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ABSTRACT

We give Stein-type estimators for p-normal means when their lower bounds are given,
for scale parameters of p independent gamma distributions when their upper bounds are
given, and for means of p independent Poisson distributions when their lower bounds are
given.

Each of the Stein-type estimators is the shrunken of the estimator whose i-th component
is an admissible estimator of the corresponding parameter suggested by Katz (1961), and
has uniformly smaller sum of squared errors risk than the latter. This shows that a set
of admissible estimators may not be admissible in simultaneous estimation in truncated
parameter space.

1. Introduction.

Suppose that a p-variate random variable X is normal by distributed and has
a mean vector g=(pi, - -, #p) and the identity covariance matrix /. This assumption
is denoted by X~N(g, I). Discussing simultaneous estimation of the mean vector
p under the sum of squared errors loss, James and Stein (1961) introduced an
estimator, called Stein-type estimator, which has uniformly smaller risk than the
usual estimator. Since then, the Stein-type estimator has been discussed by many
authors. The author (1981) discussed Stein-type estimators when some constraints
on g of linear inequalities are given in advance and gave Stein-type estimators for
p for several cases by shrinking maximum likelihood estimators (MLE).

Katz (1961) gave a general formula of admissible estimator for mean of an
exponential family of densities when a constraint is given on the mean. He applied
the general formula to obtain an admissible estimator for the mean of the normal
distribution and Poisson distribution. If X is a normal variable with mean p=0
and the variance 1, then

X
HX)=X+g(X), where go(X)=eX¥D / S e, 1.1)

is an admissible estimator of p. If X is Poisson variable with the mean 1 and a
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constraint A=« (@¢>0 is a fixed known constant) is given on 2, then
A(X)=X+¢u(X), where go(X)=a¥e / S‘”zx—'e-ldz, (1.2)
a

is an admissible estimator of 2.

In this paper we will construct Stein-type estimators based on the admissible
estimators by Katz. In Section 2, we give some Stein-type estimators when
X~N(g,I) and constraints @ =0,i=1,---,p, are given. In Section 3, we apply
the Katz’s general formula to a gamma distribution with known shape parameter
a and unknown scale parameter 3, with constraint 0<f=a. Using this admissible
estimator we give a Stein-type estimator for (B, ::-,8p), when X, ---, X, are
independent gamma random variables with shape parameters a,, ---,a, and scale
parameters S, -+, 8, such that 0<g;=a,i=1,---,p. In Section 4 we give some
Stein-type estimators for (4,,---,4,) when X, ---, X, are independent Poisson
variables with means 2, - --, 2, such that A4,=e,i=1, -, p.

2. Stein-type estimators for multivariate normal means when lower bounds for
unknown means are given.

Suppose that X~N(g, I), where X=(X, -+, Xp), g=(pts, -+, ptp) and I is the
identity matrix. From an observation of the random variable X, it is required to
estimate the mean vector g simultaneously. We try to improve an estimator of
g with the i-th component X;+#(X;),i=1, ---, p, where #(-) is a non-negative real
valued function. If

0, if @:=0,

LE)= 114 i we<0,

X;+#X;) is the MLE of 4, and if #(x:)=¢o(x;) in (1.1) X;+#X;) is an admissible
estimator of ;.

Theorem 1. Suppose that X~AN(g, /) and that constraints p=0,i=1,---,p,
are given. Let two estimators 8%(X)=(%X), - - -, 3%(X)) and 8'(X)=((X), - - -, ou(X))
of g be defined by

NX)=Xi+4Xy), i=1,--,p,
and

X
[Xi +H(X:)— :

0(X)= X

Xi+H(X3), otherwise, yi=1,---, p.

) if Xjéo)]’:ly ”"pv

In simultaneous estimation for g under the sum of squared errors loss, 8'(X) has
uniformly smaller risk than 8%X) if p=3 and 0<c<2(p—2).

