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ABSTRACT 

Considering the warping and the non-parabolicity of equi-energy surfaces and also the 
existence of three types of holes, we calculated the relaxation times of holes due to lattice 
scattering including the non-polar optical phonon scattering, the impurity scattering with 
neutral center as well as with ionized center scattering. 

The effect of interaction between three subbands in the valence band is recognized 
most significantly in the non-polar optical phonon scattering of silicon. For silicon whose 
split-off energy is considerably small, it is very important to consider the effect of the 
subband-interaction if we want to estimate accurate values of relaxation times due to 
lattice scattering and also ionized impurity center scattering. 

In highly doped samples (over 1017 cm-3), one should consider the effect of neutral 
center scattering with accurate screening distance. 

1. Introduction 

Although the valence band of Ge-family semiconductors is constructed of three 
complicated subbands, scattering of holes have usually been approximately treated 
neglecting the existence of split-off holes and even assuming the parabolic band 
form. 

Silicon has, however, the small split-off energy (44 me V) so that the subband
interaction begins to occur in rather low energy states and consequently the effect 
of warping and non-parabolicity is larger, and also the probability of the existence 
of holes in split-off subbands is considerably higher. One should take into account 
the interaction between these subbands in the valence band, introducing both of 
their warping and non-parabolicity and consider also the contribution from three 
type holes (heavy, light and split-off holes) accurately. 

In this paper, using the two typical band models (DKK and Kane model) which 
are obtained by the k · p perturbation theory including the spin-orbit interaction, 
we determine the band structure near the valence band edge and calculate the 
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density of states for three subbands holes. Then we consider the effect of inter
action between three subbands in the valence band on the relaxation time by 
acoustic, non-polar optical phonon and ionized impurity scattering, respectively. 

2. Theory 

2-1. Band Structure and Density of States near the Valence Band Edge 

The energy band structure near the valence band edge of Ge-family semi
conductors have been obtained using the method of the k · p perturbation theory 
including the spin-orbit interaction [ 1] and [ 2 ]. Dresselhaus et al. obtained the 
energy eigenvalues for three subbands with the approximation that the interaction 
between heavy, light and split-off holes can be neglected because those terms affect 
the roots of the secular equation only to the order k4/J. Kane solved the secular 
equation and Asche et al. [ 3] have rewritten the E-k dispersion relation in 
spherical coordinate. In this paper we used these two typical band model as DKK 
model proposed by Dresselhaus, Kip and Kittel and Kane model by Kane and 
Asche et al. 

From the above two band models we have obtained the density of states. For 
DKK model, the following solution can be obtained [ 4]; 

1 ( 2m0 )
312 

_ 
gi= Srr3 -F Iv E for heavy and light holes, ( 1 ) 

and 

for split-off hole, ( 2) 

where gi (i =H, L and S) means the density of states for each subband holes, 
respectively. I( =Hand L) or S is the modified coefficient which represents the 
anisotropy of the equi-energy surfaces for DKK model and relates to the band 
parameters [ 4 ]. The density of states for Kane model are given as [ 4 ]. 

,-_1_(2mo )
312 l' aui: 1/2 ) 

<Ji - 8rr3 fi2 JI DE .1 ui dL' ( 3) 

where the integration should be carried out on the equi-energy surfaces. 
The numerical calculation was performed as follows; each equi-energy surface 

was divided in 1152 elements and the integration was performed by Simpson's 
method. The integration was found to converge when the division more than 648 
elements were used. 

2-2. Relaxation Times 

We consider the scattering by the lattice vibration including the effects of 
optical phonons and the scattering by the ionized impurity centers. In order to 
simplify the calculation of the transition matrix elements, we introduce the follow-
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ing two major assumptions; ( i) the scattering processes are perfectly elastic 
except the case of the non-polar optical phonon scattering, and (ii) all holes are 
scattered isotropically so that the relaxation times can be assumed to depend only 
on the energy of holes. 

2-2-1. Overlap Integral and Anisotropy of Scattering 

By using the Born approximation the scattering probability per unit time Pj 
for each of types of hole is given by, 

( 4) 

with 

Gkk' = 2
1 

I; I ( uf1,vUs,i.(r)dr J

2 

81,82 J (5) 

where the sum is taken over spin states. I(k' -k) is the (k' -k)-th Fourier coeffi
cient of the perturbing Hamiltonian which determines the scattering process. The 
wave vectors of holes at the initial and final state are denoted as k and k', respec
tively. One should account accurately for the overlap integral between periodic 
parts Us, k(r) of the wave functions in the matrix between the initial and final 
Bloch states, which gives the anisotropy of the scattering probability. 

