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Wave Pictures of Three Coupled Waves on
Electron Beams and Slow Wave Circuits

(Received May 25, 1966)

Hiroichi FUJITA*
Tomoo FUJIOKA**

Abstract

The dispersion equation for three coupled waves is analysed by numerical method
and w—f diagrams are given. They show occasionally very different features from
two waves case, details of which are discussed in this paper, and some examples of
application are proposed.

I. Introduction

The amplification mechanism of traveling-wave type tubes, such as traveling wave
tubes and double-stream amplifiers among many micro wave tubes, are illustrated
by the so-called coupled mode theory"-%. Two kinds of longitudinal space charge
waves, fast wave and slow wave, exist in a one-dimentional electron beam, the
former carrying positive power and the latter carrying negative power®:®. The
amplification phenomenon of the traveling-wave tube can be understood by the
mutual interaction resulting in the distributed coupling between the electromagnetic
wave on slow wave circuit and the slow wave in an electron beam, while the double-
stream amplifier depends on the mutual interaction between the fast wave on
one of the two beams and the slow wave on the other beam. Thus, the active
coupling, the coupling between a wave carrying negative power and the other one
carrying positive power, makes growing wave, while passive coupling, coupling
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122 Hiroichi FUJITA and Tomoo FUJIOKA

between two waves both carrying power of the same sign, produces two propagating
waves.

In the latter case, power is transferred from one wave to the other in a half
beat wave cycle. The phenomenon called Kompfner dip is understood by this
concept. These coupling phenomena between two waves are easily understood by
“w—p diagram”. Fig. 1 is the case of active coupling, and it shows that propaga-
tion constants, f’s, afthr coupling become a set of conjugate complex numbers in
the neighbourhood of a point (we, fo), which is the intersectional point of 8 and
P:, the propagation constants of two waves prior to coupling. Fig. 2 is the case
of passive coupling and shows two propagating waves, of which phase constants
differ slightly ih the neighbourhood of a point (wo, Po).

imaginary

|
'.
|
;
|

W w

Fig. 1. The signs of blow power of two Fig. 2. The signs of blow power of two
waves are opposite. waves are same.

In this way the distributed interaction phenomenon between two waves is under-
stood. However, what will happen when more waves than two make distributed
interaction simultaneously. If we confine the problem within traveling wave tube,
Pierce has treated it in his earlier work"., Solymar has treated a case in which
there is no interaction between a set of three waves, which is the same for travel-
ling wave tube, and considered the region in which growing wave exists”.

The general dispersion equations for # coupled waves has already been given®,
which determins eigen values of f’s. ’

In this paper the authors will analyse by numerical method the case of coupling

7) L. Solymar; “Some Properties of Three Coupled Waves”, IRE, MTT-8, p. 284,
(May 1960).

8) N. Saito; “Electro Magnetic Circuit Theory of Electron Beams”, Ohmu sha,
(1960).
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among three waves, of which f cross at a point on the o—p diagram prior to
coupling, and discuss the singular properties of wave pictures.

II. Analysis and calculation

The following assumptions underlie the analysis:

(1) Waves are represented by one-dimentional electromagnetic equations.

(2) Wave amplitude is so small that small signal theory can be applied.

(3) When wave propagates, there is no loss on transmission lines. It is supposed
that the straight-lines on the w—p diagram give approximate values for the behavior
of three waves and they meet at one point (wo, fo), as Fig. 3. Straight-lines give
good approximations for any waves in a small region. These straight-lines can be

described by the following equations:

]

Ps

(wa,Pa)

w
Fig. 3. The waves prior to coupling.

,31—,30=d(w—(00) s
Br—Po=blo—wo) , (1)
,33—190=C(w—wo) .

Here a, b and c are the gradients.
To calculate the distributed interaction between three waves, we consider a new

coordinate system, whose origin is (wo, 80) and weose abscissa is fs. That is,
B'=p—f=do",

) =f—fs=b'w’, (2)

i

i

a=a—c, b'=b—c, o' =0—w, .

