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ABSTRACT 

This paper deals with renewal processes with non-identically distributed random vari
ables. Some limit theorems, which arise in connection with the distribution problems of 
the age, the lifetime and the residual lifetime of the items in a renewal process, are given. 
A central limit theorem for the renewal number is also shown. 

1. Let {Xi, i=1, 2, ···} be a sequence of independent and nonnegative random 
variables with 0<EXi=f1i<oo, and let Fi(x) be the distribution function of Xi. Re
newal processes with independent and non-identically distributed random variables 
have been investigated by several authors (KAWATA 1956, 1961; HATORI 1959, 1960; 
CHOW and ROBBINS 1963 ; SMITH 1964). 

When 

(1. 1) 
1 n 

f1 = lim - E fli 
n-->oo n i=l 

exists, KAWATA (1956) proved, without assuming the nonnegativeness of Xi, that 

(1. 2) 
1 rT 00 h 

~~~ T J_oo ~1 Pr(x<S~~x+h)dx= p' (h>O), 

where 

under some conditions. 
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In this paper we shall prove a theorem which includes KAWATA's result. Fur
thermore, using this result, we shall give some limit theorems for the distributions 
of the age, the lifetime and the residual lifetime of the items in a renewal process. 
In the last section we shall show a central limit theorem for the renewal number 
in a renewal process with non-identically distributed variables. 

2. Throughout the paper we use the following notations. 
N(t)=sup(n~O, Sn~t), that is, N(t) is the renewal number in (0, t]. (So=:O). 
U(t)=t-SNco, that is, U(t) is the age at the epoch t. 
V(t)=SNco+I-t, that is, V(t) is the residual lifetime at the epoch t. 
X(t)=SNctHI -SNco, that is, X(t) is the lifetime containing the epoch t. 
Furthermore let us define 

(2. 1) 
1n+l 

F(t) = lim - I: Fi(t), 
n--+oo n i=2 

when the right hand side exists as the weak limit. F(t) is not necessarily a dis
tribution function. And set 

Now we state some lemmas. 

LEMMA 1. Suppose f(t)~O, 

roo e-stt(t)dtr--./Sy-' 
Jo s 

as s 1 0, 

for some nonnegative number r, then 

rt ctr 
Jof(u)dur--J F(r+1) ' as t-HY::). 

This is a well known Tauberian theorem (see e.g. WIDDER [1946, p. 192]). 

LEMMA 2. Let {Xi, i=1, 2, ···} be a sequence of independent and nonnegative 
random variables such that O<EXi=f1i<oo. Suppose that the distribution function 
Fi(x) of Xi satisfies that 

(2. 2) lim roo xdFi(.r) =0 
e--+oo Je 

uniformly with respect to i. If (1. 1) exists, then 

for a=O, 1, 2, ···, 

where 
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This lemma was first proved by KAWATA (1956) in the case a=O, and HATORI 
(1960) proved it for any nonnegative integer a. 

NoTE. KAWATA proved (1. 2) under the same conditions as in Lemma 2. 

3. In this section we shall show a theorem which includes KAWATA's result. 
Let us consider functions Gn(t) (n=1, 2, ···)which are defined for t~O with Gn(O)=O, 
and are uniformly bounded, nonnegative, nondecreasing over [0, R], and zero else
where, R being some positive number. Furthermore we define 

1n+l 
G(t) = lim- 2: Gi(t) 

n-+co n i=2 

when the right hand side exists weakly. 
Form 

(3. 1) H(t) = f
1 
~: Gnu(l-y)dan(y). 

Letting Gn(t) s M, we have 

for which KAWATA (1956, p. 125) proved that 

(3. 2) 

if (2. 2) holds uniformly with respect to i, and hence the convergence of (3. 1) 
follows from (3. 2). Then we obtain a following theorem. 

THEOREM 1. Let {Xi, i=1, 2, ···} be a sequence of independent and nonnega
tive random variables such that 0<EXi=f1.i<co. Suppose that the distribution 
function Fi(x) of Xi satisfies that (2. 2) holds uniformly with respect to i. Let 
Gn(t) (n=1, 2, ... ) be functions which are defined for t~O with Gn(O)=O, and are 
uniformly bounded, nonnegative, nondecreasing over [0, R], and zero elsewhere, R 
being some positive number. If 

(1. 1) 
1 n 

p. = lim - I: fl.i 
n->co n i=l 

exists and 

(3. 3) 
1n+t 

G(t) = lim - I: Gi(t) 
n-+co n i=2 

holds weakly, then 

1 ~T 1 ~co lim -T H(t)dt = - G(t)dt, 
T->oo 0 fl. 0 
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where 

(the convergence of which was assured above). 

