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ABSTRACT

Let T be a mapping from a closed convex subset D of a Banach space into a compact
subset of D which satisfies

1 \
| Te— Tyl = 5 allz— Tx|+ly— Tyl)+ble—y| for any x, yeD,

where ¢=0, b=0 and @¢+b=1, then the sequence {zn} defined by wxn.,=1/2 (zn+ Txn)
converges to a fixed point of T for any x,eD. As a matter of fact, a theorem which
includes this result is proved.

1. Introduction

In [3], the author showed that, if 7 is a mapping from a closed convex subset
D of a Banach space into a compact subset of D and nonexpansive i.e.

(1) [[Te—Ty||=l|lx—yll  for any x, yeD,
then the sequence {F},z};-, converges to a fixed point of T for any zeD, where
F,,, is defined by F,,zx=%(x+Tx) for all zeD. This result was proved for strictly

convex spaces by EDELSTEIN (1966).
Recently, a mapping 7T from a subset D of a Banach space X into X which
satisfies

1
(2) | Tx—Tyll= ga(llw—TxH+||y—Ty||)+be—y|J for any x, yeD,
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where ¢=0, =0 and a+b=1, has been introduced and studied by Kannan (1969)
and subsequently by SoaArpr (1971), WonG (1974) and others. Note that condition
(2) is more general than condition (1).

In this paper we consider some fixed points theorems and iteration methods
for a mapping 7 from a closed subset D of a Banach space X into a compact
subset of X which satisfies

S| .
(3) WTwe=Tyll= , alle=Tul[+[ly =Tyl +b max{lle—yll, [le— Tyll, ly =Tl

for any ., yeD, where «>0, =0 and «+b<1.

2. Main results

Our main result is the following;

THeoreM 1. Let D be a closed subset of a Banach space X and let T be a
mapping from D into a compact subset of X which satisfies condition (3). If there
exists a number #€(0,1) such that F,Dc D, where F; is defined by Fie=1—8z+tTx
for all xeD, then T has a unique fixed point # in D and the sequence {F7}x};.,
converges to u# for any xzeD.

Theorem 1 will follow immediately as a corollary of Theorem 2.

It is clear that if D is convex and 7 is a self-mapping on D, then F,DcD for
any t€(0,1). Hence as an immediate consequence of theorem 1, we have the follow-
ing corollary.

CoroLLARY 1. Let D be a closed convex subset of a Banach space X and let
T be a mapping from D into a compact subset of D which satisfies condition (3).
Then 7 has a unique fixed point # in D and {F;" z};-, converges to # for any #¢(0, 1)
and any xeD.

CoroLLARY 2. Let D be a closed convex subset of a Banach space and let T
be a mapping from D into a compact subset of D which satisfies condition (2).
Then 7 has a fixed point in D and {F},z}y., converges to a fixed point of T for
any xeD.

If @=0, this result was proved in [3]. Otherwise it is a special case of
Corollary 1.

THEOREM 2. Let D be a closed subset in a Banach space X. Let T be a
mapping from D into a compact subset of X which satisfies condition (3). If there
exist te(0,1) and x,eD such that z,eD for all positive integers =, where x, is
defined iteratively for each positive integer n by z,..=1—8x,+tTx,, then T has
a unique fixed point # in D and the sequence {z,}3., converges to .

The following lemma is used to prove Theorem 2.

Lemma. (@) If |Txn—Tx)|=1+¢)R and |lxw 1 — Tzal|= (1 —ce)R, then

(1 c+t i
Nw—Ta, || = <1 17 V>R.

B I Jlew—Tea| <(1+R and |lew, 1 — Tieall = (1 —ce)R, then
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T2m—Tan|Z(1—(c+1-0t"1)R.

Proof. Since zm.1— Txn=1—)&n—Txn) +HTxn— Tx,), we get that ||@m— Ty
Z(1="Y|ems1— Tan|| — 8| Txm—Txn) =1 =8 A —ce—t(1+)R=1—(c+)(1—t)"')R.

In the same way, the second part of Lemma immediately follows.

