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ON A CONSTRUCTION OF A SOLUTION FOR 
au ;at==</>( u")-uu' 

WITH INITIAL AND BOUNDARY CONDITIONS 

NoRIO K1Kucm 

Dept. of Mathematics, Keio University, Hiyoshi, Yokohama 223, Japan 

(Received January, 28, 1980) 

O. Introduction 

This paper is concerned with a construction of a continuous solution u(t, x) 
for the scalar equation 

(1) ou ( o) at= cp(u")-uu' '=a; for (t, x)E[O, TJX [0, 1] 

with initial and boundary conditions 

(2) u(O, x)=uo(x) for O~x~l, 

u(t, 0)=0, u(t, 1)=0 for O~t~ T. 

Now we assume that the function cp in (1) satisfies the following conditions: 

(3) cpEC5(-oo, oo), cp(O)=O, cp"(O)=O, 

O<J.~cp'(u)~µ<oo for -oo<u<oo. 

The compatibility conditions for initial and boundary conditions are the fol­
lowing 

(4) UoEC5[0, 1], 

Uo(O) =Uo(l) =0, Uo"(O) =Uo"(l) =0. 

Under the assumptions stated above we have the following theorem. 

Theorem. There exists a continuous ' solution ' satisfying (1), (2) in the domain 
[O, TJX [O, l], where T is an arbitrary positive number. 

The meaning of 'solution' will be explained later. 
This paper is stimulated by M. Hukuhara's papers [2], [3] and is treated by 

Rothe's method. Following S. N. Bernstein's paper [1] and 0. A. Oleinik and T. D. 
Venttsel's paper [5] we find estimates for the derivatives of approximate solutions 
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and we further estimate derivatives of higher order up to the boundary. To 
construct an approximate solution we use M. Nagumo's existence theorem of 
solutions for a second order differential equation with boundary conditions. Here 
we shall quote the following theorem ([ 4]) : 

Nagumo's Theorem. Consider a second order differential equation 

(5) y" = g(x, y, y'), 

where g(x, y, y') is a continuous function defined on a closed domain 

a(x) and w(x) is a minorant and majorant function of class C2[0, l] respectively 
satisfying 

a"(x) ?;.g(x, a(x), a'(x)), 

w"(x);£g(x, w(x), w'(x)). 

If g(x, y, y') satisfies the following inequality 

lo(x, y, y')I ;;;;,_G(l +(y')2
) (G >0), 

then there exists a solution y(x) of (5) satisfying 

a(x)2y(x);£w(x) for 0;£x;£1, 

y(O)=O, ··y(l)=O. 

1. Explanation of the method 

Let X=C[O, l] be the Banach space of real-valued functions u(x) continuous 
on [0, 1] with the norm 

Let N be a positive integer sufficiently large and put 

h= T/N( <l), fn=nh (n=O, 1, ···, N). 

We define {un}cX(n=l, 2, ···, N) inductively by: 

(6) 
Un-Un-1 

Vn=:--h-- <p(Un")- UnUn1
, 

Un(O) = ~n(l) =0, 

and define a Cauchy polygon in X by 
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On a construction of a solution for au/at=<jJ(u/')-uu' with initial 

We have by (6) that 

d+ PN(t) 
dt 

where d+/dt denotes right-hand derivative with respect to the topology of X. 
Here we define operators A and B in X by 

A: .fD(A)={u=u(x)EC2[0, 1]; u(O)=u(l)=O}-;..X, 

(Au)(x) =u"(x), 

B: .fD(B)={u=u(x)EC1[0, 1]; u(O)=u(l)=O}_,.X, 

(Bu)(x) =u'(x), 

which can be verified to be closed in X. 
If we can select a subsequence {PN(t)}cX such that 

d+ 
PN(t)-;. P(t), dt PN(t)-;.Q(t), APN(t)-;. R(t), BPN(t)-;.S(t) 

uniformly on [0, TJ and Q(t) is continuous on [0, T], we have by noticing the 
closedness of A and B that 

P(t)E.fD(A), ! P(t)=Q(t), AP(t)=R(t), BP(t)=S(t) 

and this P(t) satisfies 

(7) ! P(t)=<p(AP(t))-P(t)BP(t), 

P(t)Jt=o=Uo. 

