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ABSTRACT 

The screening distance for the ionized impurity potential surrounded by holes in the 
warped and non-parabolic valence band is obtained by using Dingle's self-consistent method. 

By comparing this distance with the previously and commonly used distances Rew 
and RBH. we can discuss the relation of the two ionized impurity scattering theories i.e., 
the theory proposed by Conwell and Weisskopf (the CW model) and that proposed by 
Brooks and Herring (tne BH model). We have investigated the validity for each model. 

The calculated drift mobility, in which the lattice scattering including the effect of 
non-polar optical phonons and the impurity scattering due to both ionized and neutral 
centers are taken into account, shows a good agreement with experimental results so far 
if the existence of three subbands and the interaction between those subbands would be 
considered. 

1. Introduction 

The scattering mechanisms of electrons due to ionized impurity centers have 
been discussed theoretically by Conwell and Weisskopf [1] (the CW model in this 
paper) or Brooks [2] and Herring [3] (the BH model) and also Dingle [4]. They 
have treated this scattering problem by introducing the cut-off Coulomb potential 
(the CW model) or the screened Coulomb potential (the BH model). Many workers 
have developed these theoretical model and applied to several cases of electrons 
and holes. In these treatments, however, they used the simple band model for 
the actual valence band. In order to investigate the scattering phenomena for 
holes, it may be possible only in very low temperature to use such a simple para
bolic and isotropic band for the valence band. When the temperature increases 
and the effect of the interaction between subbands becomes significantly, it would 
be impossible to use such a simple band model. Particulary in silicon, whose 
split-off energy L1 is relatively small, the warping and the non-parabolicity of equi
energy surfaces play important role in rater low energy states. 
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It has not, however, been unfortunately discussed the screening distance for 
holes with considering the effects of both the existence of three subbands and the 
interaction between those subbands. By using Dingle's self-consistent method, we 
have calculated in this paper the screening distance for ionized impurity sur
rounded by holes which occupy those complicated valence band. By comparing 
the resulting screening distance with the original ones (RBH and Rew), we discuss 
in this paper the validity of the two scattering models proposed by Brooks-Herring 
and Conwell-Weisskopf and further verify the reason why at low temperature the 
CW model could describe more accurately the ionized impurity scattering than the 
BH model when the ionized impurity concentration is not so high. 

2. Theory 

2-1. Fermi-Dirac integral for warped and non-parabolic band 

The Fermi-Dirac integral for free carrier model is defined as, 

h ' .. F . w ere r;= knT "': erm1 energy ( 1 ) 

By using this Fermi-Dirac integral, the number of holes p in the valence band is 
given as, 

- 1 ( 2mo) 312 312 , 
P- 4n312 --,,-,.z (knT) F112c~) , ( 2) 

where mo, Ii, kn and T are the electron mass, Planck's constant divided by 2rr, 
Boltzmann's constant and temperature, respectively. 

The band structure near the valence band edge of IV-group semiconductors 
has been most throughly discussed by Dresselhaus et al. [5] and Kane [6] using 
the k · p method including the spin-orbit interaction. Dresselhaus, Kip and Kittel 
(DKK in this paper) have neglected the interaction between subbands as known 
as heavy, light and split-off hole bands, wherease Kane has considered that effect. 
We call in this paper the former band structure as the DKK model and the latter 
as the Kane model. 

The Fermi-Dirac integrals for these two band model are given as follows; 
for the DKK model 

Fll - H 2 (uo v'x 
112(~) - 4rr v' 7r Jo ex-~+ 1 dx ' 

and 
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where the constants H, L and S are modified coefficient, which represents the 
anisotropy of the equi-energy surfaces and defined with the band parameters A, 
R and C (DKK notation) as [7], 

( 6) 

( 7) 

and 

'-'-C d!J 
·- - J(-A)a12 ' 

( 8) 

with 

p=sin2 fJ(sin 2 O cos2 ¢ sin2 ¢+cos2 O) , 

and for the Kane model, the Fermi-Dirac integrals are given as, 

F i _ 1 2 ( u}12(knTx, 0, <fa)u~(knTx, 0, </>) dr>d 
i;zcr,l 4r:VkBT Vrr J ex-~+ 1 J~ x ' ( 9) 

and 

(10) 

where ui is given by Arsche et al. [8] as, 

k 2 2mo (/' " !) 
i =~Ui ~. u, ~> (11) 

We distinguish three subbands by indices i( =H, L and S ). The derivative of ui 
is also defined as, 

(12) 

From eqs. (9) and (10), one can obtaine the Fermi-Dirac integral for holes whose 
equi-energy surface is warped and non-parabolic. 

