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ON A THEOREM ON QUASIANALYTICITY
OF A WEAKLY STATIONARY PROCESS

Tatsuo KawaTA

(Received June 9, 1983)

1. Introduction

Let X(¢, »), teR', weQ, Q being a given complete probability space, be a me-
asurable weakly stationary process with covariance function

1.1) p<u>=gf iR,

where F(1) is the spectral distribution function of X{¢, »).
Let C(mn, (@, b))=C(m,) be a class of complex valued infinitely many times
differentiable functions f(z) satisfying

(1.2) Supblf("’(x)l =AK"m,, n=0,1,2,---,
<l

for some sequence {m.,#=0,1,2, ---} of positive numbers, oo being allowed, where
A and K are constants independent of . The class is called quasianalytic, if
feCim,) and f™(x0)=0, n=0,1, --- for some x.€(e, b) implies that f(x)=0 through-
out (@, b). We also consider the class Cy(lx, (@, b))=C:(l») of f(x) which are infinitely
many times differentiable and are such that

(1.3) supblf‘Z")(x)lgAK"ln, n=0,1,2,.--,
T

for some sequence {/», #=0,1, -- -} of positive numbers. Writing msn="/n, Mzns+1="00,
n=0,1, ---, Cy(l,) is identical with C(m,,).

I.L. Ivanova {2] has given the theorem that if the covariance function p()
belongs to C:(/,) which is supposed to be quasianalytic in R*, then X{{, ») almost
surely belongs to the class C(}/*) which is also quasianalytic.

She concludes this from the fact that

.4 % PIX Ot 0)| Z AK 1) <oo.

n=0
We here used slightly different notations from [2]. This derivation, however,
involves a vague point, because the subset of £ inside P(-) depends on # in general.
The author has recently given a different proof [3] of the above theorem of
Ivanova for the case of a periodic weakly stationary process. In this paper we

shall give another proof for the general case, showing in place of (1.4) that

(1.5) by Pmax | X((t, 0)| = AKTEz) <o,
n=0 s
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for every fixed constant B for some modification X,{f, w) of X(¢, ») and for some

K, (depending on B).

2. Lemmas

Lemma 1. Cy(l,,(a,b)) is quasianalytic if and only if CU%,(a,b)) is quasi-
analytic.

This was given in Lemma 7.2 [3].
Suppose without loss of generality that EX(t, w)=0, teR'. Write

2.1) Y(¢, o)=1+)"'X(¢, 0), teR'.

Since

ESOO 1Y, w)ldt:Sw (L+£)E| X, m)ldtggm (L2 E| X(t, )2 2dt
:pw(())gf (+£2)1dt

Y{¢, w)e L'(R") almost surely. Namely there is a subset 2/ of £ with P(Q")=1

such that Y(¢, w)e L'(R") for we®2’. For wef, we define the Fourier transform of
Y, w)

2.2) ' v (u)=(27r)"“2S Yz, 0)eds |
which is measurable on R!'x’.

Lemma 2. If
2.3) S RO GR(R) < oo,
for some nonnegative integer n, then there is a set Q.€ with P(2.)=1 such that

2.4) g 1Pt )|t "dt < oo,

for weld, and moreover

2.5) E(S:I?(t,w)l]tl"dz‘)2__<_C(2(n+1))!p(0)+C2"S:(11|+2)2("“>dF(2),

where C's are absolute constants. Here and in what follows Cs may be different
on each occurrvence.

Proof. 1t is sufficient to prove (2.5). The left hand side of (2.5) is, writing
ELXP =X
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\ = S P, olienae||

é“k;_z_wuzewn"gfl P awylar|

172)12

=||.&. e+ (§," we.ora)

<E 5 (k+1)* % (|kl+1)2(n+l)gk+l|f’(t, w)|*dt
[Pl ke k
(2.6) =C 3 (Il +1r -)SZ“ 19, w)lldt
Now

e, GJ)HZ=(27'L‘)'1£':‘Sm X(t, w)(l-}—.15'2)‘1ev“i“”da;.Soo Xy, )1 +v?)"'evdy

—co —

oo

—c0 o —

=(2n’)_‘S Sw (Lt 22) L+ 9?) e 4@ oz —y)ddy

o0

=(27r)"8 Sm (1+xz)“(l+y2)"’e"'“’”’“dxdy-S GEDIGR ()

—00 o —0o

=<2n>-'SldF(z>]S°_°w<1+xe>—1e-w—z>w 2

=(n/2>g°° e HUGR(2) |

Hence
= o k41
S=C %, (1k}+1)2<"+1>8 dF(Z)S ety
k=—co - k
el o k+1
gCS dF(d) X S (|t|+2)2("“>e‘2“"“dt
. k=—0 Jk
<022"S dF(Z)S [2+D +(J4] +2)2 D ]e > du
in which
Sm“m*'l)e’z"du-_—Z‘z"‘s(Z(n+1))! .
Thus we get

S=C2n+1) p(0)+C22"S (|2] +2)2™DdF(2) .

This is no more than (2.5).
Define for we®’ and for R>0,

27



T. KawATA

2.7) sute, 0)=\" Y, 0)Kn(a—)d,
where Kg(#) is the Fejer kernel z~!sin? (Ru/2)/(Ru?/2).

