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Quantum Mechanical Descriptions of an Electron
in a Magnetic Field

(Received June 5, 1970)

Mitsuru FUKUCHI*
Kiyoshi SETO*

Abstract

The various quantum mechanical descriptions for an electron in a constant
homogeneous magnetic field are considered for some particular gauges using the
elementary methods of solutions. The internal relations between thém are in-
vestigated by the quantum mechanical operator technique to get the systematic
solutions for the wave functions in coordinate space. Then the transformation
theory between various solutions is established and further the oscillating motion
of a wave packet is analyzed to present another direct example of the theorem
due to Ehrenfest.

I. Introduction

Quantum mechanical behaviour of an electron in a uniform constant magnetic field
is a well-known problem. Helical orbits are quantized into the famous Landau
levels®?, We consider in this paper mainly the relations between the various quan-
tum mechanical descriptions, which are originated owing to the degeneracy of the
energy eigenfunctions, or may be interpreted in a classical mechanical language,
by the fact that the axes of helical orbits with the same energy may lie anywhere
in the plane perpendicular to H. Further the arbitrariness for the vector potential
by the gauge transformation makes the problem rather obscure.

Before treating the problem quantum mechanically, we may mention briefly the
classical mechanical description. Newtonian equations of motion of an electron in
a static homogeneous magnetic field along the z-direction are expressed as

eH

Moz=— vy, (1-1)
mi‘)y=+ eH Vz, (1“2)
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mo,=0, (1-3)
where m is the electronic mass and —e, its charge. The motion along the magnetic
field is identical as the free motion, and we shall attend to the description for the

motion in a plane perpendicular to H, i. e. the x-y plane only. Equations (1-1)
and (1-2) are expressed as

de=—wv,, (1-4)
i)y =Wy, (1—5)

where w= %Hc— is the cyclotron frequency, and we have the solutions,
i=v,=7rw cos (vt+a), (1-6)
y=v,=7.w sin (vt +a), (-7

and further integration gives,
xX= e +xo . (1—8)
and y=1+3,. (1-9)

Here the electronic coordinates are expressed as the sum of two; the coordinates x,
and y, that are identified with the center of the circular orbit, and the relative
coordinates & and 7 which describe the relative circular motion to the center x,
and y,, and are related to the velocity components v, and v,.

&= 7}7 v,=7.sin (0t+a), (1-10)

-1

w

and 7= Vy=—7,cos (vwit+a). (1-11)

The helical motion is a simple circular motion of the radius 7. with constant speed
in a x-y plane centered at the point (x,, y,) with angular velocity . The energy
E of the motion in a x-y plane is expressed only with the radius 7. and the angular
frequency « and therefore independent on the center of the orbit x, and y,.

E= _;- mrlat . (1-12)

In a quantum mechanical treatment we have to formulate the problem in terms
of the Hamiltonian operator which includes the vector potential explicitly rather than
the magnetic field, so there appears some uncertainty concerning the gauge trans-
formation. In the following we solve the Schridinger equations for the stationary
state wave functions in the x-y plane for the various gauges by elementary methods,
and ask for the internal relations between them. The internal relations are in-
vestigated using the quantum mechanical operator formulation to get the systematic
solution to the problem. and the meanings of various constants of motion are made
clear to get the density of states for particular methods of solutions. Finally the
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motion of a wave packet is analyzed to get another example of verification for the
theorem due to Ehrenfest.

II. Elementary Solutions for Schrodinger Equations
in Various Gauges

We shall now consider the elementary solutions ‘to the free electron problem in a
uniform magnetic field in the nonrelativistic quantum mechanics. The Hamiltonian
for our problem is

w=a (Pt L4 + o (P+ £4,),
where we omit the unnecessary part along the field direction (z-component). We
now have to specify the vector potential. Since it is the magnetic field that is the
observable physical quantity, all vector potentials which produce the same field
(0O, 0, H) should be physically equivalent (gauge invariance). We may take three
commonly used forms to the vector potentials.

(1) A®=(—Hy, O, 0,); This gauge is called Landau or linear gauge®,

(2) A®=(0, Hx, O); This is essentially the linear gauge, where roles of x-
and y-components are interchanged in contrast to the gauge A%,

(3) AW=(—iHy, $Hx, O) ; This is called symmetrical gauge.

