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ON MOTION OF AN IDEAL FLUID, WHICH IS
FILLED UP IN A ROTATING VESSEL—II

Fumikl Kito

Dept. of Mechanical Engineering, Keio University, Yokohama 223, Japan

(Received Mar. 26, 1977)

ABSTRACT

Here, it is given second example to illustrate the study about flow of an ideal fluid,
which is contained in a rotating vessel, as described in the author’s previous paper under
the same title. We take up the case of two-dimensional flow of an ideal fluid, which is
contained in between two eccentric circular walls, rotating with given angular accelera-
tion. The result of analysis is given as a proposed coefficient of virtual mass of fluid,
together with some numerical examples about it.

1. Introduction

The author has reported, in the previous paper under the same title™, an
account about general theory of motion of an ideal fluid, which is filled up in a
rotaing vessel. Also, he has shown an example to illustrate this general theory,
in which the vessel was taken to be of fan-shaped figure, restricting ourselves to
case of two-dimensional motion. In the present report, the author gives here
another example to illustrate the general theory. It refers to the case of an ideal
fluid contained in between two eccentric cicular walls, these walls being kept in
rotational motion with nonuniform angular velocity . The result of analysis is
studied numerically, about eight different configurations of side walls, obtaining
values of numerical coefficients as so-called “coefficients of virtual mass” in the
author’s proposed form.

2. Statement of our Problem
We consider, here again, the two dimensional motion of an ideal (non-viscous,
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incompressible) fluid, and take up the case of fluid motion which is contained in
between two eccentric circular (rigid) walls. These rigid walls are assumed to be
making a rotational motion about fixed axis 0,, with an angular velocity «. In
order to treat hydrodynamically, this case of non-stationary fluid motion, we use
following notations:

x, y=coordinates of any point P in (x,y) plane, the frame of coordinates
(Oqxy) being assumed to be making a rotational motion about the axis Q.

x, y=coordinates of the same point P, with regard to rectangular axes,
whose origin O is situated at a distance d, from the axis of rotation O,,
that is, 0,0=d.

w=angular velocity of rotation of frame of coordinate axes O,xy.

Z, p=curvilinear coordinates of point P(z,y), expressed by means of bi-polar
coordinates.

Fig. 1. Fluid Region contained in between two rccentric Circular Cylinders.
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On Motion of an Ideal Fluid, which is filled up in a Rotating Vessel—II

c=distance from origin O, of radical center of system of bi-polar coordinates.

h=coefficient of linear element for the case of bi-polar coordinates (&, 7).

E;=position of center of the circle £=¢;.

R;=radius of circle £€=¢&; (i is taken to be 1 and 2 for representing two
eccentric circles é=¢&, or &=&,).

f#=angular coordinate of a point P(x, y), which lie on the circle £=¢,.

¢=velocity potential of fluid motion, giving absolute velocity of flow.

V.=linear velocity of a point P, corresponding to rotational motion with
angular velocity o, around the axis of rotation O,.

71, g=polar coordinates of point P, with regard to axis of rotation O,.

V.=normal component, in direction of decrease of &, due to rotation (on the
circular wall at which &=¢;).

p=Afluid pressure.

o=density of the fluid.

Now, referring to Fig. 1, which shows us fluid region contained in between
two eccentric circular walls, any point P(x, y) may be represented by means of bi-
polar coordinates (&, 7), the mutual relation between coordinates (x,y), (x,y) being
expressed by

x—x+d——-————c sh¢
- " ché+4cosy o
. (1)
-~ _ csiny
Y= ¥ T hEtcosy -
The line element ds is given by
(ds)*=(dac)* +(dy)* =(dx)* +(dy)*
=*(dE)* +(dn)
where we have put
h c (2)

" ché&+4cosy

The velocity potential ¢, which represents absolute velocity of fluid flow, is taken
to satisfy the Laplace equation

dap=0 (3)
wherein the two-dimensional Laplacian d.¢ is given by

P P _ oy P
“’2?’:6352' + oy: — ox* oy’

1 [ &

e o)

It is to be noted that in the present instance, ¢ is function of & and 7, and also
of time ¢.
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Fig. 2. Region in {=£+iy Plane.