Proof of Theorem 2. Let D, denote the closure of 7(D) and let D,, denote
the closure of the convex hull of the union of D, and the point ;. Then D, is
compact and a well-known theorem of MAzur implies that D, is also compact.
{Txn)n-, and {x}i-; clearly belong to D, and D, respectively. Then [|z,—Tx,]|
=<d(D;)<oo for each positive integer xn, where d(D,)=sup{llz—y|l;x,yeD}, so li{lnsup

l|#n— Tn|| exists. We now show that this limit must be zero.
Suppose limsup ||x, —Tx,||=R>0. Since D, is compact, we can take an integer

N such that there exists no set {y;€D,;i=1,2,---,N—1} such that |Jy,——y;~\{§<%>R

for all ¢ and 7 such that 0=/<j=N-—1. Since we see from condition (3) that
1-t1-b)=1—ta<1, it is clear that for any ¢>0 there exist integers &, and £ such
that

(4) (A—t+thy*d(D,)=2"'R,
(5) |lwn—Txn||=(1+27%)R for any integer »n such that n=k,,
(6) llexrv—Tzrrnl|Z(1—¢)R and k=2k,.
We have from (3) and (5) that for all integers m and # such that #e,n>k,
(7) Nm— 2l =1 = O xm +eTxmo 1 — A=y — T2
g(l—t)||xm_l+xn_lu+t[%a<||x,,ﬂ—Txm,lu+||x,l.,,lfon-1H)

+b max{l].rm.,J — T IH, H-"r"m— 1 TT)L—IH; H~777: -1 TI"mr IH}]

Sat(14+27') R+ —¢+0t) max {{law. s — wwlly Yom-1— T )y [Jon s — T |}}
and

(8) m — Tanl| =11~ )y +2 Ty — Ty
=1 —=8|lem-1—Tzall +t|| Txm-1— Txnl!

1
=1 =Hl|wn-1— Tza| +t[§d(me;1—- Txo || |0 — Txali)

+b max {||xm-1— x|, ||2m-1— Tall, [0 — Txm—lm]
=at(l+27'¢) R+ (1 —¢+bt) max {l|zw-1—2all, 20—, — Twall, [l 20— Tamn-i}
Performing the calculation according to (8)+(1—¢-+5&¢f) max {(7) with m—1 for
m, (8) with m—1 for m, (8 with » and m—1 for m and » respectively} side by

side and eliminating common terms on both sides of the resulting inequality, we
have, for any m and » such that m, n=k,
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Nww— Tan||=at(1+27¢) RA +(1 — ¢ +bt)) + (1 — £ 4 bt)? max
{”xmfz”‘xn—lH’ me—2'—Txn—1H; Hx'rkl“TxmfZ”’ Hxﬂk?'—xn”y
@m-2— Taall, ll2n— Tom-2lly l[@m-1—@a-1ll, [[Em—1— Toa-sl},

“xn—l—Txm—IH}’
Similarly using (7) and (8) repeatedly, we see, for any m and % such that m, n>k,

e~ Ta|| Za@t(1+27 )R+ A — £ +-bt) + (L=t 4+ bt)*+ + + « +(L—t +br)eo1}
T A=t 40ty max {[|zu-i = La-jll, 18n—s— Twa-ll, [|2n-i = Tom-l1;
,7=1,2,-+ ki)
=at(l+27'%¢)R(L—(L— + b)) (1 — (L=t +bt)) "' + (1 —t+bt)*d(D,)
=a(1-b)""(1+27)R+(1—t+bt)od(D,).

Since a(l—-5b)-'=1, we get from (4) that

(9) llaw—Tza|=(1+¢)R for all integers m and » such that m, n=k.
In the same way, we can get

(10) |lzm—aal|=(1+<)R for all integers m and # such that m, n=k.

From (3), (5), (9) and (10), we see that for any m, n=k,

11) N Tam— Ty
= = Tl = Tl b M sl = Tl = T
= %d{(l +e)R+(1+¢)R}+b(1+¢)R
=(1+¢R.