Under a solution of (1) and (2) we understand a function P(t) satisfying (7). 

2. Construction of {un} 

In order to construct Un satisfying (6) we shall consider the following equation 
with 0-Dirichlet condition 

(8) u-u 
-h-= <p(u")- uu', 

u(O)=u(l)=O, 

where u is a function of class C2[0, 1] satisfying 

u(O)=u(l)=O, u"(O)=u"(l)=O. 

Here we shall construct w(x) of the type 

w(x)= (ax-bx
2 

az 

4b 

a 
O~x~Zb' 

a 
2b~x~l (a, b>O, a~2b) 
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and define a(x) by 

a(x) = -w(x). 

Such a(x) and w(x) can be verified to be minorant and majorant function for (8), 
if we take a, b suitably large. Hence, by using Nagumo's Theorem we can con­
struct Un satisfying (6). (a(x), w(x) don't belong to C2[0, 1] but Nagumo's Theorem 
is known to be applicable if a(x) and w(x) are such functions.) 

3. Estimates of {un}, {vn} and their derivatives 

Here we shall prove the following estimates : there exists positive numbers 
Uk, Vi independent of N such that 

(9) 

(10) 

Ju~k)J ~Uk (k=O, 1, 2, 3, 4), 

lv~k)I ~Vi (k=l, 2, 3). 

From the relation (6) we note that 

(11) 

(12) 

Un=O, Un"=O, U~4)=0 

at the boundary (i.e., x=O, 1). 
3.1. Estimate of {un} 
By means of maximum principle for (6) we have 

I Un J ~ J Un-1 J ~ · · · ~ J Uo J. 

3.2. Estimate of {un'} at the boundary 
We make the substitution Un=log(l+Pn). Then we have from (6) that 

(13) 
p" 1 

µ-
1 

n --h [log(l+Pn)-log(l+Pn-1)] 
+Pn 

(p ')2 p ' 1 1 > n +u n >--u2>--[J,2 
=µ (l+Pn)2 n (l+Pn) - f-t n = µ o • 

We consider a function qn=Pn+ke-x(k>O) and put 

(14) 
qn" 1 

Lqn=µ-
1
---h [log(l+qn)-log(l+qn-1)]. 

+Pn 

From (13) and (14) we have 

L > kµ 
qn= e(l+Pn) µ 

Pn - Pn-1 ( 1 
[ 1 

+ h Jo l+Pn-1 +s(Pn-Pn-1) 
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On a construction of a solution for ·O.u/ot=rp(u")-uu' with initial 

At the point x where Pn(x)?;;.Pn-1(x) we have 

kµ Uo2 

Lqn"?:.----->0 
- eUo+l µ 

if we take k sufficiently large such that 

This implies that {qn} (n=O, 1, ···, N) can ·have a maximum value at x=O if k is 
chosen sufficiently large. Consequently, we have 

apn I - <k (n=O 1 ··· N) a = ' ' ' . X X=O 

By considering the function Pn -ke-x we can similarly verify that 

apn I -a- ?;;.-k (n=O, 1, ... , N). 
X .x=O 

We can further similarly have that 

I 
apn I ·1 -a- ~k (n=O, 1, ... , N). 

X X=l 

Hence, we have an equi-boundedness of {un'} at the boundary. 
3.3. Estimate of {un'} in the interior 
In order to estimate {un'} we consider the following transformation 

u=<jJ(v), ¢'(v)=e-kv2(k>O). 