(13)
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We can write the equations of the distributed interaction between three waves
as follows:

%Z—j&EH-CmEz-F CuiEs
ddfz =CuFEr—jBEotCusEs , (3)
%=Ca1E;+CazEz-jﬁaEa .

Here Ei, E: and E: are the amplitudes of three waves and Ci is the coupling factor
per unit length from % wave to ¢ wave, satisfying the condition

Ciau=FCri*. (4)

where * is a symbol denoting conjugate number, and (—) indicates the case when
both ¢ and k2 waves carry the powers of the same sign, while (+) indicates when
they carry the powers of opposite sign. Thus, when wave 3 is taken as a standard,
it is enough for us to calculate only four cases as indicated in Table 1.

Table 1. Combination of the sign of flow power.
S and 0 indicate the direction of flow power is
same as and opposite to wave 3, respectively.

T Case

Wave | 1 1l mo| oI
Wavel | S S 0 0
Wave 2, S o ¢ 0o - S

When Ei, E: and E; are written in the form
Ei=AieT?, E:=Aw T, E:;=Ase .

and substituted into (3), we find the following dispersion equation determining the
eigen values of I,

F—j,’31 Cie Cis
Ca F—jﬁz Czs =0. (5 )
Cs1 Ca: F-‘jﬁa

We express Cir as follows,
Cie=|Cizle?®12, Co3=|Cssle?®3, Cs1=]|Csi|e?®n (6)
=012+ 023+0s . (7)

For lossless transmission line, values for #:, ¢, and 0; are given in Table 2. Then
from (7) and Table 2, we have

(14)
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Table 2. Value of 6.

The sign of flow power )
ik
i k
T o Ea
T 1 2
- _ _r
2
+ - z
_ . _x
v 2
:+l
o=t (8)
As (2), we rewrite I' as follows:
I'=jG+ps) . (9)
Now, from (2), (6) and (7), (5) reduces to the following:
r‘”'—(a’w’+b’w’)72+{(a'w’)(b’o)')$IClzlz-T-IC23]2¢ICsllz}ria’w’lCzalzib’w’IC31I2
—2|Cr2| |Cas| [Csil sin =0 . (10)

Where upper sign indidates the case when the power of k£ and 7 waves are of the
same signs, and lower sign when they are of the opposite signs. According to (8),
we have '

sing==+1.

If we substitute —7 and —o’ for y and o’ respectively into the result obtained by
the calculation of equation (10) for sin ¢=—1, we can obtain also the result for
sin p=1. The calculation of one of the two cases is enough, so we now consider
the case sin ¢=—1.

To calculate the equation (10), we normalize it by the greatest value, |Cikles: ,
armong |Cizl’s.

a'w e b’ |Cirnr]
=x, =y, — =k, ———=a1, az. 11
|Cik|est |C’£k|est Y a ’ lciklest ’ ( )

0<k<Ll, 0<La;,a:<1.
In virtue of (11) we may also write (10) as
yi—(k+1Dxy*+{kx* Fa®Fa2F1ly+ Ax+2=0. (12)

ICsl _ ICail

[Ci2] is maximum: a= az=
|C1e|’ 1Ciz|’

A=Fa?tkas?® . (13)

(15)
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o {Crzl _ | Ca1|

[Ces] is maximum: ai1= TGN A=+1+kas? . (14)
[Ca1] is maximum: ai= IC”I, = IC%‘, A=+a2+k . (15)
!C«'ﬂ| IC:u]

III. Results and discussions

Case 1.

