obtained by the author, developes to the fine and useful
formula by using the notion of Orlicz space. This enables us to construct the global theory
in several fields of analysis.

1. About twenty years ago, the author [8] established the following theorem:

Theorem A. Let (X, IM, 1) and (Y, N, v) be two measure spaces with o-finite
measure respectively. Let T be a quasi-linear operation which transforms the
measurable function f on X to Tf on Y, and weak type (1, 1) and type (p, p) for
some p>1 respectively, that is

M
(i) WE LTI DS T,

for all positive real number v and
(ii) T <M fllez
where E[Tfl={yeY: |Tf(Y)|>r} and M is a constant independent on f.

Then we have

(.1 S ITfI’"dv+S ITfIdusA{g |f|vdy+§ Flalog* gl
ITfI<1 If1>1

I7/1>1 [PAESS
where A is the constant depending only on p and not on f.

As it is well known, by the theorem of interpolation due to J. Marcinkiewicz
[10, 19], we have under the same hypothesis as Theorem A,

(1.2) 1Tl <A’l flly A<p'<P),

where A’ is the constant depending on »’ and not on the f. Nevertheless the
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S. Korzumi

operation T contains several important cases but as for p’=1, it breaks off.

The motivation of the study of this paper was to obtain the estimation of
|Tf| on the whole spase as well as the previous papers [8]. Recently the author
has been aware that the formula (1.1) has the more fine and useful form by using
the norm of Orlicz space. The study of Mr. T. Miyamoto [11] is one of the
contribution in this field. The author is also interested in the papers of H.P.
Heinig [6] and A. Torchinsky [16].

2. Let us put for some p>1,

_(w® (0<u<l),
@.1) “’(“)“{u (1<u<oo),

and

0<u<l),

2.2) )= {u(l-i-log tu) (1<u<oo) .,

Here we should pointed out that functions ¢(x) and ¢*(#) are not convex at the
neighborhood of #=1. It should be revised in the last stage.
Then the formula (1.1) could be rewritten to the following form:

2.3 S so(ITfI)dugAg (1 fDd
Y X

where A is the same constant as the formula (1.1). From now on we may assume
that the constant A>1.
Let us denote for any positive real number 7,

2.4) Ew,,[f]z{bo: S ¢ ('f'>dp<r} ,
X
and for any positive real number s,
- . | f I
(2.5) E, [Tfl1=42>0: \ ¢ dv<st .
Y
Then we have
(2-6) E!P".r[f]CEqur[ Tf] .
Because, if we put f/1 in (2.3) instead of f with positive real number 2, then
(%)=
since | T = we have
2.3y S <ITfI>d <AS @ <|f—|>du
I A
and so we obtain (2.6). In particular if we put =1 we obtain
(2.6)’ Ep i lf1CE, J[Tf] .

Next we need the following lemma of which property is essential for our
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purposes.

Lemma 1. As for the functions ¢ and ¢* which are defined by the formulas
(2.1) and (2.2), they have the following property. That is, we have for any con-
stant p=1,

2.7 olou) 2 pp(u) (0<u<oo),
and
2.8) o*ou) = pp*(u) (0<u<co),

Proof. We may assume that p>1. In the case of p=1, there is nothing to
prove. In the first as for 0_<_u<%, we have

plou)=(ou)? > puP=pp(u) .

Next as for —;‘;SuSI, we have

pou)=pu>pur=pp(u) .
In the last as for 1<u<co, we have
plou)=pu=pp(u) .

Running on the same lines we shall prove the case of the ¢*.
Now if we denote

(2.9) AE, [Tf1={A™2: A€ E, ,[Tf]},
then we have
(2.10) E, ., TflcAE, [Tf].

Because, for any 2 in E, . [Tf], if we apply the Lemma with p=A4 and put
2=A"'}, we have

ar=| o )a= gy (4 )a=a| (s

so A is in E,, [Tf] and we obtain (2.10). In particular, if we put =1, we have
(2.10) E, [Tf1cAE, \[Tf].

Combining (2.6)’ and (2.10)’ we obtain
(2.11) Ep [fICATE,, [Tf].

According to the W. A.]J. Luxemberg [9], the norm of the Orlicz space is
defined as follows:

212 pondfluge=int Emalf1=int {1: | (1 )an<t}

13



S. Korztimt

and

. . . |Tf|
(2.13) pn | Tf|e=inf E,, [Tf]=inf {2: | ¢l —— Jdv<1} .

