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STRESS ANALYSIS OF TWO ELASTIC ANNULAR 
PLATES, CONNECTED EACH OTHER 

BY ELASTIC RODS 

FuMIKI KITo* 

Department of Mechanical Engineering, Keio University, 
Hiyoshi, Yokohama 223, Japan 

(Received 1st, Nov.,, 1984) 

ABSTRACT 

Here we take up the case of two elastic plates of annular form, which are placed 
horintally, kept at a vertical distance apart, and placed concentrically. These plates are 
fixed along inner and outer boundary edge·lines respectively. Moreover, these two annular 
elastic plates are mutually connected by means of a number of elastic straight rods which 
are fixed to elastic plates at both ends. The points of fixation of rods are arranged equi
distantly along a circumference of a concentric circle. The state of stress caused by the 
action of elastic rods (such as originating from thermal expansion due to external heating, 
or by shrinkage of elastic rods, etc.) in the elastic plate, is studied analytically. 

Furthermore, study is made about the case in which two elastic plates are in form of 
infinite strip of rectangular elastic plates, that is, annular elastic plates in which the 
radius R is made infinitely large. 

The results obtained by these series of analytical studies are explained by graphs, 
which were obtained by applying numerical estimation to our analytical results. 

As to practical meaning of the present analytical study, we may mention that it re
presents an idealized case of structures of once·through boilers. Also, we may mention 
the case of structiral form of inlet ring of hydraulic turbines, also as an idealized case 
about them. 

1. Introduction 

In the present paper, we take up the case of two elastic plates which are 
placed horizonyally, and kept at a vertical distance l, with each other. These two 
elastic plates are taken to be of annular forms (with outer radius R and inner 
radius cR), and to be placed concentrically each other. These two annular elastic 
plates are taken to be connected each other by a number of vertical elastic rods 
of lengths l. These elastic bars, in number N, are attached to the elastic plates 
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at a row of points which lie along the circle of radius bR (c<b<l), and arranged 
equidistantly, keeping at angular distance of 2rc/N. 

Our purpose is to study analytically, the state of deformation and stress, which 
takes place when these elastic bars exert transverse forces upon annular elastic 
plates. These transverse forces are thought to be caused due to their thermal 
expansion, owing probably to the effect of external heating. 

The mode of fixation of elastic annular plates are here taken to be that of 
clamped edges, both along inner and outer boundary circumferences. 

About the practical meaning of our study, we may mention that it represents, 
in an idealized form, the problem of strength of supporting plates (top and bottom 
bed-plates) of once-through boilers. We may also mention that it represents in 
an idealized form, the problem of strength of inlet-rings of hydraulic turbines. 

The author has, in a previous occation, made analytical study about similar 
problem in which the lower plate is assumed to be a rigid body. (Ref. (2)) The 
present study may oe regarded to be an extension of author's previous study. 

Moreover, when the outer radius R of annular plates are made infinitely large, 
while keeping their breadth (1-c)R at a fixed value, we arrive at the case of 
two infinite strips of rectangular elastic plates, which are connected each other 
by a row of elastic rods. This problem of rectangular elastic plates is also treated 
here, by a separate analysis. 

Results of these analytical studies are shown in graphs, which were obtained 
by numerical evaluation about cases A and B, which is thought likely in practice. 
Comparison among them, and concluding remarks about acquired resultes are also 
given. 

2. Notations 

In the present paper, following notations are used; (r, O) =polar coordinates of 
any point on the middle plane of our elastic annular plate ; h =thickness (uniform) 
of the plate; (R, cR)=outer and inner radius of annular plate; bR=radius of cir
cular cotour-line, along which concentrated loads (by means of elastic bars) are 
imposed; (E, J..1)= Young's modulus and Poisson's ratio of the plate material; w= 
transverse displacement of middle plane of the elastic plate (infinitesimally small, 
and taken positive downwards); W1=those values of w, which belongs to the re
gion cR~ r~ bR (c~x ~b); D=Eh3/[12(1-J..12

)] =flexural rigidity of the elastic plate; 
L1 =two dimensional Laplace operator ; x = r/ R no dimensional variable, expressing 
radial position of any point of the middle plane; P= transverse concentrated load, 
which is assumed to act on the plate (due to pushing action of elastic bar, and 
taken as positive downwards). 

