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On Vibration of an Elastic Bar which IS 

immersed In a Cylindrical Water Tank* 
(Received Oct. 20, 1958) 

Fumiki KITO** 

Abstract 

The Author has previously made a study on vibration of a cylindrical shell which 

is immersed in water, and reported the result in this Proceedings.<!) Present 

report is the outcome of continuation of this study. Here the vibration of an 

elastic straight bar of circular cross section, which is placed in a water tank of 

cylindrical form, is studied. From the analytical expression for the vibratory 

motion of water particles thus set up, the amount of hydraulic force acting on 

the elastic bar is obtained. For the case in which there exist no end-walls 

(lids) of the cylindrical tank, it is shown that the frequency of. vibration of the 

bar can be expressed by a simple formula wherein the effect of surrounding 

water is taken into account, the bar itself being supported at both ends. For the 

case in which end-walls of the cylindrical tank exist, it becomes a very complicated 

task to evaluate the frequency of the bar. But, by actual examination of nume

rical values, it was possible to point out that, as long as the length of the bar 

is more than about ten times its diameter, the same formula as when there exist 

no end-walls can be used for estimation of the frequency of vibration of the bar, 

at least for practical purposes. 

1. Vibratory Motion of Water when there exist no End Wall 

Let us consider, as shown in Fig. 1, a cylindrical tank of radius b, its center line 

being X- X, as shown in the figure. Inside this tank an elastic bar of radius a is 
placed along the same center line X-X. At first, we assume that the cylindrical 

tank and the bar are of infinite length. The space between the bar and the cylindri
cal tank wall is assumed to be filled up with water. The tank wall is assumed to 
be rigid. When the bar makes some vibratory motion, there will be set up, in water, 
also a vibratory motion. Assuming that vibratory motions are of infinitesimal magni
tude, and that the water is an ideal fluid (inviscid, incompressible), the motion of 

* Original report (in Japanese) will be published in coming issue of Zosenkyokai

Kaishi (Journal of Soc. Naval Architects Japan) 
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Cy/ indrical Waf I 

------

1- I _j 
Fig. 1. Vibration of Continuous Bar immersed in Cylindrical Water Tank 

water will be found by solving the potential equation V2</> =o, under a suitable boundary 
conditions. </> is the velocity potential, and the hydraulic pressure p will be given by 

a</> P=-p
at 

( 1) 

In what follows, we shall use cylindrical coordinates (r,B,x) to specify the position of 
a point in space, the center line X-X of the cylindrical tank (Fig. 1) being taken as 

x-axis. The velocity components Vr, Ve, V x of water particles will be given by 

a</> a</> act> Vr=- Ve=- V:c=-
ar' rae, ax 

A solution </> 1 of the potential equation '\72</>=0, or the equation, 

which is suited to the present problem is found to be 

</> 1 =AF(r) cos kx sine sin wt 
where 

-cuW 
A= k[K1'(ka)l1'(kb)-K1'(kb)lt'(ka)] 

(2) 

ln(z), Kn(z) means modified Bessel functions of first and second kind respectively, of 
order n. It satisfies the condition that along the rigid boundary wall r=b, 8</>If8r=O. 

The vibratory motion of the bar is expressed by 

w=W coskx sine cos cut (3) 

where w=angular frequency of vibration, k=n/1, l being length of one span of the 
bar, W =vibration amplitude of the bar. w denotes the radial displacement of any 
point on the surface of the bar. The constant A in the solution (2) is so chosen as 
to satisfy the condition that at r=a, 8cptf8r=aw;at. In the above chosen state of 
vibration, the bar is kep( supported at a row of supports which are arranged along 

(2) 
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the bar with the distance l. In the present paper, this state of vibraiton will be called, 
merely for convenience' sake, the case of continuous bar. The hydraulic pressure p 
is, by Equ. (1);-

P=-pa</>1 at 
= -pwAF(r) cos kx sin 8 cos wt 

So that the resultant force P per unit length of the bar, which is caused by the 
pressure p is:--

or, 

where 

2n 

P~=-J p sin8d8 
0 

= pwrcaAF( r) cos kx cos wt 

fl 1 =pw2,m2 G.W. cos kx 

G ==[Kt_(~q)lt'(frb)-Kt'(kb)/1 (ka)] _ 
ka[Kt'(ka)lt'(kb)-Kt'(kb)lt'(ka)] 

