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Abstract

In the present paper, two combinatorial methods which approximate solutions of the
nonlinear complementarity problem are given, and then one of them is applied to several
problems in fixed point theory, mathematical programming and game theory.

Introduction

For a given continuous function f from the 3-dimensional Euclidean space, R?
into itself, the problem of finding an xeR? such that

x=0, f(x)=0 and xi-filx)=0 (=1,2,.---,53)

is known as the complementarity problem (abbreviated by the CP), where x; and
fi(x) denote the i-th components of x and f(x), respectively. If f is linear, piecewise
linear or nonlinear, the problem is said to be linear, piecewise linear or nonlinear,
respectively. The CP is closely connected with mathematical programming, game
theory, economic equilibrium theory and fixed point theory; the studies of the CP
brought about many fruitful results in such theories.

The linear CP was first studied by DaNTzIG and CoTTLE (1967) in the field of ma-
thematical programming. They called attention to the fact that the KunuN-TuckEr
stationary condition corresponding to a quadratic programming problem becomes
the linear CP, and provided an algorithm for solving the linear CP, which was
referred to as the principal pivoting method; the algorithm solves convex quadratic
programming problems.

Another algorithm for the linear CP is LEMKE's algorithm which was originally
developed for finding Nash equilibrium points for bimatrix games (LEMKE and
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Howson (1964)), and later extended to general linear complementarity problems
(LEMKE (1965)). Under certain conditions (see, for example, CoTTLE and DANTZIG
(1968), Eaves (1971-b) and SaicalL (1972)), LEMKE’s algorithm either computes a solu-
tion of the CP or shows that the problem has no solution. LEMKE’s algorithm has
several applications in linear programming (RavinprRAN (1970)), quadratic pro-
gramming (EAvEs (1971-c¢)), noncooperative games (WiLsoN (1971)), ROSENMULLER
(1971)), etc.

Since LEMKE’s algorithm appeared, a lot of combinatorial methods have been
developed. By combining LeEMKE's idea and the notion of primitive sets, SCARF
(1967-a) established an algorithm for finding an equilibrium point of the balanced
cooperative game. His algorithm was later applied to mathematical programming,
fixed point theory and economic equilibrium theory (Scarr (1967-b) and SCARF
and HanseN (1969)). It is noteworthy that he first gave a constructive proof of
the BROUWER fixed point theorem by using his algorithm. Kuun (1968) made the
essential structure of Scarr’s algorithm clear, and introduce the notion of simpli-
cial subdivisions into the combinatorial methods. The notion was succeeded by
Eaves. He showed an algorithm for approximating KakuTtaNi fixed points (1971-a).
Roughly speaking, these fixed point algorithms work as follows. First, the original
problem is approximated by a fixed point problem with a continuous piecewise
linear function. The simplicial subdivision plays a main role in the approximation
process. Then a combinatorial iteration procedure computes in a finite number of
steps a fixed point of the approximate problem. One defect of the above process
is that to get a better approximate fixed point of the original problem the combi-
natorial iteration procedure to the approximate problem with higher accuracy is
entirely repeated. In other words, the information which is obtained in computa-
tion of an approximate fixed point is not used to compute approximate fixed point
with higher accuracy. Eaves (1972-b) solved this difficulty by introducing a sim-
plicial subdivision with a special structure; the algorithm provided in Eavis (1972-
b) generates an infinite sequence of approximate fixed points which, by itself, con-
verges to an exact fixed point. Further, Eavis and Saicar (1972) extend the result
to fixed point problems on unbounded regions.

There are some extentions of LEMKE’s algorithm to certain classes of piecewise
linear functions. The first one is due to Scary (1966). He gave an algorithm for
a class of concave piecewise liner functions. CortLE and Danrtzic (1970) dealt with
a class of convex piecewise linear functions. These two classes were unified by
SEKINE, NIsHINO and the author (1973). They showed that LEMKE’s algorithm can
be so extended as to be applicable to a general class of piecewise linear functions.
The class includes the above two classes as a special case. Theoretically, any conti-
nuous function can be approximated by some functions of the class. This implies
that their algorithm can be used to compute approximate solutions of the nonlinear
CP. The practical application of their algorithm to the nonlinear CP, however, has
not been done yet.

Some sufficient conditions for the nonlinear CP to have a solution were given
by some authors. CorTTLE (1966) showed the existence of a solution when f is
continuously differentiable and has positively bounded Jacosian matrix. This fact
was proved by using the idea of the principal pivoting method ; but solutions can
not be calculated by the method unless f is linear.
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KARAMARDIAN (1969 and 1972) pointed out that under certain restrictions on f
the nonlinear CP is replaced by the KAkuTANI fixed point problem. Eaves (1971-d)
established a basic theorem on the nonlinear CP, and derived a sufficient condition
for the CP to have a solution from it. The condition is weaker than some of the
restrictions which KARAMARDIAN imposed on f. The basic theorem was proved by
the BrRowDER fixed point theorem. The ahove results suggest that the algorithms
developed for fixed point problems can also be used for computing solutions of the
nonlinear CP.

The main purpose of this paper is to provide two kinds of computational methods
for the nonlinear CP. Under a modification of the sufficient condition assumed in
EavEs (1971-d), each of the methods generates an infinite sequence of approximate
solution of the nonlinear CP.

This paper consists of five chapters. Chap. 1 furnishes the mathematical back-
ground for the subsequent chapters. This is done by pointing out a common
structure of the combinatorial methods and presenting some mathematical notions.

In Chap. 2 we deal with relations between the CP and the fixed point theorem.
First, the basic theorem by EAves (1971-d) is briefly explained. Then a computa-
tional method for solving the nonlinear CP is given. The method is a modification
of the fixed point algorithm developed by Eaves and SaicaL (1972).

Chap. 3 is devoted to another computational method, which is based on the
simplicial subdivision with the special structure used in Eaves and SaicaL and
the extended LEMKE’s method by SEkINE, NisHiNo and the author (1973).

In Chap. 4, the algorithm provided in Chap. 3 is applied to several problems
arising in fixed point theory, mathematical programming and game theory. The
most important application is the one for a balanced cooperative game. The author’s
method for approximating points of the core of the game is more efficient than the
existing method which was provided by Scarr (1967-a).

In Chap. 5, several computational methods for solving the nonlinear CP are
compared. It is shown that the method given in Chap. 3 solves the nonlinear CP
for which the other methods are applicable, and that it is characterized by some
features which increase computational efficiency; a numerical example illustrates
the effectiveness of the features.

Notations

R denotes the set of real numbers, and R™*" the set of mx#n matrices with
real components. We use R and R™*! to denote the sets of row and column
vectors, respectively. For AeR™**, AT denote the transpose of A. By A; and
A.; we denote the i-th row and j-th column of AeR™", respectively. If it is un-
necessary to distinguish between a row and a column vector, we use R™ For
x, %' € R™, x; denotes the i-th component of x, {x, ") the Euclidean inner product of
x and «/, and ||x|| the Euclidean norm of x. By £ and e¢, we denote any identity
matrix and any vector with all components unity, respectively; their size follows
from the context. R7 denotes the nonnegative orthant of R™ {xeR™:x=0}. For
each CCR™, coC denotes the convex hull of the set C, |C| the number of elements
contained in the set C, and diam C the nonnnegative number sup {||x—#’||: x, ' €C}.
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Chap. 1. Mathematical background

We can convert the CP into a minimization problem (abbreviated by the MP
in the following): Minimize g(x)zzﬁ] x:f:(x) subject to =0 and f(x)=0. If the CP
has a solution 2z, it is a global minli;rllum solution of the MP such that ¢(z)=0.
Conversely, if the CP has no solution then the MP has either no global minimum
solution or a global minimum solution # such that ¢(#)>0. However, any local
(but not global) minimum solution of the MP is of no value to the CP. This is
the reason why usual iteration procedure for nonlinear programming such as the
gradient projection method and the feasible direction method are not suitable for
the CP. A common property of them is that they intend to decrease the value of
the objective function at each iteration step. When we apply them to nonlinear
programming, it happens that though the value of the objective function decreases
at each step the global minimum can not be obtained.

While, the algorithms which will be described in Chap. 2 and Chap. 3 are es-
sentially different from such iteration techniques. They have the same structure
as the combinatorial methods which have been mentioned in Introduction. The
outline of our algorithms is as follows. First, we construct a nonlinear system
corresponding to the CP; each solution with a specified property to the nonlinear
system is a solution to the CP. Second, by using a simplicial subdivision, we ap-
proximate the nonlinear system by a linear inequality system. In this process,
lexicographical ordering is introduced into the linear inequality system to avoid
degeneracy ; such a linear system is said to be a lexico inequality system. Third,
we make a graph with a special structure. Each node of the graph is associated
with a basic solution to the lexico inequality system. Fourth, we choose an initial
node of the graph. Fifth, starting from the initial node of the graph, we obtain a
sequence of nodes along edges of the graph. The sequence corresponds to a sequence
of approximate solutions of the CP, which converges to a solution of the CP.

In Chap. 1 we give some definitions and properties about lexico inequality sys-
tems, simplicial subdivisions and graphs. Proofs of lemmas are omitted here.

§1. Lexico inequality systems

We say that ce R"*™ is lexico positive if ¢;>0 and lexico nonnegative if ¢;»=0,
where j*=min {j:¢;#0 or j=m}. We write these as ¢>0 and c¢>0, respectively.
By C>0, where CeR*™, we mean C;.»>0 for i=1,2,---,n. Let K be a set of
countable elements. Let L(-) be a fixed function from K into R*<!, and QeR"**™ a
fixed matrix. Consider the following lexico inequality system :

(1-1) Z‘;{ L) X(1)=@Q and X(@)>0 (ieK),

where X(-) is an unknown function from K into R'*™. For each solution X of
(1-1), let I{X) denote the set {ie K: X(i)>0).

(1-2) Definition: A solution X of (1-1) uses a column L(z) if {eI(X). A solution
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X is basic if {L(:):iel(X)} is linearly independent, and nondegenerate basic if
{L(3):iel(X)} forms a basis of R**!. The lexico inequality system (1-1) is non-
degenerate if every solution uses at least # columns; if rank @=# then (1-1) is
trivially nondegenerate.

Let X be a nondegenerate basic solution of (1-1), [(X)={i,, 2, - - -, i} and re K—
I(X). Since {L(i,), L(i,), -+, L(i,)} forms a basis of R"*!, there exist some real

numbers A(;) (j=1,2, ---,n) which are uniquely determined by the linear equation
(1-3) 2 A L) =L(r).
j=1

(1-4) Lemma: There is a basic solution which uses the column L(r) and a sub-
set of {L(Z), L(3a), + - -, L(i»)} if and only if A(i;) >0 for some j in (1-3).

§2. Simplicial subdivisions

Let &° &% ... &% be points of the m-dimensional Euclidean space R™, and o=
(€%, &1, -+, &%), If the set 1<El>eRm“‘1:i:0, 1, --~,k‘ is linearly independent, o is

said to be (k-)simplex. The nonnegative number £ is the dimension of s, and we
write dimo=%k. Let = be a collection of simplices satisfying the following :

(2-1) Condition:

(@) If veZ and ¢+o¢’'Co then o’€=.

(b) If 4,0’€Z then cosNcoo’=co{ocNa’}.

(c) For every bounded set UCR™, the number of s€5 such that UNcoos+#¢ is

finite.
Such a 5 is said to be a simplicial complex. The dimension of 5, denoted by
dim =, is the maximal dimension of s€Z. For £=0,1, ---, dim &, let &,={ve&:

dime=Fk}. If C=U{cos:0¢cZ}, where C is a subset of R™, then £ is said to be a
simplicial subdivision of C. For the remainder of this paper, £ denotes a simplicial
subdivision of R*X[0, c0), where « is an integer included in {1,2, ---, 8}, Let 4=
g€E 1o C R x{0}}.