This is the case when the transmission powers of three waves are all of the same
sign. In this case, if it is assumed that ai=a:=1, namely, all the coupling factors
are equal, (is) is written as

V3 —(k+1Day2+(Bx*—3)y+(k+1)x+2=0 . (16)

Two examples of calculation results of (16) are shown in Figs. 4 and 5. From
the results of calculations, the following conclusions are obtained:

i) Since there exists no wave which transmits power of opposite sign, 7's are
never complex numbers. Accordingly, three propagating waves occur in general,
and three waves after coupiing are written as

3
Ei(z)=e78s? ;T: Aine?'e? |

3
Ex(z)=¢78s ; Azneitn ?, an

3
Es(z)=e%8s* >} Asnein? |
1
Tn:ynlCiklest .

Where y.'s are the roots of (16) and real numbers, and Aw.’s are in general
constants of complex numbers which are determined by (3) and initial conditions.

ity For k—0, one of roots of y becomes unity for any value of x. This can be
shown as follows: When £—0 in (16), (y—1}{y*—(x—1)y—(x+2)}=0. Thus, y be-
comes unity.

For k—1, one of roots of ¥ becomes (x--1) on the diagram. This can be shown
also as follows: When k—1 in (16), we obtain {y—(x+1DH{y*—(x—1)y—2}=0.

ili) When both a: and a: are not unity, the results are essentially the same and
the same wave pictures are obtained.
Case 1II.

This is the case when the power of wave 1 and wave 3 are of the same sign,
and wave 2 of the opposite sign. In this case, the following equations to be solved
are obtained from (12) to (15).

|Ciz| is max.: ¥*—(1+A)xy?+(kx?+ai®—ast+1) y+ (ko —a¥)x+2a10:=0 . (18)
1Ces| is max.: Y —(1+k)xy2i+(kx2+a—at+1)y+(ka?—1)x+2010a=0 . (19)

(16)
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|Cs1] is max.: ¥*—(1+E)xy*+(kx?+ai+a2—1)y+(B—a®)x+2ama:=0 . (20)

Examples calculation results are shown in Figs. 6 to 19. From the results, the
following conclusions are obtained:

i) In general there is a set of conjugate complex number roots of ¥ in the
neighbourhood of x=0. Accordingly a growing wave occurs in the coupled waves.
In this case three waves after coupling can be written as

Eu@)=¢B5 S Aumeitnt |
m=1 (21)
Yn=Ym|Cirlest , ym:(.ym)real"l"j(ym)Jmazinary .
where ya.’s are the roots of (12) and Awmx’s are determined by (13) and initial
conditions, as in Case I.
The Growing wave is not always an increasing wave and it can be an evanescent
wave? 1 But we are not interested here in distinguishing the growing waves.
iil) As indicated in Fig. 6 and 7, the region where x gives complex roots to y
spreads to —oo as k—0. The limit of 2=0 seems to correspond to the result
obtained by Pierce for the case where space charge parameter QC of traveling-wave
tube equals zeroV. Also as seen in Figs. 6 and 8, the region spreads to -+co as
k—1. Mathematically, for the case ai=az=1 this can be shown as follows; If we
substitute a;=a:=1 into (18), (19) and (20), we obtain

y—(+R)xyi+(kx®+1)y—(1—k)x+2=0 . (22)

And if we substitute y=0 into (22), we obtain x=—-§—— which we again substitute

1—k’
1+£\2_ . . .
1k =0. At the point where the imaginary part of the

root becomes zero, (22) has equal roots. Accordingly, it is ascertained that, for

x< T—-z——k’ y has complex root. On the other hand, if we substitute (1—£k) for %

and put y=0 into (20), we get x=—z—. And when we substitue x=—£ into (20),

into (22), obtaining y( —

k
we get <y+ %)( y+12=0. Thus the above obtained results yield a region where
the growing wave takes place, ——%< x <T—2——k'

When ai, a:x0, we will get the same results as obtained in the preceding cal-
culation. But it is difficult to get mathematically the exact region where complex
root occurs. So we anticipate the region from obtained diagrams. For example,
the region when |Csl| is maXimum is

9) P. A. Sturrock; “Kinematics of Growing Waves”, Phy. Rev., vol. 112, p. 1488,
(Dec. 1958).

10) Y. Sawayama; “Studies on Growihg Waves”, Report of Microwave Tube Com-
mittees, I.E.C.E. of Japan, (Jan. 1962).

