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OPTIMAL ESTIMATION ALGORITHM FOR
A DISTRIBUTED-PARAMETER SYSTEM
WITH MULTI-POINTWISE SOURCES

AKIRA SANO

Dept. of Electrical Engineering Keio University, Yokohama, 223 Japan

(Received, Feb. 27, 1975)

ABSTRACT

The optimal state estimation technique is presented for a discrete-time distributed-
parameter system perturbed by unknown inputs from multi-pointwise sources. In the
proposed algorithm, the estimation procedure for the unknown inputs is seperated from
the estimation of the state so that the computational inaccuracy and the required memory
capacity can remarkably be reduced.

1. Introduction

This paper describes the method for estimating the state of distribution of
pollutant concentration in the atmospheric diffusion system perturbed by unknown
pollutant emission rates at multi-pointwise sources. If we define a new state
vector by adjoining the unknown emission rates to the state of the concentration,
we can construct the optimal filter for the defined system by the aid of the
state estimation theory for distributed-parameter systems. Many studies have been
done on the optimal estimation filter for systems described by partial-differential
equations (FALB 1967 ; TzaresTAs et al. 1968a, b; Tuau 1968; KusuNer 1970;
MaTsumoTo et al. 1970 ; Mepitch 1971 ; Sakawa 1972 ; KuMmAR et al. 1972; ATRE
1972), however, in the conventional approaches, as the dimension of space co-
ordinates and the number of the emission sources becomes large, the size of the
covariance matrix of the defined state vector estimate increases excessively.

In this paper, we develope the Friedland’s results (Friedland 1969) to distri-
buted-parameter systems and present a new algorithm for avoiding the complexity
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in computing high-dimensional matrix eqnations and for obtaining the each element
of the covariance separately. As a result, by computing the emission-free state
estimate first, and correcting it by the quantity obtained from the emission-rate
estimates, we can get the state estimate. In the presence of uncertainty in the
emission term such as unknown source location, their maximum likelihood esti-
mates can be computed by an optimization technique. Also in this case, the
proposed algorithm effectively reduces the computational time, memory capacity
and inaccuracy.

2. System Description

Consider a linear distributed-parameter system of diffusion type described by
q
a0z, t)jot = Z {0 0(z, £)]xi—v00(x, H)]0x) +u(x, t), xef (1)

defined for £>#, (=0) on the domain 2 which is an open connected subset of a ¢-
dimensional Euclidean space with coordinate vector z=(x;, +--, x,)’€f2. Let the
scalar function #(x, ¢) be the state of pollutant concentration, and a; and »; be the
diffusion coefficient and the wind velocity of the i-th direction respectively. The
pollutant emission rate wu(z, ¢) is assumed to be of the form

N

ue, )= 3, w [ dwy—r,) =’ () (2)

=1 p=1
q
where e x)= [] 6(xp—7.,), e(x)=(es(x), -+ -, en(x)) and u=(us, -+, uy)’, that is, the
=1
pollutant is emitted from multi-pointwise sources and the respective emission rates
{a;} are assumed to be random constants.
The initial state 0(x,0) and the emission rate # are Gaussian random variables
with the mean and the covariance given as

El0(x,0)1=0(x,0),  Cov[0(z, 0)i(y,0)]= Pz, y,0), (3)
Elu]=#(0), Covluu'l=P,(0), (4)
Covlo(x, 0)ul=Py,(x, 0)=0. (5)

The measurement equatiou is given by
z2(x, By=h(z, )0(x, k) +w(z, k), k=0,1,---, xeQ, (6)
where z(x, k) denotes the measured data sampled at the instant k4 at xe€f2, which
is subset of £, and w(wx, k) is the white Gaussian noise independent of #(x,0) and

u. The means and the covariance of w(x, k) are given as

Elw(z, £)1=0, Elw(z, w,n)l= Wz, y, k)dn . (7)
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Optimal Estimation Algorithm for a Distributed-Parameter System

The solution of (1) and (2) can be represented for unbounded £ as

Wz, t) [ﬂ 4 n(t— to)}']'lg..-g_ 00z, t) exp[ i ;”;it(t__t‘z)_s”}z]de,..deq

+[ ﬁ ap(4 ,T)%]il t:ZV:] ulgio(t—r)’%exp[— i {x,,—vp(t—r)—-np}Z ]dr , (8)

p=1 p=1 day(t—7)

then, replacing ¢ with 2+14 and # with kJ respectively, we get the following
discrete-time distributed-parameter system

