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ABSTRACT

Concepts of controllability of linear, time-invariant, discrete quantized control systems
are clarified and the differences from those of the systems with continuous-level controls
are pointed out. The relations between eigenvalues and controllability of quantized control
systems are discussed, and it is shown that the numerical property of eigenvalues has an
essential influence on controllability of such systems. Then, an index to measure the de-
gree of controllability of quantized control systems is introduced and its characteristics are
discussed in the case that every element of coefficient matrices in the transition equation
is rational.

1. Introduction

Control systems whose controls can take only given discrete-level values are
called quantized control systems. Some works have been made on those systems.
Control problems for systems with saturation characteristics or relay controls have
been studied by a lot of authors (see, e.g., FLUGGE-LoTz 1953; GiBson 1963;
PoNTRYAGIN et al. 1962). Lewis and Tou (1963) provided dynamic programming
technique for the optimal control synthesis of linear, sampled-data quantized control
systems with a single control input and distinct eigenvalues of the transition matrix.
KiMm and Dyapjuri (1967) provided integer programming approach for the optimal
control synthesis of quantized control systems. HAvirRAa and Lewis (1972) treated
control problems with even and piecewise-linear cost functionals and found that the
optimal control signals of those systems are necessarily quantized. They also pro-
vided differential dynamic programming technique for the synthesis of optimal
controls of those systems.

As is seen above, most of the works on quantized control systems have been
restricted to classical control theories and optimal control synthesis. So far as the
auther knows, any basic studies on control system structures of them have not been
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made so far. For example, even in the fundamental problems such as reachability
and controllability, the behavior of those systems may be quite different from the
systems with continuous-level controls. In the sense of reachability and controllability
of continuouslevel control systems, the state space is neither reachable nor con-
trollable almost everywhere if the system is the finite-dimensional, linear, time-
invariant, discrete quantized control system.

With the development of systems engineering, the applications of control theories
to various fields other than the conventional automatic control processes have been
rapidly stimulated. Many of them have, though it may not be recognized well,
controllers with discrete-level controls. For example, capital budgeting problems
for multi-stage economic systems with economies of scale (see, e.g., Aokl 1971),
control problems for additive automata (ARBIB 1965; KALMAN et al. 1969) and linear
sequential networks (Coun 1962; GiLL 1966; TzArFEsTAs 1972), programmed control
problems for traffic control systems, schedule control problems (MrTsuMoRr: 1969)
and control problems for the systems with some parallel-connected on-off controllers
are classified into this category.

Considering such directions of research development as above, we need some
basic studies on control system structures of quantized control systems to answer
questions such that ‘what is the system we are to control 2’ or ‘how good can we
control the system ?'.

Approaches may be different whether the continuous or discrete (multi-stage)
systems are treated. We restrict our attention to the latter, especially, the simple
finite-dimensional, linear, time-invariant, discrete quantized control systems as follows
in this paper:

2t +1)=Az)+But), ¢=0,1,...

where a state, x(¢), is an element of n-dimensional real Euclidean space, £*, and a
control, #(¢), is an element of the set of 7-dimensional integer vectors, Z"CE".
We call them quantized control systems for simplification in this paper.

The objectives of this paper are:

1. to clarify the controllability concept for the quantized control systems, where
the t-step controllable set will be defined as:

M={x]er”, Ju(c)eZ",z=0,1, ---,t—1 such that

.
=3 AH—fBu(r)},
=0

2. to obtain conditions for the existence of finite # such that M. =M, for all
#'>t in the quantized control systems with distinct eigenvalues,

3. to introduce ¢-step controllability index which is an index to measure the
degree of controllability of a quantized control system, discuss its characteristics,
obtain its easily calcullable upper and lower bounds in the case that every element
of matrices A and B is rational, and show that it is a physically natural index for
controllability of quantized control systems.

Quantized control systems can also be classified as the systems with restrictions
to controls. Some results on such systems have been obtained so far. For example,
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Concepts of Controllability of Quantized Control Systems

DesoEr and WiNG (1961) and WiNG and Desoer (1963) proved that the necessary
and sufficient condition for a single- or double-input, linear, time-invariant discrete
system whose controls, #i(z), are bounded as |ui(r)|<1 for all r to be completely
controllable is that it is completely controllable without bounds on controls and
|2;]<1 for all eigenvalues, 1;, of the system. BerTsEkAs (1972), RacHAVAN (1971)
- and SAPERSTONE (1971) also obtained some results on controllability of the systems
with bounded controls.

