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ABSTRACT

Several different kinds of matrices such as an incidence matrix S of arcs, an incidence
matrix A of edges. a loop matrix B and a path matrix P,; and so on are used in current
theories of graph in order to obtain insights into various properties of graph. Neverthe-
less so far as the auther of the present paper is aware of, there has been no systematic
use of any of these matrices to establish a unified expression for various fundamental
properties of a graph. One of the main purposes of this paper is to appeal to a systematic
use of an incidence matrix A of edges in terms of which we shall give a clear and simple
expression for each of fundamental properties of a graph. This approach makes is
possible to apply various theories of matrices, MArRKov chain, linear algebra, linear pro-
gramming, dynamic programming, game theory and block design to systematic investiga-
tion of graph in a very simple and transparent way. '

In Section 1 we shall give a systematic use of an edge-edge incidence matix A in
terms of which various fundamental notaions in graph theory will be enunciated. Apart
from some trivial and elementary translations of these notations there do exist a few
enunications which deserve our specific attentions. For instance one of the translations
given in Table 1.3 makes us possible to investigate the existence of a kernel of the sum
graph or that of the product graph of » given graphs without making use of GRUNDY
functions each of which is associated with each of » graphs. Our considerations are
applicable not only to a graph without any loop but also to a graph with loops.

The second purpose of this paper is to investigate the problem of perfect matching
and that of the famous HaMILTONIAN circuit. In Section 2 we shall appeal to a systematic
use of the incidence matrix of edges for these classical problems. On the basis of an inci-
dence matrix of edges we shall introduce a transition probability matrix associated with
a given graph, which enables us to consider a classification of states in the homogenous
Markov chain. The necessary and sufficient condition for a graph to have a HawmiLTo-
NIAN circuit is enunciated by Theorem 1 in Subsection 2.3 and by Theorem 2 in Sub-
section 2.4.

The classical solution to the famous EuLER problem of knight’s tour, which has been
given for more than one cenutry merely as due to the rule of thumb without any explicit
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theoretical foundation, is now reduced to a special application of our Theorem 2 given in
Subsection 2.4 and verified in Subsection 2.5. That is to say, the existence of the solu-
tion for the EULER problem of knight’s tour is justified by our Theorem 2.

In Section 3 we shall give another approach to the problems discussed in Section 2,
with restriction to a graph of even order. The main technique in Section 3 is to appeal
to an decomposition of the set of all vertices into two subsets, which gives us a partial
graph which is a simple graph and to which the theory of Konmc and HaLrr [2] can be
applied. Here again the necessary and sufficient condition for a graph of even order to
have a perfect matching is given in Theorem 3 in Subsection 3.1, and similarly that for
a graph of even order to have a HAMILTONIAN circuit is given in Theorem 4 in Subsec-

tion 3.2, which also give us the theoretical foundation for the existence of solution to the
EuLER problem of knight’s tour again.

SECTION 1

GRAPH THEORETIC CONCEPTS AND THE INCIDENCE MATRIX

1.1. Definitionons

An edge-edge incidence matrix A=(a;;) of an oriented graph (X, I") is de-
fined by

1: (x4, :L'j) ceU
aij= a1n
0:(xy, )47,

where U is the set of arcs of the graph (X, I).
We define the operations + and X by

1+1=1, 041=1+0=1, 04-0=0,

1.2)
1x1=1, 1Ix0=0x1=0, 0x0=0,

i.e. the operations + and X are BooLeaN addition and BooLeaN multiplication
respectively.
We define a set of matrices A™=(a) (n=1, 2, 3, ---) with A=A by
aP= Y aiPay; n=23, -
k=1

Consequently, we have
A= An-1DA n=1,2,3, - 1.3)

Let 7 and E be an #z-vector and an zX» matrix, respectively, whose elments
are all 1. The column vectors of an (X #)-matrix A are defined by ai, as, -+ @x.
and the row vectors are a!, a% --- a". Furthermore, we define the following:
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A= 374
il
|Al= 2] 2l ai 1.4
i=1 j=1
la:| = 2 ai;.
j=1

For a set of vertices X={x,, x5, --- 24} of a graph we define the index set of X as
Jx={1,2, - n} and for any subset S={xzs,, i,, - x;,} of X we define the index set
of S as Jg={i, iz, -~ ix).