W, b+ 1)= _Lobl(x, )+’ (2)ulk) (9)
wk+1)=u(k), k=01, ---. (10)

where ¢(z)=(c,(x), - -+, cx(2))’ and the operator _,(-) are given from (8) by

Ll '>=[_ ] (4 xJ)%] Sl - -Sw exp[— "z' »L—@—i} Vdae--di,  (1D)

= — o0 p=1 46\';‘,51
e L (= (B F1 d— )=,
()= N —2) — WpTUplR Tl d—T) Ty, -
o) [H“’(47)2J )., @+ Zexp[ B dakT14-0) ]d (12)

Now, the problem is to estimate the state of concentration ¢(z, k) and the
emission rate # on the basis of the measured data z(z,#n), x€C,, #=0, -

3. Recursive Form of Optimal Filter

By adjoining #u(k) to #(x, k), we define the new state vector ¢(x, k) by
o(x, k)=[0(x, k), ' (k)] . (13)
Then, equations (9), (10) and (6) can be rewritten as
o(x, k+1)=F w(x, k), xeD (14)

z2(x, k) =H"(x, k)p(z, B)+w(x, B),  xeld (15)

where

sn<->=[°f{)(') ”'}‘”], Hz, k)=lh(z, k) O]

We first show the optimal filter which gives an estimate ¢(z, k|k) of ¢(x, k)
based on the set of measured data z{x,n); n=0,1,-.- &k, xef. The estimate
q?(x,k)k) is sought through a linear combination of the past set of measured data
as follows

k

da, bll)= 3. S K(x,2; kynals, n)de (16)
2

n=0
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where K(x,&; k,n) is a vector kernel function. The estimate é(x,klk) is defined
to be optimal when it minimizes the variance E||¢(x,k)—d(xz, k|E)||> where ||-]|2
denotes the Euclidean norm. A necessary and sufficient condition for the estimate
to be optimal can be derived by use of calculus of variations.

Proposition 3.1.

A necessary and sufficient condition for the estimate ¢(z, k|k) to be optimal is
that

El{¢(z, B)—d(z, klk)2(&, m)]=0, 0<n<k, zeQ; teQ, . an

It is significant to derive the recursive form of the optical filter in order
to get the estimate §(x, k|k) sequentially utilizing a digital computer. The recur-
sive form is given in the following proposition.

Proposition 3. 2.

The recursive form of the optimal filter is given as
P, klk)y=p(x, k|k—1)+ Sg Kla, &, k)26, k)—H'(&, k)$(&, klk—1)dE (18a)

(@, k+1|k)=F op(x, k|R) (18b)

where K(zx, &, k) is the optimal kernel and satisfies the Fredholm integral equation
of the second type

SQ K, &, U (&, )PE, y, HH(y, k) + W&, v, R)lds = Pz, y, k) H(y, k) (19)

where z, y€£,, and P(x, y, k) denotes the covariance matrix of the estimate q?(x,k\k—l)
and recursively can be computed by

Qz, y, k) =Pz, y, k) — Sg K(z, &, R)H(, R)P(E, y, R)dS (202)

Pz, y, k+1)=FQz,y, k)F; . (20b)

The proofs of Propositions 3.1 and 3.2 have been shown in reference (SANO
1975b).

4. Evaluation of Covariance Matrix

The covariance matrix of the combined state estimate ¢(z, k|k—1) is

@D

P(a, 1, k)=[P w0, k) P, k>]

Py, k) Pk)
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where Py(z,y, k), Pz, k) and P,(k) are the covariance of the respective elements.
Then it will be noted that the elements of P(x, v, k) of (20) are mutually coupled
and must be simultaneously computed, therefore the rquired amount of memory
and the round-off error are increased as the dimension of space coordinates and
the number of emission sources become large. This section shows that the elements
of the covariance matrix (21) can separately be computed. First we develope the
Friedland’s results (FRIEDLAND 1969) to distributed-parameter system and present
useful propositions for the computation of the elements of the covariance.

Proposition 4. 1.