However, the restrictions on controls in the studies so far are mostly such
that the set of admissible controls is compact and convex. But the set of admissi-
ble controls in quantized control systems is not convex, and the analytical approaches
taken so far may be impractical. KaALMAN and others have developed the algebraic
approdch to control theory (KALMAN et al. 1969 ; ZeiGer 1967), where z-transforms
of inputs and outputs are treated as elements of the ring of polynomials, and input-
output relations and the state space as homomorphisms and the module on that
ring, respectively. Since the ring of integers which is the set of admissible control
values of quantized control systems resembles the ring of polynomials very much,
the same approach as theirs might be attractive to conquer the difficulty of dis-
creteness of control values in quantized control systems.

But, because of the integral property of controls, more concrete discussions can
be expected to be made in the studies of control structures of quantized control
systems. The approach taken in this paper is essentially based on the theories of
algebraic equations and geometry of numbers (see, e.g., TAKAGI 1971; TAKEKUMA
1972) which are among fundamental approaches in theories of integers and may
be easily understood in engineering sense.

2. Controllability of Quantized Control Systems

We introduce some fundamental definitions and define the controllability of
quantized control systems in this section.
Let Z be the ring of integers and let

Z7={z|lz=(21, ", 2, )€E", z;€ Z,i=1, ---, 7}
Definition 1. A system defined on 7={.-- —1,0,1, ---}:
z(t+1)=Ax@)+ But), x(t)e E™, u(t)eZ" (1)

is said to be a (linear, time-invariant and discrete) quantized control system, and
represented as S.

Note that any system with discrete-level controls such that u.(¢) takes a value
in {dgnk|neeZ} where 4 is a fixed real number for all k=1, ..-,7 is equivalent to

4, 0
S by replacing B with B 0 o)
4,
Let S be a system in which the restriction of u(t) is relaxed from Z7 to E7 in

S. S is a usual constant, linear discrete system, and we have natural definitions of
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controllability and reachability for S (KaLman 1961), that is:

x in E™ is reachable (controllable) if and only if there exist #(>1) and u(r)
in £7,r=0,1,---,#—1, such that x(0)=0 (2(0)=x) and z{($)=z (x(¢)=0).

It is known that, in general, {x|x€E™, x: controllable}D{x|reE™, x: reachable}, and
two sets coinside if and only if A is nonsingular.

However, if we define controllability and reachability of S the same as above,
such relation may not hold for S. Because, in S, if % is reachable, there exist #(>1)
and #(r)eZ", r=1,---,t—1 such that

=x(0)=A""'Bia(—t)+ -+ + ABiu(—2)+ Ba(—1).
Then, starting from this initial staté,
2@t =A"{A Bi(—t)+ -+ +Bia(—1)} + A" Bu(0)+ - + Bu(t’ —1) (2)

for any #/(>1). Since u(r) belongs to Z7 for all r=0,1,---,#—1, #(>1) and «(zr) in
Z"(z=0,1,---,#—1) which make 2(’)=0 in (2) do not necessarily exist. Hence, &
may not be controllable.

Let us define controllability of S as follows:

Definition 2. Let x' and z? be states of S. Then, 2 is said to be quantized
controllable from x' if there exist #(>1) and wu(r)eZ” (r=0,1,---,£—1) such that
=Alx'+ 32 A Bu(c). (xb, x?) is called a controllable state pair.

Fig. 1. Controllable state pair (z(0), 2(2)), where z(2)=A2%x(0)+3AB+2B.
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Concepts of Controllability of Quantized Control Systems

Definition 3. S is said to be completely quantized controllable if (2, 2%) is a
controllable state pair for any x!, z*¢E™.

Definition 4. R,={(z!, z?)|z!, 22€E", Ju()eZ", r=0,1,---,¢—1, such that z*=
Alx'+ 32t A" Bu(r)} is said to be the set of #-step comtrollable state pairs.

Let us define an equivalence relation, ~, on R; as follows:
(z!, x)~(y*, v?) if and only if x2— Alx'=y*— Aly'.
Then, the coset R;/~ is obviously isomorphic to M,={z|z€E™, Ju(r)eZ",z=0,1, -,
t—1, such that z= 3!z} A*'*Bu(r)}. M, is said to be the t-step controllable set of S.