Let us define by ¢ any permutation of (ai, as, -+ @,) such that

a;, az - d,
o= , 1.5)

Ay Akgy * Agy

and denote by A(s) the incidence matrix whose column vectors are di,, @k, - @,

Let B be a matrix which can be obtained from the incidence matrix A of the
graph (X, I') by replacing some of the 1's by 0’s. Now it is evident that we can
find a graph (X, I'’) whose incidence matrix is B. The graph (X, I"") is called a
partial graph-of (X, I").

Let C be a matrix some of whose column vectors (correspondingly, row
vectors) are added and make one column vector (row vector) at the incidence
matrix A of the graph (X, I'). We call this operation shrinkage and the graph
(X, I'") whose incidence matrix C is called a subgraph of (X, 7"). Let us define a
shrinkage matrix of a matrix C by C*.

1.2. Definitions on the Types, Arcs, Paths and Fundamental Numbers of
a Graph

Most notation of graph theory can be related to its incidence matrix and its
manipulations.

Table 1.1.

Graph (X, I'), |X{|=n i incidence matrix A (nXn) i
o . 0 A |
. .. — |t |
1. simple a1 Ao) [ 070 :\ i
2. complete A+AT=F ‘
3. connected % AD=F ]

i=1
4. transitive I>lia®=11>a;=1 l
|
Tare (w1, ;) 1 |
5. @ij=
otherwise ‘
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Ipath (w4, --- x;) of the length & ;
6. a®=

otherwise

circuit (x4, --- x;) of the length k&
7. aﬁ?:

otherwise

Ipartial graph (X, I'"), B:|B|=n
8. Jperfect matching
|bi|=]bi|=1 (i, 7=1, 2, - m)
9. JHamiltonian path Ig: a5 414(0)=1(i=1,2, .- n—1)
5@ ia(0)=1 (i=1,2, - n—1)
10. FHamiltonian circuit
an,(0)=1
11. Jarborescence with root z, }E ai=[11.--101-..1]
j=1
12. connected component number p
13. cyclomatic number V(G)
14. chromatic number p
1.3. Definitions on a Subset S of X
Let Y3, Y,, Y3, Yy, Y5 be m-vectors such that the following conditions are
satisfied :

Table 1.2. Table 1.3.
at incidence

at Js o(=Jx-5) S(cX) matrix A }
Y, 1 0 15. internally stable AY, =Y,
Y, 0 1 16. externally stable AY,=Y; ‘l
Y, 1 * 17. kernel AY,=Y, ‘
Y, 0 * 18. basis AY,=Y, {
Ys * 1 19. support AY,=Y, |

Here x* means no restriction, that is, it may be either 0 or 1.

1.4. Some Proofs

In this section, we give proofs of the relations 1-19. Since some of them are
trivial and many of them are similar, we shall only give a few examples which
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are sufficient to indicate the proofs for all 19 relations. We shall make use of the
notation A<>B to show the equivalence of two assertions A and B.

[proof of (3)]
A graph (X, I) is connected.

(def.)
=

For any i and j, there exist two natural numbers k,=1 and k.>0 such that pF =1
and p%’=1 are satisfied.

=

ADLA® o4 A =

STAD=F (1. 6)
(g.e.d.)
[proof of (14)]

A graph (X, I') is p-chromatic.

(def.)
=

All vertices of the graph (X, I') can be painted with p distinct colours in such a
way that no two adjacent vertices are of the same colour.

—
There exists ¢ for which we have

1
Alo)= 2 1.7
4
here 0 is a matrix whose elements are all 0.
=4
The shrinkage matrix C*(s) of A(s) can be expressed in the following way:
P
— T
0 *
C*o)= - p (1. 8)
* "0

(q.e.d.)
[proof of (17)]
S is a kernel of the graph (X, IN).
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(def.)
=
For any xeS, 'zNS=¢ and for any €S’ I'tNs¥d.
—
There exists ¢ for which we have
Js TS
TN TN
0 x ) s
Alg)=| =i
« )
where B is a matrix whose every column vector has at least one 1.
&
1 1
)fs 0 . = :
A S DO Y B B 1. 1_1.0.
A(e) X 0 = 0
s B o«
0 0
=
A Y] = Yz
[proof of (18)]
S is a basis of the graph (X, I").
(def.)
&

(i) If by, b2€S and byxba=>b, <bay b2 <°by.

