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KEIO ENGINEERING REPORTS 
VOL. 33, NO. 8, pp. 97-116, 1980 

ON THE GENERALIZED HILBERT TRANSFORMS 
OF FUNCTIONS OF TWO VARIABLES 

KA TSUO MATSUOKA 

Dept. of Mathematics, Keio University, Yokohama 223, Japan 

(Received May 17, 1980) 

ABSTRACT 

On the basis of the generalized harmonic analysis of functions of two variables under 
a restricted limit process, the spectral analysis of the generalized Hilbert transforms of 
functions of two variables is shown. 

§ 1. Introduction 

Following the preceding paper of Matsuoka [7], the purpose of this paper is 
to develop the generalized harmonic analysis of the generalized Hilbert transforms 
of functions of two variables. 

We shall establish the spectral relation between a given function and its 
generalized Hilbert transforms, and see that the properties of the given function 
are reflected on those of its generalized Hilbert transforms. Several related 
theorems are proved. 

The method of discussion can be used along the lines of Koizumi [6] in the 
case of functions of one variable. As for the modified Hilbert transforms, we 
should also refer to Achieser [l] and Kober [3]. 

§ 2. Preliminaries 

In this section, we show some facts which will be useful later. 
First, in a way similar to Koizumi [ 4], we introduce the generalized Hilbert 

transforms taken in the " x1 " variable, taken in the " x2 " variable and the double 
generalized Hilbert transform, defined on functions of two variables as follows : 

(2.1) J(I)( )-1" X1 +i ~ f(S, X2) ds 
Xi,X2 - Im --

s+i •1-0 ;r 0, <t~ lx1 -sl X1-S 

(2.2) J<2)( )-1" X2 +i ~ f(xi. t) dt 
Xi,X2 - Im --

t+i X2-f •2->0 ;r O •2~lx2-tl 
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KATSUO MATSUOKA 

and 

(2.3) 

respectively. Here, ](xi. x2) is often easy to deal with, because of the obvious 
formula 

(2.4) 

Now, we can state 

THEOREM 1. If f(xi. x2)/{(x1 +i)(x2 +i)} belongs to the class L2(R2
), then 

Jcl)(xi. x2)/{(x1 +i)(x2+i)}, Jc2\xi. x2)/{(x1 +i)(x2+i)} and ](xi. x2)/{(x1 +i)(x2+i)} also 
belong to the same class, and 

(2. 5) 
roo roo il(l)cs. t)[2 roo roo l/(s, t)j2 
J _oo J _oo (1 +s2)(l +t2 ) dsdt= J _oo J-oo (1 +s2)(1 +f2) dsdt' 

(2.6) 
roo (''' 1Jc2)(s, t)j2 roo roo l/(s, t)j2 
J_= J_oo (l+s2)(l+t2) dsdt= J_oo J_oo (l+s2)(l+t2) dsdt 

and 

(2. 7) roo roo i](s, t)j2 d dt= roo roo l/(s, t)[2 d dt 
J_ooJ-oo (l+s2)(l+t2) s J_ooJ-oo (l+s2)(1+t2) s · 

As for details, see Cotlar [2] and Sokol-Sokolowski [8]. 
Next, we introduce several integrals of the Cauchy type, the Poisson type and 

the conjugate Poisson type. These are defined by the formulas 

(2.8) 

(2. 9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

and 

ds 
s-z 

(CC2) f)(xi. w)= w2+.i (00 f(xi. t) dt 
rrz J_oo t+i t-w ' 

(Cf)(z, w)=(CCl)CC2) f)(z, w)=(CC2)CCI) f)(z, w), 

(Pf)(z, w)=(P 0 ) pc2 ) f)(z, w)=(P<2 ) pci) f)(z, w), 
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(2.14) 

(2.15) 

(2 .16) (Qf)(z, w)=(QmQ<2 ) f)(z, w)=(Q<2)Qm f)(z, w), 

where z=x,+iyi,y,>0 and w=x2+iyz,Y2>0. Moreover, among these integrals, 
the following relations are valid : 

(2.17) 

(2.18) 

and 

(2.19) 

2(c<0 f)(z, Xz) =(P(l) f)(z, Xz)+i(Q 0 ) f)(z, Xz), 

2(c<2
) f)(x,, w)=(P<2

) f)(xi. w)+i(Q<2
) f)(x,, w) 

4(Cf)(z, w)=(Pf)(z, w)-(Qf)(z, w)+i{(Q 0 ) p<z) f)(z, w)+(P 0 )Q<2 ) f)(z, w)}. 

Combining these integrals and the generalized Hilbert transforms, we have 
the properties in the following two theorems. Let us write C+={z=x+iy: y>O} 

and c~ = {(z, w)=(x, +iyi, Xz +iyz): Yi. Yz>O}. 