(17)
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_iICzs| 2 |Cusl
E 1Cal “¥<T=F |Cul -

ili) There is only a little change in the wave picture when «; and a. are not
equal to unity nor zero. Figs. 9 and 10 show the examples when £2=0.5.

iv) When |Ci2|=0, the wave picture shows a singular form. Thatis, the imaginary
part of ¥ changes according to the relation between |C:| and |C:|, i.e., when
|Cai1l=|Ces|, the imaginary part is separated into two parts, which are tangent
to each other at the origin, as indcitated in Fig. 11; when |Csi|<|[Ca|, the two
parts blend and imaginary part shows an ordinary pattern as indicated in Fig. 12;
when |Csi|>|Css|, ¥ has no complex root and there are three propagating waves,
as indicated in Fig. 13.

Mathematically, these matters are shown as follows: when |[C:s|>|Cal, we
substitute a;=0 and x=0 into (17) and get ¥*-+(1+a:2)y=0.

Accordingly, for =0, ¥ has two imaginary roots. when |C:s|<|C:i|, we substitute
a1=1 and =0 in (18) and get y*—(1—a2)y=0.
Since 1—a32*>0, y has three real roots and no imaginary term occures.

v) The result for [Ces)|=0 equals the above (iv), i.e., when
|C12]=1Cs1], the imaginary part is separated into two parts at the origin; when
|Ci2]>1Cs1], two parts blend and shows ordinary pattern; when
|Ci2l < |Cs1], there is no imaginary part. (Figs. 14, 15, 16)

vi) Wave pictures for |Cs:1|=0 differ entirely from those of iv) and v). » has
always complex roots in the neighbourhood of the origin. (Figs. 17, 18 and 19)

For k-1 or k—0, the region for imaginary part spreads. (Fig. 19)

Case III.

This is the case when the power of wave 1 and wave 2 are of the same sign
and wave 3 is of the opposite sign. In this case, the equations to be solved are
as follows: '

{Ciz| is max.: ¥*—(1+k)xy?+(kx®+a+at—1)y—(ai®+ka®)x+2010:=0. (23)
|Ces] is max.: ¥ —(1+R)xy?+(kx?—ar®+a?+1)y—(kaz?+1)x+2a102=0 . (24)
|Cs1] is max.: y*—(1+E)xy?+(kx*—a®+a?+1)y—(k+a?)x+2a10:=0 . (25)

i) In general, in the region of the neighbourhood of x=0, y has a set of conjugate
complex roots and a growing wave occurs in the coupling wave. In this case,
each wave after coupling is written as (21), as in Case II. The different point of
wave picture, however, from Case II is that the curve of imaginary part is separated
into two parts, as in Figs. 20 and 25.

ii) For £—1, the region where y has complex root spreads to x=xco. For k-1,
the region becomes narrower. Figs. 20, 21, and 22 show the examples for ai=a:=1,
Mathematically, this is shown as follows: if we substitute ai=az=1 into (23), we

(18)
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obtain
Y2 —A+k)xyi+(kx*+1y—1+k)x+2=0. (26)

When we substitute x=2 into (26), we get (y—2&)(y—1)2=0. Now, it has been
shown that the imaginary part becomes zero at x=2, and ¥ has equal roots. Since
we can see from figures that another root of v is given by the value of x when
y=x, the point where the imaginary part is zero is obtained by substituting y=x«

into (26), resulting in x:%, which we substitute again into (26) and obtain
(y— —z—)(y—l)z=0. Accordingly, the region where ¥ has complex root is written

2
2 -.
as 2<x< Z

Let us find the value of x where the imaginary part becomes zero for x<O0.
It is difficult to find this value exactly, but it may be said that this value is greater

2
than —(2—!— i) This is shown as follows; we substitute x=—(2+ —2—) into (26),

k
21 2
we obtain ( y—l)(yz+ 2k Tkg k+ 2 y+ 2k +: k+2>=0. It can be easily verified that

this equation has three real roots for 0=k=1. Accordingly the region is

—<2+ —z—><x<2. If we substitute 2—0 in these two inequalities, the region of x

spreads to +=oco. For k—1, the region becomes narrower.