2-2. Self-consistent Field and Screening Distance 

For a simplicity, we assume that the ionized acceptor are singly charged 
centers and whose concentration is not so high, i.e. we consider the non-degenerate 
p-type semiconductors with shallow acceptor levels; these are applicable to p-type 
Ge and Si whose acceptor concentration is nearly 1013 ,..__,1017 cm-3

• 

The electrostatic potential energy </>en of a free hole distance r from the 
ionized acceptor is given as the Coulomb potential under the simplest approach of 
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the H-atom approximation. This, however, cause the inconsistent results for the 
scattering cross section of holes with large impact parameters. Conwell and 
Weisskopf [1] have firstly introduced the concept of the cut-off distance of the 
Coulomb potential of the ionized charge, and they have taken the cut-off distance 
as half of the mean distance of the scattering centers. Wherease Brooks [2] and 
Herring [3] have proposed the screening potential of the ionized charge surrounded 
by free carriers and they have introduced the Debye length as the screening 
distance with considering the distribution of holes with thermal energy. Dingle 
[ 4] has developed further these theory to obtaine the more accurate screening 
distance, and found a comprehensive form for cfaen. particulary where r is large, 
taking explicit account of the screening of the negatively charged acceptor ion by 
the surrounding hole cloud. 

The theory porposed by Dingle shows that when the acceptors are negatively 
charged, they induce the localized electric field and then those electric fields are 
screened by surrounding free holes, and that the relationship between this screen
ing potential ¢en and the screening hole is connected by Poisson's equation. The 
number of screening hole p is, however, represented by using the Fermi-Dirac 
integral determined by the term of the screening potential </>en· In this way the 
screening potential of the charged acceptor is the self-consistent one, and therefore 
it must be self-consistently determined from Poisson's equation, as follows. 

Let ¢en represent the potential of a singly negatively ionized acceptor screened 
by hole cloud. When the acceptor is negatively charged, the Fermi energy must 
be replaced from (p to (v-ecfaen. where (p represents the customary space in
dependent Fermi energy. Therefore the hole number Pi(i=H, L and S) near the 
ionized acceptor is given as follows. 

i __ 1_(2mo)312 a12 'i ,, 
P<rl - 4rr312 fiZ (knT) F 112e~p-e¢;kB1) , (13) 

with 

We are now interesting in the screening potential far from the ionized acceptor, 
where the effect of the screening by the free carrier cloud is sufficiently signifi
cant and the magnitude of those potential is enough small. One can therefore 
expand the Fermi-Dirac integral F1~2e~p-e¢iknT) using the relation, 

a F'i -Fi -a;; 1;2e~) - -112e~) (14) 

From equation (2) and (13), the excess number of i-th holes surrounding the ionized 
acceptor is given as, 

(15) 
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Thus the total screening charge of three type holes surrounding the charged 
acceptor is, 

(16) 

Assuming the screening potential [ 4] as, 

(17) 

and from the Poisson's equation, the screening distance Rr is given as eq. (18), 

1 - e (2mo)a12(k T)112[""F. J-"" 1 
R

2 - . ;- -fi2 B L...J lf2(~p) =4 R2 ' 
T /CV 7r: i i i 

(18) 

where Ri is the screening distance due to i-th hole only, and /1: is the dielectric 
constant of the semiconductor. In calculations, we have devided the equi-energy 
surfaces into 1152 elements and performed the integration by Simpson's method. 
The energy integration was also carried out by using the Gauss-Lagguerre 32 
polynominals. 

2-3. Relaxation Time and Mobility for Holes 

Next we have obtained the relaxation times for holes which exist in the 
warped and non-parabolic valence band. The scattering mechanisms considered 
here are those due to lattice vibration including the non-polar optical phonon and 
the ionized impurities. We have already discussed about the lattice scattering 
in reference [9]. In this paper we calculate the relaxation time due to ionized 
impurity and obtained the total relaxation time to deduce the mobility of holes. 