1. 9)

1. 10)

(1. 11)
(q.ed)

(ii) If x4¢S, then there exists b€S such that x<b, here x<y states that there
exists a path from the vertex x to the vertex y and z <°y states that there

exists no path.
=
There exists ¢ for which we have

A)=] S
B+ )i
YA '
1 0
)]s .
wox| L]0
e
0 1
Sl
A0Y1= Yz

a1.12)

1.13)

(1.14)
(g.e.d.)
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[proof of (19)]
S is a support of the non-oriented graph (X, I').
(def.)
Every edge of X has at least one vertex in S.
—
There exists ¢ for which we have
Js J§
TN TN
« B )
A@g)= | - _— (1. 15)
* 10 ) ;
S
0N (1
0 1
Alo) % =15 (1. 16)
1 0
4
AY,=Y, 1.17)
(q.e.d.)
SECTION 2

EXISTENCE OF A HAMILTONIAN CIRCUIT (I)

A transition probability matrix can be associated with an oriented graph
(X, I'), and the classification of states in the homogenous MARKOV chain defined
by this transition probability matrix is applied to a graph theory. Several sets of
the necessary and sufficient conditions for a graph to have a HAMILTONIAN circuit
are obtained by means of the classification of these states.

2.1. Definitions

To each pont x; belonging to a finite or countable infinite graph (X, I") let there
be assigned a set of exactly ¢; arcs having the point x; as the starting point, which
are designated by (z, zj1), (@i, Tj2), -+ (xi, £;;) Where 1<¢;<oo, i=1,2, ... With
each of these ¢; arcs the equal probability 1/g; is associated in the sense that just
in the passage of unit time a moving point which exists at the point z; will move
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to one of wx;n (h=1,2, -+ ¢;) with the probability 1/¢;. This is the fundamental
aspect of the transition probability matrix in which the transition probability p; is
equal to 1/¢; (i=1, 2, ---). However it will be convenient to appeal to the follow-
ing precedure.
Let a matrix of transition probability A=(e;;) associated with a graph (X, I')
be defined by
1 if (x,x)eU

a;j= (2. 1)
0 if (i, 2)¢0,

where U is a set of all arcs in the graph (X, I'). In the consequence a;;=1>0 if
and only if there exists an arc from the point x; to the point x; in the graph
(X, I).

A set of matrices A™=(a{y) is defined by A®=A"D (n>2) and AW
=A, where

1: i afa; >0
=
ao=14 — : (=2,3, ) 2.2)

1)
n
. Fo— —_
0: Zaél ‘)alj—O.
l=1

In the consequence a¢®=1>0 if and only if there exists a path of length 2 from
the point x; to the point z; in the graph (X, I').

Now a set of matrices of transition probabilities P™ =(P{?) (#>2) and PP
=P=(p;;) associated with the graph (X, I) be defined by means of the set of
A™ (n=1):

Qi

pijZT 2.3
af
G==2r (k=23 ) @4

where /; is the number of positive elements among the set of {a}},=1, 2, ---.
With the transition probabiity matrix P we can define a MArRkov chain in a
graph (X, ). We call this MarRkOV chain a MARKOV chain associated with the
graph (X, I").
If we concern a HaAMILTONIAN path in a graph (X, I'), it is sufficient to con-
pider only the matrices A® (k=1, 2, ---) but not the matrices P%® (k=1,2, --+),
because it is sufficient to have merely p{?=0 or p& >0.

2.2. A Classification of States

In this subsection we will state the well-known results on a classification of
states in a homogenous Markov chain (cf. [2]).

We write i=>j if there exists #>0 such that p{% >0, and i=°j if p{P=0 for
all n>0. i&>j if ij and =i
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DerFINITION 1. A state 7, is called a stable state if j=>i, for all j which satis-
fies 4,=>7. A state i, is called an isolated state if 7=, for all j.
The relation & satisfies the following three equivalent conditions;

(i) If i and j& 4k, then jE& k.
(ii) If i&>y, then j &
(iii) If for each i there exists at least one j such that i&>j, then i&>i.

The class of all isolated states in X is denoted by €;, and X—C, be classified
into the family of disjoint sets Ci, C,, --- in the following way: i<&=>j if i, jeC,
(=1), i if ieC,, jeCs (a=p).

ProrosiTiON 1. The set of all states in C, («>1) is a set of stable states or
a set of unstable state.

For any ieC, (a>1) let M; be the set of » such that P{P>0 and let d(@) be
the G.CM. of M. We say d(i) is a period of i.

