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Department of Mechanical Engineering, Keio University, 
Hiyoshi, Yokohama 223, Japan 

(Received January 28, 1985) 

ABSTRACT 

In the previous report, the author has given an analytical study of two elastic annular 
plates, which are placed concentrically in parallel each other, and which are interconnected 
each other by a number of elastic rods. These elastic rods were assumed to be arranged 
in a single row along a concentrical circle. The present paper in the outcome of continu­
ation of the author's previous study, and gives the result of analytical study about the 
case in which two rows of rods are arranged along two different (but concentric) circles. 
Results of this analytical study were evaluated numerically for the case of the number of 
rods along each circular orbits are, N=6, 12, and 18. The rods (as done in the previous 
report) assumed to suffer a thermal expansion probably due to the external heating. The 
two (top and bottom) annular elastic plates a.re assumed to be of different thickness. The 
author's intention is to supply some suggestion in connection with the structural design of 
once-through boilers and also of guide-rings of hydraulic turbines. The results of nume­
rical evaluation are shown as graphs. 

1. Introduction. 

In the present paper, we consider, as before, the case of elastic plates, which 
are placed horizontally, keeping at a vertical distance l apart, with each other. 
These two elastic plates are taken to be of annular forms (with outer radius R 
and inner radius cR), and to be placed concentrically each other. These two an­
nular elastic plates are taken to be connected each other by means of a number 
of vertical elastic rods of lengths l. Moreover, these elastic rods, in number N, 
and in two circular rows, are to be attached to the elastic plates, along two rows 
of points which lie on the circles of radii aR and bR (c<b<a<l). They are ar­
ranged each, equidistantly, by keeping at equal angular distances of 2rr/ N. 

In the author's previous report (Ref. (2)), we considered the case of only a 
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single row of these elastic rods, whereas in the present study, we consider the 
case of two rows of such elastic rods, while the other things are the same as in 
previous report. The arrangements of elastic plates and rods are, as sketched in 
Fig. 1. 

Our purpose is, as before, to study analytically the state of deformations and 
stresses, which are caused when elastic bars exert transverse force to annular 
elastic plates. These transverse forces are thought to be generated by their 
thermal elongations due to probably the effect of external heating. 

The mode of fixation of elastic plates are taken here to be the case of clamped 
edges, both along inner and outer boundary circumferences. 

As to the practical use of our study, we may mention that it represents, in 
an idealized form, the problem of structural strengths of supporting bed-plates of 
once-through boilers. We may mention that it represents, also in an idealized 
form, the problem of strengths of guide-rings of hydraulic turbines. 

Fig. 1. Two Annular Elastic Plates Connected each other by several 
Elastic Bars. (The Figure shows us the Case of N=6, f30 =rc/6) 
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The results of our analytical study were evaluated numerically, adopting a 
suitably chosen case of a=0.8333, b=0.6666, and c=0.5000. This numerical esti­
mation was carried out for various values of the ratio Z =D0 ) I DC2) (the ratio of 
flexural rigidities of upper and bottom elastic plates). 

The results of this numerical estimation are shown here as graphs (Fig. 2 to 
Fig. 7). In these graphs, there are shown variation of values of thrust forces 
imposed on elastic plates due to the action of elastic rods. Also, maximum bending 
moments caused thereby, on (inner and outer) edge-lines of annular elastic plates. 
There are shown mode of variation of such bending moments as functions of the 
argument Z=D 0 ) /D(2), as mentioned above. 

2. Notation. 

The notations used here, being fundamentally the same as for previous report, 
are as follows; (r, 8) =polar coordinates of any point on the middle plane of our 
annular elastic plate; h=thickness (uniform) of the plate; (R, cR) outer and inner 
radius of the annular plate ; (aR, bR) =radii of circular contour lines, along which 
concentrated loads (by means of elastic rods) are imposed. (c<b<a<l), (E, 1.1)= 
Young's modulus and Poisson's ratio of the plate material; w=transverse displa­
cement of middle plane of elastic plate (infinitesimally small, and taken as positive 
downwards); w 1 =those values of w, which belong to the region of inside the circle 
of applications of concentric loads ; /7=: two dimensional Laplace operator; x = r IR= 
no dimensional variable, expressing radial position of any point on the middle 
plane; P=transverse concentrated load, which is assumed to act on the plate (due 
to pushing action of elastic rod, and taken as positive downwards), D=Eh3/[12(1-
1.12)] =flexural rigidity of the elastic plate. 