First, we consider the Landau gauge. The Hamiltonian in this gauge is represented
as

y_ 1 _ € :. 1 _
0= g (Pem G HI) 4 P @D

Thus the staitionary state wave function ¥ must satisfy the Schridinger equation,

2
(g (Pa= LH,) + P U D (x, )=E¥D(z, 3). (2-2)

It is easy to see that, looking for the solution in the form,

Yo (x, y)=(27) " exp (k)0 (y), (2-3)

we can separate the variables in the Hamiltonian. In other words the coordinate
x does not appear in the Hamiltonian (2-1), and P; is a good quantum number (P,
commutes with the Hamiltonian and its eigen value is denoted as #k.). The equa-
tion to be solved for ¢(y) becomes

‘- %7?;—2 +% mw(y—k:10} 9 () =Ep(3), (2-4)
and
- =

The equation (2-4) is identical with the problem of one-dimensional harmonic
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oscillator centered at y,=k.i%. As for the eigenvalues we immediately get from
the equation (2-4),

E=#o(n+1), n=0, 1, 2,---, (2-6)
and the corresponding eigenfunctions are
_ Y= _
p=0, (12 ), (2-7)
—(ongr J= 13 1, .
0(p)=(@n! Jz 1) exp (= 5 p?) Hulo), (2-8)

where H,(p) are the Hermite polynomials. Thus we obtain

U (x, y)=(27) "t exp (ik.2) 0, (y—_ly—") (2-9)

and especially for the ground states

7Y, =(2m) " exp (ik.x) (2 47) Fexp {— L (2R20) (2-9)
The length i defined in the equation (2-5) is called the magnetic radius and de-
termines the order of the cyclotron radius in the quantum mechanical ground state
(n=0) and is therefore characteristic for the quantum mechanical treatment. In
the wave function for stationary states (2-9) and (2-9'), we see the oscillatory mo-
tion along the y-direction but not along the x-direction. The probability density
|§Ifn(’1,zx]2 is uniform for the x-direction in contrast to the oscillatory motion in clas-
sical treatment.

We shall now determine the degeneracy of levels. First, we observe that just as in
the classical description the energy (2-6) is independent on the position of the center
¥,. This means that all the wave functions given in the equation (2-9) with dif-
ferent k. (or equivalently y,) belong to the same energy eigenvalue. Since in free
space there is no restriction on k., we may conclude that each level has an infinite
degeneracy. But we consider an electron to be in a cubic box of a dimension L.
If we apply the usual periodic boundary condition to the wave function in the =x-
direction, then the allowed values of k., are

_ 2m ._
ko= ==, (2-10)

where n. is an integer. The center of the orbit, y, must be within the normaliza-
tion length L. The wave functions with centers located within the distance 2 from
the boundaries may suffer the serious modifications due to the occurence of the sur-
face states, but the relative number of such states is considered to be very small

as long as 1« L. This means 0<k,= %—g- < —f}. Since within the unit length of

k; there are L/2r allowed k., values, the total number of allowed k. values is
L?*/27 2%, and this is the degeneracy of each Landau level. The density of states
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s 1/27z2* per unit surface area. When the magnetic field is so strong that the
interval %o between the Landau levels becomes very large, we see the phenomena
of strong bunching of the allowed levels.

Next, the gauge A® is considered with the following Hamiltonian,

1 1 e 2
@—_1 pay L £ . 2-11
FO= Pt (P,,+ : Hx) (2-11)

Following the similar analysis to tke case of gauge A‘® we can easily obtain the
solution,

¥R, (5, 9)=(2n) ! expik,y0, (ZtRdl), (2-12)

n, ky

with the same expression as (2-6) for the energy eigenvalues. The degeneracy in
this case is seen to be identical in the Landau gauge. We see in this gauge the
center of the oscillator at x,=—%,4% and the ground state wave functions are ex-
pressed as

w‘ongy :(2”)_% exp tkyy (2 JE)_%CXP{—(J‘—?}%&}_ (2-13)

Finally, we consider the symmetrical gauge A =(—4% Hy, 3 Hx, 0). In this gauge
the Hamiltonian #® is expressed as

= _217 (P24P,?) + % ol + % mo? (224 y?). (2-14)

In this gauge both P, and P, are not constants of motion because we have both
coordinates x and y in the Hamiltonian but we have another constant of motion,
namely lI.=(rxP). as is easily seen.