The two theories of the BH and CW model are used to represent the ionized 
impurity scattering. According to them the relaxation time due to the ionized 
impurity is given as, 

(19) 

where -rij and N1 are the relaxation time from i-th state to j-th state and the net 
concentration of impurities, respectively. The symboles Gi.i and Hi are determined 
as follows. Since the scattering potential by ionized impurity doesn't depend on 
the band structure, we can represent [10] the anisotropy of the scattering due to 
the symmetry property of both initial and final wave functions by the overlap 
function Gij, which has a dependence only on the scattering angle fJ and not on 
wave vector k because of the scattering with small momentum changes. Thus 
we use the next two relations of Gij as [11]. 

Gij=_!_(1+3 cos2 fJ) for inter-subband transition, 
4 

Gii=l_ sin2 fJ 
4 

for intra-subband transition. 
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The symboles Hi is determined from the scattering matrix element using S-wave 
function and defined as follows, 

u~ 1-cos fJ 
Hi=· u~~2 -[-(1---co_s_e_~ )-+-1/_2_k_2 R_2_]_2 

(22) 

where fJ and k are the scattering angle and the wave vector for holes. 
The difference between the BH model and CW model is represented in terms 

of the screening distance R as, 

for the CW model. 

(23) 

(24) 

Since the valence band is composed by three subbands, we treat the intra
and inter-subband transition for each subband holes by ionized impurity scattering 
as follows. It is reasonable to assume that the scattering process by this center 
occurs elastically with small change of the crystal momentum of hole, therefore 
we consider that both the intra- and inter-subband transitions can occur for heavy 
and light holes because these two subbands degenerate at zone center. We con
sider, however, only the intra-subband transition (S-S) for split-off hole because 
this subband begins to appear at higher energy state than those other two sub
bands by Ll. 

Carrying on the integration defined in eq. (19) over the all possible final states, 
we calculate the relaxation time for each subband hole. 

We have moreover considered the effect of the neutral center scattering. 
According to Erginsoy [12], the relaxation time by those center scattering is given 
as, 

1 ,.n.a 
-. =20Nn~, 
ri e mi 

(25) 

where Nn is the concentration of the neutral impurities. The symbol mt (i =H, L 
and S) is the effective mass and defined as, 

l 1/2 ' d0 mt =[ Jui(E,0,<j>)Ui(E,0,<j>) •• ]213 
mo 4rrv' E 

(26) 

After calculating the relaxation times due to both lattice vibration and impurity 
center scattering, we obtain the drift mobility by the next equation. 

~Piµb 

µD= i~pi ' (27) 

where µb (i=H, Land S) is the drift mobility for each subband holes and given as, 

l (af/aE)rf'E)(aE/ak])2dk e2 J 
---------

~ f d k 
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where f is the hole distribution function. 
In Table 1, all parameters used in our calculation were summarized. 

Table 1. Parameters used in calculation in this paper. Symboles in this table 
have been defined in text. Atomic unit used here is li=l, m0 =l/2 
and e2=2 system. 

Parameter Unit Si ref. Ge I ref. 

Q'~ A -4.42 -13.27 
z~µ:i 

B 
ATOMIC -0·79 13 -8.63 14 ~~~ UNIT cop:;~ c 4.78 12.4 

--·--·-

I 

I 

HQ~~ H 4.92 2.59 
Clµ:i~Z 

I 

L 
ATOMIC 0.78 7 0.11 7 o ....... µ:iµ:i UNIT 

:::E~o- I uU s 1.45 0.26 
I 

p g/cm3 2.329 15 5.32 16 
Ut cm/sec 9. 04x 105 15 5.4xl05 16 

To pt K 735 15 430 16 
IC ~o 11. 7 15 16.0 16 
L1 meV 44.0 17 295 20 

Eecr eV 5.3 18 5.3 14 
DtK eV/cm 6.6xl08 19 9.1x108 14 

----

3. Results and Discussion 

3-1. Fermi-Dirac Integral 

We show the resulting Fermi-Dirac integral of F1~2 in Fig. 1. Clearly from 
eqs. (3),.__,(5), the Fermi-Dirac integral F1~2 for the DKK model is independent of 
the temperature except for split-off hole. On the other hand, that for the Kane 
model has the dependence of the temperature because the Kane model has the 
non-parabolic relation between E and k. Since the above two band models have 
good agreements in the lower energy states than the split-off energy Ll, one can 
find that the Fermi-Dirac integral calculated from the Kane model converge to 
that calculated from the DKK model when the temperature is enough low (for 
silicon at several ten kelvin). 

In Fig. 2, we also show the Fermi-Dirac integral of F~1 1 2 form in the analogous 
way as in Fig. 1. 

