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ABSTRACT

A vector maximum problem means a mathematical programming problem which has
several objective functions fy(x), fo(x), - -+, fp(x) (—maximize) where fi(x)(i=1,2---, p) are
numerical functions defined on the zn-dimensional Euclidean space. The problems of this
type were studied by Da Cunua and Porak (1966), Hurwicz (1964), KarLiN (1959), and
KuuNn and Tucker (1951). In this paper, we first define three kinds of maximum solutions
of the above problem and then investigate necessary conditions and sufficient conditions
for these maximalities.

1. A Vector Maximum Problem

Let RP, where p is a positive integer, be the p-dimensional Euclidean space
with the usual norm topology. The following convention for inequalities will be
used throughout this paper. If y=, v2 « > ¥p), T=(F1, J2, * * -, Tp) are two vectors
in R?, we write

y=¢ to mean y;=%; for i=1,2,---,p,

y>7 to mean y=¢% and y+7,
y>¥ to mean y;>%;, for i=1,2, .-, p.

If =0, y is said to be nonnegative, if y>0 then y is said to be semipositive and
if >0 then y is said to be positive. A vector maximum problem which we shall
deal with is as follows.

Basic Problem: Let X be a subset of R” and fi(x) (¢:=1, 2, ---, p) be numeri-
cal functions defined on R", and let f(x)=(fi(x), fo(x), - - -, f(¥)). Find an £eX such
that f(x)>£(£) for no xeX.

In Basic Problem f;(x) (=1, 2, ---, p) are said to be objective functions and X
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is said to be a constraint set. Now we define three kinds of maximum solutions of
Basic Problem; # is a weak Pareto maximum solution (w-solution) if #eX and
S(x)>f(#) for no xeX, # is a Pareto maximum solution (P-solution) if £€X and
S(x)=f(%) for no xeX, and x is a strong maximum solution (s-solution) if #€X and

f(#)=f(x) for all xeX. Between these maximum solutions, we have the relations

: s-solution

(5

. P-solution

5

. w-solution.

53

2. Minimum Component Maximum Problems

In this section, a necessary and sufficient condition for # to be a w-solution of
Basic Problem is shown by using some minimum component maximum problem.
For this purpose, we first observe that we may assume without loss of generality
J(x)>0 for all xeX in Basic Problem. Let Fix)=exp fix) (=1,2, ---,p), Fx)
=(Fi(x), Fa(x), - -+, F\(x)), and consider the following vector maximum problem :

Problem 2-1: Find an zeX such that F(x)>F(z) for no xeX.

Then Basic Problem is equivalent to Problem 2-1; # is a w-solution (P-solution,
s-solution) of Basic Problem if and only if # is a w-solution (P-solution, s-solution)
of Problem 2-1. And at the same time we have F(x)>0 for all xeX. Therefore
we may assume without loss of generality that f(x)>0 for all xeX in Basic Pro
blem, and do so throughout this section.

Now we introduce the following minimum component maximum problem :

Problem 2-2: Find an #eX that maximize miln {u; f:(x)} constrained by xeX
where = (u;, s, -+ ,up) is a given vector in the Eep—l)-dimensional standard sim-
plex S,={ueR?; u=>0, Z u;=1} and I={i; u;>0}.

Between Basic Problem and Problem 2-2 the following relation is shown:

Theorem 2-1: 2 is a w-solution of Basic Problem if and only if # is a solution
of Problem 2-2 for some wueS,.

Proof. If £eX is not a w-solution of Basic Problem, then there exists an ¥eX
such that f(&)>f(£). Hence £ is not a solution of Problem 2-2 for any ueS,.
Thus we have proved the “if” part of the theorem. Conversely, let £ is a w-solu-
tion of a Basic Problem. Define #eR? and feR such that #@;fy(&)=f (i=1,2, ---, p)

and i #;=1. Then #€S, #>0 and # is a solution of Problem 2-2 for #=4. In

fact, assume that # is not a solution of Problem 2-2 for #=i, then then there ex-
ists an £€X such that

i fi(®) > min (i (&)} =F=di fu(@) for i=1,2, -, p,
J

which is a contradiction. Thus we have proved the “only if” part of the theorem,
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By Theorem 2-1, the set X of all w-solutions of Basic Problem is obtained by
solving Problem 2-2 for all #€S,. It should be noted that Problem 2-2 is equiva-
lent to the following usual mathematical programming problem:

Problem 2-3: Find /eR, £e€X that maximize ¢ constrained by x¢ X and u; fi(x)
=t for iel.
Therefore, the set X is obtained by solving Problem 2-3 for all #€S,.

3. Fundamental Theory of Problems with Differentiable Objective Functions

In this section we assume the differentiabilities of the objective functions fs(x)
(i=1,2, .-+, p) of Basic Problem and show a necessary condition for £ to be a w-
solution of it. This condition will be used in deriving the Kuhn-Tucker condition
in maximum problems with inequality constraints and the classical Lagrange mul-
tiplier methods in maximum problems with equality constraints. In order to state
it, we define the sequential tangent cone to a set Xc R” at £eR" below.