ProrosiTION 2. d(@)=d(j)=d for any i, jeC, (a>1).

ProposrtioNn 3. If P®>0, P%>0 for 4, jeC. (a=>1), then /=m (mod. d),
where d is a period of C,.

Let us divide the set C. («>1) into d classes Ci(1), Ci(2), --- Ci(d) by means of
mod. d to which the remainder (=1, 2, --- d) of ((=kd+j) with PP >0 belongs:

C.=Ci(1)+C2)+ - +C(d) @.5)
for any ieC,. Here jeCim,) means that [/ with P{ >0 satisfies /=m, (mod. d).
ProrosiTioN 4. If jieCila), 11€Ci(B), P}, >0, then I=—a (mod. d).
ProrosiTiON 5. If n=r (mod. d), then

P(rneCy(r)|xo=1) =j€§(T)P¢ s(n)=L. (2. 6)

2.3. A Connected Graph with a Period d

We consider the graph (X, I') which is connected and has a period d. In this
case, as the graph (X, I') is connected,

Co=¢, Cz=Cs—_~"‘=Cn:¢ 2.7

is satisfied and as the graph (X, I') has a period d, C, is composed of d subsets
Ci(1), Ci(2), -+ C(d) for any x;eC,. This means X can be divided into C;(1), Ci(2),
-+ Cy(d) in the graph (X, I');

d
X= 3G (2. 8)
ji=1
LemMA 2.1. In a connected graph (X, I'), |x|=bxd with a period d, a set X
can be divided into b subsets as b paths of length d, each point of which belongs
to exactly one of the d subsets C;(1), Ci(2), :--, Ci(d) respectively.
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=~

The following two conditions (i), (ii) are satisfied. Here |A| is the number of
elements of a set A.

(1) ICD)[=1Ci(2)| == Cid)| =D 2.9
(ii) For any subset S(cX),
ISI<ILS] (2.10)
Proof. (c—=>)
CRyNCG)=¢  (k=)) (2.11)

and if zeCy(d), then [I"zeCy(1). If xeCy(j), then I'zeCy(j+1) for j=1, 2, ---, (d—1).

In a simple graph (C;(1), Ci(2), I"), for any subset S(cC;(1)), |I'S|>1|S]| is sati-
fied. Consequently according to the theory of Koénic and HaLr [1] there is a
matching from Cy(1) to Ci(2). Let us write this matching

{(z11, 3712), (5021, -7022), Yy (x'bl, »’Cbz)}- (2- 12)

Similarly in simple graph (C«(2), C3), I'), -+, (Ci{d—1), Ci(d), I'), there are
matchings

{(-7«'12; Zu)y (»Z'bz, -2?1;3)}

(@1, 211), -+ (To3, Too)} (2.13)

{(@1d-15 214)y 5 (Foa-1, Toa)}-
So there are b paths of length d;

#1="_(Z11, L1, =**» T1a)

U= (L1, Tazy 5 L2a) 2.14)

o =(Zv1, Ttzy ***, Lba)
here l'/cjeci(j), k’:l, 2‘ ey b.
(<¢==) obvious.

LEmMMA 2.2. Every edge of the connected graph (X, 7I"), |z|=bxd with a
period d is given a new index of the form c¢d+j such that X.,;€Ci(5), ¢=0, 1, 2,
«o b—1 and X={zi, xs, - &y} are satisfied.

i
The following three conditions are satisfied;
(1) IC(D)|=Cu(2)| =---=|Cud)|=b (2.15)
(ii) For any subset S(c X),
BSI<IS| (2.16)

(iii) When we consider » paths of length (d+1) which are composed of &
paths #, ws, - u, of b arcs of the matching from Cy(d) to Ci(1), there
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exists a matching from Ci(d) to Ci(1) such that a permutation of
these & arcs is a cyclic permutation of (z11, Za1, -+ #e1)-

Proof. From the condition (iii) we can obtain a simple path of length bd
tieing up the b paths and then we can give an index to every element of the set
X such that xcq.;€Ci(s) is satisfied. (q.e.d.)

Then we obtain the following theorem.

THEOREM 1. A connected graph (X, I") with a period d has a HAMILTONIAN
circuit if and only if the conditions (i), (ii) and (iii) of Lemma 2 are satisfied.

