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ABSTRACT

Much mathematical attensions have not been paid to Fourier series of stochastic pro-
cesses in the literature, while the growing importance of the topic is going to be gradually
recognized as the investigations of analytical properties of processes develop in recent years.
This paper provides an expository article exhibiting mostly the results obtained by the
author and his colleagues particularly on the behaviors of Fourier coefficients of stochastic
processes.

1. Introduction

In this paper we summarize the results on the Fourier series of stochastic
processes. We shall mainly deal with weakly stationary processes for which the
main tool of analysis with the series expansion has been the so-called the Karhunen-
Loeve expansion, (see Lotve (1963)) but the ordinary Fourier series expansion was
also drew some attentions. Actually RiceE (1944) has made an effective use of
Fourier series in his celebrated paper on mathematical theory of random noise.
See also KawaTa (1955). However papers on Fourier series of stochastic processes
appeared in the literature rather scatterly and the author feels that it would be of
some interest to present the summary of papers on Fourier series of stationary pro-
cesses. We also include some results on the Fourier series of harmonizable processes.

The author, however, do not attempt to collect all results on Fourier series of
stochastic processes but is interested in the following topics:

(1) the uncorrelatedness or the asymptotic uncorrelatedness of the Fourier
coefficients

(ii) the behavior of the Fourier coefficients

(iii) the asymptotic joint distribution of the Fourier coefficients.
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Tarsuo KawaTa

As a matter of fact, Rice (1944) used the Fourier series of a truncated random
noise process assuming the Gaussianness of Fourier coefficients and also sometimes
the independence of them. These assumptions hold in the approximate sense for
the random noise process. Therefore it must be of interest to investigate when
the Fourier coefficients are asymptotically uncorrelated for a weakly stationary
process. It must be noted that the random noise is a strongly stationary process
and the independence of Fourier coefficients is, of course, a consequence of uncor-
relatedness of Gaussian processes. The random noise as defined by RICE is not
generally Gaussian and it is important to know how the random noise process is
close to a Gaussian process. (See ParouLris (1971)) This makes sense of the topic

(ii).

2. Weakly stationary processes and Fourier series.

Suppose throughout this section that X(4, w), —co<¢{< oo is a weakly stationary
process, that is, a stochastic process of the second order with the following pro-
perties:

(1) (i) EX(t, 0)=0, —co<t< o0,
(2) (ii): EX(s, 0)X(¢, 0)=p(s—1), —co<s, < oo.

o(u) is a continuous function of a single variable and is the covariance function.
b
(3) (iii) S (E| X(¢, w)|?)' 2dt < o0

for every pair @, b(a<b) of finite real numbers. o is an element of the probability
space.

The representation

(4) p<u>=S°° edF(2)

—o0

is possible where F(2) is the spectral distribution function hounded and nondecreas-

ra
ing, and X(¢, @) itself has the integral representation, in the L? sense: E S - | =0,
b

a,b—oo, or a,b——co,

(5) Xt o)=\"

e5(da, ),

where £(S,w), S being any Borel set, is an orthogonal random measure (See Pro-
HOROV-RozANOV (1969)) that is a random measure with E&(S,)6(S;)=0 for Borel sets
Si, S; with S;NS,=4¢.

Let T>0 be any positive number and form the Fourier series of X(#, w) over
(=T/2,T/2):
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Fourier Series of Weakly and Harmonizable Stochastic Processes

(6) Kt~ § Cuwemn,
where
1z )
(7) Cu(T, 0)=Ch(w)= ~S X(¢, w)e~ =Ty
T)orp

which makes sense in view of the assumption (3). Then for every t, —T/2<t<T/2,
Eisn(t’ ®) —X(¢, »)1>—0,

where S,(f, w) is the n-th partial sum of (6). (See MaNN (1951), KawaTa (1960,
1966, 1969))
We begin with the following theorem of R.C. Davis (1953).

Theorem 1. The mecessary and sufficient condition that, for a pair (n,m) of
unequal integers and for every T>0,

(8) ECT, 0)Cu(T, ) =0,
is that F(A) is degenerated at the origin :
F()=c¢, 2<0,
=d, 2>0

¢, d being constants such that c<d.
Let X(¢, ) be a weakly stationary process which is periodic with period 7(7">0),
that is p(#) is a periodic function of period 7. This is equivalent to

(9) E|X(¢+ 7T, 0)— X, 0)|*=0, —coli<co.