(4) 

(5) 

(6) 

II. Frequency of Vibration of an Elastic Continuous Bar immersed in Water 

The fundamental equation of the transverse vibration of an elastic bar (straight 
uniform section ) is given by ; 

(7) 

where u is the transverse displacement of the bar, which is here assumed to be of a 
very small magnitude. EI is the flexural rigidity of the cross section of the bar, Ao 

being its cross-sectional area. Po is the density of the material composing the bar. 
p is the value of an external force per unit length acting on the bar. Taking the 
case of sustained vibration with angular frequency w, let us put 

u=TJ cos wt, P=fl cos wt 

into the Equ. (7), where 7J and JI are functions of the variable x. Then we have 

(8) 

putting, for shortness 

m 4 =poAow2 

EI 

( 3) 
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When we confine ourselves to the case of "continuous bar" which is vibrating in a 
water region as considered in the previous section, we can obtain the solution of Equ. 

(8) in the forna 

1J=Wcoskx, II=WA coskx (9) 

The external force P acting on the bar being taken to be equal to that given by Equ. 

C 4), we have, 

Putting Equ. (9) into Equ. (8) we obtain the relation:-

A 1 
k4-m4 = El = Elpw2a2nG 

frona which we have 

k4 = Pona2[1 +_e. c]w2 
El Po 

(10) 

where, as naentioned above, k=rr/l. Thus, we see that, so long as we confine our
selves to the case of vibration of "continuous bar", the natural frequency f( =w/2n) 

of vibration can be obtained by a sinaple Equ. (10), wherein the effect of surrounding 
water is taken into account. From Equ. (10) we see that the effect of surrounding 
water is to reduce the frequency by the ratio 

1 
v'1 + (p/ Po)G 

In this factor, the ratio of density of water p to that of bar-nnaterial Po is concerned. 
It also depends on a constant G ( of no dinaension ). The values of constant G, for 

various values of the ratio b/a and for the values of l/a=l9.6 and l/a=39.3, were cal

culated, and the result is shown in Fig. 2 

3.01-

!.0- --------

1.0 2.0 10 
--E=bja 

4.0 

Fig. 2. Values of G (ka=0.16 & 0.08) 

(4) 
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III. Vibration of Water when there exist End Walls 

As the next problem, let us consider the case in which there exist end-wall at both 
ends of the cylindrical tank. Fig. 3 shows the sketch of this case. 

Cyl mdrical Wall 

Fig. 3. Vibration o£ Elastic Bar immersed in Cylindrical 

Water Tank with End Walls 

There is a cylindrical tank of length l and radius b, inside of which water is filled 
up. Both end walls and cylindrical side-wall of the tank is a£sumed to be rigid. 
The bar of uniform circular section (of radius a) is placed concentric with the tank, 
the bar being kept supported at both ends. When the bar is making transverse vibra

tion, we put 

W= W COS kx sin 8 COS wt 

u = W cos kx cos wt 

where u is the transverse displacement at a point x of the center line of the bar, w 

being the radial velocity at a point on the surface of the bar. Due to this motion of 
the bar, there will also be set up a vibratory motion of water. This vibratory motion 

of water has been studied by the author in the previous paper as mentioned above. m 

The result may be summarized as follows : --

The solution is represented by the velocity potential <Ps=<P1+<Pz, where <P1 is given, 
as before, by Equ. (2), with the same values of the function F( r) and constant A. 

The another potential function <Pz is to be chosen so that 

(i) acpzfar=O at r=a and r=b, 

(ii) a( cf>1 +<f>z)/ax= 0 at X= ±l/2. 