Definition 3-1: The sequential tangent cone to a set XC R" at £€R", denoted
by STC[#; X], is the set of all vectors t€ R" which have the property that there
exist a sequence of vectors {#*} in X and a sequence of positive numbers {1¥} such
that

r¥——zF as k——o0
and
AF(ak—F)—->t as k——oco.

Figure 3-1 depicts the sequential tangent cone to X at # in a case that Xc R* and
ZeR2

Z+STClZ; X]

STC{x; X]

\ 5

72 I 7 I

&)

Figure 3-1

STC[#; X1 is a kind of approximation set of X at #. In the subsequent sections,
we shall set.

X={xeR"; gi(x)=0 (=12, ---, @}
or
X={xeR"; g:(x)=0 (i=1,2, .-+, )}
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where g;(x) (i=1, 2, -+, q) are differentiable numerical functions defined on R", and
construct another kind of approximation set of X at # whose definition contains
the gradients of gy(x) (i=1,2, ---, g¢) at 2. Note that the definition of the sequen-
tial tangent cone to X at # contains none of them even if X is given as the above
form. What is called a constraint qualification implies that these two approxima-
tion sets of X at # coincide with each other.

We are now ready to show the following fundamental theorem:

Theorem 3-1: Let fi(x) (:=1,2, ---, p) in Basic Problem be differentiable. If
2 is a w-solution of Basic Problem then there exists no £€STC[#; X] such that

@), ty>0 (G=1,2, ---, p)
where <Ffi(#), t) implies the inner product of Ffy(#) and ¢.

Proof. Let # be a w-solution of Basic Problem, then zZeX and f(x)>f(&) for
no xeX. Suppose that there exists a teSTC[z; X] such that

Tf@), >0  (=1,2, -+, ).
Then there exists a ;>0 such that
Tfd@), tH)>pn (i=1,2, -+, p).

It follows from #eSTC[#; X] that there exist a sequence of vectors {x*} in X and
a sequence of positive numbers {1*} such that

x——% as k——0
and

F(xk—2)——>t as k——oco0.
For these x* and 2%, we have that

Silx¥)=f(Z+ (2 —2))
=f(®)+ Ffu(@), s —2)+0(|x*—2)) (=12, ---,9)

where 0(s)/c—0 as e—0+. Hence
F =)+ <T@, 2t @+ Rl |
(=12 -+ 0)
from which follows that there exists a positive integer % such that
FESF@ s > 148 (=12, -, D)

The above inequalities contradict the fact that # is a w-solution of Basic Problem.
Q.E.D.

Corollary 3-1: If # is a w-solution of Basic Problem and in addition STC[#; X]
is convex then there exists a #>0 such that
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P
<Z AiTfA8), t>§0 all all £€STCl#; X1,
=1

Proof. Let £ be a w-solution of Basic Problem and define the subsets ¥ and
A of R? such that

Y={yeR?; y=Jfu@), £  (=L2, ---,p) for teSTC[#; X]}

and
A={yeR?; y>0}

respectively. Since, by Theorem 3-1, YN A=¢, and Y and A are both convex cones,
by the separation theorem for convex sets, there exists a #=0 such that

A, y>=0 for all yeY
and

i, ay=0 for all aeA.

Thus #>0 and
<f ATFA), t>§0 for all 1eSTC[z; X]. Q.ED.
i=1

Corollary 3-2: If p=1 in Theorem 3-1 then {Ffi(x), £ =0 for all # contained
in the closure of the convex hull of the set STC[%; X].

Corollary 3-2 is trivial from Theorem 3-1 and the continuity and the linearity
of the inner product, and the proof is omitted here. Corollary 3-2 is a fundamen-
tal result in nonlinear programming problems, and it has been found in some recent
papers (Canon, Cullum and Polak 1966; Guignard 1969).

4. Problems with Differentiable Objective Functions and Inequality Constraints
In this section, we deal with the following problem:

Problem 4-1: Let fi(x) (¢=1,2,---,p) and gi(x) (=1,2, ---, g) be differentiable
functions defined on R"™, and let
Fx)=(f1(x), fo(x), - -1 f5(2))
&(x)=(8:1(x), g2(%), -+, go(x))
and
X={xeR"; g(x)=0}.

Find an £€X such that f(x)>f(&) for no xeX.
First, we show a necessary condition for # to be a w-solution of Problem 4-1
under no assumption.

Theorem 4-1: If # is a w-solution of Problem 4-1 then there exist a #eR?
and a e R? satisfying the conditions

(i) (@, 9)=0,
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DM

(ii) GTF(3)~ 3 Dl 2)=0,

1

Q

(ii1) bigi(2)=0.

i

Proof. Let # be a w-solution of Problem 4-1, and define

1={i; g:(2)=0},
J={7; £/#)<0}.