Wiley [ 5 ] has investigated the overlap integral with the use of Kane's Bloch 
function for III-V compounds. Costato et al. [ 6 ] have applied their results to 
IV-semiconductors. They showed that the k-dependence of the overlap integral is 
neglible and also showed that the overlap integral is dependent only on the scat
tering angle fJ. 

According to Wiley [ 5 ], the overlap integrals for heavy and light hole have 
remarkably strong anisotropy [ 4] and are represented as follows, 

1 
GHH=GLL= 4 (1+3 cos2fJ) for intra-subband transition, ( 6) 

and 

Gin =G LH = ! sin28 for inter-subband transition. ( 7) 

Therefore the probability of holes scattered into the heavy hole subband is given 
by, 

__!___ - Cc "' dO' 
Tllll - J IIJII' II •• ' ( 8) 

and 

_l __ (G F dO' 
-:LH - J LH H -~ , ( 9) 

where Fi(i =H and L) is determined from the scattering matrix elements. In low 
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energy states where the split-off subband doesn't appear, the total probability of 
holes scattered into the heavy hole subband is 

J_ __ l_ - 1- - ~(G G ) v dO' 
H - H H + LH - H H + Lll 1' H w • 

'r 'r 'r 
(10) 

From eqs. (6) and (7), the relaxation time can be reduced as, 

(11) 

This result agrees with that when one takes overlap integral being unity. 
When the electron energy becomes larger than the split-off energy, one should 

consider the existence of the split-off hole subband. Since the magnitude of the wave 
vector of both heavy and light holes, which occupy the energy states greater than the 
split-off energy, is considerably larger, the probability of inter-subband transition 
as H-S of L-S is very small so that it can be neglected in comparison with that of 
S-S intra-subband transition. Moreover the equi-energy surface of the split-off hole 
subband is almost isotropic [ 4 ]. Considering these two points we take the overlap 
integral Gss to be unity. 

From the above consideration we see the difference of the overlap integral 
between the plane waves and those for the Bloch holes may affect hardly the 
mobility [ 7 ]. Therefore we introduce the approximation that the overlap integral 
is unity and the k-dependence of the overlap is neglected. According to Tiersten 
[ 7 ] and Costato et al. [ 6 ] the relaxation times are found to be very nearly iso
tropic. They also showed that the assumption that the scattering depends only on 
energy leads to an error less than 1 % for each subbands holes. However they pointed 
out that fairly large errors would be introduced at the stage of integration over 
equi-energy surfaces, if the pure parabolic bands were taken instead of the non
parabolic and warped ones. 

The major lattice scattering processes in Ge-family semiconductors are the 
acoustic phonon scattering and non-polar optical phonon scattering. Bir et al. [ 8] 
and Tiersten [ 7] have shown that the deformation potential approach is adequate 
to describe these scattering phenomena in these semiconductors. 

2-2-2. Acoustic Phonon Scattering 

By using the deformation potential approximation the relaxation times of holes 
scattered into i-th subband by acoustic phonons is given as, 

1 
(12) 

and the total relaxation time de is represented as, 

(13) 

where gi means the density of states defined in sec. 2-1 and symboles kn, p, ui is 
the Boltzmann constant, the density of the material and the longitudinal sound 
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velocity, respectively. Eeff is the deformation potential constant in Lawaetz's 
notation [ 9 ]. 

2-2-3. Non-Polar Optical Phonon Scattering 

The transition probability due to non-polar optical phonon scattering was found 
to be given by an equation analogus to that by acoustic phonon [ 8 ]. The optical 
phonons, however, have the large energy nw0 at long wave length so that the 
scattering due to these phonons is inealstic [10]. Neglecting the dispersion of 
optical phonons and using the optical phonon coupling constant (DtK), the relaxa
tion time by optical phonon scattering for three subbands is calculated to be; 

(14) 

where Nq is the Bose-Einstein phonon distribution with optical phonon frequency Wo. 