Proof. Let us denote the Laplace-Stieltjes transforms of H(t), Gn(t), and an(t) by 

h(s) = ~~ e-stdH(t), s20, 

gn(s) = ~~ e-stdGn(t), s20 

and 

respectively. Then we have 

00 

h(s) = L: gntt(S)9n(s). 
n=l 

Integrating by parts, we get 

Here we put 

Then 
00 

h(s) = L: sdn+I(s)9n(s). 
n=I 

By the dominated convergence theorem, we have 

~ oo [ 1 n+I J = e-st lim- L: Gi(t) dt 
0 n-.oo n i= 2 

= ~~ e-stG(t)dt==.d(s). 

We can describe 

(3. 4) 
ln+l 
- L: di(s)=d(s)+cn(s), 
n i=2 

70 



Some Limit Theorems for Renewal Processes 

where sn(s)---+0 as n---+oo for any s. Furthermore, since 

ld(s)- !%::di(s)l 
= I roo e-stG(t)dt- _!_ ~

1 

roo e-stGi(t)dt I 
Jo nt=2Jo 

it follows from (3. 3) that 

converges to d(s) uniformly with respect to s as n---+oo. From (3. 4), we have 

dn+l(s) =d(s) + nsn(s)- (n -1)cn-t(s), 

and consequently 

00 00 

~ dn+t(S)cpn(s)=d(s) ~ cpn(s) 
n=l n=l 

00 

+ ~ cpn(s)(nsn(s)-(n-1)cn-t(S)). 
n=l 

We also have 
00 

(3. 5) lim h(s) =lim ~ sdn+t(s)cpn(s) 
s!O s!O n=l 

00 

= lim sd(s) ~ cpn(s) 
8! 0 n=l 

00 

+lim ~ scpn(s)(nsn(s)-(n-1)sn-t(s)). 
8!0 n=l 

First, using Lemma 2 (a=O) and the dominated convergence theorem, we see that 

(3. 6) 
00 1 

lim sd(s) ~ cpn(s)= -lim d(s) 
s!O n=l f-l s!O 

1 ~
00 

= -lim e-8tG(t)dt 
f-l 8! 0 0 

= _!_ l"" G(t)dt. 
f-l Jo 
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Second, noticing that 

00 00 

I: \~n(s)nc:n(s)\ :S sup \c:n(s)J I: n~n(s)<oo, 
n=l n=l,2, ··· n=l 

we get 
00 

I: ~n(s)(nc:n(s) -(n -l)c:n-l(s)) 
n=l 

00 

= I: nc:n(s)(~n(s) -~n+I(s)) 
n=l 

00 

= I: nc:n(s)~n(s)(l-fn+l(s)), 
n=l 

where 

Now, for any given positive number c:, we can choose an integer N independently 
of s such that 

for n>N, 

in view of the fact proved above that 

converges to d(s) uniformly with respect to s. On the other hand, KAWATA (1956) 
proved a following statement: there are positive constants C1 and s1 such that mn <G't 
for n=l, 2, ... and 

fn(s)=l-smn+sr;n, 

where 

uniformly with respect to n. Using this result, we have 

for Ossss11 where 

Is 'f
1 
nc:n(s)~n(s)(l-fn+I(s)) I 

N oo 

< s2C(C1 +C2) I: n\c:n(s)\ +c:(Cl +C2)S2 I: ncpn(s) 
n=l n=l 

C= sup ~n(s)<oo. 
O~s~Sl 

n=l,2, .. ·,N 

By Lemma 2 (a=l), we know 
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I. 2 ~ ( )- 1 lffi s LJ ncpn s - -2 • 
sLO n=l f1 

Hence 

and since c is arbitrary, we have 

co 

(3. 7) lim s ~ cpn(s)(ncn(s)-(n-1)cn-I(s))=0 
dO n=l 

From (3. 5)-(3. 7), we obtain 

(3. 8) 1 ~co lim h(s)=- G(t)dt. 
sLo f1 o 

On the other hand, integrating by parts, we have 

h(s) = ~~ e-stdH(t) 

(for details, see KA w AT A [1956]). Therefore, from (3. 8) we finally obtain 

~ co 1 ~co lim s e-stH(t)dt=- G(t)dt, 
sLo o f1 o 

which, because of Lemma 1 (r=1), gives us the required result. 

REMARK. Putting 

1 
Gn(t)= h for O<t~h (h>O), 

=0 elsewhere 

in Theorem 1, we get (1. 2), which is no more than KAWATA's result. 

