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A Generalized Method to Evaluate
the Lipschitz Constant Associated with
a Class of Simultaneous Operator Systems

(Received December 6,1967)

Hiroshi YANAT*

Abstract

As is well known,a sequence
X0y XiyeoeyXnyesne
on a complete metric space converges to a limit, if the sequence is defined by
xn+1=</>(xn),

where ¢ maps the space into itself and is associated with a Lipschitz constant less
than unity; moreover the limit point is the unique fixed point of the operator.

This article provides a unified method to evaluate the Lipschitz constant of a
class of simultaneous operator systems, which include the system of the form

IR C LN 2|

e(xD= l ......
LpM(xt, x2, ..., xM)
defined on a complete metric space X'x X2x... X X#, (x*c X©) and of the form
PHE I LA 7.5 Y=oz, %%, ..., xM)
(¥, %% .., M) Y=y, 2% ..., 2M)

X =", ’ : . )
4C) oYy oo, L a, L M) yi=0l(y, L., YT R L xYD)

G L D) M =Myl ...,y ML XM
defined on a complete metric space X!x X2x...x XM ; this form represents the
functional structure of Gauss-Seidel process solving system of simultaneous
linear equations, relaxation method solving ordinary and partial differential
equations, etc.

Precise characteristics may be known as to some of the individual operators
and only rough upper bounds are known as to the others. For example, the formers
may be given in the form of partial derivatives, the latter, in the form of the
Lipschitz constant of the individual operators. The algorithm to be presented here
joins those characteristics to obtain the Lipschitz constant of the system as a whole.

The method of joining those characteristics depends on the metric defined on
the product space on which the operator system is defined. Introducing ‘B-op-
erator’, the algorithms, based on the ‘B-operator’ algebra, enable as to treat most
of the important metrics in a unified manner.

The method is applied to various forms of the operator system of the class,
obtaining some new convergence criteria.

* 3 7% Lecturer, Faculty of Engineering, Keio University.
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94 _ Hiroshi YANAI
I. Introduction

As it is seen in our daily activities, partwise modification processes are carried
out in the hope to achieve some objective. It seems, unfortunately, to be not rare
that we reach at a point far from the aimed goal and in some miserable cases, we
are led to chaos, however it is also often the case that this is the only way we
can follow, so far as our knowledge and ability are limited. And even in the case
some other way can be followed, we are tempted to follow this attractively simple
way. The partwise ordering process, sometimes employed in ordering a set of num-
bered cards, may be an example of this kind.

As one of the typical methods based on this idea, we can mention one-variable-
at-a-time method of seeking the optimum (minimum or maximum) of a function of
several variables. More precisely, the simplest idea of seeking the minimum (or the
maximum)* of a function F(x)=F(x', x%,..., x¥) defined on a product set D!x D?
X...xD¥,

F(¥)=min F(x)

xeD'xD*x...x D¥ (1)
is to use the successive approximation technique giving the n-th approximation
Xn= (x}u xfn---, x::l) (2)
by the recurrence relation
F@x, 2,..., x5, x5, ¥ ) =min F(x;, *%,..., xt, xi*,..., 20 3)
xie D¢
i=1, 2,.... M

with a certain initial approximation x,&D'Xx D?*x ... x D¥,

Clearly, the objective function F (x) does not increases as the process proceeds, and
moreover, it might be expected that F(x) decreases in strict sense. Although this
method thus seems to be promising, unfortunately, the sequence {x,} does not always
converge to the minimum point ¥. Some of the counter examples are given below.

Fig. 1 shows contour lines of a bimodal function of two variables, which has two
peaks at point # and 8. The minimum is at s. The sequence beginning with a
converges to 8 although the sequence from b converges to ¢.

Fig. 2 shows contour lines of an inversed pyramid. The minimum is given at £.
The sequence beginning with the most of the points of the domain degenerates
after the first modification and does not reach at . Existence of ridges interrupts
the successive modifications.

Expressed in mathematical language, the convergence and the limit point of the
sequence defined by the operator system of the form

* Obviously, maximization of the function F(x) can be obtained by considering
minimization of —F(x).

(2)
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Fig. 1. Contour lines of Fig. 2. Contour lines of
a bimodal function. inversed pyramid.
yi=p(x%..., xM)
Yi=02(y', *%,..., xM)
Y=t ¥ A, M)
)’M“SDM(J’I, ’ yM—‘r xM)
is the problem to be investigated.
Some other examples of this kind of processes may be found elsewhere. Relax-

ation method of any sort as well as so-called cob-web theory in economics are based
on the same idea.
More general form of the process may be given by the operator system

ylz‘pl(xly xz»“'v xM)
y2=¢2(y1’ xzi"') x”)
yi=0t (..., ¥ &, xM)

Yy =0"(y..., Y"1, «¥)
which is usually called the Seidel process corresponding to the simple process

given by
y=pl(xt, x%,..., xM)
yi=ot(xl, x2,..., xM)
PH=OH (G, 2y 5.

There may be two approaches to this problem: one may be to limit the problem
to the linear case and to use the concepts of eigenvalue, eigenvector etc. Although
this approach may be fruitful in theoretical sense, and indeed, some results are
given by Faddev and others, it not only reduces domain and leaves the important

(3)



96 Hiroshi YANAI

non-linear cases uninvestigated, but also the evaluation of such variables as eigen-
values needs more numerical computation than to solve the equation itself.

Another approach, which will be followed in this paper, is to evaluate another
characteristic value associated with the process which is usually called Lipschitz
constant. Thus the main object of this paper is to develop a unified algorithm to
evaluate the Lipschitz constant from various Lipschitz-constant-like characteristic
values associated with the operators which constitute the operator system. Although
this approach needs not to narrow the problem, we cannot expect to obtain the
exact behavior of the process but only some upper bounds are obtained. Thus, for
example, the Lipschitz constant evaluated to be less than unity guarantees the con-
vergence of the process and gives an upper limit as well to the distance between
the »n-th member of the sequence (i.e. the n-th approximation) and the limit point.
But, it is not possible to give exact comparison between the speeds of conver-
gence of two different processes by comparing the evaluated Lipschitz constants.

Nevertheless, the evaluation of the Lipschitz constant, if it is evaluated as small
as possible, indicates a good approximate behavior of the process.

Thus again, we need algorithm to evaluate the Lipschitz constant as small (i.e.,
precise) as possible from all the known characteristic values associated with the
operators constituting the system.

Results obtained by following this approach are, so far as the author knows, not
many. But it must be mentioned that Sassenfeld (9> gave some results in 1952.

In section II, some fundamental definitions and theorem required in the subse-
quent sections are given. In sections III-V, methods are given to evaluate the
Lipschitz constant from various types of characteristic values associated with the
operators constituting the system. Summary and table of the algorithms are given
in section IV.

II. Preliminaries

Fundamental definitions and the theorems are given in this section. Although
some of the theorems are well known in the field of successive approximation tech-
nique in numerical analysis, we recall them here in our notation with their proofs
to prevent the readers from refering original papers.

Definition 1 (Lipschitz constant)

Consider an operator ¢(x') mapping a subset F of a metric space R'(X!, p!) into
a metric space R?(X2, p?%):

o(x") eR? xteF. (@))]
If there exists a non-negative constant L such that
e e (). o)) sLo' (=, ¥, 2

for two arbitrary elements x!, y'eF, the constant L is called a Lipschitz constant
associated with the operator ¢ (x).

(4)



Evaluation of the Lipschitz Constant 97

Theorem 1 (Fixed point theorem, Theorem of contraction operator, Collatz <1))

Consider an operator ¢(x) defined on a complete subset F of a metric space R(X, p)
mapping uniquely into the space R(X,p) itself. If we assume that
(i) there exists a Lipschitz constant L of ¢(x) and L<1,
(ii) there exists x, such that x;=¢(x,) belongs to F,
(iii) the sphere S{u:p (u, x) < (L/1—L) p (x,, x,) } is contained in F, then the sequence

Koy Xiyeery Xnyenn 3)

defined by the recurrence relation

Xnt1 =0 (%n) (4)
converges to the unique fixed point of the operator ¢(x) in F:
x=0(x). ©)

Proof

First, we prove the continuity of the operator ¢(x) on F. For any ¢>0, take
4>0 such that 0<d<e/L, and employing the assumption (i), we see that for any
x,&F the relation

p(p(x), o(xp)) <e¢

holds for any x, and x of F such that
o (x’ xo) < 6'
In fact,

e (p(x), ¢(x)) =Lp(x, %) <L6<e.
Hence the operator ¢(x) is continuous.

Next, we prove that the sequence given by the recurrence relation (4) is a fun-
damental sequence in F. It follows from the assumption (i), that for any integers
m>n, we have

n m
A e A,
0 (Xny Xn) = 0 (90...0 (%0), 09...0(%0)) < (L) 0 (%05 Xm—n)

S (o ey 1) + 0 (%1, %) + o+ 0 Fmonoty Fmon))

S L)" A+ (L) + (LY2 ...+ (LY™ 1) p (%, %1)

< (L)) A=L)) p (x0, %) (6)
so far as x,F. In particular, for n=1, we have

o (%1, %m) < (L/1—L) p (%0, %1).

Since x, is taken as assumed in assumption (ii) and (iii), it follows that x. belongs
to F. From (6) and that L<1, we see

0 (%, xm) — 0 for n— oo,

Hence, the sequence is a fundamental sequence in F.

(5)



98 Hiroshi YANAI

But, since the set F is complete in R, the sequence converges to a point.

lim x,=x.

n—oo

And since the sphere S is closed, the limit point x belongs to the set F.
It may be seen that the limit is a fixed point of the operator ¢ (x) in F. In fact,

since the operator ¢(x) continuous,
¢ (x) =¢(lim x,) =lim ¢(xa) =lim 2,y =x.
It remains to prove the uniqueness of the fixed point of the operator ¢ (x). In fact,
if we assume the contrary and take two of the fixed points, x and y:
x=9(x), y=¢0),
it follows from the assumption (i), that

p(x, ) =ppx), e(M)I=Lo(x, ).

But since, 0<L<1, p(x, y)=0 i.e., x=y which contradicts to the assumption.
Q. E. D.
Corollary
The distance between the fixed point of the operator ¢(x) and the n-th term of
the sequence (i.e., #-th approximation) given by the recurrence relation (4) for any
initial point x,, for which the assumptions (ii) and (iii) hold, is evaluated by the

relation
0 (%n, %) = ((L)"/1—L) p (%o, %1). ™
Proof
The relation (7) is readily seen by tending = to infinity in the relation (6).
Q. E. D.

Now let us define an algebraic operator which will enable us to treat a class of
operations in a single manner.
Definition 2 (B-operator)

B is an operator which maps sets of finite numbers of non-negative real numbers,
{a‘}{, to a non-negative real number uniquely :

b=B({a'}{) b=0, b:real, a'20, O0<N<oo (8)
for which following four relations hold.
BB({a'}iL) U {d/}32) =B({e'} LU {67120 (9—i)
B({aa'}iL) =aB({ai}ily) a=0 (9—ii)
B({ai} L) =B({a"}{y) if ai<d’, i=1,.., N (9—iii)
B({a'}il) =2a',  i=1,..,N 9—iv)

(6)
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Example

Some of the most important B-operators are

Sa, (=1, in (10—iii)) (10—i)
max {a'},, (v—>oo in (10—iii)) (10—ii)
ﬁ ((@)"Ve., (0=v<oo). (10—iii)

If more than two kinds of B-operators are necessary, we associate them with
suffices », v’ etc. to distinguish, and denote by V the set of all possible indeces.
Furthermore, in case of the B-operators given above, we associate the numerical
values directly with the operators. Thus, for example,

N n
B,({a'}L) = ;:1 a.
Some of the assertions as to the B-operators are given below.
Assertion 1
It follows from the assumption (9—iv) that the following two relations hold

B{a}l)<e = ai<e, >0,
B(AUC)=ZB(A).