Theorem 1. S is completely quantized controllable if and only if, for any z in
E™, there exists #(>1) such that xeM..

Proof. Necessity: if there exists £eE™ such that #¢M, for any #(>1), (0, %) is
not a controllable state pair by the definition of M,. Hence S is not completely
quantized controllable.

Sufficiency : for any states, ! and z?, there exists #(>1) such that x=2%— Alx'e M,
by the assumption. Hence, there exist u(r)eZ" (z=0,1, ---,#—1) such that 2?— A'zx'=

‘2t A'-"Bu(z). This implies that S is completely quantized controllable.

Corollary 1. No quantized control system is completely quantized controllable.

Proof. For any quantized control systern; S, M.=U¢, M, is countable by the
definition. Hence, there exists xe¢E£™ such that x¢M.. Then, by Theorem 1, S is
not completely quantized controllable.

Above discussions imply that we had rather study under what conditions there
exists finite #(>1) such that M, =M, for all #>¢. We provide its partial solution
in Section 3.

3. Expansion of M,

It is known that V.=V, for all £># in a continuous-level control system, S,
where V,={z|xeE™, x: a state reachable in ¢ steps}. However, in S, this fact does
not necessarily hold and, in general, the ascending sequence of M, such that

M,c---cM,_,CcM,CM;,,C---
is generated.

We assume that A has distinct eigenvalues, dy, -+, d,, in this section. Then, A

dy 0
can be factored into A=T-'DT, where T is a nonsingular matrix and D=( 1‘-, )
0 d,
Define sets
D(x, s, k)={u|u=°, 1", -, u*YeZ* x satisfies
284 (sTub~V)gb-14 o +(sTut)x+ (sTu®) =0}
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and
D'(z, s, k—1)={u|lu=(u", u', -, u*)eZ*", x satisfies
(srukl)qu 4 o +(sTu‘)x+(sTu“) =0}

where zeC®, seCT, C"={c|c=(cy, -+, c+), ¢; iS a complex number} and £ is a positive
integer.

Furthermore, let TB=(A).» and let I={i|1<i<n} and I;={i|iel, h;;#0}
(j=1, Ty 7’)'

Lemma 1. M, =M, for all #>¢ if and only if M,\,=M,.
Proof. Since M,,,cM,., if M,,,=M, the proof is obvious.

Theorem 2. M, =M, for all #>¢ if and only if

niteD<di’_71j_ (hil) Tty hir)) t> n ieI—IjD/(diy(hil) Tty hiT)’ t_1)=¢ ( 3 )
i
for all j=1, .-, 7.

Proof. M.=M, for all ¥>¢ if and only if A’B is represented as an integer
liner combination of B, AB,---, A“'B by Lemma 1. That is, for any column,
bi(j=1,---,7), of B, there exist #¢Z"(r=0,1,---,£—1) such that

AI=A""'"Bu~'+ .- + ABu'+ Bu’. (4)
Substituting A=T-'DT to (4) and multiplying T from the left, we obtain
DTy’ =D"*TBu*~'+ -+ + DTBu'+ TBu",

or, in component form,

dihiy=di 3 b+ - +di 3 higui+ 3 o, i=1, -, (5)
Jj=1 j=1 j=1

Hence, the condition (4) is obviously equivalent to the condition (2).

Though Theorem 2 is an intuitively trivial assertion, an important corollary
for single-input quantized control systems can be derived from it:

Corollary 2. Assume that =1, ie., S is a single-input system. Then, there
exists #(=>1) such that M, =M, for all #'>¢ if and only if d; is an algebraic integer*
for all iel,.

Proof. Necessity : by Theorem 2, there exist #.€Z(r=0,1,---,#—1) such that

dit—u;‘ldf;_l—' e —uldi—uu=0

* An algebraic integer is a solution of any finite order algebraic equation with integral
coefficients whose highest order coefficient is 1, ie., 2™+ a@m_12m 1+ -+ a2+ ay=0, @iZ,
i=0,1,.,m—1.
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Concepts of Controllability of Quantized Control Systems

for all iel;,. This implies that d; is an algebraic integer for all iel,.
Sufficiency : by the assumption, there exist #;(>1) and ;. €Z(iel;, =0, ---,4,—1)
such that d;(iel,) satisfies an equation

$ti+1:¢il5—lxzi_1+ o tunr+un=Fi(x)=0.