It is easily shown that a weakly stationary process is periodic with period T if and
only if F(2) is a step function whose point spectrum is contained in the sequence
{2kr/T, k=0, =1, 2, ---} and hence the covariance function has the form

(10) o(u)= i ape® T 0, =0,

k=—c0
With this terminology we have the following simple fact.

Therem 2. In order that for the sequence {Cplw), n=0, £1, -} of the Fourier
coefficients of a weakly stationary process oveyr (—T|2, T|2), we have EC.(w)Cnlw)=0
for every pair m, n of unequal integers, it is necessary and sufficient that the pro-
cess is periodic with period T.

In this connection, we mention the following simple generalization of this
theorem, which H. Yu recently informed me.

We agree to call an almost periodic weakly stationary process a weakly sta-
tionary process for which p(z#) is an uniformly almost periodic function. In this
case X(f,w) is uniformly almost periodic in L? sense, namely for any ¢>0, the set
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of = such that E|X({+r, 0)— X(¥)|?<e is relatively dense. Also we have thot there
T

is an at most countably infinite set of 2 for which C(4, w)=1im (1/2 T)g X(te dt
T—co Jor

differs from zero. lim. means the limit in the L? sense. If {1,} is the sequence

of 1 of such a set, the sequence of the Fourier exponents, then p(x) can be written

by X Che®=* and X(t, ) by X Cnlw)e*nt, where Culw)=EA»+0)—E&(4,—0). From this

it is obvious that EC,(0)Cu(w)=0 for every pair (m, =) of different integers.

3. Asymptotic uncorrelatedness of Fourier coefficients of a weakly stationary
process.

We also suppose throughout this section that X(¢,w) is a weakly stationary
process stated in 1 and Cu(w)=Cu(T,w)n=0, +1, --- are Fourier coefficients over
(—TJ2, T)2). We also consider the Fourier coefficients of real form:

T/2
(1) A,L((:)):AH(T,(0)=-2TS X(t, @) cos 2 nzit/ T)dt n=0,1,2, -
T/2

T/2
(2) Brlw)=By(T, w)z%S X, w)sin Cunit|/T)dt n=1,2, -
-T/2
About the asymptotic uncorrelatedness of Fourier coefficients, Roor and Pit-
CHER (1955) have first shown

Theorem 3. If the covariance function p(u) satisfies that p(u)el'(—oo, c0) and

Sm o(w)du+0, then

(3) E|Cu(w)|*=0(T")
(4) ECn(@)Cn(@)/(E|Cn(@)]? - E|Cu(w)]?)! 20

for m#n, as T—oo.

This result may be said that under the stated conditions, the Fourier coeffici-
ents of a weakly stationary process are asymptotically uncorrelated.

BracamaN (1957) also discussed the similar problem for Fourier coefficients
of a Gaussian noise.

The author (Kawarta (1965, 1966, 1969)) gave more precise estimations of the
covariances of Fourier coefficients under some conditions on the spectral distribu-
tion of a weakly stationary process,

Theorem 4. Suppose that the given weakly stationary process is real valued and
that the spectral distribution has the density f(2) which is continuous at 1=0. Then

(5) lim T-EA%L(w)=4zf(0), n=1,2, -,

T—oo

(6) lim T-EA¥Yw)=28 f(0),

T—co
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Fourier Series of Weakly and Harmonizable Stochastic Processes

(7) Tlim T-EAn(0)An(w)=0, m#n,

(8) lim T-EBu(0)Bu(@)=0, m#n,
T—sc0

(9) EA,(0)Ba(0)=0, for all (m,n).

Under the stronger condition of f(4), we have

Theorem 5. If the spectral density f() of a veal valued weakly stationary pro-
cess has a continuous dervivative in a neighborhood of the orvigin and

(- 2010,

o+ A
exists, then
10) ;im TZEAm((U)An((I)):16Sw wdz, m+n,
o0 0+
(11) lim T2E By (w)Bn(w) =0, m+n.
T=co

4. Appoximate Fourier series.

As we stated in 2, a periodic weakly stationary process has uncorrelated
Fourier coefficients while it is not true for a nonperiodic process. However we
may define, even for a nonperiodic weakly stationary process, a random trigono-
metric series which has uncorrelated coefficients and is very close to a given
weakly stationary process.