THEOREM 2. If /(xi. x 2 )/{(x, +i)(xd i)} belongs to the class L2(R2
), then 

(2.20) 

(2.21) 

and 

(2. 22) 

for every (z, w)EC~. 

(QO) P(2) f)(z, w) =(P/0 ))(z, w), 

(P(l)Q<2) f)(z, w)=(P/<2))(z, w) 

(Q/)(z, w)=(P/)(z, w) 

Proof. These are consequences of the following well-known equalities: 

(2.23) 

for every zECi and almost every x2E(-oo, oo), and 

(2. 24) 

for almost every .r,E(-00,00) and every wEC;. 

(2. 25) 

(2.26) 

and 

(2. 27) 

(C<1) pc2) f)(z, w)=(C<o pc2)(i/<1)))(z, w)' 

(P<0 e<2) f)(z, w)=(PO)C<2)(i/<2>))(z, w) 

(Cf)(z, w)=(C(- /))(z, w) 
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for every (z, w)EC~. 

Proof. These are consequences of the following equalities: 

(2. 28) 

for every zEC1 and almost every X2E(-oo, oo), and 

(2.29) (CC2
) f)(x1, w)=(CC2)(ifc2>))(x1, w) 

for almost every :c1E(-oo, oo) and every wECr (see Theorem 37 of Koizumi [6]). 

THEOREM 4. If /(xi. x2)/{(x1 +i)(x2 +i)} belongs to the class L2(R2
), then 

(2. 30) (S)- lim (P/)(z,w)=/(x1,x2) 
C~3(z, w)-+(x1. Xz) 

for almost every (x,, x2)ER2
, where notation (S) indicates the limit in the sense of 

Stoltz (i.e., as a nontangential limit), and 

(2.31) 

Proof. (2.30) is well known. As for (2.31), letting z=x,+iy,,y1>0 and w= 
.r2+iy2, Y2>0, we have 

I ( z + i) - ( x I + i) 1 2 

l+x1 2 

Now, by Theorem 3.22 of Stein and Weiss [9, p. 60], 
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By Jensen's inequality and Fubini's theorem, 

p ~42 2 l''" r(X) l/(s, t)l2 d dt_}_ roo r(X) _1 __ 
2- Yi J_ooJ-oo (l+s2)(l+t2) S n2 J_ooJ_oo l+xi2 

YidXi Y2dX2 
(s-xi)2+Yi2 (f-x2)2+Y22 

<42 2 r= r= l/(s, t)l2 d d 
= Yi J_(X)J_OO (l+s2)(l+t2) st 

=o(l) as 1/1, Y2--++0. 

Similarly, 

< 2 2 (
00 

(

00 l/(s, t)l2 
Pa=4 Y2 J_

00
J_

00 
(l+s2)(l+t2) dsdt 

and 

p <42 2 2 r(X) r(X) l/(s, t)l2 d dt 
4= Yi Y2 J_ooJ_oo (l+s2)(1+f2) S 

Thus, (2. 31) is established. 

Therefore, from Theorems 2 and 4, we can easily obtain 

THEOREM 5. If f(x1, x2)/{(x, +i)(x2 +i)} belongs to the class L2(R2), then 

(2. 32) (S)- lim (QC 1) pcz> f)(z, w)= J0 >(xi. x 2), 

c~:i(z, w)-->CX1. x2) 

(2. 33) (S)- lim (PCOQCZ) f)(z, w) = J (Z>(x,' X2)' 
G~:l(Z, !C)---+(X1. X2) 

(2.34) (S)- lim (Q/)(z, w)=](xi. x2) 
c~;i(z, W)---+(Xj, X2) 

(2. 35) 

(2.36) 

(2. 37) 

Furthermore, from Theorems 3, 4 and 5, the following theorem holds. 
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THEOREM 6. If /(xi. x2)/{(x1 +i)(x2 +i)} belongs to the class L2(R2
), then 

(2. 38) 

(2. 39) 

and 

(2.40) 

(JCl)tCl)(Xi, X2)= - f(Xi, X2), 

(Jcz))~C 2\x1, x2)= - f(x1, .Tz) 

for almost every (x1, x2)ER2
• 

Finally, from these theorems, we can show the following principal result of 
this section. 