In order to make the physical situation clear, we may try to solve the cor-
responding Schrédinger equation in rolar coordinates in the form ¢ (r, )
:(r)‘%F (r)ei”®, with F(r) cteying tke following radial wave equation‘®:

n* d*F

= S drt +VersF=EF, (2-15)

where V= i;;_’} i .;. HoM+ L marre, (2-16)

We consider the case where M is a very large positive or negative integer, thus the
correspodence principle may be applicable. The effective radial potentiol V.;; has
a minimum value at

ru=@M—1 2, (2-17)

and is approximated as
Vers=Votsmo*(r—rn)i+--, (2-18)

where the minimum value of V.;; is denoted as V.
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V.,_”_{M+ (4M*— 1)%} (2-19)

In the region where the principle of correspondence is applicable, V, is approximated
as

Vi=#oM, when M is a large positive integer, (2-19")
or V,=0, when M is a large negative integer. (2-197)
Thus we may expect that the eigenvalues of the Hamiltonian (2-14) to be

Ho(M+3), io(M+3+1), Ho(M+4+2) .-, M>0

Hob, BoG+1), Fo(3+2) . M<0 (2-20)

The eigenvalues as a whole are of course identical to the expression (2-6).
The direction of circular motion in the magnetic field is expected to be the origin
of the difference due to M values.

The exact solution to this symmetrical gauge problem may be obtained easily
rather in the form

TS (r, 6)=R(r) e¥?, (2-21)
where the radial wave function R(r) is investigated by usual polynomial expansion

method for the function R(7)/exp (— r’ ) We cite here only the results, the

42
details of which may be found in references®,

—-n+l+ 1 n—
TS (r, 6) =@ ani)E L (z) lexp{z(n 1)0—W} L., z( 22) (2-22)
where the polynomial part of the wave function is denoted as
Le, «(p)=exp (0/2) (£5)" Lo exp (= p/2)]. (2-23)

The energy eigenvalues depend only upon » valves
E.=ho(n+4), (2-6)

and are degenerate to [ values or to M. The quantum number M previously intro-
duced by the equation (2-21) is given by the difference of # and [,

M=n—I, (2-24)
where
1=0, 1, 2, 3,...
(2-25)
n=0, 1, 2, 3,...

The positiveness for the / values is the reflection of (2-20). The ground states
are obtained by putting » equal to zero,

v =@l F L (2) exp(—ito— ] ;2) (2-26)
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The degree of degeneracy or equivalently the state density for the level E,
=#hw(n+4%) is difficult to obtain in this gtage of investigation, where the meaning of
the quantum number [ is not clear although it has been introduced by the require-
ment of termination of series for the function L., ,(p).

We have now investigated the wave functions in three different gauges. Now
we shall proceed to consider the internal relations between them. As is well known
the gauge transformation is represented by the canonical transformation for the
wave functions in quantum mechanics. ‘

V¥ =exp (— _’cfhf.) ) (2-27)

The vector potential appears in the Hamiltonian in the form of combinations of

P+ —ce— A where this quantity is transformed by the canonical transformation (2-27),
e e . _ def e ief
P+-c— A-P +?A _exp( W) <P+ A) exp( )

=P+ (A+7f).  (2-28)

Thus the wave function ¥’ is expected to be one for the gauge A+pf. Unfortunately
we are not able to obtain the simple relation (2-27) for the solutions (2-9), (2-13)
and (2-22). For simplicity we consider the ground state wave functions mainly in
the following. The linear combinations of the degenerate wave functions that are
obtained by the transformation (2-27) are need to obtain the correct wave function.
Starting from the wave function ¥® for the Landau gauge, we seek after the
solution ¥» in the gauge A», where the gauge transformation is

AD=A® 4 pfr (2-29)
and f'=Hxy. (2-29')
According to the equation (2-27) we obtain from the equation (2-9'),
_ (y—kz2%)
[ A% _constxexp{zkxx 1= ————W—},

for the gauge transformed wave functions. We have further to make the linear
combination of the above wave functions which have different k, values in order

to have ¥, ,

c(ky, ks) =exp(ii’k:k,), (2-30)
Sety, k¥, dhcoc exp {it,y— EXRIDY foxp 27 (- 2HIELITR Vg,
(2-31)

This is exactly proportional to the function ¥ %) , (2-13). For the excited state
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wave functions we can obtain the same coefficients of linear combinations propor-
tional to above c(k,, k,) using the generating function for the Hermite functions.