Assertion 2
It follows from (9—iv) that
max ({ai}iL) <B,({ai},) for all veV.
Assertion 3
It follows from the assumption (9—iv) that
By({@ib}£) = max (({a) ) B, ({b}1,)) < B ({@} DB ({61}
Moreover, Holder’s inequality can be written in terms of B, operators as follows

B ({a'b}iL,) =Bo({aihis) B; ({8},
where

1/v+1/v=1 v, v=1.
In what follows, we refer to the operators B, and B; as complementary to each other.
Assertion 4

It follows from the assumptions (9—ii) and (9—iii), that if @; <b,+c¢, and a,<b,+c,,
we have the relation

B(ay, a,) £B(b,, by) +B(c,, c3).
In fact, by (9—ii) ‘
B(ay, az) = (a/b,) B(by, biay/a,) = ((by+c¢1) /b1) B(by, biaz/ay).

(7)



100 Hiroshi YANAI

By suitable re-numbering and re-naming, we may assume, without loss of generality,
that either

as/ay < by /by, a/a,<c/cy, (@)
or
ay/a;<b,/b,, a/a,=c,/ci, a/a 1. )

In the case (@), we see that

(b1+¢1) /b)) B(by, biay/a,) = B(b,, bias/a,) +B(c,, axc,/ay)
< B(b,, b,) +B(c;, ¢)

by (9—ii) and (9—iii). In the case (b), on the other hand,

((b1+¢,) /b)) B(by, bya/a,) =B (b, biar/a)) + (ax/a;) B(aic/a,, c))
=B(b;, by) +B(cy, ¢2).

Hence, in either case the above relation holds.
Notation
For the sake of convenience in the use of B-operator, we adopt the notation

¢;;=null set i=j
=get of all non-negative real numbers IESR

Consider now, M complete sets F!, F?,..., F¥ each of which belongs to each of
the metric spaces R!'(X?, p!), R?€X2, p?),..., R¥(X™, p™), respectively. Designate
the product space of them by

R(X)=R!'xXR?x...xR* ¢8))
and its element by
x=(x!, x%,..., xM) 12)
and the product set of F!, F?,..., F¥ by
F=F'xF*x..xF¥, (13)
Definition 4 (Metrics on product space)
We define the distance on the product space R(X) by
p.=B,({wipi(xi, y) L), veV, 0<wi<oo, i=1,.., M (14)
where 2 denotes the aggregate
A=(v; w, w?, ..., w¥), veV, O<wi<o, i=1,.., M. (15)

For definiteness, we call (14) 2-metric defined on the product space R(X) and
designate by 1 the set of all possible A.

Remark

In fact, the ‘distance’ p, given above fulfils the three conditions to be metric on
the product space :

(8)
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ei(x, ) =0e==x=y )
0.0x, y)=p:(y, x) for any x and y in R(X) (ii)
pi(x, y) £ pa(x, 2)+p:(z, y) for any x, y and z in R(X). (iii)

Indeed, the first two may be readily seen by (9—ii), (9—iii) and the definition
itself. The third, on the other hand, is proved by mathematical induction.
In fact, for M =2,

ei(x, y) =B, ({wipi(x%, y) }i-)).
But since,
wipi(xi, yl) gwi‘oi(xi’ Zi) +wipi(zi’ yz)
for i=1, 2, we have by Assertion 4 that
By({wipt(xi, %) }ion)
<B,({wipi(xi, z) Yio) +Bo({wi pi (2%, ¥))ia1)
which is re-written in the form
pl(x, y)épl(x’ Z)+P1(Z, y)-
Assume now that the relation
By({wipi(xt, yD)}iz)
=By({wipi(xt, 27)} i) +Bo({wipi (2, yi)) i
holds for k=1, 2,..., M. Then for M+1,
p (x’ y) =BU({wipi(xi, yl)}gl:tl
=B,({wipi(x?, y) Vi U (M tpMi(x¥+1, yH+1y1)y
=By(By({wipi(xt, y1) }L)) U {wH*1pM*1(gH+1, y¥+1) 1y

by (9—i). But since,
B,({wioi(x', y)}i51)
SB.({wipi(xi, 29) }il) +Bo(fwipt (3%, 29) }iL,
by inductive hypothesis and
wM+1pM+l(x}l+l’ yM+l)
§WM+1‘0M+1 (xM+1, zM+1) +wM+1pM+l(zM+l’ yM+1) ,
we observe again by Assertion 4 that
B,({wipi(x?, yi) HEY
SBo(Bo({wipi(x?, ) Jil) U {w" 1o+ (x™1, 2"+ 1)}
+Bo(Bo({wipi(2, y)}iL) U (wh*1pM+i(zh+1, yM+1)}),

which is re-written in the form
o, psox 2)+olz p.

Theorem 2 (Completeness of product set)

(9)



102 Hiroshi YANAI

The product set F=F'XF?x...xF" is complete as to A-metric (1€4) defined
on the product space R(X).

Proof

Let {x.} be a fundamental sequence in the product set F. For any given ¢ >0,
there exists N (¢), such that, for any integers s, r>N(¢),

By(Qwipi(xi, x5)}i5) <e.
It follows from the last assumption on B-operator (9—iv) (cf. Assertion 1) that
wipi(xi, x}) <e
then,
pi(x, x!) < (e/min{w'})
i

for i=1, 2,..., M and for any integers s, 7>N(¢). Hence, the sequences {x;} are
fundamental in the complete sets F* respectively. Thus we have obtained the con-
vergence of {x}}:

lim %} = «f, i=1,2,.. M

n-— oo

from which we conclude the convergence of the fundamental sequence {x,} on the
product set FCR(X, p,), A=4, which means completeness of the product set F

as to A-metric defined on the product space R(X).
Q. E. D.

III. Simple process and generalized Seidel process

In this section, definitions of simple process and generalized Seidel process wili
be given and some conditions of convergence will be examined under the most
general assumption as to the system of recurrence relations defined on a product
set F of complete subsets Fi of metric spaces which, in turn, is complete as to -
metric (A€1).

Consider an operator

y=p(x) ey
which maps the product set F into R(X, p.) where
R(X,p)=R'(X?, p) X R*(X?, p%) X...XR¥(X¥, pM) 2)
with element
x=(x1, x%, ..., xM). 3)

Thus, the operator (1) may be rewritten in the form

yi=o'(xt, 22, ..., x¥)
yi=pi(a!, 22, .., x7) (4)
=M (2 a2, L, &),

10
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where the operator ¢i(X) maps F into Fi respectively.
Definition 1 (Simple process and simple operator system)
We call the sequence
Xy Xiy ovey Xny oo (5)
defined by the recurrence relation
Xns1 = (Xa) - (6
a simple process defined by the operator (1), so far as x, remains in F. And we call
the operator (1) a simple operator system.
Now, defining the metrics on the product space R(X) as in the previous section,

let us assume that there exist Lipschitz constants L! associated with the individual
operators ¢ (x) e R'(X?, pi), x€F, i=1,2,..., M, 2€4:

e YD ELip(x, x)
iy, YY) =Lip(x, x") )

pM (M, y M) LY 0a(x, x).
With this assumption, we may have the following theorem, which might be re-

garded as an extension of analogous propositions for recurrence relations given by
matrices on a finite dimensional space (8, (1>.

Theorem 1

The Lipschitz constant of the operator (1) defined on a complete product set F
is evaluated by

LA=Bz:({wiL§}Jiv=x) (8)

where, v is the index of B-operator corresponding to A.
If the relation

By({wiL{}i) <1 ©))
holds and if there exists a point x,& F for which the assumptions
Stu: 0:(u, x)) = (L/1—L) p:(x1, X))} T F (i)

hold, we may have a process defined by the recurrence relation (6), with the initial

point x, given above, converging to the unique fixed point of the operator ¢(x),
xe F.

Proof

It follows from the definition of A-metric, (9—iii) and (9—ii), II. that

a1
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02y, y) =B{wip' (¥, ¥y}
SB({{wL; pa(x, x') }IL)
=B{wLi}L,) 0:(x, x')
where,
y=¢p(x), y=px), x, x'eF.

Hence the Lipschitz constant of the operator (1) defined on F is evaluated by (8).
With this, the remainder of the theorem follows from Theorem 1, II.

Q. E. D.
Example 1

Some examples of Lipschitz constant associated with simple process are given below :

Metric : 0:(x, y)

Lipschitz constant
2=(; w', ..., w¥) ¥ P z

(10) 2=(0; 1,..,1)

ie. max {(L)H}E,
p:(x, p) =max(p’(x!, y))

QA1) 2=@=p; 1,...,1)
ie.
p1(x, y) = (2 (pi(xi, yi))P)1/»

where 1 < p < o

(G @ynyr

Example 2

Consider now, a system of M linear operators defined on M-dimensional space
Ry (X, p1), 1€4:

V=01 (x) =a, x5+ a,,x0 1 ... +auxt
yi=pi(x) =anx'+ai x*+ ... +aiux¥ 13)
Y =0M(x) =aux'+au,x*+ ... +auux®

or in matrix form,

Sy Qyyy Qygy oo s Gy xt
i | i 4 ; !
N R I
J’yi = @, @iy, ..., Bin IO E (14)
| " D ;3 i
v/ Ay Argy ove y Arng/ XM,

In this case, the conditions (ii) and (iii) in Theorem 1, II. are considered to be

* cf. (10—ii) and (10—iii) II. (10—i) II. corresponds to the case of p=1, in (11).

(12)



Evaluation of the Lipschitz Constant 105

satisfied, since the operator ¢(x) is defined on the whole space Ry (X, p,). Thus
the conditions of convergence given in Theorem 1 reduce to the condition that the
Lipschitz constant of the operator ¢(x) is to be less than unity. The Lipschitz
constants associated with the individual operators ¢i(x) and the operator ¢(x) are
evaluated as follows:

Lipschitz constants
of individual
operators ¢i(x)

Lipschitz constant
of the operator ¢(x)

Metric
0:; A=(v; w, ..., w")

M
) 2 lai) ¥
1=(0031,..., 1) I max ({2 |as| H) (15
. max ({|a:;| }7-) w
1=@=1;1,.., 1) i1, .. M 2 (max {|as| }12) (16)
A= (U=P§ 1, .., 1) (IZ”: |aiflp/p_l)p_l/p o M M
p>1 T M| E@erryyan

It may be seen that the condition that Lipschitz constant (15) is less than unity
is so called sum of row criterion.** And the condition that the Lipschitz constant
(17) is less than unity in case p=2, is so called Schmidt’s criterion <{1), {8).

Now, let us define generalized Seidel operator system and generalized Seidel process.