THEOREM 7. Suppose that f(x1, x2)/{(x1 +i)(x2+i)} belongs to the class L2(R2) 
and put 

(2.41) 

(2. 42) 

(2.43) 

h 0 )(z, w)=2(CC 1) pcz) f)(z, w), 

fiC 2)(z, w)=2(P0 )ccz) f)(z, w), 

lz(z, w)=4(Cf)(z, w) 

for every (z, w)EC~. Then 

(2.44) (S)- lim /zC 0 (z, w)=f(:c1, .Tz)+iJ0 )(xi. .Tz)=/zC0 (xi. .r2), 
C~_3(z, 10)~(X1, X'z) 

(2.45) (S)- lim h,CZ)(z, w)=f(.x:,, X2)+iJ(2)(.T1, X2)=/zC2 )(.T1, .T2)' 
C~3(z,w)~(x1.x2) 

(2. 46) (S)- lim h(z, w)=f(:c1, .T2)-](x,, .rz) 
C~3(z, w)~Cx1,X2) 

for almost every (.r1, x2)ER2, 

(2. 47) 

(2. 48) 

(2. 49) 

and 

(5. 50) 

(2. 51) 

(2. 52) 

/zCl)(z, w)=(CC 1) pcz)/zCl>)(z, w)=(PhCl))(z, w), 

fiCZ)(z, w)=(PC 0 CC 2)/iC2))(z, w)=(PfiCZ))(z, w)' 

lz(z, w)=(Clz)(z, w)=(Ph)(z, w) 
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for every (z, w)EC~. 

§ 3. The spectral analysis of the generalized Hilbert transforms 

We begin with the following notations, which will be used in what follows 
(see Matsuoka [7]) : 

(a) W(R2)= {f(x1, x 2)ELr0 ,.(R2
): o<~~f<oo 4~T ~~J:s l/(s, t)l2dsdt<co}; 

(b) The double generalized Fourier transform. 

s(u, v; /) 

. 1 [~A ~-1][~A ~-11 e-ius e-ivt =l.i.m. -
2
- + + . f(s, t)-.- --.-dsdt 

A--> 00 7r 1 -A 1 -A -ZS -zt 

. l [A ~ -1 J~l e-ius _ 1 e-ivt 
+l.i.m. -

2 
+ .. f(s, t) . . dsdt 

A-->oo 7r 1 -A_ -1 -ZS -tt 

. 1 ~l [~A ~-1] e-ius e-ivt_l +1.i.m. -
2 

+ /(s, t)-.- . dsdt 
A-->00 7r -1 _ 1 -A -ZS -tt 

1 ~ 1 ~ 1 e-ius -1 e-ivt -1 +-
2 

f(s,t) . --.-dsdt; 
rr -1 -1 -ts -it 

(c) !!:.,.~s(u, v; f)=s(u+i;, v+r;; f)-s(u-i;, v+r;; /) 

-s(u+i;, v-r;; f)+s(u-i;, v-r;; /); 

(d) The notations IR.1 and IR.2 mean that a limit exists and has the same 
limit for every positive constant C whenever S and T tend to infinity in 
such a way that S=CT and whenever c and r; tend to zero in such a 
way that r;=Cc, respectively; 

(f) S(R2)={/(xi. x2)E W(R2
): ¢(xi, x 2 ;/) exists for all (x1, x2)ER2}; 

(g) S'(R2)= {/(x1, x2)ES(R2
): ¢(xi. x2; /) is continuous on R 2

}. 

In this section, we shall determine the spectral relation between any given 
function which belongs to the class W(R 2

) and its generalized Hilbert transforms. 
It is to be noted that whenever /(x1, x2) belongs to the class W(R2

), by 
Theorem 1 of Matsuoka [7], the generalized Hilbert transforms Jc0 (x1, x2), Jc2)(xi. 
x2) and ](xi. x2) are defined, and the double generalized Fourier transforms of 
these are also defined. 

First, we state the following two fundamental theorems, the proofs of which 
are given in § 4. 
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THEOREM 8. If f(x1, x2) belongs to the class W(R 2
), then for any given 

positive numbers s, r;, 
( i ) when Jul >s, 

(3.1) /::,.,,~s(u, v; Jcl))=(-i sgn u)/::,.,,~s(u, v; /); 

(ii) when Jul~s, 

(3.2) /::,.,,r,s(u, v; ](l))=i/::,.,,r,s(u, v; f)+2r1(u+s, v; f)+2r2(u+s, v; f), 

and 

( i ) when Iv! >r;. 

(3. 3) /::,.,,r,.s(u, v; Jc2))=(-i sgn v)/::,.,,r,s(u, v; f); 

(ii) when Iv! ~r;. 

(3.4) /::,.,,~s(u, v; Jc2))=i/::,.,,~s(u, v; /)+2ra(u, v+r;; f)+2rlu, v+r;; f), 

where 

(3. 5) ( . /)-1. _!__ ~B ~B f(s, t) e-ius_l 2 sin r;t -ivtd dt 
Y1 U, V , - .1.m. 

