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ABSTRACT

The harmonizable stochastic processes X(t):ﬂw eitzZ(dx) are additively built up by

elementary harmonic oscilations eitzZ(dz), each of which has an angular frequency z, while
the random amplitude and the random phase are determined by the elementary increment
Z(dzx). It is well known that the necessary and sufficient condition for the validity of the
weak law of large numbers for such a process is described in terms of the spectral dis-
tribution EZ(dx)Z(dy). However, for the strong law of large numbers, sufficient conditions
have been given in terms of covariance functions for weakly stationary processes or some
non-stationary stochastic processes. In this paper a sufficient condition for the strong law
of large numbers is given in terms of the spectral distribution for harmonizable stochastic
processes.

1. Let

oo

e Z(dx)

(1) X(t)= S

be a harmonizable stochastic process, in which Z(S) is an additive stochastic set
function defined for each Borel set S on the real axis such that

1.2 EZ(S)=0,
(L.3) EZS)Z(S)= Sm S,,m dF(z, v),

where F(x,y) is a function of limited total variation over the whole plane, that is,

1. 4) SSiowldF(x, y)| <oo.

* Now at Musashi Institute of Technology, Dept. of Industrial Engineering.
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X(?) is a process of the second order with EX(#)=0 and the covariance function of
X(¢) is given by

1.5) (s, )=EX(s)X({?)

=3

=\\" eremwaria, )

which is continuous on —oo<s, #<co and F(x,y) is hermitian symmetric; F(x, v)
=F(y,x). F(x,y) is called the spectral distribution function of X{(#). Such a pro-
cess was first introduced by Lokve (1948) and some applications of this process
were discussed in Branc-Lappierre and ForTET (1953). In Loive (1948), he has
shown that if X(#) is a harmonizable stochastic process, then

(1.6) Y()=Lim. ZTS e X()dt

exists for every u, EY(#)=0 and
(L.7) EY(u)Y(0)
=Fu+0,v+0)—Flu—0,v+0)— F(u+0, v—0)+ F(u—0,v-0).

That is, the weak law of large numbers for X(¢) always holds, whenever F(z, y)
is continuous at origin.

Now we talk about the strong law of large numbers. Lotve (1948) and CRAMER-
LEADBETTER (1967) gave the sufficient conditions for the validity of the strong law
of large numbers for general stochastic processes of second order.

THEOREM A. (Lokve (948)) Suppose that X(t) is a stochastic process which is
continuous in the mean over all the finite segment. If, either

(1) for sufficiently large £,

(1.8) Y, H)<C<oo and

(1.9)

1 TrT
TZ_—,.S S 7(ut, v) dudv <D< oo,

where C>0,¢>0, D are some constants, or

D)  with probability one,

(1.10) 1X()| <C' < o0, —co<t<co and
o TreT
(L11) , S %?;_g S r(, v) dudv < D’ <o,

where C'>0, D’ >0 are some constants,
then we have

T
(1.12) lim%g X(O)dt =0
T—c0
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with probability one.

THeoREM B. (CRAMER-LEADBETTER (1967)) Suppose that (s, t) is continuous
for s,t=0 and that

s+t
(1.13) |7(s, 1) <Km,
where K, a and B are constants such that K>0,0=2a<p<l. Then we have

(1.14) tim (" X(0t=0
T—co T 0
with probability one.

These can be applied to the case of harmonizable processes. On the other
hand VERBITSKAYA (1964) gave the condition for the strong law of large numbers
for weakly stationary processes which were better than the above Lokve and CRAMER-
LEADBETTE’s conditions applied to weakly stationary processes. However, a remar-
kable fact is that the method of the proof of VERBITSKAYA could be applied to the
more general processes not necessarily stationary and in fact, KAwATA (1972) has
noticed the following result applying it to some other class of non-stationary pro-
cesses:

THEOREM C. Let X(t) be a stochastic process of the second order with EX(f)
=0, —co<t<oo, If

(I
(1.15) S"“E|X(t)|2dt<1{,

Jor all integer n with —oco<n<oco, K being a constant independent of n, and

(IL) there is a non-negative function g(u), 0=wu<co, such that

(1.16) Sx er<u+f, v-+2) dudy gg o(w)du
0 JO 0
Jor every —oo<r<co,0=x<00,
where
* log? x
(1.17) S —g(x)dz < co.
1 X
Then
1 T
(1.18) lim TS X(t)dt=0
T—co 0

with probability one.

In this paper, we shall, following KawaTA’s line, handle the problem and give
sufficient conditions in terms of the spectral distribution F(z,y) for the strong law
of large numbers in the case of harmonizable processes.
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2. Let X(¢) be a given harmonizable process with EX(f)=0, —co<t< oo, and
the spectral distribution function F(z,y). We begin with the following lemma.