Let us be given a weakly stationary process

(1) Xt o)=\" es(ar, o)
with mean 0 and covariance function p(%) as in 2. Let 7°>0 be any positive
number.

Define the sequence {€.{w), #=0, +1, ---} of random variables

2(n+1)=/T

(2) En(w)=Enlo, T>=S £(d1, o)
onn/T

and form

(3) Xolt,0)= 3, Enlw)er=ivrT,

It is obvious that
(4) Etn(w)en(0)=0, m=+n,
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from which the convergence of the series (3) for every ¢ in L? sense easily follows.
Xr(t, w) then defines a periodic weakly stationary process and the covariance func-
tion is given by

ﬁ(u)———ﬁ(u, T): Z ernriulT

n=-0c0

L 2(n+a/T
S (=)

2nn/T

F(z) being the spectral distribution function of X(¢, w).
We may show that

(5) I X(t, )~ Ralt, )54 sint 20(0)

for T=2|¢|. In other words, if ¢ is an arbitrary but fixed number, X(¢, ») and
X1(t, w) are very close to each other when T is very large.

The series (3) is called the approximate Fourier sevies of X(t,w). The defini-
tion is found in a slightly different form in PapouLis (1965) and in the form (3)
with (2), in the paper of the author (KawaTa (1966, 1969)). In this paper a
theorem on the absolute convergence of the approximate Fourier series was given
[see later, Theorem 18] and it was used to improve a theorem on sample continuity
of a weakly stationary process. See Kawarta (1966, 1969) KawaTta-Kupo (1970).

5. Behaviors of Fourier coeflicients.

Let X(t,w) be a weakly stationary process and its Fourier coefficients be
Co(T, w)=Cu(w) over (—TJ2, T/2), as in 2. We are now interested in the behaviour
of C, when |n|—>oco, for fixed T. Actually we are going to deal with the magni-
tude of Y asnE|Ch(w)]? or X acy|Crlw)|? as N—co,

We first mention the following result (KawaTA (1966, 1969)).

Theorem 6. (i) If, for 0=a <1, the spectral distribution function F(2) satisfies

(1) \" 1arap <es,
then

(2) MZ>NE|Cn|2=0(N*“)
as N—oo.

(ii) If X({t,w) is periodic with period T, then wunder the condition (1) with
0=a<?2, (2) holds, and for a=2, with the condition (1), we have

(3) In§1v1*3107»12=0(N‘2).

(iil) If X(¢, w) is periodic with period T, and

(4) |" laltog-lapparin <eo, g0,
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then
(5) | l):NEICn|2=o(1/(Nlogﬁ N)).
n|>
As in this theorem, there are some differences in connection with the magni-

tude of X E|C,|% between periodic processes and nonperiodic ones.
The difference appears significantly in Parseval relation, that is, we have

Theorem 7. If X(¢, w) is a weakly stutlonary process, then for any T>0, we
have the relation

() . Il
(6) 13 Elcn|2s1n2%=(17)[2 o(0)— o) p(— )]

N=—o

2 00) o T— ) — o~ T+ ),

for 0=h=T, where p(u) is the covariance function.

The right hand side, for a periodic weakly stationary process with period 7,
reduced to 2 o(0)— p(%)— o(— A).
This theorem enables us to show the following two theorems.

Theorem 8. Suppose Sw [AldF(2)<oco. In order for a given weakly stationary

process X(t,w) to be periodic with period T, it is necessary and sufficient that, for
the Fourier coefficients C, over (—T)2, T/2), we should have

1 2 2
N 3, WEC0.

(7)
The following theorem says more than this theorem.

Theorem 9. If Sw |A|dF(A)< oo, then for amy weakly stationary process we have

- 1
(8) hm-”N— ZanE[CnP:p(O)—gp(T)—%p(—T).

N—oo Inl<

6. Limit joint distribution of Fourier coeflicients.

In this section we assume that the weakly stationary process X(#, w) is real
valued. Consider the Fourier coefficients A,(w), #=0,1,2,---, Bu(w), n=1,2,--- of
X(¢t, 0) over (—TJ2,T/2). We are now interested in the joint limit distribution
function of

1
(1) ('_Z_AO((”)r A!(w); Ty An(w)) Bl(m)} Tty Bn(w))
when T—oo and consider the problem when they will become close to Gaussian
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distribution. If we have that they behave like independent Gaussian variables when
T is very large, then the approximation of a weakly stationary process by a Fourier
series with independent Gaussian variables as Fourier coefficients might be recog-
nized as permissible. As to this question we know the following theorem. Before
stating it we note that a weakly stationary process X(#, w) with spectral density
can be written by

9) X, u))=Sw D(—tyy(dd)

where @(2) is a nonrandom function of L% —oo0, 00) and 7(S, w)=%(S), S being Borel
sets, is an orthogonal random measure such that

(10) El5(S)|?=mS,

where mS is the Lebesgue measure of 5. We write (10) also by E|y(d)|*=dA.