iii) The imaginary part changes according to the sign of |Ci:|—|Casl, i.e., when
|Ciz]=]Casl, two imaginary parts occur, which are tangent to each other, as indicated
in Figs. 20 to 23; when |Ciz|>|Css), two parts are separated, as in Fig. 24; when
1Ci2] <|Casl, two parts blend, as in Figs. 25 and 26.

iv) For |Ci2|=0, one imaginary part occurs in the neighbourhood of x=0, asin
Fig. 26.

v) For |C:sl=0, wave picture is similar to iii); when |Ciz|=]|Csi|, the two imaginary
parts occur, which are tangent to each other, as in Fig. 27; when [Ci2)>|Cal, two
parts are separated into two independent parts, as in Fig. 28; when [Ci2|<|Cs|, two
parts blend to become one part.

vi) For |C:s|=0, the wave picture is the same as in iv). The imaginary parts,
which are tangent to each other when |Ci:|=|C:s|, are separated into two in-
dependent parts when |Ciz|>|Cesl, and inversely blend to one part again when
|C12] < |C2sl, as indicated in Figs. 30 to 32.

Case IV

This is the case when the powers of wave 2 and wave 3 are of the same sign
and the power of wave 1 is of the opposite sign. In this case, the equations to
be solved are, from (12) to (15), as follows:

[Cie] is max.: y*—A-+kxy*+(kxita®+at—1)y+ (a2 —kat)x+2ma:=0. (27)

(19)
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[Cesl is max.: y»*—(1+k)xy?+(kx2+ai2+at—1)y+(1—kas?)x-+ 2010:=0 . (28)
|Cail is max.: yP—(1+E)xy 4+ (ka?+aid—a?+1)y+(b—a?)x+ 2010:=0 . (29)
Now we substitute (y+x) for y, (1—k) for £ and (—x) for x in (23), (24) and (25),
we obtain (27), (28) and (29). Thus we can find entirely the wave pictures of
Case IV from the results of Case III. The characteristics in the following are the
same as in Case III.
i) The imaginary parts of ¥ consist, in general, of two parts,

if) When ai=a:=1, the region where complex roots appear is, from the same
discussion in Case III,

2 2
—— __2 — —_—
—% <x< and 2<x <24 7

Thus, for k—1, the region spreads and for £—0, the region becomes narrower.
This results can be applied also when a:>1 and az31.

iii) When |Ci2|<[Casl, two imaginary parts occur and when |Ciz|>|Casl, they blend.

iv) For |Ci:|=0, the imaginary part is separated when |C:s/=|Cs| and blends
when [Cas| <|Cail.

v) For |Cu|=0, we have similar wave pictures as in iv), i.e., the imaginary part
is separated when |Ci2|<|C:sl, and blends when |Ciza|>|Cesl.

vi) When |C.s|=0, the imaginary part consists of one part and shows the ordinary
type.

IV. Some Examples of application

1. Application for coupled helices!?

Calculation in this paper is partly intended in preparations for some experiments,
that the authors are planning, to measure noise parameter in electron beam by
using coupled helices. The results in this paper give useful information for using
coupled helices.

II. Super wide-band traveling wave tube

Since the region of x where y has complex conjugate roots spreads to x=d4o0
when £—0 or k—1 in Case II, the possibility of traveling wave tube with super
wide-band range of frequency tuning is suggested. This will be realized by
coupling of slow wave circuit with double electron streams. However, the effect
of space-charge wave harmonics and the wide-band matching at the ends of the
slow wave circuit will be the problems.

III. Active filter with two pass bands.
There exist two frequency tuning regions, which yield growing waves, in such

11) J.S. Cook, R. Kompfner and C.F. Quate; “Coupled Helices”, B.S.T.]., vol. 35,
p. 127, (Jan. 1956).