Proof: Let S={x=(x1, -, xp)|x:=0,i=1, ---, p}. The difference of risks of
3°(X) and 8'(X) is given by
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AR=R(, u)—R(3", "):Ss ﬁ [_zi(f;__*‘@fi]f(x, p)dx
= jz=:l ot

P N 2
+SSiZ=1 [_th]f_:vlac_] f(x, p)dx—SS — f(x, pdx, @.1)
2 ] 2 x5
Jj=1 J=t
where f(x, g) is the probability density function of N(g,I). From the definitions
of #(x;) and S the second term of (2.1) is non-negative. Integrating the first term
of (2.1) by parts with respect to the i-th component of X, we have

L i i) T4 2pc—
s [Zc(‘”r” & ]ﬂx,mdx%s[ £ 46—}f(x, .
TLoRe L 22

Therefore, provided that p=3 and 0<c<2(p—2),

AR= Ss{—zfic—_—ﬁ(‘l::@} %, p)dx>0.

Jj=1

Q. E.D.

Theorem 1 shows inadmissibility of the MLE of g and of the estimator
whose i-th component is Katz’s admissible estimator of p;, in simultaneous estima-
tion of g under the constraints #;=0,i=1,---,p.

The component 6(X) is the shrinkage of X;+#X;) towards the origin by
¢Xi/ X%, X}, when X;=0,i=1, ---,p. This quantity depends on X; but not on #(X5).

This suggests another type of improvement of the admissible estimator
Xi+¢o(Xi),i=1, -+ -, p.

Theorem 2. Suppose that X~MN(g,I) and that constraints ;=0,i=1,---,p,
are given. Let two estimators 3¥(X)=(¥(X), - - -, 8%(X)) and 3*X)=(04X), - - -, 64X))
of g be defined by

511,‘](X)=Xz+¢o(Xl), i:l, <o b,

and

B(X) = X+ go( ) — KAl X))

, =1, s bl
LXKt o X))

Then in simultaneous estimation of g under the sum of squared errors loss, 8%(X)
has uniformly smaller risk than 38¥(X) if p=3 and 0<c<2(p—2).

Proof: The difference of risks 8¥(X) and 8%X) is given by
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AR=R(3", )~ R@, )=, E{ T ]

£ 44X
. E[cho<xf><xi+¢o<{m> J . E[ G } 2
2 (X go(X))? 2 X5+ X5)

Integrating the first term of (2.2) by parts with respect to the i-th component of
X, we have

E {ZC(XL‘—M)(XW%(XD) ] —F [ 2¢ +2co(Xi) J

£ T+ 4oy 2 (Kt 4o X))
_E { 4c( X+ ¢o(X0))* :l R |:4C(Xi+¢o(Xi))2 ¢;(Xi)}’
| 5 (X o X [ £ (X))

Since ¢y(x)=—po(x) [o(x)+2]=0 the last expression is not less than

B [ 2¢ = 20¢o(Xe)(Xi + 9o X5)) ] _E { 4c( X+ do( X0))? } .
£ (o X)) [£ C+gur |

Therefore, if p=3 and 0<c<2(p—2), then
_ 2
ARZE[_,EPL_@C_@L

2 (Xt gu(X)y

>0.

Q.E.D.

3. Stein-type estimators for scale parameters of independent gamma distributions
when upper bounds for unknown scale parameters are given.

At first, suppose that X is a gamma variable with known shape parameter a
and unknown scale parameter . From an observation of the random variable X,
we construct an admissible estimator for 8 by using the Katz's general formula
when the constraint <=« is given on unknown parameter fj.

The probability density function of X is given by

Bz eI (a), £ €(0, o).