2 
. . t e S , 

B->oo 7r -B -B s+z -ZS 

(3.6) ( •f)-1' _!__~B ~B f(s,t) 2sinr;t -i(US1Vl)ddt r2 u, v, - .i.m. 
2 

. e s , 
B->oo 7r -B -B s+z t 

(3. 7) 
. _. 1 ~B ~ 8 f(s,t) e-ivt_l 2sinss -ius 

f3(u, v, /)-1.i.m. -
2 

-t-.- .t e dsdt, 
B->oo 7r -B -B +z -z s 

(3.8) ( ·j)-1' _!__~B ~B f(s,t) 2sinss -icus+vt)ddt f4 u, v , - .i.m. 
2 

. t e s . 
B->oo 7r -B -B t+z 

THEOREM 9. If f(xi. x2) belongs to the class W(R 2
), then for any given 

positive numbers s, r;, 
( i ) when lul >s, lvl >r;. 

(3. 9) /::,.,.~s(u, v; f)=(-i sgn u)(-i sgn v)/::,.,,~s(u, v; f); 

(ii) when lul ~s, Jvl >r;, 

(3 .10) /::,.,,r,s(u, v; f)=(-i sgn v){i/::,.,,~s(u, v; f)+2r1(u+s, v; f)+2r2(u+s, v; /)}; 

(iii) when Jul >s, Jvl ~r;. 

(3.11) /::,.,,~s(u, v; /)=(-i sgn u){i/::,.,,~s(u, v; f)+2rs(u, v+r;; f)+2rlu, v+r;; /)}; 

(iv) when Jul ;;£s, Jvl ;;£r;, 

(3.12) /::,.,,~s(u, v; /)= -/::,.,,~s(u, v; f) 

+2i{r1(u+s, v; f)+r2(u+s, v; f)+ra(u, v+r;; f)+r4(u, v+r;; /)} 

+4{r5(u+s, v+r;; f)+r6(u+s, v+r;; f)+r1(u+s, v+r;; f)+rs(u+s, v+r;; /)}, 
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where 

(3.13) . 1 ~B ~B j(S, f) 
Y5(U, V; /)=1.1.m. -2 ( ")( ") 

B->oo 7r -B -B s+t f+t 

e-ius -1 e-ivt -1 
--- .t dsdt, 

-is -t 

(3.14) . 1 ~B ~B j(S, f) 
rfi(u, v; /)=1.1.m. -2- _ ( ")( .) 

B-"" 7r , - B - 11 S + l f + l 
e-ivt_l . 
---e-IUSdsdt 

-it ' 

(3.15) . 1 ~B ~IJ f(S, f) 
r1(u,v;f)=l.1.m.-2 ( ")( .) 

B->oo 7r -B -R s+t f+t 

e-ius_1 
--. -e-ivtdsdt, 

-is 

(3 .16) . 1 ~B ~B f(S, f) r (u v · /)- l 1 m e-icus 1 v0 dsdt . 
8 ' ' - • • • -2 ( ")( ") B->oo 7r -B -B s+t f+t 

Next, we introduce the following class of functions: By So(R2), we denote 
the class of functions such that /(xi. x 2)E W(R 2

) and 

exists. Then we shall show the following two theorems. 

THEOREM 10. Let f(x1, x2) belong to the class So(R2). If we assume that 

1 ~ 
00 

~· §<..2-lim -
8
- jd,.~s(u, v; f)l 2dudv=0 

'·~--o nr:.r; -= -· 

and that 
(M2) there exists a constant k{ such that 

IR.2- hm -- 1.i.m. - -----. 1 ~= ~ 2' I . 1 ~B ~B f(s, t) 2 sin r;t 
•• ~-.o 8nr:.r; -= o B->00 2n -B -B S + i f 

. e-icus+v0dsdt-nk(X~(v) I 2dudv =0, * 

then the generalized Hilbert transform Jcl)(x1, x2) also belongs to the same class 
So(R2) and 

(3.18) §<..1}~1!;00 4~T ~:r ~:s Jf (l)(s, t)J
2
dsdt 

=§<..1-}~1:1oo 4;T ~:r ~:s l/(s, t)j 2
dsdt+ lkf 12. 

