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Reflection and Transmission of a Plane 

Electromagnetic Wave at a Moving Boundary 
CReceived April 9， 1969) 

Abstract 

Hiroichi FUJIT A骨

Tomoo YANASE柑

The present paper is concerned with the problem of a moving boundary in the 

questions of relative electromagnetic theory， particularly the reflection and trans-
mission of a plane electromagnetic waves at the moving boundary. Here the two 

media are stationary， but the boundary moves. It is found that Snell's law on 
reflection and transmission in the stationary state can be extended to the dynamic 

state. The frequency shift of reflected wave and transmitted wave occurs not 

because of moving media but of moving boundary. 1n case of TE wave， it is found 

that the absolute value of the amplitude of the reflected wave is equal to that of 

the incident wave and is independent of the angle of incidence， when the speed of 
the boundary is light speed in the second medium. Sum of the power reflection 

coe鉦icientand the power transmission coefficient is not equal to unity. 1n case of 

TM wave， the expression of Brewster angle is extended; when the speed of the 
boundary is equal to the light speed in medium 2 the Brewster angle is 900， and 
when it exceeds the light speed in medium 2 the Brewster angle vanishes. 1n this 

paper the above phenomena are described in detail that have never reported. 

1. Introd uction 

Problems in the relative electromagnetic theory are much discussed recently， 

especially of the refiection and transmission of a plane wave at a interface， where 

two media move relatively. In these problems. there are two di旺erent cases; one 

is on moving media， and another is on moving boundary. For the first case， 
problems where two media move parallel with interface were studied in detail by 

C. Yeh，ωT. Shiozawa， (2)(3) T. HosonoWω and others. S. N. Stolyarov，∞ C. S. Tsai 

and B. A. Auld (7) and others studied the problems where the media moved vertically 

to the interface. 

This paper concerns with the second case: not moving media， but moving bound-
~ry. Here the media are stationary but the boundary moves. This means that 
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medium 1 changes to medium 2 or vice versa. 
Such a physical phenomenon may possibly occur when atmospheric gas is ionized 

by the sunlight. For instance in Fig. 1, if the light travels in they direction and 
ionizes the atmosphere, then the permittivity s 2 becomes s 1 and the bonudary moves 
at a constant speed u in the y direction. This model is suitable to the problem of 
relative electromognetic theory. When the surface of sun explodes violently, the 
height of ionosphere on the earth changes rapidly. In such changes, the media don't 

move, but the boundary does. 
It is assumed that both media are homogeneous, isotropic, and lossless. Two 

cases are investigated. In the first case incident wave is TE wave to the surface, 

and in the second case, TM wave. In conclusion we obtain the following features 
by the moving boundary that has never been reported. (1) The angle of reflection 
is not equal to the angle of incidence, and the angle of transmission doesn't satisfy 
the Snell's law at a stationary. The Snell's law is extended in this paper. (2) For 
s 1 > s 2 , the expression of total reflection is extended. (3) The frequencies of reflected 
wave and transmitted wave are not equal to one of incident wave. The cause that 
makes this phenomenon is not moving media but moving boundary. (4) In case of 
TE wave, when the speed of the boundary is light speed in medium 2, the absolute 
value of the amplitude of the reflected wave is equal to that of the incident wave 
and is independent of the angle of incidence. (5) It is found that R+T=i=1, where 
R is power reflection coefficient and T is power transmission coefficient. (6) In case 
of TM wave, the expression of Brewster angle is extended. When the speed of the 
boundary exceeds the light speed in medium 2 the Brewster angle vanishes. (7) 
Between the frequencies and amplituds it is found that the following equation holds, 

pi + _E.-!:_ = .!l.!_ (TE wave) (1) 
Wi Wr Wt 

Hi+ Hr = Ht (TM wave) (2) 
Wi Ulr Wt 

where i, r, and t represent incidence, reflection, and transmission, respectively. 

II. Fundamental theory 

In this paper it is assumed that the boundary moves but the two media are stat· 
ionary. homogeneous, isotropic and lossless. Then we need moving boundary con· 

ditions. The boundary conditions at a moving boundary arec9
) 

n x (E1-E2) -u(B1- B2) =0 

n X CH1-H2) +uCD1-D2) =0 

(3) 

(4) 

Here E and H are the intensities respectively of the electric and magnetic field, D 
is the electric displacement and B, the magnetic induction. The subscripts 1 and 
2 represent medium 1 and 2, respectively. n is the unit normal vector on the bound· 
ary and u is speed of the boundary from medium 1 to medium 2. 