We then have from (8) that 

v-fJ r1 
(15) -h-Jo </J'(fJ +s(v-fJ))ds=<p(</J'Vxx+</J"Vx2)-<jJ<jJ'Vx, 

where u =<jJ(fJ). Differentiating this equation with respect to x we have 

v -fJ (1 
x h x Jo [¢'(fJ +s(v-fJ))+s(v-fJ)<jJ"(v+s(v-fJ))]ds 

v-fJ r1 
+-h- Vx Jo ¢"(fJ +s(v-fJ))ds 

where the argument of <p' is ¢'Vxx+</J"Vx2
• For k su.fficiently small we can have 

positive eo, eoo such that 

e0 ~E= ~: [¢' (fJ+s(v-fJ)) +s(v-v)<jJ"(v +s(v-v))-]ds~e°" 

for every v, fJ(lvl, lfJI ~ JvoJ, Uo=</J(Vo)). Multiplying Vx to both sides of the above 
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equation. we have 

Vx-Vx v-fJ ( 1 
II 

E h Vx+-h-VxVxJ/P (v+s(v-fJ))ds 

- (¢') 2Vx 2 -</J</J11Vx 3 -<jJ<jJ'VxVxx• 

At the point XoE(O, 1) where the maximum of lvxl is attained, we have from (15) 
that 

v-v 
-h- F=cp(</J11Vx2)-<jJ</J'Vx, 

where 

fo~P= ~: ¢'(fJ(so) +s(v(xo)-fJ(xo)))ds ;?Joo 

for some positive /o,/oo independent of xo and v, fJ(JvJ, JvJ ~voJ). Hence, we have 
at Xo that 

= cp' ¢"' V x 4 + cp' ¢' V xV xxx - [ ( ¢')2 + ¢¢11]v x 3 • 

By applying the same procedure for (6) and taking k sufficiently small we can 
show that {Junxl} is equi-bounded. 

3.4. Estimate of {vn} 
From (6) we have 

(16) 

By means of maximum principle for (16) we have the equi-boundedness of {JvnJ} 
and hence of {Jun11 J}. 

3.5. Estimate of {vn'} at the boundary 
We make the substitution Vn=log(l+Pn). Then we have from (16) that 

(17) 
p II 1 

En-
1 

n --h [log(l+Pn)-log(l+Pn-1)] 
+Pn 

(Pn1
)

2 
. Pn' 1 

=En (l+Pn)2 +un l+Pn +un-1 Vn 

~-W 

for some positive W independent of n, N, where 

En= ~>'(Un-1 11 +s(Un11 -Un-111))ds. 
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On a construction of a solution for au/at=<j>(u")-uu' with initial 

We consider a function qn=Pn+ke-x and put 

qn" 1 
Lqn =En -

1
--- -h [log(l + qn)- log(l + Qn- 1) ]. 

+Pn 
(18) 

From (17) and (18) we have 

if we take k sufficiently large such that 

This implies that {qn} (n=O, 1, ···, N) can have a maximum value at x=O and 
hence we have 

dPn I -d ~k (n=O, 1, ... , N) 
X X=O 

By using the same method for establishing the estimate {un'} at the boundary, 
we have the equi-boundedness of {vn'} at the boundary. 

3.6. Estimate of {vn'} in the interior 
Differetiating both sides of (16) we have 

(19) 
h 

By means of maximum principle for (19) we have 

lvn'I lvn'l-~Vn-l'I ::::= Uilvn'l 2+ U2 VolVn'I + Uilvn'l 2, 

which implies the equi-boundedness of {!vn'I} and hence of {ju~"'!}. 
3.7. Estimate of {u~4l} 
Differentiating both sides of (6) three times we have 

Un111 -Un-i'" 
h 

<p1u~l+3<p"Un"'u~4l +<p'"(un"')8 

where the argument of <p is Un"· Put Pn=Un"' and hence we have 

(20) 

- UnPn' -4Un1 Pn -3(Un11
)

2
• 

Here we consider the following transformation 
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We then have from (20) that 

Differentiating this equation with respect to x we have 

Multiplying qn' to both sides of the above equation, we have 

where, by taking k sufficiently small, 

eo~E== (
1 

[¢'(Qn-1 +s(qn-qn-1)) +s(qn-qn-1)¢"(qn-1 +s(qn-qn-i))]ds~eoo J.o 

for some positive eo, eoo independent of xE[O, 1], n and N. At the point XoE(O, 1) such 
that lqn'I = lqn'(xo)] we have 

(22) 

where 

for some positive /o,/oo independent of xo, n and N. From (21) and (22) we have 
at Xo that 



On a construction of a solution for ou/ot=<j>(u")-uu' with initial 

By taking k sufficiently small we can show the equi-boundedness of {luiz4ll} and 
hence of {lvn"I'}. 