And, if we assume that 

(Ma) 1 ~~ ~
00 

§<..2-lim -
8
- jd,,~s(u, v; f)l 2dudv=O 

•. ~-.o nr:.r; -~ -co 

and that 

* Hereafter, by Xa• we denote the characteristic function of an interval (-a, a). 
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(M4) there exists a constant k{ such that 

9{2- hm -- l.i.m. - ---. 1 ~ 27J~C" 1 · 1 ~n ~ 8 f(s,t) 2sincs 
•.T)-->o 8rrcr; ~ 0 -co B-->00 2rr -B -B t + i s 

. ricus+vOdsdt-rrk{X,(u) I 2dudv=O, 

then the generalized Hilbert transform Jc2)(xi. x2) also belongs to the same class 
So(R2

) and 

(3.19) 

THEOREM 11. Let f(x1, x2) belong to the class So(R2
). If we assume the 

conditions (M1)-(M4), and, in addition, that 

1 ~T/ ~2• 1 1 ~B ~B 9{2- lim -- l.i.m. -
•,TJ-->O 4cr; -TJ o B-->00 2rr -B -B 

f(s, t) 2 sin r;t 
s+i t 

·e-icus+v0 dsdt\
2

dudv=0, 

m 1. 1 ~ 2TJ~' 1 1. 1 ~ 8 ~ 8 f(s,t) 2sincs 
~2- im -

4 
.i.m. - . 

•,TJ-->o er; 0 _, B--> 00 2rr -B -B t+z s 

·e icusH0 dsdt dudv=O 
1

2 

and that 
(M1) there exists a constant k{ such that 

9{2- hm -- 1.i.m. - . . . 1 ~ 2TJ~ 2'1 · 1 ~B ~B j(s,t) 
•,TJ-->o 4cr; 0 0 B->oo 2rr -B -B (s+z)(t+z) 

. e-icustvt)dsdt--kf dudv=O n 12 
2 3 ' 

then the double generalized Hilbert transform ](x,, x2) also belongs to the same 
class So(R2

) and 

(3. 20) 9{1}~~00 4~T ~~r ~:s j](s, t)j
2
dsdt 

=%-8~~~00 4~T ~:r ~:s l/(s, t)j 2
dsdt+ lk(l 2 + lkf 12 + lk{l 2

• 

By Theorem 3 of Matsuoka [7], in order to prove Theorems 10 and 11, it suffices 
to verify the following two theorems, respectively. 

THEOREM 12. If /(xi. x2) satisfies the hypotheses of Theorem 10, then we 
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have 

(3.21) 

and 

(3. 22) g{2- !~~~ 16: 2er; [X) ~~""Id,, r,s(u, v; J< 2))l 2dudv 

= .%- lim 16 
1

2 r= r= 1a,, ~s(u, v; f)l 2dudv+ lkf 12
• 

q--+O 7r e'Y) ) - = ) - = 

THEOREM 13. If f(x1, x2) satisfies the hypotheses of Theorem 11, then we 
have 

(3. 23) !R2· !~~~ 16: 2er; ~:=[=Id,, ~s(u, v; f)l 2
dudv 

=!R2· lim 16 \ r= l'"' 1a,,~s(u, v; f)l 2dudv+ lk(l 2 + lk{l 2 + lk{l 2
• 

e,~--+O 7r e'Y) ) _oo) _co 

It is clear that 

(3.24) 

Then we shall show the following two theorems. 

THEOREM 14. Let f(x 17 x2) belong to the class S(R2
). If we assume the 

conditions (M1) and (M2), then the generalized Hilbert transform J< 0 (x1, x2) also 
belongs to the same class S(R2

) and 

(3.25) 

And, if we assume the conditions (Ms) and (M4), then the generalized Hilbert 
transform Jc2)(xi. x2) also belongs to the same class S(R2) and 

(3 .26) 

THEOREM 15. Let f(x1, x2) belong to the class S(R2
). If we assume the 

conditions (M1)-(M1), then the double generalized Hilbert transform f (xi. x2) also 
belongs to the same class S(R2) and 

(3 .27) 

Finally, by Theorems 14 and 15, we obtain the following two theorems, 
respectively. 
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THEOREM 16. Let /(.xi, x2) belong to the class S'(R2
). If we assume the 

conditions (Mi) and (M2), then the generalized Hilbert transform Jc 0 (xi, x2) also 
belongs to the same class S'(R2

) and (3.25) is true. And, if we assume the 
conditions (Ms) and (M4), then the generalized Hilbert transform Jc2)(xi, x2) also 
belongs to the same class S'(R2

) and (3. 26) is true. 

THEOREM 17. Let f(.x1, x2) belong to the class S'(R2
). If we assume the 

conditions (Mi)-(M7), then the double generalized Hilbert transform ](.x1, .x2) also 
belongs to the same class S'(R2

) and (3 .27) is true. 

The above theorems are proved in the following section. 

§ 4. Proofs of the theorems of § 3 

First, in order to prove Theorems 8 and 9, we show several lemmas which 
are due to Koizumi [6]. 