This functicn cp 2 is taken in the form 

where 

00 

<Pz = L Bi cosh mtx /i(r) sine sin wt 
i=l 

( 5) 

(11) 
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fi(r)=St(mi,r) 

=ft(m,r)Yt'(m,a)-!t'(mia)Yt(mir) (12) 

J n(Z) means the Bessel function of first kind of order n. Y n(Z) is the Bessel function 
of second kind (in Weber's form) of order n, as defined by 

Y,(Z)= j,(Z) co~ vn:-J_,(Z) 
Sllll/71: 

According to the condition (i) we must have 
!t'(mib) Yt'(mia)-!t'(mia)Yt'(m,b)=O 

So that the values of parameter A;,= mia must be so chosen as to satisfy the equation 

]t'(A,i) Yt'(A.i) 
!t'(A,iE) Yt'(A,iE) 

where E=b/a. Next, according to the condition (ii) we must have 

00 

[Bimi sinh~d S 1(mt,r)=A[It'(kb)K1(kr)-J1(kr)Kt'(kb)] 

i=l 

(13) 

(14) 

This equation means that the right hand side of this equation is to be expressed as a 
modified form of Fourier-Bessel series.(2) We have shown the relation 

b 

J Sn(A,u)Sn(p,u)udu =0 
a 

for A.=m1, p=mi> (i=Fj) 

(i, j = 1, 2, 3, ............ ) 

where 
Sn (mi,r)= ]n(mir) Y n'(mia)- l n'(mia)Y n(m,r) 

n being an integer, and m~> m 2, m 3, ......... are different roots of the equation 

]n'(mib )Y n'(mia)-]n'(mia)Y n'(m,b)=O 

arranged in their order of magnitude. Also we have (with "A=mi) 

b 

J [Sn(A.,u)] 2 udu =M;, 
a 

When we write, for convenience 
g(u)=ln'(kb)Kn(kr)- In(kr)Kn' (kb), 

we have, by some lengthy but easy calculation, 

cz) F. Kito: On a Fourier-Bessel expansion of special kind, This Proceedings, 5, 41 

(1952) 

(6) 

(15) 
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b 

J ug(u)S,("A-,u) du 

a 

= ~ kZ!A, 2 [Yn'(A,a)fn'(A,b)-],/(A,a)Yn'(A.b)] 

- ~ kZ~ A_Z [/ n'(kb)Kn'(ka)-Kn'(kb)l,.'(ka)] 

so that we have, referring to Equ. (15), 

b 

J ug(u)Sn(mt,u)du 
a 

k kZ l 
2 
[ln'(kb)K,/(ka)-Kn'(kb)ln'(ka)] 

mi +mi 
(17) 

Using these reJations, we have the following value of the coefficient Bi which satisfies 
the Equ. (14):-

Bi- -Ak l • -k
2 

k 
2 

• [ll'(kb)Kn'(ka)-Kn'(kb)ln'(ka)] (18) 
m· 2M· sinh~!_ +mi 

' • 2 

Thus the solution <l>z as expressed by Equ. (11) is fully determined. Corresponding 
value of the hydraulic pressure p is given by 

00 

Pz= ......:.pa~2 = -pw sin() coswt • I:Bt sosh mtx. ft(r) 
i=l 

and the resultant force per unit length acting on the bar is 

where 

with 

00 

Pz=pwn:a coswti:Bt cosh mix /;,(r)=Il2 coswt 
i=l 

00 

llz= W pw2n:a2I:Ct cosh mtX 
i=l 

IV. Examination of Numerical Values and Conclusion deduced from It 

(19) 

(20) 

In order to examine the numerical values of the analytical expressions obtained in 

(7) 
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the previous section (§3), let us first modify expressions for Bi, Mi into more conven
ient forms for actual estimation. First, the value of coefficient M, can be written, 
by virtue of the relation (15) (where n=1), in the following form;--

= 2~i 2 [ ( l-mt~b2) ~;g;:;~?r -( 1- mt~a2 )] 
Also we have, for Ci ; 

2(ka) X 1 
(ka) 2+(mia) 2 sinh(md/2) 

Now, putting, as mentioned above, mia="Jq, b/a=E, we have 

mix= A.i (xja) 

so that the expression for Il2 may be modified into as follows : --

00 

II _ W 2 2 \'D coshm,x 
2

- pnw a.i..J 'sinh[A;l/(2a)] 
t=l 

00 

= W rrw 2a 2\'v. cosh(:Xixja) 
P .w 'sinh [A.J/(2a)] 

t=l 

(21) 

where 

(22) 

