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1. Introduction

The auther was informed by H. L. Hurd [1] that he had shown that a second
order stochastic process (possibly discontinuous) X(¢, w), —oo <#<co, @ being an
element of a given probability space 2, can be represented by the (C, 1) sum of
the Fourier-like series

(1.1) . 23”_ a,(t, o) exp @rikt|T) ,

under some conditions on the correlation function EX(#, »)X(s, w) and the natural
condition on X(¢, w) at ¢, where a.(¢, ») is given by

1.2) at, =1im. % S‘ Wo(u—1) exp (—2niku/ T)X(x, w)du
with
1.3) W, =30GUT) it/ T)

/T

and T is any positive number. Here l.i.m. means the limit in L:}(2). We used
a slightly different notation for W. from Hurd’s, for later convenience. (1.1) is
not an ordinary Fourier series, since the coefficient «.(¢, v} depends on the
variable ¢.

Now we take ¢ in a.(¢, w) to be a fixed constant (independent of #) ¢, and
write a,(w)=a,(t,, ) and consider the series

o0

(1.4 k=Z]_°° a,(w) exp 2rikt/T) .

* Former Profe'ssor‘(Department of Mathematics).



T. KawaTra

For simplicity, we take ¢#,=0 in what follows, so that

P
(1.5) ak(w):l;‘i.m. % S W) exp (—2niku/ T) X(u, w)du .
Il —4

We then ask what will be said about (1.4). The problem will be treated
in 4. Roughly speaking, we shall show that there is a T-periodic stochastic
process X,(¢, ) which apprgximates X(¢, w) for each ¢ when T is large and is
such that Fourier series of X,(¢, w) is just (1.4) with (1.5). The precise statement
will be given in 4.

In this sense (1.4) is called an approximate Fourier series of X(t, ). Also
we agree to call Xr(t, w) a T-periodic approximate stochastic process.

The auther [2], [3] has studied the approximate Fourier series of a weakly
stationary process and a general linear process. In particular, the auther was
interested in the almost sure absolute convergence of the approximate Fourier
series, which enabled him to find sufficient conditions for the sample continuity
of the given stochastic processes. In this paper, we shall make the similar
investigation along this line, for a general second order process.

We throughout this paper suppose that X(t, o) in consideration is a mesurable
second order process with bounded second moment:

(1.6) S EIX({¢, o)P<M, —oco<t<oo .

We here note that (1.6) implies
A
(1.7) S | X(¢, w)?dt<oo , almost surely ,
—4A

for every finite A.

2. An approximate Fourier series

We now consider

sin (xt/T)
DT, 150

@1 V=]
in place of W,(f) in 1 and take up the series

2.2) ) % cylo) exp (2nikt/ T)
instead of (1.4) where
23  c@=clo, T)

B
:l.i.m.—l- S Vr(u) exp (—2riku/T)X(u, w)du , k=0, +1, -
—4 .

4,Boo T

As we will see later, (2.2) is much easier to handle than (1.4). c(w) is
actually well defined. First we prove this.
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On approximate Fourier series of a second order stochastic process

Let B’>B>0. Using the Minkowski inequality, we have

2

E <

< {S: Vo) E| X(u, w)l*]‘“du}z

SB' Ve(n) exp (—2niku/ T) X(u, w)du

SMDB' VT(u)dujr

B
[SB' du 2 _MT*
s (@u/T)2]~ =B?

IA

which converges to zero as B—co. For (-4, (0< A<A’) we have the similar
estimate. Hence c,(w)=ci(w, T) exists for every T and E|cw)|><co.
Now for each ¢, we define
A K .
(2.4) X,(t, w)=11{.ii13°. i=§‘:L Vo@+iT)Xt+iT, ) .

The right hand side really exists. For a fixed ¢, taking K>1 so large that
KT>2|t|, we have, using the Minkowski inequality, for K'> K,

@5 E| L Vit+iDXe+iT, o <| 5 BV e+ DXeHT, o}

K[<;(,~—fm>4E1X(t+ iT, w)|z:|”2}2

<,

<cm| 5 L ¥
< L-:ZK (j—1/2>*]
<CMIK®,

R

where C’s are absolute constants and may be different on each occurrence.
-L
The similar estimate is obtained also for ):L (1<L<L’). Thus the right
j=—1L'
hand side of (2.4) exists.
Obviously we see
(2.6) E\X,(¢t, 0)—X;(t+T, 0)]*=0

for every ¢, that is, X’T(t, w) is a T-periodic stochastic process.
Now we shall show, in the following section,

Theorem 1. Let X(f, w), —oo<t<oo, be a second order stochastic process
satisfying (1.6). Then we have
(i) For T>2}¢,

@.7) E|X:(t, o)’ <CM,
and
(2.8) E|X,(t, 0)—X(t, 0)P<CM-14/T* .