Numerical coefficients Ro, Ri. · ·., So, Si. · · · (these being functions of the 
variable x ), are used to express the displacement w in form of infinite series. 
Indices, such as DCk)(k = 1, 2) are used in order to discriminate to which one of 
the elastic plate (k=l, upper; k=2, lower) it refers to. 

3. Statement of our Problem, and Fundamental 
Equations which Represent it 

In the present paper, we take up, as was done in the previous paper, the case 
of two annular elastic plates, as shown in Fig. 1, and which are built up in follow­
ing manner; Each one of them has outer radius R and inner radius cR, and are 
concentrically located, keeping at a vertical distance of l apart, between them. 
These two elastic plates (No. 1 upper, and No. 2 lower) are interconnected each 
other by a number N of elastic rods of lengths l. These elastic rods are taken 
to be fixed (at both ends) to plates at N points of circumferences of radii aR and 
bR (c<b<a<l). Thus, there are to be two circular rows of elastic rods, each in 
number N, whereas in the previous paper we have considered only a single row 
(circular) of elastic rods. Each bar is to be placed at equal distance respectively. 
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To fix our ideas, we consider the case in which inner and outer boundary 
edges of each annular elastic plate are fixed to rigid wall (in state of so-called 
clamped edges). 

Among the various cases possible to occur, the author has confined himself to 
the case in which the connecting elastic rods suffer a kind of thermal expansion, 
thus generating axial forces which act upon two (upper and lower) annular elastic 
plates. 

The fundamental differential equqtion of equilibrium of an elastic plate can be 
written (Ref. (1)) ; 

( 
0

2 1 a 1 a2 
)

2 

.::J2w= <Jr2 + r <Jr + r 2 ao 2 w=O ( 1 ) 

This equqtion may also be rewritten in the following form, 

( 2) 

by using the non-dimensional variable x=r/R. The equations (1) and (2) are 
given with regard to infinitesimally small displacement w, under the assumption 
that no external load act upon the surface of elastic plate in consideration. The 
stress resultant, force and moment, caused by the deformation w, are given by ; 

D a 
Qt=---,..,-(.::Jw) R xoO 

( 9) 

In order to obtain the solution of our problem, we assume the following form 
for the displacement 

w=Ro+ I: Rm cosmO ( 3) 
m=l 

are functions of x. The boundary conditions to be satisfied by 
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the displacement w are; 
(a) Along r=R(x=l), which is fixed-edge line, 

w=O, aw/ax=O 

( b) Along r=cR(x=c), which also is fixed edge line, 

It is to be noted that, we denote by W1 the value of w which belongs to the 
region of cRsrrsbR (csxsb). 

( c) Along the circle r=bR (x=b), two function of x (namely wand w1) must 
be continuous each other, up to derivatives of second order, thus; w=wi. aw/ax= 
aw1/ax, a2w/ax2 =a2w,/ax2 

( d) Assuming that, a concentrated load of amount P acts transversally on a 
point (x=b, 0=0), we have, 

p [1 00 J = rrbR -z+ ~1 cos mo 

It is to be understood that the r.h.s. of this eq. is being used in the sense of 
distribution (generalized function) of L. Schwartz. 

In the above conditions (a) to (d), we are referring to the case of a single 
transverse load P which act on only an isolated point (b, 0) on the face of a single 
elastic plate. On the ground of solution of this simplest case, we deduce by means 
of linear superposition, the solution for the case in which a number N of loads P, 
are arranged along a circular line of radius bR (x=b). Moreover, by further dedu­
ction, we obtain the solution in which two circular rows of transverse loads P~k>, 

PYJ> are arranged along two circular lines of radii aR and bR (x=a and x=b). 