4. Using the result given in the previous section, we shall prove some theorems 
concerning the distributions of the age, the lifetime and the residual lifetime of the 
i terns in a renewal process. 

THEOREM 2. Under the condition that (1. 1) and (2. 1) exist and (2. 2) holds 
uniformly with respect to i, we have 

(4. 1) 1 ~T 1 ~X lim -T Pr(U(t)~x)dt=- [1-F(t)]dt. 
T-+oo 0 f1 0 
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Proof. Suppose that x<t. The event {U(t)::;;x} occurs if and only if Sn=y(::=;;t) 
and Xn+l?:.t-y for some combination n, y. Since U(t)=t-y::=;;x, t-x::=;;y::=;;t should 
hold. Sum~ing over all possible n and y, we have 

Setting 

we have 

Pr(U(t)::=;;x)= %;
1 
~:-x [1-Fn+l(t-y)]dan(Y) for x<t. 

= 0 elsewhere, 

Pr( U(t) -::;;,x)= %;
1 
~:-x dan(Y)- %;

1 
~: Qn+l(t-y)dan(Y) 

=:A(t, x)-B(t, x), 

say, for x<t. Hence, noticing that 

Pr(U(t)::;;x)=1 for x?:.t, 

we have 

(4. 2) ~ ~: Pr(U(t):::;;x)dt= ~ ~: (A(t, x)-B(t, x))dt+ ~ ~: dt. 

Defining the functions A(t, x) and B(t, x) even over O::=;;t::;;x by the right equalities 
where they were defined above, this equation turns out to be 

1 rT 1 rT T Jo Pr(U(t):::;;x)dt= T Jo (A(t, x)-B(t, x))dt 

1 rx + T Jo (1-A(t, x)+B(t, x))dt. 

Obviously, since A(t, x) and B(t, x) are bounded on O:::;;t:::;;x, the second term on the 
right hand side tends to 0 as T ---'>OO, and so we obtain 

(4. 3) lim T
1 lr Pr(U(t)::=;;x)dt= lim T

1 lr (A(t, x)-B(t, x))dt. 
T--+oo Jo T--+oo Jo 

From (1. 2), we have 

(4. 4) lim T
1 rT A(t, x)dt =lim T

1 rTf: Pr(t-x<Sn::;;t)dt= ~. 
T--+oo Jo T--+oo Jo n=l p. 

On the other hand, Theorem 1 yields, since Qn(t) satisfies the conditions of Gn(t) 
there, that 

1 ~T 1 ~T oo ~t lim -T B(t, x)dt =lim -T dt 2:: Qn+l(t-y)dan(Y) 
T--+oo 0 T--+oo 0 n=1 0 

1 ~
00 

=- Q(t)dt, 
p. 0 
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where 

Q(t)=F(t) O::;;;t::;;;x 

=0 elsewhere. 

Consequently. 

(4. 5) 1 ~T 1 ~X lim ~T B(t, x)dt =- F(t)dt 
T->oo 0 f.1 0 

and so (4. 1) follows from (4. 3)-(4. 5). 

REMARK. In Theorem 2, F(t) is defined by (2. 1) and we do not assume that 
F(t) is a distribution function. Also, f.1 is defined by (1. 1) and it is not necessary 
that f.1 is the expectation of a certain distribution function. However, under the 
condition of the theorem that (2. 2) holds uniformly with respect to i, it follows 
that F(t) is a distribution function (statement A below), and that f.1 is the expecta
tion of the distribution function F(t) (statement B below). Thus (4. 1) is a distribu
tion function, that is, writing 

D(x)= _!_ lx [1-F(t)]dt, 
f.1 Jo 

D(O)=O and D(oo)=l. We shall show these statements in the following way (D(O)=O 
is trivial). 

( i) Statement A. As it is obvious that F(O)=O, and that F(t) is nondecreas
ing and right continuous, it suffices to prove that F( oo) = 1. Since 

we have 

The condition, that (2. 2) holds uniformly with respect to i, yields that for any .s>O 
there exists t* such that 

for t>t* 

uniformly with respect to i. Thus 

c 
F·(t)>1--

~ - t 

and so 

1 n+l c 
-2: Fi(t)z1--. 
n i=2 t 

Letting n----"oo, we have 
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c 
F(t)?:.1- t for t>t*, 

and consequently F(CX))?:.l. On the other hand, from the definition of F(t), we 
have F(t)-::;, 1 and so F( (X))-::;, 1, hence F( (X))= 1. 

