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Resistive Forces against the Motion of 
a Model Car rolling on Sand (III) 

(Received March 5, 1954) 

Kiyoshi TAKAHASHI* 

Abstract 

Improvements were added to the experimental apparatus used 

before so as to take the simultaneous measurements of the 

horizontal and vertical components of the resistive force acting 

upon a wheel rolling on sand dried in natural state and also 

the depth of the sinking of the wheel in sand. The range of 
measurement was widened at the same time. 

By the use of these new apparatus changes of the constants 
K and n which appear in the empirical formula H=KVn, 
which relates the horizontal components H and the vertical 

component V of the resistive force acting upon a disc-shaped 

wheel were mesasured under different conditions of the ex­
periment, namely the diameter and the thickness of the wheel 

and the packing state of the sand. The results obtained were 

applied to the study of the relationship between the traction 

resistance of a car and the position of its gravity center. 

I Apparatus and Methods of Measurement 

Just as it was in the previous experiments, a sand box (75 x 300 x 45cm8) filled 
with sand was slid on (lower) rails instead of moving the car. The sand was 
raked with a fork and its surface was smoothened every time before each cycle 
of the measurement to give a virgin state. 

The apparatus shown in Fig. I is suspended by a hook C and a spring balance 

Sv, keeping the horizontal state of the base plate by means of levels Lb and L2, 

the reading of Sv, which is the load acting upon the wheel is regulated by the 

movement of the movable poise Q. After that, the apparatus is removed from 
the hook and placed on the sand while the rollers R1 and R2 are mounted on 

the upper rails. 
A part of the weight of the whole apparatus is supported by the wheel W, 

the amount of which is measured by Sv, and the rest is supported by R1 and R 2• 

The counter-weight G is used to cancel the frictional resistance of the latter. 

*~tit iPr Assistant at Faculty of Eng., Keio University 

( 18 ) 



68 Kiyoshi TAKAHASHI 

During the motion of the sand box toward the left in the figure, the screws 

At and A2 are turned so that the distance between the base of the apparatus and 
the rollers becomes appropriate to keep the base and the pulling rope horizontal ; 
naturally the pulley Pis adjusted also to come to a proper position. Thus when 

the motion of the wheel levels off and the base of the apparatus and the rope 
are horizontal, the reading on the spring balance Su indicates the horizontal com­
ponent of the resistance acting upon the wheel. 

The readings on scales attached to the screws At and A2 show the depth of 
sinking of the wheel in the sand. The sand used in this experiment was 
the No. 5 of the previous report (the mean diameter 0.026 em, angle of repose 
28.5°, apparent density 1.27-1.47) and the velocity of the wheel was 4.1 em/sec. 

II Results 

1) The functional relation among the horizontal compoment I/, the vertical 

component V and the depth of sinking h in the sand, 
H=K'hn' V=K"hn" H=KVn 

where K',K11 ,K,n',n",n are all constant, holds for the wheel of Fig. 2 are Table 1, 

Fig. 2. Relations between H and v 
under some conditions shown 

on Table 1 

::r 
20 

> 15 

/0 

10 IS ~za-

H K1 

Fig. 3.. Relations between H aftd v 
under some conditions shown 

on Table 1 

Generally speaking, the resistance acting upon a wheel is considered to be 
composed of two parts·: the one acting upon the central part of the cylindrical 
surface of the wheel and the other acting upon the side plane and its nearby 

positions. 
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~------------~--~~--~--~~---------------300 ------------~ 
~ 
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Fig. l AI· Apparatus (Unit em.) 