3-2. Screening Distances and Relaxation Time 

According to eqs. (2) and (18), and also using the Fermi energy YJP as a para
meter, we replotted the relation between the hole number p and the screening 
distance R, in which the non-parabolicity and the warping of the valence band 
are carefully considered. A certain good linearity between log (p) and log (R) is 
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Fig. 1. Fermi-Dirac integral F1~2c"'J for warped and non-parabolic valence band 
of Si with varying temperature. The symboles F[f2c,,J• Fb2c,,J and F1izcr.J 
means the values for heavy, light and split-off holes, respectively. We 
show also the values calculated from the DKK model in the same 
figure. The values of F1i2 is shown here only for the case of T= 158.5 K 
because the split-off subbands begins to appear higher than the other 
two subbands by LI. 

found particulary in the lower impurity concentration (under 1015 cm-3
) or in the 

higher temperature region. The screening distance R is approximately proportional 
to both the inverse of the root of the carrier number p and the root of the 
temperature T. Moreover in such a region mentioned above, the screening distances 
for each type holes (RH and RL) have a good agreement each other (Fig. 3). One 
can, however, find the discrepancy of the screening distance for the each type holes 
(RH and RL) when the impurity concentration increases. Particulary at low 
temperature (for a example 15.8 K), one can recognize the deviation between RH 
(by the heavy holes) and RL (by the light holes) even at the intermediate impurity 
concentration as 1016 cm-3

• 
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Fig. 2. Fermi-Dirac integral F!._112cr.)· The symboles are same as in Fig. 1. 

Now in order to estimate the validity of the two scattering models (the BH 
and CW model), we compare the original screening distance proposed by Conwell 
and Weisskopf (Rew) or Brooks and Herring (RBH) shown in Fig. 4 with our 
resulting distance RKane shown in Fig. 3. The cut-off distance Rew defined in the 
CW model does not involve the effect of the spatial broading of free holes based 
on the thermal excitation because in the CW model one assume that the impurities 
distribute uniformly in the crystal and have the average spacing as the cut-off 
distance Rew. Therefore Rew is independent of the temperature. This produces 
the large discrepancy of Rew from RKane when the temperature increases. For 
the semiconductors in which the ionized impurities are intermediately doped, the 
screening distance from the BH model (RBH) show the more accurate value than 
that from the CW model (Rew). Thus we can confirm that the BH model describes 
more accurately the phenomena of the ionized impurity scattering in the inter
mediatly doped semiconductors ([21] and [22]). 

On the contrary, it is said that the CW model is far more superior than the 
BH model when the temperature is rather low and the concentration of the ionized 
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impurities is considerably low. In such a condition the BH model fails and the 
CW model becomes the only viable replacement [21]. Nextly we point out this 
reason. Let us consider the screening distance at the low temperature, where the 
ionized impurity scattering acts most predominantly. In the case of the low 
concentration of ionized impurities Rew shows amazingly the rather accurate value 
of the screening distance than RnH (comparing Fig. 3 and Fig. 4). 

In such a low temperature and low ionized impurity concentration (several kelvin 

I-

z 
0 

1-
<t: 
x 
<t: 
__J 

w 
a: 

1013 cw 
.................... "i .................... 

........ 

.... ~~:.".._ ........ 

u .... 

~ 10-11 ......................... 1011c~' .... .... 

~ ............................ .... 

1 a-1 s.__ __ _,.___ __ __. ___ __._ __ _.____._ ___ __, 
10-2 10° 101 102 103 

E ( meV I 

ENERGY 
Fig. 5. Energy dependence of relaxation time due to ionized impurity centers 

for the Kane model calculated from the CW or BH model. The 
symboles -:H, r:L and r:S are the relaxation time due to heavy light 
and split-off holes and also r:T is the total relaxation time. We have 
calculated those values at T= 100 K with varying the net impurity 
concentration N1=1013,..__,l017 cm-s. 
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and nearly 1013 cm- 3
), the influence of the spatial broading of thermally excited 

free holes around the ionized acceptors is considerably small, so that if the Debye 
lenght is taken as the screening distance (RsH), one overestimates the effect of 
the spatial broading of free holes. According to eq. (17), the effective region of 
the screening potential is determined by the screening distance. Since RsH is 
longer than the actual value RKane, the effect of electrostatic potential of the BH 
model is inconsistently widely spread. Therefore in the region of both low tempera
ture and low ionized impurity concentration, the scattering probability calculated 
by the CW model will be expected to be more proper than that by the BH model. 
Considering these points, under the condition mentioned above the relaxation time 
due to the ionized impurity scattering from the BH model will be smaller than 
that from the CW model, and this deduces that the mobility calculated from the 
BH model is expected to be inconsistently smaller than the actual values. 