LEMMA 1. If /(.xi, x2) belongs to the class W(R 2
), then 

(4 .1) 

2 sin cXi 2 sin 1JX2 -icux +vx )d d --- --'--- e 1 2 X1 X2 
Xi X2 

(4.2) 

2 sin cX1 2 sin 1)X2 -i(UX -1-VX )d d ------e i 2 Xi X2 
X1 X2 

and 

(4.3) 

2 sin cXi 2 sin 1)X2 -i(UX -1-VX )d d ------e i 2 Xi X2 
Xi X2 

1 ~ 
=-;r[a •. ~s(u, v; f)-a,.~s(u, v; f) 

+i{a,.~s(u, v; Jcl))+a,.~s(u, v; Jc2))}]. 
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Proof. These follow immediately from Theorem 7 and the Plancherel theorem. 

LEMMA 2. We have for y>O, 

(4.4) 
1 ~A 2 sin sx e-iux 

l.i.m .. ;
2 

-------. -d.T 
A-~oo 'Y 7r -A X S-(.r+zy) 

- . . . ei<s-iy)< -e-i<s-iy)e 
v'2rrze-i<s -·i.y)u • • -

z(s-zy) 

- ei<s-iy)u - e-i(s-iy)e 
v' 2rrie-i<s-iy)u . . 

z(s-zy) 

(u>s) 

0 (u< -s) 

and 

(4.5) 1 ~A l.i.m .. ;2 
A-+oo 'Y 7r -A 

2 sin sx 

x 

.!!.___ e-i<s-iy)u -------~
- . . ei<s-iy)•-e-i<s-iy)e 

2 i(s-iy) 
(u>s) 

.!!.___ e-i<s-iy)u -------~
-{ . . ei<s-iy)u_e-i<s-iy)< 

2 i(s-iy) 

. . ei<s+iy)e - ei(s+iy)u 
+e-i<s 1 iy)u ______ _ 

i(s+iy) 

.!!.___ e-i(s+iy)u -------~
- . . ei<s+iY)•-e-:i<s+iy)e 

2 i(s+i11) 
(u< -s). 

Proof. From the well-known formulas 

(4.6) 1. 1 ~A 2 sin sx -iuxd . ;-2 X ( ) .i.m .. 12 e x=v rr , u , 
A-+= 'Y 7r -A X 

(4. 7) 1
. _1_ ~A e-iux d _ · l+sgn U . /2- -i(s-iy)u 

.i.m .. 1- ( • ) x-z 2 v rre 
A-+"" v 2rr -As- x+zy 

(y>O) 

and 

(4.8) 1 (
00 

y e-iuxdx= I TC e-i(SU-iylul) 
v'2rc J_oo (s-x)2+y 2 'V 2 

(y >0)' 

we have (4.4) and (4.5). 

LEMMA 3. We have for O<y<l and -s;£u;£s, 

(4. 9) I 
ei<s-iy)•-e-i<s-iy)e I ~A {I sin cS I __ 1_} 

i(s-iy) -
1 

s + 1+ Isl 
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and 

I 

ei(s-iy)u - e-i(s-iy)e 

i(s-iy) 
(4 .10) 

I 

ei(S ! iy)e -ei(S I iy)u 

i(s+iy) 

where the constants A1 and Az depend only on s (as for detailed calculations, 
ref er to Lemma 495 of Koizumi [6]). 

Proof of THEOREM 8. Suppose that f(x., xz)E W(R 2
), B>O, and z=x1 +iy1, Yi >0 

and w=x2+iY2,Y2>0. For each (x,,x2)ER2
, let 

(4 .11) 
(lx1 I ;:::;B, Jx2J ;:=:;B) 

(elsewhere). 

Then, using Fubini's theorem and ( 4. 6), we have 

(4.12) l.i.m. _21 rA rA (C<l) p(2)fn)(z, W) 2 Sin cX1 

A->00 'lr J -A J -A X 1 

1 ~ 00 ~ 00 
{ • 1 ~A 2 sin sx1 e-iux1 =-

2 
fn(s,t)dsdt l.i.m.-

2
. ------dx, 

'lr • -oo -oo A-->oo '!fl -A X1 S-Z 

+_i_ r= l 00 

fn(s, .t) dsdt l.i.m. l_ rA _?_~!I_1_1)~_: 
2rr .LcoJ-(Y) s+z A->oo 'lr J_A Xz 

w+i Yz -ivx2d X() 
t + Z• (t )2 + 2 e Xz • , u . -.Xz Yz 

Now, we prove the first part. 
In the case of (i), by (4.12) and Lemma 2, we have immediately 

1 . 1 ~A ~A (CCl)p(2)1 )( ) 2 sin cX1 2 sin 1)Xz -i(UX 'vx )d d .i.m.- n z,w ----- -----e i 2 Xi Xz 
A-> 00 2rr -A -A Xi Xz 

_ l+sgnu ._!_~00 ~00 ei(s-iyi)e_e-i(s-iyi)e 
- 2 2 f n(s, t) ·c . ) 

'lr -oo -oo Z S-Zy1 

eict-iyzH _ e-ict-iyzH 
• . . e-<Y1U I YzV)e-i(US Vt)dsdt 

z(t-Zyz) 

+o(l) as Y1.Y2-++0(L2(R2
)). 