3.8. Estimate of {uiz5l} at the boundary 
Differentiating both sides of (6) four times we have 

where the argument of <p is un"· Put Pn=uiz4
l and hence we have 

(23) Pn-Pn-1 
h 

In (23) we make the substitution Pn=log(l+qn). Then we have 

q " 1 
<p1 

-
1 

n --h [log(l+qn)-log(l+qn-1)] 
+qn 

-<p"'(un'")2Pn -<p<4l(un"')4 

' + u _!l!!__ _ 5u 'P - lOu "u '" n l+qn n n n n 

~-W, 

where W is a positive number independent of x, n and N. By using the same 
method for establishing the estimate of {un'} at the boundary, we have the equi­
boundedness of {uiz5l} at the boundary. 

3.9. Estimate of fuiz5l} in the. interior 
By the following transformation 
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we have from (23) that 

Differentiating this equation with respect to x we have 

At the point xoE(O, 1) such that lqn'I = lqn'(xo)I we have 

(25) 

From (24) and (25) we have at xo that 

where E and Fare similar functions as defined in 3.3. By taking k sufficiently 
small we can show the equi-boundedness of {ju~lj} and hence of {lv~3lj}. 
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4. Estimate of {lun"-Un-1"1} 

From the construction (6) of Un(n~2) we have 

Differentiating both sides of (24) twice we have 

(25) h(Un1111 
- Un-1 1111

) ~: <p1(Un-1 11 + S(Un11 
- Un-1 11))ds 

+2h(un"' -Un-1"') ~: <p'(U,n-1 11 +s(un" -Un-111
)) [Un-1"' +s(un"' -Un-1"')Jds 

+<p"(Un-111 +s(Un11 -Un-111
)) [Un-1 1111 +s(Un1111 -Un-1"")]}ds 

'11.)· 

=(Un" - Un-1")- (Un-1 11 
- Un-211

) 

+h2Un-1Vn"' +3h2Un-1 1Vn11 +3h2Un-111Vn1 +h2Un111Vn +3h8Vn 1Vn11 +h3VnVn"'· 

By means of maximum principle for (25) we have 

(26) lun"-Un-1"1 ~ lun-1 11 -Un-2"1 +hKilun'' -Un-1"1 +h2K2, 

where 

K2=UoVs+3U1 Vi+3U2 V1+Us Vo+3V1 V2+ Vo Va. 

On the other hand, from the relation 

we have 

(27) ui'' - uo" =h<p'(ut'')u1'"' + h<p"(ui'')(ui'")2-3hu1' u1" -hu1ui'" 

and hence we have by using maximum principle for (27) that 

(28) 

where 

Hence, we have from (26) and (28) that 

(29) I "- "l<h Ks+K2K1-1{l-(l-hK1r-1} <hK 
Un Un-1 = (1- hK1r-1 -
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for some constant K independent of N and n. 

5. Completion of the proof 

The equi-boundedness (9) of {lun'I} implies that {PN(t)} (O~t~ T) belongs to a 
compact set in X and the equi-boundedness of {!uni}, {lun'J}, {Jun"!} implies the 
equi-continuity of {PN(t)}. Hence, {PN(t)} can be assumed to be a normal family 
of functions with values in X converging to a continuous function P(t)EX uni­
formly on [0, T]. 

The equi-boundedness (9) of {lun"'I} similarly implies that {d+ PN(t)/dt} (O~t~ T) 
belongs to a compact set in X. From the estimates (9), (10) and (29) we have 

~h(µK+U1 Vo+ V1Uo+ Vo Vi) (n~l), 

which shows that {d+ PN(t)/dt} is equi-continuous. Hence, {d+ PN(t)/dt} can be as­
sumed to be a normal family of functions with values in X converging to a 
continuous function uniformly on [0, TJ. 

Noticing the closedness of A and B, we have by letting N-HxJ in (6) that 

! P(t)=cp(AP(t))-P(t)BP(t) O~t~T, 
P(t)Ef!J(A), 

P(t)Jt=0=Uo. 

Hence, a solution for (1) and (2) was constructed. 
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