Assume that P(z,y, k) is a solution of (20) with an initial condition P(z,y,0).
Then any other solution P(z,y, k) of (20) with any initial conditions P(z,y,0)=
P(z,v,0) can be described by

P(x,y, k)=P(z,y, B)+ R, OME)R (y, k) (22)

where R(x,k) and M(k) denote (N+1)x N and Nx N matrices respectively, and
satisfy the equations

Via, B)=R(x, k) —S R(a, & HE BRE Bz (232)
Rz, kA1) =F o Vi, k) (23b)
M(k+1)=M(k) —M(k)gg & R B)RE, BAEME) 24)

where K’(x, £, k) and J(&, k) are the solutions of the Fredholm integral equations
Sg Rz, & RUH & RPE v, HH Y, k)+ WE, v, Dlde=P(x, y, k) Hy, k) (25)

Sg JE& R &, R)PE, y, R)H(y, k) + W&, y, R)ldE =R'(y, ) H(y, k) . (26)

This proposition will be proved in Appendix.
Let P(x,vy, k%) in Proposition 4.1 be a solution of (20) with the initial condition

5 [Pz, 9,00 O ]

Ble,u, 0= 74 ) @
then, it can be obtained from (20) by

= p 0

e m=| 50 0] (28)

It can easily be seen that 15,,(x, y, k) is the solution of (20) in the emission-free
case #(k)=0 (k=0,1, ---) and then satisfies

Gulr, y, B) =P, v, ) — S R, &, R, BYP o, v, k)ds (292)
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Pox, v, k+1)=_L.Qu(x, y, k)L, (29b)

where K,(z, &, k) is obtained from the integral equation
SQ Koz, & BUAE, RYPoE, y, )Ry, k)+ W(E. y, R)ds =P oz, y, k)h(y, k) . (30)

which is the emission-free case of equation (19).
On the other hand, for any initial conditions which are different from (27)

Biau0)  Puno], 3

Pz, y,0)= [ Py, 0) P,(0)

the solution of (20) in the presence of the emission term can_be obtained by the
use of Proposition 4.1. Let the elements of R(x, k), V(z, k) and K(z, £, k) be denoted
by

Rz, k)= [ Z;u(z k)l Vi k)= [ %&3)@]’ Rioe, k):[ko(x(;g‘,k)'J":

then the elements of the matrix P(x,y, k) of (21) are expressed by use of Proposi-
tion 4.1 as

Py(x,y, k) =Po(x. y, )+ R sulx, )M Ryu(y, k) (32a)
P/ﬂu(xy k) :R’au(l', k)M(k)Ru(k) (32]))
Py(k)=Ru(k)M(k)R (k). (32c)

Furthermore, it follows from (23) that

Vi, k)= Rou(x, k) — S Ko(x, 2, BR(Z, R)R (&, k)dz (33a)
Rou(x, k+1)= L Voulz, R)+c'(2) Vi(k) (33b)
Vu(k)=Ru(k) (34a)
Ru(k+1)=V.(k). (34b)

At the initial time 2=0, from (32) we get

Py(.’L‘, Y, 0)—ﬁ0(x) Y, 0) :R/Ou(x’ O)M<0)R61l(?/, 0):0 <353)
P yu(x,0)=R’pu(x, 0)M(O)R.(0)=0 (35b)
P,(0)=R.(0)M(0)R.(0) (35¢)

where the assumptions (3) and (5) have been used in (35a) and (35b) respectively.
It follows from (35a) and (35b) that R,(0)=7 (unity matrix) and R,.(x,0)=0, then
from (34) we get Ry (k)=V.(k)=1

* It can be clarified in deriving (30) from (19) that the second elements of K(x, &, k) are
all zero.
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The above results may be summarized in the following propositions.

Proposition 4. 2.

The covariance matrix Pz, y, k) is given as

Py, y, k) =P y(x, y, k) + R yu(x, YME)Ryuly, F) (36a)
P’yu(x, B) =R 0z, RYM(F) (36b)
Puk)y=Mk) (36¢)

where Py(z,y, k) is the solution of (29), and the equations for Rs.(z, k) and M(k)
are simplified from (33) and (34) to

S Ry=N(E, B)Ryu(&, k) (37)
Viul, £) = Roulz, k) — Sg(, Role, 2, B)SE, k)dz (38)
Roulie, B+ 1) =L Vouler, B) () (38b)
M(k-l-l)ZM(k)—M(k)Sgo J(&, R)S' (&, R)de M(k) (39)

SQ](E, RAE, RYPo(&, y, Ry, k) + WIE, y, k) +S'(€, YM(R)S(y, R)ldE =S(y, k) (40)

where Ry (x,0)=0 and M(0)=P,(0).