4. Summary of Analytical Solution obtained in the 
Previous Paper. 

The general solution of our fundamental problem was given in form of the 
infinite series (3), where Ro, R,, · · · are functions of x. For convenience, we divide 
the whole region csxsl into outer part bsxsl and inner part csxsb. 

(A) For outer part bsxsl, we have 
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w=Ro+ I: Rm cos mo (3a) 
m=l 

with 

for 2~m. A, Bi, Ci and Di (i=O, 1, 2, · · ·) are .numerical constants which are 
determined by above mentioned boumdary conditions (a), (b), (c) and (d). 

(B) For inner part, c~x~b, 

00 

w 1 =So+ I: Sm cos mo ( 4) 
m=1 

with 

for 2~m. Ei, Fi, Gi and Hi are numerical constants to be determined by the 
boundary condition. The values of these numerical constants thus obtained, are 
as follows: 

(A) For the case of m = 0, 

Co= (Lie/ LI) Ho, Do= (Liv/ LI) Ho, 

Eo= (~-log c)G0 + ~ c2H0 
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in which we have, 

(1, 1) (2, 1) (3, 1) x (2, 1) (3, 1) 
Ll= (1, 2) (2, 2) (3, 2) ' Llc= y (2, 2) (3, 2) 

(1, 3) (2, 3) (3, 3) z (2, 3) (3, 3) 

(1, 1) x (3, 1) (1, 1) (2, 1) x 
Lln= (1, 2) y (3, 2) ' Lla= (1, 2) (2, 2) y 

(1, 3) z (3, 3) (1, 3) (2, 3) z 

Values of elements (1, 1), etc., are as follows, 

(1, 1) = ~ (l-b2
) +log b, 

1 ( b
2

) b (3, 1) = -2 1- c2 -loge' 

1 (1, 2) =b-b, (2, 2) =2b log b, 

(3' 2) = - ! + :2 ' (1, 3) = - (1 + !2) ' 

(2, 3) =2(1+log b), 

1 b 
X=-(c 2 -b2

) +b2 log-
2 c 

b 
Y=2b log­

e 
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(2) For the case of m=l, 

LI, Lie, LID and Lia are determinants, as mentioned above, but their elements have 
following values, 

(1, 1) = ~ (b4-2b2 +l)' 

(2 2) =~-~b2 +log b 
' 2 2 ' 

3 ( b
2

) b Y=- 1-- +log-, 
2 c2 c 

Also, we have, 

(3) For the case of 2 s, m, 

A __ m+lc _ _!_D m- m m, m m 

1 ( b
2

) b X=- 1-- +blog-
b c2 c 

3b 1 
Z=--+-

c2 b 

1 m-1 
Bm=-Cm---Dm 

m m 
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The elements in determinants Ll, Llc, · · ·, have following values, 

(2, 2) = -bm- 1 + (m-l)b-m- 1 -(m-2)b-m+t 

(1, 3) = - (m-1) (m+l)bm- 2 + (m+l)b-m- 2 + (m+2) (m-l)bm 

(2, 3) = - (m-l)bm- 2 - (m+l) (m-l)b-m- 2 + (m-2) (m-l)b-m 

(3, 3) = (m-1) (m+l)bm- 2c2 - (m+l)b-m- 2c2m+ 2 - (m+2) (m+l)bm 

Z= - (m-l)bm- 2c-2m+ 2 - (m+l) (m-l)b-m- 2c2 + (m-2) (m-l)b-m 

Also, we have 

Bending moment Mr is given by the general formula 

( 5) 
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but we note that the term containing the factor 1.1 in it, vanishes at both bounda­
ries. Thus we have following expressions for the values of bending moments Mr, 
which act along (outer and inner) edge-lines. Here they are given for respective 
component terms of m=O, 1, 2, 