(ii) The Fourier series of XT(t, w) ts given by (2.2), where C is an absolute
constant, and M is the constant in (1.6).

3



* T. KAWATA

If, for a given second order stochastic - process X(At, o), there exists a 7T-
periodic second order process. X’T(t, o), such that E|X (¢, w)|* is bounded and
X,(¢, ») converges in L*(Q) to X(¢, w) for each ¢ as T—oo, then we agree to call
)gT(t, w) an approximate T-periodic stochastic process and the Fourier series of
X.(t, w) an approximate Fourier series of X(t, w).

3; Proof of Theorem 1

We shall give the proof of Theorem 1. In what follows, in this section
and also even thrdughout this paper, C’s denote absolute constants which may
differ from each other. M is the constant in (1.6) all the way.

We begin with

Lemma 1. For 2|¢|<T,

K—00, L~0o j=—L,§#0

2
3.1) Lim. % V,(t+iT)X(¢+5T, w)l <CMsin* (zt/T) .

Proof. The left hand side of (3.1) is not greater than

2

3.2) E11m Z} +2E11m Z‘

K—oo gj=1 Lo j=—L

The first term is

& sint [wt I TT] g o ]
ole . 7 T’
2EPLm. B =gy AT
o k sintzt/T
=2Lim B\ & Sarey
K
=2 sint (nt/T) Lim. B\ 2 —omr e

which is, as in (2.5)
| <CMsin* (zt/T) .

The same estimate is obtained also for the second term of (3.2) and hence
the lemma is proved.

We are now going to prove TheorAem 1.

(i) From the definition (2.4) of X, (T, w), we see

3.3) XAT, 9)=V:()X(t, )-+1.Lm. z: _ Velt+iT)X(E+T, o)
—00 —-K,4

i=

and hence

A K
E|X(t, o)'<2E|V,()X(?, )*+2E |Lim. 3 Ve(t+5T) X +iT, w)
. . . F

-0 fm=-

Noting 0< Vp(H)<1 (—oo<{<0), we have from Lemma 1, that the last one is

4



On approximate Fourier series of a second order stochastic process

<2M+-CM=CM .

This proves (2.7) of Theorem 1, (i).
From (3.3), we have

A K 2
ElX,(t, )= V)X, o)*'=E Lim. 2 Vit +iT)X(E+5T, )

Koo j=—K,j
which is, by Lemma 1,
(3.4) <CMsin* (xt/T)<SCMtT* ..
Thus, for 2| <T ;
E|X,(t, )= X(t, ) P<2E|Xy(t, 0)— Vi X, 0)*+201— Vi)V E|X(t, 0)]* .
Since 01—V, (1) <C#/T?, we have, using (3.4), that the last one is
<CMT* .
This proves (2.8) of (i).
(ii) From (2.3), for k=0, +1, ---,
K JT+T/2
b S exp (—2kniu/T) Vi(u) X(u, w)du
j=—K )r-r/2

2
exp (—2krin/ T) Vo(u+jT)X(u+jT, w)du

ST
==K J-r/2

K
=—§ exp (—2kzin/T) Lim. 3% Viu+iT)Xu+iT, o)du
-1/2 Koo j=—K
T/2

= S exp (—2kriu/ T) Xr(u, w)du ,
-T/2

that is, ciw)=cy(w, T) is the Fourier coefficient of X,(t, »). This proves (ii) of
Theorem 1.

4. On the series (1.4)

We shall in this section consider the series (1.4) with a.(w) given by (1.5),
k=0, =1, ... and show that it is also an approximate Fourier series of X(¢, o)
in the sense similar to Theorem 1. However for the existence of a,(w) and for
the proof of the theorem corresponding to Theorem 1, we need more conditions
than in Theorem 1.

Write the correlation function of X(¢, w) by

“.1) o(t, s)=EX(t, 0)X(s, ) .
Consider the following

Condition A. There is a nonnegative bounded functzon r(t), —oo <t oo with
the following properties: :
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(i) r(t) and r(—?) are nonincreasing for t>0,

(ii)
4.2) lot, $)|<7(t—s)
and
4.3) Sw ri)dt<co .

We here remark that Hurd assumed the conditions (ii) in proving his result
stated in the beginning of 1 that (1.1) represents in (C, 1) sense the given

stochastic process X(#, w) under some natural condition on X(¢, ») at £.