Numerical coefficients Ro, Ri. · · ·, So Si. · · · (these being functions of the vari
able x) are used to express the displacement w, in form of infinite series. Indices, 
such as DCk), (k = 1, 2) are used in order to discriminate to which one of the elastic 
plates (k=l upper, k=2 lower) it refers to. 

14 



Stress Analysis of Two Elastic Annular Plates 

3. Statement of our Problem, and Fundamental 
Equations which represent it 

In the present paper, we take up the case of two annular elastic plates, as 
shown in Fig. 1 (a) and (b), and arranged in following manners. Each one of 
them have outer radius R and inner radius cR, and are concentrically placed, 
keeping at a vertical distance l apart between them. These two elastic plates 
(No. 1 upper, and No. 2 lower) are interconnected each other, by a number N of 
elastic bars of lengths l. The elastic bars are taken to be fixed to plates at N 
points of circumference of radius bR, keeping equal distantly, respectively. Of 
course, we have 0<c<b<1. 

To fix our ideas, we consider the case in which inner and outer edges of each 
annular plate are fixed to rigid wall (in manner of so called clamped edges). The 

(a) 

No. 1 

( b) I 

No. 2 
~ ~~~~~~~----'-+-.L--~--..~..--i--,.....,.........+~22}, 

'~ 

Fig. 1. Two annular elastic plates, Connected each other 
by Several elastic bars. 
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author has, in previous occation (Reference (2)), made a study about similar pro
blem, in which the lower plate is supposed to be a rigid body instead of an elastic 
plate. The content of the present paper is result of revision and extension of the 
author's previous study. Among the various cases possible to occur, the author 
has confined himself to the case of which the connecting rods suffer a kind of 
thermal expansion, thus generating axial force which act upon two (upper and 
lower) annular elastic plates. 

The fundamental differential equation of an elastic plate can be written (Ref. 
(1)) ; 

( 1) 

This equation may also be rewritten in the form: 

( 2) 

by using the non-dimensional variable x = r/ R. These equations (1) and (2) are 
given with regard to the case of infinitesimally small displacement w, under the 
assumption that no external load act upon the surface of elastic plate under con
sideration. 

The stress resultant forces and moments are given by; 

D a 
Q.r= - -1r ax (Jw)' 

D a 
Qt= - --- -(Jw) 

R xoO ' 

Mr= _[)_[~
2

w +J..i(l_ aw +_l ___ a_)J_ 
R 2 

- OX2 x ox X
2 xao 

In order to obtain the solution of our problem, we assume that the following 
form for the displacement w exist, 

w=Ro+ I; Rm cos mO ( 3) 
m=t 

where Ro, Ri. · · · are functions of x. The boundary conditions to be satisfied by 
displacement w are; 

(a) Along r=R, (x = 1), which is fixed edge line, 

w=O, uw/ox=O 

(b) Along r=cR (x=c), which also is fixed edge-line 

owifox=O 

It is to be noted that, we denote by Wi. the value of w which belongs to the 
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region of cR~r~bR (c~x~b). 
(c) Along the circle r=bR (x=b), two functions of x (w and w1), must be 

continuous each other, up to derivatives of second order, thus; 

uw/ox=owifox' 

(d) Assuming that, a concentrated load of an:ount P is acting on a point 
(x=b, 0=0), we have 

It is to be understood that the r. h. s. of this equation, being used in the sense of 
distribution (generalized function) of L. Schwartz. 

The general solution of our problem is to be given in a form of expression 
(3), where Ro, · · ·, Rm, · · · are functions of x. For convenience, we divide the 
region c~x~l into two parts; namely the outer part b~x~l and inner part c~ 
x~b. 

(A) For outer part 

with 

w=Ro + I; Rm cos mo 
m~1 

Ro= Ao+ Box2 +Co log x + Dox2 log x , 

R1=A1,r+B1x 3 +Cix-1+D1x log x, 

for m=2, 3, · · ·. A, Bi, Ci and Di (i=O, 1, 2, · · ·) are numerical constants to be 
determined by above boundary conditions (a), (b), (c) and (d). 

