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On the Lateral Vibrations of Trapezoidal 

Cantil_evers of Uniform. Thickness 

(Received March 4, 1952) 

Ichiro WATANABE* 

Abstract 

The author has previously made a theoretical analysis for the frequencies of 
the lateral vibrations of trapezoidal cantilevers of uniform thickness by the 
Rayleigh's method and examined the variations of the frequencies by the degrees 

of convergence or divergence expressed by the relation c = ("0 - bi)/t'o, where bo 

and lh being the breadth of the cantilever at the fixed end and the free end 
respectively. 

The author in the present paper has obtained the exact solutions of the same 

problem by means of hypergeometric functions. The results obtained are compared 
with the results obtained approximately by the Rayleigh's method for a numerical 
example to find the both results in close agreements. . 

I. Introduction 

The author previously has made a theoretical analysis on the lateral vibrations 
of trapezoidal cantilevers of uniform thickness but varying degrees of convergence 

or divergence expressed by a factor c = (b0 -b1)/li0 , where r0 and b1 represent the 

breadth of the cantilever at the fixed end and the free end respectively. The 
analysis was performed with approximate calculations by the Rayleigh's methcd. 1 > 

The author, further, has conducted some experiments to find the results in close 
agreement with theoretical results. 2> 

In the present paper, the author has solved the problem by means of hyper

geometric functions. The results obtained are compared with the results obtained 
approximately by the Rayleigh's method for a numerical example to find the both 
results in close agreements. The author wishes to express his thanks to Prof. 

Toyotaro Suhara who gave him many a valuable suggestion and advice. 

II. Theoretical Considerations 

Fig. 1 represents the trapezoidal cantilever of uniform thickness h, the breadth 

* Dr. Eng., Prof. at Keio University 

1) Report published by the "Long Column Research Committee", composed mainly 

of the members of Faculty of Engineering of Waseda University and Keio 

University, 1951, pp. 133 I 144. 

2) The same as 1). pp. 145 I 150. 

< 13 ) 
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Fig. 1. Trapezoidal cantilever with uniform thickness 

of which being b0 and b1 at the fixed end and the free end respectively. 
The equation of the lateral vibration is 

- 02 - ( EI -~:y__) + pA_§}_JL = 0 ax2 8x2 8~ 

If we put 

y = u cos pt , b = b0 ( 1 - c ~ ) , c = bo ~- b1 

A = h bo ( 1 - c~--) I= _1_bh3 = _l__h3b0 ( 1 - c~) 
l ' 12 12 l ' 

the above equation yields to 

( 1 - J X ) ~:~ - 2-j- -~~ - pp2 1~2 ( 1 - ~X ) U = 0 

Further, if we put 

-~- = 1\ , PP2i~2 = B , 

the eq. (1.1) may be written as follows. 

( 1 - 1\x ) g~u_ - 21\_!!u - B ( 1 - Ax ) u = 0 
dx" dx3 

Substituting the relation of 1 - 1\x = ~ in the above equation, we get 

t:4 d4u_ + 2l=31ht__ _}it=4u = 0 
£ d~" ::> d~:l 1\4 s 

Denoting iJ~ = ~-fff, the eq. (1.3) reduces to 

B 
{}~(iJ~ -1)2 (/h- 2) u- ll:'~4U = 0 

Putting e = B/A 4 , z = e(~"/44 ) in the above equation, we obtain finally 

( 14 ) 

(1) 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

(1.5) 
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The indicial equation of the eq. (1.5) will be 

p (p - ! ya (p - ~ ) = 0 

1 1 1 from which p = 0, 4 , 4 , 2 may be obtained. 

Putting 

.;, P+m P P+ 1 P+m 
U = "-..J C.,Z = CoZ + C1Z + · · · · · · · · · · · · + CmZ 

m=O 

the relations between the coefficients reduce to 

1 1 c0 = c1 (p + 1) (p + 1 - 4 )2 (p + 1 - 2) 

1 1 
Cm-t = Cm(P + m) (p + m -4 )2(p + m- 2) 

l 
f 

(2) 

(3) 

Therefore, the first two solutions may be written in the following manner. 

3 3 1 
U1 = 0Fs (1, 4 , 4, 2; Z ) (4) 

U2 = zt oFs ( ~ , 1, 1, ! ; z ) (5) 

As to the third solution us, we proceed as follows. 

P+m 
~ P+m ~ Cm-lZ 

U = ~ CmZ = ~ 
m=o m=O (p + mXp - ! + m )2(p - ~ + m ) 

P+l P+2 
CoZ + C1Z + ........ . 

