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Curved Beam of Variable Cross-Section 
くReceived December 23， 1953) 

Toyotaro SUHARA普

Abstract 

A statically indeterminate problem of a curved beam i~ the 

form of circular arc with variable section a]ong the length is 

solved， neglecting the e百ectof the axial thrust， and the expres-

sions of the reactions at the ends， moments and deflections 

are obtained for a beam whose moment of inertia 1 is given by 

1=loCl-k2sin2ct )J/2 

A thin curved beam ACB of variab:e cross-section， whose central line forms an 

arc of circle in the natural state， is fixed at the ends A and B with a distribut( d 

load q per unit horizontal length as sh')wn in Fig.1. It i3 assumed that the central 

line of the beam lies in one vertical plane before and durir..g the strain， and that 

all the forces and moments acting on the beam are also in that pJane. 

1 Nomenclature 

r the original radius of the 

circular arc ACB 

X， Y the co-ordinates of any point 

P in the central line of the 

beam in the natural state 

referred to A as the origin 

σthe  variable representing 

the length of arc AP， 

and σ=r(φ。+ゆ)

φ，φ。 thecentral angles subtend- Fig. 1. 

ing the arc CP and CB respectively in the natural state 

OX，砂 thedisplacement components in the strained state 

Bφthe rotation at any section P in the strained state 

aて，Y the horizontal and vertical reactions at the ends 

Mo， .l11， IVlc the moments at the ends， at any section P and at the middle 

section C， respecti vely 

EI=EL!Cφ) variable rigidity as a function of φ， lc cein区 themoment of inertia 

of section at C and E the Young's moduJus 

The following abbreviations are used throughout the paper: 

s=sinφ， c=cosφ， t=tanφ，ムφ=v(1-kZsin2φ〉

持栖原豊太郎，Dr. Eng.， Professor at Keio University 
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/''((/>), E((/>) the elliptic integrals of first and second kinds, with the modulus k 

II 

35 ·ro 
I 
r; 

'}0 ·s 
I* 

1:;-

2·s I ·G 
I 
I 

2'0 ·L~ 

1'51'2 

LJ 
0 

r3"5 

3'0 8 
r* 
Ic 

2:5 6 

1'5 2 

0 

Expression for variable moment of inertia of section of the beam 

2.0. Go· so· go·¢ 

Fig. 2. 

20· w.o• 

Fig. 3. 

( 2 ) 

Let the moment of inertia of 

section of the beam as a func

tion of ~I> be expressed by 
1 = 1'"( 1-h2sin 2(f> }I 1::. 

=l(l-k2s2)Ji2 (1) 

Fig. 2 shows the graph of the 

expression (1) for j=l, -1 

and Fig. 3. for j=2, -2 with 

different values of k. Practi

cally any shape of a symmetri

cal beam may be expressed by 
this formula. 

III General expres

sions for the bending 

moments and reactions 

at the ends 

The bending moment M at 
a section P is 
M = Xr· (c-eo) - Yr (so-s) 

+MJ+ ·~ qr2 (s0-s)2 (2) 

and the vertical reaction Y at 
the end is 

Y=qrso (3) 

Eliminating Y between (2) and 
(3) we get 

M =Xr(c- co)+ JJfo 

--~ qr2(s~-s2 ) (4) 

Two unknowns X, the hori
zontal reaction, and M0, the 

moment at the end, in the 
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above equation may be determined from the partial derivatives of the expression 

of strain energy with respect to X and J.H0 respectively, 

a Jif>o M 2 
- f) J¢n M 2 

-
thus ax -¢o Eida--0 and aMo -¢o }/}]da--0 

From ( 4), (5) and (6) we get 

(Xrco-Mo+-~~qr2s~ )'l'lil-Xr'l'zo- ~ qr2'l'1z=O 

(Xrco-Mo+-~- qr2s5)'l'oo-Xr'l'IO- ~ qr2'l"o2=0 

and X and M 0 are determined as follows: 

}( 

qr 

\(1' 00 \(1' 12-\(1' 10 \(1' 02 

(5), (6) 

(7) 

The bending moment at any cross-section may be obtained from ( 4), (7) and 

(8), thus 

M_ = ('l~oo_'l'I2='~I_o'Ko2)_C:± '!'o2'Y~g--_~Q_'l(12+ s~ 
q~ . 2 

2( 'l'~0 -Woo 'I' 2o) 

The moment at the middle section C of the beam is 

IV General expressions for the rotation and displacement 

The rotation Dcp at any section P may be found from 

EI= tj_~p =M, (da-=rdcp) 
da-

in• which I and M are given by (1) and (9) respectively. 