SIMPLE GRAPH (Ci(1), Ci(2), I')
SIMPLE GRAPH (Ci(2), C(3), I')

GRAPH (X, ")

SIMPLE GRAPH (Ci(d—1), Ci(d), T')
Fig. 2.1.

2.4 A Graph with somelConditions

Let a, b, --- be column vectors with its components are all 0 or 1 and |al, ||,
.. be the number of components which are 1 of a, b, ---

Let us denote I be a n-vector all elements are 1 and £ be a (#X#x)-matrix all
element are 1.

Lemma 2.3. If integers £ and p (1<k+p<m) exist such that A®, A& ...
A®+P=D are composed of p vectors ao, ai, -+, ap-1 satisfying the conditions

p—1
yai=1I 2.17)
i=0

and
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p-1
S A(k+i)=E (2.18)
i=0
then
Atk iph — A
A(lc+1+pi):A(k4 1
.................. i=1, 2, - (2. 19)
A E+p-1+pd) =A(k+p—1)’
and consequently
p-1
Z AGtpitm — B i=1, 2, - (2. 20)
n=0

Proof. For the sake of simplicity, we shall prove the assertion to Lemma 3
only for p=2, but it is evident for all p this lemma is proved similarly.

If the first column vector of A® is a, the first column vector of A%*Y must
be b and if the second column vector of A® is b, the second column vector of
A% must be a from (2. 18).

aA=b bA=a
aA*=bA=a bA*=aA=0b

Therefore the first column vector of A%*® is ¢ and the second column vector
of A®"» is p. And so on we obtain (2.20), we were to prove.

THeorREM 2. If a finite graph (X, I") satisfies the following two conditions (i)
and (ii), then the graph (X, I") has a HAMILTONIAN circuit.
(1) [SI<ITS] (2.21)
for all subsets S of X.
(ii) Integers k& and p (1<k+p<mn) exist such that A®, A*+L ... AG&+p-D

are composed of p vetors ay, @i, -+, a,-1 satisfying the conditions
»-1
ai=1 (2. 22)
i=0
and ‘

p—-1 X .

L AFD=F, (2. 24)

i=o

where p is a divisor of .

Proof. Let us prove this theorem for only p=2 as the same reason as the
Lemma 1. (2.24) mean that any point in X which can be attained through a path
of length % can be attained through paths of length (k£+1) starting at any point
in X. From Lemm 2.1 any point which is attained through a path of length %
can be attained through paths of length (k+i), i=2, 4, --- and any point which
can be attained through a path of length (£+1) can be attained through paths of
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length (k+i), =3, 5, ---.

Let {ai, as, -+, @aw, s} be a set of X which can be attained through paths of
length £ and {b;, -+, ben,»} be a set of X which can be attained through paths of
length (k+1). From (i) the graph (X, I') has at least one matching and then it
must be written:

(@1, bry), (@3 biz), -+, (@n2), Brcns) (2. 25)
(b1, @), (s, 12)y =+, (bensny rins) (2. 26)

where (ki By, -, Bnyn) and (4, Loy, lny») are permutations of (1, 2, --- #/2) and
kixl; 1=1,2, ---n). In (2.25) and (2. 26) we can choose numbers such that
ki:lj, kalh, (2 27)

and we arrange the # arcs:
(@i, bii)y (Bijy @z)y (@jy bry), (@ins @n), (@ny *) - (2. 28)

If a,=a; br; must be equal to bi; and then (a;, bi;) is equal to (aj, bsy). It
means @;¥xa&;. If brj=br; (=bis), @; must be eqnal to e; and then (@, bx;) is equal
to (aj, bxi). It means by;3br;. And so on a;, ay, as, --- are all different from each
other. From this reason

r=lai, bri, aj, bijy an, -+ (2. 29)

is a HAMILTONIAN circuit of this graph (X, I). (q.e.d.)

2.5 An Example. The Euler Problem of Knigh’s Tour

The problem consists of moving a knight on a chessboard in such a way that
he goes once and once only through every square on the board. For this problem
innumerable methods have been used. Here let us use the preceding results for this
problem. A number is given on each square of the chessboard. (cf. Fig. 2.2)

2 10 18 26 34 42 50 58

3 11 19 27 35 43 51 59 o o

4 12 20 28 36 44 52 60 ° °

5 13 21 29 37 45 53 61

6 14 22 30 38 46 54 62 ° °

7 15 23 31 39 47 55 63 o °

8 16 24 32 40 48 56 64 ]

Fig. 2.2. Fig. 2.3.
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Let X={1, 2, --- 64} and 'z the set of the square’s numbers to which he can go
from zeX with a step. As the knight on the square which has - mark can go to
the squares which has o mark with one step (cf. Fig. 2.3).