(B) For inner part c~x~b, 

with 

Wi =So+ I: Sm cos mo 
m=J 

So=Eo+Fox2 +Go log x+Hox2 log x 

S1=E1x+F1x 3 +G1x-1 +H1x log x 

for m=2, 3, · · ·. Ei, Fi and Gi are numerical constants, also to be determined by 
the boundary conditions. 

4. The Solution for the Case of a single Annular Elastic Plate 

It being thought to be fundamental to solution of our problem, we present 
here the analytical study about the case in which there exist only single annular 
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elastic plate, which is under the action of a single load P at the point (bR, 0). 
When we make calculations for determining unknown constants Ai, · · ·, Ei, · · ·, 
under above boundary conditions (a), (b), (c) and (d), we obtain systems of linear 
algebraic equations, which may be solved by known method. The result of this 
process of estimation is, as given below; 

(1) The solution for the case of m=O 

Ao=-Bo, 

4 p 
bR3 (Do-Ho) 2n:bRD 

wherein we have, 

(1, 1) (2, 1) (3, 1) x (2, 1) (3, 1) 

LI= (1, 2) (2, 2) (3, 2) ' Lie= y (2, 2) (3, 2) ' 
(1, 3) (2, 3) (3, 3) z (2, 3) (3, 3) 

(1, 1) x (3, 1) (1, 1) (2, 1) x 
.:JD= (1, 2) y (3, 2) ' Lia= (1, 2) (2, 2) y 

(1, 3) z (3, 3) (1, 3) (2, 3) z 

Values of elements (1, 1), etc., are as follows:-

1 
(2, 1)=2 c1-b2)+b2 log b, 

1 ( b
2 

) b 1 (3, l)= - 2 1-cz- -log c, (1, 2)=b-b, 

(2, 2)=2b log b, 
1 b 

(3, 2)=-7)+7' (1, 3) = - ( 1 + J2 ) ' 

(2, 3)=2(1+log b), 
1 1 

(3, 3)=7)2+7' 

b 
Y=2blog-, 

c 

The value of w at r=bR (x=b), is given by 

(2) The solution for the case of m = 1. 
For the case in which m=l, we have; 
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1 1 
F1= 4 Gi--

2 2 II1, 
c c 

J, Lie, Lln and Lla are determinants as mentioned above, but their elements have 
following values :-

(1, l)= ! (b4-2b2 +l)' 

(1, 2)= ~2 (3b 4 -2b2-l)' 

3 3 1 ( b
4 

b
2 

) (2, 2)=--z- 2-b2+log b, (3, 2)=-7)2 -1+37 -27 , 

(1, 3)= :3 (3b4+1)' (2, 3)= ! (1-3b2)' 

3 ( b
2 

) b Y=- 1- -- +log-, 
2 c2 c 

Also, we have 

1 ( b
2 

) b X=- 1-- +blog-, 
b c2 c 

3b 1 
Z=--+-

c2 b 

2 R2P 
(B1-F1)-7)2(D1-H1)= SrrbD , 

wb (for part of m=l)= ( ~ - ~ b2 +log b )H1 

+ ~n(~ - ~b2 +b2 logb)H1 

(3) The solution for the case in which 2~m. 
For the case in which the index number m is equal to, or greater than 2, we 

have; 

A __ m+lc _J_D m- m m, 
m m 

1 m-1 
Bm=-Cm---Dm 

m m 

F _ _!__ 2m 2G - m-l 2H 
m- C m C m, 

m m 
E - m+l 2G 1 -2m+2H m----c m--c m 

m m 

The elements (1, 1), · · ·, of determinants Ll, Lie, · · · have following values: 

(2, 1) = _ _!__bm- m-l b-m +b-m+2 
m m 

(3, 1)= m+l bmc2 _ _l_c2m+2b-m-bm-c2 
m m 
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(1, 2)= -(m+l)bm-i_b-m-i +(m+2)bm+ 1 