(2-2) Lemma:

(a) dimEZ=a+1.

(b) 4 is a simplicial complex, and a simplicial subdivision of R*x{0}. The dimen-
sion of 4 is a.

(¢) Suppose that ge5. Then the collection {¢€Z.,,:3C0s} consists of two (a+1)-
simplices if ¢4, and one (a+1)-simplex if Ged.

(d) If ged.—, then the collection {s€4.:3C0} consists of two a-simplices.

Furthermore, we impose the following condition on £.

(2-3) Condition:
(a) diam ¢, (o)<e* for every ose€Z, where ¢u(€1,&s, + -+, En Eanr)=(E1, &5, -+, &) for
every (&1,&s, +++, &, Ee-1)ER and ¢* is a given positive number.
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(b) For each infinite sequence {¢?:p=1,2, ..}, if lim min ¢,(e?)=+co then lim

oo P
diam ¢,(o?)=0, where ¢u(&y, « -, Eay Eai1)=Eau1 Tor every (&1, -+ -, &a, &u 1)ER
Eaves (1972-b) provided two kinds of simplicial subdivisions, K, and K. of

a+-1

{xe Ry : Y x;=1}x[0, o) which satisfy the above condition. They were later ex-

i=1
tended by Eaves and SaicaL (1972) to the simplicial subdivision of R*X[0, o) ; one
of them uses a structure of K;, and another K.

Since 4 is a simplicial subdivision of R*x{0}, there is an a-simplex ¢° such
that (0,0)eco¢®. There exist nonnegative numbers i(§) (£€¢”) which are uniquely
determined by
(2-4) 0=3 &4 and  1=3 4®)

11 £€o0
Choose £°¢¢® such that A(&%)>0, and let {&,&?, --.,&=¢"—{3"}. Then the aXa
matrix

(2-5-a) O =—[f(EN), Pu(E%), - -+, €]
in nonsingular. Now define
(2-6-a) J(sO)Z(Z(GO), 0)e RV 1rm ’ and /I(ém):(l(&z), Ei.)GR“(l M G=12, -, )

Then for ¢=¢", [A(£)(ses®)] is a solution of the lexice inequality system
—9’)1(5) 0 o
(2-7-0) h A& = and A& 20 (Eeo)
seo 1 1 e

It follows from Condition (2-1) that for any se€d such that o=¢° (2-7-¢) has no
solution.

§3. The graph principle

A graph G is a pair of two sets, MG) and E(G) satisfying the following con-
dition :

(3-1) Condition :
(a) N(G) is a nonempty set of at most countable elements.
(b) E(G) is a subset of {{w,®’}:0,®’ e N(G) and wxw'}).

w€N(G) is said to be a node of G, and {w, w’}€E(G) an edge of G. When N(G)
is finite, we call G a finite graph, and otherwise an infinite graph. If {w, 0'}€E(G),
two nodes w and o’ are said to be adjacent. The number of nodes which are ad-
jacent to a node w is said to be the degree of w, and is denoted by degw. The
following iteration procedure can be applied to any pair (G, »°), where G is a graph
and o’e N(G).

(3-2) Iteration procedure:
(i) Let o'=w’ and p=1.
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(ii) If there is a node o different from w?-! and adjacent to w?, let @?"'=w. Other-
wise stop.
(iii) Increase p by 1 and return to (ii).

But the generated sequence w!, @? --- by the iteration is not necessarily unique.
Now we consider the class of graphs satisfying the following condition :

(3-3) Condition:
(a) There is a node 0’e N(G) such that deg °=0 or 1.
(b) degw=0,1 or 2 for each we N(G).

(3-4) Graph principle: When a graph G satisfies Condition (3-3) Iteration proce-
dure (3-2) uniquely generates a finite sequence of distinct nodes o', ®? ---. Sup-
pose that the sequence is a finite sequence o', w? ---,0". If 0'=0" then degw’=0,
and otherwise deg w’=deg w"=1.

Chap. 2. Relations between the CP and the fixed point theorem

This chapter consists of §4,85 and §6. In §4 we briefly review the basic theo-
rem of the CP (Eaves (1971-d)), from which the author derives a sufficient con-
dition for the CP to have a solution. This condition is slightly weaker than that
which Eaves himself provided as a corollary of the basic theorem. In §5 and §6
we describe a computational method for the nonlinear CP.

§4 EAvEes’s basic theorem of the complementarity problem
Let C be a convex subset of Rf. If xeR? satisfies
(4-1) xeC and ' —x, f(x)>=0 for every x’€C,

x is said to be a stationary point of the pair (f,C). Let D,={xeR} :{d, x)=p}, where
deR? is positive and p is a nonnegative number. Define the upper semicontinuous
point to set function /'(-;p), with a parameter peR,, from R? into the class of
compact convex polyhedra of R% as follows:

(4-2) I'(x; p)z{uGD,,:(u,f(x»:mli)n (v, f2)} for each xeR".
€ o

Then the following three are equivalent :
(i) =xeR? is a stationary point of the pair (f, D,).
(ii) =xel'(x;p).
(iii) There is an x,€R such that
w3 2020, xz0, f(x)+dx=0, p—<{d, x> =0,
-3)
{x, f(x)+dxy=0 and x(p—<d, 2))=0.

Eaves (1971-d) established the following basic theorem by using the Browder
fixed point theorem, and gave a sufficient condition for the CP to have a solution
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as an application of it. We say that a bounded set BC Rf—D separates D from
oo if each unbounded closed connected set in R? that meets D also meets B.

(4-4) Theorem: (Eaves (1971-d)). There exists a closed connected subset S of R
such that

(a) =xel'(x;p) for each x€S and p={x,d),

(b) for each p=0 there is an xeSN/'(x;p).

(4-5) Corollary: (Eaves (1971-d)). Suppose that BC R} — D, separates D, (for some
0=0) from co and that for each zeB there is an xeD, for which {x—z, f(%)>=0.
Then the complementarity problem has a solution.

Now the author shows that the CP has a solution under a weaker sufficient
condition than that of Corollary (4-5). The idea for the proof is the same as
Corollary (4-5), and the proof is omitted.

(4-6) Corollary: Suppose that BC R:—{0} separates the origin {0} from oo and
that for each zeB there is an xeR? for which <x—2z,d><0 and {x—Z, f(z))=0.
Then the CP has a solution.

§5. The graph F

The remainder of this chapter is devoted to giving a computational method
for solving the nonlinear CP, which is based on the fixed point algorithm developed
by Eaves and SaicaL (1972). For this purpose, we impose the following condition
on the function f.

(5-1) Condition: Let deR? be a positive vector. A compact set BcR:—{0}
separates the origin from oo, and for each zeB there is an xeR? such that {x—Zz,
dy<0 and <{x—z, f(z)><0.

This condition is stronger than that of Corollary (4-6). Hence the CP has a
solution. The following lemma is easily verified.

(5-2) Lemma: ['(x;p)=p-1(x;1) for all p=0. For each xeR’ there is an ¢>0
such that /'(a"; p)c/'(x; p) for all ¥’€B.(x) and all p=0.

(5-3) Lemma: There is an ¢*>0 such that if CC R, CNB+¢ and diam C<¢e*
then {coCiN[co{l'(x; p): p=0, xeC}]=¢.

Proof. Let z€B. Assume that #€/'(z; p) for some p=0. Choose z€R} such
that # and x satisfy the two inequalities of Condition (5-1). Since (4-3) holds for
the &, we see 0=(x, f(&)+dz,=<{x—2, f(&)+dzoy<{x—&, d)x,=0. This is a con-
tradiction. Thus we have shown #¢/'(z;p) for any p=0, or equivalently z¢ U /'(z;

220
0)=Up-I'(Z;1) (the last equality follows from Lemma (5-2)). Since Up-/'(%;1) is
p=0 pZ0
a closed convex set, there is an & satisfying B, (Z)N[co{/'(z; p): p=0}]=¢. By
Lemma (5-2), we also have an ¢ >0 such that

co{l'(x";p):p=0Cco{l(&; p): p=0} for all x'eB.,(%).

8
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Hence, by defining s=min {e,, ¢»}, we obtain
B(x)N[co{I'(x"; p) : p=0, " € B(D)}] = -
By the above argument, for each x€B there is an ¢x) such that
B.o(x)N[co{I'(x"; 0) 1 p=0, 5" € Biar (W)} =4

Since every covering of a compact set by open sets contains a finite covering (Borel-
Lebesgue Theorem), we can find x!, 2%, - - -, x*€ B such that

BC U{Be(.'t{}(x]> :j:1)2, o "k}'

j
6(;) 17=12, ---,k}. Suppose that CNB+¢ and diam C<e*. Then
CC B.#(#7) for some x7, hence CN[co{l(x’;p):p=0, 2 eC}l]=0¢. Q.ED.

In what follows, we shall assume that the simplicial subdivision 5 of RfXx [0, co)
satisfies Condition (2-3) for the ¥ whose existence has been ensured by the above
lemma. Let o'=max {(x,d):x€B}. For a given fixed number p*>p", define 6(-):
[0, c0)—[0, p*] such that 6(p)=min {p, p*} for each p=0. Furthermore, define u(-):
E.—>R% as follows. For each &€&, we first find the smallest index i* such that
(9x(8) - Fuldn(@)

=T for ¢=1,2,---,5

Let ¢*=min

If fil:(8))/dx=0 then let #(£)=0, and otherwise let #(£)i=60(¢s(6))/di» and u(&);=0
for any i#i*. It is obvious that w(£)el'(¢i(€); 6(¢a(€))). Let g(-) be a function from
E, into R®:bx! of the form

9(5)=[u(§)1¢1(5)] for each ¢£e5,.

Let A%&)=/A(&) for £e¢® and A°()=0 for £4¢°, where A(£)(&€q®) are defined by (2-6-8).
Then A4° is a solution of the following lexico inequality system :

o So@AH=Q and 420  (fesy),

where

Q:[O’ (p]eRw Dxrp),
1, e

and @ is defined by (2-5-5). For a solution A of (5-4), let z(4) denote the set
{€eZ,: A(€)>0}. Now we are in position to construct a graph F'; N(F') consists of
basic solutions of (5-4) such that z(4)eZ,, and E(F)={{4, A’} : A=A, c(MH)U (A5, 1)
Then the following lemma holds.

(5-5) Lemma:
(@) If AeN(F) and z(A)ed then A=A N(F).
(b) deg A°=1. If AeN(F') and t(A)¢4 then deg A=2.

Proof. (a) Suppose that AeN(F') and z(A)ed. Then ¢y(6)=0 for each fer(A),

9
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which implies 1'(¢1(&); 0(¢2(£)))=1{0} for each Ser(A). Hence A satisfies (2-7-z(1)),
and z(4)=¢°. Thus A=A". )

(b) Let AeN(F)y and {c(A),£}€5s,1. Since {g(¢):&ez(A)} forms a basis of R¢"D~1
there are p(€) (¢er(A4)) which are uniquely determined by the equation T(J“ g&) &)=
g€r (s

g(é). It follows from the (3+1)-th row of the equation that at least one p(&) must
be positive. Hence, by Lemma (1-4), there is a basic solution 4 which uses ¢(&)
and a subset of {g(¢):&ec(4)}. Since (d)eZ; and (M) Uc(d)={c(d),E}eZ;.1, e N(F)
is adjacent to 4. While, if =(1)¢4 then there are exactly two & such that {<(1), E}e =, 1,
and otherwise one. Thus the desired result holds.