(p+1)(p+! +1)2 (p- ~ +1) (p+2)(p-! +2)2 (p- ~ +2) 

P+m 
Cm-1Z . + ----..::;1-=---~1-- + ........ . 

(p+m) (p-4+m)2(p -2+m) 

00 

=~ 
m=O 

_p+m c0 z 

Hence, we obtain immediately 

au a "" rep+ I){ r(p--}+1) frcp-i+1) 

ap = ap m~ r(p+m+l){ r(p-! +m+1) frcp- ~ +m+l) 

If we put further 

< 15 ) 

(6) 
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( 1 }2 1 
C" I'(p+ l)l I'(p--;r+ 1) I'(p:-2+ 1) 

s = 2: --------~~ ------~~- ·----::;;---- CozP+m 

?n=o l'(p+m+I){ f'(p--!-+m+l) frcp-t+m+1) 

the following two expressions may readily be obtained. 

logs= 1~0 [ log I'(p+ 1)+21og l'(p- ! +I)+ log 1\p- ~ + 1) 

' ~ 1 1 
-log I'(p+m -1)-2log l'(p-4 +m+1)-logl'(p-

2
+m+l) 

+log( CuZp+m ) J , 
d 

00 

[ 1 1 1 -d logs = 2: 'l"(p)+2']f(p--
4
-)+'l'(p--

2 
)-'¥(p+m)-2W(p--

4
-+m) 

p 111=0 

where 

-'l'(p--}+m) +log z J , 
'V(x) = --fix- log r (1 +x) 

Remembering the relation 

s __ ¢ __ logs = ~- ds 
dp dp 

we have 

Us = (_a_!!_) = ( s _d_log s) 
ap p-)o 1 dp p--)-1_ 

4 4 

"" I'(p+1){ I'(p--t+1) rr(p--}+1) 

.s { 1 } 2 1 )ic=o f'(p+m+1) I'(p--f+m+1) I'(p--
2
-+m+l) 

{ 
1 1 ' 

x '¥(p)+2'¥(p--,r)+ W(p-2~-)- 'l'(p+m) 

1 1 ) -2'¥(p--+m)- 'Jr(p--+m)+logzf 4 2 

Evaluating the above expression further, we get 

rcl+ 1){rc1)}
2

r(1.) 
4 4 1 

Us= 
rc! +I){rCI)rrc ~) coz-4-

Co zP+m 

. {we }:-)+2'1'(0)+'¥( --l)-'l'(l)-2'¥(0)-'1'( _ _!_-)+log z} 
4 . 4 4 4 

rci-+1){rc1)frct) 5 

+ l { }2 3 CoZ 4 
I'(-4+2) 1'(2) 1'(4+1) 

( 16 ) 
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·{we 1_)+2W(O)+ W( _ _!_)-W( 1_+ 1)-2W(0+ 1)-'¥(1-1_ I 
4 4 4 4 J 

+log z} + ··············· 

li 1 li 

= c0 ( -4.408 z4- + z-4 log z + 1.0664 z 4 log z ) (7) 

Further, the fourth solution may be written down easily as follows. 

U4 = z~- oF3 ( }_ -~ ~. 1 ; z ) (8) 
2 ' 4 ' 4 ' 

The general solution of eq. (1.5) is, therefore 

u = C1u1 + C2u2 + CsUs + C4u4 , (9) 

where Ch C2, C3 and C4 represent the integration constants. Remembering the 

relations z = e(l;4/44
) = Bl;4/2561l 4 and !; = 1 - i\.x , the eq. (9) reduces to 

u = C1 oFs ( 1, ~ , i-, ~ ; 25~A4 (1-i\.x)4
) 

1 

+ C2 { 25~;v- (1-i\.x)4
} 

4 
oFs ( ~ , 1, 1, ! ; 25~A4 (1-i\.x)4

) 

5 1 

+ c3[ -4408 10~~5 (1-i\x)5 + {}0-i\.x)log{ 2~A4 (1-},x)4 } 

5 

+ 1.0664 10~,fAF (1-A.x)5 log { 2JA.4 (1-A.x)4} J 

(9.1) 

If we take the first two terms 3 ) in the expanding series of the hypergeometric 

functions, the eq. (9.1) tends to 

B B 
- { 256A.4 (1-:\x)4} { B ) ~ ( 256A.4 (1-Xx)4} 

u - c) 1 + 3 3 1 + c2 256x 4 c 1-A.x )4 f 1 I + 5 3 
1 . - . --- . - __ .__ . 1 . 1 . --