Next, the wave function 7,2, is obtained from the function ¥(}}. In this gauge,

A(3)=A(1)+Vf// (2_32)
and f’=%Hzxy, (2-32")
then we obtain
¥ 5, =const X exp {z‘kxx—z' 7"3’.2_ — (y_—zl.;x2 az)e } 2327y
i o X ® i s ) .
Taking the coefficient ¢'(k;) equal to exp <— 5 ), ¥, ®, is easily obtained, i.e.,
we can see
"y g’ _ x5t _ a2 _ ix+y\h _
[e¥F, dhooc exp(— E L _)fexp{ 2 (ko= EEY ) ap, (2-33)

is exactly proportional to the function ¥, %, (2-26).

III. Systematic Solutions for the Wave Functions

So far we have worked out with the wave functions for a specific vector potential
in each case. Now we proceed to work with the systematic treatment. In this
formulation the eigenvalue problem can be treated in terms of the relative coor-
dinates and the coordinates of the center of the orbit®’, and the corresponding
eigenfunctions are obtained by factorization procedure, in which the constants of
motion may be conveniently used to classify the wave functions.

The Hamiltonian is expressed in terms of the kinetic momenta, =

1:=P+-‘;’—A, (3-1)

_ 1 2 _
#= g (T F 1), (3-2)
where 7, and 7, satisfy the commutation relation,
(72 Tyl=— %Hz‘. (3-3)

Relative coordinates £ and 7 are introduced quantum mechanically by the definition,

_.77'-1/.__1_2_ ___n'z__Lz
: “EFT T T me T R

T moe

T xy (3_4)

and therefore, they are not independent variables for each other as in classical
treatment, but they have to be considered the canonical variables which are com-
plementary to each other.

L&, nl=—ia* (3-5)
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The Hamiltonian (3-2) are expressed in terms of these relative coordinates &
and 7.

#=1mo? (§2+7%) (3-6)
The radius of circular motion 7. is related to these coordinates, '
rl=gitnt= 2 Z_ , . 3-D

from which we can conclude that 7. is a constant of motion and an eigen state of
the Hamiltonian s may therefore be constructed to become an eigenstate for the
operator 7. also. Another set of coordinates are those for the center of the circular
orbit x, and y,, which are defined as '

A%

xo':x—f:x_ T Ty ’
(3-8)

A
Yo=y—N=y+ T Tz.

These variables are independent to the relative coordinates, because we may easily
see using the relations (3-1), (3-4) and (3-8),

l[xo; &l=[x0, 71=[0, $]=[J’o,"7]=0~ | . 3-9)

and therefore they commute with the Hamiltonian (3-6), but they are not mutually
commutable for each other,

[%o, Yol=id% (3-10)
The coordinates of the center, x, and y, have therefore to be considered as another
set of canonical variables in addition to the canonical variables ¢ and 7.

We have thus obtained two sets of canonical variables (&, ») and (x,, ¥,) and as
the Hamiltonian does not contain the one set of variables (x,, y,) we may conclude
that the eigenfunctions are degenerate by the way in which the eigen functions are
expressed in terms of the variables x, and y,. Thus the variety of the eigen func-
tions is not due to the selection of the gauge to the vector potential, but due to
the selection of the wave function for the variables x, and y,.