Let g7(x) be the vector function whose components are g;(x) (iel) and g/(x) be the
vector function whose components are g;(x) (j€/). Then, from the continuity of
27(x), there exists an ¢>0 such that

g7(x)<0 for all xeB.(2)={xeR"; ||x— 2| <e}.

Since # is a w-solution of Problem 4-1, we have that the point (f(%), -g’(£)) satis-
fies the relation (f(x), -g7(x))>(f(2), -¢7(#)) for no xeB.(%). It is obvious that
STC[#; B.(#)]=R", hence, by Corollary 3-1, there exists a (&, #7)>0 such that

< ST (3 — 3 0ilgd(), t>§0 for all teR™
i=1 i€l
Hence, by defining 9;=v! (feI) and 9;=0 (jeJ), we obtain (2, ¥) satisfying (1), (ii)
and (iii). Q.E.D.
It should be noted that there is no guarantee that # is semipositive in Theorem
4-1. In cases of #=0, it is intuitively obvious that Theorem 4-1 dose not say
much more about the weak maximality of f(x), because the function f(x) disappears
from (ii). It is possible to exclude such cases by introducing assumptions on the
constraint set X. These assumptions are called constraint qualifications. In this
paper, we shall introduce the Kuhn-Tucker constraint qualification (Assumption 4-1),
the Arrow-Hurwicz-Uzawa constraint qualification (Assumption 4-2) and the gene-
ralized Kuhn-Tucker constraint qualification (Assumption 4-3). Here we need a
new symbol. For every £e€X we define

K[z X]={teR"; {(Fgu(2), £H=0  (el)}

where I={i; g,(#)=0}. As stated in the previous section, K[#; X] is a kind of ap-
proximation set of X at # by the use of the gradients of gy(x) (iel) at zeX.

Assumption 4-1: For every teK|[#£; X] there exist a positive number A and
an n-dimensional vector function e(z) defined on the closed interval [0, 1] satisfying
the following conditions:

(1) e(0)=2,

(ii) e(z)eX for all <€l0, 1],

. . de(z)

(iii) e(r) is differentiable at =0 and e =t
=0
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Assumption 4-2: The system of inequalities

(Pgi(@), tH=0  (iel)
ga(@), £<0  (el)

has a solution te R® where

I={i; ¢«(2£)=0 and ¢:(x) is concave at %}
T={i; g:(£)=0 and g¢.(x) is not concave at z}.

Assumption 4-3:
STClz; X1=K|[z; X]

If the set X satisfies one of these assumptions at #€X, then we can guarantee
that # is semipositive in Theorem 4-1. But we shall postpone the proof of this
fact until after we give the relations between these assumptions. In fact, if the
set X satisfies Assumption 4-1 or Assumption 4-2 at £e X then X satisfies Assump-
tion 4-3 at #. In order to show these relations, the following lemmata are neces-
sary:

Lemma 4-1: If a differentiable numerical function g(x) is concave at # on R",
then

g(x)—g(2)=<{Fg(2), x— 2>  for all xeR™
Proof. See Mangasarian (1969).

Lemma 4-2: For any given £€R" and XCR", the sequential tangent cone
STC[#; X] to X at # is a closed cone in R".

Proof. See Canon, Cullum and Polak (1970).
Lemma 4-3: STC[z; X]cK[#; X] for all 2eX.

Proof. See Canon, Cullum and Polak (1970).
By using the above lemmata we can prove the following theorem:

Theorem 4-2:
(i) If the set X satisfies Assumption 4-1 at £€ X then it satisfies Assumption 4-3
at z.
(ii) If the set X satisfies Assumption 4-2 at #€ X then it satisfies Assumption 4-3
at z.

Proof. By Lemma 4-3, we need only to prove that if the set X satisfies As-
sumption 4-1 or Assumption 4-2 at £e X then K[z X]cSTC[z; X].

(i) Let teK[z; X], and let 2 and e(z) be a positive number and an #n-dimen-
sional function satisfying the conditions (i), (ii) and (iii) of Assumption 4-1. Now
for a sequence of positive numbers {c*} such that 1=:*>0 (k=1,2, ---) and *—0
as k—oo, define

1

Atk

A= (k=1,2, --)
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and
xk=e(c¥) (k=1,2, --+),
then x*e¢ X (k=1, 2, ---), #*>0 (k=1,2, --+), 2*—x as k—oo and

i K gk  a) — M i

At=t.