4 4 2 4 4 
5 1 

[ B4 B4 { B 4 } +. Cs -4.408 1024,\5 (1-A.x)5 + 4~(1-A.x) log 256,\4 (1-A.x) 

':i 

+ 1.0664 1~:X5 (1-A.x)5 log{ 25~x4 (1-Xx)4} J 
1 B ) 

{ 
B }2{ · 256'\.4 <1-A.x 

4 

} + C4 256:\4 (l-Xx)4 1 + 3 5 5 
-·-·-·1 2 4 4 

(10) 

3) The third term is usually very small compared with the second term in our case. 

( 17 ) 
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The boundary cor..ditions of the problem are as follows. 

x = 0 : y = u cos pt = 0 or ~£ = 0 

X= 0: 
dy du du _ 

0 dx- = -dx cos Pt= o or dx-

X=l 
d2y d2u 

0 EI dx2= o or dx"' = 

d ( d
2
y) d3u 

X= l -ax· EI dx2 = 0 or dx3 = 0 

Applying the eq. (10) and its derivatives to the above conditions, we obtain 

finally the following frequency equatio·n of the determinant form, in which 
1. 

v = B4l. 

p ' 1~~ ( 1 + 6~4c4 ) 

Q ' 1~2 ( 2 + 1~ c4 ) 

R, =0 

v6 

+ 400 ~ (1-c)4 
(11) 

s, v6 

80di (1-c)3 ' 

where 

vo v { 1)4 } v5 { v4 } 
p = - 4.4°8 1024c5 + 4C log 256c4 + l.Ofi64 1024c5 log 256c4 

Q = ; -17.776 1~~c5 + { -Ic- + 5.332 · 10;~c5 } log { 2;6
4

& } , 

v
5 

v
5 

· { v
4 

} R = -17.776 256c5 (l-c)3 + 5.332 256 c5 (1-c)3 log 256& (1-c}' 

+ { c(l"_c) + 21.328 10~~c'i (1-c)3 } , 

} . 
The frequency equation (11) gives us the relationship between c and v, 

1 1 

and as J) = B4 l = ( p P2 12/ Eh2 )4 l , we are able to obtain the circular frequency 

P of the lateral vibration from the eq. (11), provided the values of c, p, E, h 

ar.d l are given. Hence, the natural frequency of the lateral vibration of the 

trapezoidal cantilever f is known by the expression f = P/27t. If c is constant, 

it is evident from eq. (11) that f remains constant. 

( 18 ) 
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III. Numerical Example 

The numerical, calculations were made as to· the trapezoidal cantilever of 
duralmin, in which E = 7220 kgjmm2 and ry = 2.7 gjcm3• We put further 
l = 100 mm and h = 5 mm in our case. The results by . eq. (11) concerning to 

the natural frequency f of the lateral vibration· of the trapezoidal cantilever for 
various values of c showed that, f = 400/s for c = +0.5 and f = 415/s for 

c = -0.5 The results for c = 1 and c = 0 are easily obtainable by the hitherto 

aquainted expressions, the results by which being f = 839/s for c = 1 and 
f = 414/s for c = 0 respectively. 

>u z 
w 

1000 

~ 500 
w 
0::: 
LL 

0 
-05 

----· -~~..---···~------

1 I . 

I 
1-'PPROXI MATE CAl_CUL l)S.-:.i~ . /. 

-----------i-- - -----=.-=-!-- -_ ..... _,..,, /. 

I [~(I !I 
i 

i . i l .. , -
______ L _______ ___i_ ________ -~ 

() + 0.5 + IU 

c=(bo- t;,)l~o 

Fig. 2. Relations between f and c. 

These results are shown in full . line in Fig. 2. The dotted line in the same 
figure corresponds to the calculated results obtained by the same author by 

Rayleigh's method. The results by eq. (11) based upon the exact differential equation 

gives somewhat lower values than that obtained approximately by means of 

Rayleigh's method. The experimental results in other example showed some 
lower values of f than that obtained by Rayleigh's method:O Perhaps in this 

example the true frequency may- also show closer- coincidence with the results by 

~q. (11). The fact that the difference betw..een the approximate method and the 
exact method is very small, however, shows that the approximate method due to 
Rayleigh's method is practically satisfactory in the case considered, except the 
region of c ranging +0.5 to + 1.0 where the approximation holds no longer; 

4) The same as 2). 

( 19 ) 