Two eccentric circular walls are taken to be given by &=¢, and &=¢&, Value
of & is taken to be positive (Fig. 1 (A)) or negative (Fig. 1 (B)). Always we
take &,<¢,. The fluid region may be represented in (&, ») plane as a rectangular
region composed of & <&<é, and 0<%<2z, as shown in Fig. 2.

The general solution of the eq. (3) may be given by

¢= 3 [An sin ny+ By cos ny]-[sh n+C, ch né] (4)

where A,, B, and C, are arbitrary constants with regard to & 7 but they may
be functions of time # The summation ) are to be made for n=1,2, -, co.
Thus, we observe that our problem may be stated as follows: to determine
arbitrary constants A,, B, and C, in such way that the boundry conditions

1 g _
~ G e =V (5)

are satisfied at two moving walls £=£, and £=¢&,, V, being component normal to
wall surfaces, of the linear velocity of rotation V., of wall itself. (see Fig. 3)

7

0 O:l

Fig. 3. Relations of 7, ¢ and # [r=Rx at the Circular Wall].
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Having thus obtained actual value of velocity potential ¢, the value of hydraulic
pressure p can be given by the formula

1 ___l . _dw .
—?)-1'7— ppsa) + s E+C(t) (6)

which was deduced from the fundamental equation of motion in hydrodynamics,
as referred to moving axes, as was given in author’s previous paper®’. In this eq.
(6), we have put

1, 1L 9s\* ﬁ¢_{>2] s g,
Pps_2[< (730) +( oy 7+yax xay .

¢s being value of velocity potential ¢ for the case in which we take w=1
(stationary state of rotation).

3. The Solution of our Problem

Along the circumference of circle £=¢, (k=1,2) we have,
Ree=zx+iy—E)

_oShéetising
= ch & +cosy B (7)

From this relation we have

_ cshéy »
R;. cos 0———————-Ch Zitcosy )
. . csiny
Ry sin 0= ché&+cosy »
whence we deduce that
_ ché&
Ek_c Sh Ek ’
(8)
1
Rk——c Shf}c .

Next, we evaluate value of V, of linear velocity of rotation as follows, referring
to Fig. 3. -

Ve=or=ox®+y?)"?
=wl(x—d)?+y*]"?

wherein we have, by eq. (1),
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Ki(&)+ Kz cosy
ché&+cosy

rt=x’+y*-2dx+d*=
Putting here
Ki(&)=(c*+d*) ch£—2cdsh &,
K2:(12_(.
Thus, we obtain

1/2
Vc =wr :(,)[M}

ch &é+4cosy

(9)

On the other hand, we have, also referring to Fig. 3,

coso Y — CSil’l‘I]fil; ché+cosy ‘J”Z
= " chéteosy | Ki(&)+ K, cosy ,
. rx—d
sin =
1
- cshé—d(ch5+c057;)[ ché+cosy ']”2
- ch&+cos Ki(&)+K,cosy

. P
The component V., of linear velocity of rotation Ve, taken in direction normal to
circumference of circle £=¢, is given by

Va=Vesin(@—¢) . (10)

After putting values of sin¢ and cos¢ as given above into this eq. (10), we
obtain, after rearrangement

cVe sin y

Va= Ry (Ei—d) [ch & +cos 7] 2 [Ky(&x) + K, cos ]

Thus, finally we have, by eq. (9)

_ chésiny
Va=acf chéc+cosy (1)
where we have put
d
g k—l_l“ E (12)

Knowing thus the value of V,, the boundary conditions as imposed by eq. (5) are
written as follows, using expression (4) of velocity potential ¢:

chéesing 1 a9

chégtcosy b 06

a)Cf)C
=— %(ch & +cos n) [ 2 #(An sin uy+ By cos ny)-
(ch ngp +Cy sh &), 13)
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which may also be rewritten

chéysiny
— ¢ ASk 47
(ch &x+cosy)

=Y, n(A, sin ny+ B, cos ny)- (ch n&+C, sh n&y) (14)

This eq. (14) shows us that arbitrary constants A,, B, and C, can be determined
in manner of Fourier coefficients. It is apparent that we have

B,=0.
Also, we have

*2: ; H
0c i ch & SO ~KCS£‘;}%%’?;’?’?~dW= —nr(ch né,+Cosh 2 A, (15)

(n=1,2,--).