For m=O, 
at outer boundary, 

at inner boundary, 

For m=l, 
at outer boundary, 

at inner boundary, 

For 2sm, 
at outer boundary, 

R2 
-D(Mr)m=m(m-l)Am+m(m+l)Bm+ (m+l) (m+2)Cm+ (m-2) (m-l)Dm 

at inner boundary 

R2 
--(Mr)m=m(m-l)cm-2Em+m(m+l)c-m-2Fm 

D 

The above results refer, as was already mentioned, to the case of an isolated 
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single transverse load P, acting on our annular elastic plate. , 
From it we can deduce, by linear combination, the case of a number N of 

loads P which are arranged equidistantly along the circle r=bR. Namely we have, 
by superposition, 

which may be given in simplified form as follows; 

Ws=NRo+N .E Rm cos mo 

wherein we have to take m=Ns (s=l, 2, 3, · · ·) 

5. Application of previously acquired Result to the 
Solution of Present Problem. 

( 6) 

(6a) 

As a next step, we proceed to the application of results of above mentioned 
fundamental case, to the study of our present case. The present case consist of 
two annular elastic plates, which are interconnected by a number N of elastic 
rods which are arranged in a circular row. Moreover, in the present instance, 
we are to take up two circular rows of elastic rods, each in number N. In order 
to express quantities such as, D, P, which represent individual part they belong 
to, we use following index notations; wt) (k= 1,2); values of displacements of upper 
(k=l) and bottom (k=2) elastic plates, caused by thrusts Ptl. Similarly, for w<jp 
(k= 1,2). P_;fl (k= 1,2); values of thrust forces exerted by elastic rods, which belong 
to group on circle of radius r=aR (k= 1 acting on upper elastic plate, k=2 acting 
on bottom plate). 

P.irl (k= 1, 2); values of thrust forces exerted by elastic rods, which belong to 
group on circle of radius r=bR (k= 1 acting on upper elastic plate, k=2 acting on 
bottom elastic plate) 

Naturally, we have 

DCk) (k = 1, 2); values of flexural rigidities of upper and bottom elastic plates, 
their values being given by 

( 7) 

In the same manner, we denote by Ajkl, Bjkl, · · ·, values of numerical coeffi-
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cients Ai, Bi, · · ·, which relate to upper (k=l) and lower (k=2) elastic plates 
respectively. 

Using these notations, and applying the analytical results for fundamental case, 
which were described in the previous section, we arrive at the following expres­
sions; At first, we remark that displacements w<jp are represented respectively in 
forms of infinite series, as follows ; 

(a) For aR~r~R 

w;t) = R:tci + .L: R;tin cos (mo A) 
m=I 

(b) For cR~r~aR 

wi~ = S:fci + .L: S;fin cos (mO A) 
m=I 

(c) For bR~r~R 

w<JJ>=R<Jfci+ .L: RBm cos(mOB) 
m=I 

(d) For cR~r~bR 

00 

wi~=S<Jfci+ .L: SBm cos(mOB) 
m=I 

where ()A and OB are (variable) angular coordinates. Here we take OA=O, OB=O-po, 
where () denotes the intrinsic angular coordinate (independent variable), and p0 is 
the off-set angle between the arrangement of circular rows of group A and that 
of circular group B (see Fig. 1). 

The resultant displacenent, due to action of two groups of thrust forces P<]l 
and Pjl combined, will be denoted by w~kl, and thus we have 

(k= 1,2) ( 8) 

Secondly we note that, formally we have 

( 9) 

where w<Jl(a) and w<jl(a) imply the values of displacements w<]) and w<jfl at point 
of application of load P<]l (which at the radial position of r=aR). Herein, K<]) 
and H<Jl are constants which are determined by dimensions and materials of our 
structure. The resultant dislacement will be given by 

(11) 
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Similarly, we shall have, for displacements about points of circle of radius 
r=bR; 

(12) 

Thirdly, about the nature of thrust forces PA and PB, we take up the similar 
case, as we have considered in the previous paper, thus ; 

(13) 

(14) 

These equations are meant to express that thrust force of elastic rods are gene­
rated by two ef!ects, namely, thermal expansion (term in a) and elastic deformation 
(term in (3). Moreover, we have 

in which we put Z=Dcl) /DC2) 