Proposition 4. 3.

The elements of the matrix Q(z, y, 2) of (20) can also be expressed as

Qo(z, v, k) =Qul(w, y, )+ V' sul, )Mk +1) Viuly, k) (41a)
Q' sul, k) =V gu(, R)M(k+1) (41Db)
Qu(k)=M(k+1). (41b)

This proposition can easily be proved by the use of Proposition 4.2.

5. Computation of Estimates

The estimates of the state 6(x, k|k) and the emission rate #(k|k) have been
given in Proposition 3.2 by

O(x, k|k)=0(x, klk—1)+ SQ Koz, & R)[2(, k) —h(g, k)6(&, klk—1))dE (42a)
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bz, klk—1)=_L0(zx, k—1k—1)+c'(m)a(k—1|k—1) (42b)
a(k|k)=u(k|k—1)+ SQ K&, k)2, k) — (g, k)(E, klk—1))dE (43a)
wklk—1)=ak—1|k—1) (43b)

where K,(z, &, k) and K.(&, k) are the elements of K(x, &, k) in (19), and are related
to Kz, & k) of (30) as shown in the following.

Lemma 5. 1.
Koz, &, k) =Koz, & k) + Vsulw, D)Ku(E, k) (44)
Proof: From (19) and (20), we have

Qo v, WHw K=\ Ko, &, k) WeE, v, . 45)
By use of (41), we can express the respective elements of (45) as

Qu(x, y, k)hly, k) + V' oule, )Mk +1) Vouly, )A(y, k)=Sg Koz, &, )W, y, k)ds  (46a)

M+ V uly, Rhly, k)= S K&, B)WE, v, ). (46b)
Furthermore, utilizing
Qute v by, )=\ Kol &, 1) Wee, v, o, (7)
it follows from (46) that
Sgo (B o, &, k) + Vo, VS, B)— Kol, & B)TW(E, 4, B)dE =0, (48)

Since the cavariance W(&,y, k) is assumed not to be identically zero, equation (44)
has been proved.

In equations (42) and (43), the estimates &(x,k|k) and #(klk) are mutually
coupled. In the following we show that the emission estimate #(k|k) can be com-
puted independently of the estimate #(x,k|k). We get the estimate 4(z, k|k) by
computing first the emission-free estimate #(x, k|k) separately and then correcting
the latter by the quantity obtained from the emission estimate.

Proposition 5. 2.

Let O(x, k|k) be the estimate of #(x, k) in the emission-free case (#(k)=0), then
the estimate #(z, k|k) in the presence of (k) is given by
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b(x, k|k)=0(x, kiR)+ V" ou(, k)iL(k| k) (49a)
6(x, Blb—1)=0(x, k|k—1)+ R’ su(x, R)i(k|R—1) (49b)
where 0(x, k&), O(x, k|k—1), fi(k|k) and #(kik—1) are computed by

O(x, klk)=0(x, klk—1)+ SQ Koz, &, k)2, k)—h(E, R)I(E, k|k—1)1ds (50a)
O(x, klk—1)= L0(x, k—1]k—1)

ﬁ(klk):ﬁ(klk—lHSQ Ku(&, b)la(s, k) —h(E, k)0, k|lk—1)
—S'(§, kyilk|k—1))d¢ (51a)
i(k|k—1)=d(k—1k—1) (51b)

SQ K&, B, BB o2, y, Ry, B)+ WIE, v, k)
S MBS, RIde=MEBSw, ) (52)

where §(z, 0| —1)=0(x,0) and #(0|—1)=4(0), and K(x,&, k), Viulx,k) and Reu(z, k)
have been obtained in (30), (38a) and (38b) respectively.

