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ABSTRACTS 

We shall reconstruct the spectral analysis of the generalized Hilbert transforms in R 2, 

which was given in K. Matsuoka [6], under some weaker conditions. 

1. Introduction 

In [l], K. Anzai, S. Koizumi and K. Matsuoka extended the Wiener formula 
to the R 2 case. On the basis of this Wiener formula, K. Matsuoka [5] constructed 
the generalized harmonic analysis (GHA) on R 2

• And, in [6], we showed the 
extension of Koizumi's theory ([2, 3]) of the spectral analysis of the generalized 
Hilbert transform (GHT) 

j(x)=Iim x+i \ f(t). _!!!___ (f E L~(R)) 
E->0 'Jr JO<t:S:!x-t[ t+t x-t 

(as for the notation "L~(R)", see Section 2) to the R 2 case by using the GHA on 
R 2 • In order to do this, we assumed several conditions ((M1)-(M7) in [6]). 

The purpose of this paper is to show the same results as in . [6] under some 
weaker conditions ((M2)r2, (M4h·,..2; (M2)s, (M.)s: (M2)s', (M.)s' in Section 3). 

2. Preliminaries 

Throughout this paper, all functions we consider will be complex valued 
and measurable on R or R 2

• 

In this section, we list the notation, which will be used in what follows 
(see S. Koizumi [2, 3], P. Masani [4], K. Matsuoka [5, 6] and N. Wiener [7, 8]): 

(a) L~(R)={gEL?oc(R): )~00 Jg(x)l2dc(x)= ! ~~00 !~~~: dx<oo}, 

* Keio Shiki High School. 
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K. MATSUOKA 

(b) [Wiener's generalized Fourier transform (GFT)] 

. 1 [~A ~-1] e-tut s(u; g) = 1.1.m .. 12- + g(t) _ 't dt 
A-+oo V 71: l -A Z 

1 cl e-iut_l 
+ -v2n: J _

1 
g(t) -it dt (g e L~(R>> , 

. 1 [~A ~-1] [~A ~-1] e-iu• e-ivt s(u, v; f) = 1.1.m. 
2
-- + + f(s, t) --:=-:--- _ 't dsdt 

A-+00 71: 1 -A 1 -A ZS z 

. 1 [~A ~ -1 J ) 1 e- iua -1 e- ivt 
+ 1.1.m. 2-- + f(s ,t) ~- _ 't dsdt 

A-.oc 71: 1 -A _ 1 ZS Z. 

. 1 ~1 [~A ~-1] e-ius e-ivt_l 
+1.1.m. -2 + f(s, t)--:=-:--- _ .t dsdt 

A-+00 71: -1 l -A ZS z 

+21 C1 C1 f(s, t) e-iu•.-1 e-ivt~l dsdt (/E L~(R2))' 
n: J-1 L1 -is -i 

where the notation "1.i.m." means the limit in L2(R) or L2(R2
); 

(c) Ll,s(u; g)=s(u+e; g)-s(u-e; g), 

Ll,,1Js(u, v; f)=s(u+e, v+1J; f)-s(u-e, v+7J; /) 

-s(u+e, V-1); f)+s(u-e, V-1); /) ; 

(d) The notations ".9P1 -lims.r~oo" and ".9P2-limB.7J~+o" mean that in each of them 
a limit exists and has the same limit for every positive constant C 
whenever S and T tend to infinity or e and 1J tend to zero in such a 
way that S=CT or 1)=Ce respectively; 

(e) W 2(R) = {g E LFoc(R): sup 
2

1
T CT lg(t)l2dt< oo} , 

T>O J-1• 
W 2(R 2)= {t E Moc(R2

): ~~p -
45

1
T- CT Cs J/(s, t) J

2dsdt< oo} 
S,T>o Lr J-s 

(f) ~/2(R) = { g E LFoc(R): ¥~ ~T [T lg(t)j2dt exists} , 

5P2(R2)={fe W 2(R 2
): .9P1-}i~004~T ~:r ~:s lf(s, t)l 2dsdt exists} 

(g) S(R)={g E LF0 c(R): <)(x; g) exists 'for all x ER} , 

S(R2) = {/ E W2(R2
): <)(xi. x2 : f) exists for all (xi. x2) E R 2} , 

where 

1 CT -
</J(x; g)= ii~ 2T J-r g(x+t)g(t)dt 
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and 

</J(X1, X2;/)=~1- 8~~~00 4~f CT [/(x1+s, x2 +t)f(s, t)dsdt, 

which are called the covariance functions of g E S(R) and f E S(R2) 

respectively; 