This eq. (15) leads us to the evaluation of definite integral

I

T 2-+Cos

1 SZ” cos my+isinmy
0 [2+4cos 7}

where m and s are positive integers. These values of [ are to be found by evalua-
tion of following contour integral in complex z-plane,

2t CLH-%(Z%Z‘])J—'{

for z=¢" (=0 to 2rz) around a unit circle, inside of which there exist a pole at
z=—¢;
_ 1
TaTVE-1
2 being a positive constant such that 1<A. Evaluating this contour integral

Iy, by means of calculus of residues, we obtain for s=2,

D _\m (m+1)emr2 237", 4 o
= P ey | 49

Returning to expressions in real variables, we obtain,

Am4T)emez L Bemrs
—q O T an

1 82” COS 77
(I—=¢%?

@ _~ —(_ym
K 27 Jo (,H—cosmzdv =)

Applying this expression (17) to our case of eq. (15), we have
1 (7 _singsinng . o oy go oy
T So (ch & +cos )* dn=Kaee) = Kifla(ew) = Lalee)

where we put
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ey — e . —ch &
&= . «/M{‘,,, Ak—(/hgc,

1
" ché&+]sh &l

&k
Actual values of L,(ex) are thus found to be (for n=1,2, -+

4n
(1—&b)

Using these values of L,(sx), eq. (15) becomes

Ly(er)=(—)""

(e ! (18)

@c*fr ch &xLa(ex) = —nA,(ch né,+C, sh néy) (19
for k=1 and 2. Eliminating A, from eq. (19) for £=1 and 2, we obtain
(ch n&, +C, sh ng,)f, ch & L,(e,)=(ch #&, +C, sh #&,)fe ch & Lau(es)

from which we find, as values of C, and A,, as follows:

Com =5 20)

where we put
My =Fy(&) ch ng,— Fu(&:) ch néy,
Nu=Fu(&)) sh ng,— Fu(&) shné,,
Fu(&)=richéLu(e),
Fu(&2)=/s ch &:La(es),

c®fi ch & Lu(ex)
n{ch n&x+C, sh néy)

An = (21)

Thus, our solution (4) is completely determined.

4. Driving Torque caused by Fluid Pressure
acting upon Wall Surfaces

When the fluid pressure p acts normally to wall surface £=¢&;, it will give rise
to torque Tk, whose amount is given by (per unit depth)

To=(—)t S rpResin (0—o)do.
The integral is to be taken around whole circumference of the circle £é=¢,. The
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factor (—)* is introduced to take into account the fact that T} is taken positive
for counter-clock wise torque. The fluid pressure p is to be found from eq. (6),
in which we put value of velocity potential ¢ in eq. (4), with coefficients A,, B,
and C, as given by (20) and (21).

Here we shall be mainly interested in that part of torque 7, which corres-
pond to term in angular acceleration dm/dt. For this purpose, we put

1 , do
- ;p =@s 717 . (22)

¢s heing value of ¢ as found before for the case of wm=1. In this case the
driving torque 7% due to fluid pressure p will be given by

dw
—(__\k .

where we put

2

U= S rughe sin (0— )0, 23)

0

Now we have, by differentiating the equation

¢ sh Ek
Rk COS ﬁ—z‘ﬁm Eky
the relation
do _ sh Sk

dy (ché&+cosy) o
from which we also deduce that

Ey—d sinégsing
Ry  (ché&+cosy?

do
rsin (0—¢)——=—c
1 SD d77
while we have, at £=¢&;,
A, .
gs= -, sin ny[sh n&,+Cy ch né,].