LEMMA 1. Suppose that for u—0+,

for some a,b,cel0,c00) and some d,e, f€[0,1] and some 6>0, where
Dlz{(x) y): Ix|§ui Iyléu}r

Dy={(z, v): |x|=u, u<lyl}

and
Dy={(z, v): u<|z| =1, n<|y|=1}.
Then
=) 1 2
@.4) S 8L it eyt <o,
where
2.5) i, ﬂ:max{&s S Hute, v+7) dudv}, o< <0,
0Ssst 0 Jo
Proof.

We can easily see by (1.4) and (1.5) that

t t
2.6) S S r(u+t, v+7)dudv
0Jdo
sin . sin v
=" eliew 22 apy)
oo xy
Therefore, we have
t t
2.7 lS S r(u+r,v+r)dudv’
0 JO
» |sin %t sin %t-
=4 1P, v)|
—oo x y

which is split into five parts for large >0

Yooy o:) doc) o Lo
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where

and

2
{0 EEAE:

-

pt=|
Dr={(z, 0 lel= 2, ly1>2
pt=|
-|

-

¢

(z, ) |2l >=— ,Iylé%,

Df=(z, y): <Ia:[<1 —<|y|<1}

D¥=(— 00, 00) X (—00, 0c0)—D}¥U D¥ U D¥U D¥.

Since [sin x| =|x|, we have

2.8)

2.9

yt

xt
o/t pope SIN —— sin —— £\2-e-bpee/t 2t ]
U 2 urea=(z) U
o Jo Y 2 o Jo Y

yt

xt
2/t sin - sin —- 1-ep2/t poo
S S —2 2 4R, ’.t/)]_( ) S S :
o Jo xy 2 o Jore XY

which is, since

(2.10)

and

@.11)

We have

2.12)

1 1 1
e

4= =
y oyt Ty (

4
) for y=

l\?l«»-
N.ll\?

IIA

sin 2t sin ¥ia
Sl S‘ 2 2

2/t J2/t xy

1 1 1
d ] § — d ’
aFen=| { laFe)

IIA

sin ot sin v
S“’S"" 2 2
1J1

2 yar s 1Pl

similar estimates of the integrals in other quadrants.

1 t t
I_S S -+, 0+7) dudv‘
4 Jo Jo

IA
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£ \2-¢—d p2/t poo 1
(5) So Sz/t zy?

t\2-e-7f 1
(?) Sz/t Sz/t zy’

[dF (z, y)l,

]

|dF (=, v)l,

|dF (x, y)|

Thus, we have

() Volrriere ”)'J“Z(z)z_f—dSmSnxl e 40
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+(5) " Lol e o {{_er o

Now we can easily see

S‘S Hu+e, 0+7) dudvl<t’SS dF (@, v)].

0

Hence, taking »=2/¢ in (2.1), (2.2) and (2.3), we have, for large ¢,

2

(2.13) A, )= C Tog 7t
for some constant C>0, which completes the proof.

Here we shall give the conditions for the strong law of large numbers for
X(#) in the following theorem.

THEOREM 1. Suppose that the spectral distvibution function F(x,y) of a process
X(t) satisfies the following conditions: for 6>0,

' 1

2.14 S S dF(z, =0<——.>
(@14 1l gu |u|§ul @ vl |log u|**?

1
2.15 S S dF(, (————)
(@19 lzf5u Jyl>u |y| To 19 vl = |log 2|®+?
and

1
2.16 S S dF(z, (————)
(2.16) lol>u Jlyl>u lwyl Tog @ V= u*|log ul*+?
for small u>0. Then
2.17) | hmﬁs X($)dt =0

with probabilility one.
Proof. To prove the theorem we use the method of VERBITSKAYA (1964). We

0
shall prove only that —S X(t)dt—0, since %S X(@)dt—0 can be proved in the
T

same manner. Let
T

@.18) S(T)=S Xt\dt, T=1.
0

For any given 7, there exisfs a positive integer z such that n=T=#n+1.
Then, we have

2.19) ’ S: X(t)dtl

S|=

él

X~

S:X(t)dz“ +%S:“ | X()\dt.
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The second term of the right hand side approaches zero with probability one when
»n tends to infinity, because

(2.20) E(%Snﬂ ]X(t)[dt>2
=% nl—z S:“;X(t)m
\

E\{" 1aF @ vl <co.
Hence, it suffices to show that
(2.21) lim 2L =

with probability one.
Now any positive integer » can be uniquely represented in the form
2.22) n=2%4 2k kst .. 4Dk Ry >Ry > hy o >k =0,
"s being integers. Then we can write
(2.23) 1S(m)| =1 S(@2%)| + | S(2%1 + 2%2) — S(241)|
+ oo | S(@2F - (2hr ks - DRam ke oo - DEsm1-ks 4 ])2ks)
—S{(2k1 4 (2kzks 4 ... 4 Dks-1-ks)Dks}|,