Definition 2 (Generalized Seidel operator system)
A generalized Seidel operator system
y=¢x), xeFcCR(X), ¢ x)=eR(X) (18)

Corresponding to the operator (1) is the operator given in the form (Here, also, F
is to be defined as a product set):

* These Lipschitz constants associated with the individual operators are obtained
readily employing Hoélder’s inequality (Assertion 3, IL.). In fact, if we put
yi=anx' + aip ¥ + ... + ain x¥,
yhi=apnx" + ai %% + ... + aiy M
then we have
M M M
[yi—y"| = X lay (I ~x"D| = (F laiy|p/2~ ) p7/p (3 |2 ~x1I|8) VP
J=1 F=1 j=1

In case p=1, the Lipschitz constant can be obtained either directly or as the lim-
iting case:

(X lais|»/v) 57179 > max ((|ais) 1)

= p—1.
**> The sum of column criterion can not be obtained from the arguments of this
section. It will be seen in the discussion of VL.

13)
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yl=op!(x', x2, ..., M)
YV=p2(3', a2, ..., xM)
Yi=@i(¥h, ¥ ..., ¥ A, L, 2 (19
=0 (y', 32, ..., YL, =)
or, if we denote by ix and :y the vectors

ix=(xi, xi*, ..., xM)

) . 20
iy= (9% 3% s 99, 20)
then, (18) will be re-written in the form:

y=0¢'(x)

¥=¢*(1y, *x)

Yi=0i(i_1y, X) @D

T=oM (y_sy, ¥X).
Definition 3 (Generalized Seidel process)

A generalized Seidel process is a process defined by the recurrence relation given
by a generalized Seidel operator system

Xn=¢(Xn)  XEF (22)

so far as x, remain in F.

In what follows, we will omit, in most cases, the term generalized, if there would
be no fear of confusion. Instead, we will call in some cases the Seidel operator
system, as to whose individual operators, only the Lipschitz constants are known,
a Seidel operator system of the general kind in order to distinguish them from the
other kinds of Seidel operator system which will be described in subsequent sections.

Now, let us give the evaluation of Lipschitz constant associated with Seidel ope-
rator system of the general kind.

Theorem 2

The Lipschitz constant &, of the Seidel operator system of the general kind (18)
(also (19) or (21)) defined on a complete product set F C R(X, p;) is evaluated
as follows

£:=B,({wiCi}L)  i=v;w', w? ..., w") . (24)

where : v

Ci=(LHB,({w C};21 U {1}),  C'=B.(L}}) (25)
so that if we assume that A o

Q)  @=B,(wiCY)<l, A=(@;w ..., w"), (26—i)

14
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(i) there exists x, such that x;=¢(x,) belongs to F, (26—ii)

(iii)  the sphere S{u : p.(u,x;) < (£L:/1—2)) p1(xy, X1) }is contained in F, (26—iii)
then the Seidel process given by the operator (18) is convergent to its unique fixed
point in F.®

Proof

From the definition of the Seidel operator (cf (19) or (21)) it follows for any
x, X F that

y=0'(x)
¥i=2(p'(x),%x)
P=p(p'(x), p2(p'(x), 2x), *x) @7

and
Yi=p'(x)
Yi=¢?(p'(x), 2x')
Yi=p(p' (X)), ¢E(p' (X)), X)), *X'), (28)
Now, let us show that the relations
pi (¥, ¥ < (C) pi(x, X) (29)
hold for i=1, 2, ..., M by means of mathematical induction.
For i=1, it is obvious from (9—iv), II. that (29) holds. Assume now that the

relations (29) holds for i=1, ..., r—1 then for i=7 we have by assumptions as to
B-operator

0" (¥, ¥ SL;0:((rrtpy "X), Gorlys X))
=L; B,({w'p* (¥, y) }izt U {wipi(xi, x") }L,)
SL; By ({wiCip,(x, x) 12t U {B.(Hwipi(xt, ) LD D)
<L B,({wiCipi(x, X))}z U {o4(x, X))
=L; B. ({w'C}izt U {1]) « pa(x, X))
=C’p;(x, x’).

Thus we have (29) for i=1, 2,..., M. These relations and Theorem 1 show that
the Seidel operator (18) has a Lipschitz constant of the form

.71=Bn({wici}:‘l=;) . (24—bis)
The remainder of the theorem follows from Theorem 1, II.
Q. E. D.

*) It may be readily observed that a simple process and the corresponding Seidel
process have the same limit point, so far as their convergence are asserted by
Theorems 1 and 2. Indeed, the relation x=g¢ (x) holds at either of their limit
points. And the uniqueness of such fixed points is asserted by the either of the
theorems.

(15)
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Remark 1

The Lipschitz constant <, given in equation (24) is evaluated in terms of the
Lipschitz constants Li(1<4) themselves in the form

Z=B,({w'C}L) =B, ({w' LI}, U {wirLiwiL?}<i <ipsm
UfwiaLiwiL2wisLPY} 1 <i<i<ipsm U ... (30)
U{w'Liw?L} ... w"LY}).
This relation follows from the relation (24) and

wiCl=B,({w'L;} U{w'Liw L;};23 U {wiLjwn L7wrL?}1<y <rpsi-1
Ulw Liwn Ly wn LPws LB < <rp<mzi-1 U (31)
U{w'Liw?L? ... wiL%}) i=1, 2,.... M.

The relations (30) and (31) can be shown simultaneously by means of mathemati-
cal induction as to M. For M =1, it is obvious that the relations (30) and (31) hold:
By({w'C'}) =B, ({w'L3})

w'C'=B,({w'L}}).
If we now, assume that the relation (30) and (31) hold for M=1, ..., s—1, then
for M=s, from (25) it follows that,
wC*=w'LiB, ({w'C'}izt U {1})
=w'LiB, (Bv({wic'i}gzi) U {1}>
=By(w*L;B, ({w'C}iz) U{wLs})
=B,({w'Li} U {w Liw'Li}izt U {w Liwi Liwia L} 154, <ips-1
U...U{w'Liw*L} ... weL3}).
This shows that the relation (31) holds also for M=s. On the other hand, from
this we have
B, ({wiC} }io) = Bo(Bo({wiCiiz)) U {w*C*})
=B, ({w' L}t U {w!1 Liw 2L zi <ipss-1
U...U{w*Lw?L? ... ws— L5} U {w* Ly}
U {w Liw* L}z U {w* Liwi: Liwi2 L2} 154, <ip<s—1
U...U{w'Liw?L} ... wsL$})
=Bo({wiL{}io U {wi Liwi: L2} 1 <; <ip<s
U...U{w'Liw?L} ... wsL}).
Thus, we have obtained the relation (30) for M =s, which shows that the relation
(30) hold for any M >1. Some examples of the relation (30) are given below.

A= (@=0c0; 1, .., 1) Le. pi(x, p) =max(pi(x, 39)

Zi=max({LY}, {(LELD)}, ..., {(LELE ... Lin}, ...(LIL: ... L*)) (32)
is=1,...,M; i< if r<s

= @=p3 1, D) Le pi(x ) = (o' 3NV, po1

(16)
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M M M
L= (X L7+ X (LYLD)P+ ..+ X (LaLe ... Lir4 ...

i=1 01 <ip 11 <ig< - <iy

+(LIL} ... L)) '/», (33)
Remark 2

Comparing the Lipschitz constant evaluated by (8) of Theorem 1 of a simple ope-
rator system and that evaluated by (24) of Theorem 2 of the corresponding Seidel
operator system of the general kind, we see that

L;=2..
In fact, we see that
wili<wiCi i=1,..., M

from the recurrence relation giving Ci, from which above relation follows directly.

It seems that this assertion contradicts to our empirical knowledge that in most
cases, the sequence given by Seidel process converges faster than the sequence given
by the corresponding simple operator. But, so far as our information is limited to
Lipschitz constants of the individual operators constituting the system, it is not
possible to evaluate the Lipschitz constant of the Seidel operator system so as to be
less than that of the corresponding simple operator system. This, however, indicates
the necessity to investigate to utilize other forms of information about the operator
system. In what follows, various methods are evolved to utilize various informa-
tions about the operator system in order to evaluate the Lipschitz constant of the
Seidel operator system as small (i.e precise) as possible.

The remainder of the section will be devoted to the evaluation of the Lipschitz
constant associated with some particular type of the Seidel operator which might
be considered to be important in application.

Consider a class of Seidel operators which have the following form.

=0 (2 ..., xM)
V=023 %%, ..., xM)
yi=oi(y, L, ¥ ab, L, xt) (34)

yr=0M (3, ... yHL xM),

i.e. the first operator does not include x! in its arguments.*®

In this case, however, it is possible to consider a new Seidel operator which maps

* In case, some x‘ beside x! lacks together in both 1 st and i th relations in (34),
we may reduce it to the form of (34) by reordering the i-th element and the i-th
relation so as to be the 2 nd element and the 2-nd relation and putting the pair
(x!, x1) the first of the renumbered system of elements with a suitable metrization
of the product space R!' (X!, p)XRI (X', p®).

an
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a produce set FFCR?x R*X...x R into the space RZx R3x...Xx R” in the form
y=02(¢*(*x), *x)
¥i=0%(9*(*x), ¥?, *x)
Yi=oi(pr(*x), ¥, 35, .., Y i) (3%)
Y=Y (p1(2x), 3%, 3%, ..., YMTL, xM),

If we define metric 1 on the product space R?x R3x ... x R, corresponding to the
metric 2 defined on the product space R*XR2XR*X...XxRM, 1€/ we may evaluate
the Lipschitz constant of the Seidel operator of this type employing Theorem 2 and
the remark given above.

Corollary of Theorem 2

There are two methods to evaluate the Lipschitz constant of the Seidel operator
system (35) defined on a product set F' C R*XR3XR™ :

(@) Since the formal evaluation of the Lipschitz constants of the operators con-
stituting the system is

(LYB,(1, wL¥), i=2,3,.., M (36)
we may substitute these values into (24) to obtain the Lipschcitz constant of the

system, which we denote «*,
(b) Considered as a simple operator system, we have

p(y5 ¥ =Cipa(x, x') =CiBy({ 0 (x4, x'%) }iL), (37)
i=2,3,..., M
where Ci is defined by recurrence relation
Ci=LiB,({wC"}izt, 1) (38)
with
Ci=[1
Substituting these Ci, /=2, 3,..., M into (8), we obtain the Lipschitz constant ot
the system (35) as
¥k = B, ({wiCi}L,). (39)
Moreover, we see that
LR Pk, (40)
Proof

(@) Considering the simple operator system corresponding to (35), the Lipschitz
constant of the i-th relation is evaluated as follows. Putting

yi=¢i(p'(*x), *x)
Yi=pi(e'(), ),  i=2,3,.., M

(18)
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we have,
o3(¥, ¥'%) SLiB,({w' o (9 (x'), ¢ (*x)) } U {wipé (x4, x'%) }Lo)
<L{B,({0:(x, *x) } U{w'Ljp (x, 2x) H*®
=L§B,,<{l} U {wlL}}) Aol(zxv Zx)-
Thus we have obtained (36).
Now, substituting (36) into (30) we obtain
£*=B,({wiCi}L,
=Bv({w1LfBu(1, wl :1') }‘:'”=2 (41)
U{wi LYB, (1, wLL)wi2L2B, (1, w'Li,) Yasii<iz<m
U...U{w?L:B,(1, wLL)w’L:B.(1, wiL) ... w¥L¥B,(1, w'L})}).
Considering here, the binomial expansion of B-operator,** we have