Lemma 3. For every =z,

2.8) llor(z, @)—Y(x, )| =0, R — o0,

Proof. The quantity in (2.8) is

HO’R(JU, (U)—Y<$, w)H:

z”! S” (Y(z+u,w)—Y(x, ) Ke(u)du

§7r"‘gm ¥ (242, 0)— Yz, o)||Ke(w)du

which converges to zero as R — co, because it is easy to see that Y(z,w) is con-
tinuous in L*®), if one notes that any measurable weakly stationary process is
continuous in L*2) [1].

3. The theorem and the proof

We consider the class Cu(/,, R') which is broader than the class of analytic
functions and suppose substantially without loss of generality that

3.1) Lz M™, n=01,---

for some constant M>0.
The theorem we are going to prove is stated in the following form.

Theorem. Suppose Ci(ln, R') is a quasianalytic class and suppose (3.1). If the
covariance function o(w) of a measurable weakly stationary process X(t, ») belongs
to the class Cy(ln, RY), then in every finite interval (—B, B) there is a modification
Xo(t, 0) of X(t, w) with the property that Xo(t, o) almost surely belongs to the quasi-
analytic class C(¥%)) on (—B, B).

Note that C(%%)) is a quasianalytic class by Lemma 1.
Proof. Write 9=\ Q.. Obviously P(J)=1. Define Xy{t,w) for we@ by
n=0

3.2) Xot, )=(1 +t2)‘(2n)‘“28w Pz, 0)ed

which is measurable on (- B, B)x . From the assumption that o(u)eCy(ln, RY),
[0®™(0)] <oo for all # and actually, for some K,

(3.3) max | p () <0 (0)| = S: 2rAF()=AK™, .
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From this and Lemma 2, X,(¢,») is well defined and continuous for each wef.
On the other hand by the inversion of Fourier transform we have

(2n)12 Sw Y (2, 0)e®de=Y(t, )= X(t, w)(1 +£2)

for almost all 2. Hence X, ¢)=X(¢, w) for almost all ¢ for each wefl. Further-
more X, w) is a modification of X(¢,w). In fact, because of Lemma 3, there is
a sequence {R} with Ry — oo (B — co) such that og,(¢, ®) > Y, ») (k— o) on some
Q7(t) for each ¢ and P(Q”(#))=1. Namely, as & — oo, for mef’(t)

3.4 ar,(t, w)(1+85) - X(¢, w)

for each ¢£. Since

R w
or,(t, 0)=R;* S * du S Y(zx, w)e"*dx
0

and Y(z,w)eL'(R) on 2, (C2’), (3.4) shows that
a +t2)(2n)“”28 Ve, w)et*do=X(t, w)

on 2’¢)NR=0"(@) for each ¢£. That is, from the definition (3.2) of Xi(t,w), we
have, for each ¢, Xo(t, w)=X{, w) on 27(¢).
Now we shall show the convergence of 3/, for this modification, where

(3.5) Jn=P( max | X7, )| Z AKME,) .

K, and B are any positive constants. It is to be noted that maxlX ™t w)| s
measurable on £, since X{™(¢, w) is continuous for each wef.

From Lemma 2 and (3.2), S Y (2, w)e®*dz is infinitely many times differenti-

—o0

able for we@. Hence for te(—B, B)

X, ) = z(Z) & a4t — (2n)—'/28_ Pz, o) ds

= (L+£)2n) Sm Y (2, 0)(iz)'e"dx
+2 ( ” >2t2"‘(2n)"”2 S: Y(a, o)iz)"*da
and thus
max | X" (¢, o) =(1+B7)(2x) S: P (x, w)l|x|"dz
r2 33 )Emen e\ P ol

<cBS P (2, o)|z|"da
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+ch§(:>8 P (2, w)lz|"*dz=0u( B, @)
say, where Cg’s are constants depending only on B. We have
]n§P((Dn(B, w);AKlnl’:l!il
which is, by the Chebyshev inequality, not greater than
AKWEO(B, )
in which
o N 2 (e 2
Eoi(B, (1))§CBE[S |Y(a7,m)|].r|"dx] +cﬂn2E[S (a, a))llx]”"dx]

o " 2
+CBn‘[S |Y(.r,(u)||x|""2dx].
Hence, because of Lemma 2, /, is not greater than
CaA— K, [ O+ 1))+ @)+ 2 — )]

+2ngw (Hl+2)2(n+1)dF(2)+n22n—1 gm (|2|+2)2ndF(l)

+n‘2"‘2g (|x|+2>2<"—'>dF(z>]
which is, because of (3.3) and (3.1), not greater than

CBA‘ZK,'”l;iI[n‘(Z(n+1))! p(0)+cBn42"S°° Z“"“’dF(Z):I

=CrAZK A m* Qn+ 1)) p(0)+ Cp A KT AK ™ 'n?
=CpAK"'n*M™ ' p(0)+Cp At K 2K/ K2)™"n' .

Take K, so that

K, >max (M, 2K)'?).
Then we see that i}f" is convergent. Hence the Borel-Centelli lemma gives us
that there exist a set 2°c @ with P(2°)=1 and an n.e) for we?® such that

rﬂax [ XM, )| = AKPLE
ItisB

holds for n=n.w). Writing

K,=Kxw)=max {K,, max [max | X "¢, o)|[(AL2)]""},

nsnglw) |t|SB
we have

max | X", w)| = AKM(e)bf, n=0,1,2, ---
IS8
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for wef®. This means that X,(t, ®)eC{Y2,) in (—B, B) for we2°. Since by assump-
tion Cy(/») is quasianalytic, C(/¥2,) is also quasianalytic in (—B,B) by Lemma 1
and the proof of the theorem is complete.
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