Using this relation, we have only to show that the series, for any ¢>0 fixed,

2.24 5 | E
@2 Erlbr sz
co k-—12k—-p-— 1 e
& DY __ k }4 —_—
(2.25) b)) }; §a { 7 (8@ (@ +129) - 52"+ ¢27)| 2 +1}
are convergent (VERBITSKAYA 1964). But by the Tchebychev’s inequality, we have
i S(2%) €
220 2 P{ 2" é1e+1]
1 & (B+17 (22
== 25 w0 dua
which is
1 & (k+1)
S X g H2H0)
oo 2
g%g Log* &, 0)da,
€ 1

where A(x, ) is the one in (2.5) and C is a positive constant. Here the last term
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converges by virtue of Lemma 1. For (2.25) we have, again using the Tcheby-
chev’s inequality,

o k—1 2k-p—1 1
em 5 EEP||geearnr)-seren|z £
k=1 p=0 gq=0
1 & k=robp-1(py 1) 2P 2P
== TS S r(2’“+q2”+u,2"+qu+v)dud71’
& Zip=0 g¢=0 2 o Jo
which is
C & &t (k+1)
§€_"§IZ=: : k+p) h(27, 7o),

where 7, is such that

2.28) h@Pv)= max (|h@7 2+,
0Zq=26—P—
which is
o 2
=5 5 EED pat o
& k=1
éig log* z h(zx, to)dx
6 1 .T

for some constant C and the last term is finite because of Lemma 1. We have
now completed the proof.

Each of the conditions (2.14)~(2.16) can be replaced respectively by a little
better one, each of (2.1)~(2.3).

THEOREM 2. Suppose that the spectval distribution function F(x,y) satisfies the
conditions (2.1)~(2.3). Then

(2.29) 1T1_r’£1° 5T S X(#)dt=0

with probability one.
The proof is carried out in just the same way as that of Theorem 1. Let us
now turn to the special case of a uniformly bounded process.

THEOREM 3. Suppose that a constant K exists such that with probability one,
(2. 30) [ XM=K
holds for any t. If for u—+0,

(2' 31) Slxléu S[l/léu |dF(x, '.I/)] =O<W)’
(2.32) Slxléu Slvl>u [yl IaF (= )= (W)

and

(2.3%) Sm» S.,,.>u o] 19 @ )= (u—ucg%tll—")
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for 6>0, then we have

1 (7 _
(2.34) lim —Z—T—S | X(dt=0
with probability one.
(2.31)~(2.33) can be replaced by a little better ones as in Theorem 2.

Proof of Theorem 3. The idea of the following proof is due to VERBITSKAYA.
Partition the infinite interval [1, co) into subintervals [27,2"+!], #=0,1,2, --- and let
¢ be a small positive real number prescribed in an arbitrary manner. Choose an
integral / such that K//<¢/2. Now partition each interval [2", 2"+1] into / equal
parts. Number all the resulting division points according to the order of increas-
ing magnitude. This yields a sequence {73} of division points, T,—co as n—oco.

Now suppose T is arbitrarily large. Then for any 7>>0, an integer » exists
for which T,=T=<T,,:. Let the interval [2™, 2™+] contain both 7, and 7,.;. Then
clearly T,.:—T,=2"/l. Thus, for any >0, we have, by (2.30)

1

(2. 35) 7

Tp+t e
S |\ X()|de <<,
T, 2

Hence, we have only to show

oo T,n
(2. 36) » P‘ 1 S X(t)dtléi]<oo.
n=1 Tn 0 2
we can see that
@.37) 3 Pli ST" X (Bt i}
) n=1 Tn 0 - 2
o 1 2n+j2n/L) e '
-y 3 P{—zng X(t)dtl;——}
iSoa=t lon +]T 0 2
and
1 2n4-jen/t) e
(2.38) P [———2— S X(t)dt ‘z—}
AT R Pl 2
7
22 2n+j2n /L) 2
= S X(t)dtl
0

=—2 s E
52(2"—{-]'-21—)
a2 "\,

(2 +JT>2

- i
e? <2" +5 %—)

lIA

(2" +3727[1, 0)

= — h(z, 0)dx.

2
€ Janyjan/i x
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Therefore, the (2.36) holds if
© 1
(2.39) Sl r A(t, 0)dt <oo

and this is easily seen to be implied by (2.31)~(2.33), which completes the proof.
Finally we give some remarks. Although our theorem is not really a genera-
lization of LokvEe’s theorem, the following consideration will tell us some connec-
tion between them.
For any harmonizable process

(2. 40) e, 01=\(” 0P, ), —co<t<es,
holds and the conditions (2.1), (2.2) and (2.3) imply, by (2.13),

t rt tz
(2. 41) So SO ru, v)dudv=o<logs—+”>,

which is a condition weaker than (1.9). Furthermore, if the right hand sides of
(2.1), (2.2) and (2.3) are replaced by the respective weaker conditions

1 1 1
0< T log ] ) O( o w]™ ) and of w7 log ul ™ > then

2 4 trt t2
(2.42) So So 7’(%, U)dudv:O(m>

holds and hence

oo dt t (e
2.43) S TS S Yty v)dudv <o
1 t 0 Jo

holds. The condition (2.43) is obviously weaker than (1.11).
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