We shall proceed to work with the eigenvalues and the eigenfunctions concretely.
The annihilation and creation operators for the oscillation of the relative coordinates,
a and a* are defined as

a= Jz 5§ ”)_Jz 5 (Fe—imy),
(3-11)

a=_L_(etin=— 2 (z.+in,).
727 Jz %

The Hamiltonian is seen to be diagonal in the occupation number representation,

* 2 __;?_1 _
a“a= 2/12 (&2 +1%) — 5 Fe 3 (3-12)

57



Mitsuru FUKUCHI and Kiyoshi SETO

whose diagonal elements,
E.=ho(n+1), (3-13)

are identical to the well known Landau levels. The corresponding eigen functions
are obtained from the ground state wave functions which are determined by the
requirement a¥,=0.
Although the eigenfunctions are determined by the equations,
vu=) 7 @9 T, (3-14)
a¥,=0, ‘

the concrete forms of wave functions are dependent on the variables x, and y,.
Three choices of the wave functions for the center of orbit x, and ¥, are considered;

Case 1. The wave functions are the eigenfunctions for y,.

Case II. The wave functions are the eigenfunctions for x,.

Case III. The wave functions are eigenfunctions for x,2+ y,2.

We first consider Case III; the wave functions are the eigen functions for the
operator 7,*=x,"+3?, in which x, and y, are considered to be canonical variables
according to the commutation relation (3-10). Introducing the creation and annihila-
tion operators b*, and b for these variables,

b*= b (re—is),

V22
(3-15)
b= iy Gotin),
we obtain b*b= z}v (%t + 3ot +i [ %o, yo])=7ll_,(r.,2—zz), (3-16)
and Pt = 22(20%b+1). (3-17)

The eigenvalues of r,2=x,2+y,?, that is, the squared distance from the origin of
the center of the orbit are quantized into the discrete values,

A%, 322, 5%, (214-1) 2%, (3-17")

The degenerate ground state wave functions are classified according to above I-
values,

v, =)~ eowa=0=ant{ ﬁl - x—iy) }‘ ¥,(1=0), (3-18)
where the creation operator b* is equal to 7 21 = (x—i y)—a and therefore we may

drop the operator a for the ground states ¥(I). The starting ground state in Case
IIT, ¥(I=0) is completely determined by the requirments,

awﬂ(lz()) =0’

(3-19)
and bWo(l:O) =0.
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These equations are expressed in terms of 7, and =,

7 Fo(1=0) = i i(x+iy) T,(1=0),

(3-20)
B Fo(1=0) = S (x-+iy) ¥,(1=0),
and thus we can obtain the differential equations which the required wave function
has to satisfy in the ordinary coordinate space representation.

Wol=0) _ 1 (__ . .24, _
S = g (e =0, o2
21
Wo(d=0) _ 1 (,. . .24 _
and e =35 (+tx y z——H”—) ¥,(1=0).
The solution for the equation (3-21) is confirmed to be
—0)— -3 1§ x4y i _
Ty(1=0)= (27 %) expW{ Lis & —H—(fAIdx+ fAydy)}, (3-22)

using the relation H=rot.A.
The phase integral f Azdx+ f A,dy is related to the gauge transformation A4

=A®+pf, where we have defined the general gauge relative to the symmetrical
gauge, A=(—4% Hy, + Hx, 0) using the scalar function f.

2f=fodx+ fAy dy . (3-23)

The wave function (3-22) becomes finally to

i _ __ 1 _x’-l-yz . f _
q.,(z_O)_mexp( Cnel )exp( z—m,). (3-22')

The factor exp(—i -;%) is identical to the canonical transformation (2-27). The

degenerate ground state wave functions are obtained in Case III in coordinate space
using the relation (3-18),

— l 2 2
()= # {j—z%ﬂ’l} ﬁ exp (— —’5-4—-;2}'—) exp (—i—Hf;—z-> , (3-18")
which confirms the result (2-26) for the arbitrary gauge.

From the expressions (3-17) and (3-17") we can obtain the meaning of the quan-
tum number [, that is the measure for the distance of the center of the orbit from
the origin. Considering the specimen to be a circle of radius R and neglecting the
boundary effects to the number of states we may obtain for the density of states
per unit surface area for the very large value of R,

1 _ 1 R _N_,_1
n R? Imas= 2n R? (—AT 1) 2w A’

59



. Mitsuru FUKUCHI and Kiyoshi SETO

The form (3-18') confirms that the angular momentum [,= i—a- is a constant of

i 00
of motion only in the symmetrical gauge A, where f is equal to zero as is pointed
out previously. The solution for the Landau gauge A® should be obtained if we put

leﬂ exp(— x;_;zyz)exp(—i ijyz) is the wave

function corresponding to /=0 and »=0 in the Landau gauge. In order to get the
wave function of the form (2-9) and (2-9') we have to proceed to Case I.