Then, all d,(iel,) satisfy an equation with integral coefficients

[T filx) =2+ thgo12* "+ -+ + 210+ %=0,

i€l
u.€Z,7=0,1, .-, t¥*—1. (6)

And for any iel—1, it is obvious that for any #>1), Z"cD’(d;, ki1, t—1). This
and (6) imply that the condition (2) in Theorem 2 holds. Hence, there exists #(>1)
such that M, =M, for all ¢’ >¢ by Theorem 2.

Corollary 2 shows the relation between the controllability property and the
eigenvalues of S when S has a single-input. The fact that the numerical property
of eigenvalues heavily influences on controllability is essentially different from the
results for S, where the expansion property of the set of reachable states can be
clearly described by using controllable subspaces in E™.

For example, since any rational number which is not an integer can not be an
algebraic integer, M, ,2M, for any #(>1) if there exists i€/, such that d; is rational
but not integral, that is, the expansion of M, never terminates.

Extension of Corollary 2 to the general multi-input case can be obtained only
as a sufficient condition.

Corollary 3. If d; is an algebraic integer for all i=1, .., %, then there exists
#(=1) such that M,.=M, for all #>¢.

Proof. Let ti(i=1,---,n) be the order of d; (the order of the algebraic equation
which d; satisfies), and let #="f;. Then, all d;(i=1, ---, n) satisfy an equation

3

I

(&' +typarx 4 oo ugz+2440)
1

1
=2 syt o izt
=0, w%.€Z1=0,1,--,t*—2, (8)

where t*=nt+1 and d; satisfies z'+#y— 12+ -+ +un+u,w=0 (u;.eZ,r=0,1, ..., t—1)
for i=1, -, n.
Besides, multiplying z to (8), all 4;(i=1, ---, ») satisfy

x"+wt‘_1x"‘l+ eee +w1x+ wOZO,
w.eZ,c=0,1, -, t*—1. (9)

On the other hand, (5) can be rewritten as
t—1 t—-1 t—1
s (3 (00 + o o 5 (it dt) + - (5, (i) =0
=0 =0 =0
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i=1,'”,n,j—_—1,"‘,7’. (10)

Then, (8) and (9) imply that there exist #>1) and #jeZ (z=0,1,--,¢—1,7=1,---,7)
such that (10) holds for all i=1,---,# and j=1, ---, 7. Hence, the corollary is proved
since M. =M, for all #'>¢ when (10) holds as is seen in Theorem 2. '

We should note that the assertion of Corollary 3 is weak. Even if d; is not
an algebraic integer for some i, there may exist #(>1) such that M, =M, for all
t’>t. But the above corollaries tell us that the numerical characteristics of eigen-
values of S highly influence on the controllability properties of S.

Numerical Example
Let us investigate the expansion property of M, of the quantized control system :

(xl(t-}-].)) ((3—«/5)/2 0 )(m(ﬂ) (—1)
= _ + u(t),
2zt +1) 2/3 B++V5)/2/\z.(8) 2

where u(t)eZ for all £>0.

B
| \\o —>x)

Fig. 2. M, in the numerical example.
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The eigenvalues of the system is (3++/5)/2, which are algebraic integers since
they both satisfy the equation x2—3z+1=0. Hence, there exists #(>1) such that
M, =M, for all #’>t by Corollary 2.

Actually, at =2,

=1 (=3+4B)2 (=7+3vV5)2
(BABAZB)z( (=3+v5))2 (=T+ )/)

2 (74+345)/2 54345
and

A*B=3AB—B

holds. Hence, M, =M, for all #>2 for the above system (Fig. 2).

4. t-step controllability index

4.1. q-mesh quantized controllability and t-step controllability index

As is seen in Sections 1 and 2, the concept of controllability of quantized con-
trol systems, (1), should be much different from that of systems with continuous-
level controls. Quantized control systems are not completely controllable in the
ordinary sense (Corollary 1). Hence, we had rather handle with the problem; ¢ to what
extent is the system controllable ?”. We provide some physically natural index to
measure the degree of controllability of quantized control systems. We assume

X2
A
. S
5 q
) «
1/q3
> x
0 <;1/q1 !
by
¥ > N

Fig. 3. A gq-mesh set in E?2,
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that every element of matrices A and B is rational.
First, we introduce the concept of mesh controllability.