(2, 2)= -bm-i +(m-l)b-m-1-(m-2)b-m 11 

(3, 2) = (m + l)c2bm-1 +c2m1 2b-m-1_(m+2)bm, i 

(1, 3)= -(m-l)(m+l)bm-2 +(m+l)b-m-2 +(m+2)(m-l)b11
i 

(2, 3)= -(m-l)bm-2-(m+ l)(m-l)b-m-2 +(m-2)(m-l)b-m 

(3, 3) =(m-l)(m+ l)b1n-zc2-(m+ l)b-m-2c21
n 1 2-(m+2)(m+ l)bm 

1 m-1 x = - - c-2m+ 2bm - --c2b-m + b-m' 2 

m m 
y = -bm--1c-2m+2+(m-l)b-1n-1c2-(m-2)b-m+1 

Z= -(m-l)b11i-2c-2m12 -(m+l)(m-l)b-m 12c2 +(m-2)(m-l)b-m 

Also, we have, 

4m(m+l)bm- 1(Cm-Gm)+4m(m-l)(Dm-Hm)= ~;~ , 

Wb (part form)= Jc (- m+l bm+_!_b-m+bm' 2)Hm 
J m m 

+ 7 (-bm- m,:-l b-m+b-m~2)H11i 

(4) Bending moments Mr acting along the edge-lines. 
Bending moment Mr is given by the formula, 

but we notice that the term containing the factor J.i vanishes at both boundaries. 
Thus, we have; 

For m=O, 
at outer boundary, 

D 
Mr= - R2 [2Bo-Co+3Do] 

at inner boundary, 

D [ 1 J Mr= - R 2 2Fo-7Go+Ho(3+2 log c) 

For m=l, 
at outer boundary, 

at inner boundary, 
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For 2-::;;.m, 
at outer boundary, 

Rz 
-DMr=m(m-l)Am+m(m+l)Brn 

+ (m + 2)(m + l)Cm + (m-2)(m- l)Dm 

at inner boundary, 

+(m+2)(m+l)cmGm +(m-2)(m-l)c-mHm 

(5) Case of a number N of bars which are arranged equi-distantly along the 
circle r=bR. 

For this case we can obtain analytical expressions, by linear combination of 
above mentioned solution for a single bar, thus; 

Nothing that, for l-::;;.m we have 

i~i cos ( ~ ·rri) =N if m=Ns, 

=0 if m-::/=Ns, 

we observe that, for the case of a number N of bars, 

Ws=NRo+l:NRm cos mf) 

wherein we take, m=Ns (s=l, 2, 3, · · · ). 

5. The Case of two Annular Elastic Plates which are 
interconnected by a number N of Elastic Bars 

After these preliminary considerations have been given, we proceed to the 
case of two annular elastic plates, which are interconnected each other by a 
number N of elastic rods. Among the various possibilities of mode of interaction 
between the bars and plates, we take the case in which elastic bars suffer thermal 
expansion, due to external heating. The axial force will be given by 

in which we put 

a=WEnAn, 

An= cross sectional area of the bar 
En=its Young's modulus 
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{)=temperature rise 
A=coefficient of thermal expansion 
/=initial length of the bar 
L.lwb =difference of displacements of top and bottom plates, at the point of 

connection to the bar 

In order to distinguish between two annular elastic plates, we use index nota
tions. Thus w0 > refers to displacement of the upper plate, while wc 2> represents 
the value for lower plate. Coefficients A, Bi, · · · are also written A),kl, Bikl, · · · 
(k=l for upper, k=2 for lower, plates) to discriminate among them. The thrust 
forces which act upon the plates are, thus, expressed by; 

Using these expressions, and also making use of expressions obtained in previous 
sections, and which apply to upper and lower annular elastic plates, we arrive at 
the following expressions ; 

where we have put, 

On the other hand, we have, for the value of difference of displacements w~1 J 

-wb2J at the location of elastic bar, 

in which we have put, 

Combining these results, we arrive at the following equation ; 

{Wbl)-Wb2l}= -U(HZ)[a+~{Wbl)-Wb2l}] 

where we put, for shortness, 
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Thus finally, we obtain the following value of {wb1l-wb2l} which is difference 
of displacements of the elastic bar at both ends, in the following form; 

{ ci)_ czl}- -a(l+Z)U 
wb wb - l+p(l+Z)U , 

and consequently, 

a 
l+p(l+Z)U - lz, say. 