Next we consider the wave functions in Case I, where the ground state wave
functions are classified according to the eigenvalues y/. The wave function ¥,(y,)
is obtained from the wave function ¥',(y,'=0) using the displacement operator for y,,

f equal to — tHxy but the function

i.e. exp( ;2 °Ax°> We can easily see the function
2

7o () =exp (i-2570) 7 (v, =0) (3-24)

is the eigenfunction of y, with eigenvalue y,’ using the relation

Yo (3'=0)=0,
(3-247)

exp(——z Jo x") o exp( Yo% ) =Yo+ 0.
The starting wave function in Case I is therefore determined by the requirments,
a¥ly(yy=0)=0,
Yo¥ 6 (3’ =0)=0.

The equations (3-25) are transformed into the following form in terms of =, and

(3-25)

Ty,

(/=0 =— 2 Wy (y'=0),

(3-25")
7 Fo(30' =0) = iy (y=0),
and finally into the form of differential equations in coordinate space.
a ;) — 1 —_— e Ax -
Wq/o(y 0=0) = ?‘( ye 1—H—) 7o(3/=0),
(3-26)

5 V(30 =0) = ¢ (—y—i4) ¥u(30=0).

The solution of the equations (3-26) is expressed in terms of scalar function f
previously defined,

X
¥ =0) =2z A P exp{— For—i (g + %)) (3-27)
In order to get ¥y (y,’) from the solution (3—27) using the relation (3-24), we notice
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”"exp{' (A{H + zxz};)}zexp{"(xzflf ;z};)}(x_‘lhiP”)'

(f+3 ny)} through the

and we may therefore move the factor exp {— ).:H

operator x, to the left,

o) =@rdr 29 Fexp{— —Er ( £+ BE2) exp {25 (- 2 P,)} exp(— 57)

e {5 252) oo o124 ey e 5%
(3-28)

The function (3-28) is identical to the function (2-9’), where we remark the relation
=k.2%, and f+1 Hxy is equal to zero for the gauge A®.
The wave function %,(y,’), (3-28) is changed into the form

Vo (30" < exp (—-z lé)exp (— x’4—|;231> exp(i—%—zw (3-28")
In the form (3-28') the last factor is the function of (x—iy), the power series ex-
pansion of which thus may give the expansion of ¥(¥,") by the wave function ¥,(l).
We notice here that the states of even I may appear for the state ¥y (y,’=0) but
states of all I's may appear for the general state ¥,(y,’), and further that the same
expansion formula may apply for the excited state wave functions because they can
be obtained by repeated application of the creation operator a* to them. The state
¥.(y') is an eigenstate of the operator y, and the operator x, consequently has
infinitely large uncertainty as is required by the commutation relation (3-10).
This is the reason why |¥.,,»V|? has uniform charge density for the x-direction.
Finally we can treat Case II similarly. The wave function ¥,(x)/=0) is deter-
mined by the requirements,

a¥o(xy'=0) =0,
(3-29)
and x¥ o (%' =0) =0,
whose solution is
r__ —_ — "* — xz — f — xYy _
V(% =0) = 2uyn 1) exp{ o z(—pH -_21,)}. (3-30)

The displacement operator exp (—t %o ) °) generates the function ¥,(x,) from the
function ¥,(x,'=0),

¥o(x,") =€xp ( z 1‘)*&) ¥y(x'=0)

A*H 552
(3-31)

oo (- b (7 2552)) ot e -1 240 e - 5202
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and the analogous one for the equation (3-28') is

¥o(xy') oc exp (—i —2%-) exp ( x:{zy—z) exp {— = __i.%; ;22%’) ’},

which may give the expansion of ¥,(x,’) by the function ¥,(l).