§IoSp=X (1/-'w-t/JooCo) +M"01/-'oo- -
2
1 (1/-'oo So2- 1f.'o2) 

qra qr qrz 

or eliminating X and Mo 

(9) 

(10) 

(11) 

(12) 

('l"o2'l'2o-'l'Io'l'I2) 1}\JO + ('l"oo\)1'12-']llo'l'o,) 1/'Io+(W~o -')l'oo'l~',o)~'o2 
(13) 

2('l'~o-'l~'oo 'Y 2o) 

This expression satisfies the conditions at the fixed ends A and B, and at 

the middle;section C, 

c ocf> )<~>=±<~> o = c ocf> )<~>=o = o 
The displacement components ox and oy are 

(3) 
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ox= f~rf>o do:r= -r~(!¢osocp dcp 

FJI,.ox El,.o(J>·c X ( ,, Mo ,, 1 ( 2 ) -qr4- = -(jr3 ----qr '''2o-'rJoco) - qr-:. 'no- 2- ,f!t.,.-~lo s0 

('I' 1-~ 'l'12- '-l~'o2 ']/' ~o)( '/Ito -'/JouC )I __ . _. . 
= 1 -('l'[u-'Jioo'l'-:.o)(~l~-'/'o2C) , I +2('-Jl~u -'I1ooW2o) 

l + ('1' Io'l'o~- \jl' oo'Vt~)( 'P2u-'hoC~ 
This becomes zero at ¢=±¢o and ¢=0. 

oy = f~,.. doy = r (~,.. coq)d(f) 
't'O •· 'f'(l 

ELoy Eleoq)·s X Mo 1 " · -qr4- = ·q_-;,:; - - qr ( ~u -\f!toco)- qr2 '/'ol + 2- ('hl-'/'rnC'O) 

('-V 10 'JI' 12-'11 02 'l"2o)C ~(ll- ~ooS) 

-('I~'fo -WooW2o)(~os-~o2S) . +2('l1 iu-'l"oo'l'~o) 

+ (\fFio'Vo~- '-11oo'l~'l.:)( 'Pn-'/ltoS) 

This becomes zero at (/) = ± ¢o· 

The vertical depression of the point C is 

(14) 

(15) 

EI,~ (l>y) 
1
_ = _ ('\1~'1o'l~12-'l'~~'V'2o)'Poi(o) f ('l'In'Yn~...-!oo~·I2)~Il~o) '/lo:sco) 

qr4 o-tl " - 2-- (16) 
2( 'l' 11, - ']'oo 'I' 20) · 

where 'Pol(o), '/!tHo) and ~os(,1) denote the values of the integrals '/loh 'Pn and '''os 
respectively with the upper limit ¢=0. 

The expressions of the reactions, bending moments and deflections for beams of 
special forms are deduced in the following, with some numerical examples. 

V Curved beam of uniform section 

In this case l=lc and the general expressions (7) and (3) for reactions X and Y, 

and (8), (9), (10) for moments Mo, M, M,~ reduce to 

_4 = s0(3cpo-2cpoS ~-3CoSo) y 
---=so 

qr qr 

Mo 
qr-:.=--= 

3(po(2s~-1) +2cpuCoSo (3+s~) -3s~ -5s~ 

12( cp~ + cpoc0s0 - 2s~ ) 

M.,= X( c-co)+Mo __ l(s2-s2 ) 

qr~ qr qr2 2 ° 

12 ( ¢~ + cpoC oSo-2sg) 

12( (p~ + </-loCnSn-2s~) 

( 4 ) 

(17),(18) 

(19) 

(20) 

(21) 



Curved Beam of Variable Cross-Section 31 

and (12), (13) for rotation 8cp and (14), (15) for displacement components 8x, h'y 

reduce to 

~~ ¢(3¢ocoso -Rs ~+sD+2sos(3cf>o-2cf>os~-3cnso) 
; 

\.- cs(3¢~+3¢ocoso-6sD 

12(¢~ +¢osoCo-2sD 

ftl:oX = §_[e_~p·c;_- X_ (cpo+cp-s0c0 -2cos+cs) 
qr4 qr3 2qr 

- M~(s0+s)- 6
1 (so+s)2(s-2so) 

qr 

~1§~ _ EJc§_P:._~+(c-c )2 [X ____ Mo ____ ~+_2c 0 J 
qr4 - qr3 0 

· 2qr+(c-co)qr2 6 

The vertical depression at the point C is from (16) 

Elr.(oy) =(l-c )2 [X +_M_o~ _!_+?~o-J 
qrt <P=o 0 2qr (l-c0)qr2 6 

= (l-c0)[ 1)~ (l-2co-2c D+c/JosaC1+5co)----s~( 4-co) ] 

12(¢~ +1)0C0s 0 -2s ~) 

Fig. 4. 