We also remark that, in the following discussions, the condition (i) can be
replaced by the condition that r(|#]) is monotone for large |#|, but just for

simplicity we assume (i).
We first give a simple lemma.

Lemma 2. If () and r(—t) are nonnegative and nonincreasing for t>0 and

(4.2) is satisfied, then

(4.4) y kT)<= g r(d)dt
k=—c,k#0 T lelzr/2

for every T>0.
Proof. For k>1

1 (k+1)T 1
S rOdt2r(k+DT) 25 r(®+DT),

kT

N

1 (7 1
TS r(t)dtZEr(T).

T/2

Hence

o

lr(kT)s% S HO)dt .

T/2

TMs

Similarly

=1

2
3 kT2 8

-T/2
v

(tdt .

=00 —o

These two inequalities give us (4.4).

Now assuming Condition A we define as a counterpart of (2.4)

~ K
4.5) X, w)zléiim' _ZL Wrt+iT)X@t+iT, w) .
\ Lo jom

In fact the right hand side of this exists, if Condition A is satisfied.

6



On approximate Fourier series of a second order stochastic process

prove this.
Note that

T

Wrt-+jT)=sin (zt/T) exp (—nit/T) AT

For 1<K<K’, we then have
K’ . 2
(4.6) E| % Wit+iT)X(t+iT, o)
i=
. X@t+iT, 0)|*®
[Tt g |5 XtHiT, 0)
[T-=tsin (zt/T)] E| ;K T1iT
o K X(@t+iT, o) X(@+kT, 0)
22
<T'z"E §JK k§K @+iT)¢+kET)
L K pU+iT, t+kT)|
2 2
=T L B G DGRD)
r(j—RT)

ST % B G DGR
re]

K
rTr+5 5 ]
j=K k=j k=K j=k+1

in which

) i 1 7(—IT)
B BT BT BTG T

Ms

Taking K so large that ¢+ K7T>0, we have the last one to be

® 1
< 4=‘]' GTITY & Z r(—IT)
which is from (4.4) of Lemma 2
C 1
“n SKT—l 2] [r(o)_l-f S!upmr(u)du]

and this converges to zero as K—oo.
o0 0
SimilarlykZ:K x 1adso converges to zero as K—oo. Hence
=K j=k+

llm E Z} Wet+jT)X(t+4T, a))‘ =0.

K’>K

In the same way

L—oo

L'>L

—_ 2
B Wt DX+T, )| =0.

Thus (4.5) is well defined.



T. KAWATA

. From the definition of X,(# o), it is obvious that X,(¢ o) is T-periodic as
X, (¢, o) is.
We mention the following lemma which corresponds to Lemma 1.

Lemma 3. For 2/t <T

2
.8) E| lim. %  W(+iT)X¢t+iT, o)
K—oo,L—co j=—L,§#0
<C [r<0)+l S r(u)du] sin® (zt/T) .
T lul>t/2

The proof can be carried out just in the similar way to that of Lemma 1,
if one notes (4.6) and (4.7) with K=1.
As a counterpart of Theorem 1, the following theorem holds.

Theorem 2. Let X(t, 0), —o<t<oo be a second order stochastic process
satisfying Condition A. Then we have
(i) For T>2|t

4.9) E| X2, w)12£Cl:r(O)+% S r(u)du:l
lul>t/2

and

(4.10) E| X, (¢, 0)—X(, w)|2£C|:r(0)+% g r(u)du} 2T,
lul>t/2

(ii) The Fourier series of X,(t, w) is given by (1.4) where aw) is defined
by (1.5).

Proof. The proof is carried out just in the way similar to that of Theorem 1.
(i) We have only to replace V. (#) by Wi(¢) in the proof of Theorem 1 and
note that

sin (zt/T)

1= Watt)l=| >

exp (—ixt/T)—1|<ZCl¢||T .
And use Lemma 3 instead of Lemma 1.

(ii) The proof is also the same as in Theorem 1 if one replaces V() by
Wi (2).

Thus the series in (4.5) is an approximate Fourier series of X{¢, w).