H. horizontal Sn. spring ba1ance Q. movable poise S. support 

component to measure H. 

v. vertical Sv . spring balance R1,&R2. roller F. fork 

component to measure v. 
R. resistance L 1&L2. level R. rope LP. leveling 

W. wheel A1&A2. adjustiPg s::rew plate 

P. pulley G. balancing weigl:t 1\a . . rail 

Fig 1A2 • Appara tus Fig l B. A wheel travelling on Sand 
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I 

Curve (em) - ! n 
Diameter _____________ _ 

--=-===-20____ - -1- - _1.4_2-
I 20 1 1.73 
I __ ?_o_ ___ _ i--___?.2o~----I ---;~:~ ------~-~--{~~~-~- -

~ I ;~}~~---- ~----~:;~----

----------
0 : 1 
X ~---u---
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~ ~-~~----1---· ---
-x---! VI--~-~----

-&-/ Vll I - -

Table 1. The value of n in the formula H=KVn, for each curve in Fig. 2 

* In the case of sand pressed under wheel, 20cm. in thickness and 28.5cm. 

in diameter, loaded to 30Kg 

Wheels 
Curve (em) (em) 

Diameter Thickness 

:. \--=~3~rv_I_I~*==--- -- ~~~~------ io --.-- 28.S ____ 5 ___ _ 
---(!)-=-.-- 28.5 20 

Table 2. Cvrves on Fig. 3 

V(kg) 1---~-----------rwc'knesii-r and f8i~~~ter :tT0fwllee1s _______________ _ 
1{7 =Scm {T=10cm {T=20cm {T=Scm {T=20cm {T=7cm '•{T=5cm 

___ 
2 

__ 
1

_ D~~3~5~1Il _Q~_?8.Sclll Q::_2~~cm D=0:~-l!!. D=15cm .Q_:=:~~~- ~.Scm 

~t ·I =--0.70 . =-~ --- --- ~~~~- 0.91 

-- 6- ------. -------- --lY:so- - --- o.2T- ----- 2.61 
7 - --~-·-- --1-.rr--- -------------- ----------3.51--

__ 8 ___ =2.99 -~- _1.90~_---o:m- -_ 5.1I-=.- 4.74 
8.4 I 

=~9 _______ 1 ____ _ 

10 
--fi-

16 
20 

-24 
25 
30 

---- --------

2.97 
-~----

S.93 4.17 1.64 
-8:76-- ---s.I8 3.60 ' 

1- 12·19 ---1~ -~5-:-54 __ _ 
~--is-:-89-- ----------

- --iK6r-- 11.06___ 9.48 

15.16 

5.89 
---7.44-

Table 3. Measured H and V plotted on Fig. 2 and Fig. 3 

____ 2~80 -
1 

~ _ 

4.18 --1

1 

-=-------_-----2.75 

-s~~ -~~-=--------
I 4.9S 
I 

-- ------1 -- 10.44 --- - - -

1-14.27_--

* In the case of Pressed sand under 30kg. loaded wheel 20cm. in thickness and 28.5cm 

in diameter 
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In the case of a thick wheel it may be presumed that the proportion of 

the latter becomes small while the former contributes the main part resulting 

in the liner proportionality of the resistance to the thickness. It can be seen 

from Fig. 2 and Table 1 that though the values of n are rather different between 
the wheels with thickness 5cm and lOcm respectively and with the same diameter, 

the difference becomes very small between the wheels with thickness IOcm. 

The difference between the resistances of two wheels with the same diameter and 
different thickness were calculated and plotted in Fig. 4 and given in Table 4. 

Suffixes I, II and III show that the V and H values came from the wheels of 

thickness 5, 10 and 20cm respectively, the diameter being 28.5cm in common. 

We may regard these differences as composed purely of that part of the resist­
ance which is proportional to the len,gth of the central part of the )Vheel surface 
measured along the the axle, free from that part of resistance acting at and near 
the side planes of the wheel. 

Jao 

zo.o 

15.0 

~tao 
'Z 80 

~ 6.0 
~ 5.0 
L) 40 

~ J.O 

~ 
~ z.o 
I 

~ 1.5 
V) 

t'5 1.0 
~ 

~ ~ir 
t l 

~4~5~6~8~10--~15--Z~0--3~0-

[)IFFERENCES OF VERTI{,Ac. COf1POI\C:N f ~1 

Fig 4. 

Therefore, when we plot the difference 

of resistance in each case against those 

of logarithmically shown in Fig 4, 

the gradient may be considered to represent 
the value of n at the thickness very 

large compared with the diameter, and more­

over, to be the maximum value of n since 

n does not change with diameter. 

This value was measured to be about 

2.7. 