I'(1)=[11, 18]
F§2)=[12, 17, 19] (2. 30)

Therefore we can define a graph (X, /") and the associated matrix A can be setted.
Then the EuLER problem of the knight’s tour is equivalent to the problem of
finding a HAMILTONIAN path in the graph (X, I"). We find that A® and A® is
composed of 32 vectors @ and 32 vectors b such that

a=01010101101010100101010
11010100101010101101010

(2.31)
100101010110101010)
b=I—a
and
AP AGO=F (2. 32)
is satisfied.
The column vector’s numbers of A® composed of a is
2,4, 6,89, 11, 13, 15, 18, 20, 22, 24, 25, 27, 29, 31, 34,
(2. 33)
36, 38, 40, 41, 43, 45, 47, 50, 52, 54, 56, 57, 59, 61, 63
and composed of b is
1, 3, 5, 7, 10, 12, 14, 16, 17, 19, 21, 23, 26, 28, 30, 33, 35, .
(2. 34)
37, 39, 42, 44, 46, 48, 49, 51, 53, 55, 58, 60, 62, 64
There exists a matching between (2. 33) and (2. 34):
1,11) (2, 19) (3, 9) (4, 14) (1, 15) (6, 12) (7, 13) (8, 23) (9, 26) (10, 4)
(11, 17) (12, 2) (13, 3) (14, 8) (15, 32) (16, 6) (17, 27) (18, 1) (9, 25)
(20, 5) (21, 31) (22, 28) (23, 29) (24, 7) (25, 10) (26, 20) (27, 21) (28, 18)
(29, 35) (30, 21) (31, 16) (32, 22) (33, 43) (34, 49) (35, 41) (36, 30) 2. 35

(37, 47) 438, 44) (39, 45) (40, 55) (41, 58) (42, 36) (43, 37) (44, 34)
(45, 60) (46, 40) (47, 64) (48, 38) (49, 59) (50, 33) (51, 42) (52, 62)
(53, 63) (54, 48) (55, 61) (56, 39) (57, 42) (58, 52) (59, 53) (60, 50)
(61, 51) (62, 56) (63, 46) (64, 54)

According to the Theorem 2 we obtain a HAMILTONIAN path
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r=I1, 11, 17, 27, 21, 31, 16, 6, 12, 2, 19, 25, 10, 4, 14, §, 23, 29, 35,
41, 58, 52, 62, 56, 39, 45, 60, 50, 33, 43, 37, 47, 64, 54, 48, 38, 44,
34, 49, 59, 53, 63, 46, 40, 55, 61, 51, 57, 42, 36, 30, 24, 7, 13, 3, 9,
26, 20, 5, 15, 32, 22, 28, 18]

(2. 36)

SECTION 3

EXISTENCE OF A HAMILTONIAN CIRCUIT (II)

Some fundamental properties of a graph are defined in terms of the edge-edge
incidence matrix associated with the graph. By virtue of these definitions we
obtain a necessary and suflicient condition for that an oriented graph G(X, I") of
even order has a perfect matching and similarly for that a HAMILTONIAN circuit.
Not only for a simple graph but also for any oriented graph of even order, each
of these necessary and sufficient condition is useful for knowing the existence of
perfect matching and a HAMILTONIAN circuit, respectively.

3.1. Perfect Matching

In this section we consider a graph of even order (|X|=2x). Here |S| is the
number of elements of the set S. Z; (:=1, 2, ---) are 2n-vectors each of whose
elements is either 1 or 0, and by |Z;] we denote the number of the elements whose
values are 1. 1 and 0 are 2xn-vectors such that |1]=2» and |0|=0 respectively.

TueoreM 3. The graph G(X, I'), | X|=2n, has a perfect matching, if and only
if the following conditions (i) and (ii) are satisfied.

(i) There exist two vectors Z;, and Z, such that

AZ1=Z2 (3. 1)
Z,+7Z,=1 3.2)
|Z1I =N (3. 3)
(ii) For any ScX
II'SNXe| =[SN X (3.9

where X is a subset of X corresponding to 0 in Z, and X, is corresponding to 1.