5. Absolute convergence of an approximate Fourier series

We are now interested in the almost sure absolute convergence of an ap-
proximate Fourier series. We know [2], [3] that this problem played interesting
roles particularly in the study of sample continuity of weakly stationary processes,
general linear processes and periodic processes. This suggests that the similar
situation may come out also for the general stochastic processes. We will show
that it actually is. ) :



On approximate Fourier series of a second order stochastic process
For simplicity, we only consider the approximate Fourier series
(5.1) kz‘_. cilw, T) exp 2krit/T)

of a second order stochastic process X(¢, ) satisfying (1.6), considered in 2, and
we shallyinvestigate the almost sure absolute convergence of (5.1).
Before doing this, we begin with mentioning a certain known result on the
periodic process.
Let X(t, w) be a 2z-periodic process for which {7, E|X(¢, w)|*dt<co. Write
2

(5.2) M,.(3, X)= sup [i S E|X(t4+h, o)—X(, w)]gdt:il/ )
1h=s 21 J-n

Then we have the following result which we state as

Lemma 4. If
5.3) 5 n7 Mi(Lfm, X)<oo

then the Fourier series of X(t, w) converges absolutely almost surely.

In fact this is an analogue of the well known Bernstein theorem on absolute
convergence of an ordinary Fourier series [6] p. 240 and is a particular case of
Theorem 3.1 in [4].

Now we go back to our main stream.

For a second order stochastic process X(¢, W) satisfying (1.6), we introduce
a kind of continuity modulus

= E|X(t+h, 0)—X(¢, o)|*
e 14z

1/2
(.4) N,(, X):l:sup S dt:I (»>0) .
[hi<é

Obviously this is well defined.
When X(¢, 0) is T-periodic, we write

T/

5.5) M, (G, X)= sup [%S Y EIX(t+h, o)— X, m)lzdt]w.
[hi<d

-r/2

Let X,(¢, w) be the T-periodic approximate process of X(¢, ») as before.
We first give

Lemma 5. For 0<6<7T/3, 1>p>0, we have
(5.6) M6, X)) SCM 2T ~1-5+CT?:N,(3, X) .
M is the constant in (1.6).

We first note that for |k|<s, T>2[¢,

(5.7 |Vet+h+iT) =V (t+T)|<Clh|T Y2,  for j#0,
<C|h T, Jor j=0.

9
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Actually for j=#0,

a sin (z/T)
6.8 L Vilu+iT)= [_(JTTT)]
_ 2 [ sin @u/T) z(w/T+j)—tan (xu/T) 1
Tr? I: u/T+j ] W/ T+t - cos (zu/T) - T
and then
|2 iy | < S MWD

lu/T+j|*

Hence for any 0<6<1, from ||t-+60h|/T-+j1>7]1—(|¢|+6)T-1>17|—5/6, we see

d . .
| VewkiTy | |<cTy,

u=t+0h
which gives us, because of the mean value theorem, that the left hand side of
(5.7) is, for some (0<6’<1),

| VetwsiTy | |<ClbiT-i

u=t+0'n

For j=0, from (5.8), we easily see

d
,Ziu‘ VT(u)l <CT-

and using this, we obtain the second inequality of (5.7).
Now we proceed to prove Lemma 5.

Proof of Lemma 5.
First we shall make the estimation of
St)=E| X, (t+h, 0)—Xs(t, 0)|? .

Putting the definition of X in the right hand side, we see
St=E|lim. % [Vilt+htiT)=Vilt+i TNX¢+h+iT, o
Vot DX E+h1T, )= X+, o]
<21im. B| £ (Vit+htiT)= Vel X e+h+T, |

K 2
+2Lim. E| 3 Vit+iDIX+h+iT, o)~ X+iT, a))]l
—00 J:—

=S1(t) +Sz(t) ’

say.

10



On approximate Fourier series of a second order stochastic process

SO CEL Vylt-+h)— Vo) X(t+h, )l
£ Valt-thti D)= Vet DNX G+ h+T, )|

j=—K,j

+Clim. E
K—oo

which is, by (5.7) and the Minkowski inequality
<CMmwT-*
0o 2
+0{ £ [Vilt+h+i D= Vat+iDUEIX¢+h+1T, o)1}

=, j

<cmpT-+oMper_ 5 i)
69  <CMRT-:. |
In the similar way,
S CVEDE| X (t+h, 0)—X(t, 0)|?

) 2
+c{ 5 Vit DIEIX(+h+T, )= X6+T, w)mw} .
gy

i=
Using the Cauchy inequality to the last term, we see
S, ()< CVIE\X(t+h, 0)—X(¢, w)]?
+C_5 Vit+iT)_ 3 Vat+iDEXG+h+iT, o)~ X¢+iT, o)l

j=-

Since V,(t+iT)<Cj2 (j#0) for 2|t|<T, we have, replacing V#(#) in the first
term of the last expression by the larger V,(?),

Sz(t)SCVT(t)E|X(t+hy w)—X(t, w)lg
+C 5 _ Valt+iT)E\X(+h+iT, o) —X(t+iT, o)l .
j=—o0,]

Looking at (5.9),

1 T/2 C T/2
T S SWOdt<CMIT -+ S Ve E|X(t+h, 0)—X(t, o)|dt
-7/2 -T/2
S T/2
+% 5 S Vilt-+i TVE|\X(t+h+iT, 0)— X@+5T, o)[dt
J=—00,5#0 J-7/2

SCMhzT-2+—g— r Vo B\ X(t+h, o)—X(t, o)|'dt .