(20) 



·· Wave at a Moving Boundary 21 

Fig. 1. Reflection and transmission of a plane wave. 

III. Reflection and transmission of plane wave 

We take a system of coordinates as shown in Fig. 1, and the boundary moves 
to the y direction. The permittivities and permeabilities of medium 1 and 2 are (c 1, 

p 0) and (c 2 , p 0), respectively. The subscripts i, r and t represent incidence, reflec
tion and transmission. For example the angle of incidence is (}i, the electric field of 
reflected wave is Er; and the freqnency of transmitted wave is w,. The coordinate 
of the boundary (YB) is 

(5) 

(a) TE Wave 

The incident wave, the reflected wave and the transmitted wave are represented by 

Eiz=Ei expj(ki:x:X+kivY-Wit) 

Erz=Er exp j(kr:x:X+krvY-Wrt) 

Hrz=O 

Etz=Et expj(ktzx+ktvY-wd) 

Hez=O 

The phases are invariant at the boundary (YB=ut). 

kixX- (wi-Uki 11 )t=krxX- (wr-Ukry)t=ktxX- (w,-Ukty)t 

Then the following equations hold. 

k;x=kr:x:=ktx 

W;-Uk• 11 =Wr-Ukry=Wt-Ukty 

(21) 

(6) 

(8) 

(9) 

(10) 

(11) 
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From equations (10) and (11) the angle of reflection is 

cos Or= 2,Bn1 +cos O;(l+j32n1
2

) 

1+2,8nl cos O,+,B2rt1
2 

The angle of transmission is 

cos Ot= ,Bn2(1+,8n1 cos 0,)-Q 
1 + ,Bn1 cos 0,- ,Bn2Q 

(12) 

(13) 

where ,B=u/c, and cis the speed of light in vacuum, n1 and n 2 are refractive indexes. 

1 

Q = [ ( ,8 n1 + cos 0,) 2 
+ sin 0 i x ( 1 - :~: ) J 2 

The frequency of reflected wave is 

Wr _1+2,8n1 cos O,+,B2n12 
-;;;:- 1- ,82nl2 

The frequency of transmitted wave is 

Wt _ L+ ,Bn1 cos 0,-(3n2Q 
W;- 1-p2n22 

And from the moving bondary conditions expressed by equations (3) and (4) 

E, +lb._ =]b_ 
Wi Wr Wt 

holds between the amplitudes of electric fields and frequencies. 
The amplitude of the reflected wave is 

Er _- (1+,Bn1 cosO,) (n2 cos Ot+/5n22) + (1+(3n2 cos Ot) (n1 cos 01+n12(3) 
-E7- (1-j3n1 cos Or) (n2 cos 0t+f3n22) + (1+,Bn2 cos Ot) (n1 cos Or-,Bn12) 

The amplitude of the transmitted wave is 

Et _ (1-f3n1 cos Or) (n1 cos O,+f3n1
2) + (1+f3n1 cosO,) (n1 cos Or-n1

2(3) 
& - (1-(3n1 cos Or) (n2 cos Ot+f3n22

) + (1+,Bn2 cos Ot) (n1 cos Or-f3n1
2) 

The power reflection coefficient is 

The power transmission coefficient is 

(b) TM Wave 

T = (ft.!:_) 2 cos 0 t .!!:1._ 
E, coso, n1 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

The incident wave, the reflected wave and the transmitted wave are represented by 

Hiz=Ha expj(k;.x+kavY-wd) 
(22) 

(22) 
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(23) 

(24) 
Etz=O 

The angle of reflection and transmission, the frequencies of reflected wave and trans· 
mitted wave are expressed by equations (12)-(16), just like in case of TE wave. 
From the moving boundary conditions expressed by equations (3) and ( 4), 

H, + Hr = Ht 
Wi Wr Wt 

(25) 

holds between the amplitudes of magnetic fields and frequencies. The amplitude of 
the reflected wave is 

Hr _ - (1+pn1 cosO,) (cos Ot+!n2+$) + (1+;Sn2 cos Ot)( -cos Odn1 +(3) 
H,- (1-pn1 cos Or)(cos Ot;n2 +p)+(1+(3n2 cos Ot)(cos Or/n1 -(3) 

The amplitude of the transmitted wave is 

Ht _ (1-(3n1 cos Or)(cos 0£/n1 +f3)+(1+f3n1 cos O,)(cos Or/n1 -f3) 
ll;,- (1-f3n1 cos Or)(cos O,jn2+f3)+(1+f3n2 cos Ot)(cos Or/n1-f3) 

The power reflection coefficient is 

RrM=(HrfH,) 2 (cos Or/COS 0;,) 