§6. A computational method based on the fixed point algorithm

Now we describe one of the computational methods which we propose in this
thesis.

(6-1) Algorithm:

(i) Let p=1 and AY(&)=A°E) (Ee&).

(ii) Find &eZ, such that {z(AP),E}eZ;., and £¢c(A”!). Compute g(§). Let 47! be
a basic solution of (5-4) which uses ¢(£) and a subset of {g(&):&ez(LP)}.

(iii) Increase p by 1 and return to (ii).

The algorithm is a unique application of Iteration procedure (3-2) to the pair
(F, A% ; the validity of the application has been ensured by the discussion in the
preceding section. As the consequence of the above algorithm, an infinite sequence

of distinct basic solutions /A, /%, .-+ is obtained. For p=1,2, ..., let
(6-2) A(E)=A%(E)., (Eex(4P))  and xp:éépr%(f)lp(E%

Then, for p=1,2, ---,
(6-3)  aPeco{gu(z(AP)INcoful=(47))}  and  w(@)el(¢:(8); 0(¢e(E))) (E€Z0).

(6-4) Theorem: Let S* be the set of all cluster points of the sequence {x?}, then
(a) {xp}CDpH
(b) S* is a nonempty subset of solutions of the CP.

Proof. (a) Assume to the contrary that x"¢D,. for some ». Let

r—1

Tz[ U co {x?, x"“}]u {x"+1td : t=0}.
p=1

Then T is unbounded, closed and connected, so that there is an ze7TNB. But

{a7+td:t=0}NnB=¢. Hence zeco{x% x*'}NB for some g. Let g=v(AY)Uc(A%).

Then &eco {¢(@)}NB. We also see that diam ¢,(G)<e*. We can therefore apply

Lemma (5-3) so that

co {¢1(@)} Nlco {I'(¢i(&); 0(¢=(8))) 1 E€bll = ;
hence

o {u(z(AN} N [co {I(P1(&) ; 0(¢a(8))) s Eec(ADH =g

10
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This contradicts (6-3). Thus we have shown (a).
(b) Let £eS*. Then a subsequence of {x?} converges to & For simplicity of
notations, we assume that the sequence {#?} itself converges to £. It follows from
2 edi(c(A"))N D+ ¢ for p=1,2,--- and Condition (2-1-c) that
(6-5) lim min ¢ya(z(A7)) = 4+ oo,

P00

Hence, by Condition (2-3-b),
(6-6) lim diam ¢, (z(A4?))=0.
p-—o0

{6-5) implies that min gzyz(r(fl”))>p* for all p=7 and some r. Hence, we have from
(6-3) that

(6-7) u(€)el' (&) 5 0%) for all &eU{z(AP):p=7}.
On the other hand, by Lemma (5-2), we can find a positive number ¢ such that

(6-8) I'(x"; p*)I'(2; p*) for all x'eB.(2).

The relation (6-6) together with lim x?=4 implies that there is a positive integer
povos
gzv for which ¢, (&)eB.(2) for all £er(AP) and all p=¢q. By (6-7) and (6-8) we

obtain #(¢)el'(#; p*) for all er(A4?) and all p=q. Since I'(&;p*) is convex, we see
co {u(z(A")yc I'(%; p*) for all p=gq. By recalling (6-3), we see sl (Z; p*) for all
p=q. Since I'(z; p*) is closed, we obtain £e/(z;p*). But {(&,d)<p*. Thus # is
a solution of the CP (see (i), (ii) and (iii) in §4). Q.ED.

Finally, we evaluate the accuracy of an approximate solution x? in terms of
diam ¢ (z(4?)). Suppose that the sequence {#?} defined by (6-2) converges to a
solution of the CP. As stated in the above proof, there is a positive integer »
satisfying ¢»(z(A4?))>p* for all p=7; hence (6-7) holds. Let p=r be fixed. Now
we show that f(¢.(£))=0 for some £er(AP). Assume to the contrary that f(¢,(£))%0
for any &ec(A4?). Then, by the construction of #(¢), we see that <{wu(¢),d)=p* for
all éec(A?). It follows from (6-3) that <{x?, d)=p*, which contradicts Theorem (6-4).
Thus we have obtained that

(6-9) f(@u()=0  for some Eer(A®).

Suppose that ;>0 for some ke€{l,2, ---, 3} and all £ez(4?). Then, by (6-3), we can
find £er(4?) such that #(£),>0. By the construction of u(€), fi(¢n(€)) must be
negative. Thus we have shown that

(6-10) F(@(E)<0  for some Eer(A?), if &,>0 for all £ec(AP)

It follows from (6-9), (6-10) and x”e¢n(<(A"))N R +#¢ that for each xe¢(c(A"))NR:
and i=1,2,---,8

FOz=f(x)—filg(E)  for some Eex(4?)
(6-11) and
Fi)Zfi(x)—filgu(€))  for some Eer(4P), if x>diam ¢y(z(4P)

11



Masakazu Kojima

The right hand side of the last two inequalities is approximately zero if diam ¢,(z(1"))
is sufficiently small. Thus each xe¢(c(A?)) N RL can be regarded as an approximate
solution of the CP. Furthermore, if f is continuously differentiable each xe¢,(z(1%)) N
R? satisfies that

f,(x) >—y; diam (/JI(T(/"I)» (Z: 1, 2, ceey ﬂ)
(6-12) and
| filx)] <vidiam ¢, (z(AP)) if  x;>diam ¢ (z(AP)),

where v;=max {{Ffi(x),y’> : 2’ €D, ||¥'||=1}. The above relation gives an accuracy
of the approximate solution x in terms of diam ¢,(c(A4?)).

Chap. 3. An extention of LEMKE’s method

Throughout this part we deal with the CP which has a function of the form

s
h(x1, Xy oy %)+ D, Auxitb

i=a+l

where A(:): R*—>R* is a nonlinear function, A.,eR*! (i=a+1,---,5) and beR*.
In the case a=0 the CP under consideration is linear and the algorithm given in
§7 and §8 coincides with LEMKE's algorithm for the linear CP. For any ye{a,a+
1, --+, 8}, we can use a simplicial subdivision of R"x[0, c0) in the algorithm. But
in view of practical computation, y=a is the best.

§7. The graph H
Let £ be a simplicial subdivision of R*x [0, co) satisfying Condition (2-3). Let
F=(0,®,0)e R+ G=(1,e,0)e R+,
H=(b,0, E)eRf*0++0 W) =(A(£),0)e R "'® (£eg?)

and
W0(5> =(O, O)ERl X (1+4+8) (E¢UO)’

where @ is defined by (2-5-a) and A(¢) by (2-6-a). Let deR% satisfy

(7-1) di;>0 if [H+e§0h(¢l($))WO(S)]:‘-:SO-
Define
i —(/)1(5)
Lo=| 1  |eReo»a  (2e5,)
L—7(¢s(8))
o
M0= 0 GR("+1+ﬁ)x1,
| —d.

12
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[E.

Mi=| 0 [eR™ 10 (i=1,2,---,q),
L O
r o

Mi=| 0 [eRC 19 (i=atl, - p),
L —Aa
ro

Ny=| 0 [eRerma (j=1,2,-..,p),
LE.;

M=(Mo, My, -+, Mg)e R m<ctim,
Nz(Nla N2’ T Nﬂ)eR(aJrlfﬁ) Xﬂ)

F
QR=| G |eR™ 1O xip
H

Now consider the following lexico inequality system.

S LEOWE+MX+NY=Q

§€8o

WE)z0 (seZ,), X20, Y0,

(7-2)

where
W(S)GRl,(aslvﬁ) (5650),

Xo. Y.
X=| . leRwmxatup  and Y=| : |eRFI P
X, Y,

are unknown variable matrices. Every solution of (7-2) is denoted by a triplet
(W, X, Y). Let us introduce some new symbols. For each solution (W, X, Y') of (7-2)
we define o«(W)={6eZ,- W(£)>0}, (X)={i: Xo.>>0}, (Y)={;j: Y;. >0 and o( W, X, V)=
(L&) sec(W)U{M.;:ie (X)) U{N.;:jeJ(Y)}. We are interested in solutions (W, X, ¥)
satisfying

(7-3) o(W)=¢ for some ged and I(X)NJ(Y)=¢
or
(7-4) (W)=¢ for some 0€5,0¢[(X) and I(X)NJ(Y)=¢.

Let ©2' denote the set of all solutions satisfying (7-3), and 22, (7-4). Every
(W, X, Y)e'U@Q? is said to be a complementary solution of (7-2). Now we are
in position to construct the graph H; N(H) and E(H) are defined as follows:

NUI)={W, X, Y) :complementary basic solutions of (7-2)},
EH)={(W, X, Y),(W,X, ¥}:

13
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(W, X, Y),(W,X, V)eN(H) and
A-D(W, X, Y)+ W, X, V)eru2—NH) for all 2¢(0,1)).

The graph H is completely determined by A(:): RF—R?, AseR*'(i=a+1, -+, ),
beR**' de R**' and 5. The remainder of this section is devoted to showing that
the graph H satisfies Condition (3-3-b).

(7-5) Lemma: If (W, X, Y)e N(H)NS* then exactly one of the three cases (a), (b)
and (c) occurs, and if (W, X, Y)eN(H)NQ* then exactly one of the three cases (a),
(d) and (e) occurs, where

(@) w(W)ed, and I(X)UJ(Y)={L,2, }
(b) =(W)ed, and I(X)UJ(Y)={0, ,2, }
(¢) «(W)ed,_, and I(X)UJ(Y)={0,1,2,

d) «(W)e5,—4 and I(X)UJ(Y)={L2, -,
(e) t(W)eZ,., and (X)UJ(Y)=({1,2, 3}

{i*} for some *=0,

|

Tn

b
}

(<)

15
{i*} for some *=0.

Proof. If (W, X, Y)eN(H), then it follows from rank @=1+a+ 3 that |z(W)|+
X)) +)(Y)|=14+a+5 We first consider the case that (W, X, Y)eNUH)NQ"
Since I(X)NJ(Y)=¢, the relation |1(X)|+ /(Y )|=3+1 must holds. Hence |[«(W)|za.
On the other hand, by «(W)ed and dim 4=a, we see |t(W)|=a+1. Thus [I(X)|+
J(Y)=p or g+1. If I(X)|+|J(Y)|=p, either (a) or (b) occurs, and otherwise (c).

Suppose that (W, X, Y)e N(H)N 2. 1t follows from I(X)NJ(Y)=¢ and 04/(X)
that {I(X)|+|/(Y)|=8, which implies that [¢(W)|=a+1. While, by «(W)eZ and
dim f=a+1, we see [¢(W)|<a+2 Hence, |«(W)|=a+1 or a+2 If [z(W)|=a+1
then either (a) or (d) occurs, and otherwise (e). Q.ED.

For each (W, X, Y)e N(II), define the set

(Mo} ULL(E) (W), g}eZ.) if (a),

{M.} U {NV.s} if (b) or (e),
w, X, Y)_

L) {r(W), &}e 4.} if (c),

HLE) (W), 8)e2, 1} if (d)

The following lemma follows from Lemma (2-2).
(7-6) Lemma: For every (W, X, Y)eNH),{(W, X, Y) has two elements.

(7—_7) Lemma: (W, X, Y)eNH) and (W, X, ¥)e N(H) are adjacent if and only if
7»(W, X,¥) contains one element of {(W, X, Y) and a+p elements of (W, X, Y).