Noting that Vp(O)<|at/T|- 2 <CT 21+ [t]**?)72 for |t]>T/2, and V(<1<
CT2(1+|t|**#) for 8| <TJ2, we finally get

1 S
§ Swat<cMmT-++CT> |~ L

T Jozse

from which we have (5.6).
Now we give

11



T. KAWATA
Theorem 3. If X(¢, w) is a second order stochastic process satisfying (1.6) and
(5.10) 5 N, X)<oo

for some 0L p<1, then, for every fixed T>O0, the approximate T-periodic Fourier
series (2.2) of X(t, w) converges absolutely almost surely.

This follows from Lemmas 4 and 5. In fact, writing X (T#/2x, w)=U(t, o),
U(t, v) is 2z-periodic and hence by Lemma 4, if

G.11) iln“/2Mg,,(n‘1, U)<oo,

then the Fourier series of U(¢, w) is almost surely absolutely convergent. As is
easily seen ‘Ehe Fourier series of U(¢, w) is no more than theA Fourier series of
T-periodic X, (¢, w). Also we see that M, (6, U)=M,6T/2x, X;) and (5.11) turns
out to be

(5.12) 3 n-sMy(an™, Rp)<oo

where a=T/2z. As far as T is fixed, @ is a positive constant and M,(3, X'T) is
nondecreasing with respect to 4, and then (5.12) is equivalent to

(5.13) % My(nt, Xp)<oo

This is seen in the following way. Letting M(#) be nondecreasing for £>0,

na~1

a—1/2n—1/2M(an—1) SS . y—l/zM(y—l)dy

(n—1a”

and then

oo = na~1l
a—1/2 Z n—l/2M(an—1)S Z S y"l/2M(y-1)dy

n=[al+2 n=[al+2 Jr-1a~t

n

o ) +1
<\ vremuriav< £ yrvemyay
1 n=

n

(5.14) < 5 Mo

Henece the convergence of Zln“”zM(n") implies that of ij‘ln‘l’zM(an‘l). The

converse is similarly shown.
Now from (5.6) with 6=7"* and (5.10), (5.13) holds. And then the almost
sure absolute convergence of the approximate Fourier series of X{(¢, w) follows.
For later use, we give the following lemma.

Lemma 6. We have, for T>4

12



On approximate Fourier series of a second order stochastic process

(5.15) Z} Elc,,(w, T)|<CTv: Z n‘“?M r(nt X)
In|=
Proof. Let U, w)=XT(Tt/(2n), w) as before. Let b be the largest integer
such that 2°<47. Write the Fourier coefficient of 2z-periodic U(¢, w) by d.(w).
From the known argument in the proof of Bernstein’s theorem [6] p. 240 or the
argument in the proof of Theorem 3.1 in [4] with a minor trivial change, we
have

> EldJ)|< % < E
n={4T7] n=30 p=9b—
=% % Bd@I<C_5 n M, U)
n=b j=um" n=20—241
<C ¥ wieMyan, X,)
n=20"2+1

where a=T/(2z) as before and the last one, is from (5.14), not larger than

Ca'® i_::ln—l/ZMT(n-l, X‘T) .

—f47]
For Z; Eld,,(m)l, we have the same estimate and noting c,(w, T)=d,.(0), we

obtam (5 15).
We add a property of X’T(t, w) which we state as

Lemma 7. If (5.10) is satisfied and X(t, o) is stochastically continuous, then
X,(t w) ts sample continuous, namely there is a second order stochastic process
X O(t, ) which is a continuous function of t almost surely, and for each — oo <t< oo,

(5.16) | Xot, 0)=XP(t, w)
almost surely.

Note that for each ¢, (5.16) holds for we 2,, P(2,)=1, where 2, may depend
on f. X“’)(t o) is a modification of XT(t ).
Because of (5.10), the approximate Fourier series _Z: Colw)er™ /T s almost

surely absolutely convergent. Now define
X(T‘”(t, @)= _f calw)etn=ie/T

which is continuous for —oo<f<co almost surely.