(22) 

(23) 

(24) 

(25) 

Fig. 4 shows the graphs of eqs. (17), (18), (19), (21) and (25) plotted against the 

central angle cpa of the beam. 

c 5 ) 
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VI Curved beam whose moment of inertia of section 

is expressed by I= Ie·V f-kisfr:l2;p (26) 

In this case, the expressions ('l) and (:-l) for reactions x· and Y, and (8), (9), 

(10) for moments M 0, M, Mtl reduce to, with j=l in (1) 

}( _ sin-1(ks0 )[F(cp0 -2E(cp0)]+kso~cf>0F(cf>o) 
qr- 4k{i{(/)~)E(cfo-;;'F~k' 21i'2(¢~)=Tsffi-1(ksoYJ~r 

(27) 

y 
---=S0 (28) 
qr 

M 0 = X [ _ sin-1(~~o)]+ _!_[Jjj(po)_(~(/> i] (29) 
qr2 qr Co kF'( ¢ 0 ) 2k F( (/>0 ) 

0 
-' 

M = X (c-c0 ) + !'4?-- l_ (s~-s2 ) (30) 
qr2 qr qr2 2 

M~_ =X (l-c0)+ ~o_--~ s~ (31) 
qr- qr qr- 2 

The rotation o(p is from (12) 

EI,locp= X [sin-1(ks)-kc F((/>)]- Afo_F(q>)+ ~<PoF(cp)-E(cp) (32) 
qr3 kqr 0 qr2 :2k2 

and this becomes zero at 1)=0 and ¢=±¢0• 

The displacement components ox and oy are from (14) and (15) 

[ X(c+co)- Mo + 1 --~~~cf>o) 2] [sin-1(ks )+sin-1(ks)J 
kqr kqr2 4k3 ° _ 

EL.ox -[X (k'2 
_ . ) M0c (~cp0 ) 2CJ [ ~ J -1 qr }l'J CuC + qr2 + 2k2 F( 1)o)+ p ( <P) 

-[k~r + 2~z] [ E( (/>o) + E( <P )]+ s9~_¢4kzs~¢ 

( X(l-c) . [ X M. 2k's~-1 -1 
I - kqr-sm--1(kso)+ -kq;/c+co)---kq;' + 

4
k3 _I sin-1(ks) 

J
: +[-~Co - (~cpo)~]Cl-c)F((/>0 ) qr 2k2 

--~+[--X ( k~_z -coc)+!!fQ_c_+c(~¢)2] F((/>) 
qr k2 qr2 2k2 _ 

1 + 1-c EC rl ) ( x c )Ec ) s~j.4) 
I, 2k'l. -- 'Po - k2qr + ilR2 q> + 4'Ji2--

(33) 

ancl ox=O at ¢=0 & q>=±cf>o. 

[ Xco __ A{':l + k'2 -:-?CD-¢n) 2
] [sh_,kco -sh_,kc J 

kqr kqr2 4k3 k' k' 

1 +kXs [sin-1(ks0)+sin-1(ks) J 
EDov qr -

Qr'4 =: -[ .-\'"co_Af_o_(~q!_cJ't_J s [F(d-.)+F(r!..)] 
1 

qr qr~, 2k2 1' 0 
'f> 

(34) 

1 

- ~--[E(¢ )+E(q))]+X(.~¢-~~J) _c~¢-co/1(/>o 
2k2 0 k2qr 4k:~ 

The depression at the center C is from (16) 

( 6) 
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(35) 

'2 ·u. t'LL 
-rr 7r 

0 u:--
Fig. 5. 