It may be noted that, r. h. s. of these formulae are expressed in terms of 
known constants, b, c, R, D(k), etc. It is also to be noted that, for the case of a 
number N of elastic bars arranged along the circumference of a circle of radius 
bR (x=b), we have to pick up solely those terms which is such that m=Ns (s= 
0, 1, 2, ... ). 

6. Approximate Formulae, when the index 
m is a large Whole Number 

When the whole number m is fairly large, so that we may neglect bm in 
comparison with b-m, it is found that the following approximate (abridged) for
mulae may be used conveniently. 

Thus, we have 

where we have for part 1 item, 

Y1= ~ [ -(m-2)b2+(m-l)c2]b-m 

1 
Z, = b2[(m-2)(m- l)b2 -(m + l)(m- l)c2]b-m 

Thus term (X,, Yi. Z1) is of rather secondary importance. 

_ _ }!__ (}!__)m-1 X2- 2 , 
m c 

1 ( b )m-1 Z2=-(m-l)- -
b c2 

_ ( b )m-1 Y2-- -c2 

This term (part 2 item) is of primary importance. The following approxi
mative expressions were also obtained. 
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(a) For part 1 and part 2, commouly 

(b) For part 1, 

.dn=H -8b2{mb2 -(m-l)c2
}]- ( m;;r_!_ )[b-m-:i] 

.de~ [ -( n:: 
1 

)(m2 +2)b4 +b2c2(m2 -m+2) +(m+ l)(m+2)W-c2
)-, 

.da~O 

(c) For part 2, 

Thus, we have for the second (most important) part, 

~c ~ ( :~~ )fJ~: r-liJJ 
; ~[ -~b2 J[(~~ r-IJ 
LI.a::::::(~) (~)[(}t__)m-i] _2m_ 2 

j . () 2 [b J' m -~ _ c _ 

where we have put, for shortness, 

D=(b2 +c2
) +(2m-l)(b2 -c2

) 

A=8b2[l +m(l-b2
)] 

7. Case of an Infinite Strip of Rectangular Elastic Plates 

When we make the radius R increase to infinity, while keeping the breadth 
Bs= (l-c)R at a constant value, we arrive at the case of an infinite strip of 
rectangular (elastic) flat plate. Here, we shall try to treat the case of infinite 
rectangular plate, directly from an analysis in terms of rectangular coordinates. 

We take up the case of a rectangular elastic plate of breadth a and of infinite 
length, as shown in Fig 2(a). We assume that, along the straight line y=b, con
centrated transverse loads P are applied, which are spaced by the distance 2L, 
successively. Upper edge (y=a) and lower edge (y=O) are supposed to be fixed 
to rigid walls (in state of clamped edges). 

Moreover, we consider two such rectangular elastic plates of infinite lengths 
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No. 2 

(a) 

[upper part] 

(b) 

I, I 

'I' I I 

0--"-'"-----"-lr-'--~/;...L.-4«~-L 
~/l~ w -b-1 

a--_,,. 

Fig. 2. Elastic Two Flat Plates which are interconnected 
each other by several elastic bars. 

x 

are placed, one upon another, keeping at a distance l between them, as shown in 
Fig. 2(b). 

Firstly, we shall consider the case of single flat plate of elastic material. 
The equation of such a plate is given by 

using the rectangular coordinates (x, y). In this equation w is, as before, the 
transverse displacement (which is considered to be infinitesimally small). The 
boundary conditions to be satisfied by this displacement w are; 

(a) Along the upper edge line y=a 

w=O, ow/oy=O 

(b) Along the lower edge line y = 0 

25 
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where W1 means the value of w for a point in lower region, that is O~y~b, of 
the flat plate. 

(c) Along the line y =b, along which applied (concentrated) loads P are 
arranged in a row, 

uw I uy = uw i!f;y , 

(d) To represent the action of the row of forces P for y =b, 

or 

P [ 1 
00 

mrrx J =- -+L:cos--
L _ 2 m=1 L 

For the solution of this problem, we put (1) for upper region 

Yo =Ao+ Boy +Coy2 + Do?/ 3 

y _A h mrr?!_ B h mrrY_ C mrry h mr:y 
m- mS L + mC L + m L S L 

and (2) for the lower region 

Yo= Eo +Foy+ Goy 2 + H 0y3 

mrry mrry mrry mrry 
Ym=Emsh -r;-+Fmch -y;-+Gm-r;- sh L-

H mrry h mrry + m-y-C --y- (l~m) 

For the case of two elastic flat plates which are interconnected each other, 
as shown in Fig. 2(b), we shall use indices such as A;:) (k=l, 2), in order to dis
criminate between them. 