Proof. In the graph G(X, I') we divide the set X into two subsets X; and X,
and neglecting some arcs we make a simple graph G’(X;, X, I'"). For this simple
graph G’(X;, X,,I"") we use the theoem of KoNING and HAaLL [1].
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graph (X, I") simple graph (X, X, I")

Fig. 3.1.

Ad; The sufficiency. From (3. 2), (3. 3), it follows that Z; and Z, can be ex-
pressed by giving a new index

0 1
At At
0

Zy=| i Zy=| i (3.5)

1
1 *

For these expressions of Z; and Z,, (3.1) implies that the incidence matrix A can
be expressed by giving a new index

—

*

n n
{ c B J)n
A | (3.6)
ci c )n

where B is a matrix whose every column vetors has at least one element whose
value is 1 and C is an any matrix whose elements are either 1 or 0.

Now let X; be a subset of X which corresponds to 0 in Z; and let X, be that
which corresponds to 1. Then |X,|=|X:|=n, and for any x,€X, there exists at
least one xz.€X, such that I'z;=x.. Let us define a partial graph G’(X, I"’) of
G(X, I') by

X=XiUX,
S.7
I": X, — X,

This means that the graph G’(X, I'’) is obtained by removing the following set
from the graph G(X, I');

{(xs, .’)7]); (.Z‘q;eXl and .Z‘jGX1)U(.Z‘7;€X2 and ijXl)

3. 8)
U(.’L‘ieXz and .Z‘jGXz}}
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Since X;N X,=¢, the graph G’(X, I"’) is a simple graph and it must be written
G'(X,, X5, I'"). According to the condition (ii), the following inequality is satisfied:
|S|<ITS| 3.9

for any Sc X in the graph G'(X;, X;, I™). By virtue of the theorem of KONING
and Harr [1] this simple graph G/(X, X, I'") has a perfect matching and so the
graph G(X, I') has a perfect matching.

Ad; The necessity. Le the graph G(X, I') has a perfect matching

(@1, 23)), (B2, Zip)y oy Xy i)y
and let us write

Xi={x1, 23, -+, Tn}
XZ:{xip Ligy xzn}

Then for any z;eX, there exists at least one x;;€X; such that I'z;=x (j=1, 2,
- n). By giving a new index the incidence matrix A can be expressed

C B
= | o (3. 10)
c:C |
Hence for
0 1
Z,= (1) = i 3.11)
1 * )
we have a following relation
0N (1
C B . .
[ --------- 2. } K .12
c c 1 *
1 *

Let us define a partial graph G’(X, I'’) of the graph G(X, I') by
X=XuX,
I X; _—> Xz

(3.13)

Then the graph G’(X, I'’) has a perfect matching and the following inequality
is satisfied:

IS|< TS} 3.14)

For any Sc X, this means that in a graph G(X, I'), the relation
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11'SN X.|>1SN X (3. 15)
is satisfied for any SUX.

3.2. Hamiltonian Circuit

THEOREM 4. A graph G(X, I') of even order (i.e. |X|=2#n) has a HAMILTONIAN
circuit if and only if the following conditions (i), (ii), and (iii) are satisfied.

(i) There exist 2n-vectors Z;, Z,, Z; and Z, such that

AZ\=2Z, (3. 16)
AZ,=Z, 3.17)
| Zi|=n (3.18)
Z,+272,=1 3.19)
Z\+Z:=1 (3. 20)
Z X Z;=0 (scaler) 3.21)
Z;+Z,=1. (3.22)
(ii) For any ScX,
1SN X[ <|I'SN Xz (3. 23)
1SN X:|<['SN X (3. 24)
Here X, is a subset of X corresponds to 0 in Z; and X, is corres-
ponds to 1.
(iii) Let two sets of matching whose existence are assured from (i) and
(ii) be
(1, Bi,)y (2 Tip)y o+ (Tny Tay)
(3. 25)
@iy )y (Figy Xj0)y = (Eiy i)

then (ji, j2, -+~ 7») iS a cyclic permutation of (1, 2, --- »).

Proof. Ad; The sufficiency. From (3.18), by giving a new index Z, can
be expressed

Z,=| -3 (3. 26)

From (3. 20) it must be
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Ep—l...p—l
~——
B

Z, (3.27)

Il

and from (3. 21) it must be
Zo=| i (3. 28)
Also from (3.19) it must be
1
Z=| -1 (3. 29)

and from (3. 22) it must be
*
)
1
1 .