(h) S' (R) = {g E S(R): <jJ(x; g) is continuous on R} ; 

S'(R2)={/E S(R2
): <jJ(x 11 x2 ;/) is continuous on R 2

} : 

(i) [The generalized Hilbert transform (GHT)] 

(H(l)/Hx1, X2)=lim Xi +i \ f(s, ~2) __!!._s___ (/ E L~(R2)) , 

E1->0 7r Jo<s1:S:lx1-•I s+z X1-S 

(H<2)/Hxu X2)=lim x2 +_j_ \ /(xi, _t) _!!!____ (f E L~(R2)) , 

t2-+0 7r Jo<a2:s: lxrtl t+z X2-t 
(Hf)(xu X2) = (H<2 ) fl<l)f)(xu X2) = (fl<l) fl<2)/Hx1, X2) 

= lim (X1 +i)~x2+i) \ \ /(~, t) . dsdt 
e1, ero 7r J Jo<11:s:1x1-11 (s+z)(t+z) (X1-s)(x2-t) 

O<t :S:Jx -ti -
2 2 (/ E L~(R2)) . 

Note that 

on R or R 2 (see Theorem 1 of K. Matsuoka [5]). 

3. The spectral analysis of the generalized Hilbert transform (GHT) 

In K. Matsuoka [6], under several conditions (M1)-(M1 ), we determined the 
spectral relation between a given function on R 2 and its GHT's, and saw that 
the properties of the given function are reflected on those of its GHT's. In 
this section, we shall show the same results as in the above under some weaker 
conditions. 

First, we state the theorems concerning the mean total power of the GHT. 

Theorem 1. Suppose f E '7P'"2(R2
), and it satisfies that 

1 ~
00 

~6 ~2- lim -
8

- IL1 •. "s(u, v; f)l2dudv=O 
e,7J-.+o 7rc7J -oo -s 

and that 
(M2),, 2 there exists a function k{ (x2) E '7P'"2(R) such that 

(3.1) ~2- lim _1_\"" \2ell.i.m.l_\B \B f(s,~)2sinr;t e-i<ua+vt)dsdt 
t, 7J-++O 87rc7J Loo j 0 B-+oo 27r LB LB s+z t 

- ~ ~ · L1"s(v; k{) I 2dudv=O. 
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Then H<1>f € ?P"2(R2) and 

(3.2) .9£'1-},~~00 4~T ~ :T ~ :s I (H<1>/)(s, t)l2dsdt 

=.9£'1- PR!
00 4~T ~:T ~:s l/(s, t)l2dsdt+ ii~ 2~ ~:T lk{(t)l2dt . 

Theorem 1'. Suppose f E ?P"2(R2
), and it satisfies that 

1 ~1) ~
00 

.9£'2- lim 
8
- IJ,, 11s(u, v; f)l 2dudv=O 

• .11 ..... +o rrsr; -fJ -oo 

and that 
(M4)~ 2 there exists a function k{ (x 1) € ~2(R) such that 

(3.3) /'.'.4'] 1. 1 ~ 211 ~
00 Ii· l~B~B/(s,t)2sinss ·c+>dd ..7l'2• lffi -- ,l.ffi, - --- ·;--- e-i UI Vt S t 

•,1/-++o 8rrsr; o -oo B-+oo 2rr -B -B t+t S 

- ~ ~ · J,s(u; k{) j 2dudv=O. 

Then H<2>f E ':P'2(R2) and 

(3.4) ~1-PP2
00 4~T [T [s l(H<2>/)(s, t)l2dsdt 

=~1- J.iR!
00 
4~T [T [s lf(s, t)l2dsdt+ ]~1!; 2~ [s lk{(s)j2ds . 