( ii) Statement B. For arbitrarily fixed ~. we have 

Therefore we get 

(4. 6) 
1n+l 

f1 = lim - .L: fli 
n-->oo n i=2 

Now, because of the dominated convergence theorem, we have 

and we have from the definition of F(x) 

Hence we see that (4. 6) turns out to the equation, 

Letting ~--(X), we get 

~
oo 1 n+l ~oo 

11= xdF(x)+ lim lim -I: xdFi(x). 
0 e--->00 n-->oo n i=2 e 

From the condition of the theorem that (2. 2) holds uniformly with respect to i, 
the second term on the right hand side is 0, and then we have 

11= ~~ xdF(x), 
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which gives us 

1 ~= 1 ~= D(co)=- [1-F(x)]dx=- xdF(x)=1 
f1 0 f1 0 

THEOREM 3. Under the condition that (1. 1) and (2. 1) exist and (2. 2) holds 
uniformly with respect to i, we have 

1 ~T 1 ~X lim -T Pr(V(t)-::;,x)dt=- [1-F(t)]dt. 
~~ 0 f1 0 

Proof. The event { V(t)-::;,x} occurs if and only if t<Sn=y-::;,t+x and Xn+I 
?:.t+x-y for some combination n, y, and hence summing over all possible n and 
y, we have 

= rt+x 
Pr(V(t)-::;,x)= ~1 }t [1-Fn+I(t+x-y)]dan(y). 

Therefore we have 

1 ~T lim -T Pr(V(t)-::;,x)dt 
T-+~ 0 

1 lT ~ rt+x 
= ~~ T Jo dt ~~ }t [1-Fn+l(t+x-y)]dan(Y) 

1 ~T+x 
=lim -T Pr( U(t)-::;,x)dt 

T-+~ X 

1 ~T =lim -T Pr(U(t)-::;,x)dt 
T-+~ 0 

1 [lT+x lx J + ~~~ T Jr Pr(U(t)-::;,x)dt- Jo Pr(U(t)-::;,x)dt 

1 ~T =lim -T Pr(U(t)-::;,x)dt, 
T-+~ 0 

and then the conclusion follows from Theorem 2. 

THEOREM 4. Under the condition that (1. 1) and (2. 1) exist and (2. 2) holds 
uniformly with respect to i, we have 

1 ~T 1 ~XL~ lim -T· Pr(X(t):;,x)dt=- f:r (t). 
T-+oo 0 f1 0 

Proof. Suppose that x<t. The event {X(t)-::;,x} occurs if and only if Sn=y(:;,t) 
and t-y<Xn+l:;,x for some combination n, y, and t-x:{,y:{,t should hold. Summing 
over all possible n and y, we have 
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00 (t 
Pr(X(t) :s;;x)= 

7

t:
1 
Jt-x [Fn+I(x)- Fn+I(t-y)]dan(Y) 

00 (t 
= ~1 Jt-x Fn+I(x)dan(Y) 

00 (t 
- ~1 Jt-x Fn+l(t-y)dan(Y) 

= A(t, x)-B(t, x), 

say. Let us first consider A(t, x). Since F(x) is a distribution function which has 
been shown in Remark of this section above, we easily see that 

ln+l 
F(x)= lim- L: Fi(x) 

n-+oo n i= 2 

holds uniformly for x, from which we can write 

cn(x) going to zero uniformly for x as n-H:xJ. From the above equation, we get 

Hence we have 

Fn+l(x) =F(x) +n-sn(x)- (n-l)cn-l(x). 

A(t, x)= ~1 ~:-x F(x)dan(Y) 

+ ~J:_x (ncn(x) -(n-l)cn-l(x))dan(Y) 

:=A1(t, x)+Az(t, x), 

say. Using (1. 2), we get 

(4. 7) 1 ~T X lim -T A1(t, x)dl= -F(x). 
T-+oo 0 fl. 

Noticing that 
00 00 

L; lan(x)ncn(x)l:s;; sup lcn(x)l L; nan(x)<CXJ, 
n=l n=I,2,··· n=l 

we have 
00 

L; (ncn(x)-(n-l)cn-I(x))dan(Y) 
n=1 

00 

= L; ncn(x)(dan(Y) -dan+I(Y)). 
n=1 

Let .s be a given positive number. Then we can choose an integer N independently 
of x such that 
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for n>N. 

Now we split A2(t, x) in the following way: 

A2(t, x)= ~1 nsn(x) [~:-x dan(Y)- ~:-x dan+l(Y)J 

+ n=~+l nsn(X) [~:-x dan(Y) ~ ~:-x dan+t(Y)l 

= a1(t, x)+a2(t, x), 

say. We then have 

~ ~~ a1(t, x)dt= ~ ~1 nsn(x) ~~ {[Pr(Sn~t)-Pr(Sn~t-x)] 

+ [Pr(Sn+t ~t)-Pr(Sn+1 ~t-x)]}dt. 