(20)
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wave pictures as Figs. 28 and 31. Accordingly, it is possible to use this effect as
active filter with two pass bands. This can be realized by double structure helices,
one of which couples with the slow-wave of an electron beam.
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Fig. 4. Case L. Fig. 5. Case 1.
The signs of flow power of three waves The signs of flow power of three waves
are all same. are all same.
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Fig. 6. Case II. Fig. 7. Case II.
The sign of wave 2 is opposite to the The sign of flow power of wave 2 is
oters. opposite to the others.
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imaginary

g 16
Fig. 8. Case II. Fig. 9. Case IL
The sign of flow power of wave 2 is The sign of flow power of wave 2 is
opposite to the others. opposite to the others.
3 1 1 .
k=z*, |C1al =|Cas| =1Ca4l. k=?, {Ciz| =[Cal =ﬁ|Czs|-

.
TN W SN ) 9 ec

‘ 46
Fig. 10. Case II. Fig. 11. Case II.
The sign of flow power of wave 2 is The sign of flow power of wave 2 is
opposite to the others. opposite to the others.
1 1 1
k=?, |C12] =|Casl =7-§IC31|- k=7, [Cizl=0, |Cai|=|Cus.
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Fig. 12. Case II.
The sign of flow power of wave 2 is
opposite to the others.

1 —
k= 1Cul=0, [Cual=v/Z|Cul.

imaginary

imaginary

4-6

Fig. 14. Case II.
The sign of flow power of wave 2 is
opposite to the others.

k:%’» [Cas| =0, |Cuzl=|Casl.
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Fig. 13. Case II.
The sign of flow power of wave 2 is
opposite to the others.

1 1
k= ICul=0, |Cul="ICul.
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imaginary
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Fig. 15. Case II.
The sign of flow power of wave 2 is
opposite to the others.

k=%, |Casl =0, |Ci2l=+/2|Cail.
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Fig. 16. Case IL Fig. 17. Case II.
The sign of flow power of wave 2 is The sign of flow power of wave 2 is
opposite to the others. opposite to the others.
1 1 1
k=~2—, |Ces] =0, ’CIZI=:/_§‘,CSII~ k='2‘: [Ca1]=0, {Ciel=1Cusl.
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Fig. 18. Case II. Fig. 19. Case II.
The sign of flow power of wave 2 is The sign of flow power of wave 2 is
opposite to the others. opposite to the others.
1 — 1
k=3, |Cs1]=0, [Cas]=+/2|Csl. k=Z: |Ca1l=0, |Cial=1{Css!.

(24)
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Fig. 20. Case II. Fig. 21. Case III.
The sign of flow power of wave 3 is The sign of flow power of wave 3 is
opposite to the others. opposite to the others.
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Fig. 22. Case IIIL Fig. 23. Case III.
The sign of flow power of wave 3 is The sign of flow power of wave 3 is
opposite to the others. opposite to the others.
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k=z‘» 1C12] =|Cas| =|Cl. k=3, [Ciel=1Cssl =+/ 2 |Csi].
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Fig. 24. Case III
The sign of flow power of wave 3 is
opposite to the others.
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k= |Cul=ICul =—5ICul.

Fig. 26. Case III.

The sign of flow power of wave 3 is

opposite to the others.
1
k=?, [Ci2] =0, |Ces|=]|Cal.
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Fig. 25. Case III.

The sign of flow power of wave 3 is
opposite to the others.
1 1
70=E, [Crz| =|Cl =7=2=1023|.
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Fig. 27. Case III.
The sign of flow power of wave 3 is
opposite to the others.
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Fig. 28. Case III.
The sign of flow power of wave 3 is
opposite to the others.
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Fig. 30. Case III.
The sign of flow power of wave 3 is
opposite to the others.
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Fig. 29. Case III
The sign of flow power of wave 3 is

opposite to the others.
1 1
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Fig. 31. Case IIL
The sign of flow power of wave 3 is
opposite to the others.
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imaginary

Fig. 82. Case III.
The sign of flow power of wave 3 is
opposite to the others.
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