In Fig. 5, we show the energy dependence of the relaxation times due to 
ionized impurities calculated from the BH and CW model. As we predicted above, 
the resulting relaxation time calculated from the CW model is greater than that 
from the BH model. The typical energy dependence as E 1

·
5 obtained from the 

u 
(lJ 
(/) 

>- :> 
f- ""E' 10

4 

_J !:!... 

2 
10 

10 100 1000 

T [K] 

TEMPERATURE 

Fig. 6. Temperature dependence of hole drift mobility (Ge) calculated from 
the Kane model with using two scattering model as the BH and 
CW model and varying the net concentration of the ionized impurities. 
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simple isotropic and parabolic band model is found no longer except only in the 
BH model under sufficiently low impurity concentration (10' 3 cm-3

). 

3-3. Mobility for holes in the warped and non-parabolic valence band 

The resulting drift mobility for holes is shown in Fig. 6. As the temperature 
becomes lower, the difference of the drift mobility based on the above two ionized 
scattering models becomes remarkably. When the ionized impurity concentration 
increases, one can find the following points. The mobility calculated from the 
BH model show the typical temperature dependence such as the considerable 
decrease of the mobility due to the ionized impurity scattering at several ten 
kelvin and also the appearece of its maximum value, which are experimentally 
found in the intermediately doped semiconductors. The calculated value from the 

fl. 2x16° cm3 

+ 1.2Sxid
3

crn-3 

6 
Lattice 10 

cw 1013 

u BH 10
13 

Q) 
Vl 
::> 

>- N-...._ 
I- E 

10
5 ,__. ~ 

_J 
0 ....... 

co ~ 0 
~ 

I. 
10 

10 100 1000 

T[K) 

TEMPERATURE 
Fig. 7. Comparison of calculated drift mobility with the reported values of Ge. 

The data were quated from Brown et al. [22] ( + ), Ottaviani et al. 
[23] ( 6) and De Laet et al. [24] ( o ). In the case of lattice scattering 
dominant, the solid carve is well agree with Ottaviani's data. 
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CW model, however, does not show these typical temperature dependence of the 
mobility. 

On the other hand, when the impurity concentration decreases, the excess
lowering of the mobility calculated from the BH model is found. Owing to the 
effect of the screening by free holes mentioned in sec. 3-2, the screening distance 
RBH is longer than Rew and this causes the excess scattering probability due to 
ionized acceptors if the BH model is adapted. Thus the values calculated from 
the CW model represents the more suitable ones than those from the BH model 
in the low impurity concentration. 

Finally we compare the values of drift mobility from the above calculated 
results with that obtained experimentally in Fig. 7 (for Ge) and in Fig. 8 (for Si). 
Considering the existence of three subbands and the interaction between those, 

10
5 
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Fig. 8. Comparison of calculated hole drift mobility with the reported values 
of Si. The data are quated frorri Ottaviani et al. [15] ( O ), Logan et al. 
[25] ( • ), Ludwig et al. [26] ( x) and Morin et al. [27] ( • ). L1 means 
the Hall mobility from Long et al. [18]. 
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i.e., anisotropy and non-parabolicity of equi-energy surfaces, the calculated drift 
mobility shows a excellent agreement of the temperature dependence with the 
experimental values in the CW model. 

4. Conclusion 

1). Comparing the screening distance by Dingle's method considered with both 
the existence of three subbands and the interaction between those subbands with 
original screening distance or cut-off distance, we may conclude the BH model 
describe the appropriate scattering process than the CW model in the intermediately 
doped semi.conductors. On the other hand in the case of sufficiently low impurity 
concentration and low temperature the CW model tends to show the more actual 
ionized impurity scattering phenomenon than the BH model because Rew shows 
the more accurate value than RBH· 
2). Considering the several scattering mechanisms due to acoustic, non-polar 
optical phonon, ionized impurity and also neutral impurity centers, the temperature 
dependence of the calculated hole mobility has a excellent agreement with experi
mental values if one considers the subband-interaction. 
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