IV. Conclusion and Further Discussions

We have developed the theory for the wave functions in the general vector poten-
tial, and reached the conclusion that the differences in the wave functions originate
from the differences which constants of motion we chose to classify the degenerate
wave functions. The different vector potentials may give the different constants
of motion at first sight in terms of r and P but, as our previous treatment in terms
of = shows, we can obtain the same constants of motion in the general gauge al-
though they become obscure for the particular gauge. The remaining problem is
to find out the transformation theory in quantum mechanics from the general point
of view. As two sets of the cannonical variables are (&, 1) and (x,, y,) for our
Hamiltonian, we may work out the transformation theory in the & and y, repre-
sentation. We can obtain the wave functions in this representation.

Case I.

Vo(y)=|n>3(3— ), 41
where |n> is the n-th oscillator wave function as a function of ¢ to the Hamiltonian,
x#=tmo?(£*+797).

Case 1.

¥, (x) = > @29 Fexp (i "01'{" ), (4-2)

where we have used the commutation relation [x,, ¥,]=72?, and normalized the weve
functions for the continuous variable x,’, as is done for Case T for the variable y,’.
Case TI.

V.()=|n>Y (), 4-3)

where Y, (y,) = (2‘1.’1/?2)'% H,(y,) exp (— 2’;“:) is the normalized wave function

for the operator x,?+y,> whose eigenvalues are 1*(2/+1) in y, representation.
The coefficients of transformations between them are easily obtained in this
representation taking the inner product between the above wave functions.
Case I and Case I

Wa(30) [V )y = 3 e exp (i 2000 (44)
Case T and Case II
- 2
Wa(3) [T )= b QU7 2)7F Hi(A30)) exp (— 227 “5)
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Case TT and Case II

W a() 1B (Y= B (RN D7 HL () exp (= 207 (4-6)

As a final interesting example the motion of a wave packet in a constant magnetic
field is shown to have an exact solution as in a one dimensional harmonic oscillator
problem®. As for the initial state wave function of a packet, the function

¥(x, y; t=0)=

exp (z‘kx -z ;‘;',y ' ) 4-7)

1
Vo 2
is chosen and we will try to look for the time evolution of the packet. The form
of the wave function (4-7) means that an electron is localized near the origin and

has the initial mean velocity % along the x-direction.

The function is expanded in terms of the eigenfunctions of the Hamiltonian for which
we use #@P, (2-1) of the Landau gauge for simplicity, thus the time development

is easilly achieved by the factor exp (— i E’;‘t )
v(x, y; t)= Z f dk'?, % An,eexp (—inot) exp (— %wt) (4-8)

-

The coefficients A,,. are obtained by the inner product between the function
¥(x, y; t=0) and the eigenfunctions #,%., (2-9).

Any o=, | ¥ (%, y; 1=0))

(Jzn)%exp( A% (k— k’)’) ((annk”));e p{_(k;)*} (4-9)

With these coefficients A,,.., we can sum up over z using the property of the generat-
ing function for the Hermite functions and then the integration over k&’ can be
performed with use of the Gaussian integral formula.

v(x, y; t)= _H}/z_ [ dk exp {ik'x— L= (k/—k)'— L (eien =K (y— K 3ei

_1/2 dpivt g p-2iuty1"E {fA2+ix+y(1—e i) }? _ (kA)*+iwt
= {rGteiett o) hexp| X (5—de i e 1) 'zzz ]

(4-10)

The moving wave packet (4-10) gives the position probability density proportional
to exp (2F) as a function of space coordinates,
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o (B2 izt y(l—etien)? | (R2P—ixty(l—etn) 1 , ~
PF= 2(5—"46—"""—}-8_2"’“) 2(5_4eiwt+e2imz) ) y5, (4 11)

where F is a quardratic function for the x and y. The equations which gives the
center of our oscillating wave packet are obtained by the requirement that F has
a maximum value and are written down after some rearrangement.

x(5—4 cos wt-+cos 2wt) +y sin 20t =k22(4 sin wt—sin 2wt)

(4-12)
% sin 2wt +y(7—4 cos wt— cos 2wt) =k12(9—10 cos wi+cos 2wt)
The equations (4-12) have obviously the solution,
x=k2?sin ot,
(4-13)

y=k2A%(1—cos ot),

which shows that the packet represented by the equation (4-10) oscillates exactly
as in classical mechanics. Thus we have another direct example of the theorem
due to Ehrenfest.
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