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§ 1. Introduction 

In the early 1950's N. Wiener proved the following theorem (cf. [2]). 

Theorem A. If ~cneint is the Fourier series of a function f EL'(-n, n) with 
cn~O for all n and the restriction of f to a neighborhood (-a, o) of the origin be
longs to £2( -o, o), then f belongs to £2( -n, n). 

The question whether we can replace L2 by LP with l<P~:)() was shown 
negatively for 1<P<2 by S. W ainger [7] and for p > 2 except even integers and 
oo by S. Shapiro [5]. If p is an even integer and oo, it is easy to see that the 
answer is affirmative. Moreover, these results have been extended to compact 
abelian groups by M. Rains [3]. 

In 1987 J.M. Ash, M. Rains and S. Vagi interpreted the conclusion of Wiener's 
theorem equivalently as "~c~ < oo" and obtained the following theorem (see [1]). 

Theorem B. Let l<P<2, q=P/(p-1). If ~cne1nt is the Fourier series of a 
function f EL'(-n, n) with cn~O for all n and the restriction of f to a neighborhood 
(-o, o) of the origin belongs to U(-o, o), then ~c~ <oo. 

In this paper we shall prove that an analogous result holds for central func
tions on SU(2). 

§ 2. Statement of the result 

Let G =SU(2) and H ={h(O) =diag (ei 0 , e-i0); -n ~O ~n} a maximal torus group 
of G. Then each element g of G is conjugate to an element h of H. Therefore, 
if f is a central function on G; f(uvu- 1

) = f(v) for all u, vEG, then f is completely 
determined by the restriction of f to the subgroup H of G. Here we let f(O) = 
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f(h(O)). Since h(O) is conjugate to h( -0): 

(0 -1) (0 -1)-1 

1 0 h(O) 1 0 =h( -O)' 

f can be identified with an even function /(0) of -rr~O~rr. 
If f is an integrable central function on G, the normalized Haar integral of f 

on G is given by the integral of f(O) on [0, rr] as 

(1) ( f(g)dg ='!:J" f(O) sin2 OdO 
Ja rrJo 

(cf. [6], p. 53). Then for p?;, 1 we define 

U( G, H) = { f; f is a central function on G and 

11/llv=( ! ~: lf(O)JP sin2 OdO rP <oo}, 

and for O<o<rr, 

U(G,Ha)={t; f is a central function on G and ~:i/(O)JPsin2 0dO<oo}. 

Let N be the set of nonnegative integers and for each nEN Xn the character 
of a (n+ 1)-dimensional irreducible unitary representation of G. Actually, Xn is 
the central function on G given by 

( 2) 

n+l 

Xn(O)= { sin \n~ l)O 
sm 

(-lt(n+l) 

(O =0), 

(O=t-0, ±rr), 

(O= ±rr) 

and {Xn; nEN} forms a complete orthonormal system of L2(G, H) (cf. [6], p. 49). 

( 3) 

For f EL1(G, H) the Fourier coefficient of f with respect to Xn is defined by 

A 2 ~1( f(n) =- f(O)xn(O) sin2 OdO 
7r 0 

=J_J" f(O) sin (n+l)O sin Odo. 
7r J 0 

Then the Fourier series of f is denoted as I: f(n)Xn. Here we let 
nEN 

111111.q=( I: (n+l)Hlf(n)lq)uq 
nEN 

for 2~q<oo. 
Our theorem can be stated as follows. 

Theorem. Let l<P~2, q=P/(p-1). If /EL1(G, H) has nonnegative Fourier 
coefficients f(n) for all n and f belongs to U(G, Ha), then 11/llM<oo. 
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§ 3. Some lemmas 

In order to prove Theorem we shall prepare some lemmas. The proof of the 
theorem will be given in § 4. 

Lemma 1. Let f eV(G, H) and let g be a bounded central function on G. If 
f and g have nonnegative Fourier coefficients f(n) and g(n) for all neN, then 

(4) (fg)"(n)~{J(O)f(n) (neN). 

