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ABSTRACT

The algebraic method of cluster expansion is applied to the limit theorem related to
the interacting particle system. The random field XZ(¢, s) is defined with respect to the
Gibbs state by scaling the number of particles in (0, tL]X(0, sL]. It is proved that XZ(¢, s)
converges to the Brownian sheet in law as L— co if the density of particles is low.

§1 Introduction

In statistical mechanics it is one of the most powerful techniques to expand
observable quantities in power series by means of algebraic methods. Such ex-
pansions are called cluster expansion or polymer expansion. Employing these
expansions we can take an infinite volume limit of the quantities and can define
the thermodynamic functions. (See [1]~[4] for example). This makes it possible
to study statistical mechanics mathematically. For instance a theory of phase
transitions consists in studying the analyticity of the thermodynamic functions.
In other words the occurrence of phase transitions is characterized as the singu-
larity of the thermodynamic functions. Also these expansions have been applied
to the various problems in statistical mechanics, including the study of phase
separation and the phase diagram for lattice models [5]~[9], the study of the
decay of correlations (see Ch. 4 of [1] for detail), and the limit theorem for Gibbs
states [10]~[12].

In this article we shall apply the cluster expansion to the limit theorem for
the interacting particle system on R®.

Consider the interacting particle system on the square ¥ with side L. The
configuration of particles is specified by the set of finite number of points (x,

., z») iIn V. We associate the interaction energy to each configuration (x,

<y Tn)

Uiy -y a)= X, O(zi—z5),

1<i<j<n
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where @(-) is the symmetric function on R? which describes the interaction
between two particles. We assume several conditions on this function @ which
will be stated precisely in Section 2. To describe the equilibrium state of the
system the Gibbs state is introduced with the interaction @ and the activity z.
Here the activity z is the parameter which controls the density of particles. To
be specific, the expectation E(Ny) of the number of particles in V is the increasing
function of z, so that the regime of small values of z corresponds to the state of
low density.

Using this notion of Gibbs state we define a random field X%(¢, s), 0<¢, s<1,
by

Xr(t, $)=—— (N1, 5)~ BN, ),

where N%(Z, s) is the number of particles in (0, tL]x (0, sL] and E(-) is the ex-
pectation with respect to the Gibbs state.

The purpose of this article is to prove that X%(¢, s) converges to the Brownian
sheet in law as L — oo in the space D? with a suitably chosen function ¢=a(z)
when the activity z is sufficiently small. (See [14] and [15] for the definition of
the Brownian sheet). Here D? is the space of all functions from [0, 17* to R which
are continuous from above and have limits from below. We endow this space
with Bickel-Wichura’s S-topology [16]. We will see that ¢%z) is a thermodynamic
limit of the variance of Ny as V— R

In Section 2 we formulate our problem and state our results precisely. In
Section 3 we summarize the method of cluster expansion and properties of the
Ursell functions for our system. The Section 4 is devoted to the proof of that
the finite dimensional distribution of X%(¢, s) converges to the corresponding distri-
bution of the Brownian sheet as L-—>oco. The tightness of the distributions of
X%(¢, s) on D? is proved in Section 5. In Section 6 we restrict our argument to
the system with a nonnegative interaction in which more detailed result is obtained.
When an interaction is nonnegative it is proved that the Ursell function satisfies
the alternating property. (See Ch. 4.5 of [1]). Using this property we prove that
the radius of convergence R of o(2) is finite, and that the limit theorem mentioned
above holds for all z with 0<z< R.

§2 Statement of Results

Let V be a bounded subset of R? and N be a nonnegative integer. We define
configuration spaces 2y, y and 2y by

Qv, v={&={x1, 22, -+, xn} : i€V, 37+ 25, 1<I<j<NY,

and Qy= U Qv, v respectively.
N=0
The o-field By, » on 2y, » and By on 2y are defined as the smallest o-field
generated by the set {£€Qy, »; Na(f)=n}, Ac B(R?), 0<n<N, and the sets {£eQy;
N4(&)=n}, Ac B(R*?), n>0 respectively, where N,(£&) is the number of particles in
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A for the configuration &.
An alternative description of Qy, » is given by

(1> ‘QV, N:(VN)I/SNy
where (V¥)Y ={(z,, @2 -+, zx)e VY ; zy#x; for i<j} and Sy is a symmetric group
of order N.
By means of the factorization (1) we introduce a measure x on Oy such that
w(?)=1,

#(A)=NL!S2 dvdwy- - -doy, it ACQy,y, N>1,

where 0 is the configuration of no particle and A is the inverse image of A with
respect to the factorization (1).