If one notices that X’T(t, o) is stochastically continuous, then Lemma 7 is,
as a matter of fact, substAantially known. See the proof of Theorem 6.1 of [4].
Stochastic continuity of X,(¢, ») is easily shown from the fact that

A K
Xeslt, )= I Vit DX+ T, o)

13
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is, for each positive integer K, stochastically continuous and converges to X’T(t, )
as K—oo in L39).

6. Sample continuity of a second order stochastic process

The problem of sample continuity of a second order process was investigated
by several authors. For the references, see [4] for instance. The author of
the present paper has treated the problem for the periodic process by using the
Fourier series and for the weakly stationally process or the general linear process
using the approximate Fourier series [2], [3], [4] as he said in 1.

For a general process, the Fourier series argument is also applicable if one
considers the truncated process and its suitable periodic extention. In this
section, however we shall show that the method which made use of the ap-
proximate Fourier series and was used in [2], [3], [4], enables us again to disscus
the sample continuity.

We suppose, as before, X(¢, w) satisfies (1.6) and (5.10). We take the modifica-
tion of X,(¢, w)

(6.1) ng’)(t, w)= —Zi cal®, X’T)eznnu/r .

Here in place of c¢,(0)=c,(w, T) we have written as ¢, (o, X, in order to make it
clearer to be the Fourier coefficient of the T-periodic process X,(f, ), so that if

A T A
we write c,(w, X;7) for example, then it means 21—TS X,r exp (—2nxit/(2T))dt.
-T

Now we set
6.2) Silt, 0)=XQ(t, ©)— X9, 0) .
We have considered the similar quantity with 7=2* in [2], [3], [4].

Note first that the Fourier series Ain 6.1) i§ absolute convergent almost
surely in view of (5.10), and also that X{(¢, w)=X,(¢, w) for almost all ¢, almost

surely and then c,(w, X =cuo, }2’(19))-
We have

Silt, 0)=_%_ca(, Rur) exp @urit/@T))— %_calw, Rr) exp @nzit/ T)
=m§_wcz,,,(w, X.r) exp @mait/T)
+ 3 Connsl, Xu) exp(@mADTHT)~ 5 _calw, Xr) exp @mait/ T)
= 2 [em(@, Rer)+ om0, Rur)—calw, X)) - exp @mait|T)

+[exp (zit/ T)—1] _2”_ Comtr(@, Xor) €XD @mrit| T)
=57.1(t, ©)+Sr.,.(t, ©)

say.
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Here
[Sr.alty DISCIH- T 3 [eumeswr Xuo)l
6.3) <CH-T 5 _|en(@, Run)l -

The inside of [ ] in the series S;,.(¢, ») is

6.4) 1 1.i. -m. SK exp (—2@2m)min/(2T)) Vyp(u) X(%,0)du
oT 'k K
o lim, SK exD (—2@m-+1)wit) @ T)) Vp ) X(at, )t
2T ~K
-—%l.i.m. Sx exp (—2mriu| T) Vi) X(u, w)du .
K—oo -K
Since
V()= Vyr(u) cos? (zu/(2T))

and

1+4-exp (ziu/T)—2 cos? (zu/2T))=i sin (zu/T) ,

(6.4) is equal to

ﬁl Ad.m. r exp (—2@2m)ziu/2T)) Vor(u) sin (zru/ T) X(x, w)du ,
Koo Jog

the existence of which is easily shown as the case of c¢,(w) in (2.3).
Writing
(6.5) Y, 0)=Y({¢, T, w)=iX(t, 0) sin (zt/T)
P K
Y, (¢, a))=1.li.m. . Z}K Var(t+2§T)iX(t+25T) sin (xt/T) .
-0 j=—

The 27T-periodic Fourier series of Y,;({, ») is thought of as a 2T-periodic
approximate Fourier series of Y{t, o). Y(¢, w) depends a139 on T, but this gives
no trouble at all. (6.4) is just ¢..(o, Y,;). Needless to say, Ys(t, 0) is 2T-periodic,
and we can prove that 2 [c;m(w, Y.r)|<co almost surely. (see the proof of

Theorem 4 below, in particular (6.9) with Y for 2)
Hence we have, from (6.3) and the above,

(6.6) ISty <3 leaw, Ll +CIHIT 3 Jen(o, Run)l -

Now we are going to prove

Theorem 4. If X(t, ) satisfies (1.6) and (5.10) for some 0<p<co, then
X(t, ) is sample continuous on (—oo, o).

15
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Proof. In order to prove the theorem, it is sufficient to show that X, (¢, w)=
X(¢, w)/(1+1¢]) is sample continuous.