Z*=B,({w' L}, U {w'Liw' L}, U {wii LiwizL2} o<, <iysm
U{w'L}) witLitwizL2}y< cip<pr U
U{w'Liw?L? ... w LY} U... U{ @'L) " w?LawLs ... w"L¥}).  (42)

#* The Lipschitz constant L} must be defined as a positive number which satis-
fies the relation

P1 (Y, ¥ < LY,0i Cx, 2xD) =L} Bo ({wip (xi, x'Op .
A= (v; wLw? ..., wM) Al=v; we, ..., wH)
If there should be no fear of confusion we would not distinguish 1 and i’ later.
#*¥% Binomial expansion as to B-operator
# B(B(a,b)d)n=B(ar, ar"1b,...,ar" b, ..., an7rbr, ... ar=rbr, ..., b7)

o (%)

(1)
n=1, 2.

can be shown by mathematical induction. It is obvious that the retation (#) holds
for n=1. Assume now, that the relations (#) hold for n=1,2,...,N. Then for
n=N, we have

B ((B(a,00)">=B (B (4, (B (a,b))¥

=B (B(a,b){a¥"1,aV2b,...,aN"rbr=1, ... @N"rhr=1, aN-1rbr . aN-1=rhr . bN-1})
~—
N -1 N-1 N-1
") (>71) )
=B ({a¥,aV"1b,...,a¥N"1b,...,aV"rbr, ..., aN b7, ..., abN "1}
N-1 N-1
( 1 ) ( r )
U{a¥-1b,aN-2b2, ... aN-2b2, ..., aN~7br, ..., a¥"7br, ..., abN})
N -1 N-1
( 1 ) (7—1
=B (aN,aN"1b,...,aV¥"1b, ...,aN-rbr ..., aN"rhr, ..., bV
N N
(1) (r)

Thus we have obtained the relation ().

(19)
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() On the other hand, (37) is obtained by mathematical in induction as follows.
For i=2, we have

w?p?(y?, ¥t SwiLB,({w' 0 (¢* (2x), 9* (X)) }
Ufw o (x, ') }s)
Sw?!L:B,({w'L'B,({w o7 (x", x') }2L,)}
UBs({wpm (a7, x'7) }122))
=w? LB, (w'LY, 1) By({w™ p" (x7, ¥'") }}5,)
=wC?p (x, X').

Assume now that the relations (37) hold for =2, 3,..., i—1. Then, by inductive
hypothesis,

wiei(y ¥ SwiLiBy({w! o (¢! (%x), ¢* (2x')) }

U{w o (y, yM 15
U {wrom(x7, x) }20)

swiliB,({w*L*o(x, x)}
U{wCrp(x, x)}i0
U{B.({w™ o (", ) }720 D)

SwiliB,({w*L'e (x, X))}
U{wCro(x, x)}izt
Uex xH})

=w'L'B,({wCp(x, x) HZ) U{1}) - p(x, X).

Thus (37) holds for i=2, 3,..., M.
Referring to (30) we see that

2%*=B,({wiC}L,) = By({w L}, U {wir Liwi2L2} 154, <insm U ...
U{w*Lw?L} ... w¥LY}). (43)
Observe here that (30) differs from (43) in which the term w'L! is lacking.
Moreover, we see that the operand set under the B-operator in (43) is included,
in the strict sence, by the operand set under the B-operator of (42), from which it
follows
Rl ol (44)
Q. E. D.
Remark 3

Observe that the set under the B-operator in the expression (37) is not symmetric
as to L},..., L¥. From this we may have different evaluations of Lipschitz constant
of Seidel operator if some of x¢ lacks in the i-th relation, by reordering the elements
and the relations so that such an xi becomes the first member of the elements.

Example 3

It may seem somewhat trivial, but as a most simple illustration, let us consider
the case, in which the operator is represented as

(20)
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» /0.0 1.0 0.3
Lyz = 0.2 0.0 0.2
y3,/‘ \‘\0.2 0.2 0.0/

Jxt
1’ '
Dx?

|
1 43
X/,

a matrix operator which maps 3-dimensional space onto itself.
that it is also possible to apply the corollary beside Theorem 2 to evaluate the

Lipschitz constants of the corresponding Seidel operator.

Let

113

(45)

It may be recognized

us now, evaluate and

compare the Lipschitz constants of the operator both as a simple operator and cor-
responding Seidel operator employing methods given in this section.

1° A=(=c0; 1,..., 1)
Operator ™~ 2\ i 1 2 3 Lipschitz constant
Simplé"f i R o ‘7#_777 o
operator | L v 130 040 | 040 | Li=130>1
Ci 1.30 0.52 0.52 | £;=1.30>1
rli=1 )k __
Seidel | MAX((C}zh 1) 130 | 130 | (&**=0.52<1)
Limax L}, 1) 0.52 052 | #*=052<1
operator )
C 0.52 0.52
max ({C'7}iZ, 1) 1.00
2° A=(v=1;1,..., 1)
Operator | T 1 2 3 | Lipschitz constant
“Simple | ;. ] o
operator | Li | 100 7 020 | 020 §L.i=140
Ci 1.00 0.40 £:=1.88>1
_ (S +1 2.00 2.40 | (£,¥*=0.88<1)
Seidel r=1 o e
operator | (LD (LI+1) 0.40 0.40 | £ *=0.96<1
C: 0.40 0.56
S emy+1 1.40
r=2
3° A=@=2;1,.., 1)

‘ — i Lipschitz,?
Operftt(irl L v 3 ! (constant)
Simple | .y n: 1 100 aem loos o reqes
operator | (L)° L g o8 p008 i Li=l®m

(Ce 1.09 0.1672 | 0.1806% | <:=1.4378>1
. & ©nm+1 2.00 | 22572 ((£)2=0.3478<1)
Seidel = o R -
operator | (LD?((LD*+1) 0.1672 | 0.1672 | (£:%)?=0.3624<1
(€2 0.1672 | 0.1952
| (Z (CMH+1 1.1672

* If rounding off is necessary, always add 1 to the last digit, reminding that our

theorems give sufficient condition for convergence.

(21)
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Thus, we observe that the evaluations of the Lipschitz constants associated with the
simple operator are greater than unity while those of Seidel operator are less than
unity. In fact, we know that the processes (either simple or Seidel) converge,
because the eigenvalues of the matrix in (45) are 0<0.1978, 0.4180, 0.6172<1.®
Indeed the first few terms of the processes beginning with the initial vector
x,= (1.0, 1.0, 1.0) are as tollows.

Simple process Seidel process
x X X3 X X X3
1.0 1.0 1.0 1.0 1.0
1.3 0.4 0.4 1.3
0.52 0.34 0.34 0.46
044 017 0.17 0.352
0.22 0.122 0.122 0.530
0.176
0.141
0.218
0.072
0.058
0.089

Observe also in the above example that the relation
K l*g K74 l**
holds.

Example 4

Consider now, the Seidel operator consisting of operators each of which is asso-
ciated with the same Lipschitz constant L,. Let us evaluate the Lipschitz constant
of the Seidel operator &, corresponding to L, and the value L, of L, which makes
the Lipschijz constant equal to unity for some metrics 2 € 4. If we have the
Lipschitz constant L, less than this value, then we see, considering the monotone
increasing property of the B-operator, that the first and the main condition for
convergence is fulfilled.
1° i=(o0; 1,..., 1) B,({a?}l") =max ({a’}iL,)

It follows from (32) that

.71=.E1 I_agl 46
—(Ly" L= (46)
Thus we have
L=1 47
2° i=(w=p>1;1,., 1) : Bv({a‘}£1)=()f(a‘>”)“"

It follows from (33) that

* It is known that a simple or a Seidel process given by a matrix converges if
the eigenvalues are less than unity.

(22)
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L= ((1+(Ly)r)¥—1)1/? (48)
from which we see that
.= vy _1)1/» (49)

Observe here that the left hand side of the above expression, (49) is positive for
all finite M and p.

IV. Pseudo linear operator system of the first kind

This and the subsequent sections will be devoted to investigate to what extent
we are able make precise (smaller) the evaluations of the Lipschitz constant of
Seidel operator system, if we are given some constants similar but different from
Lipschitz constants as to the individual operators constituting the system. In this
section, we consider the case of what is to be detined as the pseudo linear operator
system of the first kind. The result obtained in this section includes Sassenfeld’s
criterion (9> for the linear (matriX) Seidel operator system as a part.

Most of the proofs are omitted in what follows. But they are quite similar to
those given in the preceeding section.

Definition 1 (Pseudo linear operator system of the first kind)

If there exists a set of non-negative constant Li(;=1,..., M) and Mi(i=2,..., M)
A as to the operators

y=0pt(x)
yi=¢i(x) (1)
=" (x)

mapping a product set F=F!'xF?X...xF¥*(Fic R}, i=1, 2,..., M) into R’ respec-
tively, such that for any two elements

04y, ¥ SBu (90 NMip(ix, x'), Lip(x, X)) (2)®
i=1, 2,.... M
A=(v; w, wi,..., w¥)
v, veV

where
yi=opi(at, a2, x¥)
Yi=ei(a, 2%, 2N,

we call (1) v’-2-pseudo linear operator system of the first kind according to the
index of the B-operator and the metric defined on the space R.

* Observe here that in general the B-operator B.' in (2) differs from that defin-
ing the metric on R.

(23)
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Theorem 1

The Lipschitz constant of v'-1-pseudo linear simple operator system of the first
kind defined on a complete set F C R is evaluated in the forms

L;=B,(B,/{w*L*} U {wiB, (M¢, L)}L,) (3)
L.=B,(B/{w'L*} U {w*max (M, L})}~, v=0v' (4)
If the relation
L.<1

holds and if there exists a point x,F for which the assumptions

X1 =§0(xo) eF )
S{u: p2(u, %) £(Ly/1—=L3) p2(xy, x0)} C F (ii)

hold, we have a process defined by the recurrence relation

X1 = (X.) (5)

with the initial point x, given above, coverging to the unique fixed point of the »'-
A-pseudo linear simple operator of the first kind, ¢(x)= (¢!(x), ¢*(x),..., ¢"(x)).

Proof

Observing that the individual operators are associated with Lipschitz constants of
the form

L*=B/(¢:NM; L)  i=1,2,.., M (6)
Li*=max (¢: M}, L)) v=0' )
the theorem follows from Theorem 1, III.

Although we may obtain the Lipschitz constant of v»'-1-pseudo linear Seidel oper-
ator of the first kind corresponding to (1) employing the Lipschitz constants (6)
and (7) of the individual operators constituting the system via Theorem 2, III, here
we give a method to obtain the Lipschitz constant directly employing the relations
in (2).

Theorem 2

The Lipschitz constant &, of v-i-pseudo linear Seidel operator of the first kind cor-
responding to (1) mapping a complete product set F C R into itself is evaluated as

£ ,=B,({wiCi}L), A= (v; wh ..., w") (8)
C’sz,(M;Bv({wrcr};;Dy L/’l) Cl:B’Dl({L}); (9)

where

so that if we assume that
£:=B,({wiCijL) <1 (10—i)

(10—ii) there exists x, such that x;=¢(x,) belongs to F' where ¢(x) is the Seidel
operator system corresponding to (1), (10—iii) the sphere S{u: p(u, x,) = (/1
—%5) 02(xy, Xx;) is contained in F, then the v'-2-pseudo linear Seidel operator system

(24)
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of the first kind corresponding to (1) converges to the unique fixed point of the
operator in F.