Proof: The proposition is proved by means of mathematical induction. At the
instant £—1, assume that

0(z, k—11k—1)=0(z, k—1|k—1)+ V' pu(z, k= D)k —1]—1). (53)

Let the innovation process be denoted by é(x, k). Utilizing (42b), (53) and (38b),
o(xz, k) can be rewritten as

3¢, B)y=2(¢, k) — h(&, R)(E, klk—1)
—2(6, k) —h(&, LAE k—1k—1)+c' ()il —1]k—1)]
=26, k) —h(E, B) LBE, k—11k—~1) — (&, B)Le V&, k—1)+¢"(@)Jalk—11k—1)
= 2(&, k)—h(E, B)O(E, klk—1)—S'(&, kyalk—1)k—1). (54)
By use of (53), (38b) and (44), we can rewrite (42) into
é(x,klk)z,fzﬁ_(x,k—llk—l)-l—[,CzV’eu(x,k—1)+c’(x)]ﬁ(k—1|k—1)
+ S (R, 2, )+ Viuler, )KulE, E)OE, R)dE
= 0z, b—=1k—1)+ R s (x, B)u(k—1]k—1)
+ S Role, & B)2(E, k) — (&, k) L0, k—1|k—1)1dE

- S Rowe, DS/ & Ralk—11k—1)ds+ S V (o R)K(E, RYOE, R)dE
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=0(x, BB+ V' sulx, k)[u(k—llk—l)-l— SQ Ku(&, Rz, k)dg]
=0(x, klR)+ V' oulz, R)u(R|R).

At the initial time £=0, it is satisfied that 6(z, 0]—1)=8(x, 0| —1)=8(x, 0) and
Ry.(x,0)=0, then the proposition has been proved.

6. Discussion

The block diagram of the new estimation algorithm is shown in Fig. 1. In
the block (A), the emission-free state estimate is given by use of (50), (30) and (29),
and the computational procedure is independent of the emission-rate estimation.
The estimate of the emission rate is obtained from (51), (52) and (37)~(40) as
summarized in the block (B). The seperation of the estimation procedure becomes
more effective when the location of the emission sources is unknown and to be
identified in real time.

block(B)

We have presented a method for estimating the source location (SaNo 1974a)
by which the source location estimate 7,(k) is corrected so that the time-averaged
innovation squares

1

Li=— 2, S oz, n)dx (55)

Kn:l.t;‘K+1 20
may be minimized by use of an approximated gradient method where K denotes
the moving averaging number. In order to obtain the gradient of 7, with respect
to the source location estimates #;,(k), =1, -- -N; p=1,---,q, we must perturb
the estimate fnp(k) to ?L(k)ielp where ¢, is a positive constant. Since the estimates
f1,(k) is included only in (38b) through c(x) of (12), the 2 Ng blocks (B) associated
with 7, (k)+e,, are required to get the gradient of (55), however, the necessary
block (A) is only one because it is independent of the emission term.
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In the practice, by spatial discretization we have the discretized model which
consists of an L¢xL? matrix equation for Pz, y, k) in (29), an L7X N matrix
equation for Ry.(x, k) in (38) and an L? vector equation for (x, kjk) in (50), where
L denotes the number of the spatial discretization of each coordinate. Therefore,
in the proposed algorithm we may compute the L?x L? matrix for ﬁa(x, v, k), the
L*x N matrix for Ry(x, k) and an NxN matrix for M(k) in place of a higher-
dimensional (L?4+ N)X(L?'+ N) matrix for P(x,y, k) in (20), and then reduce the
round-off error and the inaccuracy caused in the high-dimensional matrix manipula-
tion of (19) and (20). Furthermore, in the identification of the source location,
conventional techniques require the 2 Ng(L?+ N)*> memory area while the presented
algorithm uses the 2 Ng(L*N+ N?)+ L%, then saves NL!+(2 Ng—1)L*® memory area.

The detail descriptions for the identification technique of the emission sources
have been shown in other references as for a one-dimensional diffusion system
(SANO 1974a,b) and a two-dimensional air pollution diffusion model (Sano 1975a).

7. Conclusion

The optimal estimation algorithm has been proposed for a discrete-time dis-
tributed-parameter system subjected to unknown emission inputs from multi-point-
wise sources. We get the state estimate by first computing the emission-free
state estimate independently then correcting the latter by the quantity obtained
from the emission input estimates, so that the computational complexity and inac-
curacy and the required memory area can remarkably be reduced especially in
identifying the uncertain source location.
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APPENDIX

Proof of Proposition 4. 1.