Hence we have teSTC[z; X].
(ii) Let f be a vector satisfying the system of inequalities of Assumption 4-2.
By Lemma 4-2, we need only to show that for any given e K[%; X}

t+¢feSTC[#; X] for all >0.
Define

xk=.@+%(t+af) (k=1,2,.-)
and
=k (k=12 ")
then for every j¢/ NI there exists a positive integer &; such that

g (xF) <0 (k>ky)

and for every iel we have
0:(%) —g,<x><<t7gz<x>, G EFD)=0 (B=1,2, ),
On the other hand, for #el we have

gi,<xk>=gi,<aa>+<l7gi,<aﬁ>, €L <t+ef>>+0<1/k>

0(1/k) }
(k)

where 0(8)/6—0 as 6—0,. It follows from (g, (), t+ei><0 that there exists a
positive integer £ such that for all /el

=@, e+ 3L =1,

go(a<0  (B>F).
Hence, by letting Z=max {kj(j¢inf>, £}, we obtain that

veX  (B>F),
>0 (B>k),
xbF——F as k——o0,

A(xh — 3)——t+ef as k——oo.

The above four relations imply #+¢/€STC[#; X]. Q.E.D.
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Now we prove the following necessary condition for £ to be a w-solution of
Problem 4-1:

Theorem 4-3: Let the set X in Problem 4-1 satisfy Assumption 4-1, Assump-
tion 4-2 or Assumption 4-3 at zeX. If # is a w-solution of Problem 4-1, then
there exist #eR? and #e R¢ satisfying the conditions (i), (ii), (iii) of Theorem 4-1
and #>0.

Proof. In view of Theorem 4-2, we need only to establish the theorem under
Assumption 4-3. Since STC[#; X]=K[#; X] and K[#; X] is a convex cone, by
Corollary 3-1, there exists a #>0 such that

¥4
<Z a:7fi(z), t>§0 for all teK|[#; X].
i=1
Hence, by Minkowski-Farkas lemma, there exist »;=0 (ie]) such that

»
;1 ﬁini(ﬁ)=ieZII vilgi(®).
Define #;=v; (iel) and 9;=0 (j¢I) then (&, 9) satisfies the conditions (i), (ii), (iii) of
Theorem 4-1 and 2>0. Q.E.D.
By Theorem 4-3, if X satisfies one of the three assumptions above and & is a
w-solution of Problem 4-1 then there exists (#, 9) satisfying the conditions of Theorem
4-1 and #>0. For any given i, however, there is no guarantee that #; is positive.

We derive now the sufficient condition for #; to be positive. This is an extention
of Theorem 4-3.

Corollary 4-1: Let D be a nonempty subset of the set {1, 2, ---, p} and let
X={zeR"; g(x)=0, fi(#)—f(z)=0 (i¢D)}.

Let X satisfy Assumption 4-1, Assumption 4-2 or Assumption 4-3 at 2. If # is a
P-solution of Problem 4-1 then there exists (#, 9) satisfying the conditions (i), (ii),
(iii) of Theorem 4-1 and #?>0 where 4P is the vector whose components are #;
(ieD).

The proof of Corollary 4-1 follows from Theorem 4-3 by observing that the
relation f(x)>f(#) for no xeX implies the relation f2(x)>sP(%) for no xeX where
fP(x) is the vector function whose components are fi(x) (ieD). Note the difference
between Theorem 4-3 and Corollary 4-1. In Theorem 4-3 we assume that # is a
w-solution of Problem 4-1, but in Corollary 4-1 we assume that # is a P-solution
of Problem 4-1. In fact, there is no guarantee that #?>0 under the assumption of
Theorem 4-3, because the relation f(x)>f(2) for no xe X dose not necessarily imply
the relation f2(x)>f2(#) for no xeX.

5. Problems with Differentiable Objective Functions and Equality Constraints

In this section, we deal with the following problem:
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Problem 5-1: Let fi(x) (=1,2, -, p) and ¢;(x) ¢=1,2, ---,q) be differentiable
numerical functions on R*. Let

Fx)=(f1(x), faox), =, Fulz)

9(x)=(g:(x), g2(%), + -+, g4(x))
and

X={xeR"; g(x)=0}.

Find an #£€X such that f(x)>f(&) for no xeX.

We derive the necessary condition, what is called “Lagrange multiplier method”,
for # to be a w-solution of Problem 5-1. Let p=1 and % be a w-solution of Problem
5-1. In the Lagrange multiplier method, we require the assumption that the gra-
dient vectors

gl('i')i 92(50), tt Yy gq(-ﬁ) ( 1 )

are linearly independent. Under this assumption, there exists a #€R¢ such that
q
Vfi(2)— 23 viFgi(#)=0.
i=1

The linear independece of the gradient vectors (1) is a necessary assumption under
which we may apply the implicit function theorem. Here we show the same neces-
sary condition under another assumption. In order to prove it we do not use the
implicit function theorem but the result of section 3. The assumption which we
make here is the following one:

Assumption 5-1:
STClz; X1=H|[z%; X]
where

Hlz; X1={teR"; (Fy(2), H=0  (=L2, ---, @}

Assumption 5-1 is more general the assumption of the linear independece of the
gradient vectors (1); that is, the following lemma is obtained:

Lemma 5-1: If the gradient vectors (1) are linearly independent then the set

X satisfies Assumption 5-1 at #.
Lemma 5-1 is verified by using the implicit function theorem, but proof is

omitted here.
Now we state the necessary condition for # to be a w-solution of Problem 5-1.