We note here that 

Then we have 

where 

and hence we get 

(4. 8) 

I~~ [Pr(Sn~t)~-Pr(Sn~t-x)]dtl 

=I~~ Pr(Sn~t)dt- ~::x Pr(Sn~t)dtl 

=I ~:-x Pr(Sn~t)dtl ~x. 

1

1 rT I 2 N T Jo a1(t, x)dt ~ T ~1 nCx, 

C= max isn(x)i <oo, 
n=1,2,· .. ,N 

For a2(t, x) we consider 

I T
l rT a2(t, x)dtl ~ Tl I rT dt £ nsn(x){[Pr(Sn~t)-Pr(Sn~t-x)] Jo Jo n=N+l 

~ ~ c ~: dt ~~ n{[Pr(Sn~t)-Pr(Sn+t~t)] 

+ [Pr(Sn~t-x)-Pr(Sn+l ~t-x)]}. 
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Note that 

= = 
.L; n[Pr(Sn S t)- Pr(Sn 1 1St)]= .L; Pr(Sn S t). 
n=l n=l 

Then we obtain from (1. 2), 

X 
=s-. 

f1 

Since s is arbitrary, we get 

(4. 9) 

(4. 8) and (4. 9) give us 

(4. 10) 1 ~T lim -T A2(t, x)dt=O. 
T-+= 0 

From ( 4. 7) and ( 4. 10), we have 

(4. 11) 1 ~T X lim -T · A(t, x)dt =- F(x). 
T-+= 0 f1 

Next, considering 

= rt 
B(t, x) = ~1 Jt-xFn+t(l-y)dan(?l), 

we have from the proof of Theorem 1 

(4. 12) 1 ~T 1 ~X lim -T B(t, x)dt =- F(t)dl. 
T-+= 0 f1 0 

From (4. 11) and (4. 12), we finally have 

1 ~T X 1 ~X lim -T Pr(X(t)sx)dt= -F(x)-- F(t)dt 
T--+= 0 f1 f1 0 

= __!_ (x tdF(t). 
f1 Jo 

5. Finally, we shall show a central limit theorem for the renewal number in 
a renewal process with non-identically distributed variables. The proof is analogous 
to the one in the case where random variables are identically distributed. We 
state a well known Lindeberg central limit theorem for sums of independent 
random variables as a lemma: 
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LEMMA 3. Let {Xi, i = 1, 2, .. ·} be a sequence of independent random variables, 
and let Fi(x) be the distribution function of Xi. Suppose that fli=EXi and ai= VarXi 
exist, and that for any s > 0 

(5. 1) 

holds, where 

n 

b;= Eai. 
i=l 

Then for every fixed x 

THEOREM 5. Let {Xi, i = 1, 2, · · ·} be a sequence of independent and nonnega
tive random variables, and let Fi(x) be the distribution function of Xi. Suppose 
that fli = EXi and a~= Var Xi exist, that 

(5. 2) 1 n ( bn) p=- E fli+o -
n i=l n 

and that 

(5. 3) b2 = lim _!._ b;, 
n-.oo n 

where 

n 

b;= E a~. 
i=l 

Then for every fixed x 

Pr((N(t)- !_)/ ~~~ <x) ~ ~2-= (x e- ~
2 

du, 
fl fl t->oo V 7r J -oo 

if (5. 1) holds for any s>O. 

Proof. We note the relation 

Pr(N(t) <n) =Pr(Sn>t). 

Since X1, X2, ··· are independent random variables, Lemma 3 gives us that 

1 ( oo u2 1 ( x . u2 

~~2~ J_x e--2 du= v2rr J_oo e- -2 du, 

when n~oo and t~oo in such way that 
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(5. 4) ( t- t fli)/bn ~ -x 
t--l 

(.r: fixed). 

Now, 

(5. 5) Pr(N(t)<n)=Pr((N(t)- ~)/J~: < (n- ~)/J~3
2

). 
Here, we write 

Since (5. 3) is no more than 

(5. 6) 

we get from (5. 2), (5. 6) and (5. 4) that 

(5. 7) 

as n-+co, t-+co according to (5. 4). From (5. 7), we ha vt· 

Since 

(n-+co), 

we have 

(5. 8) 

as n-+co, t-+co according to (5. 4). Again we may write 

From (5. 8), 

(5. 9) np ~1 
t 

as n-+co, t-+co according to (5. 4). Thus it follows from (5. 7) and (5. 9) that 

(5. 10) 

From (5. 5) and (5. 10), we may easily obtain the conclusion. 
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