The power transmission coefficient is 

T rM= (HtfH,) 2(cos Otfcos O,) (ndn2) 

(c) Numerical computation and discussion 

(26) 

(27) 

(28) 

(29) 

Results of numerical computation which were obtained from equations (12)-(29) 
are shown in Fig. 2-Fig. 13. We took O;,(angle of incidence) as variable and f3 as 
parameter. These are the angle of reflection (Or), the angle of transmission (Ot), 

the frequency of the reflected wave (wr), the frequency of the transmitted wave (wt), 

the amplitude of reflected electric field (Er), the amplitude of transmitted electric 
field (Et), the amplitude of reflected magnetic field (H r), the amplitude of trans· 
mitted magnetic field (Ht), the power reflection coefficient (R), and the power trans
mission coefficient (T). The angle of reflection, the angle of transmission, the 
frequencies of reflection and transmission are common to TE wave and TM wave in 
these results. In these figures, figures (a) correspond to the condition that the rel
ative permittivities of each media are slfs 0 =1.001, sds 0 =2, and figures (b) sds 0 

=2, s2/so=l.OOl. The marks ((!)) in figures (a) show the points which are not 
satisfied by 

(30) 

When (30) is not satisfied, reflected wave doesn't exist. The marks (@) in figures 

(23) 
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(b) are the critical angles. When the angle of incidence is~greater than the critical 
angles, the transmitted wave is damped. The amplitudes, the power reflection co
efficients and power transmission coefficients of TE wave are shown in Fig. 6-

Fig. 9. Those of TM wave are shown in Fig. 10-Fig. 13. 

0o-o~--2~0-o~-4~0-o~-G~0-0~.~8-if~ 

-- 8; 

Fig. 2. (a) Relation between angles of 
incidence and those of reflection. 

(etfe0 =1. 001, ez/s0=2) 

~--------------------, 

80' 
-ei 

Fig. 3. (a) Relation between angles of 

incidence and those of transmission. 
(edeo=l.OOl, s2/eo=2) 

The Snell's law in stationary boundary 

CD 

8; 

Fig. 2. (b) Relation between angles of 

incidence and those of reflection. 
(stfso=2, e2/eo=l.OOl) 

---- A; 

Fig. 3. (b) Relation between angles of 
incidence and those of transmission. 
(edso=2, s2/eo=l.OOl) 

(31) 

is extended in moving boundary. The relations given in equations (12) and (13) 
represent extended Snell's law. In extreme cases, the followings may be obtained. 

(24) 
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c:1<c:2 II c:1>e2 

Or Ot Or I Ot 

11-11n2 oo Oi fi-1/nl oo Oi 

11--11n2 goo oo f1--1/n 1 
goo goo 

The expression for critical angle ( (} 0) is also extended. When the boundary is 

stationary 

(32) 

But when the boundary moves, 

cos 8o= ( :: r (- f3n1 +v (f3 2n12 -n12 jn22) (1-n12/n22
)) (33) 

The frequencies of reflected wave and transmitted wave are not equal to that of in
cident wave. The reason is not moving media but moving boundary. Even if the 
media move, it holds that Wi=wr=Wt in stationary boundary. The equations for 

Doppler's shifts are given in equations (16) and (17). 
When the speed of the boundary is light speed in medium 2, the absolute value 

of the amplitude of the reflected wave is equal to that of the incident wave and is 
independent of the angle of incidence. 

When the boundary moves, 

Rn:+TTE~1 

RTM+TTM~1 
(34) 

'T _____ l 
8 I 

I 

i ~-.. -, 
6
t I 3 

4 

2 

-8i 

Fig. 4. (a) Relation between angles of 
incidence and frequencies of reflection. 

(edeo=l.001, e2/eo=2) 

(25) 

10 ----~ 

8 

3; 
~ 

6 
3 

! 4 

2 

--- 8i 

Fig. 4. (b) Relation between angles of 

incidence and frequencies of reflection. 

Cc:1e/ o= 2, c:2/ Eo= 1.0001) 
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--- 9i 

Fig. 5. (a) Relation between angles of 
incidence and frequencies of trans
mission. 

(.sifeo=l.OOl .sa/so=2) 

--8i 

00~
0 

1 29° ~;-,qG0° 80° 
0 "'""~ -0.2 

-04 0.2 ' 

f3 = 0.4 ', 

0 "' 
:::-08 o~ -~ 

.u - ----·~ ,_ 
w 

-12 i 

~------1 
~'.6 ~ ~.8 

1
~ 

-2.0 1'-----------------'· 

Fig. 6. (a) Relation coefficient of TE 
wave. 
(etfeo=l.OOl, e2/eo=2) 

(26) 

0.8~0.4-0.2 
0.4 

-0.6 

0 I l__l__i__i 

0° 20° 4 0° 60° 

--- 8; 

Fig. 5. (b) Relation between angles of 
incidence and frequencies of trans
mission. 