Let @ be a R-valued measurable function on R? satisfying @(—z)=0@(z) for
all zeR% This function @ is called the interaction function which describes the
interaction between two particles. Several conditions are assumed on @ to define
the Gibbs state and to obtain their properties which will be used for the method

of the cluster expansion.
First we assume that @ is bounded from below and satisfies the following

condition (I) called “regularity condition”.
@ C(ﬂ)=gmd:c1e‘ﬁ‘“”—1[<oo for some §>0.

Remark. The condition (I) is equivalent to the following condition (I)
a@ C(B)<co  for all §>0.

If the interaction function @ has finite range then the condition (I) is satisfied.
Next we assume either one of the following conditions (II-1) and (II-2).

1I-1) @ is nonnegative, i.e. @(-)>0.

(11-2)
(i) There exists a positive number do>0 such that

O(z)=oc0 for all xzeR* with 0<|x|<d, (Hard core condition)
and
(ii) There exists a nonnegative number B>0 such that
Digien Q@)= —2B

for all » and all &, ..., z.cR? satisfying |2;—x;|>d, for i+].

Let us note that if the condition (II-1) is satisfied then the condition (ii) of
(II-2) is automatically satisfied with B=0.
To each configuration (zi, xs, -+, x») We associate an interaction energy

3
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U(xly Tay ** %y xn)z Z @((L‘z—.’l}])

1<i<j<n
The condition (ii) of (II-2) implies that Ulxy, ..., x.) is stable, i.e.
Ulxy, ..., xn)>—nB.

Definition The probability measure Py(-)=Py,s, (-) on Qv is called a Gibbs State
if Py(-) is absolutely continuous with respect to p with the density function

Pu(Els, )= exp (—BUE)+Nr(@) log 2},

where Ny(£) is the number of particles of € in V and Zy is the normalized constant
called the partition function.

Put V=(0, L1x(0, L] and V{z, s)=(0, tL1x (0, sL], 0<¢, s<1. For any ey
we define the random field XZ(z, s)(&) by

X1(t, s)X§)=— INH(, 5O ~Ev(N*(t, )},

where NZ(¢, s)(&) is the number of particles of & in V{4, s) and Ey(-) is the ex-
pectation with respect to the Gibbs state. Now we are in a position to state our
first result.

Theorem 1. For any p>0 there exists a positive constant 2,(p) and a function
o(2) which is positive for all 0<z<z(f). If 0<z<z(p), then

XL(t, s)— B({, s), as L-— oo,

in the sense of finite dimensional distribution with oc=0(2), where B(t, s) is the
Brownian sheet.

Next we shall prove that XZ(¢, s) converges to the Brownian sheet in law in
the space D? where D? is the space of all functions from [0, 1] to R which are
continuous from above and have limits from below. We endow this space with
Bickel-Wichura’s S-topology [16]. Let A be the set of all functions A(-) which are
strictly increasing and continuous from [0, 1] to itself such that 2(0)=0 and i(1)=1.
Bickel-Wichura’s S-topology is given by the following convergence: wn(t)— w(f)
in D* if and only if there exist 1, and p,eA4 such that

(1) Za(2) converges to ¢ uniformly as # — oo,

(2) pa(®) converges to ¢ uniformly as # — oo, and

(3) wa(2a(®), pa(s)) converges to w(t, s) uniformly as # — co.

Now we shall state our main result.

Theorem 2. If 0<z<z\(B), then X({, s) converges to the Brownian Sheet in
law with ¢=0(2), as L— co, in the space D?, where (2) is the function given in
Theorem 1.

