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E妊ectsof Collision on the Propagation 

of Electromagnetic Wave in a Plasma 

一一I.Homogeneous Isotropic Plasma一一

(Received December 27， 1965) 

Masatada OGASA W ARA者

Toshihiro KAJIURA糊

Yoshiji KUBO附帯

Abstract 

Propagation constant， attenuation constant， index of refraction， and velocity of 
energy transfer are calculated for an isotropic homogeneous plasma. 

It is explicitly shown that in the lossy plasma not the group velocity but the 

velocity of energy transfer satisfies the relativity requirement. These two 

velocities coincide only when the collision is absent. 

1. Introduction 

In recent years considerable attention has been paid to the theory of electro-

magnetic wave propagation in a plasma 1)-4)， in connection with the problems of 

radio communication with a high-speed space vehic1es， and controlled thermonu-

c1ear fusion. In our present series of papers we will focus the special attention on 

the e百ectsof collision on the propagation of the electromagnetic wave. The effects 

of the collision was taken into account by Balwanz 2)， and Heald and Wharton 4). 

The former has given graphs of absorption， phase shift and re臼ectioncoe伍cients.

The latter has given graphs of refractive and attenuation indices as a function of 

普小笠原正忠 Associateprofessor， Faculty of Engineering， Keio University. 
桝梶浦敏弘.Instrumentation and Control Laboratory， Kanegafuchi Spinning 

Co.， Ltd， Miyakojima， Osaka， ]apan. 
桝骨久保芳二 InstrumentationDepartment， ]apan Gasoline Co.， Ltd， Minami-

ku， Yokohama， ]apan. 

1) A. B. Cambel; Plasma Physics and Magnetofluidmechani・'cs(1960)， McGraw-Hill， 
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Translated by ]. B. Sykes and R.]. Tayler (1964)， Pergamon Press， New York. 

4) M. A. Heald and C. B. Wharton; Pl asmαDiagnostics with Microwaves (1965)， 
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2 M. OGASAWARA, T. KAJIURA andY. KUBO 

(wpjw) 2, wp and w being the plasma frequency and the electromagnetic wave 
frequency, respectively. 

In the present paper, propagation and attenuation constants in a homogeneous 
isotropic plasma are evaluated numerically as a function of wjwp, the collision 
frequency being considered to be a parameter. These are presented and discussed 
in section II. In section III, velocity of energy transfer is calculated and compared 
with the group velocity, and shown explicitly to be less than the light velocity. 

II. Propagation and Attenuation Constants 

For a homogeneous isotropic plasma, Maxwell's equations are given by 

rot H=aE+iwsE, 

rotE= -iwpH, 

divE =0, 

div H=O, 

(1) 

(2) 

(3) 

(4) 

where E and H are the electric and magnetic field vectors which are supposed to 
be harmonic functions of time, i. e. being proportional to eiwt. The dielectric 
constant, magnetic permeability and the electrical conductivity of the plasma are 
expressed by s, fl. and a respectively. Using the equations (1), (2), (3) and the 
identity rot rotE= -~E+grad divE, we have the wave equation 

(5) 

If we consider the oscillation of the type 

(6) 
H = Ho ei<wt-k·r), 

we have, from (5) and (6), the dispersion relation 

(7) 

If we consider the case of vacuum, we have 

(8) 

-where p0 , s 0 and c are respectively the magnetic permeability, the dielectric con
stant and the velocity of light in the vacuum. In the plasma, fl.= p0 , so the dis
persion relation is rewritten as 

k --- s =s-z-2 _ w2 
( s 

1 
) 1 • a 

c2 so , w (9) 

where we have introduced ·the complex dielectric constant s '. This is obtained as 

( 2) 
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follows. 
The equation of motion of an electron subjected to the electric field E =Eo eiwt 

is given by 

dv E . t m-=-e oezw -l..lmV dt , (10) 

where m, -e and v are the mass, the charge and the velocity of the electron and 
lJ is the collision frequency between electrons and other heavy particles (neutrals 
and ions) in the plasma. By solving (10) we have the total current Jt 

ne2 1 Jt=-env=--.--E= 
m zw+l.J 

Wp2 • 

2 
• zwe 0E, 

W -ZWl.J 
(11} 

here wv is the frequency of the plasma oscillation and n the number density of 
the electron. The total current Jt is expressed in another way as the sum of the 
conduction current Jt and the current due to po.larization oP/ot, P being the 
electric polarization ; 

Jt=J+ 00~ = aE+iw (eE-e 0 E) = ( :~ -1) iwe 0 E. (12) 