Definition 5. Let g=(qi,--,¢x) be a vector in E" such that ¢; is a positive
rational number for all i=1,..-,#. Then,

Qq={x|x=(x,, v Zp)EE™, mi=8i/qs, 5:€2,i=1, -+, 1}
is said to be the g-mesi set of E™ (Fig. 3).

Definition 6. A quantized control system, S, is said to be g-mesh quantized
controllable if Q,C M..

Define G:=[B AB ... A*'B] and let g;;=w;;/m;; be the (i, j)-element of G, where
gi; is rational, and n;; and m;; are relatively prime integers (i=1, ---,n,7=1, .-+, #r).
Let zy=lecm. (meyy, -, M), ztizm;jmij (J=1, -, 10, yu=g.cd. (amy, -, BiyMy,)

21 0
(i:]_,~',7’l)yzt=(y‘1/z“’.“’ym/zm) and P;::(O ).

Ztn,
Lemma 2. M,CQ,: for any #>1).

Proof. Obvious.

Since M;DM; for any f such that 1<f<¢ Lemma 2 implies that every z4¢Q.
can not be reached from the origin by #(<¢) steps. Furthermore, it is obvious by
the definition of z¢ that Q,: is the finest mesh set which includes the states reachable
by ¢ steps.

Since M., is countable in E*, the degree of dispersion (in physical sense) of
the points of M; in E™ would be a physically natural index to measure the degree
of controllability of S. Such an index should be independent of controllable state
pairs and depend only on the structure of S. Considering those, we define:

Definition 7. ¢ =22, wdzr||lz—Gou)| is said to be the #-step controllability index
of S, where || - || is the Euclidean norm.

To begin with, we should make clear the relation of ¢ to the degree of con-
trollability in the original state space where controllability pairs are defined. In
that space, ¢; can be written as follows:

& =5repn udzer |2 — A'w") — Gl
="atepn uegtr ||2°— (Al + G|

That is, e represents the degree of controllability when the worst state pair (z?, z?%)
is assigned as the initial and the terminal states. This implies that ¢ is the index
also to measure the degree of controllability in the original state space, and this
fact makes important the concept of e;.

Though it is not easy to calculate ¢ for each #(>1), usually we are not likely
to need precise data of ¢ and we may need only some upper and lower bounds in
most cases. By the definition, ¢, =co if rank G,<n. We develop the bounds of ¢
in the case that rank G.,=n.

Let g.cd. (E) denote the greatest common devisor of n-order subdeterminants
of nxXn' (n<n') matrix E.
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Lemma 3. c;=g.cd. (P.G))/g.cd. (P.G:}e;) is an integer for all i=1,---,n and all
t(>1) such that rank G,=#n, where (P.G:ie;) is the augmented matrix of PG; to
which e;=(0, ---,(l; -+, 0) is added.

Proof. There exists aeZ such that g.cd. (PG;)=ag.cd. (PG;'e;) since g.cd.
(PG, e)=g.cd. (gcd. (PGy), gcd. (PG;ie)). But gcd. (PG:iie)x0 since rank
G,=n. Hence, ¢;; is an integer.

Lemma 4. g.cd. (PG)=g.cd. (P.G:'cue:) for all i=1,---,% and all #>1) such
that rank G,=#»n. And ¢, is the smallest positive integer such that this equation
holds.

Proof. c,; is an integer by Lemma 3. Let g.cd. (P.G;:cue;)’ be the greatest
common devisor of n-order subdeterminants of (P,G;:cye;) of which columns include
Cti€i. Then,

g.cd. (PG::cuei)
=g.cd. (gcd. (PG, gcd. (PG,:cue)’)
=g.cd. (cug.cd. (PG::e), cuged. (PG;iey))
=cug.cd. (PG,le;)

This proves the former part.
For any é;;€Z such that 1<¢,;<cy,

g.cd. (PG
>éng.cd. (PGyier)
=iy ged. (ged. (PGy), gcd. (PG:ies))
=g.cd. (Cugcd. (PGy), Tugecd. (PG:ie))
>g.cd. (gcd. (PG, gcd. (PG, :Cues))
=g.cd. (PG;iCne;).
This proves the latter part.

Lemma 5. Let Azx=b be a linear simultaneous equation where A is an #xn’
(n<n’) matrix and b is an n-dimensional vector with all elements integral. Then,
the equation has an integral solution, xeZ%, if and only if g.cd. (A)=g.c.d. (4:b).

Proof. See (SaaTy 1970).