·-w 
":::' 
w 

(eifeo=2, e2/eo=l.OOl) 

2.0 

l.G 

1.2 

0 
-0.2 

0.4 

~~:r:=-Io~--=~·6 j_ __ ~_;__j 
20° 40° 60° acf 

---- 8i 

Fig. 6. (b) Reflection coefficient of TE 
wave. 
(.sdeo=2, .s2/.so=l.OOl) 
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2.0 ~--------------, 

1.6 

u.J 1.2 

w 

0.4 

.L___ ... L~_l____l____l.-,-.L..---'-::,---' 

20° 40° G 0° 
--8i 

Fig. 7. (a) Tranmission coefficient of 
TE wave. 
(tt/s0=1.001, s2/s0=2) 

1.2 

.., 
~0.8 

I 0.4 

--- 9i 

Fig. 8. (a) Power reflection coefficient 
of TE wave. 

(etfso=l.OOl, s2/s0=2) 

(27) 

20,-----

1.6 

w 1.2 

w I O.B -0.4 

'a"L.~ 
0 oo 20° 4

1

0° , 60° 
__.___ 8i 

Fig. 7. (b) Transmission coefficient of 

TE wave. 

Ce1/ so= 2, e2/ eo= 1.001) 

~ ~: t 
a:: o.a, 

t 0!+ 

-ei 
Fig. 8. (b) Power reflection coefficient 

of TE wave. 

(etfeo=2, e2/eo=l.001) 
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l.G .----------------, 

"' ... 
t- 0.8 1---~~-----"" 

0.4 

8i 

Fig. 9. (a) Power transmission coeffi

cient of TE wave. 
(etfeo=l.OOl, e2/eo=2) 

... ... 
t-

8i 

Fig. 9. (b) Power transmission coeffi

cient of TE wave. 
(etfeo=2, e2/eo=l.001) 

When the media move but the boundary is stationary, 

RTE+TTE=l 

RTM+TTM=l 
(35) 

It results that the energy conservation doesn't hold within electromagnetic energy 
of waves only, because the permittivities change. 

The expression of the Brewster angle ((}b) in stationary boundary is 

tan 8b=n2/n1 

But it is extended in moving boundary as follows. 

f -
I 

--9i 

Fig. 10. (a) Reflection coefficient of 
TM wave. 
(etf eo= 1.001, ez/ eo= 2) 

(28) 

·- 0.4 :t: ...... 
I 

0 

9i 

Fig. 10. (b) Reflection coefficient of 

TM wave. 
(etfeo=2, ez/eo=l.OOl) 

(36) 

(36) 
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--- 9i 

Fig. 11. (a) Transmission coefficient of 

TM wave. 

(etf eo= 1.001, e2/ eo= 2) 

·- 1.2 
I -

Fig. 11. (b) Transmission coefficient of 
TM wave. 

(etfeo=2, ez/e0 =1.001) 

29 

When the speed of the boundary is equal to the light speed in medium 2 the Brewster 
angle is 90, and when it exceeds the light speed in medium 2 the Brewster angle 
vanishes. 

IV. Conclusion 

We showed that the problem of reflection and transmission of a plane wave at a 
moving boundary has many features. As the assumption in this paper is very prim
itive, it is scarcely possible to apply this problem to physical problem. But we think 
that we can solve the real problem of moving boundary in this way. 

1.2 

; 
0:: 

0.8 

0.4 

9i 

Fig. 12. (a) Power reflection coefficient 
of TM wave. 

(.otfeo=l.OOl, e2/eo=2) 

(29) 

1.6 

1.2 

X ... 
0:: 

1 08 

0.4 

8i 

Fig. 12. (b) Power reflection coefficient 
of TM wave. 

(etfeo=2, e2/eo=l.OOl) 
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1.6 

j3 =-0.2 
1.2 

;: 0 
;-- 0.2 

0.8 

~- 0.6 

o.4 L 
ol~ 

0° 20° 4 0° 

9i 
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60° scf 

X .. 
t-

1.6 

20° 40° 

9i 

Fig. 13. (a) Power transmission coef
ficient of TM wave. 

(edeo=l.001, ez/e0 =2) 

Fig. 13. (b) Power transmission coef

ficient of TM wave. 

(edeo=2, o:2/e0 =1.001) 
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