Curve j Vertical I Horizontal 
-~0 -rl--~~---vu=v-r---1~-Hn .-=Hi:-

• I 2 I Vm-Vn I Hr~r-Hn 
x I 3 I Vm- Vr I Hm-Hr 

Table 4. Curves on Fig. 4 

2) Fig 2 and Table 1 show that n is nearly the same for wheels with the same 

thickness and different diameter. This fact can be seen also from the experi­

mental of the traction resistance of cars, if we regard the constancy of n against 

( 22 ) 
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the change of the packing state of sand. 

3) The packing state of· the sand does not change n. Since the traction 
resistance and the weight of W of a car equipped with the same type wheels 
stand in the relation F-=kWv and the equation H=KVn holds for a single wheel, 

the following arguments results. For a 4 wheeled car, 

4 4 
llt=K V;,ni, 2:J Vi= fV, ~ ll;=F, F=kWv. 

£=1 £=1 

where the suffix £ runs from 1 to 4 representing each wheel. 
4 

If we take Vi= W/ai where .2J 1fa, = 1 then the relations 
£=1 

(1) 

(2) 

must hold, which means that nt = v. Thus n never changes among eaeh wheel, 

even when the front and rear ones face different states of packing of the sand. 

In order to verify the above conclusion, the sand in a virgin state was pressed 
in advance by rolling a wheel with diameter of 28.5cm and thickness of 20cm 
under the load of 30kg and thereupon the reistance upon a wheel was measured, 

resulting to the curve of Fig. 2 and Table 1 which does not show any change of 

n as c1 arified by the comparision with the curve IV. 

4) Position of the gravity center of a car. 
intersect each other, the equation, 

81£. _ fJH2 
avl- av'J 

Since the curves I and II in Fig. 3 

(3) 

Which gives the position of the gravity center, G. C., corresponding to 

the minimum value of the traction resistance, (Suffixes 1 and 2 indicate the front 
and rear wheels respectively), shows that this position may lie in front of that 

of G. C. at which each wheel carries equal load. Appropriate selection of the 

thickness of the wheels makes this possible. Actually these positions were 
observed (refer to Fig. 6, Table 5, Table 6, Curves IV and V). 

The following is the calculation of the position of G. C. for the minimum value 
of the traction resistance. Substituting the equations 

Hi=KVi11
i, V1+ V2= W/2 ( 4) 

in (1), we get, n1K1 V1
11 c 1 =n2K2 V2n2-1, 

or, (nd{dn2K2)1 1<n2- 1) • V1cncn2) tc;,rl) = V 2/V1• (5) 

If. the coefficients ni and K, :1re known which depend on the conditions of 

the wheels and the sand, the ratio of Vd V1 or the position of G. C. for the min­

imum traction resistance can be determined by (5) and the corresponding load W 

is calculated by (4). Therefore graphical plot of the relation between V1 and 
fV allows the determination of V1 against a given load W at once. 
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Table 5. Curves on Fig. 6 

The Center 
of 

Gravity 
(em) 

I 

l=4 ~=3 
f---4scm-l 

REAR FRONT 

Fig. 5. Numbering for the wheels point 0 

corresponds to the position of 

center of gravity in Fig. 6 

-18.82 

17~19 

16.72 
16.50 

-7:1:3 
-7.08-

16.48 

16.58 

16.52 

------

17.17 
7.86 

19.62 

Table 6. Relation between the tractive resistance and the position of 

the center of gravity of the car with four wheels 
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zo 

III Conclusions 
/9 

a) Thickness of the wheel giving minimum tB 

traction resistance varies with load. 
17 

b) Position of the gravity center which 16 v-==--------= ::=::::::-----::~::::::::::~=:::::::---' 

minimizes the traction resistance may lie in 

front of that of the gravity center corre- I /u 
sponding to the equal loading of the wheels. 1 

c) Position of the gravity center for mini­

mum traction resistance of a car with a given 
amount of load can be determined by the 
equation (5). 
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/0 ~ 0 5 10 
REAR-CENTER OF GRAVITY (Cm)-FRONT 

Fig. 6. Relations between trac­

tive force F and posi­

tion of center of gravi­

ty of a car with four 

wheels of different 

thicknesses shown on 

Table 5 and with some 

weight 
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