Now let X; be a subset of X which corresponds to 0 in Z; and X be corres-
ponds to 1. Then from (3. 16), for any x,€X; there exists at least one x, such
that xs=7I"z;. From (3.17) there exists at least one x; such that z;=Iz, for any
z:€X,. From the condition (3.23) in (ii), there exists a perfect matching from X;
to X;. Also from the condition (3. 24) in (ii), there exists a perfect matching from
X, to Xi. For these two sets of matchings the condition (iii) is satisfied and so
these arcs must be perfect matching. (q.e.d.)

Z,= (3. 30

Ad; The necessity. As there exists a HAMILTONIAN circuit, let us define it by
p=(x1, T3, *** Tam)- (3. 31)
This means that there exist 2x arcs
(@1, X2), (3 3), = (Tan—1, T2a)y (L2ny T1)- (3. 32)
Let us define the sets X; and X, by
Xi={x1, T3, -+ Ton_1}

Xo={xs, 4, -+ Lan}
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then there exits at least one x;€X, such that I'z;=x; for any x;€ X;. This means
that there exist Z; and Z, such that

AZ\=2Z,. (3. 33)

Similarly there exists at least one x;€ X; such that I'z;=x; for any x;€X. This
means that there exist Z; and Z; such that

AZ,=Z,. (3 34)

Z\, Z,, Zy and Z, satisfy the relations (3. 18), (3.19), (3. 20), (3. 21) and (3. 22).

There exist two sets of matching from X; to X, and from X, to Xi. Hence
the relation (ii) is satisfied. The 2» arcs of (3. 32) is a HAMILTONIAN circuit and
so the relation (iii) is satisfied.

ExawmpLE 3.1. Consider again EurLtr problem of the KNiGHT’s tour mentioned
in subsection 2.5. We can find the vectors Z,, Z., Z;, Z, and the sets Xi, X;;

Z=0101010110101010010101
0110101010010101011010
10100101010110101010)

Z,=1010101001010101101010

1001010110101010100101 (3. 36)
01011010100101010101)
Z,=Z, (3.37)
Z=Z (3. 38)
X,=1{2, 4, 6, 8, 9, 11, 13, 15, 18, 20, 22, 24, 25, 27, 29, 31, 34, 36,
38, 40, 41, 43, 45, 47, 50, 52, 54, 56, 57, 59, 61, 63} (339
X,=11, 3, 5, 7, 10, 12, 14, 16, 17, 19, 21, 23, 26, 28, 30, 32, 33, 010

35, 37, 49, 42, 44, 46, 48, 49, 51, 53, 55, 58, 60, 62, 64}

For these X; and X, (3.23), (3.24) are satisfied. Two sets of matching whose
existence are assured from this are

1,11), (3,9), (5 15), (7,13), (10, 4), (12, 2), (14, 8), (16, 6), (17, 27),
(19, 25), (21, 31), (23, 29), (26, 20), (28, 18), (30, 21), (32, 22), (33, 43),
(35, 41), (37, 47), (39, 45), (42, 36), (44, 34), (46, 40), (48, 38), (49, 59),
(51, 57), (53, 63), (55, 61), (58, 52), (60, 50), (62, 59), (64, 54)

and
(2,19), 4, 14), (6, 12), (8, 23), (9, 26), (11, 17), (13, 3), (15, 32), (18, 1),
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(20, 5), (22, 28), (24, 7), (25, 10), (27, 21), (29, 35), (31, 16) (34, 49),
(36, 30), (38, 44), (40, 55), (41, 58), (43, 37), (45, 60), (47, 64), (50, 33),
(52, 62), (54, 48), (56, 39), (57, 42), (59, 53), (61, 51), (68, 46).

(3. 42)

For these matching the relation (iii) is satisfied. According to Theorem 4 we con-
clude that the graph (X, I") has a HAMILTONIAN circuit;

p=I[1, 11, 17, 27, 21, 31, 16, 6, 12, 2, 19, 25, 10, 4, 14, 8, 23, 29, 35,
41, 58, 52, 62, 56, 39, 45, 60, 50, 33, 43, 37, 47, 64, 54, 48, 38,
44, 34, 49, 59, 53, 63, 46, 40, 55, 61, 51, 57, 42, 36, 30, 24, 7,
13, 3, 9, 26, 20, 5, 15, 32, 22, 28, 18].

(3. 43)
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