While, from Lemma 3, 
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=f ( t) 2 sin cS 2 sin r;t 
BS, S t . 

Consequently, using the Plancherel theorem and (4.1) of Lemma 1, we obtain 

1 ~A ~A 1 -l.i.m. -
2
--- -

2 
{/n(.r1, Xz)+if~l(.r,, .r2)} 

A->oo 'TT: -A -A 

2 sin c.r, 2 sin r;x2 e-icux1 i vx2)dx1dx2 
X1 X2 

_ l+sgn u. _!_ (8 (B f(s, t) 2 sin cs 2 sin r;t e-icusi vodsdt. 
2 2rr J _n J _n s t 

It follows from the Plancherel theorem and Theorem 1, therefore, that 

1 {A ( . f) ·A ( • 1-ci))}- l+sgn u A ( • f) 
2 .. ~s u, v, + t1.J.., ~s u, v , 

2 
1.J.,, ~s u, v, , 

which implies (3 .1). 
In the case of (ii), by the same argument as in (i), we obtain 

Therefore, 

. "2 s!E_ cX_i_ _?sin r;x2 e-icux1' vx2)dx1dx2 
X1 X2 

=-21 ('11 (IJ f(s,t) e-icu '.)s_l 2sitnr;t e-ivtdsdt 
'TT: J _B J-B -tS 

= _!___ (B (B j(s~t) 

2rr LnJ-n s+i 
e-iCU 1 e)S -1 2 sin r;t e-iVtdsdt 

-ts t 

i ~B ~B f(S, t) 2 Sin r;t -ilCn I e)s+vtJd ft + ---- --.- --- e Sl • 
2rr -B -n s+t t 

l A ',\ !- . . 
2 { e.r;s(u, v; f)+tl.J.,, ~s(u, v; cn)} =zr1(u+c, v; f)+zr2(u+c, v; f), 

which implies (3. 2). Thus, the first part of Theorem 8 is proved. 
Similarly, the second part of Theorem 8 is proved by (4.2) of Lemma 1. 

Proof of THEOREM 9. In a way similar to the proof of Theorem 8, we prove 
the theorem. 

Suppose that /(.r1, .r2)E W(R2), B>O, and z=x1 +iy1, Yi >0 and w=x2 +iyz, Y2 >0. 
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For each (x1, x2)ER2, let /B(.r1, x 2) be defined by (4.11). Then, using Fubini's 
theorem and ( 4. 6), 

1 (c'f )( ) '" 'I 2 -i(UX 4 VX )d d . 1 ~A ~A 2 s1·n "'X1 2 s1·n YJX 
.Lill. -

2 
') B Z, W e I 2 X1 X2 

A-+= 7r -A -A X1 X2 

=__!_co r= /B(S, t)dsdt l.i.m.(~)2 rA rA 2 sin~__!_ 2sin 1JX2 
2rr Leo J-00 A-+= 2rrz J_A J_A X1 X2 

e-i(UXJ I VXz) 

(s-z)(t-w) d.r1dx2 

+ _i_ r= ('xi fB(s, .t) dsdt l.i.m. ~ lA 2 sin r;xz e-ivxz dx2 ·X,(u) 
2rr Leo Loo s+t A-+oo 2rrz LA X2 t-w 

1 ~co ~co fB(s, t) 
--2 ( ")(t .) dsdt· X,(u)X~(v). 

rr -= -= s+z +t 

Therefore, by the Plancherel theorem, Theorem 1, ( 4. 3) of Lemma 1, and Lemmas 
2 and 3, we obtain 

(!u[ >c, !vi >r;) 

(lul ~c, !vi >r;) 

. l+sgn u 
t 

2 
{ra(u, v+r; ;f)+r4(u, v+r; ;/)} 

-{r5(u+c, v+r;; f)+r6(u+c, v+r;; f)+r1(u+c, v+r;; f)+rs(u+c, v+r;; /)} 

(iul ~c, !vi ~r;), 
which implies (3. 9)-(3 .12) by Theorem 8. This completes the proof of Theorem 9. 

Next, we prove Theorems 12 and 13. Before proving these, we observe the 
following lemma. 