Remark 1

The Lipschitz constant <, given in (8) is evaluated in terms of the constants
Li, i=1,..., M and M}, i=2,... M,..., (ie1) themselves if v=v" in the form

B,({w'Ci} ) =B, (WL}, U{wih LiwizM®} 1 <i <ipsm
U...U{wirLiwi=M?% ... wirMir} 1< <o <ivsm
U...U{w'Lw?M? ... w¥M¥}) 1)
This relation follows from the relation (8) and

wiCi=B,({w'Li} U{w'Miw L7} izt U {wiM wn L wrM7Ph<p<rsi-1
U{wM jwn L wrM7PwsM P} <y <ry<ragi-1
UM L M? ... wi M=), i=1, 2,..., M. 12)

The relations (11) and (12) can be shown simultaneously by means of mathemat-
ical induction as to 7.

Remark 2

As it might be expected, the evaluation of the Lipschitz constant #;* of the
Seidel operator system of the general kind corresponding to (1) employing the
Lipschitz constants (6) and (7) associated with the individual operators constituting
the system by Theorem 2, III is, in general, not smaller than the evaluation «; by
Theorem 2 of this section.

L, < ¥
Example 1 (Sassenfeld’s criterion (9))

Consider now, a system of M linear operator defined on M-dimensional space
Ry (X, 0y, 1€1:

V=01 (x) =a,x' a2+ Fa ux”

Yi=0(x) =@ X+ A xt ... Faipx" (14)

Y =¥ (x)=aumx" +ay,x*+... +ayux”
or in matrix form,

e Ay, Qigy oeny Qi x!
‘ .. ! | S
. | o
1 Y= l Qiyy, Qigy oeey Ainy  * | X* ! (15)
H | N
I Fo
I N P e
i ‘\ k \ .
y¥ Qiryy ByzyensAunu xY
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It may be clear that this is a pseudo linear Seidel operator of the first kind as to
some pairs of (4, v). Some of their examples are given below with the relations
(8) and (9).

. , Constants Lipschitz
Metric & By Li& M: Constant
1=(05 1y 1) Li=3 |au (16) Lipschitz constant
B;,’({:i}ﬁx) i=1,2,..,. M =max ({C}}X)
=3 gi izt = : 5
e M=% |ax| Ci=((ZlewDmax({Chz) + 3 lair)
i=2,....,. M i=12,... M
A= (v=1;1,...,,1) Li=max({|a:|}) (17) Lipschitz constant
B/ ({a*}, i=1,.., M _$c
M i=1
=) at Mi=max({|air| }2}) i1
= Ci=(max ({|a:r| }}zD) (X C7)
i=2,.. M =1
+max({|a:ir|}70))
i=1,2,.... M
2= @=2;1,..,1) (L= (as)? (18) Lipschitz constant
r=1
B, ({a*}L) i=1,2,., M =(i{:(c;>z)1/2
M i=1
=(X (a)H)? =S(a: i i
i=1 (M;)z—réi (a")z (C.-)z=r§1(a,-r)z° (ré(C')z)
i=1,2,... M M
+§_(air)2
i=1,2,.... M

Here, (16) is the Lipschitz constant given in the second criterion of Sassenfeld
(Kriterium II) (9.
Example 2

Consider now, a matrix operator

y _ 0.05 0.10, ,x*

(yz) - (7.00 0.20> (xz).
Since the matrix is positive definite (the eigenvalues are 1.43 and 1.93) the corre-
sponding Seidel process is convergent (10). Obviously, usual norms of the matrix
is greater than unity which do not assure the convergence of the process. <8>. Let
us try to evaluate the Lipschitz constant of Seidel operator corresponding to this
matrix employing Theorems 2, III and 2, IV and compare them with the correspond-
ing evaluations by Theorem 1, IV.

Bv({ai}£1)=max({ai}g{=1)

1° l=(00;1,..., 1) o
B/({a}) =5 (@)  oxv

(26)
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i | 1 2 | Lipschitz Constant
L 0.15 0.20
M 7.00
max({C'}iz! B 0.15 Zi=1.25>1
Mimax ({C'}2] 105 | (Theorem 2, 1V)
Ci 0.15 1.25
BJ(Li, M) 015 7.20 ,
S L*=7.20>1
_max({CEh D (Lo (Theorem 2, III)
C*i 0.15 l 7.20

The corresponding evaluation of the Lipschitz constant by Theorem 1. IV gives
the value 7.20 > 1.
2° i=(w=1;1,..., 1 "
B/({@)L) =X (@)  v=v

i | 1 | 2 i Lipschitz Constant
i ! 0.10 * 0.20
M; 1 7.00
= i ey 010 £:=1.00
= ! (Theorem 2, IV)
iz i
M;: Z. cr | 0.70
: o} | 0.10 090 |
L, M) | Bt ’ I
| max(l, M) | 0.10 | 7.00 #i=7.80>1
(’§1C*’)+1 1.10 (Theorm 2, III)
7 7 C*’;mv 7 ‘\ 777770.10”777 S 777.70 -

The corresponding evaluation of the Lipschitz constant by Theorem 1, IV gives
the value 7.10 > 1.
3° i=(v=2;1,., 1 .
B/ ({¢i) =(Z (@))* =0

i | 1 2 | Lipschitz Constant
(Li)? | 0.0125 0.04
(M))? Wiv—ﬁﬁ———m - 49.00 Z:=4/0.665 < 1
5 , o " 0.0125 (=0.8155)
M'fg (Cy? T 06125 (Theorem 2, IV)
Sy 0.0125 0.6525 S
‘max (L{G)MHDH | 0.0125 8.0 Pi*e /14976350 > 1
i—1 i
§1 (C*)241 l 1.0125 i (Theorem 2, III)
(C*nyz | 0.0125 496125 |

(27)
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The corresponding evaluation of the Lipschitz constant by Theorem 1, IV gives
the value (49.0125)!/2>1,

The remainder of this section will be devoted to the evaluation of the Lipschitz
constant associated with the particular type of the pseudo linear Seidel operator of the
first kind as in the previous section :

Y=o, ..., 2")
V=021, af, .., %)

19
yi=(‘3i(y1, seey yi—l’ xiy veey xM> ( )

Y= (¥ ., 3T 2,

i.e. the first operator does not include x! in the arguments. In this case, as was
observed in the previous section, (23) can be considered to be a new operator which
maps a set F/ C R*X R3x ... x R” into the space R?X R3X...x R in the form

=029 (%x), %x)
»=0(0'(%x), ¥% *x)

(20)

Y =0"(01(%x), 3% ..., Y71, Mx),

with the metric 2 on the product space R?X R*x ... X R¥ correspoding to the metric
defined on the product space R*X R*x...x R¥ ied,

There may be two possibilities in evaluating the Lipschitz constant of the Seidel
operator of (19). 1° One method is to consider (19) as a Seidel operator of general
kind in the form of (20) (notas a pseudolinear Seidel operator of the first kind),
and to apply Theorem 2, of III. 2 Another method is to consider (19) again as a
Seidel operator system of general kind, with Lipschitz constants associated with the
individual operators given in (6) and (7), and to evaluate the Lipschitz constant of the
Seidel operator system of the type above, employing Corollary of Theorem 2 of III.

As for the first method, we have

T heorem 3

The Lipschitz constant #** of Seidel operator (20) defined on a set FCR* X R*x ...
X R can be obtained by applying Theorem 2, III to the Seidel operator consisting
of M—1 operators with Lipschitz constants »

L**=B/(M:B,(w'L}), L)  {=2 (21)
L**i=B/)(MB.(w'L}, 1), L}) i=3,..., M L**=B,/(M;max (MIL})) (22)
r=(v; w..., w"). v=yv

(cf. footnote of Corollary of Theorem 2, III)

(28)
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Remarks 3

Let us denote by «*(=B,({wiC*i}!_,) the evaluation of the Lipschitz constant,
recognizing (19) as a Seidel operator system of the general kind. Note that there
is no definite inequality between «;* and 2,**(=B,({w!C**}%,)) the evaluation
of the Lipschitz constant by Theorem 2, of this section. This can be easily shown
by examples.

Example 3
Consider again the matrix operator
I 0.0 1.0 0.3 x!
¥ = 0.2 0.0 0.2 |-} x?
» 0.2 0.2 0.0 x3

which was considered in Example 3 III. Let us try to evaluate the Lipschitz constant
of the Seidel operator corresponding to this matrix operator employing Theorems 2
and 3 of this section. We can also compare the results with the corresponding
evaluations given in the Example 3, III.

1° i=(o0;1,..., 1) B,({a’}L) =max ({a*}i,
M

v'=1 B/({@}i) =2 &
i=1
i 1 2 | 3 | Lipschitz Constant
Lt 1.30 | 0.20 | 0.00
M 0.20 | 0.40 #2130
rli-y 9
max({C};z) 1.30 130 (Theorem 2, IV}
Mimax({Cr}iz 0.26 | 052
c 130 | 0.46 | 0.52
L% 0.66 | 0.52 0,66
Cwxi 0.66 | 0.52 (Theorem 3, 1V)
max({C**§i2}, 1) 1.00
L% 130 | 0.40 | 0.40 .
o 130 | 052 | 052 “ =052
max({C*}23, 1) ‘ 1.30 1.30 (Corollary of Theorem 2, IIT)

2° Q= (11:—1 ; 17“-1 1) BU({ai}liv:I) =§ @

v'=v=1
i |1 | 2 | 3 | Lipschitz Constant
L; 1.00 0.20 0.00
M 020 | 0.20
Ter 1.00 | 1.40 #,=1.68
-t (Theorem 2, 1V)
MizC 0.20 | 0.20
(o 1.00 | 0.40 | 0.28
L 0.40 | 0.20
Cai 0.40 | 0.28 &£,**=0.68
‘Z" Crryl 1.40 (Theorem 3, 1V)
L* 1.00 | 0.20 | 0.20
Cx .00 | 0.40 | 0.48 £*=0.88

’Zv" Crrg1 2.00 240 | (Corollary of Theorem 2, j10§)

(29)
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3 a=@=2;1,., 1) Bu({a})=(5 @Dy

M
v=0 B/ ({ai}lL) = (X (ah) )2
i=1
i 1o o2 | 3 ‘ Lipschitz Constant
Sk . L09  0.04  0.00
(M)? : 004 ! 0.08
- ' |
Teyr D10 | onim Zi=v/1.268=1.126
HH ! (Theorem 2, 1V)
(M) @) L 0.044 - 0.094
(€ | 109 | 008t | 0.004
(Liye to.oso 0.080 T
(C*iy? 0.080 | 0.0864 £**=1/0.1664
i
E(C**r)z+1 | i 1.080 (Theorem 3, 1V)
| |
(L*)? 1.09 | 001 o004
(C*)? 1.09 | 0.0836 ' 0.08694 £.:=4/0.170
T cxyret {909 2.1736 (€orollary of Theorem 2, I1I)
e ! |

V. Pseudolinear operator system of the 2-nd kind

This section is devoted to the evaluation of the Lipschitz constant of what we call
the pseudo linear operator system of the 2-nd kind. This is the case we are informed
slightly more about the properties of the individual operators constituting the system
than the pseudo linear operator system of the 1-st kind. Although the method of
evaluation given in this section is essentially the same as evaluation given in the
preceding sections, it will be possible, with the result of this section to evaluate
the Lipschitz constant associated with the deduced system which consists of repeated
arrangement of individual operators constituting the original system. This evaluation
can be a measure of the speed of convergence of the deduced process which would
be required in computing practice.