Theorem 2. Suppose f E ';W2(R2
), and it satisfies that (M1), (M2) 2, (M3), 

(M4)» 2 and, in addition, that 

.9£'~- lim 1 ( 11 \2• \ l.i.m. L \ B \ B f(s, __ ~) 2 sin r;t e-i(us+vtldsdt I~ dudv=O , 
•,1) ..... +0 4rrs7J J-11 Jo n ..... 00 2rr 3-n LB s-t-t t 

/:ii? I' 1 ~21/ ~· I I . 1 ~B ~B f(s, t) 2 sin SS -i(us+vt)d dt 12 d d -o .;n;2 - 1m -- .1.m. - --------.----- e s u v-
•• 11 ..... +o 4rrsr; 0 -• B ..... oo 2rr -B -B t+i S 

and 
(M1) there exists a constant k{ such that 

.9£'2- hm -- 1.1.m. - . . . 1 ~211 ~2• \ • 1 ~B ~B f(s, t) 
:,11 ..... +o 4rrsr; o 0 B .... 00 2rr -n -B (s+i)(t+t) 

7r I 2 · e-Hus+vt>dsdt-2 k{ dudv=O . 

Then Hf E '7P"2(R2
) and 

(3.5) ~1- J,i~00 4~T [T ~:s l(Hf)(s, t)l2dsdt 
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On the generalized Hilbert transforms of functions of two variables II 

+ F~ 2~ ):r lk{(t)l 2dt+ 1i~ 2
1
5 [., lk{(s)l2ds+lk{l 2

• 

By Theorem 22 of N. Wiener [8] and Theorem 3 of K. Matsuoka [5], in order 
to prove Theorems 1, 1' and 2, it suffices to verify the following three lemmas, 
respectively. 

Lemma 3. Under the hypotheses of Theorem 1, 

1 )
00 

)

00 

(3.6) ~2- lim ~16 0 - ILl,, 17s(u, v; HC 1)f)l2dudv 
t, TJ-++O 7'C"EYJ -oo -oo 

=~2- lim 
16

\ ("° (
00 

IL1,, 17s(u, v; f)l 2dudv+ lim 
4
_!_ ("" IL117s(v; k{)l2dv. 

E' TJ-++O 7'C EYJ Loo J-00 1}-++o rcr; J _00 

Lemma 3'. Under the hypotheses of Theorem l', 

(3.7) ~2- lim -
16

\ (
00 

("" JLl,, 17s(u, v; HC 2)f)l2dudv 
e,1}-++o 7'CeYJJ-ooJ-oo 

=~2- lim -
16

1
2 (

00 
("" ILl,,17s(u, v; f)l 2dudv+ lim 

4
__!_ ("" ILl,s(u; k{)J2du. 

s,1}-++0 7'C EYJ J-oo J-oo s-++o 7'CE J-oo . 

Lemma 4. Under the hypotheses of Theorem 2, 

1 )
00 

~
00 

(3.8) ~2- lim -
16 2 

JLl,, 17s(u, v; Hf)J2dudv r, 17-++o 7'C EYJ -oo -oo 

1 )"° )"° =g2_ lim -
16 2 JL1,, 17s(u, v; f)l2dudv 

E' 1}-++0 7'C EYJ -oo -oo 

+ lim -
4

1 
("" JL117s(v; k{)j 2dv+ lim -

4
1 ("° ILl,s(u; k{)l 2du+Jk{J 2 • 

7J-++o 7CYJ J _00 e-++O 7'Ce J-oo 

Proof. Using Theorem 9 and Lemma 4 of K. Matsuoka [6], and the condi­
tions (M1), (M2)» 2, (M3), (M4)y-·2, (MoHM1), we have 

1 )"" )"° ~2- lim -
16

-2- ILl.,17s(u, v; Hf)l 2dudv 
E,1}-++0 7CEYJ -oo -oo 

=~2- _Iim -
16

\ ( ( IL1,.7Js(u, v; f)J2dudv 
e,7J-++O 7'C EYJ J1vl>1} Jlul>e 

+~2· lim ~-( (2•11.i.m.-l_\B \B [~J2Sinr;te-i(v.a+vt)dsdtl2dUdV 
t,1}-+-t-O 4rc·tr; J1vl>7J Jo B-+00 2rc LnLB s+t t 