The expression for the relaxation time is slightly complicated because the 
scattering by optical phonons is inelastic with creation and annihilation of phonons. 
Considering the energy conservation and also the existence of three type holes, 
the total relaxation time is formally given as, 

where the summation is followed to Fig. 1. 

0 
WAVE VECTOR 

s L H 
>-
~ a: 
w z 

~w 
0 
:r: 

Fig. 1. Possible transitions of holes in the valence band due to non-polar optical 
phonon scattering for silicon type (L1 <liw0). Although there are many other 
inter- and intra-subband transitions, we show only some typical transi
tions in order to avoid complications. Symboles L1 and w 0 are the 
split-off energy and the optical phonon frequency, respectively. H, L 
and S represent heavy, light and split-off hole subband, respectively. 

2-2-4. Ionized Impurity Center Scattering 

(15) 

We assumed also that the scattering by ionized impurity centers is perfectly 
elastic and used the two approaches to describe the transition matrix element ; 

127 



K. TAKEDA, K. SAKUJ, A. TAGUCHI and M. SAKATA 

one of them is the CW formula proposed by Conwell and W eisskopf [11] and the 
other is the BH formula due to Brooks [12] and Herring [13]. The difference 
between above the two is the choice of the screening distance of the impurity 
potential. 

The relaxation time due to these two scattering models is written as, 

1 N ( n.2 )1
1

2~ ____ l __ ... )I 
ii - 2 2 

Gi1HidL , 
T1M K mo 

(16) 

where K, N1 and Gij is a dielectric constant of silicon or germanium, a net con
centration of impurities and the above defined overlap integral respectively. Hi is 
determined from the scattering matrix element and defined as follow ; 

u~ 1-cos e 
M= Uf2 -[(1-cos t9)+1/(2k2R2)J2' 

(17) 

where R is the screening distance, 

for BH model, (18) 

and 

for CW model, (19) 

In Table 1, all parameters used in our calculation were summarized. 

Table I. Parameters used in calculation in this papar. Symboles in this table have 
been defined in text. Atomic unit used here is n=l, m0 =1/2 and e2 =2 system. 

Parameter Unit Si I ref. Ge I ref. 
l-< 

A 
I 

o2 -4.42 -13.27 
z Q) 

B ATOMIC -0.79 9 -8.63 15 <ea UNIT 
p:) ~ c 4.78 12.4 ro 

0. 

b.O H 4.92 2.59 
~ . 
·-'H 

L ATOMIC 4 0.11 4 0. Q) 0.78 l-< 0 UNIT ro u 
~ s 1.45 0.26 

----

p g/cm3 2.329 5.32 
Ul cm/sec 9.04x 105 5.4x 105 16 

Topt K 735 430 16 

tr co 11. 7 16.0 
.:1 meV 44.0 17 295 20 

Eeff eV 5.3 18 5.3 15 
DiK eV/cm 6.6x 105 19 9.1x105 15 
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3. Results and Discussion 

3-1. Acoustic Phonon Scattering and its Anisotropy 

The energy dependence of the relaxation time for heavy and light hole follows 
nearly the E-u law below 10 me V (silicon), respectively (Fig. 2). One, however, 
finds deviations from this dependence (even in the DKK model) near the split-off 
energy where the interaction between subbands occurs. Above 100 me V, the E-o.s 
dependence of the relaxation time is found to be recovered. The total relaxation 
time associated with intra- and inter-subband transition is mostly predominated by 
heavy holes. The DKK model seems to be adequate to describe only low energy 
states (below about 10 K for silicon and 100 K for germanium). 

10-7 

rn-s 
u 
(1) 
(/) 

u 10-9 ~<( 

w 
L 
........ 
I-

z 
0 
........ 
I-
<! 
x 

rn-11 <! 
_J 

w 
0::: 

w-12 

E ( meV) 

Fig. 2. Energy dependence of relaxation times due to acoustic phonon scattering. 
Symboles TH, n, rs and rr are the relaxation times defined in text. 
The solid lines represent the relaxation times calculated from the Kane 
model and the dashed line represents the total relaxation time calculated 
from the DKK model. 
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Fig. 3. Angular dependence of relaxation times due to acoustic 
phonon scattering for germanium. Symbol I-J means 
the transition from I-subband to J-subband. e is the 
scattering angle. 