Fig. 5 shows the graphs of eqs. (27), (28), (29), (31) and (35) plotted against 

the central angle ¢ 0 with k=sin(n'/3) 

VII Curved beam whose moment of inertia of 

section is expressed by l=ld-vl-k2sin'cp (36) 

In this case, the expressions (7) and (3) for reactions X and Y, and (8), (9), 

(10) for moments M 0, M, Mr. reduce to, with j= -1 in (1) 

J E( cp0 ) [ (7 -8k2)sin-1(ks0 ) + ks0ilcp0(1-8k'+6k2sg) J) 
_l -4[sin--1(ks0 )+ksoilcf>0 ][k'2F(cp0)-k2socoilp0] ... J X 

qr 
}-

16kE(cf)0 )[ JiF2 F( cp0)- ( 1 -f-k' )E( cp0 ) .. : .. :k:.~s 0c0Li~f;0 ] + 12k[ shi-1 ( kS~H~ ks;L\1>~P 

qr =So 

~o = ~r- [ Co_ k~oil¢o2+k. Esi(n~
1()_ ks0 ) J _ k/~~~~)_-:5_~:~~~ 1 =-~~~~DE( cp0

)-k
2

s0co~1Jo 
qr q -r-o 6k2 E( cp0 ) 

1)!_ =!!__(c-eo) + Mo ___ !(s2-s2) 
qr2 qr qr' 2 ° 
Me= ~(l-eo)+ J\'!o- 1 s!l 
qr'J qr qr2 2 ° 

The rotation o¢ is, from (12), (13) 

( 7) 

(37) 

(38) 

(39) 

(40) 

(41) 
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(42) 

and the displacement components ox and oy become 

' 2 

. [X (c-1-·co)-~Mo_ 1 + ~~] s_it~·-l(~so)f~~-1~~~) 
: _ qr qr3 8k2 2 2k 

. + X +g~;:,
2

[F'(1>o)+F((p)J-( Coc+ 
1it-f2

)[CE¢0)-t-E(¢)j 

qr 

(43) 

c c 1 : - 6 SoCo~(/Jo + sc~cp) -
8 

( s3~1)o + s3 ~cf)) 

· +(! s~+ f()~)Cso~¢o+s~¢) 
The above (42) and (43) become zero at (p=O and cfl==±¢o. 

'1'his becomes zero at the ends, (!)= ±(/)o. The vertical depression at the center 

C, (/>=0, becomes 

c 8) 
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VIII Curved beam whose moment of inertia of 

section is expressed by I= L,(l-k2sin2cf)) 

35 

(45) 

(46) 

In this case, the exprs~ions (7) and (3) for reactions X and Y, and (8), (9), (10) 

for moments Mo, M, Me reduce to, with j=2 in (1) 

X 1 k'<Poth-1(kso)-ksotan-1(k'to) 
qr =2k · k'rth-...:1(kso)] 2 -tan-l(k'to)[(/->o_:k'tan...:1(k'toYI 

y 
qr =So 

JJ!lo _ 
qr'-

(~(/>o)z kh'(so+ (J>,>Co)th-1(ksu)+ (k'2r/>u -k2SuCu )tan-1(k'to)-k' cf)~ 

-2k..,- + 2k2{k'[ th-1 (/ls~)]2~tan-1(k't0 )[ r/)0 -k'tan-1(k't0 )]} 

M = _ (..l(/>)2 + kk' (so+ (/->oc)th-1(kso)+ (k'2cpo -k2suc)tan-1(k't0)-k' q)~ 

qr2 2k2 2k2 { k'f th·-1(ksn)J:o -tan-1 (k'to)[ (/>0 - k'tan-1(k'to)]} 

1 kk'(so+ \Do)th·-1(kso)+ (k'2¢ 0 - k2so)tan-1(k't0 ) -k' <P~ 

2k2 + 2k2
{ k'[ th~1 (kso) 12 -tan-1( k'to)[ cf>o-k' tan-1( k' to)]} 

The rotation is 

k1 th-1( ks0)[ q)0th-I( ks) -q)th-1( ks0)] 

+ [k'tan-1(k't0)-cpo][ cflotan-1(k't)-¢tan-1(k't0)] ' 

E~, 0 (/-> = + kso[ th-1
( ks~ ~~n-1( k' t) ~th - 1

( ks )tan-1
( k' to)] 

qr 2k2{ k'[ tH--1(ks0) )2 -tan-1(k't0)[ cf>o- k'tan-1(k'to)]} 

The displacement components ox, oy are 

k' [<Po+ kc·th -I( kso )][ (/->oth - 1( ks) -cpth-1(ks0)] 

· + kc[ -<Po+ k'tan-1(k'to)][ cp0tan-1(k't)-cf>tan-1(k't0)] 

' + k2
( <Po +s(,c )[ th-1( kso)tan-1

( k't )-th-·1( ks )tan-1( k' to) 1 
-ktan-1(k'to)( cf)oS -<Pso) 