Combining these relations, we obtain; 

Regarding these equations to be a linear algebraic equations about P~l and 
PW , and solving them, we obtain after some rearrangements, the following for­
mula for thrust forces P~l and P~l ; 

p~) = iJc1 + (1 + Z) /3 (KB-HA)] (15) 

P~l= ~[l+(l+Z)(3(KA-HB)] (16) 

in which we put, for shortness, 

(17) 

27 



FUMIKI KITO 

6. Explicit Form of Numerical Coefficients 

Combining the above analytical results, we obtain following expressions for 
the numerical coefficients KA, KB, etc. 

in which we have put 

The summations are to be made for m = 0, 1, 2, · · · , respectively. Furthermore, 
we have, 

for 2:::;;m. 
Expressions for KAAm(m=O, l, 2, · · ·) are to be obtained from that for Knnm, 

by interchanging the figure b with the figure a. 
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for 2::=::m. 
Here, (Jc/ J)a and (Jn/ J)a means those values of (Jc/ J)b and (Jn/ J)b, wherein 

we interchange the figure b into the figure a. 
Expressions for KABm(m=O, 1, 2. · · ·) are to be obtained from KBAm, by 

interchanging the figure a into the figure b, and b to a, respectively. 
Lastly, we have · 

SAm=4m(m+l)am-'[ ( ~ t-(~G)J 

+4m(m-l)a-m-'[ ( ~t-1 J 

Expressions for SBm are to be formed from that for SAm, by interchanging the 
figure a with b. 

In applying the above mentioned expressions to numerical evaluation, we ob­
served that; (a) The task of numerical evaluation to be rather complicated, (b) 
The infinite series to be estimated were seen to be rather slowly convergent 
(although they were absolutely convergent ones). From these view points, we felt 
it convenient to provide for practical use, some approximate formulae, which is 
fairly accurate, but supply convenient use for us. The approximate formula, 
which apply for the index number such that M::=::m are listed up below; 

- 1 [ 1 J (KBB/SB)m= b3 (m-l)(m+1)(2m+l) 
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for M~m. We may note that in the case of numerical examples which the author 
has taken up, we found appropriate to take M=30. 

7. Numerical Examples 

In order to make it clear the practical meaning of the analytical results thus 
obtained, we have made some numerical evaluation about these analytical results. 
The main dimensons of elastic annular plates and elastic rods, which we take up 
here, will be the same as that adopted in the author's previous report, except 

b.O 11 
~ 
M 
0 
rl 

.s 

0:: 
"O 
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ro 

0: 

10 

9 

8 

7 

6 
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Fig. 2. Values of Thrust Forces IPAI and IPBI, which are caused by 

Thermal Expansion of Connecting Rods. Case of N = 6. 
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12 

11 

bO 
~ 

B 10 /~/. ...-1 

.s 
~ 
"tj 
c 
C\l 

~ 

~ 

0: 

, /p-O'fi 
C&o~ 

9 ~ 
"Jr/le?) 

/p<'I/. 

8 
, /p-O'fi 

C&o~ 
"Oj 

7 

6 
[N=l2] 

0.5 
__. Z=D(l)/D<2> 

Fig. 3. Values of Thrust Forces IPA! and IPRI, which are caused by 
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Fig. 4. Values of Thrust Forces !PAI and IPBI, which are caused by 
Thermal Expansion of Connecting Rods. Case of N= 18. 
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that here we take two circular rows of elastic bars, instead of a single row. 
(1) About the annular elastic plates; outer radius R=50 cm, thickness of top 

plate h 0 )=1.00cm, Young's modulus of its material E=2.0xl06 kg/cm2
• 

(2) About the elastic rod; Ab=4.805cm2
, l=150cm, Eb=2.0xl06 kg/cm2

, 

coefficient of thermal expansion 2= 1. 23x10-5 /°C, temperature rise -8=300°C. 
We take two cases, viz., 