Proof. Since the Fourier series off and g are given by I: f(n)Xn and I: g(n)Xn 
nEN nEN 

respectively, fg has an expansion like I: f(k)g(l)XkXz. Then by using Clebsch
k.zeN 

Goldan's law: 

we can deduce that the Fourier coefficient of f g is given by 

(fg)"(n) = I: f(k)g(l) + I: f(k)g(l)+ · · · + I: f(k)g(l). 
k,lEN k,,zeN k.lEN 
k+l=n K+l-2=n lk-ll=n 

Therefore, since f(k) and g(l) are nmmegative by the assumption, if we drop all 
nonnegative terms except k= n and l ;:=O, we can obtain the desired inequality. 

Q.E.D. 

Lemma 2. (the Hausdorff-Young theorem) Let 1 <P~2, q=P/(p-1). Then 
there exists a positive constant Cp such that 

( 5) 

for all f e£P(G, H). 

Proof. Let 1-cn)=/(n)/(n+l). We define 

rirllq=( I: (n+ l)2 lrCn)lq)11q 
nEN 

for 2~q<co and 11/-Jloo=sup lrCn)I. Then, since !Xn/(n+l)J is bounded above by 
nEN 

1, it is easy to see that llrlloo~ll/ll1 for feV(G, H). Moreover, since {Xn} is a 
complete orthonormal system of L2(G, H), it follows that for f eV(G, H) 

11/-11~= E (n+l)2 !/~(n)l 2 

neN 

= I: J/Cn))J 2 =11/!I~. 
n-EN 

Therefore, applying the Riesz-Thorin interpolation theorem (cf. [4], p. 27), we see 
that there exists a positive constant Cp such that Jlrllq~Cpll/llP for f e£P(G, H) 
(1 <P<2). Then the desired result follows from the definition of r. Q. E. D. 
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Lemma 3. Let O<a<rr. Then there exists a central function g on G satis
fying the following conditions. 

( i ) g is bounded, 
(ii) supp gclb, where supp g is the support of the restriction of g to H and lb 

=[ -o, oJ. 
(iii) g(n)~O for all nEN and g(O)>O. 

Proof. Let g(O) be an even function of -rr~O~rr defined by 

20 

l 
(WJ.-302

) 

sm {) 
g(O) = (0-0) 2 

sine 

0 

(0=0) 

(O<O~o/2) 

(o/2~o~o) 

(o~O~rr). 

Then this function g on H can be uniquely extended to a central function on G, 
which we denote by the same letter. Obviously, g satisfies (i) and (ii). Moreover, 
a tedious calculation of the Fourier coefficient of g (see (3)) deduces that 

g(n)=4(1-cos ((n+l)0/2))2/(n+l) 3
• 

Therefore, (iii) is also satisfied. Q.E.D. 

Remark 4. Let u(O)=g(O)sine. Then for O~O u is the convolution of the 
following two functions : 

and 

'2 

u,(O)= { ~2 
(O<O<o/2) 

(-o/2<0<0) 

otherwise 

(IOI <a/2) 

otherwise. 

§ 4. The proof of Theorem 

Let g be the function obtained in Lemma 3 and let F=gf. Then F is a cen
tral function on G. Since f EP(G, H 0), it follows from Lemma 3 (i), (ii) and (1) 
that 

llFll~= ~ \" lg(O)!Plf(O)IP sin2 Odo 
7r J-0 

2 ~o ~-llgll~ l/(O)IP sin2 Od()<oo. 
7r 0 
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On the other hand, applying Lemma 3 (i), (iii) and Lemma 1, we see that for 
each nEN 

/(n)~g(0)- 1F(n). 

Then by Lemma 2 we can deduce that 

11111 •. q=( I: (n+l)2-Qi/CnW)11q 
neN 

~g(0)- 1 ( I: (n+ l)2-QIFCnW)11q 

nEN 

=g(0)- 1 llFll1.q 
~g(0)- 1CPllFiiP<oo. 

This completes the proof of the theorem. 
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