§3 Algebraic method of cluster expansion

In this section we summarize the algebraic formalism of the cluster expansion

4
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in power of the activity z. (See [1] for detail).
Let .1 be the set of sequences ¢

o= {¢(1‘n)}nzo ,

where ¢(z,) is a bounded complex valued Lebesgue measurable function on R?*"
and the Oth component ¢(@) of ¢ is a complex number. We denote by X the sequ-
ence xn= (x1, s, -+, ») Of finite number of particles in R% We say (X, X;) is
a partition of X and write

X1 +X2 :X,
if X, is a subsequence of X and X,=X\X,. We define a product in .4 by,

o * sz(X) =Xl+§2=x¢1(X1)¢2(Xz) y

where the sum is taken over all partitions of X.
With this product .4 is a commutative algebra with unit element 1 defined by

1, if X=0
1(X)={

0, otherwise.
We define the subspaces 4, and .4, of 1 by
Ao={pe A 1 p(@)=0},
and Ai={ge . ¢@)=1} respectively.

The power series expansion of the exponential yields a well-defined mapping Exp
from A, to A

oo k7, X
Exp o(X)=1(X)+ ziﬁl . oeds.

Any element ¢e .4, can be decomposed into the sum of the unit element 1
and ¢e A, in a unique way. We define the logarithm mapping Log from .1, to
Ao by

(=D )

Log ¢(X)=5 40 gnixy, gens

n=1

We have the following relation between Exp and Log.
Lemma 3.1

(1) LogExpo=¢, ¢edo.
(2) ExpLog¢=¢, e,

Let y be a Lebsgue integrable function on R: For any ¢e.{ we associate
the formal power series
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<, ¢ (2)=(0)+ :Z;I%SRM dz,dzs - dxnd(@1, T2y -+ 5 )U(@)X(w2)- - - X(wn) -

The following result plays an important role for the method of the cluster
expansion.

Lemma 3.2 (1) If <&, ¢)(2) and <A, ¢$:)(2) are absolutely convergent, then
A, 1 * ped(2) is also absolutely convergent and the following equality holds

Xy Py x (@) =X, ¢)(2) - X, P2)(2)

(2) If <X, Log ¢>(2) is absolutely convergent for pe A, then (X, ¢)(z) is also abso-
lutely convergent and the following relation holds

<&, ¢x(z)=exp {2, Log ¢)(2)}.
We introduce an operator D;: A4 —> A by
Daysy e, + -+, y) =@, y1, =+, Ya).
For any X=(x, s, -+ , #m), We define the mapping Dx: A —> A by
Dx¢p=DupDzs -+ Dy, .

It is clear that D, and Dy are linear. Furthermore, D, satisfies the following
relations.

Lemma 3.3
1 Doy * pp)=Dzhy * o+ ¢y = Daghy, for ¢y, de€ A,
2) D Expo=DspxExpe, for e d,.
Now we introduce the function ¢ze 4, called the Boltzman’s factor,
$o(X)=exp {—pUX)} .
In terms of this function the partition function Zy can be rewritten as
Zy =y, ¢p)(2),
where %(X) is given by
1 if zeV for all zeX
XV(X)={ .
0 otherwise.
We define the Ursell function ¢4(X) by
@s(X)=Log ¢5(X).
An alternative description of gz, s, -+ - , za) is given by

oA, 2 -, o= 3 (e r e —1),
r i<

6
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where the sum extends over all connected graphs y with vertices 1, ---, » and
the product takes over all bonds (i, j) of the graph y. To obtain the estimate
for the radius of convergence of the power series <Xy, ¢;>(2) the following lemma
plays an important role.

Lemma 3.4
[ @22 - dzalgs®, o s, -+, 2| SG—1)! Cem-CR)Y

This lemma implies that the power series {Xy, ¢s>(2) converges for
|2l <{C(B)e* P},
and that the partition function Z, can be rewritten as
Zy=exp {KUy, pp(2)}.

Put z,(8)={C(B)e*?8'}-'. Applying Lemma 3.2(2), we get the convergence of
the following thermodynamic function

Fil@)= Vli“,llevT log Zy ,

for any |z|<z«(B). Using the Ursell function ¢;, we have the explicit form for
fe(z) as follows

=5 dos -+ dzagi0, @, -+, o).