LEMMA 4. Let f(x1, x2) belong to the class W(R 2
). If we assume the condi

tions (Mz) and (M4), then we have respectively 

(4 .13) 

and 
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(4.14) 1 ~27) ~
00 

!.R.2- lim -
8
- lra(u, v; f)l 2dudv=O. 

•,71-->0 7r:t:.r; 0 -00 

And, if we assume the condition (M1), then we have 

(4.15) 

(4 .16) 

and 

(4 .17) 

(For r1(u, v; f)-rs(u, v; /) in the present lemma and its proof, see Theorems 12 
and 13.) 

Proof. By the Schwartz inequality, we obtain 

r 00 r z, I r u I 2 =J_
00

J
0 
J/2(~,v;/)d~ dudv 

= \:w { \:' lr2(~, v; f)l 2d~~>du }dv 

~2z2 [:0 ~:· lr2(U, v; f)l 2dudv. 

Similarly, we obtain 

r271 r= ('27) ('co 
)o L= lr3(U, V; f)J2dudv~2r;2 Jo Loo \r4(U, V; f)l 2dudv 

and also 

('27) ('2' ('27) ('2' 
Jo Jo lr6(u, v; f)J2dudv~2r;2 Jo Jo \rs(u, v; f)l2dudv, 

113 



KATSUO MATSUOKA 

Thus, the lemma follows easily by using the conditions (M2), (M4) and (M7). 

Proof of THEOREM 12. By Theorem 8, ( 4 .13) of Lemma 4, and the conditions 
(M1) and (M2), we have immediately 

1 ~w \w I,\ ( ·jNCll)j2/ / -
16 2

- '-l,, ~S U, V , l Ul V 
71: c.r; L ·· W - 00 

1 \'.)() \ =-
16 2 

jLl, ... s(u, v; f)l 2dudv 
71: er; -oo [u[ ' 

+-1512 r(X) r ILl,.~s(u, v; f) 
71: C.1) J _oo J Ju[;;;, 

1 \(X) \
00 

= 
16

-
2

- jLl,.~s(u, v: f)l2dudv 
71: c.r; -00 - 00 

1 \co \2' +-
4
-

2
- lr2(u, v; f)l2dudv+o(l) 

71: c.r; -00 0 

= 16~2c.r; \~00 [

00 

jLl,.~s(u, v; f)l2dudv+ lkf 12 

+o(l) as c., r;-o (.Yt2), 

which gives us (3.21). Similarly, we have (3.22) by (4.14) of Lemma 4, and the 
conditions (Ma) and (M4). 

Proof of THEOREM 13. By applying the same argument as in the proof of 
Theorem 12, it then follows from Theorem 9, Lemma 4 and the conditions (M1)

(M7) that 

-
1
-
6

\ [''° ["" ILl,.~s(u, v ;])j 2dudv 
71: er; J -CO J -- OJ 

+o(l) as c., r;-O (SR.2). 

This concludes the proof of Theorem 13. 

Finally, we prove Theorems 14 and 15. 

Proof of THEOREM 14. Let w be any real or complex number such as lwl = 1. 
Then, from Theorem 8, (4 .13) of Lemma 4, and the conditions (M1) and (M2), it 
is easy to see that 
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(4.18) 

· [d,,1)s(u, v; f)[ 2dudv 

+o(l) as s, 7J-+O (SR.2). 

Hence, taking w in (4.18) successively to equal ±1, ±i, and combining four ex
pressions, we have 

1 ~
00 

~
00 

=§(2 - lim --
2
- eicux1+vx2) [d,,1)s(u, v; f)[ 2dudv+ [kf [2 • 

'·'l-+o 16rr c7} -oo -oo 

Thus, by Theorem 6 of Matsuoka [7], (3.25) is proved. Similarly, using (4.14) of 
Lemma 4, and the conditions (Ma) and (M4), (3. 26) is proved. This completes the 
proof of theorem. 

Applying the same argument that was used in the proof of Theorem 14, we 
can also prove Theorem 15 by Theorem 9, Lemma 4 and the conditions (M1)-(M1). 

Remark. In this paper, in order to study the spectral analysis of the gener
alized Hilbert transforms of functions of two variables, we used the generalized 
harmonic analysis of functions of two variables which was established by Matsuoka 
[7]. Its limit process, therefore, also depended on the limit process involved in 
the above generalized harmonic analysis. On the other hand, the generalized 
harmonic analysis of functions of two variables is also obtained under the unre
stricted rectangular mean concerning the double limit process. Thus, if we use 
this generalized harmonic analysis, then the spectral analysis of the generalized 
Hilbert transforms of functions of two variables is also obtained under the above 
limit process instead of the restricted limit process. 
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