Definition 1 (Pseudo linear operator system of the 2-nd kind)

If there exist a set of non-negative constants M: (:=2, 3,..., M), L! (i=1, 2,..., M)
and K (=1, 2,..., M—1), 21, as to the operators
=o' (x)

yi=0i(x) ')

y=0"(x)
defined on a product set F=F'xF?x...xF¥, Fic Ri i=1,..., M and each of which
maps the set F into F¢, such that for any two elements x, x'eF,

e, ¥ SB ({1 N{Mjpa(ioix, iX) }}U {Liwi o (%, %'%) }
Ufda: N {Kip(Fix, X)) 2)
yi=9“‘(x1, xzy-"y xM)
Yi=i(x't, x'2,..., x'M)

where,

and
A=(v; wi,..., w)

(30)
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we call (1) v'-2-pseudolinear operator system of the 2-nd kind corresponding to the
index of the B-operator and the metric defined on the product space R.

T heorem 1

The Lipschitz canstant of »’-1-pseudo linear simple operator of the 2-nd kind de-
fined on a complete set F C R(X, p,) is evaluated as

L=B,({w'B,/(($::NM}), Li(dn: N K }iL) 3
L=B,({w*max((¢: M7, Li, (dw:NKD)}iu v=1' (3"

where v is the index of B-operator corresponding to 1.
If the relation

Li<1 4)

holds and if there exists a point x,&F for which the assumptions
xt=gp(x,)eF (i)
S{u: pa(u, x1) < (Li/1—Ly) 0:(x1, x0)} C F (ii)

hold, we may have a process defined by the recurrence relation

xn+|=¢(xn) (5)
with the initial point x, given above, converging to the unique fixed point of the
v'-2-pseudolinear simple operator of the 2-nd kind, ¢(x)=(¢'(x), ¢*(x),..., 9¥(x)).
Proof

Observe that each of the individual operators (1) has the Lipschitz constant of
the form
By ((¢1:NM3), L}, (du:iNK}))
or
max ((¢:NM}), Lj, (dusNKY)) v=0'

which follows from the relations (2) directly. And the remainder follows from
Theorm 1 of III.

Q. E. D.
Theorem 2

The Lipschitz constant of v’-2-pseudolinear Seidel operator system of the 2-nd kind
¢ (x) corresponding to (1) mapping a complete product set F=F'XFix...xF¥,
Fic R3, i=1, 2,..., M into itself is evaluated as

L1=B,{wiCi}L) A= (v; wt, w?,..., w) (6)
where
Ci=B,/(¢,i NMB.({wC}iz), B (L, oui NKD)) )
so that if we assume that
® #1=B.({wiCH)) <1 (8—i)

(31



124 Hiroshi YANAI

(i) there exist x, such that x,=¢(x,) belongs to F (8—ii)
(iii) S{u: p:(u, x,) S(L/1=2L) p2(x0, )} C F (8—iii)
then the Seidel process corresponding to (1) converges to the unique fixed point of

the v'-i-pseudo linear Seidel operator system of the 2-nd kind in F.
In case, v=v', we have

Ci=B,($: NMB,({wCr}iz)), max (L}, (dun:iNKY)) ©)
instead of (7). The evaluation via (9) is, in general, not greater than that given
via (7).

Proof
The proof is quite similar to those given in III.
Remark 1

We may also evaluate the Lipschitz constant of the pseudo linear Seidel operator
system of the 2-nd kind recognizing it as a pseudo-linear operator system of the 1-st
kind Let L;* and M} represent the constants associated with the pseudolinear ope-
rator system of the 1-st kind. These constants can be represented in terms of the
constants M}, Li, K} associated with the pseudo-linear operator system of the 2-nd
kind as follows :

Li=B,) L, ¢u:NK}) (13)
Lyi=max (L}, ¢uiNK}) v=0 13"
Mi=¢,:;NM;. (14)

If we now substitute the representations (13), (13) and (14) into the recurrence
relations (9) of Theorem 2 of IV, we obtain the same recurrence relation as (7) and
(9) of Theorem 2 of this section. Hence, the resulting Lipschitz constant is the same
as given in Theorem 2 of IV. This shows that Theorem 2 of this section is essen-
tially the same as Theorem 2 of IV.

Remark 2

In another way, we may also evaluate the Lipschitz constant of the pseudo linear
Seidel operator system of the 2-nd kind by recognizing it as a Seidel operator system
of the general kind. Let L} represent the Lipschitz constants associated with the in-
dividual operators constituting the operator system. These Lipschitz constants can
be represented in terms of the constants M} LI, K! associated with the pseudo
linear oprator system of the 2-nd kind as follows.

LY=Bj(¢:N M}, L}, du: N K}) 15)
Lyi=max (¢ M}, L}, os:iNK}), v=1'. (157
Hence, if we consider the operator of the 2-nd kind (1) as a pseudolinear Seidel

operator system of the 1-st kind with constants (13), (13’) and (14) and consider it

(32)
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again as a Seidel operator system of the general kind with Lipschitz constants as-
sociated with the individual operators constituting the system

Bv, (¢ilnwiM;i7 wiL/.i)
or if v=20'
max (¢ NwiM i, wil})
(cf. Remark 1, IV), we obtain the same result as the method above.

Example 1

Consider now the case, where

B/l =2 @
and
By({ai}iL,) =max ({ai}L,
and
Mi=Ki=b, Li=a, i=1,.... M
In this case, we have
Cl=a+b
C’=b(a+b)+ (a+b)=(b+1) (a+b)
Ci=b(b+1) (a+b) + (a+b) = (b*+b+1) (a+b)

CHM=(14b+b*+...4b""Y) (a+b)
thus

Li= (A4+bF+b24 ... 45 1) (a+b) = (1—b") (a+b)/ (1—b) b=l
so that if Li=a=0, we have
L=b(1—b")/(1—b).

From this, we see that if

b < by
we have

&L, < 1,

the main criterion of the convergence, where
by (1= (b)) / (1—(by)) =1.
As a rough estimate, it may be readily seen that
1>by>1/2
for all finite M. And it is also observed that by increase as M.
Example 2
Consider now, a system of M linear operato.rs defined on M-dimensional space

Ru (X, p) :

(33
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y=p@)=Ax= .. o (16)
|

L AM1y e A M ‘X! .

It may be clear that this is a pseudo linear operator system of the 2-nd kind as
to some pairs of (4, »"). But if we take

By,({a*}L) =max ({a’}))

i
B/ ({a}l) = g:—l a
or

B,({a*}£) =1 @' and v=v

we obtain the same result as (20) or (21) of IV respectively.
On the other hand, if we take

B,({@}1) = (%, (9% and v=0
we have, instead of (22) of IV,
(©)=F (@n*(Z (©)) +max (@)*, % (@) an

which is, in general, not greater than (22) of IV.
Let us now turn to consider a class of operator systems deduced from the pseudo
linear Seidel operator system of the 2-nd kind which has the following form :

Y=ot &%, 2M)

y;=<pl(y}r sy xM)

yr}l=<p1(ynll—lr xzr'--y xM)
y1=301(y1:17 xzy"'s xﬂl)

Y=o (0 &, 2M)

Yi=9* (9, Yipeory 2M)

y32=$92(3’1, y7f2—1’~--r xM)

Y=0t(), Yazyeees %¥)

......... a8)
Y=ty 5%, ¥ A, M)
V=9 0% YL G, 2, L )
y:i=¢i(y1y yzy-"! yi—ly yrft—lv xi+1)"-y xM)

y"=50‘(3’1, yzy':'y y!fl] x‘+1;'“’ xM)

(34)
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=0 (3, 9., Y7L M)

=" ¥, YU )

Y=o (¥, ¥, YL, Yuinoy)

yM=¢M(y17 yzy"'y y:{u)
That is, the i-th operator in the original operator system is repeated #.,; times in
the deduced operator system. Observe here that the fixed point of both the original
and the deduced operator system coincide whenever they exist.
Now, let us evaluate the Lipschitz constant of the deduced operator system (18).

Theorem 3

The Lipschitz constant ;' of the operator system (18) defined on a product set
F' c R is eveluated as

L) =B,({wiCi}L) (19)
where
Ci=B, (¢ NMB,({w'C"}i2D), L%, din N KD (20)
i=1,.... M
and
LYi=D};L: (21)
where
Di= By ($:: NM;B,({w*C*}izD), Di_,L}, ¢iw NK3) (22)
r=1,..., n;
Di=1 (23)
Proof
In fact, we have the following two relations :
pi(yi) y’i) §Ci‘01(x, xl) l=1, 2v"-y M (24)
0 (¥, ¥i<Dipi(x, x')  s=1,2,..,m, i=1,2,.., M (25)

It may be enough with the proof of the relation (25). If we assume that these
relations hold for 1, 2,..., i—1, we see that

P 3D =Bo (0 NMjp:(io1y, iy, Liwipi (x4, x'%),
Bus N Kp2( i, %))
=Bo ($1iNM B, ({wCr}iZh), L, éwiNK3) 0:(x, x7)
Thus we have (25) for s=1. If we assume that (25) hold for s=1, 2,..., r—1. then

e (Y 37 EBe (puNM o Gy, ioyy’), Liwio(¥iy, ¥74),
i NKip0:(x, 1x7))
=Bo (6 NM B, ({wC}i2D) o (x, x7), LiwD;_ 0i(¥%,y"%),
P NKipi(ix, %))
SBu(¢uNM}, LiDi_,, oxiNK) 0:(x, X').

(35)
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Thus we have obtained the relation (25). The evaluation (19) follows from (24)
and (25) immediately.

Corollary of Theorem 3

In case v=v’, we have

and Ci=B, (9 NM B, ({w*C’s}Z)), max (Li, ¢:n NK3})) (26)
D}=Bu($u:NMB,({w*C’*}ZD), max (DL}, ¢:nNKD) 27)

instead of (24) and (25).

Remarks 3

Observe here, that if Di<1 for i=1,..., M, the resulting Lipschitz constant of the
operator system (18) is evaluated not to be greater than the evaluation of the
Lipschitz constant of the original Seidel operator system. Of course we can also
deduce analogous Seidel operator system as (18) from Seidel operator systems of
general kind or pseudo linear Seidel operator system of the 1-st kind. But it is not
possible to establish the evaluation of Lipschitz constant not greater than those
given to the original operator system.

Examples 3
Let us now evaluate the Lipschitz constant of the operator system

»=0.05x*4+0.10x?
¥'=0.05 y}+0.10 x2 (28)
¥*=7.00 y*+0 20 x?
deduced from the operator system discussed in Example 2 of IV, as to some metric
defined on the product space R'x R? and compare them with the Lipschitz constants
of the original operator system evaluated in Example 2 of IV. Observe here that
M=2
n,=1
n,=0.

Some of the evaluations of the Lipschitz constants are given below.