In Fig. 3, we show the angular dependence of the relaxation times by the 
acoustic phonon scattering in which both heavy and light holes initially occupy in 
the (110) plane in the Brillouine zone. One finds that the anisotropy of the inter
subband transition is more remarkable than that of the intra-subband transition. 
Only on <IOO) direction, the relaxation time of holes scattered into the same final 
subband by the intra- and inter-subband transition (H-H and L-H, or L-L and H-L) 
has the same value. When the initial holes exist in <111) direction in the Bril
louine zone, it is noted that the relaxation time due to the inter-subband transition 
has the maximum value while that due to the corresponding intra-subband transition 
has the minumum value. This means that the intra-subband transition occurs 
more frequently than the inter-subband transition. The total relaxation time 
doesn't show the variation so far as we neglect the k-dependence of the overlap 
integral. 

3-2. Optical Phonon Scattering 

By using both Fig. 1 and eq. (15), the resulting relaxation times by non-polar 
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Fig. 4. Energy dependence of relaxation times due to non-polar optical phonon 
scattering for silicon at 100 K. 

optical phonon scattering at 100 K for silicon are obtained and are shown in 
Fig. 4. The relaxation time is shown to be nearly independent on energy of holes 
below the split-off energy Ll, and the magnitude of those values are much larger than 
that by other scattering processes as long as the temperature is not too high. 
When the split-off hole band appears, the total relaxation time is affected; above 
L1 +hw0 its value decreases very rapidly since the scattering processes with both 
creation and annihilation of phonons begin to occur in all three subbands. 

The values of those relaxation times of silicon calculated from the DKK model 
are different from those calculated from the Kane model because the scattering 
process due to optical phonons is inelastic. Since the values of the relaxation times 
from the DKK model is about two times larger than that from the Kane model, 
one should consider the warping and non-parabolicity of equi-energy surfaces and 
also the effects of three subband holes in order to estimate the accurate value for 
relaxation times. 

The effect of subband-interaction on the relaxation times appears differently 
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Fig. 5. Comparison of relaxation times for germanium due to non-polar optical 
phonon scattering calculated from Kane band model (solid line) with 
that calculated from DKK model (dashed line). 

in silicon and germanium; for silicon one finds some difference in the relaxation 
times calculated from the above two band models (Kane and DKK model) even at 
very low temperature, while for germanium two relaxation times have certain 
good similarity (Fig. 5). The reason for this is considered to be the following two 
points. The first is that the split-off energy of germanium is so much larger that 
it causes decrease the anisotropy of equi-energy surfaces in lower energy states 
and the second is that the optical phonon energy of germanium is smaller than its 
split-off energy. From Figs. 2 and 4, one can estimate that the dominant scatter
ing process would change from the acoustic phonon scattering below 100 K to the 
optical phonon scattering (for silicon). 

3-3. Ionized Impurity Center Scattering 

In Fig. 6 the resulting relaxation times calculated from CW and BH formula 
are shown for varying concentrations of the ionized impurities. The energy 
dependence of the relaxation time calculated from CW formula shows a strangely 
E-1. 5 power law in lower energy states, which is similar to that due to acoustic 
phonon scattering. In higher energy region the dependence for three subband 
holes, however, changes to £1. 5 law. The major hole which predominates the total 
relaxation time changes from heavy one to light one and further to split-off holes 
above J. When the concentration of impurity centers becomes high, the value of 
the relaxation time decreases and that magnitude in lower energy states is less 
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than those due to acoustic or optical phonon scattering. 
In the BH theory the dominant scattering process is, however, affected not by 

heavy holes but by light holes and changes to split-off holes when the split-off 
band appears. So long as the concentration of ionized impurity centers is low, the 
energy dependence of relaxation time shows the £1. 5 power law as is the case for 
the simple band model. Similarly to the CW formula, the magnitude of the relaxa
tion time in low energy states is small enough to predominate the value of the 
total relaxation time associated with acoustic phonon, optical phonon and ionized 
impurity center scattering. 

For the ionized impurity scattering, the difference of the values of two relaxa
tion times calculated from the DKK model and from the Kane model is small 

1013 cw 
10-9 '',<1~ 

I 
I 

I , 

10-15~--~---~---~--~~--~ 
10-2 1 OO 101 102 

E ( meV I 

Fig. 6. Energy dependence of relaxation times due to ionized impurity scat
tering for silicon. We used two scattering models (CW and BH model) 
and the Kane model. Symbol 1013 CW means that the value is calcul
ated by the CW model with 1013 cm-3 of ionized impurity concentration. 
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--- KANE 

10-8 ---------- DK K 

~ 1010 
Ul 

1d 5~~~~~--~----'-----''----'-------' 
10-2 10-1 100 101 102 103 

E ( meV} 

Fig. 7. Comparison of relaxation times due to ionized impurity scattering 
calculated from the Kane model with that from the DKK model. The 
BH theory is used for silicon. 