; v 0 150 ¥ A

Therefore if we take the infimum of the set of the formula (2.11), we obtain the
following inequality. ‘
(2.14) pn|| Tf I e <max (4, Dp.n|| f g,

with the same constant A as in the formula (1.1).

We shall mean by p.n. in the formulas (2.12)~(2.14), the pseudo-norm. Be-
cause the functions ¢(x) and ¢*(#) are not convex at the neighborhood of #=1.
So we shall revise it by replaceing the equivalent norm by which both sides of
(2.14) become the Orlicz space.

For this purpose, let us introduce the modified functions as follows:

u®

5 0<u<l),
2.1y @o(u)= .
’\u—(l—;) 1<u<oo),
and
%,, , 0o<u<ly,
2.2) o (u)= 11
?u(lﬁ-log“ u)—(——2——~1—;> (I<u<oo) .

Now they are strictly increasing, continuously differentiable and convex functions,
and we have

(2.15) P o) <o) <o(u) (0<u<oo),
and
(2.16) max (P, 2)"'o*(u) <g¥(u) <¢*u) (0<u<co).

Therefore combining the formula (2.15) and Lemma, as before we have for any
positive real number 7,

2.17) E, \TfIC Ey,, [Tf1Cp™E, [ TS] ,

and we obtain by taking the infimum of the sets of (2.17) with r=1,
(2.18) o TF g < TF lugo<bon TF g -

By the same way as above arguments, we have

(2-19) qu‘.r[f]CEth.r[f]Cmax (py 2)—1 qo‘.'r[f] ,

and therefore we obtain
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(2.20) max (p, 2 pn.| fllug< | F i <pn.) Fllgr -
And we shall prove:
Theorem 1. Under the same hypothesis as Theorem A, we have
N Tf Nlz20<qBIl f g5
where g=max (p, 2) and B=max (A, 1) with the same constant A as in the formula
(1.1).
3. Another results which the author proved in the paper [8, II] is as follows:

Theorem B. Let us write ay=1/a,, B,=1/b; (=1, 2). Let (a), B,) and (a, B;)
be two any points of the triangle

4: 0<f<ax<l

such that a,<a, and B,<p..

Let us suppose that a quasi-linear operation T is of weak type (1/ay, 1/8,) and
of type (1/a,, 1/Bs) with norms M, and M, respectivery.

Then we have

3.1) S [Tf|°zd»+§ | TF Py
ITri<1

17f1>1

SKM{(SI/ISI Iflazdu>02/a2+<glf[>1 Iflald‘”)’,Z/aZ
l)lla1
+(Sm>1|f|“x(1+bl log* Ifl)"ldﬂ> } ,

where ki=a,/b, and K is a constant depending only on a,, ay, B, B, and & and
not on M,, M, and f and M=max (M,, M,).

Let us suppose that

(3.2) S lfl“zdﬂ+g | fle(L b, log* | f Ydu<1
[FAESS

1f1>1

then the formula (3.1) reads to the following formula

(3.3) S | TS |P2dv+ S [ TS |1dv
irfIst

ITf1>1

<2km{| ifeapr| mastog i

1f1s1 171>1

This formula is our starting point. From now on we may assume that 2KM>1.
Now as in section 2, let us put

w: (0<u<l),

(3.4) H)= {u Lonzer

and
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(0<%<1),

@3.5) ¢ (“)_{ “(1+b,logt ) (1<u<eo) .

Then, the formula (3.3) can he rewritten as follows:

SY¢(ITf|)du52KM§X¢*(IfI)dﬂ ,

under the assumption S ¢*(1 f)du<1, and therefore
X

(3.6 S ('Tf')d <2KM§ ('f' )d,,,
Y

under the assumption S ¢*< 7] )d;z<1 with 2>0.
X

Lemma 2. As for the functions ¢ and ¢* which are defined by the formulas
(3.4), (3.5.1) and (3.5.2) have the following property. That is, for any constant
=1, we have

(3.7 ou)=pdlu) (0<u<oo),
and
(3.8) P*(ou) = pd*(u) (O<u<<oo).

Proof. We may assume that p>1. In the first case as for 03u<%, we have
*(pu) = (ou)*2> pu2=pd*(u) .
Next as for %Sztsl, we have
P*(ou)=(ou)*«(1+b, log* pu)*1 > pu2=pd*(u) .
In the last as for 1<#< oo, we have

¢*(ou)=(pu)*1(1+b, log* pu)*s
> pu1(1+b, log* u)e1=pg*(u) .