Case C; a=0.83333, b=0.6666' 

r=0.50000, po=0.000, 

Case D; a=0.83333, b=0.6666' 

c=0.50000, 19o=rr/ N, 

For each cases, we take, for number N of circular group of bars, as N=6, 12 
and 18. Here also we have as in the previous paper, nc1)=0.183150xl06 kg/cm, 
a=35.400900Xl03

, p=6.40667Xl04 (in cm, °C units) 
In earring out the required numerical estimation, we observed that for the 

E 
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~ 
..:,:: 

E 
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M 
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........ 
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c 

:B 
r 
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2 

0.5 
-· Z=DC1>/DC2) 

Fig. 5. Values of Bending Moments Mr, which are caused, along the 
Inner-and Outer-Boundaries of the Annular Plate. Case of N=6. 
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case of m=30, we have (c2/b2)m=l.0136xl0- 12
, bm=0.5215xl0-5

, etc., (being of 
comparatively small values). From this view point, we have chosen as M=30. 
And therefore we made rigorous estimates about terms for which O~m~M. where­
as we took approximate values for terms with M~m. The numerical results thus 
obtained are shown as graphs. (Figs. 2-7) wherein the ordinate is taken to be 
Z=D 0 ) /DC2). 

The values of thrust forces IPAI and IPnl which act on individual elastic rods 
are shown in Figs. 2 to 4. It may seem that these values of thrust forces are 
unreasonably large. This ows to the fact that we have chosen h 0 ) = 1. 00 cm, 
which is done for sake of simplification. The values of IPAI and IPnl are seen to 
be proportionalt to [hC1)]3

• Thus, if we had he!)= 1/2 cm, the thrust values will be 
1/8 of the values shown in these graphs. Looking at these figures, we observe 
that the effect of off-set angle po is remarkable in the case of N=6 (that is, when 
the bars are relatively sparsely distributed). Whereas, in the case of N= 18, there 
exist no remarkable difference between the cases of po=O, and that of po=n:/ N. 
It is thought that, this is due to the fact that in the case of N= 18, bars are 
located very close each other. 
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The maximum values of bending moments Mr, which act along (inner and 
outer) boundary edge-lines are shown as graphs in Figs. 5 to 7. We see that the 
values of Mr at inner boundary are invariably larger than those at outer boundary. 

Also, we observe that here again, the effect of off-set angle is remarkable for 
the case N=6, but that it is of comparatively small differene in the case of N= 
18, owing to the denseness of arrangements of elastic bars. 

8. Concluding Remarks 

In the present report, being the continuation of the author's previous study, 
under the same title, we have made analytical study about two elastic annular 
plates, which are interconnected each other by means of a number of elastic rods. 
In the case of this second report, we studied the case in which there exist two 
circular rows of these elastic rods, each arranged equidistantly. The elastic rods 
are assumed to be heated externally, thus causing a state of longitudinal expansion. 

34 



Stress Analysis of Two Elastic Aunular Plates 

This expansion of elastic rods give rise to transverse deformations of both annular 
elastic plates. 

In this case of two pairs of circular rows of elastic bars, two elastic plates 
and two circular rows of elastic bars, their deformation affect each other, giving 
rise to a kind of mutual interferences, and form a state of equilibrium. 

In the present paper, the author has obtained expressions for this state of 
equilibrium, by solving a system of simultaneous linear (algebraic) equations. 
Furthemore, we have made some numerical estimation about them, with regard 
to suitably chosen practical cases. 

The results of numerical evaluation are shown in graphs of Figs. 2 to 7, and 
demonstrate the effect of mutual interfernce between elastic rods and plates, giving, 
us the degree of the interferences as rods are distributed densely or sparsely. 

In the above treatment, we confined ourselves to the case in which both elastic 
annular plates are held, along their respective inner and outer boundady edge 
lines, in state of so-called fixed (clamped) edge-lines. It may here be mentioned 
that, we may treat the case of other mode of fixation of edge lines, in quite 
similar manner as mentioned in the author's two reports. Furthermore, it may 
be noticed that we can treat the case in which there exist three or more circular 
rows of elastic rods, by the same method as given in the present report. 
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