Applying the Katz's theorem an admissible estimator 5 of 8 is given by
B(X)=X|a—£4(X), where Ea(X)=(Ua)a"’e"‘”‘/goﬂ"‘"*”e‘x/ﬂdﬂ, 3.1)
when the constraint 0<p=q is given.
Now, we consider the simultaneous estimation problem. Assume that X=
(X,, .-+, Xp) is a p-variate random variable, where X;,i=1, --,p, are independent

gamma random variables and X; has known shape parameter «;>1 and unknown
scale parameter fj;.. This assumption is denoted by X;~ind Gamma(a;, B:),
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=1,..-,p. It is required to estimate B, - - -, 85, Simultaneously, when constraints
0<Bi=a,i=1,---,p, are given. Based on estimators Xija;—#(X;),i=1,---,p, we
construct Stein-type estimator for (i, - --, Bp), Where #(-) is a non-negative real

valued function. If we put #(X;)=£,(X;) then X;/a;—#(X;) is an admissible estimator
of Bs.

Theorem 3. Suppose that X;~ind Gamma(as, 5:),i=1, - - -, p, and that constraints
0< ﬁ;_a i=1,---,pare given. Let two estimators aG(X) (BG(X), -,04(X)) and #*=
(6¥(X), - 5p(X)) of (B, --+, 8p) be defined by

06(X) =Xy —t(X3),i=1, -+ -, p,

and
\ X; (i —1) X! 2cad(o; +1)2 X5 .
e I i
t 2 a1t | B ajla 1]
j= j=1
Then in simultaneous estimation of g=(8i, - -+, fp) under the sum of squared errors

loss, 8%X) has uniformly smaller risk than 8%(X) if a;>1,p=3 and 0<c<2(p—2).

Proof: Let D=3x7%., a¥(e;+1)2X;% Then the difference of risks of 8%X) and
3%X) is given by

IR=R(°, p)~R@, p)=— 1 || Zlei DXL X’—t(Xi)—ﬁi)]}

et (S o0 -5) )

dctat(ai— D +1° X" | clai(ai— 1) X7 4c2a2(ai+1)‘X{°]
Z{ [ T + io2 + o }

From the assumptions,

4cal Ha+1)2X7° X
DZ

ani(ai - 1))(1;1
D

and by using the identity
T13. 2 oy 2Y-33,
E( X; ‘Bt>=E< 1 _ 2aj(ai+1)°X; 19@)’

#(X:)=0, ——— #(X;)=0,

D (a;—1)D (a;—1)D*
we get
R Z": 2¢  deai(a;+1)2 XG0 _ dctaf(ai+ 1D ai—1) X" c2a(a;—1)2 X752
R= i=1 [D D? D? D?
4ctad(a;+1)4 X3¢ ]
T D |
Also from the definition of D we have
aila 17X _ o
D = 3y
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ad(a;+1)2 X5 — a Xt

pr = p
and
ale+1)X; _ Xy
D = D
Therefore
AR;E(Eggég)—E[%;éx&ﬁmr—D+aﬂm—lﬁ+&ﬁmsﬂ

o 2pc—4c—cz>
=B(H== )50,

provided that p=3 and 0<c¢<2(p—2).

Q.E.D.
From Theorem 3, in simultaneous estimation of g, ---, 3, When constraints
0<pi=a,i=1,---,p, are given, the estimator of §;, ---, 8, Whose i-th component

is an admissible estimator of f; given by (3.1) is inadmissible.

Remark: The sufficient conditions p=3 and 0<c<2(p—2), in Theorem 3 are
different from the sufficient conditions, p=2 and 0<c<4(p —1) for Stein-type es-
timator suggested by Berger (1981) when there is no constraint.

4. Stein-type estimators for the means of independent Poisson distributions when
lower bounds for unknown means are given.

Suppose that X=(X,,--+,X,) is a p-variate random variable, where X; is
independent Poisson random variable with mean 2;. This assumption is denoted
by Xi~ind Py2;),i=1, ---,p. From an observation of the random variable X it is
required to estimate 24=(4,, --+,4p) when constraints 2;=a,i=1,---,p, are given.
We consider an estimator of 2 with i-th component X;+#X;),i=1,---,p. Then
we try to improve it in simultaneous estimation, where #( - ) is a non-negative real
valued function. If we put #(X;)=¢.(X;) in (1.2) then X;+#(X;) is an admissible
estimator of 2;.