Solving a system of linear algebraic equations, about unknown constants Am, 
Em, we obtain values of constants Am, Em, etc., which are shown below. 

Ao= - ~ b3So, Bo=b2S0 , C0 ={ ( a:b )2-1Js0 

D 0 = ~ [ 1- ( a: b r { 1+2 ( ! ) } Js0 , Eo = 0 , F0 = 0 
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( 
a-b )

2 

Go=b -a- So, 

where we put 

PL 
S= 

4
D (non-dimensional factor) 

Also, for 1 :::;: m, 

l mr::b mrrb J mrrb , 
Arn= Em l - --y- tanh ----y;- ch ----y;- ·Sm 

Brn = -[ mrrb -tanh mrrb J ch mrrb . Sm 
L L L 

mrrb 
Cm=Grn-sh-y;- ·Sm, 

where we have put 

P ( L )
3 

2L 
Srn = 2LD mrr = (mrr )3 S 

A h mrra ( mrra) B __ mrra h mrra p=tan ----y;-- -r;- , p- L tan L 

C _ h mrra [i mrr(a-b) h mrrb Jx 
p - tan L + L tan L _ rn 

[ 
mrr(a-b) h mrrb Jx 

- L +tan -r;- m 

E -t h mrca mrra 
p- an L + L 

FP mrci-b) [ tanh mlb -tanh mla Jxm 
X _ h mrcb 

m-C L 

Following concise form, for the values of above written determinants, may be 
found to be convenient. Thus, using the notation, 

we have; 

mrca 
Tm(a)=tanh --y-, 

27 
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'

-mnb 1 _ +[Tm(a)J --y;- -Tm(b) Xm 

-( m~a )[ mrr(~-b) + Tm(b)-,Xn 

!J11
1 Cp =[T' ( )]l mnb (.!!.17-:a) (!127!_~q_-=!_J)_). T (b)lX 

j D11 FP · /11 a L L + L L m m 

-[Tm(a)Jl mlb Tm(b)JXm 

-(~a) ( mn(~-b)) Tm(b)Xrn 

Also, for a sufficiently large value of integer m, we may put approximately, 

Tm(a)=::-1-2trn(a), Tm(b)=::-1-2fm(b), 

I 2mna -] 
tm(a)=exp . --L-_l, I. 2mnb l 

tm(b)=exp _ --L-. . 

For such case, we may put, 

I~:: ;j=::-1-{1+(~a )}m(a)+4{tm(a)}2[1+(m2a )] 

/~~ :::1-==::- -2tm(a{ 1 +3( mrr(~-b)) 

+ ( mlb) +2( !132a) ( mn(~-b)) Jxm 

+2tm(b>[l+ ~a Jxn 
j~; ~I=::-[ -2tm(a)J[ 2( n~a) ( mni-b)) + ( mlb) Jxm 

+[2tm(b)J[ ~b ]xm 
The bending moment My is given by the formula 

Its value for the edge line y=O is biven by 

( 
a-b )

2 

My (part for m=O)= -2b -a- DSo 

( 
mrr ) 2 mnx My (part for m) = - L 2D cos -y;-
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Bending moment Mv along the upper edge line y=a is also to be obtained. 
But it may, other-wise, be obtained from the above formula for the case of y=O, 
provided that we make interchange of b and (a-b), about all expressions comprised 
therein. 

8. Case of two infinite Strip of Rectangular Elastic Plates, 
which are interconnected each other by a number of 
Elastic Bars 

For the case in which there exist two infinite strips of rectangular elastic 
plates which are interconnected each other by a row of elastic straight bars (as 
shown in Fig. 2(b)), we can make, about analytical study of stressed state, in quite 
similar way as for the case of two annular elastic plates, which was mentioned 
above. We shall, in what follows, give brief description about it. 