Putting these values into eq. (23) and noting that the integration about ¢ for #=0

to 2z, correspond to integration about 5 for »=2z to 0, we arrive at the following

expression for the torque T:
_ Bi—d

o A,
Up= csh&; Y (shwuéi+C,ch nsk)-———S
Rlc n=1 w

2 sin ny sing
o (ché&+cos y)? 7

= Ek—d cT sh Sk i An‘(Sh nEk—}—Cn Ch %Ek) . L"(é‘k).
Rk n=1 @

Thus we have

139



Fumiki Kito

(Ex—d)? & tanh néx+C,
—_ 3. — 2. ARt . S
Ui=—ne ELR; ch & sh & ,,,Z:l (Lnlex)] 1+tanh n&;-C,

for k=1 and 2. Thus finally, we obtain, as final formula for the driving torque 7%,
. . . dw . = \2 ‘ P
Te= (=) et () fiteh 2Q, (24)

wherein we put for shortness

Q=5 LD (25)

ES

D$¥ are numerical coefficients, whose values, as shown below, were obtained
by above mentioned analysis,

o Fn,(52) :Jn ch n(El _\E)_l

DY = = A
Faley) sh n(&,—&,) ’
(26)
chn(é—&:)—Ax
Dp=—r
Sh n(SI —\.2) ’
F.&)=fich & Lu(&y),
] 27)
Fo(&2)=f2ch &L,(&5),
= Ché La(e)
S W
_¢chg < 1—¢ )[ ch & +sh &, ]"” (28)
ché \ 1—¢ /L ché& +(shé :

We see that if |&|<{&], we have A,<1, while we have A,=1 if |&|=]|&|. It
is to be noted that for the special case in which &= —¢,, we have

sh n&,

_Dill): ;lz)z >
D ch ng,

Also, we see that DP and D@ tend to unity when we make »# — co. Referring
to actual values of coefficients L,(£x), as given by eq. (18) and observing that we
have ¢ <1, we infer that the infinite series (25) are absolutely convergent.

In order to obtain a convenient factor F; which gives us a judgement about
amount of total torque

To=T,+Ts, (29)

let us consider the case of solid disk with density p, which is contained in between
two circles é=¢; and £=¢&, (& and & being positive such that & <é&;). The area
of this disk is

1 1
_ 2_ t=mc? - — o'
As=rR}—rnR}=nc [ (sh&)? (sh 51)2]
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and moment of inertia of this disk (of unit thickness) about center of rotation Q.
is given by

]‘43 == {)(Ez _d)2A2 bl ‘O(Ej _ d)2441
=prl fIFE;R: = fIEIR}]

ot CRE? L (chE)
mree [fz shey " sh 5,)4]'7’" N

It is to be understood that M, is merely a fictitious quantity obtained by assuming
that masses are concentrated at centers of each circles, and only used as reference
purposes. N, is a numerical coefficient (of no dimension) corresponding to M,
Final results may be given in the following form.

Ts=T,+T.

—oc n(A )[ff(ch £)%Q) —f2(ch 22)°Qs] . (31)

Or, expression as the ratio of T to M;,

_ Ty _{ do\ fAch £)'Qi—fich £7Qs
= M, —<—an) N; ’ ®2
where we have put,
h 2 2 h 1 2
stﬁ(c &) —p (ch &) ' (33)

(shé)* 7' (shéy)!

We may, for convenience, name the factor F; (of no- dlmenswn) a coefficient of
virtual mass of the fluid motion.

On the other hand, for the case in which we have &=-—¢;, we find it con-
venient to use the factor

(ch&)? ., (ché&)®
she T/ (sh 2y

(ch &)
(sh &)*

N.;:fzz

=(fi+f2) 34

5. Summary of Results of Numerical Estimation

In order to show you numerical values relating to our formula above obtained,
we carried out numerical estimation about cases of eight different configurations
as shown in Fig. 4, (A) to (G).