Theorem 5-1: Let the set X satisfy Assumption 5-1 at # or the gradient vec-
tors (1) be linearly independent. If & is a w-solution of Problem 5-1 then there ex-
ists a (@, 0) satisfying the conditions

(i) -~ >0,
(ii) 2 walf(@)— 3 8:l7z(2)=0.
Proof. In view of Lemma 5-1, we need only to establish the theorem under
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Assumption 5-1. Let # be a w-solution of Problem 5-1 and the set X satisfy As-
sumption 5-1 at #. Since STC[z; X]=H]|[z; X1 is a convex cone, by Corollary 3-1,

there exists a #>0 such that
%

<zp; 2TFA(3), t>§0 for all teH[z; X].
i=1

Hence, by the construction of the set H[#; X], there exists a #€R? such that

which implies (ii). Q.E.D.

6. Saddle-Point Problems

In this section, we deal with a vector maximum problem with inequality con-
straints; that is:

Problem 6-1: Let M be a nonempty subset of R”, fi(x) i=1,2, .-+, p) and
gi(x) =1,2, ---, q) be numerical functions defined on R™. Let

F®)=(f1(x), fo(x), -+ -, [o(x),
&(%)=(g1(x), g2(%), -+, g¢(%))
and
X={xeM; g(x)=0}.
Find an #€X such that f(x)>f(2) for no xeX.

Now we construct the saddle-point problem corresponding to the above vector
maximum problem.

Problem 6-2: Find #eR?, e R and #eM satisfying the conditions
(i) (@, D)
(ii) L@, 9, x)<L#, 0, 2)

where L(u, v, x)=<u, f(x)) —<v, g(x)}.
Between Problem 6-1 and Problem 6-2 we have the following two relations.

lIA l\/

L(u v, £) and all xeM and all v=0,

Theorem 6-1: If (4,9, #) is a solution of Problem 6-2 and #>0 then # is a
w-solution of Problem 6-1

Proof. Let (4,9, #) be a solution of Problem 6-2 and #>0. From the second
inequality of (ii), we have

b, (&) ={v, g(#)>  for all »=0.
Hence we see

B, g(2)>=0
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and
¢(2)=0,

which implies £€e X. From the first inequality of (ii) and (1), we have
<ty f()) — <0, g0y =<&, f(#)>  for all xeM.
Since 9 is nonnegative, we obtain
{, f)y=<@, f(#)y  for all xeX.

But # is semipositive and hence # is a w-solution of Problem 6-1. Q.E.D.
Similarly we can prove the following corollary.

Corollary 6-1: If (@, 9, #) is a solution of Problem 6-2 and #>0 then z is a
P-solution of Problem 6-1.

Theorem 6-1 (or Corollary 6-1) shows a sufficient condition for # to be a w-
solution (or a P-solution) of Problem 6-1 in the form of the saddle-point problem.
In order to state necessary condition for # to be a w-solution (or a P-solution) of
Problem 6-1 in the similar form, we must make some assumption of convexity in
Problem 6-1; that is.

Assumption 6-1:
(i) M is convex subset of R",
(i) filx) =1,2, ---, p) are all cocave on M,
(iii) gix) (=1,2, ---, q) are all convex on M.
Under the above assumption we obtain the following theorem:

Theorem 6-2: Let M, f(x) and g(x) satisfy Assumption 6-1. If £ is a w-solu-
tion of Problem 6-1 then there exists a (4, #) such that (#, 8, Z) is a solution of
Problem 6-2.

Proof. Let # be a w-solution of Problem 6-1. Define the index set I such that
I=1{i; g;(#)=0}, then there exists an ¢>0 such that

9;(0)<0 (j¢I) for xeB.(%)
where B.(%)={xeM; ||x—2||<e}. Define the subsets S and A of RP*¢ such that
S={(y, 2); ye R?, 2e R4, y; = fi(x)—fu(®) (i=1,2, ---, p),
z=—gi(x) (Gel)  for xeBJ(2)}.
A={(y, 2); yeR?, ze RY, y >0, z>0}.

Then A is a convex convex cone in R?*? and, by Assumption 6-1, S is s convex
subset of Rr*¢. Since # is a w-solution of Problem 6-1, we see ANS=¢. Hence,
by the separation theorem for convex sets, there exists a (&, #)e R?*¢ such that
(#, $)=0 and <@, 9), (y, 2)>=0 for all (y, 2)eS. Since (y, 2)eS for y=0, z;=0 (iel),
any x; (7¢I), we have

B, g(2)>=0
and
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i, fl)y — <D, gla)> =@, f(2))—<B, g(2)>  for all xeB.(2).
But <, f(x)>—<{, g(x))> is concave on the convex set M, hence we obtain
L@, f(2))—<D, 90> =, f(#))—<D, g(2)>  for all xeM.