10 )': (00; 1!‘“: 1): 1)':1 B"({ai}:{—'l)zmax ({ai}]itl)y Bv,({ai}gil)=§l ai

vxv
i i 1 | 2 | Lipschitz constant
M [ | 7.0
L} | 0.05 | 0.20
K: | 010 |
fmax ({C-}2D) | | 0.7525 £;=0.9525
D: [ 015 |
DL} | 0.0075 |
Ci | 0.1075 | 0.9525
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20 J1=(v=1;1,..., 1) Bv({a‘};?‘,l):Bm({a‘};":l)=g}a‘

v=0v'
i | 1 | 2 | Lipschitz constant
M | | 7.00
: | 005 | 0.20
K: | 010 |
mifc | | 070 | #=1.00
=1 '
¢ | 0.10 |
DL} | 0.005 |
Ci | 0.10 | 0.90

3 2=@=251., D Bu(l@}) =B (@) =(E @)

v=0v"
i | 1 | 2 | Lipschitz constant
M N | 49.0
(L)* | 0.0025 | 004
(KD? | 0.01 |
w2’ g (#)?=0.5053
(MD* 5 € \ ) ‘ 04912 £;=0.7108
(D5)? | 0.01 |
(DiL})? | 0.000025 |
(CH? | 0.010025 | 0.495225

The remainder of this section will be devoted to the evaluation of the Lipschitz
constants associated to the particular type of the pseudolinear Seidel operator system
of the 2-kind as we have examined in the previous sections.

yr=0'(x% ..., x¥)
yi=0*(y", x4..., xM)

(29)

yr=0M(y}..., "1, xM)
ie., the first operator does not include x* among the arguments.
There may be 3 ways to evaluate the Lipschitz constant of the operator of this
type.
1° Put L!=0 and apply the method given in Theorm 2 of this section.

2° Since (29) is also an operator system of the general kind with Lipschitz constants
associated with the individual operators

L;isz'(‘QSlinM;’ L;v ¢M;nK;) i=2""i M (30)
F=Bu(K3)

(37)
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or in case of v=v’
Li=max (¢, N M}, L}, du:NK) i=2,.... M (31)
L}!=K!
we may apply Corollary of Theorem 2 of IIL.
3 As it was observed in the preceeding section, (29) can be considered to be a
new operator system which maps a product set F' C R2Zx R3X... X R¥ into itself of
the form

yi=0*(¢'(%x), %x)
=03 (! (%), ¥ *x)

(32)
YI=0M (o (%), ¥2,..., Y¥7Y, MX).

This is also a Seidel operator system of the general kind with Lipschitz constants
associated with the individual operators

L¥*=B,(MiB»(B»(K}), 1), L}, oxiNK) i=2,..., M (33)
or in case of v=7v’,
L**=B,(MK}, max (M}, L}, $;NKH)  i=2,., M (34)

Unfortunately, we can not establish any definite inequality relationship among the
evaluations given by the method 1°, 2° and 3°. Indeed, it is not difficult to give
some examples to show this fact.

VI. Pseudolinear operator system of the 3-rd kind

This section is devoted to the evaluation of the Lipschitz constant of what we
define here the pseudo linear operator system of the 3-rd kind. This is the case, in
which we have the most detailed knowledge about the operators than we have
discussed before. Although we would not assume here the strict linearity of the
operators, we can derive, indeed, the sum of column criterion and Sassenfeld’s 1-st
criterion among the results of this section.

Definition 1 (Pseudolinear operator system of the 3-rd kind)

If there exists a set of non-negative constants L{, (z, j=1,..., M, 2 A) as to the
operators

y=0'(x)
yi=0i(x) @
Y =" (x)
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mapping a product set F=F'xF?x..xF¥ c R(X, p»), (FiC R, i=1, 2,..., M) into
Ré respectively, such that for any two elements,

ey, ¥ =By ({Lfwi o7 (&7, x’) } LD @
where

yi=pi(xl, x%,..., x¥)

yi=pi(x, x2,..., ')
we call (1) the »'-1-pseudo linear operator system of the 3-rd kind.
Theorem 1

The Lipschitz constant of ¢’-1-pseudo linear simple operator system of the 3-rd
kind defined on a complete set F — R is evaluated as

L1=Bv({w’Bu({L;]}g[=1) }:l=1 (3)
Li=max (B({wLP}) V) o= @
where v is the index of B-operator corresponding to A :

A= (v; w, wi,..., w¥).
If the relation

L;<1 (5)
holds and if there exists a point x,€F for which the assumptions
® X =g (X0)
(i) S{u: p:(u, x,) < (Li/1—Ls) p:(xy, Xo) }CF

holds, we may have a process defined by the recurrence relation

xn+1=¢(xn) (6)

with the initial point x, given above, converging to the unique fixed point of the
v'-2-pseudo linear simple operator system of the 3rd kind,

p(x) = (9 (x), ¢*(x),..., ¥ (x)).
Proof

The proof is quite similar to those given in the preceding sections and will be
omitted here.

Remark 1

In case v=v’, the evaluation (4) is, in general, not greater than the evaluation (3).
In fact, it follows from (3) that

B,({w'B,({LFY) }) = By ({w' LY, jo0)
=B,({B.({wL{)il1) o)

;m?X({Bv({W‘LE"}L) Y.

(39)
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Corollary of Theorem 1
v>1
In case v'=1, we can evaluate the Lipschitz constant of the operator system (1)
as follows

B,({w? - B; ({L{7}i) Yis) )
where B; is the complementary operator of the operator B..
Proof
We can show this easily by Hélder’s inequality.
Remark 2

In case v=v'=1, the evaluation of the Lipschitz constant by (4) is in general not
greater than the evaluation by (7).
In fact, in this case (4) and (7) becomes

max ({5 L) b, @)
and
% {wi(max (L¥}E)) @)

respectively and from which the above statement follows immediately.

Example 1
Consider now, a system of M linear operators defined on M-dimensional space
Ry (X, 02)

V=0 (x) =axtt a4 a pxt
Yi=0i(x) =@ x +aipx?+ . aipx Q)
y”=50”(x)=amx‘+aM2x2+...+aMMxM
or in vector-matrix form
o or(x) iy ... Qunr 1)
y= S)=;o(x)= : )= : : . )
yM “‘SDM(x)/ ayy ... Axym \x2 .

Reminding that in this case,
. s x .
v'=1 ie. B ({ai}ll) =3 a’,
i=1

we may evaluate the Lipschitz constant by the theorem above as in the table on
the next page.

Remark that (9) and (11) are the same as (15) and (17), III and (10) is in general
not greater than (16). The convergence criterion associated with (10) is called sum
of column criterion <1), (8>. Remark also that this criterion can be obtained only

(40)
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Metric Lipschitz constant
d=(@=003 1,..., 1) N )
B.((a),2) — man (@) Li=max({Z |}
d=@=1;1.,0D | o
B.({a}) =L @ Li=max ({3 |as| })
r=@>1i 1., ap
B(@h)=5a L= (F (a7

under the assumption of the pseudolinearity of the 3-rd kind.
Example 2
Consider now, the pseudolinear operator system of the 3-rd kind with which a
single constant L#=L is associated. Let us evaluate the Lipschitz constant L; of
the pseudolinear operator system corresponding to L and the value L of L which
makes the Lipschitz constant L; equal to unity for some metrics 2€4. If we have
the Lipschitz constant less than this value, then we see, considering the monotone
increasing property of B-operator, that the first and the main condition for conver-
gence is fulfilled.
1° i=(o; 1,..., 1) v'=1 i.e., B.({@*}X) =max {ai}],
M
B.({@} L) =X &
L=ML, L=1/M (12)
M
2° i=(@>1;1,.,1) v=1 ie., Bv({a‘}f’=x)=(Ei(a*)”)””,
M
B.({@)) = (L (@)
L=ML, L=1/M 13)
M

3° i=(1;1,.,1 v=1 ie., B.y({a"}i.i]):;la*

L=ML, L=1/M (14)

Now, let us turn to the evaluation of the Lipschitz constant of the pseudolinear
Seidel operator system of the 3rd kind ¢(x).

Theorem 2

The Lipschitz constant <; of v'-A-pseudo linear Seidel operator system of the 3rd
kind ¢ (x) corresponding to (1) mapping a complete product set F=F'XF2X...XF¥,
Fic Ri, i=1, 2,..., M into itself is evaluated as follows :

y;=Bv({w5Ci}?{=l)) A= (U; wly wz"'ﬂ wM) (15)

(41)
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where
Ci=By (¢ N {LFw’C}izl, {LY}L) (16)
Ci= B ({L;j}ﬁl)

so that if we assume that v
Z:=B,({wiCi} L)) <1, (17—i)
there exist x, such that x,=¢(x,) belongs to F, (17—ii)
Sf{u: p:(u, x) £(&L:/1—2) p.(x,, x,) is contained in F, (17—iii)

then the Seidel process corresponding to (1) converges to the unique fixed point of
the operator system in F.
In case »=v', we have
C¥=By($ N {Liw C}iz), max {LI}L) (18)
CY=B,max ({L}J7}}")
instead of (16). And the evaluation via (18) is in general not greater than that
given via (16).

Proof

The proof is similar to those given in the preceding sections and will be omitted
here.

Corollary of Theorem 2
v>1
In case »’=1, we may also use the constants
C”i=B, (¢i N {L¥w/C7} 521U B; ({LV}2) 21
Cri=B; (L) 1
instead of (16). The evaluation of the Lipschitz constant via (21) is in general not
greater than the evaluation via (16).

Remark 3

We may also evaluate the Lipschitz constant of the pseudolinear Seidel operator
system of the 3-rd kind reconsidering it as a pseudolinear Seidel operator of the 2-nd,
1-st and as the general kind.
1° First, let us consider it again as an operator system of the 2-nd kind. Let M3,

3, and K ;i represent the constants associated with the pseudolinear operator system
of the 2-nd kind. These constants can be represented in terms of the constants L/
associated with the pseudolinear operator system of the 3-rd kind as follows

M:i=B,({L¥}iz] (22)
Li=L} (23)
K¥=B/H{LY} ). (24)

In case v=v', we have also the relations

(42)
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Ly*=max ({L{} =) e
K;'i =max ({Lij};’:vfx) (24,)

instead of the relations (22) and (24). (22') (24") are, in general, not greater than
(22) and (24). These relations can be derived by a similar argument as above.

It can be shown also by a similar argument as above, that we may use the
relations as follows, in case v'=1.

Ly '=B; (L7} (227
K= B; ({L§} ) @4

If we now substitute the relations (22), (23) and (24) or (22), (23) and (24') into
(7) or (9) of V and represent by C*, C*i and ;% ,*¥ the resulting constants,
we have the relations

C*i;Ci (25)

and
C¥i=Ci, v=v' (25"

thus
wrz2, (26)

and
LXz2L. v=1v' (26)

In fact,
CR=B/ (L} K)=B/ (L}, B/({LY}{.))
=B,/({L}} ) =C*
and

C**=B,(max (L}, max({L{} }L.)))
=B,(max({L{} %)) =C*
Assuming that (25) and (25") hold for 1,..., i—1, we see for 7,
C*¥=B)/ (¢ N B, ({LY}io) Bo(fwrC*r} iz
UBY (LU @in N Be ({ LY} J2i0)))
=B, (¢ N By {LY}iz) B.({wC*}izh) U{LY})
and in case v=v'
C¥i=By(¢i Nmax ({ L7}z B, ({w C¥r}iz)
Umax (L¥ U ¢ixr Nmax({L¥},,)))
=By(di; Nmax ({ L7 }i2h) By ({wC*¥7} iz max ({LYYL)).
Reminding that
By ({L7}iz) Bo({wCriz) Zzmax ({ LY }izh) By ({wCr} iz (27)
2B/ ({L7wiCi}i,
we see that (25) and (25) hold for i=1, 2,..., M. Thus we have the relations (26)
and (26%).