As P(xz,y, k) is a solution of equation (20), it satisfies
ﬁwwﬁ+hzg{ﬁwwﬁ%&5@£kﬁﬂﬁ@ﬂ&%@&kry (A1)

where for simplicity the symbol 2, is dropped. In the following, for the simplicity
of notations we shall designate all quantities with the time index £+1 by a sub-
script + and all quantities with the index % with an unsubscripted symbol, i.e.
P.(x,y)=P(x,y, k+1) and P(z,y)=P(x, vy, k).

The proposition is proved by means of the mathematical induction. Assume
that at the instant k&

P(z,y)=P(x, v)+ R@)MR'(4), (A2)
then it is to be proved that at the (k+1) instant under the conditions (23)~(26)
F(z, y)=P.(x,y)—P (2, y)— R (x)M. R’ () =0. (A3)
First of all, from (20), (Al) and (A2) we have
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P.(z,y)—P (z,v)
= %[P(a:, - SK(x, OH(E)PE, y)di— P, y)+ gm, HH'(E)PG, y)ds]gq,
- m[R@)MR%y) - SK(“" SHEPE, n)di+ Sf?(x, OB, y)ds]sz'y (A4)

Then, from (23) and (24) it follows that
R (x)M, R (y)

~ .| R)MR )~ RoM\ O ©REAEMR ()~ Ro)M R OHER (0, )¢
+ R@)M\JO T @ REdEM\ R )R (v, ity —\ R, @ REEMR )
+{ & @ R@aEM\ ) B () Ry MR )
+\Ra.omeRO@EM R IR @ 9y

- Sm, E)H’(E)R(é)déMS](C)H’(C.)R(C)CIC MS R H) R'(y, v)dri]% (A5)

The third and fourth terms in the right side of (A5) can be rewritten by use
of (26) and (A2) as follows;

= —R(x) SR' ©HOR (v, £)de
+R() MSSJ(c \HEIPE, 7)— P&, HmE (v, didy

= —R(z) MSR’(@Hc)A'(y £

+R(@) MS [R’@)H(w)—S](q){H’(*)P(E W Hp) + W 7)) dg]my, nds,
- ~R(x)MS

SJ(E)[H’ )Pz, ) Hip)+ W, K (v, p)dzdy

=—R(x) SI(S)H’(E) "(y.§)ds  (by use of (25)). (A6)

In the same manner, the seventh and eighth terms of (A5) can also be rewrit-
ten as follows;

=K(z, ) H (1) R(p)dyM S/(S)H’(E)ﬁ "(y, £)dt. (A7)

Substituting (A6) and (A7) into (A5) and utilizing (A2), we can rewrite (A5)
as
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R.(s)MR' (9)=F » ﬂ

R@MR/ ()~ R) MU @ P, vz
~\Rew @ ReEMR W)
H\ B o @ROaEMUO @ P, 4 | (A8)
Substituting (A4) and (A8) into (A3) yields
Fla) = K om0 PG oz = R, 010 P, v
~ RaMUOH @ P, v)d:
H\Rlo i )R\ O @ PG, s | . (A9)

The third term of the right hand side of (A9) can be rewritten by use of (19) as
follows ;

= — R M\ P i) + We i sy
— R M{RHG)K (0 7)dy, (by use of (26)

NP s K e+ Pl ook, 2 (A10)
The fourth term of (A9) can similarly be rewritten as follows;

~\Ro 2@ REEM{ R G K

-

Sf?(.r, DTGP G, ) — P HK (4, )dzds

Pl oK w2 az+ R o We, Kt sy
~\Re @ P, 2 ds=\Plo o HOK 0, 21 (A11)
Then, substituting (A10) and (Al1l) into (A9), we have
P, py=| \ Ko, 0110 P&, )tz =\ R, '@ PG, itz
—\ Pl K 0, e+ | Pla, DK (0,210
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+ Sm, HH(E)P(y, ) — Sﬁu, HHEK (y, 2)dz | F4
=0.

So, equation (A3) has been proved. At the initial time £=0, we may choose R(x,
0) and M(0) so that the equation

P(z,y.0)—P(x,y,0)=R(z,0)MO)R'(y, 0)

may be satisfied. Therefore the Proposition has been proved.
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