Theorem 3. For any #(>1) such that rank G,=n, let ¢'=(zu/cu, -+, Zin/Cin)-
Then, Q. M, and S is g’-mesh quantized controllable.

Proof. For any such ¢, there exist u*eZ¥"(i=1,---, %) such that Gui=P;'Cee;

Ct1 0
(=1, .-,#) by Lemmas 4 and 5, where Ct=(0 ) For any seQ, (g*-mesh set),
c

tn,
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there exist s;eZ (i=1, .-, #n) such that s=X7, P, Cisie;.  Hence, s=G,u where u=
TiasateZ. This implies that seM,, which means that Q.c M,CM.,.

Corollary 4. S is z'-mesh quantized controllable if ¢,;=1 (=1, ---,#) for some
#(>1) such that rank G,=un. If Q.:=M, for some #(>1) such that rank G,=#, then
cu=1 for all i=1, .-, n.

Proof. The former part is obvious. The latter part is also easily verified by
using Lemma 5.

Theorem 4. Let ¢* be a vector defined in Theorem 3, and let ¢’=(g;, -+, ¢») be
any vector such that components are rational and positive and g¢{<g; for some ¢
(1<i<n). Then, Q, & M, for any #'<t.

Proof. 1t is sufficient to prove that @, ¢ M,. For any ¢’ satisfying the assump-

¢, O
tion, assume that ¢i<gq;, and let ¢;=z;/q; and C’=( 1'-, ’).
Cn
Suppose that @, cM,. Then, there exists #*€Z" such that Gu*=P;'C’e; since
P 'C'ereQpc M, This implies that P,G,x=ciex has an integral solution, from
which g.cd. (P.Gy)=g.cd. (P.G::cier) holds by Lemma 5. But since c¢/<ci; by the
assumption, it contradicts Lemma 4. Hence, Q, ¢ M,.

Theorems 3 and 4 show that @, is the finest mesh set reachable by ¢ steps in
any quantized control system. Furthermore, @, is the only such mesh set except
subsets of Qg which are mesh sets:

Theorem 5. For any #(>1) such that rank G,=n, let ¢g=(q1, ---, ¢») be any vector
such that ¢;=sicu/zi (i=1,---,n) wWhere s;eZ (i=1, ---,m). Then, Q,C M, and Q. ¢ M,
for any vector with all components rational and positive, ¢’(*q).

Proof. Easily verified by using Lemma 4.

We characterized the finest mesh sets related to the mesh controllability in
Lemma 1, Theorems 3, 4 and 5. These lead us to the introduction of easily cal-
cullable upper and lower bounds of ;.

Let us define two parallelotopes as follows (Fig. 4):

K'={zlz=(x, -, n)€E™, 0< s < yYsif 200, 1 =1, ---, 11}

Ki={z|lz={xy, -, xa)€E™, 0< 2 < i) 201, i =1, -+, 1},
where they are defined for any #(>1) such that rank G,=#n. And let extK*(i=1,2)
be the set of vertices of Ki(i=1,2).

Then, M;N(K'—extK')=¢ by Lemma 2. Hence, if we define &="5% 2t
||lx—2]|], &<e holds. Since ¢ is obviously the Euclidean distance of the origin and

the center of K1,
1 n : 2\1/2
=55 (%)) a

On the other hand, extK*cM, by Theorem 3. Hence, if we define
& =008 M ke |2 —v]|, &<& holds. As same as above,
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1/ %y =t Yea/Zes

Fig. 4. Parallelotopes defining ¢ and &.
1<n (Qi)z >1/2
§=— — . 12
' 2 1§1 21 (12)

Theorem 6. ¢ <e, <& holds for any #(>1) satisfying rank G;=#, where ¢ and
& are defined as (11) and (12), respectively.

So we have proved :

Hence, & and ¢ are upper and lower bounds of ¢, respectively. It is relatively
easy to obtain their values, though the value of ¢ itself is not easy to find*.

Numerical Example

Let us calculate upper and lower bounds of ¢ of the quantized control system:

wE+D\ (=12 43\/z @)\ (13 '
e e i
xz(t“l'l) 0 -—2/5 xz(t) 1
Y3 76 6 0
1 #=2: G2=[BAB]=( \ ),Pz ( )

—255/"" " \0 5

- g.cd. (PG,) _ g.cd. (-39 _39
" gcd. (PGrie)  ged. (=39, —52)

* The approximate value of ¢; in any precision can be obtained by the finite number of
iterations of relaxation algorithm for nonlinear programming.
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o gecd. (PG:)  gcd. (—39) _39
27 ged. (PGaies) ged. (39,27 77

e=1/2((1/6)+(1/5)%)'"2=0.0768,
£2=1/2((39/6)*+(39/5)%)*2=5.08.