Lemma (a) implies from (11) with 2+ ~N—1 and £+ N for m and n respectively
and (6) that

1+¢
||J?IcHV-1‘_‘TJ/'k;NH§(1—' lit e)R,

from which and (11) with £+ N—2 and £+ N for m and »n respectively, we see by
Lemma (a) that

2—(1—¢)?
Nk v—2— Topin)| = (1— ﬁzl- G)R

Using Lemma (a) and (11) repeatedly, we can obtain in a similar way that for any
integer 7 such that 1=j=N-1,

2 —(1—pHV-i-1
||l'kv‘j>r1"—TmeH§<1—__(__.)— )R

Q=g+ ¢

From this and (9) with £+j and £+ N for m and » respectively, we see by Lemma
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(b) that for any j such that 1=j=N-1,
21t
(L—f)¥=11

[l )

12) Tz j— Tk NH?:’I—Z‘”( +1—t\e}R
Y

It follows from (3), (9) and (10) that

1
| Twe: j— Toee »||= 7a(ka;,~—Txk l+Fize: v — Tor- )
+omax {|lwe j— 2o vl 2o j— Txeenlly How. v — Tzp 4}

1 1
= "2—d||$k,j—T.Z'k jH‘l"(gd‘Fb)(l'{"E)R,

which implies from (12) that for any j such that 1=;=N-1,

e j— Tap jll=2a

HTxlc\j_Txk::\'Hﬁ<é‘d+b>(1+5)R&

1 2 1
<1-—- ?a_b>—-<—t(1——l‘—)T —1+ §ﬂ+b>€]R

(G )

From this and (11) with £+j—1 and k+j for m and = respectively, we get by
Lemma (a) that

=2a!

R.

s+t
;|xk‘,‘_l—Tx,c:,ju;<1— — 3>R,
where c=4{at(1—¢)*}'—1. Using Lemma () and (11) repeatedly, we have in the
same way that

c+1=(A— "

Hx/c,,m—TxkthE {1“ (f;it)j'i’l

e‘R
for any integer i such that 0=i<(j.

By Lemma (b), it follows from this and (9) with 247 and 2+ for m and »
respectively that

| Ty i— T = {l—t“‘(ﬁ'(lf_*(;ljf_:gﬁ ““"‘)E’R
c+1
=|i- (g 1|7

4
(1= )R

for any integer ¢ and j such that 0=i<j=N-1.
Setting e =81 at*(1—¢)2", this implies that ||Tzs.;— Txr. ;||=2'R for any integer
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i and j such that 0=i<j=N-—1. Since Tx.; is the point in D, for each nonnega-
tive integer 7, this is incompatible with the definition of N. Hence we obtain
that lim||z,— Tx,||=0.

Since {x,}3., is a sequence in the intersection of the compact set D; and the
closed set D, there is a subsequence {x,}7., that converges to a certain point # of
D. Let ¢ be any positive number. Then there is an #;, such that ||x"i0—uH<e and
[#a;, — Ttny || <e. Hence we have from (3) that

ot — Tul| = oo — @, || 41 2n,) — Ty || 41| Twny, — Tt
§25+%a(lku—Tu\l+|!xni0—Txni0H)

+0 max{||u—a, ||, llte— Tan, ||, |20, — Tul]}
=2+ %a(Hu—TulH[lxnio—TxniOH

+b max{|lse— g [l 06— 20, || + 1w, — Toong |y Hvng, — il + 112 — T}

gZeJr%a(Hu— Tu||+¢) +b max{2s, ¢+ ||ju— Tul|}.

1
§a+b>Hu—TuH,

which in turn implies from %a+b<1 that # is a fixed point of 7.

Since ¢ is arbitrary positive number, this implies that Hu—TuH;(

If limsuplfx,—#u||>0, then there is a subsequence (wx,;}7, that converges to u,

such that #;>#. By the above argument, u;, must be a fixed point of 7. Since
we cee that |ju—v||=|{Tu— Tu]\<—a(Hu Tuj|+|lv— To||) +b max {|je—0||, ||e— Tv||,

llv—Tull}=bllu—v|| for any v in the set of fixed points of 7T, it follows from b<1
that 7" has a unique fixed point #, so #=w,. This contradiction implies that {x,}7_,
converges to #, which is a unique fixed point of 7. This completes the proof.
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