Running on the same lines, we shall prove the case of ¢(u).
By the formula (3.6)’, we have

(39) E¢“.1[f]CE¢,2KM[Tf] ’
and applying the Lemma 2, we have
(3.10) Ey oxul TfICCKM)'E, \[ TS,

and therefore we obtain
(3.11) Ep [ fF1CQREKM)E, \[Tf] .

Taking the infimum of the above sets, we get
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(3.12) p.n||Tf g <max @KM, D)p.n.[| f g~ .
Next we shall introduce the modified functions as follows:
1
b—u"2 0<u<l),
(3.13) Oolu)= ; L
¥ —— —
b,ul <b1 b2> 1<u<co),
and
1
;z—u% 0<u<l),
(3.14) P¥u)= 1 L1
Ea—lu“l(l-kb1 log™* u) 1—(—2-;—;1;) (1I<u<x).

They are strictly increasing, continuously differentiable and convex functions and
satisfy the following properties:

(3.15) b d(u) <o(u) <¢(u) (0<u<oo),
1_1 1

where YR and

(3.16) a~ X (u) < gF(u) <¢P*u) (0<u<oo)

where a=max (2a,, a,).
Then applying the Lemma 2, we have

(3.17) Ey [ Tf1C Eyy ([ Tf1Cb 1 Ey, [ TS

and

(3.18) Ep [ fICEg [flca Ep,lf],

respectively. And by taking the infimum of the above sets, we obtain
(3.19) b7 pn | Tf g <N TS llapoe<p.n.| Tf l|¢ ,

and

(3.20) a panlfllg<Ifllps<p.nllfllg,

respectively. And so we obtain the following theorem:
Theorem 2. Under the same hypothesis as Theorem B, we have
I Tf llzpo<qBIl f s

where g=max (2a,, a,), B=max (2KM, 1), with the same constant as in the formula
(3.1).

The similar circumferences occure on the theory of extrapolation of opera-
tions. Mr. T. Sobukawa [15] intend to the extension of the extrapolation theorem

17



S. Korzumt

of Yano [17] into that of measure spaces with ¢-finite measure. He has obtained
the similar results as theorems A and B in this paper and they can be rewrote
into the formula by using the word of Orlicz space. He shall treat it on the
other paper, which is published in Math. Japonica.

4. The method of proof in the previous section enables us to establish a
criterion for the equivalence between norms of Orlicz space without any restricted
condition.

We shall prove the following theorem:

Therem 3. Let ¢, and ¢, are strictly increasing, vanish at u=0, continuous
and convex functions and satisfy the following inequality:

(4.1) €01 (1) () <0, () (0L U< o0)
with constants 0<c,<1<c,<oo. Then we have
4.2) el f g <) Flago<eal Fllugs -

Proof. Since ¢, and ¢, are convex and vanish at #=0, they have the follow-
ing property.
For any constant p>1, we have

(4.3) elou) = peu) (0<u<o, i=0,1).

We may assume that p>1. In the case of p=1, there is nothing to prove. Be-

cause uz(l—%)O—l—%(pu), we have

¢i(u):¢i(<1—%)o+%¢i(pu)>
s(1_%>¢i(0)+%¢i(pu)=%soi<pu> :

and so py(u) <p(ou) (0<u<oco, (=0, 1).
Now by running the same lines as our previous section, we have

(4.4) Eo  lf]1Cci?Egy il flceici By il f] .

Then if we take the infimum of the above sets, we obtain
1l =il f lugo =i I Fllgs

and so

(4.5) el Al <A lago<eall £ lLg

We shall point out that they have also the following property.
For any constant 0<p<1, we have

(4.6) olou) <ppu) O<u<oo, 7=0,1).

5. Letx=(x, ..., Z.), ¥=",, ..., ¥.) be points of the #-dimensional Eucledian
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space R*, A.P. Calder6n-A. Zygmund [1, 2] studied the singular integral operator:
(5.1) fl@)=(f+K)z)=p.v. SR" Kx—y)f(y)dy ,

where the kernel K(x) has the form

(') ;)T

(5.2) K@= =1l

Let us denote by X, the unit sphere on which 2(x’) is defined. Let us denote by
(d), the modulus of continuity of Q2(z’):

(5.3) [2(2)— 2" <wl(z'—y’) .