In order to obtain some idea about numerical values, we have chosen three typical 
cases as shown in Fig. 4. In each of thEm value of lfa is taken equal to 19.6 which 
means that the length of the bar is about ten times its diameter. The ratio of radii 
bfa=E are taken as 1.5, 2.0 and 2.5 respectively. In Fig. 5 graph of the function 

Y= ft'(x) =~ ]J(x)-[t(x~ 
Yt'(x) xYo(x)-Yt(X) 

(8) 



On Vibration of an Elastic Bar which is immersed in a Cylindrical Water Tank 57 

a/b=0.67 E =1.5 

a/b =0.50 E =20 

a b =0.40 E=2.5 

FiJ. 4. Proportions of Bar and Tank used in Calculation 

is shown. Let a horizontal line drawn parallel to x-axis cut the curves of Fig. 5 at 
points whose abscissa are ~~ and ~z respectively. Then we shall have 

J 1, ( ~ 1) - J t" ( 'f; 2) 
Y /('f;t)- Y1'('f;2-) 

or, writing 'f;2/'f;1=E, we shall have 

J t'('f;l) 
ft'(f;Ji,) 

Thus, if drawing suitable hor;zontal lines, we sought cut those points ~h ,;2 which 
just satisfy the relation ;2/~ 1 =E (for a previously given value of E), it may be said 
that a root :.\i =~1 of the Equ. (13) was found out. In this way the following values 
of roots of the Equ. (13) were obtained. Putting these values 

E=1.5 

E=2.0 

E=2.5 

D1 =0.350 

D 1 =0.177 

D1 =0.161 

Table 1. 

Table 2. 

D2 = -0.0105 

D 2 = -- 0.0284 

(9) 

D3 = -0.0047 /)4 = --0.0032 
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C'\j 

II 
LLJ 

C'\J 
II. 

LLJ 

__ ..__ _ _j ___ _ 

J'l 7 
Fig. 5 a. Graphical Solution of Equation ]1 1 (0/J1 '(~E)=Y1 1 (~)/Y1 'aE) 

(10) 
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0.4 

QJ 

Q2 

l).i 

o~_.--~--~~---L--~--~~--~~~ 
0 0.6 0.8 w 1.2 1.4 1.6 1.8 2.0 

Fig. 5 b. 

into Equ. (22) we calculated Iiumerical values of coefficients D;, and obtained values 

as shown in Table 2. Knowing the values of Di, the value of Il 2 can easily be obtained 
by Equ. (12). The comparative values of Il1 (as given by Equ. (5)) and I1 2 are shown 

in a rough sketch in Fig. 6. From the Figure it will be seen that the effect of end-

X=l/2 

Fig. 6. Comparison of Values of ll1 and ll2 

walls upon the force (Jl2) is very small in comparison to the force (Il1) when there 
exist no end-walls. Even if the term Il2 has some influence, it is only restricted to 
the close neighbourhood of both ends of the bar (x= ±l/2). Now, for a bar whose both 
ends are supported, forces which are restricted to close neighbourhood of both ends will 
give a very small effect upon transverse vibration of the bar. Thus we see that the 
Equ. (10) for frequency of vibration of bar immersed in water may, at least for prac-

(11) 
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tical purp.Jse, be used also for the case in which there exist end-walls. This inference 
is, of course, only applicable to long bars as shown in Fig. 4. Theoretically, we should 
make following evaluations: Starting from the assumpticn that the bar is making a 
transverse vibration expressed by 

U= W cos kx cos wt, 

we have found that the bc.r will be subject to transverse force P=P1 + P 2 , which is 
caused by the action of hydraulic pre~sure of surrounding water. When we put the 
value of P thus found into right-hand side of Equ. (7), and solve it under boundary 
conditions for supported ends, we shall find better ap)roach to corre:t value of u. 
Rep~ating this procedure, we could obtaion closer and closer approximation to correct 

value. But, in actual work, it is seen that this requires much ccmplicated task of 
calculation. The above inference shows us that, if the length of the bar is equal to 
or more than ten times its diameter, the mode and frequency of vibration will only 
very slightly be affected by the presence of end-walls, c.nd consequently the Equ. (10) 

can be used at least for practical purposes. Therefore the author stopped pursuing the 
above-mentioned task of successive approximations. 