Thus (4, 8, 2) is a solution of Problem 6-2. Q.E.D.

Again, just as in the case of Theorem 4-1, there is no guarantee that # is
semipositive in Theorem 6-1. As was done in Section 4, it is possible to exclude
such cases by introducing constraint qualifications. In this paper we introduce
Slater’s constraint qualification, that is,

Assumption 6-2: There exists an £eM such that ¢(&)<0.

Under Assumption 6-1 and Assumption 6-2, if ¢;(x) ¢=1,2, ---, ¢) are differen-
tiable then the set X satisfies Assumption 4-2. This fact has been shown by
MANGASARIAN (1969).

Theorem 6-3: Let M, f(x) and g¢(x) satisfy Assumption 6-1 and Assumption
6-2. Then # is a w-solution 6-1 if and only if there exists a (&, ) such that (@, 9, #)
is a solution of Problem 6-2 and #>0.

Proof. By Theorem 6-1, we need only to show the “only if” part of the the-
orem. Let # be a w-solution of Problem 6-1. Then, by Theorem 6-2, there exists
a (@, 0) such that (#, 9, #) is a solution of Problem 6-2. Now we show by contra-

A

diction that # is semipositive. Suppose that # is the zero vector, then from the
condition (i) of Problem 6-2 we have #>0. On the other hand, from the condition
(ii) of Problem 6-2, we see

D, g(x)> =<0, 9(2)>=<v, ¢(2)) for all xeM, all >0,
hence

(B, glx)>=0  for all xeM. (2)

But, by Assumption 6-2, there exists an feM such that ¢(£)<0. For this & we
" have <9, g(%)><0, which contradicts (2). Thus #>0. , Q.E.D.

Theorem 6-3 will be reconsidered in the next section where we shall deal with
the duality between objects and constraints.

7. Duality between Objects and Constraints

Suppose that we have ¢ different kinds of resources from which we make n
different kinds of preducts. If we make x; units of the i-th product (i=1,2, ..., n)
then we need z; units of the j-th resource (j=1, 2, ---, q) satisfying the relations

Zj:gj(xl, Xoy * vy xn) (.7:1: 2) "‘,CZ),
or equivalently
z=g(x)

where x= (%1, %z, - -+, %), 2=(21, 25, -+ +, Z) and g(x)=(g,(x), g=(x), - - -, go(x)). And at
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the same time we obtain y=/(x) dollars as profit. Now we consider the following
mathematical programming problem :

Problem 7-1: Let X'!'={xeR" x=0, g(x)=2z*}. Find and £e€ X' that maximizes
f(x) constrained by xe X
Let # be a solution of Problem 7-1 and define

Xt={xeR"; x=0, f(x)=y*}
where y*=/(&). If there exists no x€X? such that ¢(#)>g¢(x), then the solution &
of Problem 7-1 also gives the efficient use of the resources. But if £ does not
satisfy the above relation then there exists an XeX? such that ¢(&)<g(&)=z*.
Since # is a solution of Problem 7-1, we see f{#)=f(&), which implies that & is
also a solution of Problem 7-1. The difference between # and & is that ¢(&)<g(2).
Therefore it is significant to consider the following vector minimum problem:

Problem 7-2: Find an £eX? such that ¢(x)<g(&) for no xe X2

The solution of this problem gives an efficient use of resources under the con-
dition that we obtain more than or equal to »* dollars as profit. In this section
we investigate the relation between Problem 7-1 and Problem 7-2 in more general
form. We call this relation “duality between objects and constraints.”

Problem 7-1 is a usual mathematical programming problem which has one ob-
jective function, but Problem 7-2 is a vector minimum problem which has several
objective functions. Hence they have not symmetry. In order to deal with the
relation between them symmetrically, we introduce a vector maximum problem
instead of Problem 7-1 and make the vector minimum problem corresponding to it.

Problem 7-3p: Let z* be a vector in R% M be a nonempty subset of R”, and
filx) G=1,2, --+, p), g;(x) (7=1,2, ---, q¢) be continuous numerical functions. Let

f(x)=(f1(x), f2(x)7 Tt fp(x)))

9(x)=(g:(x), ga(%), * -+, 94(%))
and
Xlg=z*]={xe M; g(x)<z*).

Find an #e X[g=2z*] such that f(x)>f(2) for no xe X[g=z*].

Problem 7-3d: Let y* be a vector in R9, and M, f(x), g(x) be the same as those
of Problem 7-3p. Let

X[ fzy*l={xeM; fx)=y*}.

Find an 2e X[f=y*] such that g(#)>g(x) for no xe X[f=y*].