1 n! SRZ(H)
It follows from Lemma 3.4 that the radius of convergence R of fy(z) is equal
or greater than z.(p).
Let Ny(€) be a number of particles of the configuration & in V. From Lemma
3.2 and 3.4 it follows that

T

e =ess (5 25 andeon v Do)

if |2]<z(B). Using this relation we can express the expectation and the variance
of Ny as follows

@.1) Ev(Ny)= Z 0p(Xn)dEn ,

L (n— 1)'5

3.2) Ey(Ny?)— By (Ny) = 2|, oiandan

( )

Using the method which will be stated in the next section we can prove the
convergence of the following thermodynamic functions

7
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(3.3) VliIll’zl2 ]V] Ey(Nv)=p(z),
(3.4) lim ——— {Ev(Ny*) — Ev(Nv)*} =2p(2)
VoR? | Vl

uniformly on every compact set contained in {z; |z|<2.(8)}, where p(z)=2zf%(2).
This function is called the density function and has the following explicit form:

oo

3.5) o)=5 (n o SW o0, o, o mas . dan

We use this function in the next section for the proof of theorems.

§4 Proof of Theorem 1

Throughout this section, V' will be a square with side L. Let us consider
the characteristic function 6r(y,, - -, ym) of the random vector (X%(#, s,), «*-,
XX(tn, sm)) with respect to the probability measure Py(-)

0L(yl, T ym)':EV I:eXp {Z kZ:l kaL(tk’ sk)}]'
To prove Theorem 1 it is sufficient to find some function ¢=0(z) and prove,

4.1) lim 0u(vs, -+, ym=exp{—3 & vattiAtsns0),

J.k=1

where the right hand side is the corresponding characteristic function of the
Brownian sheet.
Applying the method of cluster expansion developed in Section 3 the chara-

cteristic function 6.(y,, -- -, ym) can be rewritten as follows if 0<z<z(B):
i m
(1.2) 0, -+, um=exp { ——=— 5 By INUti, 5]}
oo n Z m
exp (BT, o [enn (B et soe-1een)

In the same way as above we get the alternative description of Ey[NZ(¢, si)]
as follows

4.3) EvIN“(te, s))= 5 — Sw Az NE(te, Sk)(@n)ps(@n).

Using the Taylar expansion and (4.3) we get

8
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(4-4) 0L(yly ] ym)

1 o M m 2
=exp {— iz B, dun(F uNEt, @) o)

n=1

1 ©
3’3LZ

- an(§ v, sown)’

(L vt s0@) een)

where |e(+)|<1.

Put
© m 2
IL=— 202L Z:g dxn(kgl velN (2, sk)(xn)) 0s(@n),
and
I g2 z :
L= g Bt o vVt 50000

is
e<-O‘Tlc‘z=:1 yk[VL(tk’ sk)(‘x”))goﬁ(ln) .
Setting Uz(zp’(z))l/z’ we shall prove that

4.5) I, — _}z—jilyjyk(tj/\tk)(Sj/\Sk) as L—> o

and

4.6) I,—0 as L'—> oo,

To prove the convergence of I; and I, we prepare some technical lemmas.

Let us consider the paths connecting all points z, --- , z.€ R2

We define a

minimal path s(xz, ---, 2») in a certain natural way and denote by |s(x, ---
its length. The following lemma plays an important role for the proof of the

convergence.

Lemma 4.1 If 0<z<z4(f), then the following properties hold for all nonne-

gative integers p:

L) z"
2 i—p)] o

STy Ty) NIV #6

()

9

g dxn|ps(xa)| =0(L?), as L —> oo,
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n

@ Eo

gvﬂ AL Nt s)xa) Pos(xn)=0(L?), as L —> oo, V¢, se[0,1].

Proof. Dividing the sum into two parts we get

oo Zn

o ),

$(@ e T NIV D

dn|ps(2n)]

T | dwleen)

Is(xy, a2 L

MEE

N

“n (n—p)! dxn|@a(xn)

$(Tp,Tp) NIV £
[$(xy, 2 <L

n

» (n—p)! g\s(o,xz,.“,zn)lzL diy -+ dwaloy0, @, -+, za)l

71

L
+Z= Z dyZ e dynl@ﬁ«), Yoy = ’y")\

= —ﬁ)'gk 1180, Yg,re Up) I <K

: V1.
Ss(’!lpil/ﬁ-l/zw-,"!ﬁ»yn)naV;&ﬂ

Introduce the function 6(k)

M= E o i, v o).