Proof. Suppose that 7(W,X,Y) contains KeZ(W, X, Y) and a+ 5 elements of
oW, X, Y). For each 2¢(0,1), let

(7-8) Wi=1—-D)WHiW, Xi=1-HX+1X and YVi=(1-)Y+i¥
Then we see

(7-9) W WXL Y =9(W, X, YUK for every 2€(0,1).

14
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This implies (W?, X*, Y)eQ'U Q22— N(H) for every 1€(0,1). Thus (W, X,Y) and
(W,X,¥) are adjacent.

Conversely, suppose that (W, X, Y)eN(H) and (W, X,Y)e N(H) are adjacent.
By defining W* X* and Y* by (7-8), we obtain

W WL X4 Y)=9(W, X, Y )Uy(W,X,Y)  for every 1€(0,1).
Since (W?, X%, YHeQ* U Q*— N(H), we see
W W, X, VYUg(W, X, V)=¢(W, X, Y)JUK  for some Kel(W,X,7). QED.

(7-10) Lemma: For a given (W, X, Y)eNH) and Ke{(W,X,Y), there is no
(W, X, ¥)eN(H) which is adjacent to (W, X, Y) and uses K if and only if a unique
solution [A(&)(Ee(W)), (i€ (X)), v;(jeJ(Y))] of the linear equation

(7-11) 2 AGOLE+ Y pmMa+ Y viNg=K

ter(W) 1eI(X) jeJ(Y)
has no positive element.

Proof. By applying Lemma (1-4) to the lexico inequality system (7-2), we
obtain the desired result.

(7-12) Theorem: For each (W, X, Y)eN(H),deg (W, X, Y)=0,1 or 2. More pre-
cisely, deg(W, X, Y)=1 or 2 if (a) occurs, and deg (W, X, Y)=2 if (c) or (d)
ocecurs.

Proof. The first part of the theorem follows from Lemmas (7-6) and (7-7).
Suppose that L(&)el(W,X,Y) for some £eZ,. For K=L(¢), a unique solution
[A(E)NEec(W), n(ie (X)), v (7€ J(Y))] of the linear equation (7-11) has at least one
positive element. In fact, the (a+1)-th row of (7-11) turns out to be“r(z;:y) A&=1;

hence, at least one A(§) is positive. Therefore, by Lemma (7-10), there is a
(W, X,7)eNH) which is adjacent to (W, X, V) and uses L(¢). In the case (a),
JW,X,Y) has one L(¢) for some £€5,. Hence, by the above argument, we see
deg (W, X, Y)=1. While, in the case (¢) or (d), &(W, X, Y) consists of L(¢') and
L(&% for some distinct &', £%e5,, so that deg (W, X, Y)=2. Q.E.D.

§8. A computational method based on LeEMKE’S method

By Theorem (7-12), we have shown that the graph H satisfies Condition (3-3-b).
In order to apply Iteration procedure (3-2) to H, we must find a node (W, X, Y)e N(H)
such that deg (W, X, Y)=0 or 1. By the construction of W?%¢) (€€Z,), we see

(8-1) — L 9OWH=F and 3 W%)=G

€50 1130
Since de R’ satisfies (7-1), there is an X% >0 such that

H+ 3 W)W +dX >0

£€50

15
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and that

KXoz X4 if H+ 3 Mg @)W(E)+dXe. 20 and X,.20.

£€8o

By defining

X43.=0 for i=1,2,---,8 and Y°'=H+ 3 k(&) W& +dX3.,

§€5

then (W, X° Y e N(H).

(8-2) Lemma: (W° X° Y"eN(H) satisfies either (7-5-a) or (7-5-b). If it satisfies
the former than deg (W°, X°, Y9=1, and if the latter, deg (W°, X°, Y)=0 or 1.

Proof. The first part of the lemma is trivial from «(W ) =¢"¢4,. Suppose that
(W*, X°, Y°) satisfies (7-5-a). Then [(X)=¢, (Y )={1,2, -, phand {(W°, X°, V)=
(MY ULL(E) : {e(W°), £}e =, 1}). For K=M., (7-11) becomes

8
2 MELE)+ 2 viN.j=M.,
$er(Wo) j=1

which implies 2(§)=0 (fer(W?)) and v;=—d, (=1,2, --+, 5). By Lemma (7-10), there
is no (W, X, ¥)e N(I) which is adjacent to (W?° X° V° and uses M.,. Hence
deg (W, X°, Y°)=1. On the other hand, by Theorem (7-12), we have deg ( W®, X°, Y)
=1. Therefore, deg (W°, X°, Y*)=1.

Now we consider the case that (W° X°, Y*) satisfies (7-5-b). Then we see that
for some *+0,

IX)={0}, J(Y9)={1,2, ---, B} —{&*},
AW, X0 Y ) ={M.um, N}
By letting K=MN.;,, (7-11) becomes

> AHELE)+ > vilN. s+ oM.y = N.sn.
cec(Wo) jEx
[4&)=0 (ez(W)), po=—1/ds, vj=-— d;ldi (j#1*)] is the solution of the above system.
By Lemma (7-10), there is no (W, X, ¥)e N(H) which is adjacent to (W° X° Y?°)
and uses N... Hence deg (W°, X°, Y9=1. Q.E.D.

Consequently Iteration procedure (3-2) can be uniquely applied to the graph H.
That is, the following algorithm can be executed.

(8-3) Algorithm:
(i) Let p=1 and (W, X!, Y)=(W°, X, V0.
(ii) If (W», X?, Y?) satisfies (7-5-a) then find £e3, such that {«(W?),E}e3Z,.,, com-

pute L(&) and let K=L(&). Otherwise, let K=M.;.

(iii) If there is a basic solution (W, X,¥) of (7-2) which uses K and a subset of
W We, X?, YP), let (Wri1, XP, Yriy=(W,X,Y) and increase p by 1. Other-
wise stop.

(iv) Let K={(W?, X7, Y?)—p(W?~, X7, V7). When K=L(&) for some £e3,,
find such a £¢Z, and compute L(£). Return to (iii).

16
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This is another computational method which we propose in this thesis. As the
result of the execution of the algorithm, we obtain a finite or infinite sequence
{(W», XP, Y?)} of distinct complementary basic solutions of (7-2). Each (W?, X7, Y?)
satisfies

XP,
=T @ WRE+F,
Xp. gec(Wp)
(8-4) ST OWrE)=G,
ECc(WD)

8
Yr= 3] )W”(E)h(g!n(é))-l-i:ZilA.in.+dX§’.+H,

cecCp
X2=0 or Y2=0 (i=1,2,---,8).

By defining, for p=1,2, ...
=X,  aP=(XH X5, -, XD),
yP=(Y{, Y4, .-, Yh) and wP(@)=W72E)., (fe5,)

(8-5)

we further obtain, for p=1,2, ---

= Z wP(EXN (&), 2Py, -+, 2F) =0,

sec (WD)

yr= MZWP) wPE((Pi(E), x21, + -, xP)) +dxP=0,
(8-6)
> wre)=1 wAH=0 (W),

§e (WD)
x7=0 or »7=0  (=1,2,---,5),
diam {(¢1(§), 2%y, -+ -, 25) 1 E€(WP) <X,

The union U{(1—2)(xD, x7)+#(xP+, xP1) : 0=¢=1} is said to be a path.

§9 Unbounded paths

When f is linear, by taking a=0, we see that Algorithm (8-3) coincides with
LEMKE's method for the linear CP. In such a case Algorithm (8-3) terminates in
a finite number of steps, and the path is always bounded. When s is not linear,
however, the algorithm does not necessarily terminate. In this section we deal
with the case that the algorithm continues infinitely. Let {(W?, X?, Y?)} be an
infinite sequence, generated by the algorithm, of distinct complementary basic
solutions of (7-2).

(9-1) Lemma: If «(W?)ed for p=1,2,---, then X2.>0 for p=1,2,--- and the
sequence {(x?, a7, - -+, %)} is unbounded.

17
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Proof. If X..=0 then r(W?)4¢4, which is a contradiction. Assume that X?.=0
for some p>1. Then (W?, X?, Y?) satisfies one of (a),(d) and (e) of Lemma (7-5).
It follows from (W?)ed that (d) and (e) can not occur. While, by Lemma (7-7),
(a) implies either «(W?')¢4 or (W )¢4. Hence we also obtain a contradiction.
Thus X2.>0 for p=1,2, ---.

Assume now that {(x?, x?, ---, 2”)} is bounded. Then there is a bounded set
UcC R® such that co {-(W?)}c Ux{0} for p=1,2,.... By Condition (2-1-c), we can
find a subsequence {c(W?r):r=1,2, -.-} and a simplex s*€Z such that ¢*=c(W?r) for
r=1,2,---. (WP, XP Y?P) (r=1,2, -..) are distinct basic solutions oféGZ* LE)WE)+

MX+NY=@Q. But, since the number of variable vectors of the above system is
finite, the system has at most a finite number of distinct basic solutions. This is

a contradiction. Q.E.D.
(9-2) Lemma: If the sequence {(a, 25, - - -, x7)} is bounded, then so is the sequence
{xP}.

Proof. We shall assume that {(«P, 27, - - -, 2F)} is bounded and that {x?} is un-

bounded, and exhibit a contradiction. We assume that {x?} is a unbounded sequence.
By taking an appropriate subsequence {(W?r, X?r, Y?r):r=1,2, ---}, we obtain that
lim afr= 4 oo, {BiC (X P)=I*(r=1,2, ), (YP)=]*(r=1,2, --) and lim (xPr, xPr, ---xP)

;(xi", x¥, -+, x%) for some I*c{0,1,---,8},/*c{l,2,---, 8} and (xi“—, x¥, oo, xF)eR"
Hence for r=1,2, ---
2 MaxPr+ 3 Mayr=Q.— 3,  LEw™(@).

i€l* JeJ* §€( WPy

The right term of the above system converges to

xF
0 .
+ xk e R r1+mx1
1 -1
b h(x¥, -, x¥) J

Since {M.;(iel*), N.;,(jeJ*)} forms a linearly independent subset of R®=*1*Hx1 the
sequence {xPr (ieI*), v} (jeJ*)) must converge. This is a contradiction. Q.E.D.

Let S* be the set of all cluster points of the sequence {x?}. By the above lemma,
if the sequence {(x?, x%, - - -, x%)} is bounded then S* is a nonempty compact set.

(9-3) Theorem: If S* is nonempty, S* is a closed subset of R and every x*eS*
is a solution of the CP.

Proof. Clearly S* is a closed subset of Rf. Let x*eS*; for simplicity, we
assume that the sequence {x?} itself converges to x*. Then {(¢:(z<(W?))} is contained
in some bounded set UeR?. By Condition (2-1-c), lim min ¢(z(W?))=+oco. Hence,

p—ﬁoo

by Condition (2-3-b), limdiam ¢;(c(W?))=0. We also see that X?.=0 for every
pooo
p=p* and some p*. Now we take the limit of (8-6) as p—+oco. Then we get
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x*¥=0, y*=f(x*)=0 and {&* y*>=0 for some y*eR%;

x* is a solution of the CP. Q.E.D.

§10. Unbounded rays

This section is concerned with the case that Algorithm (8-3) terminates in a
finite number of steps. Let {(W?, X?, Y?):p=1,2, --., 7} be the sequence generated
by the algorithm. Then deg (W?, X?, Y?)=0 or 1 (see Lemma (3-4)). By Theorem
(7-12), (W7, X7, Y7) satisfies one of the three cases (a), (b) and (e) of Lemma (7-5).