It was found more convenient for carrying out numerical calculation, in case
of & and & both positive and &, <&,, to rearrange the above equation into following
form:
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Ql = i %[LH(SI)LH(S‘Z)]G%” 3 (35)

n=1

where we put

GO =
n

1; A, ch n(& ~522< ch &, >
sh n(gl—fz) sh S

and
~ 1 o
Q=7 ;[Ln(se)]“(zi,’ (36)
n=1
and also we put,

chn—&)— 1

GO = ; ]
" sh n(é,—£,)

Fig. 4. Configurations of Fluid Region which were taken up
as Numerical Examples.
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(Continued) Fig. 4
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The summation of infinite series in eqs. (35) and (36) were made for n=1 to
n=6 (for cases of 3,=log, 4, log.6 and log.8), and for =1 to #=10 (for case of
& =log. 2).

(A) &i=log, 8, ch& =4.06250, sh s, =3.93750,
E,=1.03175¢, R,=0.25397¢,
&=log, 6, ch&,=3.08333, shé,=2.91667,
E,=1.05714¢, R,=0.34286c,
Fy=—1.00705, T,/T,=—0.54872.
(B) £ =log, 8,
ch £,=4.06250, sh &,=3.93750,
ch £=2.12500, sh &,=1.87500,
E,=1.03175¢, R,=0.25397c,
E,=1.13333¢, R,=0.53333¢,
Fy=—1.01395, T\/T,=—0.22347.
(C) si=log. 8, =log.2,
ch ,=4.06250, sh z,=3.93750,
[0,=1.03175¢, R,=0.25397c,
[,=1.66667¢, R,=1.33333c,
= —1.00968, T,/T,=—0.03124.
(D) si=—&=log. 8,
Ey=—F,=1.03175¢, R,=R,=0.25397c,
Fy=—0.97017, T,/T.=1.
(E) §1=—&=log.6,
[y=—1F=1.05714¢, R,=R,=0.34286c,
Is=—0.95096, 7'/T,=1.
(F) &= —&=log. 4,
Ey=—F,=113333¢, R,=R,=0.53333c,
Fy=—0.89573, T\/T.=1.
(G) §1=—&=log, 2,
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= —-F,=166667¢, R,=R,=133333¢c,
Fy=-0.73836, T./T.=1.

Minus sign in Fy 1reans that the torque Ty=7,+ 7. acts in the sense to oppose
angular acceleration «w/«¢ of rotation of the vessel. It will be seen that the values
of coefficient Fy. for the case of (A), (B), and (C), are only slightly larger than
unity, whereas in the cases of (D) to (G), the values of F; are less than unity, and
varies in a considerable range.

6. Case of two Concentric Circular Walls

The case of two concentric circular cylindrical walls, which are rotating about
an axis, can be deduced from the analytical results about two eccentric circular
walls, as given above, by taking the limiting case. But it can easily be obtained
by direct analysis, as follows:.

Let the axis of rotation be O,, and let center of two concentric circles be O,
being situated at a distance d from O,, taken along the real axis. Moreover, we
assure that radii of two concentric circles are R, and R, as shown in Fig. 5.

Using polar coordinates (r,#) with O as origin, the velocity potential ¢ may
be given by

o=72, [Aysin n0+ B, cos n0" + Z [C.sinny+ D, cos ndir "
1

n=1 ne=

where A,, B,, C, and D, are arbitrary constants. As we see from Fig. 5, we have

Ve=wn

Fig. 5. Case of two Concentric Circular Walls.
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11 Cos o=x=d~+7Ccos,

71 8in o=y =7sin §.
Hence the normal component V, of linear rotational velocity V.=wr, is given by

V.=w7, cos ¢y =wr; sin (# —¢)=wd cos 4.
So that the houndary conditions at two walls r=7; (i=1,2) become
wd sin 0=06¢[or (r=~R;)
from which we deduce that
Ai=wd,

other constants being equal to zero. The driving torque 7T} is given by

(= Ye 1 g2 P2 (,l(f)
T,=(-) A,,_JR,((”)

for i=1 and 2. Hence the total torque 7 hecomes
dw i ,
To=Ti+ Tom o 5~ ) Ri= Ril

The fictituous mass M;, as used above becomes, in the present instance
M= ord*(R;— R}).

So that the factor 5 is given by
Fo=T M= -1,

that is, the value of the factor Fy is always equal to (—1).
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