Theorem 4. Suppose that Xi~ind Py(4:),i=1, ---, p, and that constraints A;=a,
i=1,---,p, are given. Let two estimators 87(X)=(F(X), ---,05(X)) and #*X)=
0¥X), - -+, 06(X)) of 2 be defined by

F(X)=Xs +1(Xy), i=1,---,p,
and

P(Z)X;

X)) =Xs +1(X) —Tp_l,

:17 M ?.pv
where Z=)7_, X; and @:[0, o] — [0, 2(p—1)] is non-decreasing and not identically
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equal to zero. Then, in simultaneous estimation of 2, under the standerized squared
errors loss Y7, 27%(4;—A;)%, where 4 is an estimator of A;,i=1, ---,p, 84X) has
uniformly smaller risk than #7(X) if p=2.

Proof: The difference of risks of 3%(X) and 3%X) is given by
4R=R(8%, 2)—R(3*, 2)

=él%E[2(Xi+t(Xi)—l 2D)X; _PZ)X: ]

VZep-1 Zrp-17
From the assumptions, we have

O(2)X;

“X) Zip—1

201 l.=1,"',1‘),

therefore,

P
AR= Zl% E [Z(Xi —2)

i=

22)X; O*Z) X} ]

Zip—1_ Ztp-1) 4.1)

if p=2 then from the result of Clevenson and Zidek (1975), the right hand of (4.1)
is positive.
Q.E.D.
Although, in Theorem 4, we improved the estimator of 2,387(X), when p=2,

in next theorem we will improve 87(X) when p=3.

Theorem 5. Suppose that X; ~ind Py(4:),i=1, ---, p, and that constraints 4;>a«,
i=1, ---p, are given. Let 3*(X)=(X), - - -, 05X)) be an estimator of 4 defined by

(p-F N, 2)

=0
D
X))

oA X) =X, +¢(X5) — R(X5),

where A(j) is a non-negative function defined by
j-laj-1 1 . 9 P -
W)=l & m, j=lal+ .,l'l;lillx{ 1
0’ j=07""[a]+1y
b*=max (0, b), [a] is the greatest integer less than or equal to « and N;=#{X;| X;=7}.

If p=3 and 0<c¢<2, then under the sum of squared errors loss 3°(X) has uniformly
smaller risk than 87(X).

Proof: The difference of risks 87(X) and 3% X) is given by

2e(Xi+H(X)— i) (p—[:iz: le—z)%(Xi)
¥4

2 h(X;)

Jj=t

AR=R(8%, )— R(3*, )= iﬁ E

191



YuaNn-TsuNG CHANG

fal+1 +
L xo(p- i N;—2)
— Y4
£ %)

From the assumptions,

20t(X)(p —“;_)]:::‘Nj ~2) h(x)

P
(X))
therefore we have

[a)+1 t
, 26— 1) (X (p- I N;-2)

JR=3 E ;
£ ()
) c/z()(i)(p—“”z“Nj—2)+ ’
e g 4.2)
£ X

If p=3 and 0<c<2 then, from the result of Tsui (1978), the right hand of (4.2)
is positive.

Q.E.D.

From Theorem 4 and Theorem 5, in simultaneous estimation of 2 when con-
straints A;=a,i=1, ---,p, are given, the estimator of 2 whose i-th component is
an admissible estimator suggested by Katz is inadmissible.

It should be noticed that in the proofs of all of the above theorems we have
not used the constraints on parameters in showing the risk of Stein-type estimator
to be smaller than that of the corresponding estimator. This means that Stein-
type estimators dominate always the corresponding ones whether the parameters
satisfy the constraints or not.
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