Obviously
(6.7) E|X\(t, o)P<MQ+t)2.

First we suppose 0<p<1. Write Z,(¢, ») for ﬁ,(t, o) with X,(¢, ) in place of
X(¢, ). The Fourier series of Z,(tf, ) is a 27T-periodic approximate Fourier
series of Z(¢, w)=iX,(t, w) sin (xt/T). :

And we see

N, 6, Z){&‘.‘Ea 5 Elsin (z(t+) T)X,(t+h, 0)—sin (zt/ T X, (¢, 0)|*/(1+ |t|1+r)dt}”2

g[sup S“’ Isin (x(t--h)/ T)—sin (xt/ T)|*E| X (¢, w)lz/(1+1t11+r)dt]m

[h|<8 J-
1/2

+[Sup Sw sin® (zt/ T)E| X, (t +h, 0)—X,(2, w)]ﬁ(l-}—]t]“”)dt}

[hi<é

o 1/2
<CM"*T+C S}fgﬁ“ E|X\(t+h, o)—X.(, w)|2(t/T)2/(1+lt|””)dt] .

The second term of the last expression is

1/2

<Csup {|" BLXWHh, )+ t+h) = U )T+ 2t

[h]<é

o 1/2
+C|§»1|1£s U_ E\X(t+h, 0)—X(2, co)|2(1+lt|)‘2(t/T)2/(1+ltl””)dt]

6.8 <COMY:T-4-CT*N,@6, X) .
Hence we have, from the condition (5.10)
(6.9) nﬁ}:ln‘”?N,,(n“‘, Z)<oo
vyhich gives us the almost sure absolute convergence of the Fourier series of
Zyr(t, w) for each T>0.
Here we give a remark. We have
(6.10) E|Zy(t, ) —iX,(t, o) sin (zt/ T)|2<CM#T-° .
This is shown in just the same way as proving (2.8). Write
ROt 0= 3 e, Xipermer,
296, 0= 3_cio, Ziem e,

where )Zl,r(t,‘ w) is the T-periodic approximate process of X, (¢, w). . Then from
(6.6), we have, writing . .

16



On approximate Fourier series of a second order stochastic process

(6.11) Si(t, =X ult, ©)— X2t 0) ,
Sit, < S leat, Zel +CIIT 3 oo, Kl -
Let A be any positive number and w shall prove that there is a modification
X, o) of X,(¢, w), which is independent of A and continuous for |#|<A.

Now letting {e;, £=1,2, ---} be a sequence of positive numbers and 7 so
large that A< T, we have

% _lea@, Zoo)

=

P< sup |S7(z, w)|>sk>§P< sup [
ltl<4 1<
+CHT 5 lealo, Zeanll [>e)
SP< _f:_ [Calw, 22T)|>5k/2>

+P(CAT 5 leato, Xowr)|>e02)
(6.12) =Lt/

say. By the Markov inequality,

Ji<2:E % |ea(w, Zun)l
<27 E % |cao, Zu)| 42 E % |calw, Zuo)l
In|<[4T] Inl2[4T 141
(6'13) =]11 +]12 ’

say. By the Cauchy inequality,

. 1/2
5, oo, Zle | T

]11SC€;1E[
Inl<[4

oo N 1/2
<C'TB| £ leo, 2]
By the Parseval relation, the last one is

1 (7 4 1/2
ce,;lTwE[ﬁ S_T 2t w)[2dt]

1

T . 1/2
<Cei T2 [ﬁ S ElZutt, w)l?dt]

which is because of (6.7) and (6.10)

1
5T
L " e mx.¢, opatrem |
o7 | 16 EIX, oFdt+CM |

T 1/2
6.14) gce,;l:rw[ S {Elsin (zt/ T)X.(t, m)lZ—I—CMt‘*T“‘}dt]
-7
Sce;lT-—l/z[

17
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: T 1/2
SCe,:‘T‘“z[Z—IY—, S E|X(, w)l*dt+CM]
-7
Scs;1M1/2T—1/2 .