/2'J l' 1 ~2'1 ~ 11 · 1 )B ~B j"(0~2sintS -iCtu+vt)d dt,2d d +..:::n;2- Im -
2

- .1.m. - . e s u v 
e,1}-++o 4rc EYJ 0 Jul>s B-+oo 2rc -B -B t+t S 

/2'J l' 1 ~27J )2• 1 l . 1 ~B )B f(s, t) -iCv.a+vt)d dt I 2d d +-=2 - Im - 2 - .I.m. 2--- ( + ')(t+ ") e s u v e,1}-+-t-0 7'C EYJ o o B-+oo 7'C -B -B S t t 

1 ~
00 

~
00 

=~2- lim -
16 2 

IL1,,1)s(u, v;f)l 2dudv 
s, 7J-++O 7'C EYJ -oo -oo 

1 )"' 1 ~
00 

+ lim 
4
----- IL11)s(v; k{)J2dv+ lim 

4
-- ILl,s(u; k{)J 2du+ lk{l 2 

• 

7J-++O 7CYJ -oo t-++O 7'CE -oo 
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Thus, (3.8) is proved. • 

Similarly, we prove Lemmas 3 and 3' by Theorem 8 and Lemma 4 of K. 
Matsuoka [6]. 

Next, we show the theorems concerning the covariance function of the 
GHT. 

Theorem 5. Suppose f E S(R2
), and it satisfies (M1) and that 

(M2) 8 there exists a function k{(x2) E S(R) such that (3.1) holds. 
Then H< 1)f E S(R2) and 

(3.9) 

Theorem 5'. Suppose f E S(R2), and it satisfies (Ma) and that 
(M4) 8 there exists a function k{(x 1 ) E S(R) such that (3.3) holds. 
Then H<2f E S(R2) and 

(3.10) 

Theorems 5 and 5' follow by the same argument that will be used in the 
proof of the following theorem. 

Theorem 6. Suppose f E S(R2
), and it satisfies (M1), (M2) 8 , (M8), (M4) 8 and 

(M5HMr). Then Hf E S(R2
) and 

(3.11) </>(X1i X2; Hf)=</>(X11 X2;/H<fa(x2; k{)+<j>(x1; k{)+lk{/ 2
• 

Proof. By Theorem 9 and Lemma 4 of K. Matsuoka [6], the conditions (M1), 

(M2) 8 , (Ma), (M4)s, (M5)-(Mr), Theorem 27 of N. Wiener [8], and Theorem 6 of 
K. Matsuoka [5], we have immediately 

1 ~ 
00 

~ 
00 

</>(X1, X2; Hf) =YR2- lim --- -2- ei(uxl +vx2) l.1s.1)s(u, v; f)l2dudv 
s,'! ..... +o lfor er; -= -oo 

+ lim _!_ \°" eivx2IJ'!s(v; k{)l2dv 
'!->+O 4nr; Loo 

+ lim __!__ \°" eiux1IJ,s(u; k{)l2du 
1 ->+O 4ns J _= 

+lk{l 2 

=</>(X1, X2;/H</>(X2; k{)+<j>(xi; k{)+Jk{l 2 
• • 

Finally, by Theorems 5, 5' and 6, we obtain the results concerning the 
GHT of functions in the class S'(R2

). 

Theorem 7. Suppose f E S'(R2
), and it satisfies (M1) and that 

(M2)s' there exists a function k{(x2) E S'(R) such that (3.1) holds. 
Then H(l)f E S'(R2) and (3.9) holds. 

Theorem 7'. Suppose f E S'(R2
), and it satisfies (M3) and that 

(M4)s' there exists a function k{(x1) E S'(R) such that (3.3) holds. 
Then H<2)f E S'(R2) and (3.10) holds. 
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Theorem 8. Suppose f E S'(R2
), and it satisfies (Mi), (M2)s', (M3), (M4)s' and 

(M5)-(M1). Then Hf E S'(R2
) and (3.11) holds. 

Remark. Throughout this paper, the limit processes depend on the restricted 
limit processes ~1 -lims.r~oo and L~2 -lime,,;-+o involved in the GHA on R 2

• On the 
other hand, the GHA on R 2 is also established under the independent limit 
processes lims.r~oo and lime.7)~+o· Thus, the results in this paper also hold under 
the independent limit processes lims.r-oo and lime.7J~+o instead of the restricted 
limit processes ~1-lims.r-00 and ~2-lime.7)-+o, respectively. 
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