The covariance function of X{(#, ») is then given by

an o=\" 10@pea

where ®(2) is the Fourier transform in L2, Sm e Pw)dy, of ®). (See Doos [1]

p. 532)
We then have (KawaTA (1966, 1969))

Theorem 10. Let X(¢, ) be a real valued weakly stationary process which has
the spectral density and the form (9). Suppose that 7(Si) and 7(S:) are independent
for any disjoint Borel sets S, and S., and E|y(dd)|*=o0(d2) for small di, and more-
over that ®(A)e L}(—oo, o) N LY —oco,00). Then the joint distribution of

(T12)**Anw), T*As(o), -, T*Ag(w), T'*Bi(), -+, T"*Bu(o))

converges to N(O, %az>*ﬂz"*N(0, a?), as T—oco where o=

the 2 n-fold convolution.

o ‘ N
S @(Z)dl} and 11" means

7. Fourier series of harmonizable process.

A harmonizable process X(¢, w) is a process of the second order, which has the
representation

(1) X(t, )= Sw eNZdA, ),

where Z(S)=2(S, w) is a random measure (generalized measure) not necessarily
orthogonal with

(2) F(S1, S5)=F(5: X S2)=EZ(S))Z(S:)

100



Fourier Series of Weakly and Harmonizable Stochastic Processes

(S;, S: being Borel sets), which defines a complex signed measure of bounded varia-
tion over the whole 2-dimensional Euclidean space R: (See ProHOROV-RozANOV
(1969))

Suppose for simplicity that EX(#, w)=0, —co<t<co. If X(¢, ) is harmonizable
with (1), then its covariance function p(s,?) has the representation

(3) osi=\" \" em-wari, o,

where E(4, p2) is a function of bounded variation over R?, which is a point function
corresponding to F(S;,S:) in (2). Conversely if p(s,?) is the covariance function of
some process of the second order and has the representation (3), then the process
is harmonizable. (See M. LotvE (1963))

We consider the Fourier series of a harmonizable process X(¢, w), |t|<Tj2. It
is shown that the partial sum S,(t,®) of the Fourier series of X({, ) converges in
mean to X(t, ») for every |t|<T)2, that is

E|S.(t, 0)— X(t, @)|> — 0, for every |t <TJ2.

H. Yu extended Theorem 6 of the author to the case of harmonizable processes
and showed the following result. (H. Yu (1971))

Theorem 15. Let C,=C.(w) be the Fourier coefficients of a harmonizable pro-
cess X(t, w) with spectral distrvibution F(S), S being Borel sets of R*.

(i) If

() V"4 araero, mi<eo

for 0=a <1, then
(5) 2 E|Ca2=0(N"%)

|n] >N

as N—oo.

(i) If X(t, ) is periodic with peviod T, then wunder the condition (4) with
0=a<2, (5) holds, and if a=2,

(6) 2 ElC.[*=0(N"?)
IniSN

as N—co.

(ili) If X(t, w) is periodic with period T, and

D SLS1”‘<‘°g*lll>"ld2F<z, )] <oo, >0,
then

. 1
s I B = igrw)
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as N—oo,
The approximate Fourier series for a harmonizable process is also defined in

just the same way as in 4.

8. Absolute convergence of Fourier series.

The problem of the absolute convergence of the Fourier series of a stochastic
process seems an important topic and actually as was stated in 4 it provides an
effective means for the study of the sample properties of stochastic processes. (See
KawaTa (1966, 1969) and KawaTa-Kuso (1970))

Let X(¢, w) be a weakly stationary process with zero mean and spectral distri-
bution function F(x). The author showed (Kawata (1966, 1969))

Theorem 16. Let C,=C,(w), n=0, +1, +2, --- be the Fourier coefficient of
X(t, w) over |t|=TJ2, T>0. If
(1) \" Ieltog’ lalpdPa) <co, 2

then 3 |Cal<oo with probability one.

n=--00

We also mention in this connection the following theorem.