Note: On Roots of the Equation Jn'(J..)/Jn'(A.E)= Y n'(A.)/ Yn'(J.E) 

If we draw a graph of the function 

Y= ]n'(x) 
Yn'(x) 

(23) 

it will be of the form as shown in Fig. 7. Drawing a straight line A A parallel to x-

where 

Fig. 7. Graph of y=]n 1 (x)/Y n 1 (x) 

axis, let abscissa of points of intersec

tion of this straight line with the given 
curves be x11 x2, X3, ........ •• 

There are infinite number of such ab

scissa for any given straight line AA. 
The expression (23) can also be written 

y- n]r.(x)-xfnt-t(X) 
n Yn(X)-x Yntt (x) 

Now, for a very large real positive 
value of x, we have, asymptotically, 

fn(x)=J ;x { Pn(x)cos(x- Zn:
1rc)-Qn(x)sin(x- 2n

4
+1rc)} 

Yn(X)=J n~ { Pn(x)sin(x- 2n
4
+ 1 n) +Qn(x)cos(x- 2~+ ln)} 

(12) 



On Vibration of an Elastic Bar which is immersed in a Cylindrical Water. Tank 61 

(4n2-1)(4n2-32) P (x)=1- + ........ . 1
' 2! (8x)2 

4n2-1 Qn(X)=-Bx 

Whence we have, also for a large real positive value of x ; 

J 1 1 ( 2n + 1 ) ( n 2 3 ) . ( 2n + 1 ) [nfn(x)-x r.+1(x)]x =-:xcos x--
4
-x - 2 --8- -sm x--

4
-x 

[nYn(x)-xYn+ 1(x)] ~ = ~ sin(x- 2n4+ 1 x)(-~
2

-~)-cos(x-2n: 1 x) 

Therefore 

sin(x-~±lx) + (~~+-~-)~-cos(x-~±!x) 
y = ( 2n + 1 ) In 2 3 ) 1 . ( 2n + 1 ) cos x--4--lr + ~-2 + 8- xsm x--4-lr 

from which it may easily be seen that values xh Xz, ......... for any straight line AA 
are unlimited in number. Fig. 8 shows the curves of which values of ratios 

(i) ::, ::, ........ . 

(ii) x3 -, 
Xz 

E 

f 

-xi ).J., 

Fig. 8 

are taken as ordinates, abscissa being xh Xz, ......... respectively. For a given value 
of E, let us draw a straight line y=E. Then the points of intersection of this straight 
line with above-mentioned curves will give us roots of the equation 

(13) 
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f,'C~) _],'CAE) 
Y,'(A.) - Y,/(A.E) 

Thus we see that there are infinite number of roots of the Equ. (13). 

Corrigenda 

to "On Vibration of a Cylindrical Shell immersed in Water, by F. KITO (This Proceedings, 

Vol. 5, No.17, 1952) 

p. 35 : 7th line from the bottom, instead of Tr, (mi, r), read Sn (m,, r) 

p. 36 : 9th line from the top, instead of Mt. read (1/Mi); 7th line from the bottom, 
instead of Mi, read A/Mi ; 7th line from the bottom, instead of mi, read mi2• 

p. 37 : 7th, 8th and 12th line from the top, instead of Q,,, read Sn. 

p. 37 : 9th line from the top, read 

= ( 1- ~~2 ) [Yn'(A.a)] n (A.b)-] n'(A.a) Y,, (.~b)] 2 ( b;) 

( a2) ( n2 ) (. 1 ) 2 - 2 1- A,2a2 A.a =Mi 

Equ. (14) : instead of cos kx read co~h sx 

p. 38 : top line, instead of Qn(s,r), read s sinh f Sn(s,r) 

(14) 