1/3 7/6 —67/60 60 0
2. t—_—3 : G3: ’ P8= )
1 —255  4/% 0 25

C31= 195, C32= 195,
s =1/2((1/60)2+(1/25))2=0.0216,
&= 1/2((195/60)2 + (195/25)%)2 = 4.225.

(1/3 76 —67/60 463/600) . (600 0
1 —255 425 —gj25) " \o 125)’

3. t=4: G4=

¢11=5, ¢42=D5,
&=1/2((1/600)%+ (1/125)%)*2=0.00410,
&=1/2((5/600)2+ (5/125)%)'2=0.0411.
5 O (1/3 7/6 —67/60 463/600 —2827/6000)’ P =(6000 0>’
1 -2/5 4/25 —8/125 16/625 0 625
€51="5, 52=9,
&=1/2((1/6000) 4 (1/625)%)*2=0.000804,
&=1/2((5/6000)*+ (5/625)*)*/% =0.00409.

Corollary 5. &=1/2(3 7 (yui/2::)?)"? for ¢(>1) such that rank G,=n if M,=Q..
Proof. Easily verified by Corollary 4 and Theorem 6.

¢, is monotone nonincreasing by the definition and the fact that #=(«’,0)eZ ¢+
for any #’eZ%. This property also holds for & :

Theorem 7. £, is monotone nonincreasing with respect to 7.

Proof. Since Qg and Q.. are the finest mesh sets included in M, and M,,,,
respectively, by Theorems 3,4 and 5, and M, C M., ¢ir1i/2e10<cu/2; for all i=1, -, n
where ¢* and ¢‘+! are vectors defined in Theorem 3. Then, the assertion is true by

the definition of &, (12).

Lastly, we relate the convergence of ¢ to the infinite behavior of the expan-
sion of M,.
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Theorem 8. M, is dense in E™ if and only if lim,.. &=0.

Proof. Necessity : assume that there exists §>>0 such that =%, izt ||2—Goul]
>4 for any ¢ satisfying rank G,=#. Then there exists £€£™" such that ||z—Gu|| >0
for any such ¢ and any #eZ*. This implies that M, is not dense in E™.

Sufficiency : if lim,.. =0, for any >0, there exists f such that %, ¥z
le—Gru|]<d for any ¢>f. Then, for any z€E™ and any ¢>f, there exists ueZ*"
such that ||x—G.x|| >0, which implies that M, is dense in E™.

By Theorems 6 and 8, M., is dense in E™ if lim_.ci/2:=0 for all i=1, -, 2.
If M, is dense in E», we can reach a point sufficiency near any terminal state
from any initial state, that is, S is almost completely quantized controllable. When
the controls are restricted to discrete levels, this would be the best situation of
controllability. The relation in Theorem 8 is also the basis of the physical signi-
ficance of e;.

4.2 Relation to controllability of continuous-level control systems and control-
lability of quantized control systems with integral coefficients

It may be interesting to compare g-mesh quantized controllability and usual
reachability of continuous-level control systems. We have the following relation
between them:

Theorem 9. S is completely reachable if and only if there exists g=(gq1, -+, ¢n)
where ¢;(i=1, ---,n) is rational and positive such that S is g-mesh quantized con-
trollable.

Proof. Necessity: if S is completely reachable, rank G,=# (KaLmMaN 1961).
Then, by Theorem 3, S is ¢g"-mesh quantized controllable where ¢*=(2,1/Cn1, ***5 Znn/Crn)-

Sufficiency : by the assumption, there exist #;(>1) and #feZ*" such that G,ui=
(1/g)eieM;; for all i=1,.-,n. Then, by Lemma 5, rank G,=rank (G;:(1/g:)e:)
(i=1, ---,n). Hence, defining ¢t==¢ ¢,, every e; (=1, ---,%) is linearly dependent to
the columns of G,, that is, rank G,=#». This means that S is completely reachable
(KaLMAN 1961).