Theorem 17. If

(2) | tog*le1dR@)<oo,
then
(3) S log(|7] + )E|Cal? < co.

n=—oo

This would be compared with Theorem 6. As a matter of fact, (3) implies

(4) 2, E|Ci*=o(log N)™*

|n|<N

as N—oo.
Moreover for studying the sample continuity of a weakly stationary process,
it has been shown (KawaTa (1966, 1969)) that the following result is of particular

interest

Theorem 18. Let g(x) be an even function which is nonnegative and nondecreas-
ing for x>0 and is such that

Ms

. m<oo.

Suppose the spectval distribution function Fx) of a weakly stationary process X(t, )

1
(5) -

n

102



Fourier Series of Weakly and Harmonizable Stochastic Processes
satisfies

(6) \" sty <.
Then the Fourier series 4 (3) defining the approximate Fourier series Xr(t, ®) con-
verges absolutely with probability one.

Theorem 16 was extended to the case of harmonizable processes by Yu (1971)
who showed

Theorem 19. If F(2, p) is the spectral distribution of a harmonizable process
and

) S: S:ill(log‘ |21Yd2F(2, 1)< o0

for some B>0, then i |Cal < oo with probability one.

Finally we conclu:i;: giving the following theorem which is an analogue of
Bary’s theorem [see Bary (1964) or ZvceMmUnD (1968)] on the absolute convergence
for an ordinary Fourier series.

Theorem 20. Let X(¢,w) be a periodic weakly stationary process with period T.
If, writing

(8) W)=\, 12 00— pla) — o~ )

o(u) being the covariance function,

E[o( e

n=1

for 1=a=2, 0=5<1, a>2 5, holds, then

2 G| mlf<oo
with probability one.

The extension to a harmonizable process was made by Yu (1971) when a=1,
5=0.

REFERENCES

Bary, N., (1964): A Treatise on Trigonometric Series Vol. 2 (English translation) New York,
Pergamon.

Braciuman, N. M, (1957): On Fourier series for Gaussian noise, Information and Control,
1, 56-63.

Davis, R.C.,, (1953): On the Fourier expansion of stationary random processes, Proc. Amer.
Math. Soc., 24, 564-569.

103



Tatsuo KawAaTa

Doos, J. L., (1953): Stochastic Processes, New York, J. Wiley.

Kawara, T, (1955): On the stochastic process of random noise, Kodai Math. Sem. Rep.,
7, 33-42.

Kawata, T., (1960): The Fourier series of some stochastic psocesses, Jap. Journ. Math.,
29, 16-25.

KawaTa, T., (1965): Sur la série de Fourier d’un processus stochastique stationarie, Com-
ptes Rendus, Paris, 260, 5453-5455.

Kawara, T., (1966): On the Fourier series of a stationary stochastic process, Zeit. Warhsch.
verw Geb., 6, 224-245.

Kawara, T. (1969): On the Fourier series of a stationary stochastic process, 1I, ibid. 13,
25-38.

KawaTa, T. and Kugo, I, (1970): Sample properties of weakly stationary processes, Nagoya
Math. J., 39, 7-21.

Lokve, M., (1963): Probzbil:ity Theory, 3rd ed. Princeton, N.J., Van Nostrand.

MannN, H. B, (1951): Introduction to the theory of stochastic process depending on a con-
tinuous parameter, Nation:l Bureau of Standaerd, Rep-1293.

PapouLts, A., (1971): High density shot noise and Gaussianity, Journ. Applied Probability,
8, 118-127.

Papourts, A., (1965): Probability Random Variables and Stochastic Processes, New York,
McGraw-Hill.

Pronotov, Yu. V. and RozaNov, Yu. A., (1969): Probability Theory, (English translation)
Berlin.

Ricg, §.0., (1944): Mathematical analysis of random noise, Bell System Techn. Journ., 23,
24, 1-162.

Roor, W.L. and Prrcuer, T.S, (1955): On the Fourier expansion of random functions,
Ann. Math. Stetist., 26, 313-318.

Yu, H.,, (1971): On the Fourier series of a harmonizable process, Journ. Korean Math. Soc.
8, 51 64.

ZYGMUND, A., (1968): Trigonometric Series, 2nd ed. Vol. I, II. Cambridge Univ. Press.

104