(Fig. 7) so that the DKK model seems to adequately describe the ionized impurity 
center scattering if one assumes that the overlap integral is nearly unity and that 
the perturbing potential by ionized impurity centers is represented by the screened 
potential whose screening distance is taken as the average spacing N[ 113 (CW) or 
Debye length (BH). 

We have also considered the temperature dependence of the net concentration 
of ionized impurity centers assuming that the impurities have the localized acceptor 
level EA in the band gap and the degree of the ionization of impurity takes the 
Maxwell-Boltzmann distribution for a simplicity. Then neutral impurities exist in 
the semiconductors and one should also consider the scattering by these neutral 
centers. 
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Fig. 8. Relaxation times due to impurity scattering including the effects of 
both ionized impurity and neutral impurity with varying impurity 
concentrations (1013, 1015 and 1011 cm-3). We have used the BH theory 
for ionized impurity scattering. The solid lines show the variation of 
the relaxation time of 1013 cm-3 impurity concentration with varying 
temperatures (10, 100 and 1000 K). We also show the relaxation time 
calculated from the DKK model with various acceptors (Ga, Al and B). 

According to Erginsoy [14], the relaxation time by neutral center scattering 
is given as, 

(20) 

We show the relaxation time by ionized impurity scattering involving the neutral 
center scattering in Fig. [8]. 

Neglecting the effect of the neutral center scattering, one finds that the 
magnitude of the relaxation time due to ionized impurity scattering increases 
against the energy of holes particularly in higher impurity concentrations (Fig. 6) 
so that the mobility in the lower temperature increases [21], which is inconsistent 
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+2 
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10 

Fig. 9. Energy dependence of mixed relaxation time of silicon. We considered 
in the figure the lattice scattering involving non-polar optical phonon 
scattering and the impurity center scattering both the effects of ionized 
and neutral center. The density of impurity center N 10 is taken to be 
1017 cm--3 • 

with experimental results. This contradiction seems to occur from the following 
two reasons. The first is that in the BH (or CW) theory one assumes the screen
ing distance as the Debye length (or the average spacing) which would be correct 
only the lower concentration of the ionized impurities. In higher concentrations 
one should obtain the screening distance self-consistently from Poisson's equation. 
The second is that at very low temperatures (low energy) one should strictly 
consider the effect of the neutral center scattering. All of the mixed relaxation 
time associated with acoustic and non-polar optical phonon scattering and the 
impurity scattering including both effects of ionized and neutral centers is shown 
in Fig. 9. 
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4. Conclusion 

( 1 ) Density of States 
The effect of the interaction between subbands becomes remarkable near the 

split-off energy L1 and prompts for the energy dependence of the density of states 
to deviate from E 0

·
5 power law. Particularly in silicon, this affects considerably 

the relaxation time and mobility on account of its smaller split-off energy. 
( 2) Acoustic Phonon Scatterig and its Anisotropy 

Since the E- 0
·

5 power law of the energy dependence of the relaxation time 
due to acoustic phonon scattering is valid only below 10 me V (Si), the interaction 
between subbands has a significant effect of the acoustic phonon scattering which 
predominates other scattering processes in silicon at about 100 K. 

Mixing the intra- and inter-subband transition, the anisotropy of the total relaxa
tion time would vanish so far as the k-dependence of the overlap integral is 
neglected. 
( 3) Non-Polar Optical Phonon Scattering 

The effect of the subband-interaction appears to be different for silicon and 
germanium; for silicon (Ll<nwo), the subband-interaction is too significant to be 
neglected (silicon type), while for germanium (Ll > nwo) that is considerably small 
(germanium type). 
( 4) Ionized Impurity Scattering 

The BH theory is more appropriate for higher impurity concentrations than 
CW theory. Over 1017 cm-3 of the impurity concentration one should, however, con
sider both the neutral center scattering and the accurate screening distance cal
culated self-consistently using Poisson's equation. 
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