, -kk'th-1(ks0)[soth-1(ks)-s th-1( ksu)J 

EL'ox= _ -kk'tan-1(k'to)[sutan-1(k't)-s tan-1(k't,J)] 
QT

4 
- --zk3{k-;[th.--=l(k~o)Ji-tan- 1(k1t(1 )[cf)o~k'ta~-=~(lito)J} 

( 9 ) 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 

(53) 
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/ r (/>~ -hs0th-1(ks0 )-k' (/)otan-1(/?'to) Htan-1
( lzco/lz')-tan- 1 (kc/l~')J l' 

+ [ -k' 1)nth-1(kso)+ ksotan- 1 (l?'to)](lgLl(/)o-lg~1)) 

+ l?h'th- 1 (kso)s[ (/)oth-1(ks) -q)th- 1(ks0 )] J 
+ h2s0s[th-1(ks0)tan-1(lz't) -th-1(ks)tan-1(/z'to)] 

~ k(_k' ~1)~?s[ (/)otan~~\~!) -p_~an~~ ( k'to)_J ______________ _ 
2k3{ k'[ th - 1 ( kso) F -tan-1 ( k' to) ]c/)o-k'tan-1 ( k' to)]} 

The depression at the point C is 

Eic(IC' ) l-eo 
qr4 vy <f>=o = - 2Ji2 + 

: [(/)~ -hs0th-1(kso) -k' (/)otan-1(k'to)] [tan-·1(kcl)//z') -tan-1(k/ k')] 

· + [ -h' (/>oth-1(kso)+ ksotan-1(k'to)] Igj.¢0 

+ -- 2k3{ k'[th-1Clzso) J2 -tan-1 (k'toY[cfJo__-k~t~n=i(-k1~5T}--

TX Curved beam whose moment of inertia of 

section is expressed by l=ld(l-k2sin2¢) 

(54) 

(55) 

(56) 

In this case, the expressions (7) and (3) for reactions X and Y, and (8), (9), 

(10) for moments Mo, M, Me reduce to, with J= -2 in (1) 

X 
qr 

(/)oSn [ -2+ {
0

k2 + -~-1?4 +(·-~---~- k4 )s~ 

I+ S2c [2- 3 k2 -k2(-Z-- 1
-k2 )s2+ }_~k4s 4 J I 

i: 
0 2 3 2 ° 15 ()- ) 

--- --- - ~--- -------- ---- ~---- --------

- }-C2-k2)(4-k2 )¢~+1)osoco[ -4+3k2+k2(2-k2 )s~] 

+2~2[4+k2+ 1 k·'--},2 2( 1.1 + 3 12)+ 13 14,4_ 1 k4 6] 
So 4 ( So 3 4 t? 9 rl So 2 S 0 

(57) 

y 
qr=Sn (58) 

( 10 ) 
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The rotation is 

The displacement components ox and oy are 

EZc,.. Mor- 1 J 
~-v"'>- -,J s+s- -- k2(s3 +s3 ) qr3 ,, qrzL o 3 o 

- 1 1 1 1 
X· ~f(~+(/>o)(l- 4k2

)- -2soco-sco+ 2 sc 

- qr + ~ k2(sc cos2q)-soco cos2(po)+jk2co(s3 +s~ ) __ ' 

1 ( + )2(2 ) 1 l ~ 2 ( !l+ 3)+ 1 12( li+ li) + 6 s so so-s - tr R S0 s s0 10 1? s S0 

1
/ Elcs ,.. Mo( ) [ 1 lk"(3 2 ")] -iii?. v(p+ qr~ c-eo - :~ - -c -ccu-Cii 

J 
X ( - ) 2 [1-_1 k2(-6-3 ·2-2 - 2)] EL +2.qr c co 6- c ceo C0 

q,..4'
8
Y= 1-1 (c-co)2(c-2co) 

l + 1 k'(c-co)2 [Cc+2co)(5-3c2)-2c;(2c+c.,)J 

The depression at the point C is 

~~(l-eo)[ 1-}k2
( 1-co)(2+co)J 

~~ (oy)ct>=o= +2~r(1-co)2[ 1- ~ k2 (l-eo) (3+co)] 

- ~- (1-c0)
2(1 + 2co)+ f~Cl-c0 ) 3(1+3co+c~) 

( 11) 

37 

(62) 

(63) 

(64) 

(65) 

(To be continued) 