When 2—1<|s(0, y5, - -+ , yn)| <k We have

| duy<8kL.
s Y1+¥a, Yi+¥pI NIV +0
Putting these estimates together we have
el zn
@.7 n;pm dnlps(2n)|

€V
8@y B NIV ED

o0 L
<I? Y o(k)+8L X tki(k).
k=L k=1
Since Y, 6(k)<co we have
.1 L
lim == Y, ké(k)=0.
k=1

L-oo

10
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Hence the first assertion of this lemma has proved.
Using the estimate for |¢(x,)] we have,

52 N e Poends
<IaT "MS,,,, |ps(@n)ldan
SLZEO Py n*P(n—1)! C(B){e**B'C(B)) !

___L2ZC(‘8) oi nl+P{ZeZ§B+IC(‘B)}n—-I .
n=1
Since 2¢**5+!1C(f)<1, we have the convergence of the above sum
i;l nli»P{zeZﬁB+lC(ﬁ)}n—l<oo.

This completes the proof of (2).

From the second assertion of this lemma the convergence (4.6) is easily ob-
tained.

To prove the convergence (4.5) it suffices to prove the following lemma.

Lemma 4.2 If 0<2<z24(B), then

lim £ 52N, 5)@INHE, s)@nexenden

Lo L2 n=0

=(EA)($51/7\82)20'(2)

f07’ 0_<_t], tz, Si, Sgsl.
Proof. Put V(#, si)=(0, £L]1x(0, s;L], (i=1,2). Using the indicator functions
of V{4, si), =1,2) we have

(4.8) 5 2, N, SO@NEE, sO@npiadn
n=0 W . JVn
oo z'"' K n
=5 27 2 5, rew@tre w@deends,

=3 d:cs dxg L1y Loy * 0, Tp)dxs -+« dx
:é‘z (n—2)! Sml.sp Yragen T e PBED Ty =+ 5 Za)ds n

+nz=lm dz, gvn—l a1y T2y * -+, Tn)AT2+ AT

V(t1,8) 0V (£2,82)

11
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. n

z

=) —— dxg dx
=z (n—2)! gvul.s,) vty

e T

, L)X -
oo zn
tEonr | dm e et ade o
V8PNV (L, 82)
o0 Zn
“E T dgngi(@n)
TYEV (£1,81),T2€V (£2,52),8 (T, L) NIV #0
S S L dnps(n)
2 (n—1)! npldn
Zy€V (81,81 NV (12:82),8 (X, Tp) NIV 4
=I(L)+I(L)~I L)~I\L).
From Lemma 4.1 (1) we have
4.9 hm— I(L)=0 and hm n 7 I(L)=0.
Since ¢s(x,) is shift invariant and is integrable with respect to xs, -+« , 2, We
have

(410) th2 l(L) (tl/\tz) (S1/\SZ)P(Z)

where

PO=E G nyT Ve 040 9 50 )l d

Introduce a measurable function ¢g(y) on R?

o0 ﬂ

sw)=X2 P

SRZ(n -2 00, ¥, 23, -+, Tu)ds -+ - dzn .

Let us note that
(4.11) [ . sxtv=20@—0(@).
Finally we shall discuss the convergence of I}(L)/L* as follows

(4.12) zl—z I(L)

3 z‘"’ S‘
dzx g dx
Z:= m=2)1 Jvaypsp * 7 Ietgsy

12

~dzn
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. gnm_z) 00, Zo—x1, T3y + -+, Tu)das <+ - Az

1
Lt Sml‘sl) da, sz.sz) daag(wy— 1)

Il

dan |, dvtycy Lo+ 9)0(w)
[0,¢y) x[0,81)

Y
dx‘ SR‘ dy XEO,tg)x[o,sz) (-”1 +f>g(y)
[0,61)%[0,87)

Azy Xt xt0,sp (1) 532 dyg(y) as L —> oo
0,21 %[0,81)
=t Ak) - (51AS:)(20'(2) —p(2)).
Putting (4.9), (4.10) and (4.12) together we complete the proof.
In the remaining of this section we shall prove the positivity of the function
o(2)=20'(z) for all z with 0<z<z,(p).

We introduce the sequence {Q,} as follows

n

z
Qn= Z

dxne“ﬁu(f‘”) i
vn

In terms of @, the probability of Ny=# is given as Q,/z!. Also the expectation
of Ny and Ny? are expressed as follows,

EV(NV):EO ) @nia

n!

BA=E, SR,

n!

When the interaction @ satisfies (I) and either (II-1) or (II-2), then the follow-
ing inequality is proved by Ginibre [17].