Three kinds of maximum solotions (w-maximum solution, P-maximum solution
and s-maximum solution) of Problem 7-3p and three kinds of minimum solutions
(w-minimum solution, P-minimum sclution and s-minimum solution) of Problem 7-
3d are defined just as in the case of Basic Problem in section 1. We make some
remarks on the difference between the constructions of the above two problems. Pro-
blem 7-3p has f(x) as its objective function and g¢(x) in its constraint set X[g=z*],
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on the other hand Problem 7-3d has g(x) as its objective function and f(x) in its
constraint set X[f=y*]. Both of these problems have the constraint set M in com-
mon. It is arbitary to consider which problem is primal. In this paper we regard
Problem 7-3p as a primal problem and Problem 7-3d as its dual one.

Now we investigate the relations between Problem 7-3p and Problem 7-3d.
First, we assume that there exists an & such that the set X[g=z*INX[f=f(%)] is
nonempty, closed and bounded. Then there exists an £eX[g=z*]NX[f=f(Z)] such
that f(x)>f(&) for no xeX[g=z*]NX[f=f(z)]. Hence we have ¢(X)=z*, f(Z)=f(z)
and f(x)>f(%) for no x¢X[¢g=z*]. Furthermore, from the continuity of the func-
tion f(x), the X[g=z*]Nn X[f=f(&)] is also nonempty, closed and bounded and hence
there exists an #eX[g=<z*]N X[f=f(&)] such that g(x)<g(z) for no xe X[g=z*]N
X[f=f(&)]. Thus we have g(&)=z*, f(&)=f(Z) and ¢(x)<g(Z) for no xe X[ f=f(%)].
But it follows from f(x)>f(%) for no xe X[¢g=z*] that f(#)3f(%). Consequently, we
obtain

ze X[g<z%], (1)

Jx)>f(2) for no xe X[g=<z* (2)
and

9(x)<g(2) for no xe X[f/=/(%)]. (3)

Thus we have proved the following theorem:

Theorem 7-1: If there exists an # such that the set X[g=z*|NnX[f=f(7)] is
nonempty, closed and bounded then there exists an # satisfying (1), (2) and (3).

Corollary 7-1: Let & be a w-solution of Problem 7-3p. If the set X[g=z*]Nn
X[f=f(&)] is closed and bounded then there exists an # satisfying (1), (2), (3) and

f@==mm e m e |
I
|
|
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[(@)=f(&). Especially, if X[g=<z¥]n X[f=f(#)]={#} then £=27 satisfies (1), (2) and
3).

It is should be noted that if the assumption of Corollary 7-1 does not hold
then there does not necessarily exist an # satisfying (1), (2) and (3). It is apparent
from the example of Fig. 7-1. In this example, we take n=p=¢g=1 and M=
{xe R; x=0} in Problem 7-3p and Problem 7-3d. # is a s-solution of Problem 7-3p,
but there exists no £ satisfying (1), (2) and (3); because there exists no # such
that the set X[¢g=z*INX[f=/f(Z)] is nonempty, closed and bounded.

Next we derive other relations between Problem 7-3p and Problem 7-3d under
more general assumptions. Let # be a w-solution of Problem 7-3p. Then there
exists no xe€ X[f>f(£)] such that ¢g(x)=¢(£) where X[f>f(2)] implies the set
{xe M; f(x)>f(£)}. It follows from the continuities of f(x) and ¢(x) that there exists
no x€CL[X[f>f(2)]] such that ¢(x)<g(#) where CL[X[f>f(2)]] implies the closure
of the set X[f>f(#)]. Hence we have ¢g(x)<g(z) for no xeCL[X[f>f(x)]]. Now
we introduce the following assumption.

Assumption 7-1d:
X[ /zA@)]=CLIX[f>f()]].

If the set X[f=f(x)] satisfies Assumption 7-1d then we see g(x)<g(£) for no
x€ X[f=f(&)]. Thus we have proved the following theorem:

Theorem 7-2: If # is a w-solution of Problem 7-3p and the set X[f=f(2)]
satisfies Assumption 7-1d, then % is a w-solution of Problem 7-3d for y*=f(%).
Conversely, if # is a solution of Problem 7-3d for y*=f(#) and the set X[¢g=

g(2)] satisfies the following assumption :
Assumption 7-1p:
Xlg=9@)]=CL[X[g<g(2)]],
then f(x)>f(£) for no xe X[g=¢(£)]. Thus we obtain the following corollary:

Corollary 7-2: Let #eM, let the set X[f=£(#)] and the set X[g=¢(#)] satisfy
Assumption 7-1d and Assumption 7-1p respectively. Then # is a w-solution of
Problem 7-3p for z*=¢(2) if and only if it is a w-solution of Problem 7-3d for
y*=£(2).

By Corollary 7-2 we have shown the duality between Problem 7-3p and Pro-
blem 7-3d under Assumption 7-1d and Assumption 7-1p. This is the duality be-
tween objects and constraints.