We shall express the displacements of two elastic plate at points on the line 
x=b (location of the row of bars), in following form; 

Wbk) =S~k) Uo + ,E S!;!fl Um (k= 1, 2) 
m=t 

in which we put, 

Uo = (Go/So)b2 + (Ho/So)b 3 

U _ Em mrrb Gm mrrb h mrrb !-I11i__ !rlrrb -h mr.b 
m - c: sh L + S L s L + S L c L 

LJm ~ 1n 1-. 1n 

On the other hand, we have 

p(k) ( )k 
S(k) - - [ + ~{ (l) (2)}] 
, o - 4DCk) L 4DCk) L ff '' wb -wb 

s<k) - PCk) [ 2L ]- ( - )k [ 2L Jc /3{ rn <2l}] 
, m - 4DCk) - (mrr )3 - 4D(k) (mrr )a a+ wb -wb 

Combining these results, we obtain 

[w6°-Wb2l] =-[a+ (3{u:b0 -Wb2l}JU1(l +Z) 

in which we have put 

And, we have, finally 

and also, 

-a(l+Z)U1 
l+(3(l+Z)U1 
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+ "{ OJ <2l}- a J (b) a pwb-wb -l+p(l+Z)U1 fz,-········· ................ . 

say. 
The equation (a) gives us the value of difference of displacements (at both 

ends) of elastic bar, as combined effect of thermal expansion and elastic strain. 
The equation (b) gives us the absolute value of bar-thrust, caused by the deforma
tion given by eq. (a). 

9. Numerical Examles 

In order to explain the results of our analytical study, we shall take up fol
lowing two numerical cases, namely. 

Case A; 

Case B; 

c=0.500, 

c=O. 700, 

b=O. 750 

b=0.850 

Furthermore, to fix ideas, we shall take, for numerical values of R, l, h, etc., 
the following specific values ; 

(a) About the annular elastic plate, 

Outer radius R=50 cm, Thickness lz=l.00 cm, 

Young's modulus of its material E=2.0x 10" kg/cm2
• 

(b) About the elastic straight rod, we take it to be made up of a hollow 
steel tube, having sectional area of Ao=4.805 cm (pipe dia=5.10 cm, wall thickness 
=0.32cm), Eo=2.0x10"kg/cm2

, coefficient of thermal expansion 2=1.23x10-0/°C, 
temperature rise 8 = 300°C. 

From these fundamental values, it follows that we have 

noi =0.183150x106 kg cm, 

13=6.40667x104 

a=35.40090x mi' 

Using these values, we made numerical evaluations about results of our an
alytical study. Firstly, we obtained values of the thrust force P, which give rise 
to pushing action of elastic rods upon the annular elastic plates, caused by thermal 
expansion of elastic rods due to external heating. They are shown as graphs in 
Fig. 3 (for the case A) and Fig. 4 (for the case B). 

From these graphs, we may observe, in what manner the value of thrust 
force Pis affected by the ratio Z=D0 i;n< 2l of flexural rigidities of to) and bottom 
bed plates. The case of Z=O corresponds to the case in which the bottom bed
plate consist of rigid material and such that D< 2 l-+ex>, and the value of P is the 
largest. The value of thrust P decreases as the value of Z is increased. If we 
make Z=ex>, that is, if the bottom plate is very soft or non-existent, we shall have 
P=O. The dotted lines in Figs. 3 and 4 shows us the value of thrust force Px, 
which were obtained for the imaginary case in which the effect of elastic bars 
were uniformly distributed along the circumference of radius bR=r, instead of 
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Case A 

0.50 

---~ Z=fYl)/JYZ) 

Fig. 3. Value of Acting Force P, which is caused 
by thermal expansion of Connecting Rods. 

1.00 

acting spotwise, that is, acting in form of a cylindrical supporting wall. The 
value of this force PN is given referring to each one panel (of angular space 
2rr/N), for the case of N=24. 

Moreover, Fig. 5 shows us the graph of values of thrust force P, for the case 
of an infinite strip of rectangular elastic plate, which, as previously been noted, 
may be regarded to represent the case of an annular elastic plate of very large 
radius, while keeping its breads a= (1-c)R at a given fixed value. 

The value of bending moment Mr, which act along boundary lines (both outer 
and inside) have been evaluated numerically, by using the results of above-mention
ed analytical study. The results are shown as graphs in Fig. 6. 