Complete reachability of S does not necessarily imply g-mesh quantized con-
trollability of S for any ¢ with all components rational and positive. For example,
the following system is completely reachable as §, but not 1-mesh quantized con-
trollable as S where 1=(1, ---,1):

z1(t+1) -1 =1\/z:(®) 1 =1\ /wuit)
At P A X A
zo(f+1) 2 0/ \z(® 0 2/\u.(®)

{xlx=(x1, 2z2)€E? 21€Z, 2,=25+1,5€Z} N M;=¢

In this system,

for any #(>1). Hence, M,*x@; for any #>1) (Fig. 5).
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;2
4 A 9
2
"o A
- ?xl
-1 B1 1
(AB)Z
-2

Fig. 5. M, of the example system (13).

If all elements of A and B are integers, most of the above results become
quite simple. We are only necessary to substitute z,= --- =z,=1 to the above
results. For example :

Corollary 6. Assume that all elements of A and B are integers. Then, M,=2Z"
and ¢=1/2(n)*'? if c;=1 for all i=1, -, n.

Proof. Easily verified by using Lemma 1, Theorems 3 and 6, and z;= -+ 2=
Cp1= *** Cm‘—‘l.

Lemma 6. If the elements of A are all integers, A‘B can be represented as
an integer linear combination of B, AB,---, A"'B for any #{>n).

Proof. If all elements of A are integers, all coefficients of the characteristic
equation of A are integers. Then, the assertion can be proved by induction’ using
Cayley-Hamilton’s theorem.

Lemma 6 tells us that, if the elements of A are integers, the expansion pro-
perty of M, is very much similar to that of a continuous-level control system,
that is: :

Theorem 10. If the elements of A are all integers, M,=M, and ¢=¢, for all
t(=n).

Proof. Obvious by Lemma 6.

Hence, if we interpret controllability of quantized control systems with integral
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coefficients as 1-mesh quantized controllability, controllability properties of quantiz-
ed and continuous-level control systems are quite similar.

A discriminating condition for S with all elements of matrices integral to be
1-mesh quantized controllable can be obtained as follows:

Corollary 7. Assume that all elements of A are integers. Then, S is 1-mesh
quantized controllable if and only if g.c.d. (P.Ga)=g.c.d. (PxGr: Pye;) for all i=1, ---, n.

Proof. Necessity is obvious by Lemma 5 since P,e;€@Qy (i=1,--,%). For suffi-
ciency, there exists #teZ* such that Gut=e; for all i=1, .., # and for all ¢{(>n) if
the assumption holds by Lemmas 5 and 6. This implies that S is 1-mesh quantized
controllable since ey, -+, e, form a basis of Z™.

For the 2-order system (13), g.c.d. (G.)=2, g.c.d. (Gsie;)=2 and g.cd. (Gsex)=1.
Hence, the system is not 1-mesh quantized controllable by Corollary 7.

The condition in Corollary 7 is a necessary and sufficient condition for S to be
quantized controllable in a sense of the interpretation stated above. In continuous-
level control systems, the condition and the concept of controllability corresponding
to those of S are rank G,=#» and complete reachability.

5. Conclusion

No quantized control system is completely reachable in the ordinary sense.
Furthermore, in quantized control systems, reachability and controllability have no
such clear relations as in usual continuous-level control systems.

Quantized and g-mesh quantized controllabilities were introduced to make clear
the concepts of controllability of quantized control systems. And it was shown
that the expansion property of the #-step controllable set, M, with respect to ¢ is
deeply related with the numerical properties of eigenvalues of the system.

Then, the ¢-step controllability index, ¢, representing the degree of controllability
of quantized control systems was defined, and its upper and lower bounds were
introduced by using the relation of M, with g-mesh quantized controllability. The
definition and characteristics of ¢, showed that ¢, is a physically natural index to
represent the control structures of quantized control systems.

The relations of g-mesh quantized controllability to reachability of continuous-
level systems were shown. Especially, the former was found to be a natural con-
cept of controllability of quantized control systems with all coefficients integral.
Furthermore, it was shown that the expansion propery of M; in those systems is
similar to that of continuous-level control systems.

Actually systems involving both quantized and continuous-level controllers are
also important. Also for those systems, it is basically possible to extend the dis-
cussions in this paper to the subspace which can not be spanned by continuous-
level controls. ;

The difficulty for the systems discussed in this paper arises from the fact that
the state space and the set of admissible controls are defined on quite. different
algebraic systems, i.e., a field and a ring. In that sense they must be classified
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into a different category from any systems of which control structures have been
studied so far.
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