Finally, we relate Problem 7-3p and Problem 7-3d to the saddle-point problem
discussed in the previous section. Let M, f(x) and ¢(x) satisfy Assumption 6-1.
Let # be a w-solution of Problem 7-3p. Furthermore, we assume that the set
X[g=z*] satisfies Slater’s constraint qualification of Problem 7-3p, that is,

Assumption 7-2p: There exists an xeM such that g(x)<z*.
Then, by Theorem 6-3, there exist #'>0 and #'>0 such that

LY@, o', xy=L'@%*, 0", &)=LY@ v, @) for all xeM, all v=0 (4)
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where L(u, v, x)=<u, f(x)) —{v, g(x)—2z*). The first inequality of (4) is equivalent to
G, FO)—f(2)— (0, o(X)—g(@)=0  for all xelM. (5)

Now we assume that the set X[f=f(%£)] satisfies Assumption 7-1d. It is easily
verified that under Assumption 6-1 Assumption 7-1d is equivalent to Slater’s con-
straint qualification of Problem 7-3d for y*=f(&), that is,

Assumption 7-2d: There exists an #eM such that f(&)>f(2).

Therefore, we may assume Assumption 7-2d instead of Assumption 7-1d. Under
Assumption 7-2d, we have ¢(2)>¢g(x) for no xe X[f=f(2)]. But, since the set X[f
= f(#)] satisfies Assumption 7-2d, there exist #2=0 and #*>0 such that

L@2, 0%, x)=L¥ @z, 0%, 2)<L*u, 9%, 2)  for all xelM, all =0 (6)
where L*u, v, x)=<u, f(x)—f(2)>—<v, g(x)). By observing that
LA@?, 0, 2)=L(n, 0%, £)=—<0% ¢(&))  for all #=0,
(6) is equivalent to
(@2, f2)—F@)— <@, g(x)—g(@))=0  for all xeM. (7)

Note that (7) has the same form as (5). The difference between (5) and (7) is the
difference between 4'>0, #'=0 and 42=0, $2>0. By letting #4=4'+4* and §=0"+7%
it follows from (5) and (7) that

&, f(X)=F(2)) =<0, g(x)—g(#)>=0  for all xeM. (8)

Conversely, it is obvious that if # satisfies (8) for some #>0 and #>0 then % is a
w-solution of Problem 7-3p for z*=¢(#) and a w-solution of Problem 7-3d for y*
=f(2£). Consequently, we obtain the following theorem:

Theorem 7-3: Let M, f(x) and ¢(x) satisfy Assumption 6-1, Assumption 7-2p
for z*=¢(&) and Assumption 7-2d. Then the following conditions (i), (ii) and (iii)
are all equivalent:
(i) # is a w-solution of Problem 7-3p for z*=¢(&),
(ii) # is a w-solution of Problem 7-3d for y*=f(%),
(iii) there exist #>0 and #>0 satisfying (8).
Furthermore, it follows from (8) that
min max K(u, v, x)=K(#, 9, 2)=0 (9)
u,v=0 TEM
where K(u, v, x)={u, f(x)—f(2))— v, g(x)—g(2)>. If we assume that M coinsides
with R", fi(x) (=1, 2, ---, p) are differentiable concave functions on R" and g¢;(x)
(7=1,2, ---, q) are differentiable convex functions on R", then K(u, v, x) is a dif-

ferentiable concave function on R" with respect to x for every #=0, v=0. Hence
the relation

max K(u, v, x)=K(u, v, &)
xeM
is equivalent to the relation
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P q
Z}l uilVy(%)— Zl 0;79,(2)=0.
i= j=

It follows from (9) that (&, 4, ) is a solution of the following problem:

Problem 7-4: Define the subset T of RP*?*" such that

T=1(u, v, x); ucR?, u=0, ve R4, v=0, xe R",
P q
Z}l Mz‘Vfi(x)—jZI v;Pg;(2)=01.

Find a (&, 9, #)€ T that minimizes K(u, v, x) constrained by (#, v, x)eT.
Thus we have proved the following theorem:

Theorem 7-4: In Theorem 7-3, if in addition M=R" and fi(x) (i=1, 2, ---, p),
gi(x) (7=1,2, --+, q) are differentiable then (i), (ii), (iii) of Theorem 7-3 and (iv)
there exist #>0 and 9>0 such that (4, 9, ) is a solution of Problem 7-4 are all
equivalent.

Theorem 7-4 shows the relations between Problem 7-3p, Problem 7-3d and
Problem 7-4. The relation between Problem 7-3p and Problem 7-3d means the
duality between objects and constraints, while the relation between Problem 7-3p
(or Problem 7-3d) and Problem 7-4 means the duality of concave (or convex) pro-
gramming. Hence we have connected these two duality by Theorem 7-4.
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