Then equating (11) to (12), it follows that 

and 

- ( Wp2 ) - 2 lJ e- eo 1--2--2 , a- e 0 Wp - 2--2, 
w +}..1 (J) +}I (13) 

where use has been made of the definition of e' which is given by (9) . The index 
of refraction n' of the plasma is defined by 

n'= _E._ 
vv' 

Vp being the phase velocity. Using (9), we have 

(n')2= (E!_)2 = ~. 
w eo 

(14) 

Since e 'I e 0 is a complex quantity, we can devide n' and k into real and imaginary 
parts* 

* From (13) it follows that 

i) a~ 0, e ~ 0, for w 2 +v2~wp2, 

ii) a~ 0, e < 0, for w2 +v2 <wp2, 

then e1 which is defined by (9) lies in the 4th quadrant of the complex e1 plane 

when w2+v2 ~wp2 and in the 3 rd quadrant when w2 +v2 <wi. 

Thus Jet is in the 2 nd quadrant. Then the real and the imaginary parts of 

Jet have different signs. 

( 3) 
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c(3 
nr=-w· 

ca n•=-, 
w 

(nr, ni, (3, a=positive). 

(15) 

Taking the direction of the vector k as the z-axis, we can write the field E as 

wn; wnr =Eo e"~'_c_z eiCwt"~'-c-z). (16) 

The =F signs in (16) correspond to waves which propagate in the direction of the 

positive and negative z-axis respectively. The constants a and (3 are called the 
attenuation constant and the propagation constant respectively. From (9), (14) 

:and (15) we have 

(17) 

and 

(3 = .!!!.._ I}_ [~ + I ( e ) 2 + ( a ) 2] 
c 'V 2 e 0 'V 8; e 0w , 

(18) 

e w 2 
-=1---p-
eo w2+ l.J2, 

(13') 

The expression (17) gives the real and the imaginary parts of the index of refrac
tion, nr and ni. The expression (18) gives the propagation and attenuation con

stants (3 and a in terms of the constitutive parameters of the plasma. 
The dimensionless propagation and attenuation constants c(3jwp and ca/wp, and 

the indexes of refractions nr and ni are numerically computed as a function of 
normalized frequency wjwp, on the electronic computer K-1 of Keio University. 
The normalized collision frequency ll I wp is taken as a parameter ranging from 0 
to 0.5. Table 1 gives the numerical values of these constants. Fig. 1 and Fig. 2 
are their graphical representations. These are equivalent respectively to the graph 
12 and 5 of Balwanz 2). 

From these graphs we can see the following behaviours. The propagation con
-stant approaches asymptotically to that of vacuum when w -H>o. This is because 
the electrons in the plasma become to be unable to follow the field as the fre
quency increases. In the lossless plasma no propagation occurs for w< wp. in the 
lossy plasma, however, the wave can propagate even for w<wp, but accompanied 
by attenuation. In Fig. 2 we note that the values of cajwp at w=O differ by unity 
depending on lJ =0 or lJ ~0. The limiting value of a when w~o and lJ ~o does 

(4) 
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1.0 

0.5 

L-----------~-------------L------------~ 0 
0.0 0.5 1.0 1.5 Wp 

Fig. 1. Dimensionless propagation constant cf3jwp as a function of wjwp. 

Fig. 2. Dimensionless attenuation constant cajwp as a function of wjwp. 

not exist, because the limit depends on the way of making w~o and l.J~o. 

Neverthless when we make w ~ 0 in the lossless plasma, the electrons are accel
erated indefinitely and the Lorentz force cannot be negligible in the evaluation of 
s and a. Hence for lossless plasma, i. e. J.J = 0, the present theory becomes invalid 

near w=O. 

Fig. 3 gives the qualitative features of phase and group velocities Vp and Vg. 

When the collision exists the group velocity has the infinite value at two points 

( 5) 



6 M. OGASAWARA, T. KAJIURA andY. KUBO 

of w/ wp. At a glance we may consider that the relativity requirement is not ful
filled. In· order to clarify this we will calculate the velocity of energy transfer in 

the next section. 

Y.e~ 
C'C 

I 
I 
I 
I 
I 

: VACUUM~ 
----.-------------

1 
I 
I 
I 

Fig. 3. Qualitative features of group velocity Vg and 
phase velocity Vp as functions of wf wp. 

III. Velocity of Energy Transfer 

In this section the velocity of energy transfer is calculated and shown to fulfill 
the relativity requirement. This velocity is shown to agree with the group velocity 
in the absence of the collision. 