In this graph of Fig. 6, the ordinate represents the value of Mr (in cm kg/cm), 
which is the value of Mr at the angular position of 0=0 (where it attains its 
maximum value around the circumference). Here, we have shown the cases of 
annular elastic plates and the case of an infinite strip of rectangular plates simul-
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Case B 
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Mean Load, 
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N=12 

-<P 
~1 

x N=18 

0 N=24 

Fig. Li. Value of Acting Force P, which is caused 
by thermal expansion of Connecting Rods. 

1.00 

taneom:ly in one plane. The abscissa, for the case of an infinite strip of rectangular 
plate is taken to be ;=2L/a. For the case of annular plate, the abscissa is taken 
to be 

2L 2rcR 1 2rc a :--.fr'(l-cR)=-(l-c)NR-

which is done for mere convenience, in order to facilitate comparison with the 
case of infinite strip of rectangular plates. Moreover, the values of Mr (for the 
case of annular elastic plates) are connected by smooth curves. This also, is done 
for mere convenience. Rigorously speaking, the value of Afr (for the case of an
nular plates), is the function of discrete whole number N, and not a continuous 
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/Case A1 ff =~l i' la 41 

( 
[
-L tc 

Case A2 -=-] -a 8_ 

I 
-+-++-1-~~-+-~~-+-++---a 

_j_ 

0.50 

Z=D(l>/DC2l 

Fig. 5. Value of Acting Force P, which is caused 
by thermal Expansion of Connecting Rods. 
[Infinite Strip of Rectangular Plate] 

Numerical Values: a=25 cm. 
We take other dimensions, as the same values for 
the Case of annular elastic plates. 

function of the variable N. 

1.00 

Observing the graph of Mr, as given by Fig. 6, we may make following in
ferences; 

(a) For the range of values of .; such that 1. 50 <.; we observe that values 
of Mr are nearly constant, which means that mutual interference of each neigh
bouring rod is relatively small. For values of .; in the range of 0.50<.;<1.50 we 
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2.00 

~=2L/a for the case of infinite strip of rectangular plates 
~=2::r(l-c)NR] for the Case of annular elastic plates 

3.00 

observe rapid change of values of Mr, when ; is varied, indicating that the mutual 
effect of adjacent rod is gradually appearing. Lastly, for the range of O<i;<0.50 
the rapid change is seen, and the value of Mr increases approximately in propor
tion with 1/i; as we make i; tend to zero. This is the range in which the bars 
are very close each other, and the value of Mr depend upon the number of bars 
per cm of circumference. 

(b) About the values of bending moment Mr, along the circumferences, for 
the case of annular elastic plates, we observe that their values along inner edge 
lines are larger than those along outer edge lines. This fact is in accordance 
with usual case of stress analysis, along curved boundaries such as in case of 
curved beams. 

(c) As we have mentioned above, when the radius R of an annular elastic 
plate is very large, while keeping its breadth (1-c)R at a fixed value, we are led 
to the case of an infinite strip of rectangular elastic plate. So far as we see from 
Fig. 6, values of Mr for the Case A (c=0.50) and Case B (c=O. 70) are remarkable 
different from these values of Mr for the case of rectangular elastic plates. We 
note that, in order that an annular ring may approximately be regarded as an 
infinite strip of rectangular elastic plate, we must have, roughly speaking, 0. 80 < 
c < 1. 00. And, this is not the common case which we meet in the formation of 
once-through boilers, nor in formation of inlet rings of hyraulic turbines. 
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10. Concluding Remarks 

In the present paper, the author has reported the result of his analytical study 
about the state of stress in elastic plates of annular forms. Especially, we con
sidered two such elastic plates which are interconnected each other by a number 
of elastic straight rods. When these elastic rods make elongation in axial direc
tion, possibly due to external heating, they will push both top and bottom (annular) 
elastic plates. Boundary edge-lines of both (inner- and outer) circumferences were 
assumed to be fixed in state of clamped edge-lines. But we may treat the cases 
of other modes of fixation, in quite similar manner. 

From the view point of analytical theory of elastic bars and plates, we have 
shown here a case of inter-action between several number of elastic bars and 
elastic plates, which is caused (for an instance) by the effect of external heating. 
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