(10-1) Lemma: Suppose that (W7, X7, ¥7) satisfies (7-5-a). Then »>1 and there
is a nonzero (4x,, 4x, 4y)e R*** such that

(1) dx;=0 (i=1,2, -, ),
8
(11) Ay= Z A.i.dxi+ddxo
i=a+1
(lll) Ax’i' Y::O (Z'__la 2’ ) ‘8))
(iv) AU?'XZZO (l=1’2’ ""‘B)r
(v) dx;dy; =0 (=12, -+, 8),

and 4x,>0. Furthermore, if, in addition, d>0 then we can take 4x+0.

Proof. Let {(W7, X7, Y")={M.,, L(§)]. By Theorem (7-12) and its proof, there
is a basic solution (W, X, Y)eN(H) of (7-2) which is adjacent to (W7, X", Y") and
uses L(€). Since deg (W7, X", Y")=1, there is no basic solution (W, X, Y)e N(H) of
(7-2) which is adjacent to (W7, X", ¥Y7) and uses M.,. By Lemma (7-10), the linear
equation

% HOLO+ 3 pmMit 3 viNg=M

€ (WT) JEJ(YT)

has a unique nonpositive solution [A(§) (fex(W™)), u; (1€ (X)), v; (7eJ(Y™)]. It follows
from the (a+1)-th row of the above system that A(¢)=0 (tez(W"), p;=0Ge (X"}
1,2, ---,a}). Let

dx,=1,

Ax;=0 (1¢(X7), i+0),
dri=—p  @el(X7),
dy;=0 (J&J(Y7)),
dyj=—v;  (JeJ(Y7)).

Then we get the relations (i)-(v) and 4x,>0.
In order to prove the last part of the lemma, we assume that d>0 and 4x=0.
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Then, by (ii), 4y >0. Hence, by (iv), X5.=0(j=1,2, - - -, 8), which implies (W, X, ¥7)
=(W* Y°, Y. Consequently, by Lemma (3-4), we see deg (W, X7, Y")=0. This
contradicts deg (W7, X7, Y")=1. Q.E.D.

By the similar argument as the ahove proof we obtain the following two lemmas.

(10-2) Lemma: If (Wr, X7, Y") satisfies (7-5-b), there is a nonzero (dx,, dx, dy)
€R''¥ satisfying (i)-(v) of Lemma (10-1). If, in addition, »=1 or d>0, then a
nonzero Jdx can be chosen.

(10-3) Lemma: If (Wr X7 Y") satisfies (7-5-e), then »>1 and there is a (4,
dx, dy)e R*** which satisfies dx,=0, 4x+0 and (i)-(v) of Lemma (10-1).

If (dx,, 4%, dy)e R'**# satisfies (i)~(v) then for all seR.

(vi) A +sdx= Krgm w(EN(Pi(&), 2711, « -+, xF) +54x),

(vit) ee;ﬁm wi(@=1, w(E)=0 (fec(WM),

(viii) Y +sdy= MZL]W) w (o), % v, + - -, x5) +54%) +d(x5 + 54x0),
(ix) a7 +sdx, y"+sdyy=0,

(x) diam {(¢1(8), Xr1, ++ -, x5) +sdx: Een(WT)} < e*,

Consequently, the above lemmas can be summarized in the following theorem.

(10-4) Theorem: There is a nonzero (4dx,, dx, dy)e R*** which satisfies (i)-(x). If
r=1 or d>0, a nonzero 4x can be chosen.

Especially, Theorem (10-4) implies that if we take d>0 and a=3 then Algorithm
(8-3) continues infinitely.

§11. The convergence of approximate solutions

In this section, we impose Condition (5-1) on the function f, and show that
the set S* of all cluster points of the sequence {x?} is nonempty and compact. In
other words, Algorithm (8-3) computes approximate solutions of the CP which
satisfy the same condition that is assumed when Algorithm (6-1) is applied to the
CP.

(11-1) Lemma: There is an ¢*>0 such that if CCR!,,CNBx¢ and diam C<e*
then {(x—x’,d><0 and {x—«’, f(x’")><0 for some xeR? and any #’,x""€C.

Proof. Let zeB. By Condition (5-1), there is an ze R} for which {x—z, d><0
and {x—z&, f(Z)><0. Since f is continuous, there is an ¢>0 such that {x—x’, d><0
and {x—x', f(x’")><0 for any x’,x'’c¢B.(x). By applying Borel-Lebesgue theorem in
the same manner as in the proof of Lemma (5-3), we get the desired result.

Q.E.D.
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(11-2) Theorem: If the simplicial subdivision 5 of R*x(0, co) satisfies Condition
(2-3) for the ¢*>0 whose existence is ensured by the above lemma, then

(a) the sequence {(W?, X7, Y7)} is infinite,

(by xPeD,+ for p=1,2, ---, where p"=max {{x, d): xeB)}.

Proof. (a) We assume that Algorithm (8-3) generates only a finite sequence
{(We, X7 Y?):p=12, -, 7}, and exhibit a contradiction. By Theorem (10-4), there
r—1 -
is a (dxo, dx, d4y)e R***# satisfying (vi)-(x) and 4x+0. Let T:[ U {coxf’,xl’”}J
p=1
U{x"+¢dx:¢t=0}. Then T is a unbounded closed connected subset of R which
contains the origin. Hence T intersects B. First we consider the case that
=1
je[ U {co »?, x”“}]nB for some zeR{. Then we can find a positive integer p*
p=1

and a nonnegative number 2¢[0,1] such that £=(1—-2)x?"+2"" . By letting
@(E)=(1—Dwr (@) + 1w X&) (§eZo), W(E)=1-DWP(E)+Wr(g) (eZ0)
F=1—=2Dy?+iy?"*! and Zo=(1—2)xP+ 7",

then we see

T

i

Z w(é)‘(ﬂbl(f), Lat1y ** 0y ‘fﬂ);oy
¢e=(W)

il

¥ , w(é).f((gbl(s)’ Loy 1y ° "% jﬁ))+dj0§0,

ser(W

(11-3)

‘\

L wE=1, @&=0 (cex(W)),

ex(W)
(% 7>=0 and diam {(¢1(&), Tpis, - -+, &p) s E€(W )} <e*.
By Lemma (11-1), there is an xeR? such that for any &/,&”ez(W)
E= (&), Zain, - -+, Tp), d) <0,
CE=(a(E"), Zasr, =+ 5 B, SUPs(E), Tas, + -+, Z))) <O,
It follows from (11-3) and (11-4) that

(11-4)

0=4{x,9)

={x—-%,7)

=< 5 W= (& G - 3,

srec(W
5 @D SUGE), Fasry -2 T) +dxo}>
eren(W)
- % w(5'>{<x—<¢l<s'>, Furrs oo o) B3, dTo>
g'er(W)
+<x—<¢x<f’>, Forn o ®) B WEGE), B, - xﬂ>>>} <0.

21



Masakazu KojimMa

This is a contradiction. Now suppose that Ze{x"+¢dx:¢=0}NB. Let zo=4] +*4x,,
=y +t*dy, W(E)=Wr(&) ((€&,) and W(&)=w"(&) (f€Z,), Where ¢* is a nonnegative
number such that z=x"+#*4x. Then we have (11-3), from which a contradiction
follows in the same manner as above.
g1
(b) Assume that x%¢D,,. Then the close connected set N [co {x?, x7'}]] and
p=1
the set B have a common point Z. Hence we have a contradiction by the same
argument as above, too. Q.E.D.

The theorem implies that the set S* of all cluster points of {x?} is nonempty
and compact. Therefore, by Theorem (9-3), S* is a subset of solutions of the CP.

The above discussion has not supply any information regarding the convergence
rate of the approximate solutions. We now give a brief theoretical consideration
of it; the accuracy of approximate solutions x? is evaluated in terms of diam ¢,(c((W?)).
Suppose that the sequence {x?} converges to an exact solution # of the CP. Then
limdiam ¢, (c(W?))=0 and lim min ¢.(z(WP))= +co. It follows from lim min ¢:(z(W?))
p=+oo that there is a poslijtive integer 7 for which ¢ (c(W?))>0 ig p=r. Let p>r
be fixed. Then x?=0; hence we have

yr= 3 wrON(Pi(E) A, -, D)
Eez (WD)
8
= 3wk + 5 Al+b=0.
ter(WD) =il

We also see, for each fez(W?) and £=1,2,---, 3,

8
Su(xP)=hi(x?, - -, X0+ Z Apixl+ by

i=a+l

:fk(((/)l(g)’ xf+1s ) xl};))_*_h(xf’ Tty xf)“}lk<¢1(5))
Thus we obtain

JxP)=yi+ w %_,:Vp) wP(E)h(al, - -+, 20— Il 1(E)))

(11-5)
= > wPE){hi(al, -, D) — Mi(i(6)}
ger (WD)
and
(11-6) fel@®)= > wrE){he(al, -, 20— h((8)} i af>0.
£ec(WD)

The term Y wP(@{h(af, - - -, 2B)—hi(¢1(8))} is approximately zero if the diameter
’ cec(WP)
of ¢\(x(WP)) is sufficiently small. If f is twice continuously differentiable, the term

satisfies the following relation.

S W@l -, ) (@)

sec (WD)

=< —m{diam ¢, (c(WP))}2,
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where =max {dzl?hy(x,, -+, )27 (%1, -+ -, x)€D,,, dz2=(4dz,, -+ -, 42,), |l2||=1}.
Therefore, we see, for k=1,2, ---,

Fe(xP)= — pefdiam ¢ (c(WP)))* (from (11-5)),
11-7
| fela®)| = rfdiam oy (c(WP)E if a2>0  (from (11-6)).

Chap. 4. Applications

This chapter which consists of §12, §13, 814 and §15, is devoted to applications
of Algorithm (8-3). In §12 Algorithm (8-3) is used to prove EAvVES’s basic theorem
of the CP (Theorem (4-4)). In §13, it is shown that the Brouwer fixed point
problem can be converted into the nonlinear CP which satisfies Condition (5-1).
In §14 we deal with a certain type of the nonlinear CP for which Algorithm (8-3)
can be applied to compute approximate solutions. Problems of finding equilibria
of m-person noncooperative games, which include a mathematical programming
problem as a special case, can be reduced to the above nonlinear CP. In §15 we
consider balanced cooperative games without sidepayments; the method for finding
a point of the core of the game is given.

§12. A semi-constructive proof of Eaves’s basic theorem

In what follows we prove EAVES’s basic theorem of the CP (Theorem (4-4)) by
using Algorithm (8-3). Let {¢!} be an infinite sequence of positive numbers such
that lim ¢#=0. Corresponding to each ¥, let 5% be a simplicial subdivision R#X [0, co)

such k&lﬁt diam ¢,(c)<&* for all se5*%. By using the function %(-)=f(.), the simpli-
cial subdivision &% and d>0, we construct the graph H* (k=1,2,...), where we
take a=p. Apply Algorithm (8-3) to each A* Then we obtain an infinite sequence
{CW>r kXP kYP):p=1,2,.--} of N(H*) (see the final remark of §l0). Define, for
p=1,2,--- and £=1,2, ---,
kxg,:kX(ﬁ’ kxpz(lepl) Y kai’lL k,yp:(kYﬁ, MY kYgl),
“wp(§)=*Wr(¢)., (£e5f) and
{Fap 1 p=1,2,---} if (A):c(*WP)ed* (p=1,2,.--),

{kxp 1 p=1,2, .-, p*R)} if (B):c(*WP)ed* (p=1,2,:--,p*k))
and c(*WP @)Lk,
Then, for each £=1,2, ---,
k0 =0,
kP —=() if (B),

(12-1)
T* is unbounded if (A),
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[Jexp it —Fxp|| < cF for p=1,2,---.