As to J,,, we have, from Lemma 6 with Z in place of X
J1:<Cegt T2 ZD:Q n My (nt, 221')
n=1
which is, by Lemma 5 and (6.8),

SCS;lTl/z i n—l/z[CMl/ZT—ln—l+CTp/2NP(n—1, Z)]
n=1

0

SCS{‘T‘“"’)/le/z-FCe;“ T(1+p)/2 Z T-In—1/2Np(n—1’ X)

n=t
<Cept T“l'P)’zl:Ml’z-l-é}ln‘“zN,,(n“l, X)] )
Putting the estimates of J,; and [, just obtained into (6.11), we have
(6.15) Ji<CeT- ‘1“P’/2[M”2+nijln‘“?Np(n", X)] .
J: is similarly handled. In fact J, is no more than J, with C'A"%.T in

place of ¢, and X’MT in place of Z,;, and using, in the course of getting (6.14),
the estimate similar to (6.10),

E|X1,2T(t, 0)—X (¢, )2 <CMp*T*,

which is obtained from (2.8) and (6.7), we have after some manipulation,
jzscA8;1T-(1—p)/2|:M1/2+ f: n“”Np(n"l, X):l .
n=1
Putting this estimate and (6.15) into (6.12), we have

(6.16) P(S}ép‘{ 1S4(¢, w)|>6k>£D'e;1T‘ a-pre

where D is a constant CA[M/2+ E} n2N,(n~!, X)] which is independent of ¢,
n=1

and 7.
We are now in the final stage of the proof of Theorem 4, for 0<p<1.
Take T=2%, ¢,=2"** where a=(1—p)/4. Then from (6.16)

d (S“p | Xienlt, )~ X0uct, w)1>2‘“">spz—«k :

Iti<4

for £>2. Since ] 27%*<oco, by the Borel-Cantelli lemma

¥ 1ROk, 0)— Ok, )] <oo

k=1

18
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uniformly for [¢|<A, almost surely and hence as k—oo, Xi‘{’zk(t, w) converges
uniformly for [¢[<A, almost surely. Thus its limit X{”(#, ) is continuous for
|t|<A since X{%;:(¢, o) is continuous for [¢|<A almost surely.

On the other hand, from Theorem 1, (2.8) with X ,r in place of XT, and X,
in place of X, Xl,2 (¢, ») converges for |t{<A to X,({, w) in L*Q). Therefore
for each #(|t|<A), X.(t, w)=X{"(, v) almost surely. Namely X,(¢, ») is sample
continuous. Hence the theorem is proved.

Finally we show that the restriction 0<p<1 can be removed and the theorem
is true for 0<p<co. Let p>1. We consider X, (¢, o)=X{¢, w)/(1+]t|>~%) where
¢ is any positive number less than 1. Then we can prove

(6.17) N©, Xy <Cp [MYV*(3+774*12)+N,(5, X)],

C,., being a constant depending only on p and ¢ and 0<6<1. In fact

i 1 1 2 dt
2 2 —_— e
N, X,-)<2gsup, S E\X(t+h, o) <1+|t+h1r-« ) TH [t

1 dt
(A+2779)* 14|21+

+25up S E|X(t+h, o)~ X(¢, o)|?
=2K,+2K, ,
say. Noting that (14]¢P" 914 [¢[**9)>1+]¢**? for all ¢, we have

6.18) K, <N, X) .
Writing
1 1
P D=1 15
we have
- dt
K.<Msup S P ) e

=M sup (S +§ )
lhl<a lel<glnl lel221n!
=M(K1,1+K1.z)

say. For |t|<2}h|, |P(t, B)|<||t+h|P7—|t|72| <C,, k7% Hence

(6.19) K, < sup S Pit, hdt<C,, 5@ 0+
[el<2in|

|hi<é
Now as we easily see, for both cases, p—¢g>1, and p—¢g<1,
E+h|?= 20—t~ <Cy  lE1P M A,
for [t|>2]A], and thus

|t|2(p—q—1)dt
.20 K,
(6.20) +SCoo SUD B g.,.m. AT T A9 A P a9
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K, ,<C,,, sup h’[s +S }
[hi<3 jei>e e2i¢tl22lnl

<Gy, 0 [Cp.q-i" sup ¢ (p—q—x)dt]

lhi<s Szzmzm[
<G, 0HC,, ,+C 2P0
<G, (02192 |

From this and (6.19), we have
K, <C,, M(3*+352 @0+ |
Noting (6.18), we have
No, X,-)<C,, [M(32+-62*2+)+N3(s, X)]

from which we get (6.17). Hence
ij‘ n—x/qu(n'-x’ Xp_q)scﬂ'q |:M1/2+ iln—l/sz(n“l' X):| .

So the series on the left hand side is convergent from (5.10). Thus from what
we have shown above, X, (¢, w) is sample continuous which implies the sample
continuity of X(¢, ). Theorem is then shown.

The auther would like to express his appreciation to Prof. S. Nishigaki of
Numazu colledge of Tech. and the refree who pointed out some erroneous points
involved in the original manuscript and helped the auther to complete the
manuscript of this paper.
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