(43)
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In case v'=1, v>1, substitute (22”), (23) and (24”) into (7) of V and represent
the resulting constants by C*” and &;*”. Then we have the relations

CrrizCs (25)
and
FX =L (26”)
In fact, for i=1,
C*'=B, (L}, By ({L{}1))
On the other hand, since
C"'=B, (L}, By({L¢}1)
We see readily
' C*igCm,

Assume now, that the relations (25”) hold for 1, 2,..., i—1. Then, for i,
C*i=B, (¢ N B; ({L7}Z) Bo({w'C"* 1) U By (LY, éws N By ({L7}7%00)))
On the other hand, it follows from (21),
C”i=By (¢ N {L7w’C7 21U B; ({LYHL))
=By (¢1: N By ({LYwiC"7}52) U B; (LY, éu: N By (LY }~i41)))

Comparing these two relations, the relation (25”) thus (26”) follow according to
Hoélder’s inequality.

2° Next let us consider the pseudo linear Seidel operator system of the 3-rd kind
as a pseudo linear Seidel operator system of the 1-st kind. Let M;* and L} represent
the constants associated with the pseudo linear operator system of the 1-st kind.
These constants can be expressed in terms of the constants L7 associated with the
pseudo linear operator system of the 3-rd kind as follows.

M7i=B,({L{}i (28)
M3¥=max({L{}iz) v=v' (28"
Lyi=B,({L{}i= (29)
Ly¥=max({LY}E,). ov=v (29')

But here, it may be readily seen that if we evaluate the constants M;* and L)%
according to the Remark 1 of V, via (22), (22'), (23), (24) and (24’), we would
obtain the same results as (28), (28"), (29) and (29 ) respectively. Then, by 1°, we
see that the evaluation of the Lipschitz constant by the method given in Theorem
2, IV is in general not smaller than the evaluation in Theorem 2 of this section.
3° Finally, let us consider the pseudolinear Seidel operator system of the 3-rd kind
as a pseudolinar operator system of the general kind. Let L}"¢ represent the
Lipschitz constants associated with the individual operators constituting the system.
L in terms of the constants L} of the pseudolinear operator system of the 3-rd
kind, may be expressed as follows.

(44)
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Ly=Bo ({L{}1) (30)
Lcn/‘v_max ({L”}"f ]) U=v, (30/)
L"=B; ({L¥%), V=1, »=1. (307)

If we now, substitute (30), (30") and (30”) into (24) and (25) of III and repre-
sent the resulting constants by C™$ and <" we have the relations

Ct‘t" ; C‘ (31)
Ccn/i g c/i (31/)
C‘””‘ z C,/i (31//)
which follow by analogous inductions as in 1° and thus
L7 = & (32)
g;”/ z y; (32/)
g;“” g —7;4‘ (32”)

Example 2
Consider a Seidel operator system corresponding to

y'=1/2 min («*, x?) +3

(33)
y*=1/3 max (s*, x*) +2
for which it will be seen immediately that the following two relations hold :
p (3" ¥ Smax(1/2p (&%, 2%), 1/2p (%, 5'%)) (34)
P (¥ y'7) Smax(1/3p @, ), 1/3p (&, #7),
thus
L11=L12____,1 2
L21=L22=1ﬁ3. /= oo wl=wl=., . =wHl=1 (35)

The evaluations of the Lipschitz constant of the Seidel operator system corresponding
to (33) are as follows.

v Ci ’ L1psch1tz constant
o | C=max(1/2, 1/2)=1/2 | o may (172, 1/3)=1/2

i C*=max(1/3-1/2, 1/3)=1/3 |

l‘ Cl=max(1/2, 1/2)=1/2 V13

| C?=max(1/3- 1/2 1/3) 1/3

T

§ Cl=max(1/2, 1/2)=1/2

| F=max (1/2, 1/3)=1/2
- C*=max(1/3-1/2, 1/3)=1/3

n
2 iy=((1/2) +(1/3))2=

From the evaluations above, we see that there exist a unique solution of the sys-
tem of equations
x'=1/2 min (x?, x%) +3

36
x?=1/3 max (x, x?) +2. (36)

(45
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Example 3
Consider now, the system of M linear operators defined on M-dimensional space
Ry (X, 02

Y=01(x) =ax* +apxt 4. aux¥
yi=0i(x) =ainxttanxt+ ...+ ainx” (37

Y =" (X) =amx" +au 5"+ ...+ auux"

or in matrix form

s’yl\\ i1y Ay oy Wi\ X
L o
\ | :
y' ! = Aiy,y Qi veey Qin “ x? 5 (38)
| e |
B B IRTELEEE . \ ’)‘
\yM‘ \ @xyy Ayayeens Cun)/ LM

It may be clear that corresponding Seidel operator system is a pseudo linear Seidel
operator system of 3-rd kind as to the pairs of the form (4, v’=1) with the constants
L¥=|a’i|. Some of the evaluations of the Lipschitz constant of the Seidel operator
system are given in the following. (cf. Corollary of Theorem 2 of this section.)

metrics : Lipschitz constant
| (39)* Z=max({C}}¥L)

N i—1 . M
A=(v=c0; 1,..., 1 C’=j§]a;j|c’+]§i|aij|

Cl:]glmu']

(40) y=go

P=@=1 Lo D in § 0| O max |y )
Cr=max (|ay 1)

U =5 CHy

2= @=2; 1,..., 1) Ci=:§l|aijicf+(é_(a,-,-)z)l/z
Ci= (5 (@)

Let us now turn to consider a class of operator systems deduced from the pseudo
linear Seidel operator systems of the 3-rd kind which have the following form.

* This is the Lipschitz constant evaluated in the 1lst criterion of Sassenfeld
(Kriterium I, {(9))

(46)
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=0t x2,..., xM)
=0y, 2%,..., M)
Yi=0'(y,l _y, .., M)
Y=oy}, .., 2)
Pi=02(y, 22, 2%,..., xM)
Yi=¢* (¥ i, &5, 2Y)

yf=80i(y1, yz""’ yinly xi"") xM)
y§=50i(y1, J’g,---, yi-l’ yi’ xi+1""’ xM)

V=Y, ¥y YL yE &L, xY)
Y=0i(9, ¥4, ¥ pE, 2L xM)

=", ¥, YL 1)
yg:‘pM(y1$ yz’"" J’M_l, y{l)

yxu=90M (yl’ Yiess yry y;{,,_.l)
=M (¥, ¥4..., Y4
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(42)

That is, the 7th operator in the original operator system is repeated #;4-1 times
in the deduced operator system. Observe here that the fixed points of both the

original and the deduced operator system coincide if they exist.

Now, let us evaluate the Lipschitz constant of the deduced operator system (42).

Theorem 3

The Lipschitz constant &, of the operator system (42) defined on a product set

F'CR is evaluated as follows
£:=B,({wiCi}L)

where
Ci=By (3 N{LYw/CY U (L} U{LY YD)
i=1,2,... M
and
Li#=D} L
where

Di=B, (¢;; N {LFwCs}iziU {Di [ L¥}yU{LY}Y0)
Di=1.

“4n

(49

(45)

(46)

(47)
(48)
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Proof
The proof is quite similar to that of Theorem 3, V and omitted here.
Corollary of Theorem 3

In case v=v', we have

Ci=B) (¢ N{Lw/C}isiUmax (L%, {L¥}00)) (49)
and
D'=B) (¢:: N {L{w'C7}iZilUmax (D4, LY, {L7}) (50)
instead of (45) and (47).
In case v'=1, v=1, we have
C”i= By (¢ N{LYw/C"7}i2U B; (L#, {L{}i0)) (51)
D”i=B, (¢ N {Lw C"7} iU B; (D, L3, {L{}S00) (52)
instead of (45) and (47).

The remainder of this section will be devoted to the evaluation of the Lipschitz
constants associated with the particular type of the pseudolinear Seidel operator of
the 3-rd kind as in the previous sections.

yri=ol(x% 5., xV)
yz“_‘soz(yly x?,"" xw)
Y=y, ¥ L, x)

Y=o (5., YT &),

(53)

i.e. the first operator does not include x! in its arguments.
There may be 2 ways to evaluate the Lipschitz constant of the Seidel operator of

this type.
1° Put L*=0, and apply the methods given in Theorem 2 or its corollary in case
v'=1, v=1.
2° As it was observed in the preceding sections, (53) can be considered to be a
new operator system which maps a product set F'CR*XRx...XRY into itself of
the form

yr=0!(p'(*x), *x)

y=03(0'(x), ¥, *x)

y'=0"(0'(%x), ¥%,..., Y7, Mx).

As it is easily shown, this is also a Seidel operator system of the 3-rd kind with
constants

(48)
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L¥=B, (LY Jw'L{LY) i, j=2,8,.,. M
With these constants, we may evaluate the Lipschitz constant of the Seidel operator
system of this type by Theorem 2 of this section or its corollary in case v»'=1 and
v=1.
Unfortutately, we can not establish any definite inequality relationships between

the evaluations of the Lipschitz constant by methods 1° and 2°. This fact can be
shown by some examples.

VII. Summary and General Remark

So far, we have investigated the methods of evaluation of the Lipschitz constants
of operator systems of various kinds and forms. And we saw, that we can obtain
the Lipschitz constants by evaluating the representation

B.({wiCi}L, 1)

where Ci is the constants given by recurrence relations which correspond to the
construction of the operator system and the kinds of the constants given as to the
individual operators constituting the system. And we have assumed so far in most
cases that the operator systems, so to say, consist of the operators of a single kind.
But it is also possible to consider Seidel system of the mixed kind. In this case, the
constant C? can not be given by a single recurrence relation but by different forms
of recurrence relations of the individual operators and the associated constants. And
moreover, it is even possible to convert the construction of the operator, if there
exist a set of possibilities to consider the i th operator to be an operator of particular
kind. In other words, if it is possible to give C¢ in form

Ci=f.(C, C?,..., CiTY acA

where « correspoeds to the kind of the operators to whom the i th operator considered
to belong, then it might be advisable to convert the system for Ci so as to take
the minimum as to «, in order to obtain smaller evaluations of the Lipschitz con-
stants :

Ci=min f,(C*, C?,..., Ci™1),

Observe that it follows from this arguments that the Seidel operator system of the
general kind is not advantageous than the corresponding simple operator so far the
Lipschitz constants are concerned.

It may be also a problem to permute the order of the arguments x%, x2,..., ¥ to
have smaller evaluations of the Lipschitz constant of the system. But unfortunately
we could not reached at any simple algorithms to have the most advantageous or-
dering of the arguments except to evaluate the Lipschitz constant corresponding to
every permutation, although we may esimate more advantageous ordering of the
arguments by inspecting the recurrence relations and given constants.

(49)
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The main recurrence relations evolved in this article is summarized in a table in
page 51.
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