Furthermore, for each k£=1,2, --., we define the function ¢*(-): R*—>R? as follows:
0" (x)= ;w(é) SPu(E))
if  x=2w@¢(&), 2 w@E)=1,wE)=0 (¢€s) and ged,
&€ &€o

where 4*={geEF*:6C R*x{0}}. Then we see, for £=1,2, ... and p=1,2, ...,

(12-2) kx>0, ¥27 =0,
(12-3) P =gH(tan) +d < =0,
12-4) Ckar, Fy?y =0,

Let 7= be the set of all z such that 29—z as g—co where 22€ T*@ and k(q)—o0
as g—oco. Now we shall show that 7" or its connected component containing the
origin satisfies (a) and (b) of Theorem (4-4). Let xeT= If x=0 then trivially
x€/’(x;0). Suppose that x#0. Then there is an infinite sequence {z?¢ R?} such that
z%—x as g—oco where 0#£21=FDx?@ e TkD for some k(g) and p(g), and k(g)—oo as
g—oo. It follows from (12-3) and (12-4) that

k(q)xp(q), B (kO 4P (@
< ghe )220 for ¢=1,2,---.
FOxP@

k@ 420 =

Hence we obtain, for some x,eR,

_ k@ 4P @ — _ NI\
xoﬂ}1¥_{2 (O xPD = 5 d> =0.

By substituting @@ k@xp@ gand ¥F@yr@ into (12-2), (12-3) and (12-4), and taking
the limit of them, we see that x,, x and y=f(x)+dx, satisfies (4-3) for p=<d, x).
Thus x€/'(x; p); we have shown that T satisfies (a) of Theorem (4-4).

In order to see the connectedness of 7=, we introduce some notions. We say
that a finite sequence {z:¢=1,2, ---,n} is an ¢ chain if |{z7—27"Y||<¢ for ¢=1,2, -- -,
n—1. We say that CC R? contains an ¢ path from @ to b if there is an & chain
{22:¢9q=1,2,---,m} in C such that |la—2z']|<e and ||[b—2z"||<e. We say that C is
e-connected if it contains an ¢ path between any two points in C. The following
theorem is due to Eaves and SaicaL (1972).

(12-5) Theorem: If C* is c*-connected, inf {||z||:zeC*}=¢*, and -0 as k—co,
then the set C* of all z such that 27—z as g—oo where 29¢C*® and k(g)—oco as
g—co is closed, 0eC~ and either C* is connected or each of its connected component
is unbounded.

Since the sequence {T*:k=1,2, ...} satisfies the assumptions of the above theo-
rem, 7= is closed, 07 and either T is connected or each of its connected com-
ponent is unbounded. Let S be the connected component of 7 containing the
origin. Suppose that S is bounded. Then 7= itself is connected. Let p'=max
{Kx,dy:xeT=}. Let pe[0, p*]. Since T is a compact connected subset of R? such
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that min {{x, d) : x¢ T} =0 and max {{x,d): xeT*}=p", there is an xeT* such that
{x,d>=p;xel'(x;p). On the other hand, it follows from the boundedness of T
that T*c D,. for all k=k*, some k* and some p*=0. Hence, for cach k=Fk*,

kxPr® e D, gh(kxrr )y =0 and  FaPt® gh(kxpt ) > =(),

Let # be a cluster points of the sequence {£x?*® :k=Fk* k*+1,---}. Then &€!'(#;p)
for all p=p". Thus S=T> satisfies (b) of Theorem (4-4).

Finally suppose that S is unbounded. In this case, for each p=0, there is an
x€S such that (x,d>=p;xe/'(x;p) Hence S satisfies (b) of Theorem (4-4).

§13. The Brouwer fixed point problem

8
Let D={xeRi: > x;=1t, and ¢ be a continuous function from D into itself.
i=1

Then the following BROUWER fixed point theorem holds.
(13-1) Theorem: There exists a fixed point of g, a point xeD such that g(x)=ux.

As stated in Introduction, there are some computational methods (SCARF (1967-
b)), Kurn (1968) and Eaves (1970 and 1972-b) which caluculate approximate fixed
point of g. Here we demonstrate that the problem of finding a fixed point of ¢
can be reduced to the CP. Define

(13-2) flx)=x—g¢g _(x), - ; %)) for each xeR’.
max {1, Z \xil}

=1
Then x is a fixed point of ¢ if and only if it is a solution of the CP with the
s
function f just defined. Let B:{xeRi: > xi=2,5}. Then it is easily shown that
i=1

for each zeB <&, f(z)>>0. Hence f(-) satisfies Condition (5-1). This implies that
Algorithm (6-1) as well as Algorithm (8-3) computes approximate fixed points of g.

§14. Mathematical programming problems and x-person noncooperative games

Let N={1,2, ---,n} denote the set of players, and for each ieN, Z(i) the set of
strategies available to the player ¢ For each ieN, let #,(z', - - -, 2") denote the pay-
off of the player i when the players j (j=1,2, ---, %) take 27¢Z(j) (j=1,2, -+, %)
as their strategies, respectively. We assume the following condition :

(14-1) Condition: For each i, the following (i)-(iv) hold:

(i) Z(@) is a compact convex set of the form {zie Ri™*': Bizi4¢'=0 and z'=0)
where Bie R™®>*® and cie R™® 1,

(i) 042", ---,2") is continuous on R*, where a=}; a(i).

i=1

n
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(iil) 042}, ---, 2" is concave with respect to z'e R*®.
(iv) 04z ---, 2" is continuously differentiable with respect to zie R*®.

(14-2) Problem: Find a (2!, --,2%eZ(1)x --- x Z(n) such that for each i

(14-3) rrelf.(x) 0y(2, oo e, 20 20 200 e =02, e 20 2020 e 2

A solution to the above problem is said to be an equilibrium of the #»-person
noncooperative game. The existence of an equilibrium was proved by NasH (1951).
It is obvious that Problem (14-2) includes a concave maximization problem and a
saddle-point problem as special cases. The above formulation of the #z-person game
includes that of RoseNmMOULLER (1971), WiLsoN (1971) and Howson (1972). EAvEs
(1972-a) showed that equilibria can be computed by the fixed point algorithm de-
veloped in (1972-b). In this section, we show that Problem (14-2) can be reduced
to a certain type of the CP to which we apply Algorithm (8-3).

By Kunn and Tucker (1951), '€ Z(i) satisfies (14-3) if and only if

220,420, —F0(2', -+ -, 2" —(B)' @' =0, B’z +¢' =0,
B, = T8, - -+, 2 —(BYTay=0  and (@!, B'Z'+c¢)=0

for some #‘e R™®>! where

601(21, .. ,’Z-i—l’ zi,z'i‘l, cee Z—n)
g > :
0z]
[71',01'(2-1, - 27,): e R -1,
a0z ’,,'_',;v,,zii’,,zi’ ARERIYA))
02k 2=z

Let
-0z, .-, 2")

—Vn(’n(zly Y zn)

B0 et ]
B= '_' eR’mJ‘, c= : eRm,,nl,
0 B’VL C?L
rz! u'
z=| ! |eR! and #=| . |eR™",
Z'fl u'!L

where m= 3}, m(i). Then Z is an equilibrium if and only if for some #& (Z, %) is a
=1

solution to the following complementarity problem :

(14-4) Problem: Find a (z,#)eR**™ such that
(z,i)=0, H2)— BTi4=0, BZ+¢ =0
Z,d(Z2)—B"ay=0 and <&, Bz+c)=0.
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We assume without loss of generality that ¢=0; in fact, an appropriate linear
transformation provides such a situation. Let

. ‘/J(xl’ e Ka)
f(xyy o, Xa)= eR M-t for each (xy, -+, %x.)€R",

i: B.ixl-
i=1
- DT
Al-‘:[( g))u) ]GR(u.m)xl (i=((+1, "'»{9)!

bz[o:le]e(a;m)dY d:[e:leR((”m)“
c 0

and
f=at+m
By using these #(-): R*—R? A.,; (i=a+1,---,3),b and d, we construct the lexico

inequality system (7-2) and apply Algorithm (8-3) to it. Then we obtain a sequence
{(Wr, X7, Y?)} of distinct complementary basic solution of (7-2).

(14-5) Lemma: {(W?, X? YP) is an infinite sequence.

Proof. Assume that Algorithm (8-3) generates only a finite sequence
{(Wr, X7, Y?):p=1,2,...,7}. Then, by Theorem (10-4), there is a nonzero
(dx,, dx, dy)e RV'?  which satisfies (i)-(x) of 8§10, and 4dx+0 if (W7, X", Y")=
(W, X%, Y. Let

Xi
Z= ERT - 1id, 0= ERCC Lh),
XL X
A s H, ..
du= cRm1 and C=| © [eRme 1o,
dxs H,.

Then Z>0,0 >0, 4u=0, BZ +C>0, Z7(— B" du+edx,)=0 and Ju?(BZ +C)=0. Hence
(eTZ)JxO—}-AuTC:O. It follows from C;>0 (j=1,2,---,m) and (eTZ)Axogo that
4du=0 and (eTZ).m:o. Since (dx,, 4x, 4y) is nonzero, we see 4dx,>0. Hence
dyi=d%(j=1,2, -+, a), X5.=0(j=1,2, ---,a), Y;,=C;_.. >0 (j=a+1, - -+, 3) and X7
=0 (j=a+1,---,8). Consequently, we obtain (W7, X7, Y")=(W?* X°, Y*), which
contradicts 4x=0. Q.E.D.

Obviously, the infinite sequence {(x?, ---,x8):p=1,2, ---} is in the compact set
{z: Bz+¢=0,2z=0}. By Lemma (9-2), the sequence {x?} is bounded. Therefore, the
set of all cluster points of {x?} is a nonempty, compact and connected subset of
solutions to the CP.

§15. N-person cooperative games

Let N={1,2,---,n} denote the set of players, and 27 the collection of all non-
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empty subsets of N. The sets contained in the collection 2¥ are called coalitions.

(15-1) Definition: An NSP game ['={V(S)€2"} is a collection of closed subsets
of R" satisfying the following conditions :

(1) If ueV(S),veR” and u;=v; for each ieS, then ve V(S).

(ii) V{i})={ueR™:u;=0} for i=1,2, ---,n.

(ili) #=a for some ae R* and any ue V(N).

(15-2) Definition: The core of an NSP game is the set C(/)=V(N)— U {int, V(S)},
Se2nN
and the e-core of an NSP game the set C.(I")= V(IN)— U {int. V(S)}, where int. VV
Se2N

={ueR": B.(u)C V for some & >¢} (¢=0, VCR").

Note that C(/)cC(/")cC.(1") if ¢=e¢=0 and that C(/")=n C(I"). Since CJ(I")

£ 0

is compact for each ¢>0,C(I")==¢ if C(I")#¢ for each ¢>0. For a given NSP game
I",C(1") is not necessarily nonempty. When the NSP game is balanced, however,
Scarr (1967) proposed a combinatorial method for obtaining a point of C.(I"); in
this case C(/")#¢. The notion of the “balancedness” was extended by BILLERA
(1970 and 1971). He showed that if the NSP game is z-balanced then C(I")#¢ by
using the ahove ScaArr’s method. In this section, we shall show that, for any
given ¢>0, Algorithm (8-3) can be used for caluculating a point of the s-core of a
7-balanced NSP game. One defect of Scarr’s method is that the storage space
required to compute points of C.(/') increases infinitely as ¢ approaches zero.
While, the storage space used by our method is independent of .

First we describe the notion of the “z-balanceness”.