From (2) and (6) it follows that 

H=..l_kxE. 
Wfl 

(19) 

(6) 
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From this it is apparent that the vectors E, Hand k form the right-handed co
ordinate system. We have taken the direction of the vector k as the z-axis, so 
the directions of E and H are in the directions of x and y-axes. From the ex
pression (16) and (19) we have 

(20) 

With use of the relations (15), H v becomes 

H y =..!. (nr-ini) Ex. 
f1C 

(21) 

The poynting vector S=ExH has only z-component S,=ExHv in our case. With the 
bar notation we express the time averaged value. 

Using (20) and (21), we have 

where use has been made of the assumption f1 = p.0 • 

The instantaneous Sz (t) is given by 

= 2c cos 8 (nr cos 8 + ni sin 8) ~o E~x e-2az, 

with 

() =wt-f3z. 

The energy density W consists of ·three parts; 

W=WE+Wn+WK, 

(22) 

(22') 

(23) 

(24) 

here WE and W H are the energy densities due to the electric and magnetic fields 
respectively and W K is the kinetic energy of the electrons. They are given by 

(25) 

where Vx and N being the velocity and the number density of the electron. 
By using (20), (21) and (10) we have 

(26) 

WE= cos2 () ~ £2 e-2mz ' 2 Ox ' 
(26') 

(27) 

( 7) 
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_ Wp
2 

• 2 c 0 £2 -2az 
WK-(w2+)..i2)2()..icos0+wsm0) 2 o.re • 

The velocity of energy transfer Ven which is defined by 

- Sz 
Ven = W' 

Sz 
Ven= W, 

is easily written down using (24)- (29) 

2Acos e 

where we have introduced 

A=nr cos O+ni sin 0, 

B= 
2
w+P 

2 
()..i cos O+wsin 0). w )..i 

(27') 

(28) 

(28') 

(29) 

(30) 

(30') 

(31) 

As a matter of course the velocity of energy transfer does not exceed the light 
velocity. This is proved with use of the following inequalities 

(32) 

By using the definitions of nr and ni, we can change the expression (30) into 

- nr 
Ven= l+ni2c. (33) 

Ginzburg 3) also derived the same expression by the different method. But this 
expression is less convienient than (30) for proving the inequality Ven<c. 

The group velocity Vg derived by differentiation of p with w is (See Appendix) 

(34) 

Further manipulation yields 

nr2+ni2 (1-nr2+ni2) 2+4n/ni2 

Vg=nrC nr2 (1-ni 2) (l-nr~+ni2)l+4nr4 ni 2 • (35) 

These expressions differ from that of Ven· In order to obtain the relation between 

Vg and Ven, we put Vg = Ven, then we have, from (33) and (35), 

(8) 
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(36) 

Taking account of an inequality 1-n,2 +ni 2 >0 which is given by (A. 3), we note 
that the expression in the bracket of (36) is positive definite. From this fact we 
can conclude that (36) is satisfied only when ni 2 =0. In other word, the group 
velocity coincides with the velocity of energy transfer only when the collision is 

absent. 
Fig. 4 gives the velocity of energy transfer as a function of wjwp. We note 

that the value of Ven increases when the collision exists. 

Ven/C 

1.o ---------------~~~:c-u~~=-=:;-------

Fig. 4. Velocity of energy transfer Ven as a function of wjwp. 

Appendix Derivation of the Group Velocity (34) and (35) 

By using f3=wnr/c, we have 

~£ = _1_ [ 4n,.2+ wd (2nr
2l]. 

dw 4n,.c d(v 

From (17) we have the following relations 

( 
c ) ' 2w2 ( c ) 

w Eo = wz+ J.i2 1- ~ ' 

(9) 

(A. I)' 

(A.2) 

(A.3) 

(A.4) 

(A.5) 
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w- =- 1+---( a ) 
1 

( 2w2 ) a 
c 0w w2+ l.l 2 c 0w' 

(A.6) 

where prime means to make differentiation in terms of w. Differentiating nr2 which 
is given by (17) with respect to w and using (A.4) we have 

(A.7) 

Substitution of (A.5) and (A.6) into (A. 7) yields 

(A.8) 

From this and (A.1) we have 

(A.9) 

From (A.2), (A.3) and (A.4), it follows that 

(A.10) 

With use of this expression, (A. 9) becomes 

n 2+n·2 (1-n 2+n·2)2+4n 2n.2 V = nr C r l T l T I 

(/ nr2 (1-ni2) (1-nr2+ni2) 2+4nr4 ni2 . 
(A.ll) 

(10) 
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