(See also Proposition 3.4.9 in [1)).
Lemma 4.3

G S e+ e

Using the Schwarz inequality and Lemma 4.3 we have

Er=(E, L) =)

& Qn bt Qn/Qn+1 2
<E ot B (560

™

13
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e Qust @nis
=E Al Q.
Snilo Q;l’w'l ( Q:*_? +ZC(ﬁ)e2ﬁB)

=Ey(Ny*) —(1—2C(p)e***)Ev(Ny)

Hence we have the following lemma under the conditions on @ mentioned
above.

Lemma 4.4
Ey(Ny*) — Ev(Np)? > (1 —2C(8)e*B)Ev(Ny).
From this lemma, (3.3) and (3.4), we have

0(2) > (1—20(8)e* ™) p(2) >0, if 0<2< ().

§5 Proof of Theorem 2

In this section we prove Theorem 2 by checking the tightness condition.

A set A of [0, 1]* is called a block if it is given in the form A=(s;, s,]x (4,
t.). In a similar way to the one-dimensional case, we define the increment w(A)
of weD*® for a block A by

wW(A)=w(ss, ts)—w(sy, t)—w(ss, t)+w(s, t).

We say two blocks A and B are neighboring blocks if A and B are given in
the following forms

A=(s, t]X(a, b},  B=(t, u}x(a, b]  (s<t<w)
or
A=(s, t]x(a, b],  B=(s, t]X(b, c]  (a<b<o).

In the previous section we proved that the finite dimensional distribution of
XZI(¢, s) converges to the corresponding distribution of the Brownian sheet B(?, s)
as L —>oco, To prove the convergence of the distributions {Pxz(:)} of X to the
distribution of B(, s), it suffices to prove the following lemma. (See Theorem 3
in [16] for detail).

Lemma 5.1 There exist y>0 and 6>1, such that

Pri(lw(B)| =22, [w(C)| =) <27 ((BUC)Y,
Sfor all neighboring blocks B and C, where p is the Lebesgue measure.
Proof of Lemma 5,1 Using the Chebyshev’s inequality we have,

Prr(Jw(B)| 22, |w(C)| = 4)

14
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1 L, 2 L 2
<% Ev(| XX (B XHO)

1
2N

< {Ev(|XH(B)) +Ev(| XHC)])}

From the same argument developed in §4 E»(X%(B)*) can be rewritten as,

BXB)=— 5 2 NUBE pienden

+743?‘ (éo% Sm NL(B)<37")2905(Zn)d@n)2.

Using the properties of ¢s(z.) we get easily that,
Ey(XM(B)) <Cy2)u(B)".

This completes the proof of the lemma.

§6 Nonnegative Interaction

In this section we restrict our argument to the system with a nonnegative
pair interaction. When a pair interaction @(-) is nonnegative the following facts
are known. (See [1] for detail).

(1) The Ursell function ¢sxi, -+, xm) satisfies the alternating property

(=)™ g(xr, = -+, 2m)=0.

(2) The activity expansion of p(z) is an alternating series.
(3) The radius of convergence R of the expansion p(z) satisfies

e 'CB) ' <R<CEH).
1) 2(1+C(B)2)"'<p(z)<z for all z with 0<z2< R.

Using the alternating property of the Ursell function we can apply the method
of cluster expansion for all z with 0<z<®R, and then we get the same formula
as (4.2) for the characteristic function 0r(y, -+, ym). This implies that the asser-
tion of Theorem 1 and 2 holds for all z with 0<z2<R.

Theorem 3 If a pair interaction @ is nonnegative, them the following limit
theovem holds with o(z)=p'(2)} for all z with 0<2<R

XZ(t, s)—> B(t,s) in D* as L —> oo,

where B(t, s) is a Brownian sheet and R is the radius of convergence of p(z).
From the property of (4) we see that if the density p satisfies

6.1) 0<p<(L+e)'Cp) 1,

15
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then the corresponding activity z determined by p(z)=p satisfies
(6.2) 0<z<e™'C(p)".

Hence, if the density p satisfies the condition (6.1), then the limit theorem
mentioned above holds.

In particular, if the interaction ¢ has only hard core interaction of diameter
7o and no further interaction, then C(8) is the area of disc with radius #,. There-
fore, the limit theorem holds for all p with

(6.3) 0<p<(A+e)" - (ard) .

Here (z7})~' is the ‘“close-packing” density of the system for particles having
hard cores with radius 7,.
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