(15-3) Definition: Let ¢S=(c5, ---,c5)"e R"*}(Se2¥) be vectors satisfying the re-
lations

0£¢5=20 for all Se2V,

¢$=0 for any ¢S and all Se2V,
cV>0

and
cit=1 for i=1,2,---,n.

A collection //€2% is said to be r-balanced if there exist nonnegative numbers
os(Sell) such that Y dscS=c¥. An NSP game /' is said to be =-balanced if N V(S)c
Sex

Seilnl
VIN) for each z-balanced collection /I. In what follows, only =-balanced games

will be considered.
Let m be the number of coalitions contained in 2% — U {i},a=#% and f=n+m.
i=1

Let () be an arbitrary one-to-one mapping from {a+1,---,5 to 2N~Lnj {z}.

1=1

Define (-)* R"—>R?, A.;e R ™ (j=a+1, -+, 3), b€ R ™ ' and de R“' ™ ! as follows:
0 if 7€{1,2, -+, a}
hiwy=1—-1 if iela+1, .-, 3}, e V(y(i)) and u=a+c*e

+1 otherwise,
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—T )
A-j=|: 0 —JGR(Lum)d (]=L1’+1, ....ﬁ),

R _
b:[c ]eR“"m“l and d=[0]6R<“*"‘>”.
0 e

Now we construct the lexico inequality system (7-2) by using them, and apply
Algorithm (8-3) to it. Then a sequence {(W?, X?, Y?)} of distinct complementary
basic solutions of (7-2) is obtained. [wP(E)Eec(WP)), 2P, x7,y?] defined by (8-5)
satisfies

T
(15-4) ClE Y wrE©=0, 3 wr@)=1uPE)=0 (ec(WP)),
L x{{, J & (WD) € (WD)
P
8
(15-5) D= Y (=) aB4 N =0,
L2 T
and
(15-6) yi= 2 RgOwr(E)+ai=0  (J=a+l, -, ).
e (WD)

(15-7) Lemma: {(W?, X?, Y?)} is an infinite sequence.

Proof. Assume that Algorithm (8-3) generates only a finite sequence {(W?, X7,
Y?)y:p=1,2,.--,7}. By applying Theorem (10-4) we have a nonzero (4x,, 4x, 4y)
eRY? such that

4%;=0 (=12, -+, a),

4y, s
(15-8) Col= Y (—d9)dx;=0,
j=a+tl
Ay,
dyi=dx, (i=a+1,--,8) and 4y X5.=0 (j=12,---,5).
By the definition of ¢% (Se2¥) and the second relation of (15-8), we see
dx%;=0 (i=a+1,---,8) and 4y;=0 (=1,2, -+, a).
Hence dy;=4w,>0 (i=a+1, ---, f), which imply
(15-9) X7.=0 (f=a+1,---, 8
and £5=0 (j=a+1, ---,8). Thus, by (15-5), we have

”

U
=c¥>0; hence X1.=0 (i=1,2, -+, a).

r

Ya
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It follows from (15-9) and the above relation that (W, X", Y")=(W°*, X Y°. In
this case we can take nonzero 4x. But we have observed Jx=0. This is a con-
tradiction. We have thereby shown that {(W?, X?, Y?)} is infinite. Q.E.D.

(15-10) Lemma: For p=1,2,---
Oi((WP)C{ue R : —c*e=u=a+2c*e}.

Proof. Assume that ¢\(z(WP)E{ueR":u=<a+2*e} for some p. Since
diam ¢, (c(W?)) < e*,

(15-11) co(z(WP)N{ue R" 1 u=a-+e*e}=¢.
Hence, by the definition of % and (15-6), we have
yI=1+a0>0 (i=a+1, .-+, B), 28=0 (I=a+1, -+, 3),
yi=cy>0 (j=1,2,---,a) and  a5=0 (j=1,2,--,a).
Hence, by (15-4),
a7
0=| : |ecog(c(W?)).
x
But obviously
Oe{ueR":u=a+-c*e}.
The last two relations contradicts (15-11). Thus we have shown
die(WP)Clue R : u=a+2¢%e}.
While (15-4) together with diam ¢,(c(W?))<e* implies that
Oi(e(WP)C{ue R" . —e*e=u}.
Q.E.D.

By condition (2-1-c) and the above lemma, we see
lim min ¢(z( W¥»)) = +co.
p—roo
Hence we can find a positive integer p* such that x?=0 for all p=p*. From Con-
dition (2-3-b) we also obtain

(15-12) lim diam ¢ (c(W?))=0.
pesoo
Define, for p=1,2, .-,

w=(af, -, 2= 2, whE)n(§)=0,
e (W)

uf=max {¢:(€);: ec(WP)}  (i=1,2, .-+, ),
(15-13) ui=min {¢,(&);: fec(WP)  (i=1,2,---,%), and
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P =||aP —u?||.
Then (15-12) implies that 11{'{10 e =0.
(15-14) Lemma: u”e¢ V(NZ; for each p=p*.
Proof. By the definition of the z-balanced game, it is sufficient to show that

u?e V(S) of all Sell and some r-balanced collection //. Let //,={i:y?>0and 1=i=a}

and /l,={y(7):45>0 and a+1=j=p}. From (15-5) we see that //,U/l, forms a

z-balanced collection. If ie/l, then x?=0; hence u?e V({i}). Suppose that y(j)€/ls.

Then ¢h= 3 h{p(&)wP(€)=0. By the construction of %,(«), there is a fec(W?)
)

ser(WP

for which ¢(&)e V(3(j) and ¢ (€)<a+e*e. But u?=¢,(€). Hence u’e V(y(5)) (see
(15-1-i). Thus we have shown ”e V(S) for all Sell,UIl,. Q.E.D.

(15-15) Lemma: If p=p* then
#r¢int V(S) for all Se2~,
Proof. Since #?zu?=0,a?¢int V({i}) for i=1,2,-..,n. While, corresponding
to each SeZN—‘U {i}, there is a je{a+1, -+, 3} such that S=y(j). It follows from

i=1

(15-6), x2#=0 and the construction of A(-) that A (¢(€))=1 for some éez(W?). From

Lemma (15-14) and (15-13) we see ¢i(é)=<a+ec*e. Thus ¢:(£)e¢ V(3(4)), which implies

ur¢ V(y(7)). Q.E.D.
We have thereby shown the following theorem and its corollary.

(15-16) Theorem: u?eC.,(I") for all p=p*.
(15-16) Corollary: C(I")+#¢.

Chap. 5. Concluding discussion

In this chapter we compare five algorithms for solving the nonlinear CP, the
algorithm given in Chap. 2, the algorithm given in Chap. 3, the algorithm developed
by SEKINE, NisHiNoO and the author (1973), the algorithm developed by FisHeEr and
GouLp (1973), and the algorithm developed by GaLrcia (1973). This part consists
of §16 and §17. In §16 we consider the effective range of the algorithms. In
§17 we examine the computational efficiency of the algorithms.

§16. On the effective range of the algorithm

Suppose that each ¢e& has a sufficiently small diameter. Algorithm (8-3)
generates a sequence of adjacent simplices such that a point  of the convex hull
of each simplex satisfies

(16-1)  %=0,2=0, f()+d%,=0 and (z,f(x)+dz.,y=0 for some Z,€R,
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where “¢=07” indicates “¢ is approximately zero”, While, Algorithm (6-1) gener-
ates a sequence of adjacent simplices such that a point # of the convex hull of each
simplices is an approximate fixed point of /'(-; p) which was defined by (4-2). &
also satisfies (16-1). In order for the function /'(-; o) to be defined consistently,
however, we took deR*? a positive vector. This fact limits the effective range of
Algorithm (6-1). On the other hand, Algorithm (8-3) requires merely that deR?
satisfies (7-1), but not the positivity of d. In fact, when we used Algorithm (8-3)
in §14 and §15, we did not take positive d. Therefore, we conclude that the class
of the complementarity problems for which Algorithm (8-3) is applicable contains
that for which Algorithm (6-1) is applicable.

In the following discussion, the computational methods developed by FISHER
and GouLp (1973) and by Garcia (1973) are denoted by Algorithm F—G and Algo-
rithm G, respectively. Algorithm F—G works roughly as follows. First, a labeling
function L(.): R*—{1,2, ---, 3+1} is introduced.

541 if >0 and f(x)=0.
j if x>0,f(x)%0, and j such that fj(x)=min fi(x) (take
(16-2) L(x)= the least such 7 in the case of ties.)

] if 230, and 5 such that x;>0 for i=1,2,---,7—1
and x;=0

Second, R% is triangulated by a simplicial subdivision such that there is a unique
boundary (f—1)-simplex with labels 1 through 3; the simplex is called (3+1)-almost
completely labeled boundary set. Then, begining with the unique (8+1)-almost
completely labeled boundary set, a complementary pivoting method generates a
sequence of distinct adjacent $-simpleces such that each intersecting (8—1)-simplex
of successive B-simplices possesses all labeles except g+1. The algorithm terminates
when and only when it produces a fully labeled 3-simplex. Each point of the convex
hull of any fully labeled simplex is an approximate solution of the CP. FISHER
and GouLD provided the following sufficient condition under which the algorithm
terminates in a finite number of steps.

(16-3) Condition: There is a compact set B in R*—{0} such that zeB implies
{Z, f()>>0 and such that B separates the origin from co.

The above condition is stronger than Condition (5-1). If we make a slight
modification, however, the algorithm can be used to compute approximate solutions
of the CP which merely satisfies Condition (5-1). Define L(-): R*—{1,2, -+, 8+1} by

B+1 if x>0, f(x)=0
j if x>0,/(x)#£0, and ;j such that f;(x)/d;=min fi(x)/d.,
L{x)= (take the least such j in case of ties)

J if x30, and j such that ;>0 for i=1,2, ..-,7—1 and
x]':O,
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instead of by (16-2), where d is a positive vector of R®. If the mesh of the tri-
angulation is sufficiently small, a point & of the convex hull of each g-simplex
generated by the algorithm satisfies (16-1). If the algorithm continues infinitely,
we can find a point zeB in the convex hull of a generated simplex. By Condition
(5-1), there is an xe R? such that (x—%,d><0 and {x—2Z%, f(Z))< —d, where § is a
positive number which only depends on the function f and the shape of the set B.
It follows that

0=<x, f(z)+dzo)y
={x— &, () +dZo)
==&, f(E)) +<{x—&, d)xo
< —0.

This is a contradiction. Hence the algorithm terminates in finite number of steps
and generates an approximate solution of the CP.

Algorithm G generates a sequence of distinct adjacent simplices such that a
point Z of the convex hull of each simplex satisfies (16-1), too. Therefore, the
effective range of his algorithm also covers the CP satisfying Condition (5-1). The
following condition is assumed in Garcia (1973).

(16-4) Condition: There is a compact nonempty set C in R? such that for each
xeRf—C, there is an xeC such that {x—z, f(&)>=<0.

The above condition is similar in nature to Condition (5-1). Note that both
conditions are stronger than that of Corollary (4-6).

§17. On the computational efficiency of the algorithms

First we give a small numerical example. We consider the CP with f(-): R'"-»R!
of the form

S1(x) =322+ 2x,% + 222+ x5+ 3x,— 6,
So(x)=2x2+ 2%, + 22+ 3%+ 2%, — 2,
So(x) =324+ %1%+ 242+ 2x5+ 3x,— 1,
Fa(x)=x2+3x%+2x5 4 3x,— 3.

The unique solution of the problem is

1=~/ 6/2=1.2247449,

)

&

0,
Oy
0.5.

S

Il

2
3
4
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For each approximate solution x of the CP define

4

ACC(x)= 3 di(x),

=1
where

Jlfi(x)l it x>0,
di(x) =

| “min (0,70} if x=0.