Let us suppose that
(i) S 2(x')dx'=0 .
z

(ii) Q(«’)e LY(2) and its modulus of continuity «(d) satisfy the Dini condition:

S w—(a)—d5< oo,
o O
As a special case, there are the Hilbert transform:
16>
(5.4) Hf(w)=p.v.~§ 1) 4y,
T ) wZ—Y
and the Riesz transform [5];
ey L ®—Ys
.5 Rf@=po. | 2V fay,
j=1,...,n and
c‘n:_ﬂ.(n‘ﬂ)/z"

n+1>‘

("

The unified operator of the Hilbert transform and ergodic operator due to M.
Cotlar [3] belongs to our category. The maximal operator due to G.H. Hardy
and J. E. Littlewood [5] does too.

Another one is that of Hardy-Littlewood-Sobolev and they considered the
singular integral operator of potential type:

S

R |z—y|™

(5.6) f}(w)=s dy (0<a<1).

] 1 1 . . .
If we write 1<r<s<co, 7——3—=1—2, then it is proved that this operator is of

type (r, s) in the one dimensional case by G.H. Hardy-J. E. Littlewood [4], in
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the »n-dimensional case by S. L. Sobolev [14] respectively. A. Zygmund [19] also
proved that it is of weak type (1, %) in the n-dimensional case. It is also re-

fered to the book of C. Sadosky [13].
As for the theory of Orlicz space, it is refered to the book of W. Orlicz [12]
and A.C. Zaanen [18].

References

[1] A.P. Calder6n and A. Zygmund, On the existence of certain singular integrals, Acta
Math., 88 (1952), 58-139.

[2] A.P. Calder6n and A. Zygmund, Singular integrls and periodic function, Studia Math.,
14 (1955), 249-271.

[3] M. Cotlar, A unified theory of Hilbert transforms and ergodic theory, Rev. Mat. Cuyana,
1 (1955), 105-116.

[4] G.H. Hardy and J. E. Littlewood, Some properties of fractional integral 1, Math. Z.,
28 (1928), 565-606, II, ibid., 34 (1931-2), 403-439.

[5] G.H. Hardy and J. E. Littlewood, A maximal theorem with function-theoretic applica-
tions, Acta Math., 54 (1930), 81-116.

[6] H.P. Heinig, On an interpolation theorem of Zygmund and Koizumi, Canad. Math.
Bull., 13 (1970), 221-226.

[7} J. Horvath, Sur les fonctions conjuguées d plusieurs variables, Indag. Math., 15 (1955),
17-29.

[8] S. Koizumi, Contributions to the theory of interpolation of operations, Osaka J. Math.,
8 (1971), 135-149, II, ibid., 10 (1973), 131-145.

[9] W.A.]J. Luxemberg, Banach Function Spaces, Thesis, Univ. of Delft, Assen 1955.

[10] J. Marcinkiewicz, Sur [Uinterpolation d’operation, C.R. Acad. Sci. Paris, 208 (1939),
1272-1273.

[11] T. Miyamoto, On the L' estimates for singular integrals, Keio Science and Technology
Reports, 46 (1993), 1-9.

[12] W. Orlicz, Linear Functional Analysis, Series in Real Analysis, Vol. 4, World Scientific
Pub. Co. Ltd., 1992. : ‘

[13] C. Sadosky, Interpolation of Operators and Singular Integrals, Dekker, 1979,

[14] S.L. Sobolev, Or a theorem of functional anralysis, Mat. Sh., 4 (1938), 279-282.

[15] T. Sobukawa, Extrapolation theorem on LP spaces over infinite measure space, Math.
Japonica, 38 (1993), 781-789, II, ibid., 39 (1993), 147-156.

[16] A. Torchinsky, Interpolation of operations and Orlicz classes, Studia Math., 59 (1976),
177-207.

[17] S. Yano, Notes on Fourier Analysis (XXIX); An extrapolation theorem, ]J. Math. Soc.
Japan, 3 (1951), 296-305.

[18] A.C. Zaanen, Linear Analysis, North-Holland 1960.

[19] A. Zygmund, On a theorem of Marcinkiewicz concerning interpolation of operations, ].
Math. Pure Appl., 35 (1951), 223-248.

[20] A. Zygmund, On singular integrals, Rendiconti di Math., 16 (1957), 468-505.

20