Then ACC(x) represents an accuracy of the approximation. As stated in Introduc-
tion, Algorithm (8-3) is based on the algorithm developed by SexINE, NisHINO and
the author (1973). Computer programs in FORTRAN IV were writen by the author
for Algorithm (6-1), Algorithm (8-3) and their algorithm. In each execution of the
algorithms, the iteration was stopped when an approximate solution & such that
ACC(%)=0.001 was computed. The programs were solved on a HITAC 8700 at
Tokyo University Computer Center. The compile time of the programs as well as
the time required for the computation of the test problem depends on not only the
programs and the problem but also the situation under which the computer handles
the programs. The following symbols are employed in Tables (17-1), (17-2), (17-3),
(17-7) and (17-8).

Algorithm S: The algorithm developed by SEkiNE, NisHINO and the author.

dim: the dimension of the simplicial subdivision used in the algorithm.

7: the number of iterations.

¢": initial simplex of the algorithm.

o": the final simplex.

d(s): the diameter of ¢(s) (in Tables (17-1),(17-3),(17-7) and (17-8), or the
diameter of ¢ itself (in Table (17-2)).

ty: the compile time (second) of the program.

t,: the time (second) required for compution Z.

Z: the approximate solution computed by the algorithm.
Table 17-i. Computational results of Algorithm 6-1 (dim Z=5)

a(e-0) rot, ot tghe, A % %, ¥, %

0.02828 1110 9.19 6.23 15.42 0.001925 1.22487 0 0 0.49972
0.04243 815 5.06 4.20 9.26 0.002563 1.22479 0 0 0.50004
0.05657 635 8.64 5.73 14.37 0.003647 1.22476 0 0 0.49988
0.07071 582 5.52 3.14 8.66 0.002839 1.22489 0 0 0.49961
0.08485 570 3.16 4.11 7.28 0.002969 1.22466 0 0 0.50014
0.9899 386 5.35 3.94 9.29 0.006382 1.22458 0 0 0.50013
0.11328 448 4.50 3.06 7.56 0.004146 1.22471 0 0 0.50017
0.12728 411 7.47 3.75 11.23 0.006926 1.22484 0 0 0.49992
0.14142 816 6.83 3.76 10.59 0.002221 1.22496 0 0 0.49998

w
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Table 17-2. Computational results of Algorithm S (dim Z=4)

Y Y ~ P ~
da(o~") r t0 tl t0+t1 a(r™~) X X, X4 X,
0.04243 228 6.83 1.94 8.77 0.05196 1.22468 0 0 0.50001

Table 17-3. Computational results of Algorithm 8-3 (dim Z=3)

0 r —~ ~ —~ ~
d(~") r ty £ttty d@-") X X, %5 %,
0.07071 52 7.24 0.33 7.57 0.05590 1.22474 0 0 0.50000
0.14142 31 5.42 0.17 5.59 0.06009 1.22473 0 0 0.50000
0.28284 28 10.39 0.39 10.78 0.05207 1.22466 0 0 0.50000
0.42426 34 8.07 0.40 8.47 0.04714 1.22465 0 0 0.50000

We observe that Algorithm (dim Z=3) solves the test problem more efficiently
than others. Now we point out three noteworthy features of Algorithm 8-3.

(17-4) If f: R*—R? has the form
E
h(x,, .. -,x,.)+ Z A.ixi+b,
i=a+1
where /2: R"—>R*® is nonlinear, A;. e R*** (i=a+1,---,3) and beR*!, the
dimension of the simplicial subdivision used in the algorithm is merely
a+1.
(17-5) The algorithm generates an infinite sequence of approximate solutions of
the CP which automatically converges to exact solution of the CP.
(17-6) In the algorithm, a solution of the CP is approximated by a point &, and

if f is continuously twice differentiable the accuracy of the approximate
solution # is represented by

Ji(Z)> — pld(o7))?
| fi(x)] < pdd(o7)}?
ACC(x)< ppeld(om)}?

(Z:]-) 2) s 'aﬁ)’
lf xi>0,

(see the last part of §11).
These features of the algorithm directly affect the computational efficiency; they
operates to reduce the total number of iterations required to compute an approxi-
mate solution with a given accuracy. In the following, we shall show the effec-
tiveness of the features more precisely.
The test problem has a function f of the form just described in (17-4);

a=2, o
hi (%1, xz)=3ﬁ+2xlxz +2x2,
Ro(%1, %) =200+ %, + 42,

lza(xl‘, Xo) = 3xfk+ X1%2+2x%,
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Ds(xy, x5) =22+ 3%,

1 3 —6
3 2 -2

3= = y b= .
Ao=lgl A=) 3 -1
2 3 -3

When Algorithm 8-3 was applied to the test problem before, we took a, /%, A.;
(;=3,4) and b as above and obtained Table (17-3). In the case that we took

a=3,

Ry(%1, %, 23) = 323+ 2%, % + 222+ x4,
Ra(Xy, %o, %5) =227+ 2, + 25+ 3%y
Ds(x1, %ay 23) =3x8+ X%+ 223+ 25,

Ra(X1, Ko, X5) =25+ 325+ 2%,

3 -6
|2 -2

A-4—8y b—_l)
3 -3

Table (17-7) was obtained. In the case that we took
a=4,
T (%1, Xy X3, X4) = 33X+ 22, %2 + 25+ X4 + 3%,
Ra(%y, Xa, X3, Xa) =222+ 2, + 25+ 3%+ 224,
Ra( X1, X2, X3, %4) = 352+ %,%2 -+ 225+ 225 4 34,

R(%1, Xa, X, Xa) = %7+ 323+ 2205+ 324,

Table 17-7. Computational results of Algorithm (8-3) (dim =Z=4)

a(NY r ot £, ottt d(ND) %

0 1 01 1 '}?2 SE'3 ’i;l»
0.07071 76 6.97 0.45 7.41 0.07071 1.22474 0 0 0.50000
0.14142 44 6.47 0.81 7.28 0.07071 1.22466 O O 0.50000
0.28284 49 9.47 0.63 10.10 0.05774 1.22466 O 0 0.50000
0.42426 44 8.12 0.31 8.43 0.05303 1.22466 0 O 0.50000
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Table 17-8. Computational results of Algorithm (8-3) (dim £=5)

d(v\o) r £ £ttty (b 32’1 52'2 %, 3:"4

0.07071 143 8.14 1.07 9.21 0.03536 1.22474 0 0 0.50001
0.14142 85 5.26 0.91 6.17 0.05774 1.22466 0o 0 0.50000
0.28284 72 9.26 0.88 10.14 0.07118 1.22465 0 O 0.50001
0.42426 85 8.07 0.94 9.01 0.07500 1.22464 O 0 0.50000

Table (17-8) was obtained. Graph (17-9) shows the effectiveness of the feature
17-4).

In spite of the relation that the dimension of the simplicial subdivision used
in Table (17-2) is less than the one used in Table (17-8), the number of the itera-
tions in the former is greater than all the numbers of the iterations in the latter.
We shall consider the reason why this is so. Corresponding to each simplicial

~

subdivision & of Rf such that sup{diamo:s€Z}=¢, Algorithm S computes an ap-

proximate solution # such that
[il@)>—pet (=12, -, ),
| fil®)] < pee? if x>0,
ACC(E) < e,

Therefore, if we want to obtain an approximate solution with high accuracy, we

r
150 b
\\
100
- o Algorithm (8-3) (dimE =5)
N \/
AN
N
50 | N e —— . -
\_ —_——— T T T T - Algorithm (8-3) (dimZ =4)
—— " Algorithm (8-3) (dimE=3)
0 ; : ! : a9
0.07 0.14 0.28 0.42

Graph 17-9. The effectiveness of the feature (17-4)
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Figure 17-10. The effectiveness of the feature (17-5)

must take sufficiently small . But the smaller ¢ we take, the more iterations are
required to obtain an approximate solution. It seems that if e¢/y=¢’, where » is a
positive integer, then the number of iterations corresponding to ¢ is about » times
as large as that corresponding to e. In Algorithm 8-3, this difficulty are solved
by the feature (17-5). In order to illustrate this fact, we consider the CP with
S R'*>R' and the simplicial subdivision in Figure (17-10).

Suppose that # is a unique solution of the CP. Then Algorithm (8-3) gene-
rates a sequence of simplices, {{'C'HI'CPHTEPHIPIHCCHEIHIHI®) to compute
an approximate solution contained in the convex hull of the simplex {{'C%; the
length of the sequence is 8 In the case that we compute an approximate solu-
tion with the same accuracy by using Algorithm S, we must take a simplicial
subdivision = such that diam ¢=diam {£"¢®} for all seZ. If we regard the line AA’
as the zx-axis, the sequence of simplices generated by the algorithm is {{°C'}H{'¢3,

- {22 HES) ; the length of the sequence is 16. The above argument explains
the difference between the numbers of iterations in Table (17-8) and in Table (17-2).

Algorithm (6-1) has the feature (17-5). Comparing Table (17-1) with Table
(17-8), however, we observe that each number of the iterations in Table (17-1) is
about ten times as large as each number of the iterations in Table (17-8). This
inefficiency of Algorithm (6-1) is caused by the fact that it has not the feature
(17-6). In Algorithm (6-1), a solution of the CP is approximated by the set
co¢n(6")N RY; we have no information which ensures that a point xeco ¢ (¢”) N R%
better approximates a solution of the CP than other points in co ¢ (¢")NR;. Each
point of the set can he regarded as an approximate solution of the CP, whose
accuracy is expressed by the relations

Ji(x)> —vd(s7) (i=1,2,--+,p),
| fi(x)] <vd(a™) if x>d("),
ACC(x) < frd(0")
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(see the last part of §6). Therefore, with respect to the accuracy of the approximate
solution in terms of the diameter of ¢,(¢"), Algorithm (6-1) is inferior to Algorithm
(8-3). In fact, the mean d("s) in Table (17-1) is 0.003735 and the one in Table
(17-8) is 0.05982; the latter is about sixteen times as latge as the former.

Algorithm F—G and Algorithm G have none of the features (17-4), (17-5) and
(17-6). Without reference to the form of the function f, Algorithm F—G and
Algorithm G uses simplicial subdivisions with dimensions 8 and 341, respectively.
In their algorithms a solution of the CP is approximated by a simplex ¢; such ap-
proximation is called simplicial approximation. In Algorithm F—G each x contained
in the convex hull of ¢ satisfies

Jix)>—vdiamo ¢=L2,.-+,3),
| filx)| <vdiamoe  if x;>diama,
ACC(x)< pv diam o.

While, in Algorithm G each x contained in the interior of the convex hull of o«
satisfies

Six)>—vdiame @=12,---,73),
if‘L(x)‘ <y dlam ag if xi,>03
ACC(x) < 19)) dlam a,

In their algorithms, however, there are some devices which increase the com-
putational efficiency. As stated in the previous section, Algorithm F—G generates
a sequence of distinct adjacent simplices such that any point x of each simplex
satisfies (16-1). Fisuer and GourLp showed in their paper that in certain instances
a subsequence of distinct adjacent simplices can be anticipated, and that it is pos-
sible to accelate their algorithm by skipping over the anticipated sequence. In
Algorithm G, only the nonnegative orthant of the j3-dimensional Euclidean space
is triangulated, and adjacency of boundary simplices as well as non-boundary
simplices is introduced consistently. The introduction of the adjacency of boundary
simplices operate to reduce the total number of iterations. It seems that by com-
bining their devices and Algorithm (8-3) we can develope more efficient algorithm.
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